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Matching the heavy-quark fields in QCD and HQET at four loops
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The QCD/HQET matching coefficient for the heavy-quark field is calculated up to four loops. It must be
finite; this requirement produces analytical results for some terms in the four-loop on-shell heavy-quark
field renormalization constant which were previously only known numerically. The effect of a nonzero
lighter-flavor mass is calculated up to three loops. A class of on-shell integrals with two masses is analyzed
in detail. By specifying our result to QED, we obtain the relation between the electron field and the Bloch—

Nordsieck field with four-loop accuracy.
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I. INTRODUCTION

Some classes of QCD problems with a single heavy quark
can be examined in a simpler effective theory, the so-called
heavy quark effective theory (HQET, see, e.g., [1-3]). Let us
consider QCD with a single heavy flavor Q and n; light
flavors (ny = n; + ny, n, = 1). The heavy-quark momen-
tum can be decomposed as p = Mv + k, where M is the
on-shell Q mass, and v is some reference 4-velocity (v> = 1).
In the case of QED, it is called Bloch—Nordsieck effective
theory [4].

In the effective theory, the heavy quark (respectively
lepton) is represented by the field /,. The MS renormalized
fields Q(u) and h,(u) are related by [5]

00 =V (1454 ) +0 (1) )

where D] = D¥ — v#v - D, and the matching coefficient is
given by
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Here Z7 and Zj® are the on-shell field renormalization

constants (they depend on the corresponding bare cou-
plings and bare gauge-fixing parameters), and Z, and Z,,

(2)

z(p) =

are the MS renormalization constants. The covariant-gauge
fixing parameter is defined in such a way that the bare
gluon propagator is given by (g,, — &p.p./p?)/p?; it is
renormalized by the gluon-field renormalization constant:
1= & = Zu(a, (). £(u))(1 — E(k)). The 1/M correction
in (1) is fixed by reparametrization invariance [6].

The MS renormalized matching coefficient is obviously
finite at ¢ — 0, because it relates the off-shell renormalized
propagators in the two theories, which are both finite. The
ultraviolet divergences cancel in the ratios ZQ/ZZ)S and
Z,/Z%, because they relate renormalized fields; the infra-
red divergences cancel in Zy /Z%, because HQET is
constructed to reproduce the infrared behavior of QCD;
the MS renormalization constants Zy and Z;, (purely off-
shell quantities) are infrared finite. If we assume that all
light flavors are massless we have Zp° =1: all loop
corrections vanish because they contain no scale, ultraviolet
and infrared divergences of Z)° mutually cancel. Taking
light-quark masses m; into account produces corrections
suppressed by powers of m;/M, see Sec. IIL

The matching coefficient satisfies the renormalization-
group equation

Published by the American Physical Society
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dlogz(u)
dlogu

= 7 (a"™ (1), £ () = yo (e (). E™) (), (3)

where the anomalous dimensions are defined as y;, =
dlogZ;/dlogu (i = Q, h). It is sufficient to obtain the
initial condition z () for some scale uy ~ M; z(p) for other
renormalization scales y can be found by solving Eq. (3).
We choose to present the result for py = M.

The heavy-quark field matching coefficient z() has
been calculated up to three loops [5]. When the matching
coefficient is used within a quantity containing 1/e
divergences, terms with positive powers of € in z(u) are
needed; such terms were not given in [5]. We present the
four-loop result in Sec. II. Power corrections due to lighter-
flavor masses up to three loops are obtained in Sec. III. The
QED result, i.e., the four-loop relation between the lepton
field and the Bloch—Nordsieck field, is discussed in Sec. I'V.
In Appendix A we provide analytic results for the decou-
pling coefficients for the strong coupling constant and the
gluon field up to three-loop order including linear & terms.
Appendix B contains a detailed analysis of a class of on-
shell integrals with two masses. It allows us, in particular, to
obtain exact results for the three-loop term in the MS—on-
shell mass relation with a closed massless and a closed
lighter-flavor massive fermion loop (previously this term
was only known as a truncated series in this mass ratio).

II. THE QCD AND HQET
HEAVY-QUARK FIELDS

If we assume that all light flavors are massless, then (2)
gives

log z(1) = log ZZ)S(génf), E)”f))

~log Zy (@ (), €09 (u))
+1og Zy (" (), £ (u) ). (4)

The on-shell heavy-quark field renormalization constant

("/)

Z{ depends on the bare coupling g,’’, the bare gauge

parameter fé"f " and the on-shell mass M:

© (n)\2 3 g—2¢ L
; (90 )M - )
7% =1+ (47(3 ree ) 7,
9 ; (47T>d/2
2= Zua(&" et (5)
n=0

The two-loop expression is known exactly in ¢ [7]; it
contains a single nontrivial master integral, further terms of
its € expansion are presented in [8,9]. The three-loop term
has been calculated in [10,11]. At four loops, the terms with
n? and n? are known analytically [12], and the remaining

ones numerically [13]. Recently the QED-like color struc-
tures CA};, C%;TFI’lh, C%:(Tpl’lh)z, CF(TFI’lh)3, dFFnh have
been calculated analytically [14]. Here and below we use
the notation

dabcddabcd dabcddabcd
drp :%, drpa :FN—FA’ (6)

where Np=Trly (with R=F), dcd =Trdtbs?

(with R=F or A), and the round brackets mean
symmetrization (for SU(N,) gauge group dpp = (N2 —1)
(N = 6N2 + 18)/(96N?), dpy = (N7 = 1)(NZ +6)/48).
This result contains the same master integrals as the
electron g — 2 [15,16]. In [15] they have been calculated
numerically to 1100 digits, and analytical expressions have
been reconstructed using PSLQ. In the case of the light-by-
light contribution dgpn,, the results contain &° terms of 6
master integrals (known numerically to 1100 digits); all the
remaining constants are completely expressed via known
transcendental numbers. (Note that the definition of the
constant fg3 is missing in the journal article [14]; it is
included in the version v3 of the arXiv publications.)

The MS quark-field anomalous dimension y,, (and hence
log Zy) is well known [17-20]. The HQET field anomalous
dimension y;, (and hence logZ,) is known at three
loops [10,21]. At four loops, some color structures are
known analytically: Cr(Tpn;)® [22], CE(Trn;)? [23,24],
CrCyu(Tpm)* 1131, CiTpny 1251, dppny [26], CECoTrny
and CpC3Tpn; [27]; CpC3 and dp, are known numeri-
cally [13].

We need to express the three terms in (4) in terms of the
same set of variables, for which we choose @ (1) and
&) (u). Expressing g(()"f ) and rfglf) via these variables is
straightforward, since the three-loop renormalization con-
stants in QCD are well known. Expressing a.(;"l)(,u) and
é’(”')(,u) via the ng-flavor quantities requires decoupling
relations up to O(e) at three loops. For convenience we
present explicit results in Appendix A.

The resulting matching coefficient z(M) must be finite at
e = 0. This requirement together with the known results
for Z, and Z,, leads to analytical expressions for the four-
loop coefficients Z4, Z, 1, and Z,, in (5) as well as for
Z, 3, except two color structures C FCi and dp, where the
corresponding terms in y;,, are not known analytically. The
analytic results are presented in the Tables I and II. We
refrain from showing results for the n? and n; terms, which
are already known since a few years [12]. Furthermore, we
have introduced a,, = Li,(1/2) (in particular a; = log2);

{, denotes the Riemann zeta function and &, = (()nf >.

Analytical results for the color structures C}, C3Tpny,
C4(Tpny)?, Cp(Tpny)?, dppn;, were recently obtained
[14]. They agree with the expressions given in Tables I
and II. Numerical results for these coefficients are given in
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TABLEIL Coefficients Z,, of the 1/&*3? terms entering the four-loop result Z4 in Eq. (5). Note that the color structures dzn;, dgpny,
drs have zero coefficients.

Color e 3 2
CA; ﬁ % %(3”2‘11 9% 153 z+|295465
C}CA _1(9)% _1707_294 ( 1197 a1+363§3+1487 2 %)
CrCi % % 3%(%”2 17 2653‘53 ”4 42%1 2+4768 )+ 128( €3 = )
CrCy ~ 5716 — 553% (-8 +%Ca—% A aa 4189£f3>
102450( S 135 +24) + 1534( < _%4‘%)

CiTpny, = Bl L(3na; 3¢5 -4 2+1179427)
C%‘CATFnh % _161]9042—?50 é( 533ﬂ a, +433§ +1697 2 2%&8{9) 128 (35 _n_z_g)
CFCE\TFnh %4%;50 W ﬁ(“” a, — 2102881 €3+ 1080 1080 2{4573265 2 + 135350696637)

+ foﬁ (64§3 - zﬁ?s 3491267[2 _%) 6144 (& +5)
CH(Trmy)? 5 2% Sa-3-3n0 i
CrCalTrm)? _115% _1571]2;50 %(_%zal +¢_23+gg”2 13219) 144 (” _)
Cp(Tpny)’ % - = (%2 +2)
CiTrny % i 1G7ta, =38 -7 +57?gl)
CrCalT ey 75 -3 5 (- 410, Y Do)
CrC3Tem i G 4 i sl B ) H G0 )
CiTEnym, » o $may =30 -5+
CrpCaTiny,n, —8597250 _4551“;260 _,al +Cx+}gg; 2 658138243+288( 210
CeThin A G B(-137 + 49

TABLEIL  Coefficients Z, 5 of the 1/¢ term entering the four-loop result Z, in Eq. (5). Note that the color structures CC3 and dj, are
not known analytically.

Color !
ci 5700+ Bl -3 - B -G G+ )
cic, 1 (12904 n ga 4]627 22a} — B3 p2q, 4250 — 15T p2e, 4 ST 26107 4 | 46967 70y 24518
e _J_G(%az‘_'_ﬂ;lal +8§27ﬂ2 @ — 2082 147%35 +1 1730 2p | 4T4T5 - 217663 74 _ 23849 72 2018473
_é_o(%g"'%é PGt — 167~
CiTemy a4 Jr Fral =3 ra) + €5 - %53 + 30 +Haent + N+
et Pous o+ el B M TG - e
-9 > (a4 +___ +19383 — s 7 + ags T~ s1aa)
Crirm 1St Bt + e B e
"’%(“4"’ ~5al - 14455 §3+34564’3 T + e 32322)4‘3532( G- t5+iE)
CH(Tpny)? —20a, —3a} -5 a} +F7a) - 32231541 53 + 30 =S T
CrCalTrm)’ 12a, "' — Bt + 150 — gl G G — 5+ oo 7~ e — SEG+E 16 5t 1)
Cp(Tpny)? 5(27[ a, =154 —%” +55)
dprny, —%
CiTrny 9a, +3}at -3 rat - 132371' a+3585 - 24’3 + 32085 + Bnt + 8842 4 B0
Gy, By + Bl + Bl —Bora, B0+ Bl T B L~ B+ B g
CGiTamr K+ Bl + R - e -G A0 G+ G R -3 - )
_%(QCS +7 24:3 _2§3 +241%69077"4_7[2 ?;)
CiTin,n, —-1(100a, + % a‘l‘ +2 ﬂza% Wrta) + 5Ly —8at + T2 n? — 12100
CrCaTimym B4, +1ab +§r2a] — a2 Cs 0 ARG~ R P R B R G -5 5)
CrTymyn 3 (4” ay =1 S %209 ? - %)
drrm ~1G6G-5G-5+5+)
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the Tables V, VI, and VII of Ref. [13]. Good agreement
is found.

Using the matching coefficient z(u) together with
quantities which contains 1/¢ divergences, terms with

o 7r2 5 (83 7

a,)2 3. 13, 241\ C
=) Cpl Cp| mPay =28 — =+ — A
+'<n> F{ F(”‘“ 257 16" +]28>

TFl’lh 2 947 TF”I b 113
3 (” %) T2 \FT3

positive powers of ¢ are needed. In order to get the finite
four-loop contribution, we need the af term in z(u)
expanded up to £*~L. Our result for y = M is given by

3 5 1705
<”2“1 “3bh T +192)

23 147 7 347 557

{ CF<24a4+a1+27t Cll—Zﬂ' aj —C;—— 4+@”2+R>
23 129 7 769 9907
12 _ = 2 = _ 4 27T
+CA< Cl4+2+7l'a 871' C3 +1152ﬂ' 768>

+ Trny, (2712(11

445 17971
oo 2+_)+ F,<

127 851
T 2—%———)}

288 1728 288 192
6 23 23 13
[ Cr (144a5 +138ay —ga —l—Zal dr’al + — > a3 —l—BﬂA’al 7ﬂ2a1
609 2 2061 1555 4 8947 5 1817
s S35 536" T e " 512)
3 23 23 13 41
+CA (72(15 —|—69a4—§a1 —&—?al 2 2613 + 4 2 2 —‘r%ﬂ'“al —Zﬂ'zal
@C E 24, 75954, 14359 4 6367 79225
ST T 88 T 3000”7 2304”7 T 1536
19 2405 93 8605 422747
—Tgny (48a4 +2at + 4n°a? —7ﬂ2611 + == 7 &3 —%n’“ + 1728ﬂ2 ~ 10363 )
TFn, 305 199 . 853, 5753
157 19 4801

7 3 223
+< > Cp{ C <28614+6a‘1‘—§ﬂ20% 12

Zal—# e €3+f RN

t—— a2+ %
240 576 768

—QC(%+£%%$%@+§ﬁm E%S %3 wé_ggﬁuﬁzﬁ_ﬁﬁb
ETTCNE N A

+§Q;Q+263 165" 1%84_ﬁ_i®}

+ CFTFnh<12a4 +a;—%2a% +%77r a +%C3 321077:4 _%ﬂz _%)

S B B )

2387
(53 576)}
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CrTrn, 2, 4 47 137 229 , 113 , 35
1 i S, S B L e e S e S
+ 3 (6a4—|—3a1—|—3ﬂa1 67za1—|—8é’3 7207Z—|—24JT—|—6
CuTpn, aj 2 47 35 19 13 111791
_Salr (g a2 20 3 o D 412, /L
3 ( R R R I VA I T L T T
(TFnh)2 2 ) 8425 T%-nhnl ) 4721 (TFI’I,])2 19 ) 5767
T+ =2 1372 — - 76, + =2 4220
T3 G157 “sed ) T 36 T 36 18 ST T un
440 2444 11 . 2 611 115 2 2309
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861659
27648
707 935 707 7 935 , 905 7 7081 49
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A1, 833, AIS60  TASI ,  L4OIS . 67807, 4SO47 o 126391 , 150229
86407 17864 T T 256 5T 384 %3 T 4608 T %3 T 3456 ° T 362880" | 51840 1 41472
72476083 & (149 25, 77 ,. 63, 49 . 383 , 35, 35
746496 128( 6 T3 T RIS T 05" Tiog0” T8 T2
29 3 . 229 2219 143 293 87 8l
+ CFTFnh (72[15 —Ta‘l —5(1? —ma? + ﬂza? —mﬂza% + @ﬂ"l(ll +?7T201 —§ 5= §ﬂ2C3

10913, 3649 , 818609 , 164069
192 °3 " 8640" ~ 41472 7 T 6912
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T 2 23 1081 253783
—ﬂ(2’75€3 +?7Z4+ 7T2+ ):| }
JT

54 16 864
a, \ 139 0137 139 o .t 9137 .t 31, , 7t , 8597
% Lo——ac+12 syt a2 _T
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21 2783 , 33687 , 2937 , 2755 , 113181 899 . 18553
T TG T Mt sg T T g st 128C T2 TS T 51 2 T 7560" T 230407
24129 90577]

T 1024 7 T 8192
+ CAC, (1412 £ 3.6) — CC2[8.75607 £ 2.9 — (0.00269 + 0.0012)¢]
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13824 7 T 36864
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2 2
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46
+ C?;TFnh |:L1 + ?as + 16]72614 -
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), £=E"(M). Loy are the
parts of the quantities Zg 0, Zg4 D Z§4 b, Zg4’2>, Zg4’3) given
in Egs. (28-32) of [14]. Their numerical values are given in
Egs. (5-9) of that paper. The finite four-loop terms of
Eq. (7) are equal to the corresponding finite four-loop terms
in Z{ plus products of lower-loop quantities which are all
known analytically. For 14 out of 23 color structures these
coefficients in Z7' are only known numerically [13]. We use
these numerical values, together with their uncertainty
estimates, from the Tables V, VI, and VII of that paper.
Note that in Ref. [13] Z‘g has been computed in an
expansion in & up to the second order; 9 out of these 19
color structures are obviously gauge invariant, and 7 more
seem to be either gauge-invariant or have at most linear &
terms (though we know no explicit proof). The remaining 3
structures (CFCi, dpy, CrC3Tpny,) may contain terms with
higher powers of £, which are not known. The same is true
for the corresponding terms in z(M) in Eq. (7).

If we re-express z(M) in Eq. (7) via al" (M), the terms
up to three loops agree with [5]. (Note that positive powers
of & are not presented [5].) The at n, term also agrees
with [5].

After specifying the color factors to QCD with N, =3
we obtain for ¢ =0

where a, = =a" (

2
M) =1-32 - (“—) (17.45 — 1.33n,)
T /4
3
- (a—) (262.42 — 0.78¢ — 35.81n; + 0.98%?)
/3

4
- (“—) [5137.52 — 15.67¢ + 1.07&2
/3

— (1030.82 — 0.71&)n; + 60.30n? — 1.00n3]
+0(a)). (8)

In Landau gauge (£""7) = 1) at n, =

4 2 3
(M) =1 —5%— 12. 12<”> — 134.11 <“;>

~1903.22 (%)4 +O(ad). )

4 this gives

while the naive non-Abelianization [22] (large f, limit)
predicts [5]

2 3
l—i%—1666< > —153.41(ﬁ>
3r P4 T
a 4
—1953.40(—“) +O@). (10)
T

The comparison to Eq. (9) shows that up to four loops these
predictions are rather good. The coefficients are all negative

and grow very fast, which can be explained by the infrared
renormalon at u = 1/2 [5]. This is the closest possible
position of a renormalon singularity in the Borel plane u to
the origin, and it leads to the fastest possible growth of
perturbative terms (L — 1)!(By/2)"(a,/7)E. The coeffi-
cients of powers of & are much smaller than the
£-independent terms.

III. EFFECT OF A LIGHTER-FLAVOR MASS

Now we suppose that n,, light flavors have a nonzero
mass m, while the remaining ny = n; — n,, light flavors are
massless. In practice, n,, = 1, e.g., ¢ in b-quark HQET. In
this case the massless result (7) for the matching coefficient
should be multiplied by the additional factor

/ Zos( (() é: O”f)) Zos(g O)
- ") e > () ( ) e (D)
ZOS( ”7,0) Zzs(go o My )
where  Z35,(....0)=Zy,(...) in Eq. (2) and

Zzs(g(()"’),f(()"’),O) = 1. This factor does not depend on
the renormalization scale y. In the expression

log 7/ = log Z‘”( (”f), cff)nf), mé”ﬂ)

~log Zg(g0". &, 0)
—log Z;* (95" &" mg") (12)

we reexpress all terms via ™ (M), E")(M) and the
on-shell lighter-flavor mass m (it is the same in both n; and
n; flavor theories). The result depends on the dimensionless
ratio

m

. (13)

X =

If we express 7’ via o )(,u), E) (), the coefficients will

depend on u. This dependence is determined by the
renormalization group equation

dlog 7

= 14
dlogp (14)
together with
(ny)
dlogas™ (u) (ny)
= —2¢ —2807) (q)"f
o e =26 (o (1)),
dlog(1 =E") (W) _ ) )/ \ sny)
— _ . ny .
Jlog s va' (o (u). £ ()

Ultraviolet divergences cancel in each fraction in (11).
On the other hand, the on-shell wave function renormal-
ization factors have extra infrared divergences at m = 0.
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m m
i i M
(a) (b)

FIG. 1. Two-loop contributions to the on-shell wave-function
renormalization constants: (a) in HQET; (b) in QCD.

However, 7’ in Eq. (11) has a smooth limit for x — 0. In the
following we illustrate the cancellation for infrared diver-
gences at two-loop order. Similar mechanisms are also at
work at higher loop orders. For dimensional reasons the
two-loop corrections in Fig. 1(a) lead to logZ{*(m) ~
gam=*. Furthermore, we have log Z%*(0) = 0. Thus, the
limit x — 0 is discontinuous. In QCD [Fig. 1(b)] we have
log Z(0) ~ gogM~* for dimensional reasons. For m < M
there are 3 regions (see [28,29]):

(i) Hard (all momenta ~M): a regular series in
2, 10 Z55(m) g = log Z3 (0) 1 + O(2)].

(i1) Soft-hard (momentum of one m-line is ~m, all the
remaining momenta are ~M). If we take the term m
from the numerator ¥ + m of the soft propagator,
there is another factor m in the numerator of the hard
mass-m propagator, and the soft-loop integral is

m?~2¢; if we take ¥ instead, we have to expand the
hard subdlagram in k up to the linear term, and the
soft loop is ~m*~2¢. We obtain log Z{ ()| f_para ~
ggM—2em—2£x4.

(iii) Soft (all momenta ~m): the leading term is the
HQET one, the Taylor series is in x (not in x?),

log Z5 (m)]son = log Zy* (m)[1 + O(x)].
|

1
AOZ

&~

As aresult, log Z{5 (m) |,q — log Z(3(0) is smooth at x — 0;
log Z% (m)|sofi—hara 18 subleading and hence smooth;
log Z{ (m) |5 has the same discontinuity as log Z*; hence
logz’ (12) has a smooth limit 1 at x — 0.

The two-loop term in ZOS( f ), ) has been
calculated up to &% in [7]; the result exact in & has been
obtained in [30]. The three-loop term has been calcu-
lated up to € in [31]. Some master integrals are only
known as truncated series in x or as numerical inter-
polations, see [32] for detailed discussion of these
master integrals. Exact results in x for the coefficient
of CgT%n,,nya; can be obtained using the formulas of
Appendix B.

The HQET renormalization constantng(g(() % (() % mf) ))
at two loops has been calculated in [22], and at three
loops in [33] (one of the master integrals is discussed in
[34]; note that there are some typos in formulas in the
journal version of [33] fixed later in arXiv).

Altogether we are now in the position to obtain z’

up to three loops. The expansion of 7' in terms of

aﬁnf >(M) and its decomposition into color factors is

given by

(ny) M 2
?=1+CpTr (OCST()> (Ag +Aje + O(e%))

(lgnf)<M) 3
+ CrTp Y (CrAp + CoAy + TrnpA,

+ TrnpnAn, + TrmpAy 4+ O(e)) + O(ad), (15)

where

[(1 —x)(2-x—x>=6x*)H o(x) = (1 +x)(2 4+ x — x> + 6x°)H_, o(x)

3 5
- Enzx + (4logx + 7)x% — §n2x3 + (6log?x + nz)x4] : (16)

The expansion of this function in x reads

4

_ 13, 2.3 53 . dg(2n)\ ,,
AO——|:—§7T)C+12)C 57X + [ 6log’x — 111ogx + 2 —I—— g 2¢9(2n)logx + ——= P AR

(x)*%— 3 3 5 n 6
g T x x—-1 x=-3 x-4'

Note that the only terms with odd powers of x are x! and x*. The expansion in x~

1 19
A 2log?x~! + 1
0= 4{ og x— + 3 ogx~!

7 229+
3 36

(17)

'is given by

o0

<Zg(—2n) logx~! +

For illustration we show in Fig. 2 Ay(x) for x € [0, 1]. The O(¢) term at two loops reads
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A, :% {(1 —x)(2=x—=x>—=6x>)(2H, 1 (x) —4H, _; o(x))

+ (1 +x)(2 4 x = x> +6x7) (2H_ _1 o(x) = 4H_y 1 o(x) = 7*H_ (x))
+ (1 =x)(9 = 6x + 6x* = 17x*)H, (x) — (1 +x)(9 + 6x + 6x% + 17x*)H_; o(x)

5 53
+ 4x(3 + 5X2><H0,1.0(.X') + HO.—I,O(-X)) + 671'2 (L + 2@1 - Z)x + (L + 277.'2 + 7) .X2

23 17 17
+107T2(L+2a1 —%>X3—12(L3—EL2 gg—ﬁﬂl)x“]

3 19 5 5 8 17 3 2 2827
(D)o e (C e sa- e (T T 2 22

2 3 1778 37 288
63 , . 2 (6l 4243 15 3 /53 3, 5909
_ = _ = _L_22 6 _ Y~ 2.7 __ iy S _2 8 9’ 1
T (5 g 225) 12" 756 (3 2" 1960> +OW) (19)

where L = log x.
At three-loop order the CpT%n,,nga; term is known exactly via harmonic polylogarithms of x:

2

A, :% [(1 —x)(2—x—x*—6x%) <H1’_170(x) +;[2H1(x)> +(14+2x)(2+x—x>+6x%) <H_1,1,0(x) +152ﬂ2H_1(x)>

(1=x)(19 = 11x + x* - 39x3)H10( ) +6(1 +2x)(19 + 11x + x> + 3953 H_; o(x)

O\I>—‘

3 5 17 91 L 2
—x(345x%)(Ho 1 0(x) + Ho_1 o(x)) — 7* <§L + 3a, —§>x - <2 L+27%+ 4> 3 572 (5_'_ a —g)x3

1 1
+ (2L3 —;Lz — L —9¢5 — —37r2>x4]

12
L 7 7 5 (L 7 2 13 3 z* 1175
— 2= _ _ 22 _ L'& _L2_ Z _Z\L-=-3 4
g <2+“1 6>x 37 73" <2+“1 12>x + [3 6 (3 4) Gyt 432]
21 13 4, 2414 5 4 2> 40489
L—-a = ST T 9 20
T s (5 37~ 225) TNt (35 4 29400) +0), (20)

where after the second equality sign we show the expansion in x. In principle, it is straightforward to obtain exact results in x
also the four-loop CzT3n,, noa term. However, we refrain from presenting such results because the remaining four-loop
color structures are not known.

The remaining three-loop terms can be obtained in a series expansion in x with the help of the result from [31]. Including
terms up to order x® gives

2 13 343 67 17 229 2 /11 44 35 157
Ap _ (Sal —|——7r——>x— (LZ——L——HZ+—>X2+% (—L +—=a —I——ﬂ——)x3

3 FRGEY 68 8 3773 8§78
19 , 911 3. 45, 40567 5, 2 1 387
{6L3—EL2 <3ﬂ' al——C3—1—6 - 36OO)L 20a4+6a1+3ﬂ2a%+ﬁn2a1+—éﬁ3
43, 155 o 2sMST9] T o031
- =1 - | =7z
144" 64 " T 216000 57327 7S
1579 328067 539 83, 126231437\]x0 % (25 |
_L2 2 77 _ 2 _ e T2 = _ 7
+ { 70 © " ( 11025) < P =G 5T T 57625 )] (16”+7>x
2843 21 , 718639 147 4379,  1213332979\] »®
_L2 2_ VY- 21 __ " 2 O 9
+ {105 (2 33075) ( a6 T o ™ 53340000 )] 37O
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A (B, 313 13 2413
AT\ 2T TR a6
L (3. 31 7 7 17 , 35, s517]4
_ 7 —— L - _ 22 _ " 4 =2 e e
N [2 ( Gogom +Tm 3) s ”C3+ ‘:* 0" TT T ] 4
260 1291 35 865 83 3977 3 13, 230293
L+-——- _ 0 L+ (322 = g L
+24< 6 T3 T2 )x [48 (3” 60) 8 (2” @ =3 =T 28800)

2, 11, 111, 161 , 631 452033] . (79L 21 2671>x5
20

5
1 T2 T - _ _ _ _ T
+ 100y + G at + al + o rta + o b = poaat — e = aos0o|F 9" 16" " 432

5 . 9911 8394157 1 509, 3607 , 8471770063\ ] x°
) A R A L+ 71r*a; ——— 2 —
* {3 840 <” " 529200> 12( T =5 G0 ™ 18522000 ﬂ

L (57,25 11549\ o [43 5 200, (o, 1232764 L
3L %" 14000)F T |27 20 T 74700 ) 216

1435 1213519 2, 103012097 +OW)
—_— —_— —_— x s
18 237 45360 2058000 32

1
8
13 2 3 35887 | 59985349
Ay =—(2L - 2o 2 (137 = [x*
’ ( +5>5+15 +[70 +( 4900)3 36(3” 514500 )]x
L9279, ISWIISAN & (), 925823 4SAIBSIN &
315 793800 ) 945 13860~ 384199200 ) 770 ’

L 2 7 2 1 2 1 2
Am:—nz(———>x——x2—§n2Lx3+ [—L3——3L2—<ﬂ———5>L—|— (ME)] 4

3 6 3 6 3 4 4 108

308 16, 13159 751 2095\ 8
Y -2l 2PV o), 21
(5 T3 225)45 (3 70 +336)14+0(x) 1)

Starting from three loops the individual terms in Eq. (12) ~ where S;(x) is the Landau-gauge propagator. In the
are gauge parameter dependent. However, & cancels in the covariant gauge A(k) = (1 -=&))/ (k2)2, and A(()) =0 in
three-loop expression for z'. It might be that 7' is gauge  dimensional regularization. The lepton fields renormaliza-
invariant to all orders, but we have no proof of this  tion does not depend on their masses, so, let us assume that
conjecture. all ny flavors are massless. The propagator has a single

Dirac structure

IV. THE QED AND BLOCH-NORDSIECK
HEAVY-LEPTON FIELDS S(x) = Sy(x)e

’

In QED the matching coefficient z(y) is gauge invariant to
all orders in a [5]. The proof given in this paper is literally ~ where Sy(x) is the d-dimensional free propagator. Then
valid only for ny =1 lepton flavor, but can be easily ) )
generalized for any n ¢, as we demonstrate in the following. € X7\ ¢ )

The QED on—shellj;enormalization constant Z;? is gauge o(x) = or(x) + (1 - 50) ( ) [(-e);
invariant to all orders [10,35,36]. Gauge dependence of the
MS Z, can be found using the so-called LKF trans-

formation [37,38] for arbitrary n;. In the gauge where 02 04 06 08 oz
the free photon propagator is _osl
Dok—1 uky A(k)k,k -1.0p
m/( ) - p Guv — k2 + ( ) ulus ’

the full bare lepton propagator reads -15r

S(x) _ SL<x)e—ieé(A(x)—A(O))’ -2.0p

~ dk 4

A(x) = / AR, (22)

(27) FIG. 2. The function Ay(x).
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reexpressing this result via the renormalized quantities, we
obtain

log Z, (@.&) =log Zy(a) = (1= &) . (23)

In QED Z,Z, = 1 due to Ward identities, hence

dlog((1 = ¢&(u))a(n))
dlogpu

= —2¢
exactly, and the anomalous dimension

r(@8) = ru(e) +2(1-8) (24)

contains £ only in the one-loop term.

In the Bloch-Nordsieck EFT with r; light lepton flavors
79 is gauge-invariant (even if some of these flavors have
nonzero masses). Gauge dependence of the MS Z,, can be
found using exponentiation. The full bare propagator is

$u(1) = So() exp (Zw)

where w; are webs [39,40]. In QED all webs have even
numbers of photon legs; all webs with >2 legs are gauge
|

-+
<7z2+

7

(M) :1—% |:1—|—8<ﬂ—2+2> —82<é—ﬂ—2—

16 4 12
a2
()1
z

55 5957
+e {—24614 —at —2n%a +

3
77.'261] __C:;_ﬁﬂ 12

2
31, 203
Zﬂ' a, ———— 3+

8

2 n

1152 8

4

31
—

1
at + 4n’a3 — 5

4
10007 , 114943 , 1838165
7680 © T 6912 © 41472

a\3 2 737
+ <”> {—16a4—3a‘1‘+ﬂ2a%+36

6
4—82[—144a5-186a44-§a§-

ny

24

2

5
20
T-ay 16§5+

47 137
—e Tt 6

229

720

n
3

4
—nta?

* 3

2
<16a4 +

3(1‘]‘—1—

224

5005
+ € |:_Ta5 + 167[204 -

6
3481 125

28

a4+

2945

113

20" 7

2

305, 199
(3€3+80” *

T

T+

144 1727

invariant; all 2-leg webs except the trivial one (the free
photon propagator) are gauge invariant, too. Therefore,

(%)231—8%

reexpressing this result via the renormalized quantities, we
obtain

2
€o

Sp(t)

log =
ShL(t)

(1-¢o)

log Z(a.¢) =log Zy (@) = (1=8) . (29)
@) =pu(@+20-8.  (26)
Finally, in the abelian case &,(u) = a(u)™" due

to Ward identities, hence (1 — &) (u))al")(u)) =
(1 — &) (u))a™) (u)), and we arrive at the conclusion that
z(u) is gauge invariant (some light flavors may be massive,
this does not matter).

Let us in the following specify z(M) from Eq. (7) to
QED. Setting Cr =Ty =dpp =1and Cy = dpy =0 we
see that our four-loop result is indeed gauge invariant and is
given by

”2

S E-S)+O@ﬂ}

640" ~

)
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152"
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15

L 56845
6912 M

C +£ 2+@
372887 T192

609 11 28169
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e
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11567
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" <7%>4 [LQED + %as + 287, %a“ - 17794ai %ﬂzai‘ - %a? - %ﬂza? - %77.'461%

~g 4 o e + S =S g e P =G0
10" ~ 2073600 ™~ Sossann 1213 +0Y

B 511289470 " ngzz - 11;58;;8> " 2n—1136 (g G %” t 13ﬂﬂ2 + 1(;36333> + O(s)} +0(d%), (27)

where a = o) (M); Logp = 30,123, L is the € term

in Z<24) of Eq. (26) in [14]. Its numerical value is given in
Eq. (15) in this paper.
Numerically, in pure QED (n; = 0) at e = 0 we have

2 3
z(M) =1-2-1.09991 (g) + 4.40502 <9)
T T T

—2.16215@)4 +O(dd), (28)

where @ = a'!) (M), the MS QED coupling with one active
flavor at y = M, the on-shell electron mass. In contrast to
the QCD case (7) the coefficients are numerically smaller
and have different signs.

V. CONCLUSION

We have calculated the (finite) matching coefficient
between the QCD heavy-quark field Q and the correspond-
ing HQET field &, up to four loops. Explicit results are
presented for 4 = M; results for different values of y can be
obtained with the help of (known) renormalization group
equations. The effect of a nonzero light-flavor mass (e.g., ¢
in b-quark HQET) is calculated up to three loops. We also
present results for the matching constant in QED.

As a possible application of our results we want to
mention the possibility to obtain the QCD heavy-quark
propagator (say, in Landau gauge) from lattice QCD results
for the HQET propagator. A heavy-quark field can be put
onto the lattice only if Ma <« 1, where a is the lattice
spacing. On the other hand, in HQET simulations there is
no lattice 4, field at all. The HQET propagator is just a
straight Wilson line, i.e., a product of lattice gauge links. It
is therefore much easier to obtain the HQET propagator
from lattice simulations. After taking the continuum limit,
one can get the continuum coordinate-space HQET propa-
gator. Then the QCD heavy-quark propagator can be
obtained with the help of the matching coefficient z(u),
provided that 1 /M" corrections can be neglected. Note that
this can be done for arbitrarily heavy QCD quark, including

the case when the use of the dynamic heavy-quark field
on the lattice is impossible.

The main results can be found in the Mathematica files
that we provide as Supplementary Material [41].
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APPENDIX A: THE COUPLING AND
GLUON-FIELD DECOUPLING COEFFICIENTS

The n;-flavor QCD strong coupling constant and gauge
parameter are related to the corresponding quantities in the
ng-flavor theory by the decoupling relations

a" (1) = Lol (),

1= & () = Cu(p)[1 = E) (). (A1)

The decoupling coefficients satisfy the renormalization
group equations

dlog(¢, n - =
%}iﬂ) = 2[ﬂ<nf>(a§ f>(/l>) ﬁ("l)(a§ )(ﬂm
dl ng)e

Cdlogu Z(foé;,tim E\f)(aﬁﬁ(/‘)’é(nf)(“))

— (™ (), €M (). (A2)
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It is sufficient to have initial conditions, say, at 4 = M for
solving these equations. For the computation of z(M) we
need the decoupling coefficients up to a’e. Up to the order
a2 expression exact in e can be found in [42]. The finite
three-loop results have been obtained in [43] in term of N,

|
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and in [44] for an arbitrary color group. The ae terms were
derived in the course of four-loop calculations [44-46].
However, results for an arbitrary color group, including
positive powers of ¢, are not explicitly presented in these
publications. Therefore, we present them here:
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where a; = ™ (M), & = E) (M),
APPENDIX B: ON-SHELL DIAGRAMS - le
WITH TWO MASSES /e N &
) . Ipie1ip=Ctvay | T10=C ,
Light-quark mass effects in the heavy-quark on-shell N ( )
propagator diagrams arise for the first time at two loops, - -
see Fig. 1(b). The corresponding integral family can be e >
defined as Lijean=0C AN
I =C 2 \:\3\ I 140611 ZCl—HE,-_J \\ \\ .
nina2m3ng 4 - ~
' (B2)
e d?ky d¥ks o 1
T (i-d/2)2 n1 N2 Hng Hyna T T2 1)
(im /2) Dy D; D3 Dy ) T*(1+e) We set M =1 and m = x.
Dy=M"=(p+ki)”, = —ky, It is more convenient to use the column vector
D3 =m®—k3, Dy=m?— (ki —ka)?,
(B1) J = Tose22s Dge20s Tgenas Trienn)” (B3)

with p?> = M?. If there are insertions to gluon lines
in Fig. 1(b) containing only massless lines, such diagrams
are expressed via the integrals (B1) with n, = n + le,
where [ is the total number of loops in these insertions
and n is integer (ny 34 are always integer). These integrals
have been studied in [30]. The IBP algorithm obtained there
reduces them to four master integrals

as master integrals instead of (B2). Differentiating them in
m and reducing the results back to j [47], we obtain the
differential equations

dj

a:M(E,x)j.

(B4)

In many cases such equations can be reduced to an
e-form [48]
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@ eM(x)J.

i = T(e, x)J,
Jj=T(ex) o

(BS)

This makes their iterative solution to any order in &
almost trivial.

Several terms of small-x and large-x expansions of these
integrals (with [ = 0) were obtained in [49] using the
method of regions (though expressed in a somewhat differ-
ent language). Differential equations for on-shell sunsets
1, 0.n,,n, Were considered in [33,50], but they were not in
e-form. Several terms of small-x expansions were obtained
from differential equations in [51]. However, the easiest
way to obtain any finite number of terms in the small-x and
large-x expansions is neither the method of regions nor
differential equations, but calculating the corresponding
residues in the Mellin—Barnes representation [30].

We use the Mathematica package LIBRA [52] which
implements the algorithm of [53] to reduce the master
integrals j in Eq. (B3) to a canonical basis J:

e 21— (I +1)e)

S foweaa = Vo =m0 Y
i —2¢ I- Z(Z + e
I =l = QY =

. 1
J3=1r1en1 = —§(J3 +J4),

; ! 20e(1 — x
Ja=Tenn = 2—{—[1 —2x—¥}]3
X

1-2¢
2le(1 + x)
1+2x———— B6
+|:+X -2 :|J4}, ( )
where
1 d
v O _TE-m) (B7)
ni F(nl) I
2
annzng = @ = HO,ng,nl,ng s (BS)
1
2
M7L1’IL2 = &7
(B9)

F(m + o — %)F(d —ny — 2ns)
F(nl)I‘(d —ny — 77,2)

and [33]

Hn1n2n3n4 -

1 \_ =
L(n1/2)T((n1 — d)/2 +n2+n3)l'((ng —d)/2 4+ ng + ny)
2I'(n1)I'(n3)'(n4)

F(n1/2+n2 +nsg +ng — d)F((d—nl)/2 7712)
T(ny +2ng +n3 +ng4 — d)T((d —n1)/2)

(B10)

The integrals J satisfy the e-form differential equations

dJ My, M. M.
—=¢|— J, B11
dx 8<x 1—x+1+x (BL1)
where
-2(1+2) 0 0 0
0 -2 0 0
M(): 5
1 -1 (42 1+2
1 -1 I+2 —(I+2)
0 0 O 0
Mo 0 0 0 0
T =1 2 2042 |
0 0 0 0
0 0 0 0
0 O 0 0
M_, = (B12)
0 O 0 0
-1 1 =2(1+2) -2

The first two are, of course, known exactly:

242)e
(1+1)e
I(1—(+D)e)l?(1+ (14 D)e)l'(1 + (14 2)e)

L(1—e)?(14+&)(1+2(1+ 1)e) '
x T(1=2(I+ 1)e)l(1 4 (1 + 1)e)
I+ 1)  T(1—-(+2)e)(1+e)

1=

12:

(B13)

The equations for J; 4 can be solved iteratively in terms
of harmonic polylogarithms [54] of x. However, we need
initial conditions. They can be fixed using the asymptotics
of 1, y,nin, at x — 0. It is given by contributions of three
regions (Sec. III) corresponding to residues of the Mellin—
Barnes representation [30] at three series of poles:

(i) Hard: the poles s = —n—n3;—ny +d/2 (n >0 is

integer), the result is a regular series in x>. The
leading term is CG,,,,, M, ,,+ny+n,—a/2» Where
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of x is awkward). We assume rn3 > ny, then the result
Gy = is x9=2" times a regular series in x2. If ny > n, then
2 (B14) the leading term is CV, M, , ., X225 if ny = ny
AN/ d d there is an extra factor 2 because each of the lines 3, 4

— L(n +n2 — §)T(5 — )L (5 —na) ) can be soft.
[(n1)(n2)l(d — ny —ng) (iii) Soft s=(n,—d—n)/2+n, the result is

. 2(d—ny—n3y—ny)—ny 3 ; :

(ii) Soft-hard: s = —n — ns 4. All these poles are double AT mes a ;ﬁ?_lilg f:r;f: in x. The
except the first |n3 — n,| ones (and hence, the repre- leading term is H,, ;X727 77" (B10).
sentation of 1, ,,,.,, vVia hypergeometric functions For example,

|

1 [ 1 PA-e(1=2(l+2)e)0(14 (I+2)e) x2*T(1=2(1+1)e)l(1+ (I+1)e)

Iyjen1 = 2w 112 (1 =2e)I'(1=(I+3)e)I'(1 +¢) I+ (1= (1+2)e)(1+e¢)
. x2He (1= (14 D)e)T?(1 + (1+ De)[(1 + (1+2)e) (B15)
(I+1)(1+2) C(1—e)2(1+&)l'(1+2(1 + 1)e) ’

where the 3 contributions are the hard one CGy M3 14 (141). (the pole s = —1 —¢), the soft-3 one CV,M; ;. (the pole
s = —1), and the soft one CH, ;,, ; x~2(*2)¢ (the pole s = —1 — (I + 1)e). The leading asymptotics of I ., » is given by the
soft contribution CH| ;.5 ,x~'720+2) (the pole s = —3/2 + (I + 1)e):

1 =2(14 1)el(1 —e)l(1 =2(1+ 1)e)
1-2¢ T(1-2¢)l(1- (14 1)e)

" C(1+2(1+ 1)e)T(1 4 2(1 + 2)e)

21+ &)1+ (14 1)e)L(1+ (I +2)e)’

Iy 1enn — 0—1-4(14+2)e 72, ~1-2(1+2)

(B16)

Now we can easily obtain any number of expansion terms of J;4 in € for x < 1 using LIBRA [52]:

2

J3 = —2{H1,0(x) + Hoo(x) +%+ —(1+2)(2H, -1 0(x) + Ho 1 0(x) + Ho_10(x)) + 2H; 1 o(x)

2 2

—2(1 + 3)Ho g0 (x) - Z%Hl (x) = (1+3) %Ho(x) + % (31+2)¢; — (1 +2)7a, |e

+2 {(l +2)*(=2H _110(x) + Ho 1 —10(x) = Ho_11.0(x) + Hog10(x) + Hoo—10(x))

+ (L + 1) +2)(Hyg10(x) +Hig-10(x))

+ (I +2)(=2H, 1 10(x) +2H | _y 1 0(x) = Ho11.0(x) + Ho 1 —10(x) = 2H} 000(x)) + 2H | 1 1 0(x)
e

+2(P + 51+ T)Hog,00(x) + T [=21H, 1 (x) = (I +2)(51 +6)(2H, _; (x) + Ho -1 (x))

+ (812 4+ 231+ 12)H, o(x) + I(I + 2)H (x) + (61> + 231 + 24)Hy o (x)] + % (14+3)(31+2)53H, (x)

+ (I+2)2%a;[(I + 1)H (x) + (I + 2)Hy(x)] + (I +2)?7%a? + (841> + 2271 + 122) %} 82} + O(&),
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2

Jy= —2{—H_1‘0(x) + Hoo(x) = % + | =1 +2)(2H_y 1 0(x) = Ho—10(x) = Ho10(x)) +2H_; _; o(x)

LS}

T

—2(l+3)Hggo(x) — (514 6) 3

H_y(x) + (21 +3) %Ho(x) + % (3142)¢3 + (I+2)nay | &

+2 [(l +2)2(2H_ 1 —10(x) + Ho_110(x) = Ho 1 —1,0(x) = Hoo-1,0(x) = Ho,10(x))

+ (I + 1) +2)(Hoo—10(x) + H_j g10(x))

+ (I4+2)(2H_ 1 10(x) =2H_ 1 10(x) = Ho_1—10(x) + Ho110(x) +2H_1000(x)) = 2H_; _1 _1 o(x)

2

(12 + 51+ T)Hyg00(x) + ’1’—2 (51 + 6)H_y_ (x) + I(1+2)(2H_y ,(x) — Ho, (x))

[

(A2 + 131+ 12)H_ o(x) + (1 4+ 2) (51 + 6)Hy_y (x) = (21 + 3) (31 + 8)Ho o (x)] = = (1 + 3) (31 + )¢ H_, (x)

+ (I +2)7%a [(1+ 1)H_(x) = (I +2)Hy(x)] = (I +2)

Up to order &' all harmonic polylogarithms can be trans-

formed to logarithms and ordinary polylogarithms up to
Li;, e.g., using the Mathematica package HPL [55,56].

Next we consider the case x > 1. We can rewrite the
differential equation (B11) in the form

M, M_, )

x! 1—)c‘1—~_1—l-)c‘1

(B18)

dl (Mo + M, -M_,
a1 ©

It can be solved in terms of harmonic polylogarithms of

x~!, this is convenient for x > 1. We use the asymptotics
x — oo for boundary conditions. There are 2 regions:

(1) All lines in (B1) are hard (momenta of order m).

This corresponds to the series of right poles in the

|

22202 — (3612 + 1031 + 58) ”—] 82} +O().

[\

4

B1
720 (B17)

Mellin—Barnes representation s=n-+n;+n,—d/2,
i.e., to the first term in the hypergeometric represen-
tation (A1) in [30], and gives x2(¢=1=2="5="4) times a
regular series in x~2. The leading contribution to
In1n2n3n4 is Cvn3,n4,n1+n2x2(d_nl_n2_n3_n4)-

(i) Lines 1, 2 are soft (momenta of order M). This
corresponds to right poles at s =n, i.e., to the
second hypergeometric term, and gives x¢2(%+74)
times a regular series in x2. The leading asymp-
totics is CM,, V1, x4720mtms),

For I,;.,, these two contributions are ~x=27%¢

and
~x~2+2)¢; for [} ,,,, the leading contribution is hard,
~x~2~(1)¢This information is sufficient for solving the
differential equations for x > 1 using LIBRA [52]:

J3 = —2{—H1,0(x‘1) + {—(1 +4)Ho 1 0(x7") =2(1+3)H g o(x7") + (1 +2)(2H, _10(x") + Ho 1 o(x7"))

2
2o + 1 7

+ﬁa+m%ﬂuﬂmu4w4m%mu*»+u+mu+$ﬂm4afw

+ (I +2)(I+4)(Ho—10(7") + Hop10(x7) + (1 +2)(1+3)(2H, —100(x7") + Ho—100(x7"))
—(I+3)(I+4)Ho00(x7") = (P + 61+ 10)H g 10(x7") = (IF + 51+ 8)H  910(x7")

= 2(P+51+T7)H000(x7") = (I +4)Hopy10(x7") = 2(1+3)Hy 1 00(x7")

+ (I +2)(2H 1107 = 2H) 21 0(x7) = Ho oy mro(x7h) = 2Hy g 0(x7)

2

+1 % [(1+4)Ho, (x™") = (1 +2)(2H, 1 (x™") + Ho_ 1 (x™)) + 2H; 1 (x) + Hl,o(x—l)]} 52} + O,
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J4 - —2{

2
—2H_;_jo(x7") - lgH—l (X_l)} €

H_jo(x71) + {(l +4)Ho_10(x7") +2(14+3)H_ 1 9o(x7") + (1 +2)(2H_1 10(x7") = Hy10(x7"))

+2 [(l +2)2(=2H_yj _10(x7") + Ho g —10(x7")) + (1 4+2)(L+5)H 1 g10(x7)

+ (I+2)(I+4)(Ho_110(x7") = Ho10(x7")) +
+ (I+3)(I+4)Ho_1o0(x") +
+2(P + 514+ T)H_;500(x7") =

—(I4+2)2H_ 1 10(x7")
2

(I+4)Hy_y 1 o(x~
—2H_ 1 0(

12
+ O(&%).

This is, of course, the analytical continuation of (B17) to
x > 1. The same results (B19) can be obtained if we
express J34 via I .1 and I ., using (B6) and expand
the hypergeometric representations (see Eq. (A1) in [30]) of
these two integrals in & using the Mathematica package
HypExp [57,58]. However, solving the differential equa-
tions (B18) up to higher orders in & is simpler than
expanding hypergeometric functions.

Both (B17) and (B19) lead to identical results at x = 1:

7 1

(1) = =% +3

_ [(l+2)(l+3)(8a4 +;a1 +§,,z 2)

(1 +2)(27%a, —1¢3)e

4
1712 = 361 — 124) 2| 2 3

+ ( 36 )360}5 + O(&%),

2

o 1
J4(1) = ) (27°a; = 7¢3)e
_l’_

1 2
[(l +3) (8(14 + ga‘l‘ + gﬂza%)

pt

2412 4271 — 62
+( + ) 360

:|82 + O(&%). (B20)

If / = 0 and x = 1, we obviously have 1,0, (1) = L0 (1),
and hence

J3(1) = =27,(1) =

—4l5001(1). (B21)

Expanding the hypergeometric representation [30] of
Irpo1 (or 1) at x =1 in ¢ we get (B20) with [ = 0.
Alternatively, we can use another hypergeometric repre-
sentation [8,9]. Using integration by parts we obtain

(1+2)(1+3)(2H 1 100(x7")
(l2 + 6l + 10)H0.0’_1.0(.x

—Hop00(x7"))
= (P+51+8)H_jg_19(x7")

—2(1+3)H_;_190(x7")
X + Hyp0(x7) +2H_ o _io(x7h)

+ 15 =+ 4 Ho g (1) = (1 +2)H_ 1 (1) = Hoy (x7) +2H_, Ly (x7!) - H—l,O(x_])]:|€2}

(B19)
|
7 (1 —&)%(1 4 2e)0(1 + 3¢)
Ioi(1) 32 I2(1 +)I(1 + 4¢) _1]
2726622 T3(1 + 2)I(1 + 3¢)
T3 (1 + e)T2(1 + 2¢)
+ 28234(5)’ (B22)

where By(e) is given by the formulas (41), (43) in [9]. This
leads to the same result.

The functions L (x) = —=3J34(l = 0, = 0) were used
in [7,8,22,30]. In addition to the two expressions for these
functions in (B17) and (B19), several additional represen-
tations can be found in [30].

The results (B17) and (B19) are expansions in ¢ where
the coefficients are exact functions of x. On the other
hand, it is straightforward to obtain expansions of J; 4 in x
(or x~!) to any finite order using residues of left (or right)
poles in the Mellin—Barnes representations of the integrals
J3.4 (B3), the coefficients being exact functions of ¢. If we
expand them in ¢, they should agree with expansions
of (B17) in x and of (B19) in x~!. We have checked this
up to rather high degrees of x and x~!

Now we can find all contributions to Z;?s (G=M, Q)
with the maximum number of quark loops, at most one of
which is massive, to all orders exactly in e:

Z8=1+Cpy T (noP) [nOPBj.Q
!

2Af—2¢
+ (- I)ZB;I)(x,»)] (fﬁj‘f)d ~

i

F(e)) e ., (B23)

where gy = gf) 2 , N 1s the number of massless flavors, the
sum runs over all massive flavors with x; = m; /M (includ-
ing the external flavor with x = 1) and dots refer to other
color structures. Here
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l—e  I(l—¢)
(1-2¢)(3-2¢)(1-2¢)’
(3-2¢)(1—1e)

P=-4

(1 + le)0(1 - 2le)

Bgll}():_zl

(1=(+De)2—(+De)T(1+e)l (1= (I+1)e)’

B =B (1+(1-1)e),

- 1-(/—-1 - 1+ 21-3)e—(I-1)(1+2)e? _
B”(X):Zpo{—zlg |:1—18+l£()8x2:|]§l 2>(x)_|_ |:P1+2€ +( )8 ( )( + )8 x2:|ng 2)(x)

1+ (I-1)e

1+ (I-1)e

— (pr(1+22) 4 pox) (1= x)205 2 (x) = (py (1 4+ 2%) = pox)(1 +x>2155‘”<x>},

2e
(I—e)(14+2(1-1)e)(3+2(I-1)¢)

By = -,

X {(1 +(I=1)e)(191=3 = (112 +501 = 11)e—2(41> =202 =151+ 6)&> + 4 (4 = 111> + 21+ 1)&* = 8I(1 - 1)%&*)

I(1-e)(14+2(I-1)e)(342(1—1)e¢)
* 1+(I-1)e

(4= I De= (1= D(1=7)2=40- D)2 |1 )

+2[2(1 —e)(1+(I-1e)(1-1e)+

-2
+ (p3 + pax+ psx* + pex’) (1 —X)J(3 )

where

262

PO 2e) 1= 1+ De) 2= (1 + 1)e)”
p1=2(1-¢)(1-1Ie),

(1=(+1)e)2+(1=3)e=2(I—-1)&?)

1+ (I-1)e '

p3=—41—-¢e)(1+(I-1)e)(1=Le),

24+ (31=5)e—(I=-1)(5I=1)e* +4(I-1)2(2—¢)
Pa= I+ (I-1)e '
ps=[2—(51+13)e+ (1> —61+29)¢?

+2(P=P+91-13) =8(1—1)e*]/[1+ (1-1)e],
ps =4(1—¢)(3=2¢)(1 =l¢).

The results (B24) at [ = 2 agree with [30] exactly in €. Note
that

limBY) (x) = B\ P,

x—0

(B25)

so that Z§; has a smooth limit x — O; this is not so
for Z7.

(x) 4 (p3 — pax + psx® — pex*) (1 +x)J£l_2)(x) }

84+ (1171=15)e—(I-1)(I+17)e? =2(1- 1)(12—3)834 7 ()

1+ (I-1)e

(B24)

Th_e contribution of these color structures to the ratio of
the MS mass and the on-shell one z,, (4) = M (u)/M can be
written as

an(M) =2+ 3 A (k) + (B26)

(Po)

where z,,° is the well-known large-f3, result [59]

(Bo) _ l/bdb <ym(b) ym()) 1 /oo —u/b
Zm I+= | —|——-— +— duS(u)e /",
2Jo b b bo) Polo ()

2o b (3+2b)(4+2b)
1) =3 T B b2+ BT (1=b)'
7m0:6CF7
B T(u)0(1-2u) |
S(u)=—-6Cp [e<5/3> w(l—u)—zu},

b= ﬂOZ—; (wherea, =a\" (M)). (B27)

Note that we first expand S(u) in u, then integrate term-by-
term assuming f; > 0, and at the very end substitute
po — —(4/3)Tpny. A, (x) comes from the differences of
diagrams with a single massive quark loop and correspond-
ing diagrams with all quark loops being massless and is
given by
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an5) = G (%) {3 | 0= P01 4 x4 210000 = (140200 = 2V 0) + 26 oo

2 o3,
+ x*Hy(x) — x(3 + 3x —x)g—i-ix

4 Tpno%g {(1 CX2(1 + x4 22) <H,._1_0(x) + ;[;Hl(x)>

S5r?

(142 (1 —x 47 (H_l,l,o(x) +

H_1<x>) X1 4 52)(Hoo(x) + Ho10(x) + 7%ay)

13 3 2 1
+ x4 <2H0,0,O(x) - gHO,O(x) _§C3) —x(3+43x2 +x3)%H0(x) —E(l —x)2(13 + 10x + 13x?)H, o(x)
(1 P (13— 100+ 1332 H o (x) + (48 — 12 + 482 — 13:7) % — L 2 p1y(x) — L2
2 X X X X X X 72 12)6 Ox 8x

+ (TFnO—) { 1—x)(1+x+x%)

7> 3
2H; _y110(x) +Hyg10(x) +Hyg_10(x) = 3 (5H, _i(x) —4H, (x)) + <”201 + 553)1‘11 (x>>

X

+(1+x)2(1 =x+x?)

(
<2H o) £ Hoo0(x) + Hoy o1 0(0) +%2<H_1‘1(x) L 2H_ o) + <ﬂ2a1 —%g3>H_1<x>>
+ 2x

(1+ )< Ho 1 —10(x) + Ho110(x) = Hog,1.0(x) = Hog,-10(x) +§(Ho,1.o(x) + Hoy_10(x) + 7a;)

o (5) = SHo.1(3) +6t100(0)) ~ P o) - 2

13 89
+ x* (4Ho,o,o,0(x) - ?Ho,o,o(x) + %HO,O(X))

(l—x) (13+10X+13X Hl 10 + H())

(
(2

- 0\|~ O\I»—*

( +X) (13—10X+13X H 110 H_1<X)>
1
72 (1 —x)%(89 + 68x + 89x?)H, o(x) — 7 (14 x)%(89 — 68x + 89x?)H_; o(x)
2 47 1 4
+ x(48 + 6x + 48x? + 13x° ) Hy(x) + —=x*Hy(x )—|— x2(6 + 13x%)¢5 — x(5 + 5x2 — 2x° )
36 72 30
33
—x(330 — 192x + 330x% — 89x3)m—|—% } + O(aﬁ)}. (B28)

Note that A,,(0) = 0. Expanding the three-loop term in x we reproduce the series (up to x*) obtained in [31]. The three-
loop coefficient exact in x (Fig. 3) and well as the four-loop one are new. The contribution of the external flavor (m = M) is
given by

N\2[ 22 -3 13 11
Am(l)_cFTF<a;) _ +TF”0 <C3+— ——>

4 36 12
a,\2 /(13 4 53 11
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0.2 0.4 0.6 0.8 1.0 T

FIG. 3. The coefficient of (e,/7)*CpT%ng in A, (x).

The three- and four-loop terms here agree with [11] and
[12]. We do not present lower-loop terms of z,, with
positive powers of ¢ which may be needed when this ratio is
used within calculations containing 1/¢ divergences; these
terms can be easily obtained from Egs. (B23) and (B24).

Contributions to Z¢* with the color structures C T ' nf
(i.e., the maximum number of quark loops, one of them is

massive with mass m;) can be calculated using Eq. (B10).
The results read

7P =1+Cp Y T (ngP) (1= 1)B})

=2
2m72e 1
(3=2e)(1+ (I=1)e)2(1+ (I-1)e)

I(I-=1)(3+2(I-1)e)l(2—e)?(1 +¢)
(1= (l=1)e)(1+ le)
re+2(-1e °

B =4

(B30)

where g, = g(()"’ ) and dots denote other color structures. The

(I = 2)-loop term agrees with [22], and the three-loop one
with the corresponding color structure in [33]. According to
the regions-based argument in Sec. III,

lim[BY) (x) — ByyP — By x| = 0.

x—0

(B31)
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