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LP ESTIMATES FOR WAVE EQUATIONS WITH SPECIFIC (%!
COEFFICIENTS

DOROTHEE FREY AND PIERRE PORTAL

ABSTRACT. Peral/Miyachi’s celebrated theorem on fixed time LP estimates with loss
of derivatives for the wave equation states that the operator (I — A)~% exp(iv/—A) is

bounded on LP(R?) if and only if a > s, := (d — 1) ’% - %’ We extend this result to

d
operators of the form L = — > a;0;a,0;, for functions = — a;(z;) that are bounded
j=1
above and below, but merely Lipschitz continuous. This is below the C'''! regularity that
is known to be necessary in general for Strichartz estimates in dimension d > 2. Our
proof is based on an approach to the boundedness of Fourier integral operators recently
developed by Hassell, Rozendaal, and the second author. We construct a scale of adapted
Hardy spaces on which exp(iﬁ) is bounded by lifting LP functions to the tent space
TP2(R%), using a wave packet transform adapted to the Lipschitz metric induced by the
coefficients a;. The result then follows from Sobolev embedding properties of these spaces.

Mathematics Subject Classification (2020): Primary 42B35. Secondary 35L05,
42B30, 42B37, 35S530.

1. INTRODUCTION

In 1980, Peral |21] and Miyachi |19] proved that the operator (I — A)~2 exp(iy/—A) is

bounded on LF(R?) if and only if o > s, := (d — 1) ‘% - %‘ Their result was then ex-

tended to general Fourier integral operators (FIOs) in a celebrated theorem of Seeger,
Sogge, and Stein [23], leading, in particular, to LP(R?) well-posedness results for wave
equations with smooth variable coefficients on R? or driven by the Laplace-Beltrami op-
erator on a compact manifold. To establish well-posedness of wave equations in more
complex geometric settings, many results have been obtained in the past 30 years, using
extensions of Peral/Miyachi’s fixed time estimates with loss of derivatives, Strichartz esti-
mates, and/or local smoothing properties. This includes Smith’s parametrix construction
[25] and Tataru’s Strichartz estimates [30] for wave equations on R? with C™! coefficients,
and Miiller-Seeger’s extension of Peral-Miyachi’s result to the sublaplacian on Heisenberg
type groups [20], as well as many other important results for specific operators, such as
Laplace-Beltrami operators on symmetric spaces.
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d

In this paper, we consider operators of the form L = — )" a;0;a;0;, for functions =
j=1

a;(x;) that are bounded above and below, and Lipschitz continuous. For these opera-

tors, we extend Peral /Miyachi’s result by proving that (I + L)% exp(iv/L) is bounded on

LP(RY) for a > s, := (d—1) ‘}D — 2|. This gives, in particular, LP(R) well-posedness of one
dimensional wave equations §?u = a%a%u with Lipschitz coefficients a (a natural general
result that appears to be new). Divergence form operators %a% can also be treated by

perturbation. More generally, when s, < 2, we show well-posedness for data in WP (R?).
See Theorem for a precise statement. While the algebraic structure of the coefficient
matrix is a serious limitation in dimension d > 1, the roughness of the coefficients is a
satisfying and somewhat surprising feature of our result. Indeed, Strichartz estimates for
wave equations are known to fail, in general, for coefficients rougher than C1:!, see [26/27].

Our proof is based on a new approach to Seeger-Sogge-Stein’s LP boundedness theorem for
FIOs, initiated by Hassell, Rozendaal, and the second author in 15|, building on earlier
work of Smith [24]. The approach consists in developing a scale of Hardy spaces H%;,
that are invariant under the action of FIOs. One then shows that this scale relates to the
Sobolev scale through the embedding W=+ C HY.o C W-2" for p € (1,00). This is
similar, in spirit, to the theory of Hardy spaces associated with operators, which has been
extensively developed over the past 15 years, starting with [5]10,14] (see also the memoir
[13]). In this theory, one first constructs a scale of spaces H? by lifting functions from
LP to one of the tent spaces introduced by Coifman, Meyer, and Stein in [8], using the
functional calculus of the operator L (rather than convolutions). One then shows that the
spaces are invariant under the action of the functional calculus of L. Finally, one relates
these spaces to more classical ones. For instance H} (R?) = LP(R?) for all p € (1, 00).
More generally, when one considers Hodge-Dirac operators Ilp, HﬁB = LP precisely for
those p for which Hodge projections are L” bounded (a result proven by Mclntosh and
the authors in [11]).

In the present paper, we go one step further in connecting both theories, by developing
a scale of Hardy-Sobolev spaces H f;’;oﬂ on which exp(z'\/f) is bounded, and proving ana-
logues of the embedding W3 ?(R%) C HYD o (RY) W3 #(RY) such as, for p € (1,2),
H?Fo,a c LP and (I +VL)"% € B(LP,H}'}’?O,Q). This gives our LP boundedness with
loss of derivatives result, and more. Indeed, one can apply the half wave group exp(ix/f)
repeatedly on HZy, ,, and only loose derivatives when one compares Hyj, , to classical
Sobolev spaces. This allows for iterative arguments in constructing parametrices. One

can also perturb the half wave group using abstract operator theory on the Banach space
H%;O a*

The paper is structured as follows. In Section [3| we study the transport group generated
by the commuting tuple (a10y, ..., aq0y) =: iD,. It is a representation of R? on L*(R?) and
a bounded group on LP(RY) for 1 < p < oo. The Phillips functional calculus associated
with this group replaces convolutions/Fourier multipliers in the context of our Lipschitz
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metric. Using this calculus, we use the approach of |4] to construct an adapted scale of
Hardy-Sobolev spaces in Section 4| For all integrability parameters p € (1,00) and regu-
larity parameter s € [0, 2], these spaces coincide with classical Sobolev spaces, thanks to
the regularity properties of the heat kernel of L arising from the Lipschitz continuity of
its coefficients. To go from these spaces to Hfé’lsaa, one needs to directionally refine the
Littlewood-Paley decomposition, as in the proof of Seeger-Sogge-Stein’s theorem. This is
done in [15] using a wave packet transform defined by Fourier multipliers. In Section [5| we
construct a similar wave packet transform, replacing Fourier multipliers by the Phillips
calculus of the transport group. This allows us to define H }'}’ISO’G in Section |6, and to prove
its embedding properties in Section [7} Finally, in Section [§, we prove that the half wave
group (exp(itv/L))ier is bounded on Hpio, forall 1 < p < oo and s € R. To do so,
we first notice that the transport group is. We then realise that, in a given direction w,
exp(iv/D,.D,,) is close to exp(—iw.D,), when acting on an appropriate wave packet, in the
sense that operators of the form (exp(iv/Dy.Dy) — exp(—iw.Dy)) ¢, (D,) are LP bounded.

Our approach relies heavily on algebraic properties: the wave group commutes with the
wave packet localisation operators, and can be expressed in the Phillips functional calculus
of a commutative group. Although our coefficients are merely Lipschitz continuous, these
algebraic properties match those of the standard Euclidean wave group. In the same way
as Peral-Miyachi’s result for that group is a starting point for the well-posedness theory
of wave equations with coefficients that are smooth enough perturbations of constant
coefficients, we expect the results proven here to provide a basis for the development
of a well-posedness theory of wave equations with coefficients that are smooth enough
perturbations of structured Lipschitz continuous coefficients.

2. PRELIMINARIES

We first recall (a special case of) the following Banach space valued Marcinkiewicz-Lizorkin
Fourier multiplier’s theorem (see [29, Theorem 4.5]).

Theorem 2.1. (Fernandez/ Strkalj-Weis) Let p € (1,00). Let m € CH(RN\{0}) be such
that, for all a« € N& with |a|s < 1 there exists a constant C' = C(a) > 0 such that

C*0Em(¢)] < € V¢ e R\ {0}

Let Ty, denote the Fourier multiplier with symbol m. Then T, ® Irpra) extends to a
bounded operator on LP(RY; LP(R?)).

This theorem will be combined with the following version of the Coifman-Weiss transfer-
ence principle (see |17, Theorem 10.7.5]). Note that the extension of this theorem from a
one parameter group to a d parameter group generated by a tuple of commuting operators
is straightforward.

Theorem 2.2. (Coifman-Weiss) Let p € (1,00). Let iDy,...,iDy generate bounded com-
muting groups (exp(itD;))icr on LF(R?), and consider the d parameter group defined by
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d
exp(i€D) = [] exp(i&;D;) for &€ € RL. Then, for all ¢ € S(R?), we have that
j=1

| /Wf) eXP(ifD)fdﬁﬂLv(Rd) STy ® [LP(Rd)HB(LP(Rd;LP(Rd)))HfHLP(Rd) Vfe Lp(Rd)-

R4

To define our Hardy-Sobolev spaces, we use the tent spaces introduced by Coifman, Meyer,
and Stein in [§], and used extensively in the theory of Hardy spaces associated with
operators (see e.g. the memoir [13] and the references therein). These tent spaces T?2?(R?)
are defined as follows. For F': R? x (0,00) — C measurable and = € R?, set

o do\ /2
- ( 4 \F(y,owy—) € [0, 00].
0 B(z,0) o

Definition 2.3. Let p € [1,00). The tent space TP2(R?) is defined as the space of all
F e L} (R? x (0,00), dz92) such that AF € LP(RY), endowed with the norm

HFHTPQ(RCZ) = HAFHLP(Rd)-

Recall that the tent space T™? admits an atomic decomposition (see [8]) in terms of atoms
A supported in sets of the form B(cp,r) x [0, 7], and satisfying

//’A |2dyda .

Recall also that the classical Hardy space H'(R?) norm can be obtained as

1l ray := (8, 2) = D(EA) f(2)]lr1.2(Ra),

where 1 (t*A) denotes the Fourier multiplier with symbol & — t2?|£]? exp(—t2|£|?). This is
the starting point of the theory of Hardy spaces associated with operators (or equations):
one replaces the Fourier multiplier by an appropriately adapted operator. To do so, one
often uses the holomorphic functional calculus of a (bi)sectorial operator. The relevant
theory is presented in [17]. We use it here with the following notation.

Definition 2.4. Let 0 < 0 < 7. Define the open sector in the complex plane by
So = {z € C\ {0} : arg(z)| < 6},

as well as the bisector S§ = Sg, USg_, where S§_ = —=S§. . We denote by H(Sg) the space
of holomorphic functions on Sg, and set

H>(55) = {g € H(5) = ll9llzo=(sg) < 00},
Ua(Sg) == {v € H*(S) : 3C > 0: [y(2)| < Cl2|*(1 + [o|*7) 7' Vz € S5}

for every o, B > 0. We say that ¢ € H*(Sg) is non-degenerate if neither of its restrictions
to Sg, or Sg_ vanishes identically.
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For bisectorial operators D such that D generates a bounded group on LP, we also use
the Phillips calculus defined by

w(D)f i= 5 [ G(€) expliD) s

for f € L? and ¢ € S(R). See [4,18] for more information on how these two functional
calculi interact in the theory of Hardy spaces associated with operators. The results in
Section [4] are fundamentally inspired by these papers.

3. THE TRANSPORT GROUP

Forj e {1,...,d},let a; € C**(R) with fLa; € L>, and assume that there exist 0 < A < A
such that A\ < aj(z) < A for all z € R. We denote by a; € C%'(R?) the map defined by
a; : x> aj(z;). Forx € R? and j € {1,...,d}, the ordinary differential equation

Xi(t) = a;(x;(t)) VtEeR,

X;(0) = x;,

has a unique solution implicitly given by the equation:

(3.1) t=

We define the corresponding flow by x : (x,t1,....tq) — (x1(t1), ..., xa(ta)), and the asso-
ciated transport group by

(3.2) [T(ty,....ta) f](x) := f(x(2, b1, ..., ta)) Va,(ty, ..., tq) € R

Theorem 3.1. Let p € [1,00). (T'(t))sera is a bounded Cy-group on LP(R?), and a bounded
group on L®(R?). It has a finite speed of propagation k > 0 in the following sense: for
all compactly supported f € LP(R?) and all (1, ...,t3) € R, we have that

supp(T(ty, ..., ta) ) C {y € RT; dist(y, supp(f)) < wl(tr, ..., ta)|}-
Moreover, for all f € LP(RY)

T(ty,....tq)f = exp Zt a;0;)f V(ti,....ta) € R?,

where a;0; is given with domain Wl’p(]Rd).

Proof. Let j = 1,...,d. The implicit equation (3.1)) gives that
a;(x(z,1).€;)
a; ()
Therefore x + 0,,x(x,t).e, = 0 for j # k, and x +— 0,,x(z,1).¢; is bounded above and
below, uniformly in ¢, and x is a thus a bi-Lipschitz flow. This implies that (7'(t))cr is a

bounded group on LP(R?) for all p € [1, 00], with finite speed of propagation. Strong con-
tinuity ||7°(¢)f — fll, e 0 for p < oo follows by dominated convergence for f continuous,
—

Ou, X (2,1) = ej Vr,t€R%
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and then density for general f. To identify the generator, let f € WP and note that, for
all x € R?,

0 0
() (@m0 = 5~ F( )0 = TH@) - D x(. )l o
tj 2
= a;j(2;)0y, [ ().
The result then follows from the fact that the operators {a;0; ; j = 1,...,d} commute. [
For E, F C R? Borel sets and w € S%7!, we set w.d(E, F) := inf,epyer | (W, — y)|.

Remark 3.2. The specific form of the flow x : (x,t1,....tq) — (x1(t1), ..., xa(ta)) with
Oy x(w,t).ex =0 for j # k implies the stronger form of finite speed of propagation: There
exists k > 0 such that for all f € L*(R?), all Borel sets E,F C R%, all ¢ € R? and all
w € S we have

1pexp(i€Dq)(1rf) = 0,
whenever k|{(w,&)| < w.d(E,F). See also [18, Remark 3.6/, where such a stronger state-
ment 1s proven in more generality.

We set D; = —id;, D = (D, ..., Dy), and denote by iD, = i(a1 Dy, ..., agD,) the d-tuple
of commuting unbounded operators with domain W' that generates the d-parameter Cy
group (T'(t))iere on LP(R?) for p € [1,00). For p = 2, the following lemma shows that this
transport group is similar to the standard translation group.

Lemma 3.3. There exists S € B(L?(RY)) such that
exp(i€D,) = S exp(i€D)S V¢ € RY.

Proof. Define b € L®(R?) by b(zy, ..., 14) = H;.lzl aj(z;)7'. Let H be the Hilbert space
L?*(R%) endowed with the inner product defined by
(u,v)q == (bu,v) VYu,v e L*(R?),

and T be the identity map from L*(R?) to H. Let j € {1,..,d}. Note that P; :=
Te;.D,T7' is self-adjoint in H, since dpa; = 0 for all j # k. Define Q; : u + bju for
b; € CH(R) such that bj(z) = % Vz € R, and b; : © + bj(x;). Then Q; is also
self-adjoint in H, and (exp(isQ;))ser is a bounded multiplication group Moreover, since
bi(x;(t)) =b;(x;(0)) +t for all t € R by (3.1]), we have the commutation relation

exp(isQy) exp(it P;) = exp(—istdx) exp(itP;) exp(isQy)
for all s, € R. Therefore, by the Stone-von Neumann theorem, there exists a unitary
map U € B(H, L*(R?%)) such that, for all j =1,...,d:
exp(i€P;) = U ' exp(i€0;)U V¢ € R.

The result follows by taking S = UT. U
Remark 3.4. Lemma shows that the transport group {exp(i€D,) ; & € R} is, al-
gebraically, a representation of RY. This is a fundamental consequence of the specific
structure of the coefficients of D,. Such a representation is rough in the sense that it

18 generated by non-smooth differential operators. In future work, we plan to extend the
methods developed in this paper in two directions: replacing R? by other Lie groups (for
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which an appropriate Fourier multiplier theory exists), and allowing the transport group
to be a sufficiently smooth perturbation of a rough representation.

4. HARDY SPACES ASSOCIATED WITH THE TRANSPORT GROUP
Lemma 4.1. There exists C > 0 such that, for all ¥ € S(RY), all E,F C R? Borel sets
and all w € S, we have that
L (D)L )2 < ClLe Sl / G()lde v e L(R).
{le|= 2L (w,6) > 420y
Consequently, for every ¥ € S(R?) and every M € N, there exists Cyy > 0 such that
d(E,F)

RO

¥ (0 Da)(1pf)ll2 < Car(1+ )Ml fll: VS e LA RY)

for all Borel sets E,F C R? and all 0 > 0.

Proof. Let f € L*(R?%) and ¢ € RY. Since the group (exp(itD,)),cre has finite speed of
propagation  according to Theorem [3.1] and Remark [3.2], we have that
1 exp(i€Da)(1pf) =0,

whenever k|| < d(E,F) or k|(w,€)| < w.d(E,F). Therefore, using Phillips functional
calculus, we have that

116 % (D) (Lr )]s < ﬁ / T\ oxp(E D) (1p ) ade

< CllLr sl / () de,
{le]> LB qf (w6 > 2B y

1

where C':= 7 sup{|| exp(itDq)||pz2) ; t € R?}. The last statement then follows from a

change of variables and ¥ € S(R?). O

We recall the following fact, which is a corollary of the results in [6], using that the
coefficients a; are Lipschitz continuous.

Theorem 4.2. (Auscher, McIntosh, Tchamitchian) Let p € (1,00). On LP(RY), the
d

operator —L =Y, a;0;a;0;, with domain W*P(R?), generates an analytic semigroup, and
j=1

has a bounded H* calculus of angle 0. Moreover, {exp(—tL) ; t > 0} satisfies Gaussian

estimates.

Corollary 4.3. Let p € (1,00), 0 > 0, g € H>®(Sg, ), and let ¥ € C=(R?) be supported
away from 0. Then there exists a constant C' > 0 independent of g such that, for all
F € TP2(RY),

I(0,2) = ¥(0Da)g(L)F(0, ) (@) lrwaaa, < Cllgllieisp ) l(0,) = F(o,)() |goagaa)-
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Proof. For M € N, set qu(2) := 2" (14 2)7*M, z € S3,. Note that then ¢y € ¥37(Sg,).
The statement for ¥(oD,) replaced by ¢ (y/oL) for M large enough then follows from
a combination of |16, Theorem 5.2| and |16, Lemma 7.3|, using Lemma [4.1| and Theorem
to check the assumptions.

On the other hand, we have by assumption ¢ — W(¢)q,; (|¢*) € S(R?), so that an
application of |16, Theorem 5.2] together with Lemma yields the assertion. U

Lemma 4.4. Let o € R, and non-degenerate W, U e C>(R%) be supported away from 0.
Let p € [1,00). Then
(0, %) = 0 W(0Dy) f (2)llzr2@e) ~ [|(0,2) = 06U (0 Dy) f(2)| 72z,

for all f such that the above quantities are finite. Moreover, for L = — i a;0;a;0;, we
have that -

(o, 2) = W(aDa) f ()| rp2@ey ~ [|(072) = 0°Lexp(—=0>L) f (@)l zv2 (ga)-
Proof. Since

r - d
I(0,2) 7> "W D)@ lanany ~ ) = [ oo DN @D ) Dl
0

by [16, Corollary 5.1], it suffices to show that, for all o,7 > 0, (2)*U(0D,)¥(7D,) =
min(Z, Z)NS, ; for some N > ¢ and a family of operators S,, € B(L?) such that for
every M € N, there exists C'y; > 0 such that

d(E, F)
Kk max (o, T)
for all Borel sets E, F C R? and all ¢ > 0. This follows from Lemma using that, for
all £ € RN\{0},

(D) () ¥(r€) = (N V(0T (7€) = (2)V+W(oE)¥(rE),

for U : & s % and ¥ : € — £P0(¢) with 8 € N9, |3]; = N’, for N’ > |a|+N. For the sec-
ond statement, we first show the comparison of ¥(oD,) with (02L)M exp(—o?L) for some
M € N, M > % in the exact same way as above. For the comparison of (L) exp(—o2L)

with o? L exp(—0c?L), we use |11, Proposition 10.1] instead of |16, Corollary 5.1|, together
with the Gaussian estimates for exp(—¢L) as stated in Theorem [4.2] U

[1ESer(Lrf)ll2 < Caur(1 + ) Mltpflle Vf e LRY)

Theorem 4.5. Let s € R, let p € (1,00). For all non-degenerate ¥ € C=°(R?) supported
away from 0, and all M € N, we have that

(4.1) (o) = 11y (0)o "W (0Da) f () +L11,00) (0)W(0Dg) f ()| w2y ~ [|(T+VL) £,
for all f € D((I + \/Z)S) Moreover, for s € [0,2], we have that

(42)  |(o,2) = 1p1)(0)0 " W(0 Do) f(x) + 1j1,00)(0) ¥ (0 Do) f () || 702wty ~ || fllwrsr
for all f € WP(RY).
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Proof. We use the Hardy space H? associated with L, as defined in |9]. For all f € LPNL?
we have, by Lemma [4.4]

1(0; ) = (o Da) f () lv2ay ~ [|f |-

It is a folklore fact that H} = L? for p € (1,00), thanks to the heat kernel bounds of
(e'F);>0. This result appeared in draft form in an unpublished manuscript of Auscher,
Duong, McIntosh, and inspired the proofs of many similar results. For our particular L,
an appropriate version of the result does not seem to have appeared in the literature.
It can however be proven as follows. By [6, Theorem 4.19|, the operators tL exp(—tL)
have standard kernels satisfying the assumptions of |12, Theorem 4.4]. Therefore, for all
ferLPnL? fe HY and

[l < A -

The reverse inequality is proven in |9, Proposition 4.2] for p < 2. Given that the above
reasoning also applies to L*, we obtain the full result by duality. Combined with Lemma
(.4, this gives the result for s = 0. For s € N, using Lemma [4.4] with an appropriate
U € C°(R?), we then have that

(0, 2) = 1.0y (0)o "% (0 Da) f(@)l|zw2ey S [1(0,2) = 101y (0)W(0Da) L2 f ()| m2 ey
SILE Fllpy SN+ VL) flpe
We also have that
(0, 2) = 111.00)(0) ¥ (0 Do) f () 17w 2@y S 11l ST+ VL) £l
For —s € N, we have that
1(0,2) = 11y (0)o (D) £(2) e

Is]
S Y l(o,2) = 1oy (0)a L2 W(o Do) (1 + VL) (@) | meee)
k=0

s
<D l(os) = Loy (@)W (o D) (I + VL) PUf (@) ragey S T+ VL) fy,

as well as
[(0,2) = Li1,00)(0)¥ (0 Do) f () || 702 (me)
Is|
<N (0, 2) = 1100 (0) o L2W(0 D) (1 + VL) f(2) [z rey
Is| B
S oy 2) = 1oy (0) ¥ (0 D) (I + VL) f (@)l pwaea S 1T+ VL) fll,.
k=0

Reverse inequalities are proven similarly, using that, for all s € R,

12+ VIV fllp ~ (0. 2) = (I + V) U(oD,) @)z qaay-
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This gives (4.1) for all s € Z, and the result for all s € R then follows by complex
interpolation of weighted tent spaces as in |1, Theorem 2.1].
To obtain (4.2) one first remarks that, for s € {0, 1,2}, the above reasoning also gives

(o, 2) = 1.1 (0)o "W (0 Da) f () + 111,00 ()W (0 D) () | 7p2mety ~ ZZII a;0;)" fllp,

m=0 j=1

s d
for all f € N N D((a;0;)™). We then notice that, for all j = 1,...,d, we have that
m=0 j=1

||ajf||p ~ ||dvjajf||p for all f € W, Moreover,
(dvja) f= afaff—i-aj(@ a;)0;f Vf € w2,
and thus

HfHWMNHprJrZH%a f||p+ZH a;0;)"fll, Vfe W

Corollary 4.6. Let o > 0, p € (1,00), and q € [p,00) be such that

a1 1
a=—-(-—-).
3577

Then there exists C > 0 such that, for all f € LP(R?) with L*f € LP(R?), we have that
[ [psray < ClIL fl Loy
Proof. For f € LP(RY) with Lo f € LP(R?), Theorem [4.5 gives that
1|y S [0, 2) = L7V (0 Do) L f () |72 re)
S (o) = 0** W (0 Da) L f () | a2y

for W : £ [E]7¥(€). Using the embedding properties of weighted tent spaces proven in
|1, Theorem 2.19|, we have that

(0, 2) = 02 W(0 Do) L fl|az@ay S [|(0,2) = W (0 Do) L flzw2ay,

and thus
[ fllLaay S NLfllLe ey,
by Theorem

5. WAVE PACKET TRANSFORM

We use a wave packet transform which is similar to the ones used in |15/22].

Let ¥ € C°(R?) be a non-negative radial function with ¥(¢) = 0 for || ¢ [5,2], and
> d
(5.1) / ()2 =1
0 o
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for ¢ # 0. Let ¢ € C°(R?) be a radial, non-negative function with ¢(¢) =1 for [¢| < 3

and ¢(¢) = 0 for |(| > 1. These functions ¥, p are now fixed for the remainder of the

paper. A

For w € S ¢ > 0 and ¢ € R?\ {0}, set p,,(¢) = c, (C_T;"), where ¢, =
~1/2

2
/ © <€1 _ V) du) . Set ¢, ,(0) := 0. Set furthermore ¥,(¢) := ¥(o() and
s\ Vo

Vo (C) = Ve (C)puo(€) for w e S41 o > 0 and ¢ € RY. By construction, we then have
o d
(5.2 [ R
0 Sd—1 g

for all ¢ € R\ {0}, see |15, Lemma 4.1]. For w € S4~! and ¢ € R?, we moreover set

0O = [ 1urO) T

For the convenience of the reader, we recall the following properties of 1, , stated in
|22, Lemma 3.2].

Lemma 5.1. Let w € S ! and 0 € (0,1). Fach ¢ € supp(vw ) satisfies

1 2 .
(5:3) —<lkl<s (K-l

o o
For all « € Nd and 3 € Ny there exists a constant C = C(a, 3) > 0 such that
(54) [0, Vo) 0o ()] < Com 345440

for all (¢,w,0) € RY x S471 x (0,00). For every N > 0 there exists a constant Cy > 0
such that

(5.5) F (Yuo)(2)| < Cno~

for all (z,w,0) € RY x 1 x (0, 00).
In particular, {07 F " (1hy0) |w € S92, o > 0} C LY(RY) is uniformly bounded.

3d+1
4

(140 M + 0w, z)*) "

We also recall important properties of the family (p,,),cg¢-1 from [22, Remark 3.3].

Lemma 5.2. Let w € St By construction, @, € C®(R?), and for ¢ # 0, ¢,(¢) =0

for |¢| < % or \f —w| > 2[¢|7YV2. Moreover, for all & € N¢ and 3 € Ny, there exists a
constant C = C(a, ) > 0 such that

d-1_la
| 2‘1*ﬁ

[{w, V) 02 (¢) < CI¢I T
for all w € S*1 and ¢ # 0, and

5:5) Gverar ([ wera)l<cles

for all ¢ € R4\ {0}.
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Remark 5.3. For w = ¢; and (, o chosen as in (5.3) with o € (0,27%), we have

1 2 4
(57) _<g1§;? |C]‘§ﬁ? jG{Q,,d}

40
This follows from

€= el =ler(( —e) +Z|€y er)]* = m— ’2+Z||C|

thus

d
16
G =[P+ D IGI < 4ol < —

=2
which directly yields (5.7) for j > 2. The casej =1 then follows from

1 4
Cl > ‘C| \/— = 20_ ﬁ

Lemma 5.4. For all o € (0,1), we have that

/ lowo D) fIBdw S IIFI2 VF € L2(RA.

gd—1
Moreover,

[ [ otz a iz s e

Sd—1 0
Proof. By Lemma [3.3| and Plancherel’s theorem, there exists S € B(L?*(R%)) such that

/||sow szdw<//|<pw (e dedo 5 [ [ leualeSTIE) B dede

gd—1 Rd gd—1 Rd

for all f € L*(R?) and o € (0,1). Since [ |pwo(£)|?dw =1 for all £ # 0, we have that
gd—1

[ Teua(Daf1do SIS S 1712

The same proof, combined with (5.2]), gives the second inequality. U

Definition 5.5. We define a wave packet transform adapted to D,,
W, € B(L*(R?), L*(R? x S%7 x (0, 00); dzdwi2)) by

Wl (0,0,2) = 10,0 (0)1S% | V20(0 D) £ (2)+1101(0) ¢ Da)B(0 Do) () VF € T(RY)
We define m, € B(L*(R? x S~ x (0, 00); dzdw?®), L*(R?)) by

F(x) ysd1|1/2/Sd1/ W(oD,) wa.)()d—gdw

+/S/O ou(Da)U(0 D) F(w, 0, )z )%“dw
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for all F € L*(R? x 4! x (0, 00); dzdw?®).
Note that 7, is the adjoint of the operator W,, where W, is defined as W, with D, replaced
by D:.

The following reproducing formulas follow from their analogues in [15,22] using Lemma
5.0l

Lemma 5.6. For all o € (0,1), and all f € L*(R?), we have that

(5.8) T Waf = [,

(5.9) o T / Puo(Da) f dw = Cs f,

gd—1

with constant C, such that o — C, is bounded above and below.
Proof. This follows from Lemma [3.3] and the identities (5.2) and [15, Formula (7.4)]. O

Definition 5.7. Given w € S, we fir vectors wy, ...,wq_1 such that {w,wy,...,wq_1} is
an orthonormal basis of RY. We then define the parabolic (quasi) distance in the direction
of w by

QL

—1
dw('xay) = <w7x - y) + <wj7x - y>2 V.I',y S Rd'

We also define (anistropic) operators associated with this parabolic distance by

U
—
T
—

AwL = <w]', V>2, Lwi = (wj,Da>2.

1 j=1

<.
Il

Lemma 5.8. (i) Let N € N, N > 41 There exists C > 0 such that for all o € (0,1)
and w € S, we have
114 oLis + 0w, D)) ™ fllemey < Co 5 || fllr oy
for all f € LY(RY).
i) For every M € N, there exists Cyy > 0 such that for all E;F C R? Borel sets,
(ii) Y
o€ (0,1) and w € S¥t, we have

_3d+t1l dw(EaF)
g

11EYwo(Da)(Lrf)||Leomay < Cpro™ 2+ (14

for all f € LY(RY).
(i4i) Let p € [1,00]. There exists C > 0 such that for all o € (0,1) and w € S, we have

_d-1
"ww:"(Da)fHLp(Rd) <Co 7 ”fHLP(Rd)

)M f Nl 11 ey

for all f € LP(RY).



14 DOROTHEE FREY AND PIERRE PORTAL

Proof. Part (i) follows from [6, Proposition 4.3|, tracking the scaling factor ¢ in its proof.
(ii) Let w € S%!. For given Borel sets E, F C R? with d(E,F) > 0, let x,, € C*®(R?)
be a function with values in [0, 1], x.(¢) = 0 for [¢| < 37 'd,(E, F) and x,,(¢) =1 for
IC| > k1d,(E, F), and [[{w, V)Xolloo + 1At Xolloo S m. Lemmaimphes

el po (D)1 f = 1p / MOF (o) ()P 1 f dC.

Rl
Now note that (1 — cA,1 — 0%{w, V)?)e“Ps = (1 + oL, + 0*{w, D,)?)e’P+ thus for
N e N,

e“Po = (1 4+ 0L, +0*{w, D)) N (1 — oA, — o*{w, V¢>2)NeiCD“.
From integration by parts we then get for j € {0,1}
il poo(Da)lpf = (1 + 0Ly,w + 0w, Da)*) ™

(5.10) ’ /Rd«l =08 = 0w, Vo)) (- F T (@) (Lef) de.

Consider first the case d,(E, F) < o, for which we take j = 0. According to Lemma [5.1]
we have || F ! (¢hu0)ll 1@y S o~ “T". Similarly, one can check that

6 = (0w, V) (0802 F 7 (W) Oll r sy S 0

for all « € N¢ and 3 € Ny. We use this estimate together with Theorem [3.1] and Part (i)
to obtain for N > 4t
_3d+1

_d-1 -
1Yo (Da) flpso@ay S 07 T (1 + 0Ly + 0%, D)) lisoolfli@e) S 0775 [1fllzae)-

In the case d,(E, F') > o, we choose j = 1in ([5.10)). Then note that according to the choice

of X.,, we have for o € (0,1) that [|¢ = (o{w, V)P (0AL10)2X(O)]lee S (dw(%jF))‘o‘Hﬁ <1,

for all @ € Nd, 3 € Ny. Using the product rule, a version of (5.5)) for derivatives of
F(tu0), Part (i), and an anisotropic change of variable, we obtain

11E%w,.0(Da)(1rf)loo

_df1
Soefly s f
aeNd, BeNo J (161> 2B yn{[(w,6)] > 2AE-F) )
la[+28<N

(0w, V) (Va0c)* F~H (1o (C)] dC

_dtl _ 3d41 ) i B
So g 4 ||1Ff||1/ 1+ P +0o 2<w,(’>2) %
{le]> ALV | (w,6)] > UEFYy
_3dt1 do(E,F) _ o5
NEY T (1-1-(—)) (2N d)HlFle-

Choosing N large enough in (5.5) yields the result.
(iii) According to Theorem [3.1]and Lemma [5.1] we have

4Py S 161 [ 17 @) (Ol 6 S 0~ T 1
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6. THE HARDY-SOBOLEV SPACES Hpr, ,(R%)

In the following, we denote by ¥ € C2°(R?) the function defining the wave packet trans-
forms from Section |51 We denote by H} (R?) the Hardy space associated with L as defined
in [9]. Recall that for all f € H}(R?), we have by Lemma 4.4}

1 [y ey ~ (o, 2) = ¥(oDa) f (@) || 71.2ra).
Definition 6.1. Define
S ={feH(RY) :Igec L'RYNL*RY) It >0 f=V(rD,)g},
and for p € (1,00)
S,={fe€l’RY : g IPRYHYNL*RY) It >0 f=V(rD,)g}.

Lemma 6.2. Let p € [1,00) and f € S,. Then, for all w € S, p,(D,)f € LP(RY),
and, in the case p =1, ¢, (D,)f € H}(RY), each with norm independent of w.

Proof. We have that p,(D,)f = t,,.(D,)g for some g € LP(R?), up to a change of con-
stants in the support conditions of ), ;. By Lemma , we have 1, ,(D,) € B(LF(R?)),
and thus ||ow (D) fllp S 119llp- In the case p = 1 we moreover have that ¢, -(D,)g € R(L),
since W is supported away from 0, hence 1, -(D,)g € Hi(R?). O

Corollary 6.3. Letp € [1,00), s € R, and f € S,. Then
W [(0,2) 7 11,00 (0) (0 D) f(2)+110,1)(0) 00 (Da) ¥ (0 D,) f ()] € LP(S47H TP (RY)).
Proof. This follows from Lemma [6.2] and Theorem [4.5] O

Lemma 6.4. Let U € C>®(RY) be non-degenerate and supported away from 0. Let p €
(1,00), s € R, and f € S,. Then, we have that

w = [(0,2) = 11,00 (0) (0 D) f () + 110,y (0)0 "0 Da) U (0 Do) f ()] € LP(SH TP2(RY)),
with an equivalent norm to the corresponding map in Corollary[6.3, and
I+ VL) ™ f|o

< o [(0,2) > 11.00)(0) 8 (0 D) £ (&) + L) (000 Da) W (0 D) f ()] o0 ri30-200
for all M € N such that M > < ——s

Proof. Let M € N be such that M > ¢ 4 — 5. Lemma and Corollary . give the first
part, and Corollary [£.3] Lemma [4.4] together with Theorem 4.5 give

I+ VD)™ flliw S l(02) = Loy (@)U (0 Da) (L + VL) ™ f(2) 102 gay
+ (o) = Loy (o) (o VIYM (I + VL) ™MW (0 Do) f () w2 gy
Using Corollary [4.3] again, we then have that
I+ VD)™ fllr S (0,2) = L1,00)(0) ¥ (0 Da) f (@) w2 ey
+ |[(0, %) = Lpo1)(0)a™ (o D,) f (%) || 7r2(ray.-
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We then use the reproducing formula (5.9 to obtain that
I+ VL) M2

d—

S 10,2) = Lo (VUED @) + L) [ T (D) V(D) f )l
Sd*l
< Jw > [(0,2) = 100 (0) (@ D) (1) + 10,1 (0)0 0 (D) ¥ (0 D) F (@) osisrm e,

sinceMz%—s. ]

Definition 6.5. Let p € [1,00), and s € R. We define the space Hpjp ,(R?) as the
completion of S, for the norm defined by

1f ez, , ey

= |lw = [(0,2) = 1(1700)(0)\1/((71)&)]0(17) + 1[0,1](U)U_SSOw(Da)\P(UDa>f<x)]HLP(Sdfl;sz(Rd)).
We write HY, ,(R?) := HE, (RY).
Remark 6.6. By Lemma we have that H}'}]O,a(Rd) is a subspace of the M-th extrap-

olation space associated with L, and is independent of the choice of ¥ € C*°(R?)\{0}and
supported away from 0.

Remark 6.7. By Lemma interpolation properties of H}'}’;O@(Rd) follow from the in-
terpolation properties of weighted tent spaces (see [1]) with the same proof as in [15, Propo-
sition 6.7].

We also have the following version of |22, Theorem 4.1].

Proposition 6.8. Let p € (1,00), and s € R. Let ¢ € CZ(R?) with q(¢) =1 for [¢| < &.
Then

1/p
1l (Rd):uq(Da)fan( /.. ||%<Da)<f+msm,,(w)dw) Vfes,

FIO,a

Proof. Let f € §,. By Lemma @, we can choose ¥ with an appropriate support, such
that W(oD,)f = V(0D,)q(Dy)f for all ¢ > 1, W(oD,4)q(D,) = 0 for all 0 < £, and
¢u(Dy)¥(0D,) =0 for all 0 > 1 and w € S41.

Then, by Theorem 1.5 we have that

112z, @) S [[(0,2) = 11,00)(0) W (0 Da)q(Da) f ()] 70.2(ma)
+ [Jw = [(0,2) = 1j01)(0)0 ™ Pu(Da)¥ (0 Do) f ()] || o (5015702 (R

S oD e+ ( [
Sd
In the other direction, Theorem and the support properties of ¢ and ¥ give us that

||Q<Da)fHLP(]Rd) Sl e (Rd) T (o, 2) = 1[%,1}(0>qj(0Da)Q(Da)f(x)HTP’Q(]Rd)-

FIO,a

1/p
I+ VI DI B )



17
With the same proof as in Lemma , we then have that, for all M > % — s,

[(0,2) = 1 ()0 Da)a(Da) £ () gwse
S lova) = 1y (o) [ WDIAPIVDE +VEPT + VI F0) L

S+ \/Z)_MfHLP(Rd)-

Therefore, using Lemmal6.4, we have that 1¢(Da) fll e ray S HfHH?fo gra). For the second
term, we use Theorem [4.5/ and the support properties of ¥ again to get that

(o bttt -0 )

S lw e [(o,2) = 1[0,1)(U)U_SSOw(Da)‘I’(UDa)f(ﬂ?)]”Lp(Sd—l;Tw(Rd))

S lmzg, ey

7. SOBOLEV EMBEDDING PROPERTIES OF HFp, ,(RY)

We use a variation of the arguments in |15, Section 7|.
We let m(D,) = (I +VL)™7.

Lemma 7.1. For every 0 < 0 < 7 there exist Cy,cy > 0 such that for all atoms A €
TH2(RY), and all s € R

(7.1) / (0, 2) = Ljo 1 (a)Ym(VL) 4y, o (Da) A0, ) (@) || p1.2ma) dw < Coel*leo.

Proof. Let A be a T ?(R?) atom associated with a ball B = B(cg,r). Without loss of
generality, we assume that A(e,.) = 0 for all 0 > 1.

By renormalisation, we can replace ¢, ,(D,) in . by U, (Da)tw (D). Noting that

0(d—1)

> we use Corollary to obtain for every w € S%!

is |s|ce —
— Y
[[m*®]| oo (s9) < ce for ¢y
and given ¢ € (0, 7)

(o, 2) = Loy (0)m(Da) " Vo (Do)t (Da) Ao, ) (2) [ 712
— (0,2) = Lo (@)L m( D) U (D) L5 (D) Al ) (@) s
< Coc 0 [(0,2) 1 Toa)(0) L5 o (D) A, ) ()
with Cy independent of s € R.
For j € N*, and w € S9!, define C}, := {y € R?; 201y < |[(w,c5 —y)| +|cp —y|* < 297}
and Cy, :={y € RY; [(w,cp —y)| + |cB — y|2 < r} Remark that |C} | ~ (277) ", and

that d,(Cj.,Cow) > 227 !r. Using Lemma and Corollary {4.6| for p = 3%, we have
that
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/H 0,) = 1y, (@) 10, (0) L% (D) A(0, ) () | r2me) )

min(r,1)
dt1 _d—1 do
SeE [ I S e (D)AC @) e e
gd—1 0
min(r,1) p
d+1 _d—1 g
< / / 12755 A, )0y e
d+1 dO‘
S / [ 1 2t
g
Sd—1 0
do d
<r'E HA (@)1172(ra) —dwsr [A] 722 S 1.
Sd—1 0
~ 7d71 ~ ~
Let M > d+ 1, and define W : £ —y 1S T 9(0) cand Uy 1 € = 0o (E)W(aE).

([ 1o~ 1962423
For all j € N*, we obtain from Lemma for @E;; instead of 1, »

/H g, ZL’ = ]-C ( )1[071](O)L_%@DW,J(DQ)A(U,-)($)||T1,2(Rd)dw)2
min(r,1)

/ o T (DA, ) e,

0

do
dH/ / o waa( D,)A(o, ')H%‘”(Cm)Fdw
0
d+1 ; _ 3d+1 o \M 2 do
/ / O N R e

min(r,1)
diej yd+1 a1 _sap (0 \M 2 do
Sotemtt [ [ oo () A ) e ‘D
Sd-1 0

< 2_j(M_d_1)TdHAH%“22 < 2—j(M—d—1)'
Summing over j yields the conclusion. O

Lemma 7.2. For allp € [1,2], and s, = (d — 1)(% — 1), we have the continuous inclusion

HFIOG(]Rd) C HY(RY), where HY(R?) = LP(RY) forp > 1. Forp € (1,00), and b : &
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1|“T m(€), we have that
1(0, %) = m(Da)¥(0 Do) f ()| 7o2may S |(6(Da) +m(Da)) fllmrz,, ey S [1f 52, @),
forall f €8,.
Proof. Let f be an H} atom. We have, using the reproducing formula , that
£y ~ [l(o, 2) = W (o Da) f(2)l|712ma)

S / (0, 2) = Ljo)(0)0™ T W o (Do) f(z) + L1,00) (@)W (0 Dg) f ()| 1.2 (maydw

S .

FIO a (Rd)
where the last inequality follows from the comparability of ¢, , with ¢, ¥, for o € (0,1).

Sl
Since Hf;o, = L?, the continuous inclusion Hy 2 (RY ¢ HY(RY) follows by interpola-
tion. In the same Way,

for ¥ such that \Il(f) — |¢]T W(€) for all £ € RY. Turning to the low frequency term,

we note that, for ¢ > 1, we have that U(cf) = U(af)q(&) for all £ € RY Therefore, by
Theorem [4.5] and Proposition [6.§ we have that

(0, %) = 11,00 (0) ¥ (0 Da)m(Da) f (2)|| 702ma) S [[m(Da)q(Da) flloay S [Im(Da) fllmz,,  ma)-

To conclude the proof, we use Theorem [2.1] and Theorem along with Theorem [3.1]
to show that b(D,) and m(D,) are bounded operators on LP(R?), and thus also on
HY 1o o(R?), thanks to Proposition O

Corollary 7.3. Let p € (1,2]. Then
1T+ VL)~ il

FIOa

R%) S ||f||Lp(]Rd)a

forall f € S,.

Proof. For z € C such that Re(z) € [0, 1], we consider the operators defined by
T.f(,,0) = Lo (o)1 + VI “P%0,,(D) f(a) Vf € LA(RY)

For Re(z) = 0, they are well defined as operators from L2?(RY) to L*(R¢ x S%! x
(0,00); dxdw Z) by Lemma , with norm independent of Im(z). For Re(z) = 1, by
Lemma T extends to a bounded operator from H!(R?) to L'(S4~1; T12(R%)) with
norm bounded by Cyel™@lee for fixed § > 0. Therefore, by Stein interpolation [28] with
admissible growth, T, € B(LP(R?), LP(S?~1; TP2(RY)) for Re(z) = % — 1. To conclude the
proof, we thus only have to show the low frequency estimate

I(,2) = 1,00 (0)¥(0 D) (I + VL)~ 2 f(@) rweay S |1 Flloges)-
This follows from Theorem [4.5{and the L? boundedness of (I + /L)~ % . O
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8. THE WAVE GROUP
Theorem 8.1. Let p € (1,00), and s € R. Then
Zt\ﬁ H?‘ISO a(Rd) - HI@’ISO,Q(Rd)
18 bounded for each t > 0.

For simplicity, we set t = 1 and s = 0. All the proofs extend verbatim to other values of
t. The case s € R is an immediate consequence of the case s = 0 by Proposition [6.8 For
the transport group, the LP boundedness is clear.

Lemma 8.2. Let p € (1,00) and w € S4L. Then e¢“-Pa . [P(R?) — LP(RY) and e Do :
Hﬁlo,a(Rd) — H}'}IO’G(Rd) is bounded.

Proof. The LP boundedness is proven in Theorem (3.1, The boundedness on H f}]O’a(Rd)
is an immediate consequence of the LP boundednes by Proposition U

For the low frequency estimate, we need the following lemma.

Lemma 8.3. Let p € (1,00), let ¢ € C(RY). Then q(D,)e’VE : LP(RY) — LP(R?) is
bounded.

Proof. Because of the compact support of ¢, the symbol ¢ — ¢(¢)e’l¥! clearly satisfies the
Marcinkiewicz-Lizorkin multiplier condition of Theorem [2.1] The result thus follows from
Theorem and Theorem [2.2] using that D, generates a bounded d-parameter group, as
shown in Theorem [3.1] O

Proof of Theorem[8.1 For f € S,, Proposition [6.§] yields

1/p
16 50 % W) P s + ([ Tl DIy )

For the low frequency part, recall that ¢ € C°(R?) with ¢(¢) = 1 for |¢] < . Choose
G € C®(R?) with §(¢) = 1 on suppgq. Then ¢(D,)e’VE = §(D,)eVLq(D,), since D, and
V'L are commuting, and §(D,)e™T is L bounded according to Lemma [8.3, Thus,
lg(Da)e™ ™ fll orey = 1G(Da)e™ q(Da) fllozey S 1g(Da) £l oy
Let us now consider the high frequency part. For fixed w € S?!, we decompose
u(Da)eV" = u(Da)e P + (Do) (VF — e Px).
The first part can be dealt with Lemma [8.2] which directly yields

1/p
([ 10D Ay ) W0

For the second part, we use (5.8) to write
gow(Da)(eiﬁ — @ Pe) = @w(Da)ei“'Da(e_i“'Daeiﬁ — W,
Since e P« is bounded on LP(R?) by Lemma [8.2] it suffices to show that
lpu(Da)(e P = DmWaf oy S llew(Da) fllzoa)-
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We can write
po(Da) (e “Pee™E — DN, W, = (Do) pu(Da) + o(Da)gu(Da)

for the symbols

(8.1) mw(C) = ¢w(<)mw(<)/0 a1 ¢V70<C)2 dVCiTJ
and

6 (¢) = Pu(Q)imu(¢)r(¢)*

with m,(¢) = e @<+l — 1 5, € C®(R?) a function with @, = 1 on supp ¢, and
Pw(C) =0 for || < % or |¢ —w| > 4|¢|7'/?, and

0= ([T )" o

and r(0) := 1. As noted in |15, Section 4.1], we have r € C°(R?).
The proof will be concluded by applying Theorem [2.1, and Theorem 2.2 using Theorem
3.1l We only have to check that m, and g, satisfy the assumption of Theorem For

(u, this directly follows from the fact that r € C>°(R%). For m,,, this is proven in Lemma
below. ]

Remark 8.4. Let w € S, Let ¢, € C*(RY) a function with ¢, = 1 on supp @, and
Pw(C) =0 for |¢| < %6 or |§: —w| > 4[¢|7Y2. By the choice of the cut-off function @, and
the support properties of ., we have the following: For all o € Nd and B € Ny, there
exists a constant C = C(a, ) > 0 such that

[(w, V) PO Bu(Q)] < CJ¢| 7
for all w € S¥* and ¢ € R?\ {0}.

Lemma 8.5. Let w € S, let m,, be as defined in (8.1). For all o € N3 with |als < 1
there ezists a constant C = C(a) > 0 such that

¢ 0¢mu(Q)] < C
for all ¢ € R4\ {0}.

Proof. By rotational invariance it suffices to consider the case w = ;. Let ¢ € R%\ {0}.
The bound |m,, (¢)| < C directly follows from (5.2)) and the boundedness of m., and @.,.
Moreover, by the specific form of 1., (¢) = €®¢) — 1 with b(¢) = —(; + [¢], it can easily
be seen that the condition

(8.2) COEB()] < e
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for |afo <1 immediately implies [(*0¢7., (¢)| < ¢ for |04]OO < 1. We check (8.2):

[C1016(¢)| = |G (=G + KD < [Gl[1 —

ICI \C\

< |[¢l =Gl =al

According to the support properties of @., and v, ,, we have |v —e;| < /0. Thus a slight
modification of (5.7]) yields that there exist constants ¢, co > 0 such that for 0 < 0 < 1,
one has

C1 Co .
(83) Cl > ; and ’C]‘ S ﬁa J € {27 s 7d}7

on the support of m,,. Thus, for such choice of (,

1€1016(¢)| S G (@/1 o 1) .
G

This expression remains bounded for (; — oo or equivalently |(| — oo, since replacing
h = =, we see that

. V14+ch—1 c
lim —m8m—— = —.
h—0 h 2

Again using (8.3) and [(| > |¢i| > £, we obtain for j € {2,...,d} that

169;6(O] = 1¢;9; (=G + [CD] < ICJ‘ ‘I <c

Concerning the mixed derivatives, one can 1nduct1vely show that for a € N¢ with |a],, < 1
and ay = 0, [¢*9¢b(C)| = ||C|§‘2:| ;| < ¢, for ¢ as in . Finally, for j # 1,

GGAOHO) = 16GRD,(—G +IC)] = |<1<j||%| <e

Putting all arguments together shows (8.2). The bound |[(*0¢@., (¢)| < ¢ follows from
Remark together with (8.3), whereas the analogous bound for the last factor in (8.1
concerning 1, , is a consequence of (5.6 together with (8.3)). O

Combining Corollary [7.3] with Theorem [8.1] and Theorem [4.5] then gives our main result.

Theorem 8.6. Let p € (1,00) and s, = (d — 1)|— — L|. For each t € R, the operator

(I4+V/L)~*» exp(it\/L) is bounded on LP(R%). Moreover, if s, < 2, the operator exp(it\/L)
is bounded from We»P(R?) to LP(R?).

Proof. By duality, it suffices to consider the case p € (1,2). Let f € S,. By Lemma
and Theorem [8.1] we have that
lexp(itV'L) fll oy S | eXp(Zt\/_)fH S

FIO a( 4~ 1%, (RY)
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Using Proposition [6.8] and Corollary [7.3] we then have that
lexp(itV'L) fllomay S WL+ VL) Fllan,, @y S I+ VL) fll o).

FIO,a
For s, < 2, Theorem [4.5] then gives || f|lwsws ~ [|(I + VL) f|| 1o (ze)- O

To obtain analogues of Theorem [8.1] for more general operators with Lipschitz coefficients,
we plan to develop a perturbation theory in future work. Here we just give a prototype
of the results that such a theory should give, in the case where d = 1. This case is simple
because Hp; , = L7, and Riesz transforms associated with L are L? bounded.

Corollary 8.7. Let d =1, and a € C*'(R) be bounded above and below, with La € L*.

Let p € (1,00). The operator L = —La? L (with domain W*P) generates a cosine family
on LP.

Proof. By Theorem , Lemma , and Corollary , the operator L = L — (%a)a%
generates a cosine family on LP, with Kisynski space D(v/L) (see [2] for the theory of
cosine families). By [6, Theorem 2.36] and [3, Section 4], we have that D(v/L) = W?.

Since ({La)a-t € B(W'?, LP), the result thus follows by [2, Corollary 3.14.13]. O
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