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Abstract

Non-linear finite elements techniques have seen significant advancements re-
garding the modelling of the complex behaviour of reinforced concrete struc-
tures. Among them, the methods based on discrete approaches have received
a great amount of attention in the last decades due to their capability to anal-
yse for explicitly the cracking behaviour in concrete structures as accurately
as possible. However, the need of conforming the mesh to the discontinu-
ities geometry, and the corresponding computation effort, are presented as
the major drawbacks of this approach. The advent of the eXtended Finite Ele-
mentMethod (X-FEM) in the late nineties has succeeded in overcoming these
difficulties, making the remeshing procedures unnecessary. This method is
able to model discontinuities within an element independent of the under-
lying spatial discretisation, by enriching the standard finite element approx-
imation with discontinuous functions that represent the local behaviour of
the solution. Since its appearance, X-FEM seems to be the best-suitedmethod
for the modelling of crack growth in concrete. However, despite the consid-
erable potential of the method, there are no applications to the modelling of
multiple crack growth in reinforced concrete structures. This study emerges
in response to this need.

This work is concerned with the modelling of multiple crack growth in re-
inforced concrete structures under quasi-static conditions within the frame-
work of the extended finite element method. Both cracks and reinforcement
introduce discontinuities in the structure and, therefore, can be numerically
modelled with X-FEM. Cracks are treated using a discontinuous (step) func-
tion and a non-singular near-tip function. These functions allow the crack
to be located arbitrarily within a finite element. A HEAVISIDE function is
introduced to model the reinforcement within an element without meshing
it. The reinforcement includes not only reinforcing bars, but also externally
bonded reinforcement and fibres. A cohesive crack model is used to repre-
sent the fracture process zone. Crack initiation and growth are evaluated by
means of stress-based criteria. The concrete is described in compression by
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Abstract

an isotropic damage model. The transfer of bond forces along the concrete-
reinforcement interface is accomplished by bond laws, which consider both
bond-slip and dowel action. Representative tests reported in the literature
on reinforced concrete structures are analysed. The numerical results are
in very good agreement with the available data and, therefore, confirm the
accuracy of the proposed approach. Moreover, a sensitivity analysis shows
that the predicted responses are not affected by the finite element mesh.

The proposed numerical model proves to be useful, accurate and versatile
when modelling reinforced concrete structures.
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Zusammenfassung

Nichtlineare Finite-Elemente-Verfahren haben bei derModellierung des kom-
plexen Verhaltens von Stahlbetonstrukturen bedeutende Fortschritte erlebt.
Unter anderem haben die auf diskreten Ansätzen basierenden Verfahren in
den letzten Jahrzehnten aufgrund ihrer Fähigkeit, das Rissverhalten in Beton-
bauwerken explizit und so genau wie möglich zu analysieren, große Beach-
tung gefunden. Als wesentliche Nachteile dieses Ansatzes werden jedoch die
Notwendigkeit der Anpassung des Netzes an die Diskontinuitätsgeometrie
und der entsprechende Rechenaufwand dargestellt. Mit der Einführung der
extended finite element method (X-FEM) in den späten neunziger Jahren ist
es gelungen, diese Schwierigkeiten zu überwinden und damit die Netzabhän-
gigkeit zu beseitigen. Dieses Verfahren ist in der Lage, Diskontinuitäten in-
nerhalb eines Elements unabhängig von der zugrunde liegenden räumlichen
Diskretisierung zu modellieren. Hierbei wird die Standard-Finite-Elemente-
Approximation mit diskontinuierlichen Funktionen erweitert, die das lokale
Verhalten der Lösung darstellen. Seit ihrer Entwicklung scheint X-FEM die
am besten geeigneteMethode zurModellierung des Risswachstums im Beton
zu sein. Trotz des erheblichen Potenzials der Methode gibt es keine Anwen-
dungen bei der Modellierung des mehrfachen Risswachstums in Stahlbeton-
bauwerken. Hierdurch ergab sich die Notwendigkeit dieser Untersuchung.

DieseArbeit beschäftigt sichmit derModellierung desmehrfachen Risswachs-
tums in Stahlbetonbauwerken unter quasi-statischen Bedingungen im Rah-
men der extended finite element method. Sowohl Risse als auch Bewehrun-
gen führen zu Diskontinuitäten in der Struktur und können daher mit X-
FEM numerisch modelliert werden. Risse werden mit einer diskontinuierli-
chen Stufenfunktion und einer nicht-singulären Rissspitzenfunktion behan-
delt. Diese Funktionen ermöglichen, dass der Riss beliebig innerhalb eines
finiten Elements abgebildet werden kann. Eine HEAVISIDE-Funktion wird
eingeführt, um die Bewehrung innerhalb eines Elements zu modellieren, oh-
ne das Finite Elemente Netz anzupassen. Die Bewehrung umfasst nicht nur
Bewehrungsstäbe, sondern auch extern geklebte Bewehrungen und Fasern.
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Zusammenfassung

Zur Darstellung der Bruchprozesszone wird ein kohäsives Rissmodell ver-
wendet. Rissentstehung und -wachstum werden mittels spannungsbasierter
Kriterien bewertet. Der Beton wird unter Druck durch ein isotropes Schä-
digungsmodell beschrieben. Die Übertragung der Verbundkräfte erfolgt ent-
lang der Kontaktfläche Beton-Bewehrung durch Verbundgesetze, die sowohl
das Verbund-Schlupf-Verhalten als auch die Dübelwirkung berücksichtigen.
Es werden repräsentative Versuche an Stahlbetonbauteilen analysiert. Die
numerischen Ergebnisse stimmen sehr gut mit den verfügbaren Daten über-
ein und bestätigen daher die Genauigkeit des vorgeschlagenenAnsatzes. Dar-
über hinaus zeigt eine Sensitivitätsanalyse, dass das vorhergesagte Verhalten
durch das Finite-Elemente-Netz nicht beeinflusst wird.

Das vorgeschlagene numerische Modell erweist sich als nützlich, genau und
vielseitig bei der Modellierung von Stahlbetonkonstruktionen.
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1. Introduction

1.1. Motivation

The numerical modelling of reinforced concrete structures presents still to-
day a major challenge for engineers across the globe due to their very com-
plex non-linear behaviour both at strength limit states and service loads. For
this reason, daily structural design is still generally based on determining
internal forces and moments by means of an elastic model, in which the rein-
forced concrete structure is assumed to be uncracked, homogenous, isotropic
and linearly elastic. For some design and analysis problems, however, these
assumptions may not be sufficient and may lead to errors in the predicted
response of the structure. Furthermore, they make it impossible to analyse
cracked concrete structures to obtain reliable forecasts of security and dura-
bility. The development of more refined numerical methods, such as non-
linear finite element techniques, has permitted to account for the materials
non-linearities, which has allowed to generate more realistic numerical mod-
els to address the aforementioned problems.

Themain obstacle to finite element analyses is the difficulty in characterising
the material behaviour of the constituent parts, i.e. concrete, the reinforcing
steel and the bond between them.

The mechanical behaviour of concrete is complicated and still remains the
subject of intensive research activities. Concrete under tension behaves dif-
ferent than under compression. Compressive failure is mainly characterised
by crushing while tensile failure, by cracking. These represent the main
causes for the non-linearity of the material.

In this regard, one of themost challenging issues for engineers and researchers
has been the modelling of concrete cracking. To this end, a large number of
material models based on different theories have been developed over the last
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decades. These have been incorporated into finite element approaches suit-
able for the representation of cracks. The proposed approaches range from
discrete representations to various types of smeared crack concepts. The
former is characterised by accounting for explicitly the displacement discon-
tinuities introduced by the cracks into the numerical model. In the latter, the
cracked material is treated as a continuum and the cracks are described in
terms of strain-stress relationships.

Smeared crack approaches have been widely accepted as one of the most
effective means to numerically simulate crack growth in concrete structures
in order to predict global structural response. However, this approach does
not permit an accurate description of the cracking behaviour and, due to
the continuum assumption, it is not capable of predicting individual crack
patterns and widths. On the other hand, discrete crack approaches make it
possible to accurately analyse cracking in concrete structures and to obtain
detailed information concerning cracking properties.

The aforementioned approaches have been also used to model reinforcing
bars. In a discrete representation, each layer of reinforcement is modelled ex-
plicitly as separate elements connected to the concrete bulk through special
elements known as interface elements, which allow for an explicit consider-
ation of bond-slip, dowel action and other interaction mechanisms. In the
smeared formulation, the influence of the bars is assumed to be uniformly
distributed over a concrete element by introducing an average strain-stress
relationship. Smeared representations characterise the interface behaviour
implicitly by modifying the constitutive relations for concrete and/or the re-
inforcing steel.

The actual detailing arrangement of the reinforcement, as well as an ade-
quate representation of the bond behaviour and dowel action, are necessary
for realistic analyses of reinforced concrete structures. Unlike smeared ap-
proaches, the discrete representation is the only way of accounting for these
considerations.

In conclusion, discrete methods are more suitable to capture the cracking
failure, and the mechanical behaviour of the reinforcement and the interface.
Drawbacks of these approaches are the great computation effort required for
the discretisation of the structure in order to conform the mesh to the discon-
tinuities geometry. These disadvantages are even greater when modelling
crack propagation, where remeshing is required at each growth stage.
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Over the last two decades, several approaches have been proposed to solve
the aforementioned problems. Among them, the eXtended Finite Element
Method (X-FEM). Within this method, the standard finite element approx-
imation is locally enriched with functions that allow for a representation
of discontinuities within an element without the need of redefining the un-
derlying finite element mesh. The method enjoys all advantages of discrete
models but without the dependency of the mesh, which was a characteristic
attributed to smeared approaches, among others. Since its appearance, X-
FEM seems to be the best-suited method for the modelling of crack growth
in concrete.

Even though significant research has been conducted in this field, this in-
volves usually the analysis of a single cohesive crack or a few non-interacting
cracks. Few studies have addressed the issue of the multiple crack growth,
being mostly limited to the analysis of brittle materials. Further, even fewer
studies focus on the simulation of crack growth in reinforced concrete. Then,
the application of X-FEM needs to be extended so it may handle multiple
crack growth in reinforced concrete structures.

Furthermore, an appropriate choice of enrichment functions may allow the
reinforcement to be also represented in a discrete form and independent of
the finite element mesh. Thus, the potential of X-FEM can be fully exploited,
allowing for an accurate analysis of RC structures.

These reasons motivate the current study, which focuses then on the applica-
tion of X-FEM to the modelling of multiple cracks and reinforcement, in or-
der to develop a proper numerical model for the analysis of the behaviour of
reinforced concrete structures in an efficient and mesh independent way.

1.2. Aim and scope of the work

The aim of this thesis is to develop a two-dimensional finite element model
for the modelling of fracture in reinforced concrete structures under quasi-
static conditions that is easily implemented in a finite element program. Since
the tensile failure of concrete is characterised by the formation and growth
of cracks, the extended finite element method is used as a framework for the
numerical model. The advantages of this method are numerous and were
mentioned earlier in this chapter. Furthermore, this work extends the current
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applications of X-FEM to the discretemodelling of reinforcing bars, including
transverse reinforcement, as well as of externally bonded reinforcement and
fibres. The main characteristics of the constituent materials behaviour are
represented with sufficient accuracy by means of suitable material models.
Towards this goal the following tasks were undertaken:

• Development of a general approach based on X-FEM for the
modelling of multiple cohesive cracks. The cracks are represented
explicitly by means of a near-tip enrichment and a discontinuous
(step) enrichment. These enrichments are sufficient to allow the
crack to be located arbitrarily within a finite element. Only coalesce
(junction) of cracks is considered as interaction mechanism between
cracks. The crack junction is treated using a step-junction
enrichment. Then, considering these enrichments, the cracks growth
simulation can be run from early cracking towards complete failure
in a mesh independent way.

• Extension of the applications of X-FEM to the modelling of
reinforcing bars, including transverse reinforcement, as well as of
bonded reinforcement and fibres. These are described individually
by means of a HEAVISIDE function that is discontinuous along the
reinforcements, thus allowing them to be arbitrarily orientated and
positioned within an element without meshing them. This approach
treats the cracked concrete matrix as a background on which
discrete reinforcements are superimposed.

• Application of suitable material models for the constituent parts. a)
A cohesive crack model is used to represent the fracture process
zone. Stress-based criteria are used to predict tensile failure. b) An
isotropic damage model is used to describe the behaviour of concrete
in compression. Damage models exhibiting softening behaviour and
stiffness degradation often lead to convergence difficulties.
Unfortunately, these difficulties could not be overcome in the
development of the finite element program. Therefore, a
parabola-line curve is assumed for the stress-strain relationship. The
compressive stress is then assumed to remain constant once the
compressive strength is exceeded and, consequently, no softening
behaviour is considered. In this way, the convergence difficulties are
avoided.
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A common technique to overcome some of these convergence
difficulties is the use of a viscoplastic regularization of the
constitutive equations, which causes the consistent tangent stiffness
of the softening material to become positive for sufficiently small
time increments. Non-local formulations

c) The behaviour of the reinforcing steel can be modelled using an
idealised one-dimensional model, since only its axial response is
significant. In this regard, a one-dimensional elasto-plastic
constitutive law with isotropic linear hardening is used to model the
non-linear behaviour of the reinforcing steel. d) The transfer of
forces along the concrete-reinforcement interface is accomplished by
a constitutive law, which considers bond-slip failure and dowel
action. For the bonded reinforcement and the fibres, suitable bond
laws are also presented. Moreover, a penalty formulation is used to
mediate the interaction between the longitudinal and transverse
reinforcement once these come into contact, and to account for the
horizontal legs of the transverse bars anchoring the vertical legs
around the main bars. The continuous degradation of the materials
due to cyclic loading is not considered in any material model.

• Description of the numerical aspect necessary for a proper
implementation of the proposed model.

The discretisation of the approximate fields is performed at an element level
in a matrix representation using the VOIGT notation. It should be empha-
sised that the finite element model is formulated so that any constitutive law
could be employed.

The robustness and performance of the proposed numerical model is demon-
strated in the work by means of representative examples. For this purpose,
the proposed finite element model was integrated in the finite element pro-
gram developed in MATLAB by Dr.-Ing. WAGNER FLEMING as part of his
doctoral thesis [50]. The further development of the program allowed me to
have an overview of the aspects regarding the computational implementa-
tion.
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1.3. Outline of the Dissertation

A brief outline of the rest of the dissertation is summarised as follows. The
state of the art is reviewed in Chapter 2. The governing equations regard-
ing a cracked reinforced concrete body and the corresponding weak formu-
lation are introduced in detail in Chapter 3. The governing equations are
complemented by: a cohesive crack model for the modelling of cohesive
crack growth, a damage model to account for the concrete behaviour under
compression, and a bond model characterising the bond-slip behaviour and
dowel action along the interface between the concrete bulk and its embed-
ded reinforcement. Chapter 4 presents the extended finite element method
for the spatial discretisation. Different enrichment schemes for the represen-
tation of cracks and reinforcements are discussed. The numerical implemen-
tation of the bondmodel is likewise described. Since non-linearmaterial laws
are used, the discrete equilibrium equation is linearised in order to solve it
through an incremental iterative procedure. Furthermore, important aspects
of the numerical implementation are included. The proposed formulation is
validated against many test results reported in the literature in Chapter 5.
Additionally, a sensitivity analysis is also performed. In Chapter 6 the find-
ings in the preceding chapters are summarised, and final conclusions and
outlook to future work are discussed.
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2. State of the art

A brief review regarding the numerical modelling of reinforced concrete
structures is presented, focusing on the developments and applications of
discrete approaches and, especially, of the extended finite element method.

Concrete is a heterogeneous material that consists of fine and coarse ag-
gregates bonded together with a cement paste. Due to the limited bonding
strength and to the presence of various pre-existing micro-cracks and flaws,
concrete is inherently weak in tension. The tensile failure of concrete is ac-
companied by a large and variable size inelastic damage zone, i.e. a region
characterised by the formation and coalescence of micro-cracks and other de-
fects, which eventually form a propagating macro-crack. This damage zone
is known as the Fracture Process Zone (FPZ). Within this zone, the material
gradually loses its capacity to transfer loads at increasing deformation, thus
exhibiting a softening behaviour.

In principle, due to the presence of the fracture process zone, the applica-
tions of the linear elastic fracture mechanics to the modelling of concrete
structures lead to inconsistent and unreliable results. This difficulty was first
recognised by HILLERBORG et al. [57], who presented a pioneer work in
which a fictitious crack model based on the cohesive crack concept [8, 40]
was introduced to represent the FPZ. Thereafter, adapting to HILLERBORG
et al., BAŽANT et al. [9] developed a crack band model in which the FPZ is
modelled in a smeared manner [102]. Since then, the modelling of fracture
in concrete has been generally based on these two approaches.

The former model is essentially a discrete approach, i.e. cracks are explicitly
modelled by introducing a discontinuity in the continuum and, therefore,
are treated as a well-defined geometric entity. This approach is physically
intuitive, but requires tracking of each individual crack. A brief overview of
discrete models will be discussed later in this section.

In a smeared crack approach, the influence of cracks is smeared over the
continuum by modifying the constitutive relations. This can be imagined
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as a set of infinitely many parallel cracks with an infinitesimal width con-
tinuously distributed (smeared) over the elements. This approach was used
for the first time by RASHID [102], who treated fracture by modifying the
element behaviour from isotropic to orthotropic, in which the element stiff-
ness orthogonal to the crack was considered equal to zero when cracking
occurred. Gradually, extensive research showed that this classical smeared-
cracking concept leads to numerical difficulties such as strain localisation
and mesh size dependency. To overcome this, BAŽANT et al. proposed the
existence of prescribed bands with a certain constant width, which is treated
as a material property and can also be identified with the fracture process
zone, over which the strain softening is assumed to be uniformly smeared.
The bands assure that the energy dissipation remains constant, thus avoid-
ing spurious mesh sensitivity. The model is referred to by the authors as
crack band model, and was proposed in general terms in [10] and in detail
for gradual strain softening in [9]. The crack band approach has been the
model most widely used in practice for analysing the distributed cracking
and fracture of concrete and concrete-like materials. Some overview of this
model can be found in [11, 32, 97].

Figure 2.1.: Smeared (left) and discrete (right) approaches for crack modelling.

8



2.1. Cohesive crack model

2.1. Cohesive crackmodel

The cohesive crack approach was first introduced by DUGDALE [40] while
trying to analyse the plastic yielding in notched steel sheets. He proposed
the existence of a cohesive fictional zone near the crack tip. Within this cohe-
sive zone, a stress equal to the yield strength acts across the crack. BAREN-
BLATT [8] introduced separately the cohesive zone concept in order to sim-
ulate cracking in brittle materials, but with the difference that the stress is
assumed to vary with the deformation. In bothmodels, the crack was divided
into two parts, a stress-free crack (macro-crack) and the cohesive zone ahead
of the macro-crack. Inspired by these pioneering works, HILLERBORG et al.
applied the cohesive zone approach within a finite element framework to
represent the fracture process zone in concrete-like materials. Furthermore,
they additionally proposed that the cohesive zonemay be assumed to develop
anywhere, independently of the existence of a previous macro-crack.

According to HILLERBORG et al., a crack propagates, or initiates if no crack
is present, when the maximal principal stress at the crack tip reaches the
tensile strength. When the crack opens, the stress is not assumed to fall to
zero at once, but to decrease gradually with increasing crack opening accord-
ing to a softening function (traction-separation relationship). This cohesive
zone is called by the authors as micro-cracked zone, i.e. the fracture process
zone. The model is described only for mode � (the opening mode), but it may
also be applied to modes � � and � � � . Subsequently, this approach has been
modified and used by many researchers over the years, resulting in a more
general model known as cohesive crack model.

The cohesive crack model can be then summarised as follows: the fracture
process zone is modelled as a discrete crack known as cohesive or fictitious
crack. Along the cohesive crack, cohesive tractions can still be transferred
across the crack surfaces. A cohesive constitutive law, relating the cohesive
tractions with the relative displacements across the crack surfaces, describes
the local behaviour inside the FPZ and its evolution up to complete fail-
ure. The macro-crack is formed as soon as a critical crack opening has been
reached. Outside the FPZ, the bulk material behaves linear-elastic (or elastic-
plastic), being described by means of a classical constitutive law. Crack ini-
tiation and growth criteria determine the conditions in which a crack will
be initiated or propagated, as well as the orientation of the newly formed
segments.
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Due to its computational efficiency and versatility, this model has been used
to analyse the fracture process in a wide range of others material such as
polymers [63, 101], ductile materials [30, 71] and bi-material interfaces [64,
89], as well as the delamination in composites and debonding [26, 29, 33,
34, 118, 119]. This method has been also extended to consider fatigue crack
growth [12, 72, 128].

Its application to the extended finite element method will be discussed later
in this chapter.

2.2. Discretemodels

Discrete models were introduced for the first time in a finite element analy-
sis by NGO et al. [90] in order to analyse RC structures. Originally, cracks
were modelled by means of the separation between element edges and, there-
fore, their propagation was limited to inter-element boundaries, implying a
lack of physical fidelity of the possible crack path and a high computational
cost. These hindrances were reduced, if not eliminated, with the develop-
ment of automatic remeshing methods, as those introduced by INGRAFFEA
et al. [60], to accommodate crack propagation. Nevertheless, remeshing pro-
cedures present a high numerical complexity and have the disadvantage that
they are not that easily implemented in a finite element program.

An alternative approach to modelling discrete cracking, already mentioned
in [108], is to use interface elements. Within this approach, the discon-
tinuous behaviour at any interface is modelled using connecting elements
(interface elements), which are placed between bulk elements and mediate
the interaction between them. These elements can be divided into contin-
uous interface elements (line, plane or shell type) and lumped interface el-
ements. The former elements smooth the behaviour along an interpolated
field, whereas the latter evaluate the tractions and displacements at isolated
node-sets1. To allow for a variety of possible crack growth paths, interfacial
elements equipped with a fracture-based constitutive law are inserted at the
outset along potential fracture paths [92, 126]. Interface elements have been
also used for the modelling of rock joints, aggregate interlock, bond between

1 To a certain extent, they exert a similar behaviour as simple springs.
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concrete and reinforcement, delamination in layered composite structures,
among others.

The advent ofmeshlessmethods, such as the element-freeGALERKINmethod
[15], made the remeshing procedures in the simulation of crack growth un-
necessary. In these methods, the discretisation of the entire domain is based
only on one set of nodes, independent of the finite element mesh. However,
a large computational demand, associated with the generation of represen-
tative shape functions and with additional quadratures, is required. More-
over, they also present difficulties to satisfy the DIRICHLET boundary con-
ditions.

2.3. Extended finite elementmethod

In the late nineties, BELYTSCHKO et al. [14] presented a finite element
method, based on the partition of unity concept studied in [81], for elastic
crack growthwith aminimal remeshing. In that work, in order to account for
the presence of the crack, the finite element approximation is enriched with
functions based on the asymptotic features of the displacement field. The en-
richment is accomplished with the addition of extra degrees of freedom. This
technique alleviates the need for conforming the mesh to the crack geome-
try. For long or severely curved cracks, however, the mapping technique
proposed by BELYTSCHKO et al. is not readily applicable and, therefore,
remeshing away from the crack tip is still necessary. In [85], the additional
incorporation of a discontinuous jump enrichment away from the tip allows
the crack to be completely independent of the underlying mesh, thus remesh-
ing is not necessary in crack growth problems. Thereafter, DOLBOW et al.
used the new methodology to solve problems within the framework of the
two-dimensional linear elastic mechanics [38] and the MINDLIN-REISSNER
plate theory [39], and problems involving crack growth with frictional con-
tact [37]. In his doctoral thesis [36], DOLBOW described this new methodol-
ogy and its applications, and named it: the eXtended Finite Element Method
(X-FEM). The representation of a crack through X-FEM is schematically illus-
trated in Figure 2.2. Since then, the applications and developments of X-FEM
have experienced significant advancements in studying the behaviour of a
wide range of engineering and physical problems.
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Figure 2.2.:Discrete (non-meshless) approach (left) and X-FEM (right) for crack modelling.

SUKUMAR et al. extended the applications of X-FEM to the modelling of a
three-dimensional crack in [117] using a geometric explicit description for a
plane crack surface, while DAUX et al. studied in [31] cracks with multiple
branches, multiple holes and cracks emanating from holes, by introducing
the branched (or junction) enrichment to model a branched crack. The use
of level set techniques to represent the crack location was applied for the
first time by STOLARSKA et al. [113] to the modelling of crack growth, and
by SUKUMAR et al. [114] to the modelling of holes and inclusions. Within
this approach, only nodal data are required to describe the crack geometry.
Level set functions were introduced in [53, 84] to describe the growth of
non-planar three-dimensional cracks. The multiple crack growth in brittle
materials was analysed in [24], where a simpler method for treating crack
junction was developed.

The accuracy, convergence and stability of the method are the aim of the
works presented by BECHET et al. [13], LABORDE et al. [67] and CHAHINE
et al. [27], who proposed some improvements to X-FEM in order to obtain
an optimal accuracy in fracture mechanics problems. Furthermore, FRIES
[51] proposed a corrected (or modified) X-FEM approximation for blending
elements in order to improve the overall convergence rate. This is achieved
by modifying the enrichment functions and the enrichment strategy of all
nodes belonging to blending elements. LÖHNERT et al. [76] extended the
corrected X-FEM to three-dimensional crack modelling. They also addressed
several computational issues regarding 3D modelling, in particular quadra-

12



2.3. Extended finite element method

ture rules for elements with discontinuities. A simple, robust and efficient
stabilization technique is presented in [75] for badly conditioned equation
systems within the framework of the extended finite element method. In
[77], this technique is extended to nonlinear and dynamic fracture mechan-
ics problems.

X-FEM has been also studied by FLEMING in his doctoral thesis [50], who
applied themethod for the simulation of quasi-static and dynamic crack prop-
agation in brittle materials. In that work, different crack propagation criteria,
time integration schemes and enrichment strategies are analysed and com-
pared with available data to prove the robustness of X-FEM.

The first applications of X-FEM for the modelling of cohesive crack growth
were introduced in [84]. Here, non-singular near-tip functions are used to
model the displacement field around the crack tip. Crack growth is governed
by requiring the Stress Intensity Factor (SIF)  � at the crack tip to vanish.
This criterion is referred to as the zero SIF condition [98]. Moreover, the
crack is assumed to propagate in the direction of the maximum tangential
stress. It must be mentioned, however, that the use of displacements jumps
in a finite element framework to model cohesive cracks was already consid-
ered in [122]. In that work, WELLS et al. treated the crack using only a
discontinuous function (HEAVISIDE function) and, consequently, the crack
tip must be always located at element edges. The principal stress criterion
is used to describe crack growth. WELLS et al. proposed a non-local evalua-
tion of the stress state at the tip, since this approach leads to a more reliable
prediction of the crack path. The crack is extended perpendicular to the
maximum non-local principal stress direction. In [130], all cracked elements
are also enriched with a discontinuous function (sign function), but the de-
velopment of a new crack-tip element allows the crack to propagate to any
location inside an element. The crack-tip element proposed by ZI et al. is
further improved by ASFERG et al. [4]. The zero SIF condition is reformu-
lated in terms of the stresses at the tip: the component of the stress field in
the normal direction to the crack at the tip is considered to be equal to the
tensile strength of the material. This condition is referred to by the authors
as the stress condition. A cubic displacement interpolation function is used
in [80] to enhance the approximate fields in order to represent the crack and,
particularly, the typical cusp-like shape of the process zone at the crack tip.
Similarly, stress-based criteria are used to describe crack growth.
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Further studies have been performed on X-FEM and its application to cohe-
sive crack models over the years. In [105, 106], an innovative method for the
simulation of multiple cohesive crack growth is described. The crack is not
regarded as a single entity that propagates continuously, but is represented
by a collection of overlapping cohesive segments with a finite length. The
method allows for complex crack patterns, including the simulation of crack
nucleation at multiple locations followed by growth and coalescence. In [83],
a global energy-basedmethod for the determination of the crack propagation
length as well as for the crack propagation direction is proposed. XU et al.
[127] used a rigid cohesive zone model to study effects of fracture criteria for
mixed-mode cracks under plane strain conditions. ZAMANI et al. performed
higher-order terms of the crack tip asymptotic fields as enriching functions
[129]. BENVENUTI et al. proposed a modified X-FEM framework [19, 21],
based on the study conducted by PATZÁK [94], to account for the finitewidth
of the process zone. Within this approach, the crack is replaced by a narrow
band of finite thickness in which the strain is highly localised but remains
continuous. The displacement field is regularised by adding a regularised
HEAVISIDE function by means of an internal length parameter. Instead of
a cohesive constitutive law, the cohesive zone is characterised by a stress-
strain law using a damage model. This method can then simulate both the
formation of a process zone and its subsequent collapse into a macro-crack.
JAŚKOWIEC et al. [61] presented a consistent algorithm for cohesive crack
growth modelling, where a new two-dimensional formulation for the cohe-
sive law is introduced, which can be used for both 2D and 3D cases. In [43],
a method is proposed that can accurately describe brittle failure in the pres-
ence of cohesive forces in three-dimensional crack modelling. While in [25],
a three-dimensional numerical model for the simulation of cohesive cracks
in cementitious materials, such as concrete, in a hygro-mechanical frame-
work is presented. Cohesive models have been also implemented into an X-
FEM framework to simulate dynamic crack propagation [16, 131]. PEZESHKI
et al. presented in [96] a combined continuous-discontinuous approach to
model crack propagation under dynamic loading. In the continuum part of
the model, gradient enhanced damage accounts for mesh independent mate-
rial degradation and softening, and the loss of stiffness of the structure due
to micro-cracking.

Furthermore, X-FEM has been used to simulate interface material failure in-
cluding fibre-matrix debonding [55], composite delamination [120, 121] and
bi-material interface cracks [116]. Particularly interesting is the work per-

14



2.3. Extended finite element method

formed by RADTKE et al. [100]. They proposed an extended finite element
method that can represent discrete fibres in fibre-reinforced composites with-
out remeshing them. The discontinuity present due to tangential debonding
at the fibre-matrix interface is modelled with a HEAVISIDE enrichment. Ac-
cording to RADTKE et al., the thickness of the fibres are assumed to be negli-
gible and, therefore, these are considered as 1D objects on a concrete matrix
background. Likewise, a discontinuous (step) enrichment is used in [54] as an
alternative to cohesive elements to represent the interface. Moreover, BEN-
VENUTI [20] employed the regularised X-FEM technique presented in [19]
to simulate delamination in FRP-reinforced concrete.

One of the first applications of X-FEM to the modelling of RC structures can
be found in the doctoral thesis of HETTICH [56]. HETTICH employed X-
FEM for the numerical simulation of multiple crack growth in an RC beam.
He used the HEAVISIDE function for the enrichment, thus cracks are only
allowed to propagate to element edges. The influence of the reinforcing bars
on the structure is smeared over the elements by means of suitable consti-
tutive relationships. HETTICH assumed a perfect bond between both the
reinforcement and the surrounding concrete and, therefore, no slip is con-
sidered. Non-local stress-based criteria as those provided by WELLS [122]
are used to predict tensile failure. On the other hand, in [59], an approach
based on ED-FEM (embedded discontinuity finite element method) for the
local representation of concrete cracking and on X-FEM for the modelling of
the bond-slip along the reinforcement is used to model fracture in RC struc-
tures. LIAO et al. [73] proposed a model based on X-FEM for the modelling
of RC beams in fire conditions. X-FEM is incorporated into plain concrete el-
ements in order to model concrete cracking, while reinforcing bar elements
and bond-link elements are used to represent the reinforcing bars and the
interface, respectively. ORLANDO et al. [91] used the regularised X-FEM
approach [19] to analyse a pull-out test on a steel bar and a bending test
on a strengthened RC beam. Both the bars and the FRP sheets are explicitly
discretised, while the interfaces are represented by means of the regularised
X-FEM.

The modelling of crack growth with frictional contact within the framework
of the extended finite element methodwas first addressed in [37] bymeans of
the LATIN method [68]. LIU et al. presented in [74] a contact algorithm for
frictional crack propagation based on a penalty formulation. An extension
to 3D contact problems was proposed by GENIAUT et al. [52] and MÜLLER-
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HOEPPE et al. [87] in terms of the Lagrange multiplier technique and a
penalty formulation, respectively.

A more detailed review of the state of the art and further information about
X-FEM can be found in [17, 86, 98, 115].

Due to its robustness and popularity, X-FEM has been used for a wide branch
of industrial problems. Some applications of X-FEM in fracture mechanics
have been successfully incorporated into computational software such as LS-
DYNA and ABAQUS. However, these applications are limited to the analysis
of a single crack or a few non-interacting cracks. Furthermore, convergence
difficulties may arise when modelling cohesive cracks because of the selec-
tion of the material properties. Regarding the modelling of RC structures,
compatibility problems appear between the material models of the rest of
the constituent parts and X-FEM.
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3. Description of the problem

The chapter is arranged as follows. The first part introduces the govern-
ing equations and the weak formulation regarding a cracked concrete body.
The constitutive behaviour along the crack surfaces is described by a cohe-
sive crack model. Softening functions for both the cohesive normal trac-
tion and the shear traction are presented. The crack initiation and growth
are described by means of stress-based criteria. A damage model is then
introduced to represent the compressive failure of concrete, considering a
parabola-line stress-strain relationship. Reinforcing bars are explicitly mod-
elled and, therefore, its contribution to the weak form is considered indepen-
dently. An elasto-plastic constitutive law with isotropic linear hardening is
used as constitutive model for the reinforcing steel. Finally, the behaviour at
the concrete-reinforcement interface is described by bond laws, which con-
sider both bond-slip and dowel action.

3.1. Governing equations

Consider a concrete plate (body) of thickness ℎ as shown in Figure 3.1. The
body is crossed by #2 cracks, which are explicitly modelled. The Cartesian
coordinate system

{
eG , e~, eI

}
is defined in such a way that the middle sur-

face of the undeformed body contains the Cartesian coordinates G and ~,
while the coordinate I is parallel to the thickness direction. The middle sur-
face comprises an open domain Ω ⊂ '2 with a smooth boundary Γ. The
boundary Γ is considered as the junction of the disjointed parts ΓD , ΓC and
Γ2 , being n̂ its outward normal unit vector. Essential boundary conditions
(DIRICHLET-type) are imposed on ΓD , specifying the displacements in the
contour, while natural conditions (NEUMANN-type) are applied on ΓC . The
cracks surfaces, represented by the internal boundary Γ2 = ∪9

Γ
9
2 , comprise
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the individual crack surfaces Γ 9
2 , which are subject to the action of the cohe-

sive tractions t 9 (+) and t 9 (−) . The notation [ ] 9 reads: variable [ ] associated
with the crack 9 , being 9 = 1 to #2 .

n̂

t∗

Γ
1(+)
2

Γ
1(−)
2 Γ

2(+)
2

Γ
2(−)
2

ΓC

ΓD

Ω

Figure 3.1.:Cracked body and boundary conditions.

The behaviour of the body is described in terms of the displacement field u,
the strain tensor & and the CAUCHY stress tensor 2 .

Under the assumption of small displacements, the strain tensor & can be ex-
pressed as the symmetrical part of the displacement gradient:

& = ∇B~<u . (3.1)

The constitutive relation governing the material behaviour of the body is
given by the HOOKE’s law1:

2 = C : &, (3.2)

where C is the fourth order stiffness tensor. This tensor is symmetrical and,
for isotropic materials, will depend only on the modulus of elasticity � and
the POISSON’s ratio a .

1 The damage model will be discussed later in this chapter
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3.1. Governing equations

An additional constitutive law is imposed on Γ
9
2 , relating the cohesive trac-

tion t 9 (+) = −t 9 (−) = t 9 to the relative displacement (or displacement jump)
across the crack surfaces 8 9 . The cohesive constitute law can be written
as:

t 9 = 5 (8 9 ), (3.3)

8 9
= u 9 (+) − u 9 (−) . (3.4)

In addition, for the case of crack growth, a crack propagation law is needed.
This will be discussed in Section 3.2.

Then, the problem consists in finding a displacement field u, satisfying the
following governing equation in absence of body forces:

∇ · 2 = 0, (3.5)

in the domain Ω occupied by the body; together with the boundary condi-
tions:

u = u∗ on ΓD, (3.6)

2 · n̂ = t∗ on ΓC , (3.7)

2 · n̂ 9 (+)
= −2 · n̂ 9 (−)

= t 9 (+) = −t 9 (−) = t 9 on Γ
9
2 . (3.8)

Herein, u∗ and t∗ are the prescribed displacements and tractions imposed
over the contours, respectively.

Equations 3.1-3.8 define the strong form of the boundary value problem,
which requires that the equilibrium be satisfied at each point. This strong
requirement can be relaxed by demanding that the equilibrium be satisfied
in a weaker, integral sense.

3.1.1. Weak form

The weak formulation, unlike the strong formulation, defines the boundary
value problem through an integral form. In this way, a strong continuity of
the displacement field is not required. This allows to easily find, through
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3. Description of the problem

numerical methods, approximate solutions, even when an exact solution for
the strong form is not easily to obtain.

To formulate the weak form of the reference problem presented in the pre-
vious section, it is necessary to define, on one hand, a space of admissible
displacements:

U =
{
u ∈ V and discontinuous on Γ2 | u = u∗ on ΓD

}
; (3.9)

and, on the other hand, a space of test functions:

U0 = {Xu ∈ V and discontinuous on Γ2 | Xu = 0 on ΓD} . (3.10)

The spaceV is related to the regularity of the solution. Then, the weak form
is to find u ∈ U such that:∫

Ω

ℎX& : 2 3� −
∫
ΓC

ℎXu · t∗ 3B

−
=2∑
9=1

(∫
Γ
9 (+)
2

ℎXu 9 (+) · t 9 (+) 3B +
∫
Γ
9 (−)
2

ℎXu 9 (−) · t 9 (−) 3B
)
= 0.

(3.11)

Using the relations 3.4 and 3.8, the equation given above can be expressed
as:

∫
Ω

ℎX& : 2 3� −
∫
ΓC

ℎXu · t∗ 3B +
=2∑
9=1

∫
Γ
9
2

ℎX8 9 · t 9 3B = 0. (3.12)

Calling X, 8=C the virtual work of the internal forces:

X, 8=C
=

∫
Ω

ℎX& : 2 3�, (3.13)

X, 4GC the virtual work of the external forces:

X, 4GC
=

∫
ΓC

ℎXu · t∗ 3B, (3.14)
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3.2. Cohesive crack model

and X, 2>ℎ the virtual work of the cohesive forces:

X, 2>ℎ
=

=2∑
9=1

∫
Γ
9
2

ℎX8 9 · t 9 3B, (3.15)

the weak form can be written in terms of the virtual works as:

X, 8=C + X, 2>ℎ
= X, 4GC . (3.16)

In the deduction of the weak form, no assumption regarding the material
behaviour has been made and, therefore, this formulation is valid for both
linear and non-linear constitutive models.

3.2. Cohesive crackmodel

In cohesive crack models, the Fracture Process Zone (FPZ) is modelled as a
fictitious2 widthless crack ahead of the macro-crack, with cohesive closure
tractions acting across its surfaces. The non-linear behaviour inside the FPZ
is described by a constitutive law, relating the cohesive tractions to the dis-
placement jump across the crack surfaces. This law defines the gradual loss
of cohesion along the crack at increasing deformation, because of the pres-
ence of micro-cracks, micro-voids and similar defects.

The model distinguishes between three different zones: a remote undam-
aged zone, where the fracture has not yet started; the fracture process zone,
formed as soon as a critical strength has been reached; and a completely
damaged zone (macro-crack).

The cohesive crack model is formulated in a local coordinate system at a
point x associated to the crack, orientated in such a way that the local axis ê1
is tangent to the crack surface, while the local axis ê2, normal (see Figure 3.2).
The sense of ê3 is chosen such that ê1 × ê2 = ê3. The cohesive traction t can
be decomposed in the local coordinate system into the normal component

2 The model is also known as the fictitious crack model.
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3. Description of the problem

C= , known as normal traction, and into the shear (tangential) component CB ,
known as shear traction, as:

t = C= n̂ + CB t̂ . (3.17)

Likewise, the relative displacement 8 can be decomposed into the normal
componentl= , known as crack opening, and into the shear (tangential) com-
ponent lB , known as crack sliding, as:

8 = l= n̂ + lB t̂ . (3.18)

These transformations can be simplified as follows:

8 = XΩ, (3.19)

t = XT, (3.20)

where X is the transformation matrix from the local into the global coordi-
nate system:

X =
[
n̂ t̂

]
, (3.21)

and Ω and T are the local relative displacement and the local cohesive trac-
tion, respectively:

Ω =
[
l= lB

])
, (3.22)

T =
[
C= CB

])
. (3.23)

Figure 3.3 illustrates the cohesive model proposed by HILLERBORG et al.
[57]. The model is described only for mode � , however, it can also be applied
to model other types of fracture, such as the shear fracture of the mode � �
or mode � � � . As can be seen, the cohesive traction C= decreases continuously
at increasing crack opening l= , from a maximum at the fictitious crack tip
(mathematical tip) to zero at the macro-crack tip (physical tip), where the
separation reaches the critical value l2 , beyond which the fictitious crack
becomes a traction-free open crack. The model is therefore independent of
the width of the fracture process zone. Outside the FPZ, the material behaves
linear-elastic or elastic-plastic.
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3.2. Cohesive crack model

ê1, t̂

ê2, n̂

êG

ê~ x

Crack

Figure 3.2.: Local coordinate system.

t = 5 (8)

2 = 6(&)

l2 l=Macro-crack

Fracture process zone Continuum

Mathematical tip

Physical tip

Figure 3.3.:Cohesive crack model.

The normal traction across the crack faces is related to the crack opening
through softening functions, known as traction-separation functions, i.e. C= =

5 (l=), which can be considered as an intrinsic property of the material and,
as such, should be obtained experimentally. In general, the traction-separation
function can be defined using only two parameters: the tensile strength 5C

23



3. Description of the problem

and the specific fracture energy� 5 . The specific fracture energy corresponds
to the energy required to create a new crack surface per unit of area and,
therefore, can be identified with the area enclosed under the softening func-
tion.

There are different kinds of softening functions available in the literature.
Some of the most commonly used laws are: linear laws [57], bilinear laws
[47, 95, 123], exponential laws [65], non-linear laws [104], among others.
These laws are compared in Figure 3.4.

5C

C=

l2 l=

� 5:

Non-linear
Bilinear
Linear
Exponential

Figure 3.4.: Traction-separation functions.

In this work, the non-linear softening function proposed by REINHARDT et
al. [104] is used:

C= =



5C

{[
1 +

(
21l=
l2

)3]
exp

(−22l=
l2

)
− l=
l2

(
1 + 231

)
exp

(
−22

)}
for 0 ≤ l ≤ l2 ,

0 for l > l2 ,

(3.24)

where 21 and 22 are material constants. For normal concrete, these parame-
ters are considered as 21 = 3 and 22 = 6.93.

24



3.2. Cohesive crack model

Using these values, the critical opening l2 can be calculated from:

l2 =
5.136� 5

5C
. (3.25)

Aggregate interlocking at crack surfaces leads to the development of shear
tractions. In this work, the shear model proposed in [122] is adopted. WELLS
et al. treated the shear stiffness as a function of both the crack opening l=

and the crack sliding lB . They presented the following expression for the
calculation of the shear traction CB :

CB = 30 exp (ℎBl=)lB , (3.26)

where 30 is the initial shear stiffness (whenl= = 0). The constant ℎB controls
the decrease in the stiffness:

ℎB = ln

(
31
30

)
, (3.27)

being 31 the shear stiffness when l= = 1.

3.2.1. Cyclic loading

Since damage is considered as an irreversible process, the loading history
of the material needs to be taken into account in loading/unloading cycles3.
Therefore, it is convenient to introduce a history parameter:

^ (C) = max
) ≤C

l= () ), (3.28)

characterising the maximum crack opening reached in the previous history
of the material. Then, local loading conditions are given byl= ≥ ^, in which
the loading curve defined by the traction-separation law is used. Whenl= <

^, local unloading or reloading take place. The unloading/reloading path
follows a linear relationship given by:

C= = C= <0G + : (l= − ^), (3.29)

3 As well, even under monotonic loading conditions, local unloading can occur.
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3. Description of the problem

where C= <0G is the normal traction associated to l= = ^, and : , the secant
stiffness.

If the crack opening becomes negative during unloading, a penalty stiffness
n# will be used to avoid penetration of the crack faces, i.e. C= = n#l= . The
penalty parameter n# > 0 can be interpreted as a spring stiffness.

The crack shear is also made a function of the history parameter and, conse-
quently, the shear traction takes the following form:

CB = 30 exp (ℎB^)lB . (3.30)

The continuous degradation of the cohesive traction due to cyclic loading is
not considered in this work.

3.2.2. Crack initiation and growth

Within the framework of a cohesive crack model, both crack initiation pro-
cess and crack growth process can be described using stress-based criteria.
In this regard, the maximum stress criterion, also known as RANKINE cri-
terion, is used to predict tensile failure. Then, a crack is assumed to initiate
its propagation when the maximum principal stress at a point exceeds the
concrete tensile strength 5C . The maximum principal stress is given by:

f<0G =
fGG + f~~

2
+

√(
fGG − f~~

2

)2
+ f2G~ . (3.31)

The newly formed crack will be propagated in the direction perpendicular to
the direction of the maximum principal stress.

The orientation of the principal planes can be determined by means of the
MOHR circle and can also be found from the following expression:

\� =
1

2
arctan

2fG~
fGG − f~~

. (3.32)
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3.2. Cohesive crack model

This equation defines two values for \� which are 90◦ apart, i.e. \�1 and \�2 =
\�1+90

◦. The direction of themaximumprincipal stress can be then calculated
from:

\<0G =

{
\�1 if f<0G = n)�12n�1 ,

\�2 if f<0G = n)�22n�2 ,
(3.33)

where n�1 =
[
cos\�1 sin\�1

])
and n�2 =

[
cos\�2 sin\�2

])
.

Finally, the propagation angle \? is equal to \<0G + 90◦.

For existing cracks, the stress criterion presented in [130] is adopted. Ac-
cording to this criterion, a crack propagates when the stress projection in
the normal direction n̂ at the crack tip reaches the tensile strength, i.e.:

f= = n̂)2n̂ = 5C . (3.34)

Since the tip of the discontinuity lies on a point where the stresses are not
known exactly, a local evaluation of the stress state at the tip is not suitable.
To overcome this, it is common to take the averaged stress or the so-called
non-local stress as fracture criterion. The non-local formulation suggested
by WELLS et al. [122] is adopted. The non-local stress is calculated as a
weighted average of the stresses within an influence radius ' around the
crack tip:

2̃ =

(∫
Ω'

F (A ) 3Ω
)−1 ∫

Ω'

2 (x)F (A ) 3Ω, (3.35)

whereF is a GAUSSianweight function. In this work, the function suggested
in [82] is used:

F (A ) = 1

;
√
2c

exp

(
−A 2

4;2

)
. (3.36)

Here, A is the distance of a point p(x) to the crack tip, and ; determines the
decline of the weight functionF with respect to A .

Taking this into account, Equation 3.34 can be rewritten in terms of the non-
local stress as:

f̃= = n̂) 2̃ n̂ = 5C . (3.37)

The direction of crack growth is also determined using the RANKINE crite-
rion, i.e. the crack propagates in the direction perpendicular to themaximum
non-local principal stress direction.
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3. Description of the problem

3.3. Continuum damagemodel

An isotropic damage model is used to describe the behaviour of concrete in
compression. The major advantage of a damage approach is that it offers
the possibility to model fractured zones where damage is not necessarily
localised, i.e. there are no dominant cracks, thus being suitable for the mod-
elling of compressive failure.

The constitutive law 3.2 is then replaced by:

2 = (1 − �)C : &, (3.38)

where � is a damage variable, which represents the degree of mechanical
degradation of the material. The damage variable takes the value � = 0, for
an intact material, and, as the degradation increases, reaches the limit value
� = 1, corresponding to a completely damaged state.

Defining the effective stress tensor as:

2̄ = C : &, (3.39)

Equation 3.38 can be alternatively written as:

2 = (1 − �)2̄ . (3.40)

Note that the effective stress tensor is governed by the HOOKE’s law.

Damage evolution is usually expressed in terms of the loading function ℎ,
which specifies the elastic domain and the states at which damage grows.
This function has the following form:

ℎ(&, ^) = ñ (&) − ^, (3.41)

where ñ is the equivalent strain, i.e. a scalar measure of the strain level. The
history parameter ^, as in the case of the cohesive crack model, corresponds
to the largest value of the equivalent strain ever reached in the history of the
material up to its current state. Formally, this can be defined as:

^ (C) = max
) ≤C

ñ () ) . (3.42)

28



3.3. Continuum damage model

Loading is then given by ℎ ≥ 0, while unloading or reloading, by ℎ < 0. The
unloading/reloading behaviour can be modelled using the secant stiffness
�B = (1 − �)�. Damage is initiated when the equivalent strain reaches an
initial threshold ñ0.

The damage model is completed by a material function � = � (^, ñ), giving
the dependence of the damage variable on the loading history.

In this work, the stress-strain curve shown in Figure 3.5 is adopted for the
modelling of the compressive behaviour, which corresponds to a modified
version of the stress-strain relation for uniaxial compression presented in
[47]. The compressive stress f2 is assumed to remain constant once the com-
pressive strength 52 is exceeded and, therefore, no softening behaviour is
considered4.

In this regard, the minimum principal strain is chosen to define the equiva-
lent strain:

ñ =
nGG + n~~

2
−

√(
nGG − n~~

2

)2
+ n2G~ . (3.43)

Equivalent strain, ñn21 n22 n23

C
om

pr
es
si
ve

st
re
ss
,f

2

52

0.652

0.452

� �B = (1 − �)��2

Figure 3.5.: Stress-strain relationship for concrete under compression.

4 Thus, the convergence difficulties that appeared during the development of the finite element
program are avoided.
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3. Description of the problem

For loading conditions, the damage variable is computed using the secant
stiffness:

� = 1 − �B
�
, (3.44)

which in turn can be calculated from:

�B =
f2
ñ
. (3.45)

The relation between f2 and ñ is described by:

f2 =




�ñ if ñ ≥ n21 ,
−52

[
0.4 + 0.2

(
ñ − n21

)
/
(
n22 − n21

) ]
if n21 > ñ ≥ n22 ,

−52
(
:[ − [2

)
/
[
1 +

(
: − 2

)
[
]

if n22 > ñ ≥ n23 ,
−52 if ñ < n23 ,

(3.46)

where [ = ñ/n23 and : = �/�2 .

The value n23 is the strain at maximum compressive stress, while �2 , the
secant modulus from the origin to the peak compressive stress, i.e. �2 =

52/n23 . The upper limit n22 corresponds to the minimum root of the quadratic
equation:

n−223 G
2 −

[
1.2 + 0.4:

]
n−223 G + 0.6 = 0. (3.47)

n21 = −0.452/� defines the elastic domain and, consequently, can be identified
with the initial threshold ñ0.

3.4. Reinforcing bars

Reinforcing bars embedded in a concrete bulk can be explicitly modelled us-
ing discrete approaches. The main advantage of these approaches is the rela-
tively accurate representation of the mechanical behaviour of the reinforce-
ment, and the interface between the reinforcement and the surrounding con-
crete.

Consider then a domain ΩA occupied by the reinforcement and the boundary
mΩA representing the interface between both materials. The internal virtual
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3.4. Reinforcing bars

work associated with the reinforcement muss be incorporated to the energy
balance presented in Section 3.1.1, by adding the following term to Equation
3.13:

X, 8=C
=

∫
ΩA

ℎ̃(x)X& : 2 3�, (3.48)

where ℎ̃(x) corresponds to an equivalent reinforcement thickness.

The transfer of forces along the interface is modelled through bond laws,
which relate the interfacial stress 3 to the relative displacement between the
reinforcement and the concrete bulk across the interfacew . In this regard, the
energy balance of the system must be expanded by adding a bond term:

X, 8=C
= X, 4GC − X, 2>ℎ − X, 1>=3 , (3.49)

where, 1>=3 is the work of the bond stresses along the interface and is given
by:

X, 1>=3
=

∫
mΩA

Xw3 3�. (3.50)

3.4.1. Constitutivemodel

A classical elasto-plastic constitutive law with isotropic linear hardening is
used to model the non-linear behaviour of the reinforcing steel, once the
yield strength is exceeded. Since only the stress along the steel axis is signif-
icant, a yield function based on the steel axial stress is adopted:

5 (2 , ^) =
t̂)2t̂ − (

5~ + �^
)
, (3.51)

where t̂ is the unit tangent vector to the reinforcing steel, while 5~ , � and
^ are the yield strength, plastic modulus, and hardening variable, respec-
tively.

A detailed description of elastoplastic models and their implementation can
be found in [35].

The use of kinematic hardening rules is not considered in this work. There-
fore, the BAUSCHINGER effect observed in metals cannot be modelled.
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3. Description of the problem

3.5. Bondmodel

3.5.1. Bond behaviour

Reinforced concrete depends on the combined action of the concrete and
its embedded reinforcement to ensure proper operation during service life.
This actionwould not be possible without a successful transfer of bond forces
along the interface between both materials. According to LEONHARDT [69],
the transfer of forces is mainly provided through chemical adhesion, fric-
tion and, primarily, through bearing of the reinforcing steel ribs on the sur-
rounding concrete. Moreover, there are many factors that influence bond
behaviour such as rib geometry and spacing, bar position and orientation,
concrete strength and cover, among others. Bond has a decisive influence
on crack formation and, hence, affects the spacing between cracks and the
cracks width. In this regard, bond plays a very important role in most aspects
of reinforced concrete behaviour and determines, ultimately, the global struc-
tural response.

The force transfer along the interface is always accompanied by a relative
displacement between both materials. The relative displacement tangential
to the interface is commonly called slip and is denoted by B , while the rel-
ative displacement normal to the interface is called radial opening and is
represented by F . The transferred forces are described normally in terms
of stresses. In this respect, the interfacial stress field 3 acting along the in-
terface can be divided into the tangential component g , and into the normal
component f . Usually, in the literature, the tangential component g is called
bond stress, while the normal component f , radial stress; this notation will
be adopted in this work. The relationships between the global and the local
components are given by the transformations:

w = XW, (3.52)

3 = XZ , (3.53)

where the transformation matrix X is defined in the same way as in Equation
3.21. In this case, n̂ and t̂ are the unit vectors of the local coordinate system
associated to the interface, see Figure 4.8.
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3.5. Bond model

VectorsW and Z are the local relative displacement field and the local inter-
facial stress field, respectively:

W =
[
F B

])
, (3.54)

Z =
[
f g

])
. (3.55)

The bond mechanisms are well known due to the extensive amount of ex-
perimental, analytical and numerical works that have been made during the
last 50 years. A good overview can be found in [44]. Figure 3.6 shows an ide-
alisation, drawn from these studies, of the interaction between the concrete
and a bar subjected to a pull-out force.

At the beginning of loading, the main mechanism resisting the external force
is the chemical adhesion. At this stage, a certain displacement occurs, even
though no measurable bar slip is observed. This displacement occurs due to
the localised strains near the interface as a result of highly localised stresses
arising close to the edge of the ribs. For higher deformations, the chemical
adhesion breaks down and the ribs of the bar induce large bearing stresses
in the concrete, thus originating micro-cracks and, consequently, allowing
the bar to slip. As the slip of the bar increases, ribs exert an increasing bear-
ing action against the concrete and, if the bar is not adequately confined,
splitting cracks may appear along the reinforcing bar. If enough resistance
to splitting can be provided, the bond stress can reach the maximum bond
strength. At increasing slip values, the bearing mechanism breaks down and
the bond strength starts to decrease. The residual bond strength is mainly
dependent on the frictional resistance. Under continued loading, the inter-
face is smoothed due to wear and compaction, leading to a further decrease
of the bond stress.

In the case of plain bars, smooth reinforcing barswithout ribs, bond is achieved
through adhesion and, partly, through stirrups and concrete shrinkage. Once
the adhesive bond breaks down, the transfer of forces is provided, mainly, by
friction. Therefore, the bond strength of deformed bars is significantly higher
compared to plain bars.

The behaviour exposed above results in a local bond stress versus slip history
such as that shown in Figure 3.6b, which can be used to develop bond stress-
slip relationships for practical design and numerical analysis.
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B
� �Reinforcement Bond stress
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(a)Bond forces along the interface between reinforcement and concrete.
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(b) Bond stress versus slip history.

Figure 3.6.: Idealised bond-slip behaviour between concrete and a deformed bar in pull-out test.
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3.5.2. Bond constitutive law

Within a discrete approach, the bond behaviour, as in the case of the cohe-
sive cracks, can be best described by means of bond constitutive laws, which
define relationships between the stresses acting on the interface and the cor-
responding relative displacements. In this study, the bond law is assumed to
be uncoupled, i.e. the bond stress g is independent of the opening F , while
the radial stress f is independent of the slip B .

3.5.2.1. Bond-slip relationship

Several bond stress-slip relationships and corresponding bond models have
been proposed in the last decades. Some of the most relevant include the
models of REHM [103], KOBARG [66] and SCHOBER [111], and those pro-
posed in design codes such as the CEB-FIP MODEL CODE 2010 [47], this last
based on the work of ELIGEHAUSEN et al. [42]. A more detailed description
can be found in [5].

In this work, the bond stress-slip relationship according to CEB-FIP MODEL
CODE 2010 shown in Figure 3.7 is adopted:

g (B) =




g<0G

(
B

B1

)U
for 0 ≤ B ≤ B1,

g<0G for B1 ≤ B ≤ B2,

g<0G −
(
g<0G − g5

) (B − B2)
(B3 − B2)

for B2 ≤ B ≤ B3,

g5 for B3 < B .

(3.56)

The unloading branch of the bond stress-slip relationship follows a linear
relationship to/from the origin.

The bond strength may be affected by the reduction in the cross area of the
reinforcing bars once yielding starts. In order to take this phenomenon into
account, CEB-FIP proposes that, for reinforcement loaded beyond yield, the
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Figure 3.7.: Bond stress-slip relationship.

bond stress g according to Equation 3.56 is to be reduced by the factor Ω~ ,
given by:

Ω~ =




1 for nB ≤ nB~,

1 − 0.85
(
1 − 4−50

1
)

for nB~ ≤ nB ≤ nBD ,
(3.57)

where nB is the steel strain, nB~ , the yield strain and nBD , the ultimate tensile
strain of the reinforcing steel. The coefficients 0 and 1 are given by:

0 =
nB − nBD
nBD − nB~

, 1 =

(
2 − 5D

5~

)2
, (3.58)

with 5~ and 5D being the yield and ultimate tensile strength, respectively.

Additionally, the presence of a transverse crack generates a bond deteriora-
tion zone, which reduces the bond strength. The CEB-FIP therefore proposes
that, for those parts which are at a distance G ≤ 2q from a transverse crack,
the bond stress g should be modified by the factor Ω_ :

Ω_ = 0.5
G

q
. (3.59)
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3.5. Bond model

This law does not consider the fracture process zone (FPZ) and, therefore, the
degradation is associated only with themacro-crack. In this work, a modified
law that takes into account the presence of the FPZ is proposed.

The degree of deterioration in the bond zone near the transverse crack is di-
rectly related to the current damage state of the fracture process zone, which,
in cohesive crack models, is associated with the transfer load capacity of the
cohesive crack, characterised by the cohesive normal traction C= . Consider-

ing the ratio C= (^)
5C

, where ^ is the maximum crack opening reached in the
previous history of the crack at the concrete-reinforcement interface level, it
is possible to rewrite the Equation 3.59 as follows:

Ω_ = 0.5
G

q
+ C= (^)

5C

(
1 − 0.5

G

q

)
. (3.60)

The coefficient C= (^)/5C characterises the degree of damage of the FPZ and
varies from one, for uncracked concrete, to zero, for completely cracked
(macro-crack). It should be noted that for this last case (C= (^)/5C = 0), the
CEB-FIP proposal is recovered. Both proposals are compared in Figure 3.8.

0

Ω_

1

^

G

GG

2q

C= (^)
5C

CEB-FIP proposal
Modified proposal

Crack

Reinforcing bar

Figure 3.8.:Modified factor Ω_ .

The modified bond stress g is then given by:

g (B) = Ω~Ω_g0(B), (3.61)

where g0 is the bond stress according to the Equation 3.56.
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3. Description of the problem

Due to the symmetry presents in the bond behaviour, the previous equation
is also valid for negatives values of B . Thus, cyclic loading can be simulated.

3.5.2.2. Dowel action

When an inclined shear crack reaches the main reinforcing bars, a certain
amount of shear is transferred across the crack because of the local bend-
ing and shear resistance provided by the reinforcement. This phenomenon
is known as dowel action and is considered an important component of the
overall shear resistance capacity of reinforced concrete structures. The dowel
action is characterised by local bending and shearing of the bars and by
highly localised compressive stresses in the surrounding concrete, which can
be significantly higher than the uniaxial compressive strength. In this work,
dowel action is characterised by suitable constitutive relationships along the
concrete-reinforcement interface and, consequentially, its constitutive be-
haviour is defined in terms of the opening F and the radial stress f . The
empirical formulation proposed by BRENNA et al. [23] and illustrated in
Figure 3.9 is adopted:

f (F) = l̃:0F, (3.62)

where:

:0 = 599.965 0.752 /q, (3.63)

l̃ =

[
1.5

(
0 +

√
32 (40Fq − 1)2 + 22

)]−4/3
, (3.64)

0 = 0.59 − 0.011052 , (3.65)

1 = 0.007552 − 0.23, (3.66)

2 = 0.003852 + 0.44, (3.67)

3 = 0.002552 + 0.58, (3.68)

being 52 the concrete compressive strength and q , the diameter of the bar.

The presence of the stirrups has a great influence on the dowel strength and,
therefore, a proper modelling of these and of their interaction with the main
bars is required. This will be discussed in the next chapter.
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3.5. Bond model

Interfacial opening,F

R
ad
ia
ls
tr
es
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f

Figure 3.9.: Radial stress-opening relationship.

Equation 3.62 can also be used in the case that the opening F becomes neg-
ative. Further information is provided in Section 4.3.
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4. Extended Finite ElementMethod

The spacial discretisation of the governing equations stated in Section 3.1.1 is
carried out by means of the eXtended Finite Element Method (X-FEM). This
method is able to model discontinuities within the structure independent of
the finite element mesh, by enhancing the solution space of the standard
finite element method with discontinuous functions using the partition of
unity method. A good overview of this method is given in [17, 36, 50, 86, 98,
115].

The chapter is arranged as follows. First, a basic description of X-FEM is
presented. Then, enrichment functions for the modelling of cracks are re-
viewed: near-tip enrichment and discontinuous (step) enrichment. These en-
richments allow the modelling of the crack within an element independently
of the underlying mesh. Next, a general X-FEM approach for the modelling
of multiple cohesive cracks is proposed, followed by the discretisation of
the weak form and its linearisation. In this regard, a junction enrichment
is introduced in order to model the junction of cracks. The approximate
fields are presented in a matrix representation at an element level. Further, a
HEAVISIDE enrichment is proposed in order to model embedded reinforcing
bars, transverse reinforcement, externally bonded reinforcement and fibres.
Then, the numerical implementation of the bond model is described. For a
better understanding of the proposed formulation, an example regarding a
cracked body is presented in order to illustrate the enrichment strategy and
the evaluation of the approximate fields. The numerical aspects that must be
considered in the numerical implementation of the method are treated next.
These aspects cover the numerical integration scheme regarding domain and
line integrals, the appropriate node selection for enrichment, the modelling
of the crack tip for kinked cracks and the numerical evaluation of the non-
local stress. Finally, the key steps for the simulation of fracture in reinforced
concrete structures within the framework of the proposed extended finite
element formulation are described.
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4. Extended Finite Element Method

4.1. Extended finite element discretisation

The main idea behind X-FEM is to enrich the classical finite element approx-
imations with additional information about the solution, in order to capture
its local features. The enrichment takes advantage of the partition of unity
property of finite element shape functions, allowing local previously-known
functions to be easily incorporated into the classical approximation. The
enrichment functions must be able to represent the local behaviour of the
solution and, consequently, they will be different depending on the problem
under consideration. The extended finite element approximation for a point
x can be written in a general form as follows:

u (x) =
∑
8∈�

u8#8 (x) +
∑
8∈�H

a8 (H (x) − H (x8 )) #8 (x), (4.1)

u (x) =
∑
8∈�

u8#8 (x) +
∑
9

∑
8∈�H9

a8

(
H9 (x) − H9 (x8 )

)
#8 (x), (4.2)

where � is the set of all nodes of the system and �H , the set of nodes which
are going to be enriched with the enrichment function (or functions) H(x).
The values u8 are the standard degrees of freedom at node 8 , while a8 , the ad-
ditional degrees of freedom at node 8 that adjust the enrichment so that they
can approximate the function H(x). The values #8 (x) are the shape func-
tions associated with node 8 . In this work, polynomial interpolation func-
tions are used as shape functions. The first part of the right-hand side of
Equation 4.1 represents the traditional approximation of the finite element
method, while the second part is the enriched approximation.

Note that the shifted formulation developed by ZI et al. [130] is used, within
which the enrichment functions are shifted by the factorH(x8 ), being x8 the
coordinates of node 8 . This implies that the enrichment vanishes at each node
8 and, therefore, the standard degrees of freedom u8 can be identified directly
with the displacements at the node. This formulation simplifies the imple-
mentation because only those elements that are crossed by the discontinuity
need to be enriched.
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4.1. Extended finite element discretisation

4.1.1. Enrichment functions

Within the framework of the fracture mechanics, the fact that the displace-
ment field is discontinuous along the crack and that the asymptotic behaviour
of the solution near the crack tip is known, can be incorporated into the fi-
nite element approximation. The discontinuity across the crack is treated
using a discontinuous function, while the asymptotic behaviour is incorpo-
rated by means of near-tip functions. Thus, allowing the crack geometry to
be independent of the finite element mesh.

4.1.1.1. Near-tip enrichment

In order to consider the presence of the crack, BELYTSCHKO et al. [14]
proposed to enrich the finite element approximation of the elements near
the crack tip with functions that can represent the discontinuity introduced
by it. The same span of functions developed in [49] for the enrichment of the
element-free GALERKIN method was used, which correspond to the leading
terms of the asymptotic displacement field at the crack tip:

�8 (x) = �8 (A (x), \ (x)) =
{√
A sin

\

2
,
√
A cos

\

2
,
√
A sin

\

2
sin\,

√
A cos

\

2
sin\

}
,

(4.3)

where A (x) and \ (x) are the local polar coordinates with pole at the crack
tip and polar axis tangent to the crack as shown in Figure 4.1.

e1

e2

eG

e~

\

A

rx

Figure 4.1.: Local polar coordinates with pole at the crack tip.
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4. Extended Finite Element Method

The functions are schematically illustrated in Figure 4.2. Note that the first
term is discontinuous along the crack, allowing the crack tip to be modelled
inside the element.

(a)
√
A sin \

2 (b)
√
A cos \

2

(c)
√
A sin \

2 sin\ (d)
√
A cos \

2 sin\

Figure 4.2.: Singular near-tip functions.

This approach allowed the crack to be partially independent of the mesh,
since remeshing was still needed away from the crack tip.

Although the method was originally conceived to model cracks within the
framework of the linear elastic fracture mechanics, an extension to non-
linear materials is possible. Since the character of the near-tip field is repre-
sented by the enrichment, a non-linear behaviour can be modelled by simply
modifying the near-tip functions exposed above.

For cohesive crack models, the singularity vanishes at the crack tip and the
stress field no longer exhibits an asymptotic behaviour. Therefore, near-tip
functions without a singularity are required. In [84], the following non-
singular function was considered:

� (x) = � (A (x), \ (x)) = AB8=\
2
. (4.4)

44



4.1. Extended finite element discretisation

By using a linear approach in the axial coordinate, the singularity is avoided
in the near-tip stress field. Similar branch functions have been used in [41],
where the square roots of the functions 4.3 where removed. Alternative near-
tip functions were also proposed in [36, 38].

Figure 4.3 shows schematically the non-singular function defined in 4.4.

Figure 4.3.:Non-singular near-tip function.

4.1.1.2. Discontinuous enrichment

The enrichment presented by BELYTSCHKO et al. is insufficient when it
comes to model long or curved cracks. This motivated MOËS [85] to propose
an improvement in the enrichment technique by including a discontinuous
function in the finite element approximation for those nodes away from the
crack tip whose support is cut by the crack. The discontinuity is treated then
using the step function ( (x), which takes the value 1 on one side of the crack
and 0 on the other:

( (x) =
{

+1 if x ∈ Ω
+,

−1 if x ∈ Ω
− .

(4.5)

Figure 4.4 schematically illustrates the discontinuity introduced by the step
function in a finite element.

It must be noted that any discontinuous function along the crack can be used
as a discontinuous enrichment function. Moreover, it is worth mentioning
that the entire crack can be successfully modelled using only discontinuous
functions, with the crack tip being at the element edges, as in [28, 56, 107,
122, 125]. However, for crack growth simulations, this has the disadvantage
that cracks must be necessarily propagated from the border of an element to
another, reducing in many cases the smoothness of the approximation.
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4. Extended Finite Element Method

Figure 4.4.: Step function.

4.1.2. Enriched displacement approximation

The domain Ω is partitioned (or discretised) into #4 non-overlapping finite

elements Ω4 , so that Ω = ∪#4

4=1Ω
4 . In this work, standard isoparametric ele-

ments are considered. All #= nodes of the system are collected into the set � .
Thereafter, strong discontinuities (cracks) Γ 9

2 are introduced. The geometry
and location of the #2 cracks, as well as the positions of their tip, are fixed
once they are initiated in an element. An accurate description of the crack
positions in the domain is needed in order to enrich the approximation space
properly. In [14, 31, 85, 117], cracks have been parametrised explicitly by a
set of connected straight-lines. A second possibility is the use of level set
methods [93]. Within this approach, the crack is defined implicitly as the
zero level set of the signed distance function. The level-set method has been
proved to be an ideal complement to X-FEM, since it was applied for the first
time in [113]. In this work, the former approach is used, i.e. the crack is rep-
resented by the union of straight-line segments as shown in Figure 4.5. As
the crack grows, new straight segments are added.

The nodes whose support contains the crack tip of the 9-th crack are enriched
with the near-tip function � 9 (x), thus forming the set of nodes � 9

�
. The nodes

whose support is cut by the crack 9 into two disjoint pieces and do not belong
to � 9

�
are enriched with the step function ( 9 (x), thus forming the set of nodes

�
9
(
. Formally, these sets can be defined as:

�
9
�
=

{
8 ∈ � : x

9
C ∈ s8

}
, (4.6)

�
9
(
=

{
8 ∈ � : 48 ∩ Γ

9

3
≠ ∧ x

9
C ∉ s

8
}
, (4.7)
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4.1. Extended finite element discretisation

where x 9
C denotes the location of the crack tip of the 9-th crack and s8 , the

support of the node 8 . Figure 4.5 illustrates the enrichment strategy.

q (x) < 0

q (x) > 0

Γ2

Boundary

Step enrichment

Near-tip enrichment

Figure 4.5.: Enrichment strategy.

As can be seen, the enrichment for each crack is local, it does not extend
beyond the elements that enclose the crack.

Then, the X-FEM approximation of the displacement field for multiple crack
growth leads to:

u (x) =
∑
8∈�

#8 (x)u8 +
#2∑
9=1

∑
8∈� 9

(

#8 (x)(̃
9
8 (x)b

9
8 +

#2∑
9=1

∑
8∈� 9

�

#8 (x)�̃
9
8 (x)c

9
8 , (4.8)

where b 9
8 are the additional degrees of freedom at node 8 associated with the

step function, while c 98 , the additional degrees of freedom at node 8 associated
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4. Extended Finite Element Method

with the near-tip function. The modified enrichment functions (̃ 98 (x) and
�̃
9
8 (x) are given by:

(̃
9
8 (x) = ( (q

9 (x)) − ( (q 9 (x8 )), (4.9)

�̃
9
8 (x) = �

9 (x) − � 9 (x8 ), (4.10)

being q 9 (x) the signed distance function related to the crack surface Γ 9
2 . The

non-singular function defined in Equation 4.4 is used as near-tip function.

Considering the approximation of the displacement field, the strain field can
be discretised as follows:

& (x) =
∑
8∈�

[
u8 ⊗ ∇#8 (x)

]B~<
+

#2∑
9=1

∑
8∈� 9

(

[
b
9
8 ⊗ ∇

(
#8 (x)(̃

9
8 (x)

) ]B~<

+
#2∑
9=1

∑
8∈� 9

�

[
c
9
8 ⊗ ∇

(
#8 (x)�̃

9,:
8 (x)

) ]B~<
. (4.11)

Using the definition given in Equation 3.4 and the displacement field approx-
imation 4.8, the relative displacement field across the crack 9 can be written
as:

8 9 (x) = 2
∑
8∈� 9

(

#8 (x)b
9
8 + 2

∑
8∈� 9,:

�

#8 (x)A 9 (x)c
9
8 , x ∈ Γ

9
2 . (4.12)

4.1.2.1. Matrix notation

Due to the compatibility with the finite element formulation, matrix nota-
tion1 is more convenient than tensor notation in the numerical implemen-
tation of the finite element method. This notation allows for a matrix rep-
resentation of the HOOKE’s law, within which the stress and strain tensors
are written as vectors and the stiffness tensor, as a matrix. Therefore, the dis-
cretisation exposed above will be reformulated in a matrix form for a point
x within a finite element 4 . For this purpose, it is necessary to define, firstly,

1 Also known as vector notation or VOIGT notation.
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4.1. Extended finite element discretisation

the set of nodes belonging to the element 4 , denoted by �4 , and, secondly, the
set of cracks related to the element 4 , i.e. the cracks that intersect the support
of the nodes of the element 4 , denoted by N4

2 . From now on, this notation
will be used to expose the developed finite element formulation.

Then, the approximation 4.8 can be expressed within a finite element in ma-
trix form as:

u (x) = M (x)q, x ∈ Ω4 , (4.13)

where M (x) is the generalised shape functions matrix and is defined as:

M =

[
T · · · M 9

(
· · · M 9

�
· · ·

]
, ∀9 ∈ N4

2 . (4.14)

The matrix T (x) is the standard shape functions matrix and groups the
shape functions corresponding to all nodes of the element 4:

T =

[ [
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ �4 . (4.15)

The matrices M 9
(
(x) and M

9
�
(x) contain the enriched shape functions matri-

ces associatedwith the crack 9 of those nodes of the element that are enriched
with the step and near-tip function, respectively. These can be written as:

M
9
(
=

[
(̃
9
8

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � 9

(
∩ �4 , (4.16)

M
9
�
=

[
�̃
9
8

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � 9

�
∩ �4 . (4.17)

Note that the presence of M 9
(
and M

9
�
depends on the enrichment associated

to the nodes of the element under consideration.

The generalised nodal displacements vector q groups all degrees of freedom
of the element and is defined as:

q =

[
ū) · · · b 9) · · · c 9) · · ·

])
, ∀9 ∈ N4

2 , (4.18)
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4. Extended Finite Element Method

where ū is a vector that groups the standard degrees of freedom, while b 9

and c 9 are vectors that group the additional degrees of freedom associated
with the crack 9 for the step and the near-tip enrichment, respectively:

ū =
[
u)8 · · ·

])
, ∀8 ∈ �4 , (4.19)

b 9
=

[
b
9
8

) · · ·
])
, ∀8 ∈ � 9

(
∩ �4 , (4.20)

c 9 =
[
c
9
8

) · · ·
])
, ∀8 ∈ � 9

�
∩ �4 . (4.21)

The relative displacement field reads:

8 9 (x) = N
9 (x)a 9 , x ∈ Γ

9
2 , (4.22)

with:
N

9
=

[
· · ·N 9

(
· · ·N 9

�
· · ·

]
. (4.23)

MatricesN 9
(
(x) andN

9
�
(x) are defined as follows:

N
9
(
=

[
2

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � 9

(
∩ �4 , (4.24)

N
9
�
=

[
2A 9

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � 9

�
∩ �4 . (4.25)

The vector a 9 groups the additional degrees of freedom of the element asso-
ciated with the crack 9 :

a 9
=

[
· · · b 9) · · · c 9) · · ·

])
. (4.26)

Defining the compatibility matrix:

H =

[
H# · · ·H 9

(
· · ·H 9

�
· · ·

]
, ∀9 ∈ N4

2 , (4.27)
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4.1. Extended finite element discretisation

the strain field & (x) can also be represented in matrix notation within an
element:

& (x) = H(x)q, x ∈ Ω4 . (4.28)

The matrices H# (x), H 9
(
(x) and H

9
�
(x) contain the derivatives of the shape

functions matrices and are given by:

H# =





m#8

mG
0

0 m#8

m~

m#8

m~

m#8

mG


· · ·


, ∀8 ∈ �4 , (4.29)

H
9
(
=


(̃
9
8



m#8

mG
0

0 m#8

m~

m#8

m~

m#8

mG


· · ·


, ∀8 ∈ � 9

(
∩ �4 , (4.30)

H
9
�
=





mG (�̃
9
8 #8 ) 0

0 m~ (�̃
9
8 #8 )

m~ (�̃
9
8 #8 ) mG (�̃

9
8 #8 )


· · ·


, ∀8 ∈ � 9

�
∩ �4 . (4.31)

The functions mG (�̃
9
8 (x)#8 (x)) and m~ (�̃

9
8 (x)#8 (x)) are defined as follows:

mG (�̃
9
8 #8 ) =

m�
9
8

mG
#8 + �̃

9
8

m#8

mG
(4.32)

m~ (�̃
9
8 #8 ) =

m�
9
8

m~
#8 + �̃

9
8

m#8

m~
. (4.33)

Finally, the matrix form of the damaged constitutive law 3.38 is:

2 (x) = (1 − � (ñ))I& (x), (4.34)

where I is the matrix representation of the fourth order stiffness tensorC.

Likewise, the effective stress field can be represented as:

2̄ (x) = I& (x) . (4.35)
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4. Extended Finite Element Method

Furthermore, the equivalent strain defined in Equation 3.43 is expressed in
terms of the matrix form of the strain tensor as:

ñ =
nG + n~

2
−

√(
nG − n~

2

)2
+

(
WG~

2

)2
. (4.36)

The virtual displacement field Xu (x), the virtual relative displacement field
X8 (x), and the virtual strain field X& (x) are approximated in a similar fash-
ion.

4.1.3. Discrete equilibrium equation

Replacing the X-FEM approximations 4.13, 4.22, 4.28 and 4.34 in the expres-
sions of the virtual works given in Equations 3.13-3.15, yields:

X, 8=C
= XW

#4∏
4=1

( ∫
Ω4

ℎH)2 3�

)
, (4.37)

X, 4GC
= XW

#4∏
4=1

( ∫
ΓC,4

ℎT) t∗ 3;

)
, (4.38)

X, 2>ℎ
= XW

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) t 9 3;

)
, (4.39)

where
∏#4

4=1 represents the standard assembly operators over all the #4 finite
elemets. Vector W groups all degrees of freedom of the system.

In order to facilitate the numerical implementation of the finite elementmodel,
it is convenient to rewrite the virtual work of the internal forces 4.37 in terms
of the effective stress field, thus obtaining:

X, 8=C
= XW

#4∏
4=1

( ∫
Ω4

ℎH) IH 3�

)
W − XW

#4∏
4=1

( ∫
Ω4

ℎH)�2̄ 3�

)
. (4.40)

In this way, the non-linear terms of the constitutive model are isolated and
can be more easily processed.
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4.1. Extended finite element discretisation

As the virtual displacements XW are arbitrary, Equation 3.16 is reduced finally
to the discrete equilibrium equation:

QW + L� + L 2>ℎ
= L 4GC , (4.41)

where Q is the stiffness matrix, L 2>ℎ , the cohesive force vector and L 4GC , the
external force vector. These are defined as:

Q =

#4∏
4=1

( ∫
Ω4

ℎH) IH 3�

)
, (4.42)

L 2>ℎ
=

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) t 9 3;

)
, (4.43)

L 4GC
=

#4∏
4=1

( ∫
ΓC,4

ℎT) t∗ 3;

)
. (4.44)

The vector L� , associated with the second part of the right-hand of Equation
4.40 (the non-linear part), is denoted as damage force vector and is defined
as follows:

L�
=

#4∏
4=1

( ∫
Ω4

−ℎH)�2̄ 3�

)
. (4.45)

Since the cohesive tractions are defined in the local coordinate system (Equa-
tions 3.24 and 3.30), it is convenient to express the cohesive force vector as
follows:

L 2>ℎ
=

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) X 9
T

9 (Ω9 ) 3;
)
. (4.46)

Furthermore, for the evaluation of the local cohesive tractions C= and CB , the
local relative displacement vector is needed:

Ω = X)8 . (4.47)

Reinforcing bars will be treated later in this chapter.
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4. Extended Finite Element Method

4.1.3.1. Linearisation

Due to the dependence of the damage and cohesive force vector on the gen-
eralised nodal displacements, the discretisation performed above leads to a
non-linear problem. Therefore, the equilibrium equation of the system must
be solved through an incremental iterative procedure. The aim is to find a W
that minimises the residual (or out-of-balance force) vector:

Xe(W) = QW + L� (W) + L 2>ℎ (W) − L 4GC . (4.48)

The external forces are considered to be independent of the displacements.

In this work, the zeros of the residual vector Xe(W) are determined by means
of the NEWTON-RAPHSON iteration scheme. This method requires a linear
expansion of the residual vector in the form:

!Xe(W=+1) := Xe(W=) +
mXe(W)
mW

���
W=

ΔW=+1 = 0, (4.49)

with ΔW=+1 = W=+1 − W= ;

thus obtaining the following incremental discrete equilibrium equation:

K=ΔW=+1 = −Xe(W=) . (4.50)

Subscript = refers to the current equilibrium iteration. The global stiffness
matrixK is given by:

K = Q + Q� + Q2>ℎ . (4.51)

Herein, Q2>ℎ represents the tangent matrix associated with the cohesive
force vector:

Q2>ℎ
=
mL 2>ℎ

mW
=

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) X 9 mT
9

mΩ9
X 9)

N
9 3;

)
, (4.52)

where mT/mΩ is the tangent stiffness matrix of the traction law:

mT

mΩ
=

[ mC=
ml=

mC=
mlB

mCB
ml=

mCB
mlB

]
. (4.53)
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4.1. Extended finite element discretisation

Q� corresponds to the tangent matrix associated to the damage force vector
and is determined from:

Q�
=

#4∏
4=1

( ∫
Ω4

−ℎH) I43H 3�

)
. (4.54)

Introducing the symbols � ′ for the derivative 3�/3ñ of the damage variable,
and ( for the vector mñ/m& obtained by differentiation of the expression for
the equivalent strain with respect to the strain field, the elasto-damage stiff-
ness matrix I43 can be computed from:

I43
= �I + � ′2̄ ⊗ (. (4.55)

Considering the damage model stated in Section 3.3, the derivative � ′ takes
the following form for loading conditions (5 ≥ 0):

� ′
=
3�

3ñ
=
3�

3�B

3�B
3ñ

=
3�

3�B

(
3f2
3ñ

1

ñ
− f2

ñ2

)
= − 1

�

(
3f2
3ñ

1

ñ
− f2

ñ2

)
, (4.56)

and is equal to 0 for unloading/reloading (5 < 0).

The derivative 3f2/3ñ is given by:

3f2
3ñ

=




−52
[
0.2/

(
n22 − n21

) ]
if n21 > ñ ≥ n22 ,

−52
[
1 − [

] [
: +

(
: − 2

)
[
]
/
[
1 +

(
: − 2

)
[
]2

if n22 > ñ ≥ n23 ,
0 if ñ < n23 .

(4.57)

The generalised nodal displacements W are then updated in each iteration
step:

W=+1 = W= + ΔW=+1 . (4.58)

Using the updated displacements W=+1, the residual vector Xe(W=+1) is cal-
culated again to check whether the convergence criterion is fulfilled. If not,
additional iterations are performed until the final solution converges. The
convergence criterion reads: Xe(W=+1)

L 4GC
=

 ≤ V, (4.59)
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4. Extended Finite Element Method

where V is the convergence tolerance. The norms are Euclidean.

For the iterative process, initial values for the displacements (W0) are re-
quired. A natural choice is the use of the displacement field obtained in the
last loading step (on the first last step, W0 = 0). However, for crack growth
simulations, the enrichment changes as the crack propagates and, therefore,
the degrees of freedom are no longer matched with each other. To overcome
this, the mapping procedure (Mapping Scheme) presented in [50] is used.
Within this approach, the displacements from the last loading step, which
are associated with the old enrichment, are mapped into the new enrichment
configuration. The mapping is achieved by minimising the error given by:

4 =

∫
Ω

(
W>;3
= − W=4F

=

)
·
(
W>;3
= − W=4F

=

)
3�. (4.60)

being W>;3
= and W=4F

= the displacements associated with the old and new en-
richment, respectively.

The previous equation leads to:

G=4F
= W=4F

= = G>;3
= W>;3

= , (4.61)

where:

G=4F
= =

#4∏
4=1

( ∫
Ω4

(
M=4F ))

M=4F 3�

)
, (4.62)

G>;3
= =

#4∏
4=1

( ∫
Ω4

(
M=4F ))

M>;3 3�

)
. (4.63)

The matrices M>;3 and M=4F are the generalised shape functions matrices for
the old and new enrichment configuration, respectively.

4.1.4. Junction of cracks

In multiple crack propagation, interaction between cracks may take place. In
this regard, if a crack during its propagation overlaps with an existing crack,
its propagation is simply arrested at the intersection point and both cracks
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4.1. Extended finite element discretisation

coalesce. This type of interaction was already studied by DAUX et al. [31]
and BUDYN et al. [24] within the framework of X-FEM for brittle materials.
In those works, the near-tip enrichment of the approaching crack (called sec-
ondary crack) is annihilated and replaced by the so-called junction enrich-
ment, thus modelling the join inside the element; while the enrichment of
the existing crack (called main crack) remains unchanged. The nodes whose
support contains the junction point x � are enriched in this way, forming the
set of nodes � � :

� � =
{
8 ∈ � : x � ∈ s8

}
. (4.64)

Figure 4.6 shows the enrichment strategy.

Ω
2

Ω
1

Ω
1

Γ
1
2

Γ
2
2

Junction enrichment

Step enrichment
main crack (1)
Step enrichment
secondary crack (2)

Figure 4.6.: Enrichment strategy for junction of cracks.

The crack junction is treated using the step enrichment developed by BUDYN
et al. [24], which is defined as follows:

4C0; . �̃ 1−2(x) =
{
(̃1(x) if x ∈ Ω

2,

(̃2(x) if x ∈ Ω
1,

(4.65)

where (̃1(x) and (̃2(x) are the modified step functions associated with the
main crack and the secondary crack, respectively. Ω

1 represents the side
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4. Extended Finite Element Method

of the main crack containing the secondary crack, while Ω
2 is simply the

opposite side. Figure 4.7 schematically shows the function �̃ 1−2(x) inside an
element.

Figure 4.7.: Junction function.

Then, the displacement field approximation is given by:

u (x) =
∑
8∈�

#8 (x)u8+
∑
8∈� 1(

#8 (x)(̃18 (x)b18 +
∑
8∈� 2(

#8 (x)(̃28 (x)b28 +
∑
8∈� �

#8 (x) �̃ 1−28 (x)d8 ,

(4.66)

where d8 are the additional degrees of freedom at node 8 associated with the
junction enrichment.

For the calculation of the relative displacement field along the main crack,
the orientation of the secondary crack with respect to the main crack needs
to be considered. Then, defining t̂1 as the unit tangent vector to the main
crack and t̂2 as the unit tangent vector to the secondary crack, both taken
in the direction of propagation, the relative displacement field for the main
crack can be written as:

81(x) = 2
∑
8∈� 1(

#8 (x)b18 +
∑
8∈� �

#8 (x)− 91−28 (x)d8 , x ∈ Γ
1
2 , (4.67)

when t̂1 × t̂2 < 0; and as:

81(x) = 2
∑
8∈� 1(

#8 (x)b18 +
∑
8∈� �

#8 (x)+ 91−28 (x)d8 , x ∈ Γ
1
2 , (4.68)

when t̂1 × t̂2 > 0.
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4.1. Extended finite element discretisation

The functions − 91−28 (x) and + 91−28 (x) are defined as follows:

− 91−28 = (2(x) − (2(x8 ) + 1 + (1(x8 ), (4.69)

+ 91−28 = 1 − (1(x8 ) − (2(x) + (2(x8 ) . (4.70)

For the secondary crack, the relative displacement field is given by:

82(x) = 2
∑
8∈� 2(

#8 (x)b28 + 2
∑
8∈� �

#8 (x)d8 , x ∈ Γ
2
2 . (4.71)

For the matrix representation of the discretised fields, the same expressions
presented in the previous section are used. In this case, the generalised shape
functions matrix M (x) and the generalised nodal displacements vector q(x),
both involved in the definition of the matrix form of the displacement field
4.13, take the following form within an enriched finite element:

M =

[
T · · · M 9

(
· · · M � · · ·

]
, (4.72)

q =

[
ū) · · · b 9) · · · d) · · ·

])
, 9 = 1, 2, (4.73)

with:

M � =

[
�̃ 1−28

[
#8 0

0 #8

]
· · ·

]
, (4.74)

d =
[
d)8 · · ·

])
, ∀8 ∈ � � ∩ �4 . (4.75)

Likewise, thematrices involved in the Equation 4.22 can be computed from:

N
9
=

[
· · ·N 9

(
· · ·N 9

�
· · ·

]
, (4.76)

a 9
=

[
· · · b 9) · · · d) · · ·

])
. (4.77)
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where:

N
1
� =

[
∓ 91−28

[
#8 0

0 #8

]
· · ·

]
, (4.78)

N
2
� =

[
2

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � � ∩ �4 . (4.79)

Finally, the compatibility matrix H assumes the following expression in the
definition 4.28:

H =

[
H# · · ·H 9

(
· · ·H � · · ·

]
, 9 = 1, 2, (4.80)

being:

H � =


�̃ 1−28



m#8

mG
0

0 m#8

m~

m#8

m~

m#8

mG


· · ·


, ∀8 ∈ � � ∩ �4 . (4.81)

The methodology exposed above can be easily extended to model multiple
junction of cracks. Consider, for this purpose, the crack< (secondary crack)
that coalesces with the existing crack 9 (main crack) during its propagation
at the point x 9−<

�
(junction point). Each annihilated near-tip enrichment is

then replaced by the junction enrichment �̃ 9−< (x) (defined in Equation 4.65).
Both cracks define an ordered pair ( 9 −<), which characterises the junction.
The first entry corresponds to the main crack, while the second one, to the
secondary crack.

The nodes of the element containing the junction point x 9−<
�

are enriched

with the function �̃ 9−< (x), thus forming the set of nodes � 9−<
�

, where the

additional degrees of freedoms at node 8 are denoted by d
9−<
8 . The ordered

pairs ( 9 −<) related to the element 4 , i.e. the pairs whose corresponding
junction points are located inside the nodal support of the element 4 , are
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4.1. Extended finite element discretisation

collected in the set N4
� . Taking this into consideration, the definitions 4.14,

4.27 and 4.18 adopt the following extended form within a finite element:

M =

[
T · · · M 9

(
· · · M 9

�
· · · M 9−<

�
· · ·

]
, (4.82)

H =

[
H# · · ·H 9

(
· · ·H 9

�
· · ·H 9−<

�
· · ·

]
, (4.83)

q =

[
ū) · · · b 9) · · · c 9) · · · d 9−<) · · ·

])
, (4.84)

∀9,< | 9 ≠< ∈ N4
2 ∧ ∀( 9 −<) ∈ N4

� , where:

M
9−<
�

=

[
�̃
9−<
8

[
#8 0

0 #8

]
· · ·

]
, (4.85)

H
9−<
�

=


�̃
9−<
8



m#8

mG
0

0 m#8

m~

m#8

m~

m#8

mG


· · ·


, (4.86)

d 9−<
=

[
d
9−<
8

) · · ·
])
, ∀8 ∈ � 9−<

�
∩ �4 . (4.87)

Similarly to that presented in Equation 4.76, the relative displacement field
along the crack 9 reads:

N
9
=

[
· · ·N 9

(
· · ·N 9

�
· · ·N 9−<

�
· · ·N<−9

�
· · ·

]
, (4.88)

a 9
=

[
· · · b 9) · · · c 9) · · · d 9−<) · · · d<−9) · · ·

])
, (4.89)

∀< ≠ 9 ∈ N4
2 ∧ ∀( 9 −<) ∈ N4

� , being:

N
9−<
�

=

[
∓ 9 9−<8

[
#8 0

0 #8

]
· · ·

]
, (4.90)

N
<−9
�

=

[
2

[
#8 0

0 #8

]
· · ·

]
, ∀8 ∈ � � ∩ �4 . (4.91)

The discretisation exposed above replaces the discretisation performed in the
previous section.
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4. Extended Finite Element Method

4.2. Reinforcing bars

Generally, for the modelling of reinforced concrete structures, reinforcing
bars are discretised into finite elements (truss, beam, plate, shell or solid ele-
ments), whereas interface elements2 are used to represent the interface, thus
modelling the bond behaviour. This methodology has been successfully used
over the years since it was presented for the first time by NGO [90]. Smeared
models and embedded methods have been also developed for this purpose,
see [58].

In this work, a different approach based on the work of RADTKE et al. [100]
is presented.

In that study, RADTKE et al. proposed an enrichment that can handle dis-
crete thin fibres in a continuummatrix without explicitly meshing them. The
same approach is used then to model embedded reinforcing bars. This dis-
crete approach is consistent with the representation of concrete as a homo-
geneous continuum and individual reinforcing bars as axial members.

The bond behaviour of the interface is not perfect, allowing a relative dis-
placement between the reinforcement and the surrounding concrete along
the reinforcement direction. RADTKE et al. considered that this is equivalent
to describe the effect of a tunnelling crack in thematrix (concrete) around the
reinforcement or a fully debonded interface and, therefore, an enrichment
that is discontinuous at the interface can characterise this behaviour.

RADTKE et al. proposed the following HEAVISIDE enrichment function:

� (x) =
{

1 if x ∈ ΩA ,

0 if x ∈ Ω,
(4.92)

where ΩA represents the reinforcement domain, which is also defined by the
union of straight-line segments.

The nodes whose support contains the reinforcement are enriched with the
function � (x), thus forming the set of nodes �� . Figure 4.8 illustrates the
enrichment strategy.

2 Also known as bond elements.
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êG

ê~

ê1, t̂
ê2, n̂

Reinforcement, interface

Figure 4.8.: Enrichment strategy for reinforcing bars.

The displacement field in the reinforcement domain is then approximated
by:

u (x) =
∑
8∈�

#8 (x)u8 +
∑
8∈��

#8 (x)� (x)f 8 , x ∈ ΩA , (4.93)

where f 8 are the additional degrees of freedom at node 8 associated with the
HEAVISIDE enrichment.

Considering that the function � (x) takes the value 1 along the reinforce-
ment, the equation above can be rewritten as:

u (x) =
∑
8∈�

#8 (x)u8 +
∑
8∈��

#8 (x)f 8 , x ∈ ΩA . (4.94)

For multiple layers of reinforcing bars it is assumed, as in RADTKE et al., that
each layer is treated separately and, consequently, there is no interaction be-
tween them. Only fibre-matrix interaction is considered. This is an accept-
able scenario, since the bars do not come into contact with each other3.

Therefore, the same approach exposed above is used for each additional layer.
Consider then #A reinforcing bars layers. Each of them comprises a domain
Ω
:
A , where : stands for the :-th layer, being : = 1 to #A . The nodes of the

elements containing the reinforcement layer : form the set of nodes �:� and

3 The interaction between the longitudinal and transverse reinforcement is treated in Section
4.4
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4. Extended Finite Element Method

have associated the additional degrees of freedomf:8 . Then, the displacement
field of the :-th layer can be expressed in matrix notation within a finite
element as follows:

u: (x) = MA (x)q:A , x ∈ Ω
:
A , (4.95)

with the shape functions matrix MA (x) defined as:

MA =

[
T T

]
, (4.96)

and the nodal displacements vector q:A , as:

q:A =

[
ū) f:

)
])
. (4.97)

The standard shape functions matrix T (x) is defined in the same way as in
Equation 4.15. The vectors ū and f: group the standard and extra degrees of
freedom (associated with the layer :) of the element, respectively. The latter
can be written as:

f: =

[
f:8

) · · ·
])
, ∀8 ∈ �4 . (4.98)

The internal virtual work associated with the reinforcement defined in Equa-
tion 3.48 takes the following form:

X, 8=C
= XW

#A∑
:=1

#4∏
4=1

(∫
Ω
:
A

H)
A 2

: 3�

)
. (4.99)

In this case, the compatibility matrix HA (x) is defined as:

HA =

[
H# H#

]
. (4.100)

RADTKE et al. considered also that the reinforcement domain reduces to a
line because of its negligible diameter or thickness compared with its length
and, especially, compared with the size of the matrix domain. Under these
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4.2. Reinforcing bars

assumptions, the domain integral exposed above is replaced by a line integral
along the reinforcement:

X, 8=C
= XW

#A∑
:=1

#4∏
4=1

(∫
Γ
:
A,4

�:H)
A 2

: 3;

)
. (4.101)

� represents the total cross area of the reinforcement layer, i.e. � = =qcq
2/4,

where q corresponds to the diameter of the bar and =q is the number of
reinforcement rods.

The internal force vector L' associatedwith the reinforcing bars reads then:

L'
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

�:H)
A 2

: 3;

)
, (4.102)

which must be added to the left-hand side of the discrete equilibrium equa-
tion 4.41.

The elasto-plastic tangent matrix is given by:

Q'
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

�:H)
A I

43,:HA 3;

)
, (4.103)

where I43,: is the elasto-plastic constitutive matrix.

Since theHEAVISIDE function is null in the concrete domain, the enrichment
4.92 does not introduce any additional term associated with the concrete
bulk. Hence, the discretisation performed in the previous section remains
unchanged.

This approach treats then the cracked concrete bulk as a background on
which discrete bars are superimposed as shown Figure 4.9, being the transfer
of bond forces their only interaction mechanisms.

65



4. Extended Finite Element Method

Figure 4.9.:Discrete bars superimposed on a background mesh.

4.2.1. Constitutivemodel

The yield function 3.51 can be expressed in terms of the matrix form (VOIGT
notation) of the stress tensor as:

5 (2 (x), ^) =
Xf2 (x)

 − (
5~ + �^

)
. (4.104)

The transformation vector Xf is given by:

Xf =

[
Ĉ 2G Ĉ 2~ 2ĈG Ĉ~

]
(4.105)

being ĈG and Ĉ~ the Cartesian components of the unit tangent vector to the
reinforcing steel, see Figure 4.8.

Considering the previous yield function, the elasto-plastic constitutive ma-
trix takes the following form:

I43,:
= I: −

I:

(
m5

m2

) (
m5

m2

))
I:

(
m5

m2

))
I:

(
m5

m2

)
+ �

(4.106)

4.3. Bondmodel

Consider the Figure 4.10 which shows an idealisation of the bond interaction
between the reinforcement and the surrounding concrete. Let us focus our
attention on the points p+ (x+) and p−(x−). The point p+ belongs to the rein-
forcement domain, while the point p−, to the concrete domain. The displace-
ment jump can be determined as the difference between the displacements
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g

B

F

Fp
+ (x+)

p− (x−)

Figure 4.10.: Idealised bond interaction.

of these two points. Consider for simplicity and without loss of generality
the uncracked state, then using the displacement field approximation for the
reinforcing bars given by the Equation 4.95 and under small displacement
assumptions, the displacement jump across the interface can be written in
matrix notation as:

w: (x) = u: +(x) − u− (x) = T (x)f: , x ∈ Γ
:
A . (4.107)

Replacing the discretisation given above in the definition of the work of
the bond stresses 3.50, an expression for the bond force vector L1>=3 is ob-
tained:

L1>=3
=

#A∑
:=1

#4∏
4=1

(∫
Γ
:
A,4

T) X:G:Z: (W: ) 3;
)
, (4.108)

with:

G =

[
�= 0

0 �C

]
, (4.109)

being �= and �C the contact areas associated with the radial stress f and
the bond stress g , respectively. Considering the presented bond laws, the
contact area �C is assumed to be equal to the sum of the perimeters of each
bar, i.e. =qcq ; while the contact area �= is the projection of the contact
surface between the bar and the concrete in the out-of-plane direction, i.e.
=qq .
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The presented bond model introduces a certain arbitrariness in the choice of
the point p− (x) and, therefore, of the tangential and normal unit vectors. As
a result, the constitutive relations are symmetrical with respect to negatives
values of B andF , i.e. g (B) = −g0(−B) and f (F) = −f0 (−F), in which g0 and
f0 are the bond laws according to the Equations 3.56 and 3.62, respectively.

The tangent matrix associated to the bond force vector can be computed
from:

Q1>=3
=

#A∑
:=1

#4∏
4=1

(∫
ΓA,4

T) X:G: mZ
: (W: )
mW:

X:)T 3;

)
. (4.110)

Herein, mZ/mW represents the tangent stiffness matrix of the bond law and
is given by:

mZ

mW
=

[
mf
mF

mf
mB

mg
mF

mg
mB

]
. (4.111)

The relative displacement in the local coordinate system can be obtained
from the transformation:

W = X)w . (4.112)

Finally, the following discrete equilibrium equation is achieved:

QW + L' + L� + L 2>ℎ + L1>=3
= L 4GC , (4.113)

as well as the linearised system:

K=ΔW=+1 = −Xe(W=), (4.114)

Xe(W) = QW + L' (W) + L� (W) + L 2>ℎ (W) + L1>=3 (W) − L 4GC , (4.115)

K = Q + Q' + Q� + Q2>ℎ + Q1>=3 . (4.116)
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4.3.0.1. Interaction between reinforcement and transverse cracks

Reinforcing bars are embedded in concretemainly to provide tensile strength
to the structure once cracking occurs, thus preventing excessive cracking and
premature failure. Bondmechanisms are responsible for the redistribution of
forces from the surrounding concrete to the bars. In this regard, a proper con-
sideration of the influence of the cracked concrete bulk on the bond model is
therefore required. For a cracked state, the interfacial relative displacement
takes the following form:

w: (x) = u: +(x) − u− (x) = NA (x)a:A , x ∈ Γ
:
A , (4.117)

where the approximation 4.13, which defines the displacement of the cracked
concrete bulk, is used.

MatricesNA (x) and a:A are given by:

NA =

[
T · · · − M

9
(
· · · − M

9
�
· · · − M

9−<
�

· · ·
]
, (4.118)

a:A =

[
f:

) · · · b 9) · · · c 9) · · · d 9−<) · · ·
])
, (4.119)

∀9,< | 9 ≠< ∈ N4
2 ∧ ∀( 9 −<) ∈ N4

� ∧ ∀: ∈ N4
A .

The functions M 9
(
(x), M 9

�
(x) and M 9−<

�
(x), and the values f: , b 9 , c 9 and d 9−<

were defined in Equations 4.16, 4.17, 4.85, 4.98, 4.20, 4.21 and 4.87, respec-
tively.

The discretisation exposed above replaces the discretisation performed in
Equation 4.107 and, therefore, the matrix T (x) is replaced by the matrix
NA (x) in the line integrals 4.108 and 4.110.

The relative displacement between the crack surfaces is not influenced by
the presence of the reinforcement. Hence, the approximation 4.22 remains
unchanged.
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4.4. Transverse reinforcement

Transverse reinforcement increases the shear capacity of the structure, and
provides confinement to the core concrete and lateral restraint against buck-
ling of the longitudinal reinforcement. Its influence on the structure is there-
fore significant. Hence, its consideration when modelling reinforced con-
crete members is important. As reinforcing bar, transverse reinforcement is
also modelled using the X-FEM formulation exposed in Section 4.2. In the lit-
erature, it is often assumed that the bond between the transverse bars and the
concrete is perfect, which may over-estimate the shear capacity of the struc-
ture. In this work, the transverse bars are assumed to be strongly bonded
to the surrounding concrete, with the bond behaviour being that depicted in
Section 3.5.

The penalty method is used to mediate the interaction between the longitu-
dinal and transverse reinforcement once these come into contact. Consider
the Figure 4.11, which shows a schematic representation of a typical distribu-
tion of reinforcing bars. Let us focus our attention now on the point p� (x� ),
which defines a contact point between both reinforcements in the reference
configuration (undeformed configuration). The coordinates x� are known
and, therefore, must be defined in advance. The points coming into contact
are represented by p;

� (x;� ) (on the longitudinal bar) and by pC
� (xC� ) (on the

transverse bar). From now on, index ; and C will stand for the longitudinal
and transverse bar, respectively. Initially, both points occupy the same lo-
cation, i.e. x;� = xC� = x� . Once loading starts, the points separate from
each other and, under small displacements assumption, the new coordinates
read:

x;� = x� + u; (x� ), (4.120)

xC� = x� + uC (x� ), (4.121)

where u; (x� ) and uC (x� ) are the displacements of the points p;
� and pC

� ,
respectively.

To formulate the contact problem, it is necessary to calculate the gap between
both reinforcements at the points p;

� and pC
� in the direction tangential to

70



4.4. Transverse reinforcement

p�
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�

pC
�
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x�
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T
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Figure 4.11.: Representation of a typical distribution of longitudinal and transverse reinforce-
ment.

the transverse bar. Then, the Equations 4.120 and 4.121, the tangential gap
can be computed as:

6) (x� ) =
[
x;� − xC�

])
t̂ =

[
u; (x� ) − uC (x� )

])
t̂, (4.122)

where t̂ is the tangential unit vector to the transverse bar and is considered
to go from the point p� to the other end of the bar (see Figure 4.11).

Using the discretisation 4.95, the tangential gap takes the following form:

6) (x� ) =
[
MA (x� )q;A − MA (x� )qCA

])
t̂ =

[
T (x� )f ; − T (x� )f C

])
t̂ . (4.123)

Defining the matrices:

M;−C (x� ) =
[
T (x� )
−T (x� )

])
, (4.124)

f ;−C =
[
f ;

)
f C

)
])
, (4.125)
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Equation 4.123 can be simplified further:

6) (x� ) =
[
M;−C (x� )f ;−C

])
t̂ . (4.126)

As soon as the bars come into contact, a contact pressure ?) is induced to
avoid penetration. In order to enforce the contact constraints, a penalty for-
mulation is chosen:

?) =

{
n#6) if 6) < 0,

0 if 6) ≥ 0,
(4.127)

where n# is the penalty stiffness.

This procedure is then extended to all #� contact points between the longi-
tudinal and transverse reinforcements. For this purpose, it is necessary to
specify, for each contact, the bars that are coming into contact, which define
an ordered pair (; − C) 9 , and the corresponding contact point p 9

�
with coor-

dinates x 9
�
, being 9 = 1 to #� . The weak form of the contact pressure ?) is

reduced finally the following nodal force vector after replacing the discreti-
sation 4.126 for all contact points:

L� =

#�∑
9=1

∏
4=4

9
�

(
?
9
)�
M;−C (x 9

�
)) t̂

)
, (4.128)

being its tangent matrix:

Q�
=

#�∑
9=1

∏
4=4

9
�

(
M;−C (x 9

�
)) t̂

m?
9
)�

m6
9
)�

t̂
)
M;−C (x 9

�
)
)
, (4.129)

where 4 9
�
corresponds to the element that contains the contact point p 9

�
.

Additionally, for a better representation of the transverse reinforcement, the
horizontal legs anchoring the vertical legs around the main bars are implic-
itly modelled by imposing a perfect contact with the surrounding concrete
at each endpoint of the vertical legs in the axial direction, thus allowing no
relative displacement (slip) between both materials at these points. For each
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4.5. Bonded reinforcement

transverse reinforcement, a penalty formulation is also used to enforce per-
fect contact, i.e. g = n# B (x( ) at p( and g = n# B (x�) at p� , where p( and p�

are the endpoints of the transverse bar. Considering the discretisation 4.117,
the weak form of the contact formulation adopts the following form:

L) =

#)∑
9=1

[ ∏
4=4

9
(

(
N

)
A (x

9
(
) t̂n# t̂

)
NA (x

9
(
)aCA

)

+
∏
4=4

9
�

(
N

)
A (x

9
�
) t̂n# t̂

)
NA (x

9
�
)aCA

)]
, (4.130)

with the tangent matrix given by:

Q)
=

#)∑
9=1

[ ∏
4=4

9
(

(
N

)
A (x

9
(
) t̂n# t̂

)
NA (x

9
(
)
)

+
∏
4=4

9
�

(
N

)
A (x

9
�
) t̂n# t̂

)
NA (x

9
�
)
)]
. (4.131)

Herein, #) denotes the number of transverse reinforcement, and 4 9
(
and 4 9

�

correspond to the element containing the points p 9
(
and p 9

�
, respectively.

The force vectors 4.128 and 4.130 are finally added to the discrete equilibrium
equation.

4.5. Bonded reinforcement

The restoring or improvement of the load carrying capacity, serviceability
and durability of existing reinforced concrete structures has gained more
and more attention over the last decades. This need may arise as a result of
errors in the design or execution, changes in the load requirements, design
code changes, seismic upgrade, lack of maintenance, as well as the inherent
deterioration of the structure. Besides numerous other methods, the struc-
tural upgrade can be achieved using externally bonded reinforcement. This
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4. Extended Finite Element Method

technique involves bonding strengthening materials to the external concrete
surface using adhesives. Steel plates and Fibre Reinforced Polymer (FRP) sys-
tems in the form of laminates, strips or sheets bonded with epoxy adhesive
are the strengthening methods most commonly used.

In [46], a general description of materials and techniques related to the appli-
cation of FRP as external reinforcement, as well as the design and structural
behaviour of strengthened concrete members, are summarised.

The HEAVISIDE enrichment presented in Section 4.2 is also used to represent
the influence of the bonded reinforcement on the concrete bulk. The straight-
line segments defining the reinforcement are then placed at the edge of the
elements, but inside them. In order to avoid shear locking, a gap between
the edge and the reinforcement is introduced. A value of 0.01 mm seems to
be sufficient to prevent the locking. The enrichment strategy is illustrated in
Figure 4.12. The internal force vector L' as well as the tangent matrix Q' are
defined then in the same way as in Equations 4.102 and 4.103, respectively.
The total cross area � is given by � = C · 1, where C and 1 are the thickness
and width of the external reinforcement, respectively.

Bonded reinforcement

Figure 4.12.: Enrichment strategy for bonded reinforcement.

4.5.1. Constitutive behaviour

Bonded reinforcement is primarily loaded in tension and, therefore, a yield
function based on the axial stress is considered for those materials exhibiting
a non-linear behaviour. For brittle materials, such as fibre reinforced poly-
mers, the constitutive behaviour is assumed to be linear-elastic up to brittle
failure.
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4.5. Bonded reinforcement

4.5.2. Bond behaviour

The transfer of forces along the interface between the concrete surface and
the bonded reinforcement is provided by the adhesive, mainly through chem-
ical adhesion and mechanical interlocking, so that full composite action may
develop. The interface, which comprises not only the adhesive but also the
adjacent concrete, is modelled by means of the bond model presented in Sec-
tion 4.3. The bond behaviour can be described by bond stress-slip relation-
ships, which must necessarily consider the most common failure mechan-
ics associated with strengthened structures, namely, the delamination of the
concrete cover and the debonding of the reinforcement from the concrete
substrate. These relationships present generally a linear-elastic branch until
a certain threshold, corresponding to the local bond strength. Once this limit
is exceeded, debonding begins and the curve starts to exhibit an irreversible
softening behaviour up to a full debonding stage. The bilinear relationship
shown in Figure 4.13 has proved to be a useful approximation for design and
numerical purposes:

g (B) =




g<0G

B

B1
for 0 ≤ B ≤ B1,

g<0G − g<0G

(B − B1)
(B2 − B1)

for B1 ≤ B ≤ B2,

0 for B2 < B .

(4.132)

Herein, g<0G denotes the maximum transferable bond stress, B1, the associ-
ated slip and B2, the ultimate slip. This law is calibrated based on experimen-
tal results.

Non-linear relationships for numerical investigation can be found in [88,
109].

Unloading and reloading are defined by the secant path. The radial stress
f is chosen so that normal separation and penetration is prevented. This is
ensured by a penalty formulation. No coupling between the components f
and g is assumed. The contact area �C is equal to the width 1 of the bonded
reinforcement.
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Slip, B
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Figure 4.13.: Bond stress-slip relationship for bonded reinforcement.

4.6. Fibre reinforced concrete

Fibre Reinforced Concrete (FRC) refers to concrete reinforced with a multi-
tude of discontinuous short thin fibres. These fibres are randomly distributed
(embedded) throughout the entire volume of the matrix in relatively dilute
concentrations. Fibres provide the concrete with significant post-cracking
capacity and, therefore, used to replace conventional reinforcement in non-
structural and structural elements such as industrial floor, road pavements,
beams (as a substitute for shear reinforcement), slabs and tunnel linings.
They may generally be used in any application where the following ben-
efits are desired: protection from plastic shrinkage and cracking, improved
strength, ductility and energy absorption capacity, increased service life, among
others. Fibres are made of steel, glass, polymers and others natural or syn-
thetic materials in various shapes and sizes.

A good overview about FRC and its applications can be found in [18] and
[48]. FRC is included also in some design codes such as the CEB-FIP MODEL
CODE 2010 [47] and the ACI Committee 544 [1]. For further information,
the reader is referred to these documents.

Within the framework of the extended finite element method, RADTKE et
al. [100] proposed a HEAVISIDE enrichment that can model an arbitrary
number of arbitrarily orientated and positioned thin fibres within a finite
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4.6. Fibre reinforced concrete

element without meshing them. The approach is schematically illustrated
in Figure 4.14. This approach was already presented in Section 4.2 for the
modelling of reinforcing bars. Therefore, the same expressions are applicable
for the fibres. Each single fibre is treated separately and direct interaction
between them is not considered.

Figure 4.14.: Typical random fibres distribution.

4.6.1. Constitutive behaviour

As opposed to reinforcing bars, which are designed to be anchored in the
concrete so that their yield strength can be developed, fibres are designed to
pull-out of the concrete matrix prior to reaching their strength. Therefore, a
linear-elastic behaviour is assumed for the fibres, although any constitutive
law can be employed.

4.6.2. Bond behaviour

The mechanical behaviour of fibre reinforced concrete depends on the trans-
fer of forces between the fibres and the concrete matrix, which is provided
by physical and chemical adhesion, friction, and mechanical anchorage in-
duced by complex fibre geometries. Bond exhibits normally a linear-elastic
behaviour until a certain strength, beyond which debonding gradually be-
gins to occur (bond degradation) with the consequent fall in the transferable
bond (shear) stress until friction becomes the dominant transfer mechanism.
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4. Extended Finite Element Method

This behaviour may also be modelled by means of a local bond model ac-
cording to a bond stress-slip law. The same approach stated in Section 4.3 is
used separately for each single fibre to model the bond interaction. A suit-
able bond stress-slip law for design and numerical purposes was developed
by BANHOLZER et al. [6] based on experimental data from pull-out tests.
This law is based on a multilinear relationship, consisting of an initial elastic
branch followed by a softening and a frictional branch as illustrated in Figure
4.15. This law is adopted in this work.

Slip, BB<0G UB<0G

B
on

d
st
re
ss
,g

g<0G1

g<0G2

g5

Figure 4.15.: Bond stress-slip relationship for fibres.

The bond law is defined by five parameters: g<0G1, denoting the maximum
transferable bond (shear) stress; B<0G , the maximum slip in the elastic branch
before debonding onset; g<0G2, the maximum bond stress in the softening
branch; the factor U , determining the maximum slip within the softening
branch; and the frictional stress g5 ; according to the following expression:

g (B) =




g<0G

B

B<0G

for 0 ≤ B ≤ B<0G ,

g<0G2 −
(
g<0G2 − g5

) (B − B<0G )
B<0G (U − 1) for B<0G ≤ B ≤ UB<0G ,

g5 for UB<0G < B .

(4.133)
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In case of unloading/reloading in the softening/frictional branch, the secant
path is followed. The normal component of the bond stress, i.e the radial
stress f , is neglected. No coupling between the components is assumed.

4.7. Example

By way of example, the extended finite element approximation of a discre-
tised body with an arbitrary configuration of cracks and reinforcing bars is
described in this section. Figure 4.16 shows the finite element mesh as well
as the nodal enrichment strategy. Let us focus our attention on the elements
1 and 2. Element 1 is formed by the nodes 1, 2, 3 and 4, and is crossed by
the crack 4 and the reinforcing bar 1; while element 2 is composed by the
nodes 4, 3, 5 and 6, and is crossed by the crack 1. Table 4.1 summarises the
enrichment for the nodes belonging to these elements, where the type of en-
richment as well as the corresponding cracks and reinforcing bars are stated.
The matrices that define the approximate fields are given below:

1 2

4 3

6 5

Element 1

Element 2

Near-tip enrichment

Step enrichment

Junction enrichment

HEAVISIDE enrichment

Crack 1

Crack 2

Crack 3

Crack 4

Crack 5

Reinforcing bar 1

Reinforcing bar 2

t̂
1

t̂
2

t̂
3

t̂
5

Figure 4.16.:Nodal enrichment strategy and mesh.

Element 1
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Table 4.1.:Nodal enrichment strategy.

Enrichment
Nodes Near-tip Step Junction HEAVISIDE

1 C4 C1 − R1
2 C4 C3 − R1
3 C4 C1, C3 − R1
4 C4 C1 C1-C2 R1
5 C1 C3 C3-C5 R2
6 C1 − C1-C2 R2

Concrete bulk

M =

[
T 1 T 2 T 3 T 4 (̃

1
1T 1 (̃

1
3T 3 (̃

1
4T 4 (̃

3
2T 2 (̃

3
3T 3

· · · �̃ 41T 1 �̃
4
2T 2 �̃

4
3T 3 �̃

4
4T 4 �̃

1−2
4 T 4

]
,

H =

[
mT 1 mT 2 mT 3 mT 4 (̃

1
1mT 1 (̃

1
3mT 3 (̃

1
4mT 4 (̃

3
2mT 2 (̃

3
3mT 3

· · · m
(
�̃ 41T 1

)
m
(
�̃ 42T 2

)
m
(
�̃ 43T 3

)
m
(
�̃ 44T 4

)
�̃ 1−24 mT 4

]
,

q =

[
u)1 u)2 u)3 u)4 b11

)
b13

)
b14

)
b32

)
b33

)

· · · c41
)
c42

)
c43

)
c44

)
d1−24

)
])
.

These matrices are involved in the definitions 4.82, 4.83 and 4.84.

Cohesive crack 4

N
4
=

[
2A 4T 1 2A

4T 2 2A
4T 3 2A

4T 4

]
,

a4 =
[
c41

)
c42

)
c43

)
c44

)
])
.

These matrices are involved in the definitions 4.88 and 4.89.
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Reinforcing bar 1

M1
A =

[
T 1 T 2 T 3 T 4 T 1 T 2 T 3 T 4

]
,

H1
A =

[
mT 1 mT 2 mT 3 mT 4 mT 1 mT 2 mT 3 mT 4

]
,

q1A =
[
u)1 u)2 u)3 u)4 f 1

1
)
f 1
2
)
f 1
3
)
f 1
4
)
]
,

NA =

[
T 1 T 2 T 3 T 4 − (̃11T 1 − (̃13T 3 − (̃14T 4 − (̃32T 2 − (̃33T 3

· · · − �̃ 41T 1 − �̃ 42T 2 − �̃ 43T 3 − �̃ 44T 4 − �̃ 1−24 T 4

]
,

a1A =
[
f 1
1
)
f 1
2
)
f 1
3
)
f 1
4
)
b11

)
b13

)
b14

)
b32

)
b33

)

· · · c41
)
c42

)
c43

)
c44

)
d1−24

)
])
.

These matrices are involved in the definitions 4.96, 4.100, 4.97, 4.118 and
4.119.

Element 2

Concrete bulk

M =

[
T 4 T 3 T 5 T 6 (̃

1
4T 4 (̃

1
3T 3 (̃

3
3T 3 (̃

3
5T 5 �̃

4
4T 4

· · · �̃ 43T 3 �̃
1
5T 5 �̃

1
6T 6 �̃

1−2
4 T 4 �̃

3−5
5 T 5 �̃

1−2
6 T 6

]
,

H =

[
mT 4 mT 3 mT 5 mT 6 (̃

1
4mT 4 (̃

1
3mT 3 (̃

3
3mT 3 (̃

3
5mT 5 m

(
�̃ 44T 4

)
· · · m

(
�̃ 43T 3

)
m
(
�̃ 15T 5

)
m
(
�̃ 16T 6

)
�̃ 1−24 mT 4 �̃

3−5
5 mT 5 �̃

1−2
6 mT 6

]
,

q =

[
u)4 u)3 u)5 u)6 b14

)
b13

)
c15

)
c16

)
b33

)
b35

)
c44

)
c43

)

· · · d1−24
)
d1−26

)
d3−55

)
])
.
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Cohesive crack 1

N
1
=

[
2T 4 2T 3 2A

1T 5 2A
1T 6

− 91−24 T 4
− 91−26 T 6

]
,

a1 =
[
b14

)
b13

)
c15

)
c16

)
d1−24

)
d1−26

)
])
.

The matrices T 8 , mT 8 and m
(
�̃
9
8 T 8

)
are given by:

T 8 =

[
#8 0

0 #8

]

mT 8 =



m#8

mG
0

0 m#8

m~

m#8

m~

m#8

mG



m
(
�̃
9
8 T 8

)
=



mG (�̃
9
8 #8 ) 0

0 m~ (�̃
9
8 #8 )

m~ (�̃
9
8 #8 ) mG (�̃

9
8 #8 )


The discretisation performed above is then used to obtain the element ma-
trices and vectors of the system, which are summarised in the following sec-
tion.

4.8. Summary

In this section, the main equations presented throughout the work regarding
the discrete equilibrium equation are summarised.

Discrete equilibrium equation of the system:

QW + L' + L� + L 2>ℎ + L1>=3 + L� + L) = L 4GC ;
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Incremental discrete equilibrium equation:

K=ΔW=+1 = −Xe(W=),

with:

Xe = QW + L' + L� + L 2>ℎ + L1>=3 + L� + L) − L 4GC ,

K = Q + Q' + Q� + Q2>ℎ + Q1>=3 + Q� + Q) .

The vectors and matrices of the system involved in the above equations are
defined as follows:

Q =

#4∏
4=1

( ∫
Ω4

ℎH) IH 3�

)
,

L'
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

�:H)
A 2

: 3;

)
,

Q'
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

�:H)
A I

43,:HA 3;

)
,

L�
=

#4∏
4=1

( ∫
Ω4

−ℎH)�2̄ 3�

)
,

Q�
=

#4∏
4=1

( ∫
Ω4

−ℎH) I43H 3�

)
,

L 2>ℎ
=

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) X 9
T

9 3;

)
,

Q2>ℎ
=

#2∑
9=1

#4∏
4=1

( ∫
Γ
9
2,4

ℎN 9) X 9 mT
9

mΩ9
X 9)

N
9 3;

)
,

L1>=3
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

N
)
A X

:G:Z: 3;

)
,
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Q1>=3
=

#A∑
:=1

#4∏
4=1

( ∫
Γ
:
A,4

N
)
A X

:G: mZ:

mW:
X:)

NA 3;

)
,

L� =

#�∑
9=1

∏
4=4

9
�

(
?
9
)�
M;−C) t̂

)
,

Q�
=

#�∑
9=1

∏
4=4

9
�

(
M;−C) t̂

m?
9
)�

m6
9
)�

t̂
)
M;−C

)
,

L) =

#)∑
9=1

[ ∏
4=4

9
(

(
N

)
A t̂n# t̂

)
NAa

C
A

)
+

∏
4=4

9
�

(
N

)
A t̂n# t̂

)
NAa

C
A

)]
,

Q)
=

#)∑
9=1

[ ∏
4=4

9
(

(
N

)
A t̂n# t̂

)
NA

)
+

∏
4=4

9
�

(
N

)
A t̂n# t̂

)
NA

)]
,

L 4GC
=

#4∏
4=1

( ∫
ΓC,4

ℎT) t∗ 3;

)
.

4.9. Numerical Aspects

This section deals with some special features that must be considered in the
numerical implementation of the presented finite element model.

4.9.1. Numerical integration scheme

4.9.1.1. Domain integrals

The integration scheme of the elements intersected by a crack must con-
sider the presence of the crack in order to ensure an adequate integration of
the discontinuous functions associated with the enrichments. As the crack
is allowed to be arbitrarily oriented in an element, a traditional GAUSSian
quadrature, as shown in Figure 4.17 (left), could lead to poor numerical re-
sults and even to a linearly dependent system of equations. As can be seen
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from the figure, the GAUSS points are poorly distributed and there are even
sides of the crack that do not present any integration point.

In order to avoid this problem, MOËS et al. [85] proposed the following
numerical integration: the domain of the elements intersected by a crack
is divided into triangular sub-domains with their boundaries aligned with
the crack geometry, thus ensuring that the sub-domains do not contain any
discontinuous function; then a traditional GAUSSian quadrature is used to
perform the numerical integration over each of the sub-domains, as well as
over the elements that do not contain any crack. In this work, the DELAU-
NAY triangulation based on Qhull [7] is considered. It should be emphasised
that the sub-domains are only necessary for the numerical integration and,
therefore, no additional degrees of freedom are associated with them. Fur-
thermore, special care should be taken with those elements with at least one
node enriched with the near-tip function. As these functions are not poly-
nomials, a higher order quadrature is required. The integration scheme is
illustrated in Figure 4.17 (right). Note the use of a higher quadrature rule for
those elements influenced by the near-tip function.

Cr
ac
k
1

Crack 2

Reinforcement

• GAUSS point

Figure 4.17.: Triangulation and GAUSS points distribution for domain integrals.

85



4. Extended Finite Element Method

Since the reinforcement (both bars and fibres) does not affect the discreti-
sation of the concrete bulk, its presence is not considered in the triangula-
tion.

The formation of new sub-domains as cracks propagate implies an additional
problem, namely, the redistribution of the integration points. This situation
is illustrated in Figure 4.18 a) and b). The integration scheme requires that the
history parameters associated with the loading history of the concrete bulk
have to be stored in the integration points. When these are redistributed,
the loading history must be then necessarily represented on the new points.
This task is achieved by means of a mapping between both distributions. In
this work, the history parameters associated with the new configuration are
linearly interpolated from the values corresponding to the old one using the
interpolation method presented in [3]. This method operates in two steps:
first, the set of integration points related to the old configuration (black dots)
is triangulated using a DELAUNAY triangulation as shown in Figure 4.18 c),
then a piecewise triangular surface is generated over the plane using the re-
spective history parameters as altitudes; secondly, this surface is used within
each triangle to interpolate the new values of the history parameter at the
new integration points (circles). By way of example, Figure 4.18 d) illustrates
the interpolation scheme over the hatched triangle.

(a) Old configuration (b) New configuration (c) Interpolation strategy

(d) ^ = 5 (x)

Figure 4.18.: Interpolation scheme of the history parameters associated to the concrete bulk.
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4.9.1.2. Line integrals

The evaluation of the line integrals associated with the cohesive cracks and
the reinforcement (interfaces included) is also achieved by means of a GAUS-
Sian quadrature rule. In order to accurately compute the integrals, the seg-
ments that define the reinforcement/cracks must also be partitioned. The
numerical integration is then performed over each one of the sub-segments
so generated. The points defining the sub-segments, aside from the original
vertices, are:

• intersection points between the reinforcement/cracks and the elements
edges,

• intersection points between the cracks and the reinforcement,

• intersection points between the transverse and longitudinal
reinforcement,

• and junction points.

A higher order quadrature (at least 4 points) is used on each sub-segment for
an adequate integration of the near-tip function associated with the cracks.
Figure 4.19 illustrates the integration scheme for different cases.

Cr
ac
k
1

Cr
ac
k
1

Crack 2

Reinforcement Reinforcement

• GAUSS point

Figure 4.19.:GAUSS points distribution for line integrals.

The numerical integration based on a GAUSSian integration rule may result
in spurious oscillations of the cohesive traction field. SCHELLEKENS et al.
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[110] have shown, however, that a higher order quadrature, as in this case,
can overcome this difficulty4.

The redistribution of the integration points may also affect the integration
scheme associatedwith the reinforcement/cracks. This situation is illustrated
in Figure 4.19. In this case, a similar procedure as described above is applied.
The integration points related to the old configuration define sub-segments
over which an interpolation curve is generated, then the history parameters
associated with the new configuration are interpolated from the curve as
shown in Figure 4.20.

New configuration

Old configuration

Interpolation strategy
^ = 5 (x)

Figure 4.20.: Interpolation scheme of the history parameters associated to the cracks/reinforce-
ment.

4.9.2. Node selection for enrichment

Consider the Figure 4.21 (a), which shows the support of a node (black dot)
whose domain is cut by a crack. The node is enriched with the step function
(8 (x) in order to model the crack. If the area �2 is too small compared with
the area of the nodal support, the enriched shape function (8 (x)#8 (x) asso-
ciated with the node under consideration is practically identical in the entire
domain of the support to the standard shape function #8 (x) (see Figure 4.22)

4 SCHELLEKENS et al. have also shown that the NEWTON-COTES integration scheme does
not suffer from this problem when using a lower order quadrature.
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and, therefore, are redundant with each other. This situation could lead to ill-
conditioning of the discrete equilibrium equation. The same problem arises
when the area �1 is too small. In general, enrichments based on the step
function can generate ill-conditioned systems. In this regard, the junction
enrichment suffers from the same problem and must be also considered.

(a) Step enrichment (b) Junction enrichment

Cr
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k Crack 1

Cr
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k
1

C
rack

2

�1

�2

�1

�2

�3

Figure 4.21.:Node selection strategy for enrichment to avoid linear dependency.

(a) Enriched shape function. (b) Standard shape function.

Figure 4.22.:Graphical representation of the standard shape function (a) and the enriched shape
function (b) associated with a node whose support is cut by a crack.

This difficulty can be mitigated by eliminating the degrees of freedom, that
cause the ill-conditioning, from the discrete system. In this respect, DOL-
BOW [36] proposed that the nodes having their support almost entirely on
one side of the crack (cracks), must be removed from the sets of nodes �( or
� � . Formally, this can be expressed as:

the node under study is removed from the set �( if
min(�1, �2)

�s

< C>;,

89



4. Extended Finite Element Method

or from the set � � if
min(�1, �2, �3)

�s

< C>;,

where �1, �2 and �3 are the areas of the sub-triangles shown in Figure 4.21,
and �s is the total area of the support of the node. The sub-areas can be
easily calculated using the triangulation presented in the previous section.
DOLBOW et al. proposed a tolerance of 10−4, which has shown good re-
sults.

4.9.3. Kinked cracks

A crack is represented by a series of straight-line segments, which are not
necessarily aligned with each other. As the crack grows, new crack segments
are added and the initially straight crack may curve, forming a kinked crack.
In this case, the crack cannot be correctly modelled by the near-tip function
(Equation 4.4), since this predicts a straight discontinuity along \ = ±c (see
Figure 4.3). Therefore, a transformation is required to align the discontinu-
ity modelled by the near-tip function with the actual crack. The transfor-
mation presented in [50] is adopted. This transformation can be imagined
as virtual rotations that align the crack segments with the segment contain-
ing the crack tip, in order to ensure the discontinuity along \ = ±c in all
segments represented by the near-tip function. Figure 4.23 shows a kinked
crack modelled with and without the transformation. As can be observed,
the transformed near-tip function, unlike the function without transforma-
tion, can capture the kinked segments accurately, thus modelling the crack
properly.

(a) Setup (b)Without transformation (c)With transformation

Crack

Figure 4.23.: Transformation for a kinked crack.
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4.9.4. Non-local stress

In this work, the integral that defines the non-local stress (Equation 3.35)
is numerically solved using the same set of GAUSS points and weights in-
volved in the numerical integration of the domain integrals associated with
the virtual works. Then, the non-local stress results from the sum of the lo-
cal stresses 2 8 at the GAUSS points s8 (x8 ), weighted withF8 and the related
area �8

5 according to:

2̃ =
©«
∑
#�

F8�8
ª®¬
−1 ∑

#�

2 8F8�8 , (4.134)

where:

F8 =
1

;
√
2c

exp

(
−A 28
4;2

)
. (4.135)

Herein, #� represents the set of all GAUSS points within the influence radius
' around the crack tip xC (A8 = ‖s8 − xC ‖ < '). Figure 4.24 illustrates the
integration strategy.

In the event that a crack completely crosses the circle defined by the influence
radius, the GAUSS points located beyond it should not be accounted forwhen
evaluating the non-local stress as shown in Figure 4.25. The crack isolates
the regions on both of its sides and, as a consequence, they no longer have
an influence on each other. This assumption was also considered by WANG
et al. [120] for the non-local formulation of the damage model.

Therefore, the GAUSS points located beyond the crack are to be removed
from the set #� . This can be formalised through the following criterion:

the GAUSS point s8 is removed from the set #� if (2(x8 )(2(xC ) < 0,

where (2 is step function associated with the crossing crack.

In the numerical simulations, it is common to take advantage of the axes of
symmetry (when applicable) and, therefore, only part of the specimens are
modelled in order to reduce computational cost. Nevertheless, the part that

5 These terms correspond to the weights associated with the numerical quadrature.
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Figure 4.24.:Non-local stress integration strategy.
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Figure 4.25.:Non-local stress integration strategy for interacting cracks.

was not modelled must be necessarily considered in the estimation of the
non-local stress when the influence radius extends beyond the symmetry
axis. For this purpose, fictitious GAUSS points, corresponding to the sym-
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metrical counterpart of the original GAUSS points, are defined beyond the
axis as shown in Figure 4.26. Then, the coordinates of the fictitious point s̄8 ,
related to the point s8 , are given by:

x̄8 = x8 + 38 n̂, (4.136)

where x8 are the coordinates of the point s8 , n̂ is the normal unit vector to the
symmetry axis and 38 , the minimum distance between s8 and the axis. The
area �̄8 and the stress state 2̄ 8 are the same as those of the original GAUSS
point, but with the component f̄12 being antisymmetric, i.e:

�̄8 = �8 , (4.137)

{f̄11, f̄22, f̄12}8 = {f11, f22,−f12}8 . (4.138)

Finally, the set #� is extended by adding the fictitious GAUSS points satis-
fying the criterion Ā8 < ', and the non-local stress is normally calculated
through the Equation 4.134.

xC

s8

A8

'

eG

e~

38

n̂

s̄8

Ā8

Figure 4.26.:Non-local stress integration strategy for points beyond the symmetry axis.
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4.10. Simulation scheme

The key steps for the simulation of fracture in reinforced concrete structures
within the framework of the proposed extended finite element formulation
are described below. First, the reinforced concrete structure is discretised
into finite elements, and the boundary conditions and the parameter defin-
ing the material models are specified. Reinforcement and existing cracks are
then introduced inside the elements as the union of straight-line segments
following the desire geometry and position. A crack will initiate its propa-
gation at a point, at which the initiation criterion is fulfilled. In this work,
these points are defined in advance. In this way, not the entire domain is
inspected in search of points at which a crack might be initiated, thus re-
ducing computational cost. This is achieved by means of a proper identifica-
tion of the zones/points that are more susceptible to cracking. These points
will be denoted for now on as candidate points. Knowing the reinforcement
and cracks distribution, the nodal enrichment is performed as exposed in the
previous sections and the topology matrix containing the information of the
degrees of freedom belonging to each element is defined. This is used to
assemble the global vectors and matrices. Displacements and/or forces are
applied to the structure and the response is calculated. After the converged
solution is obtained, the criterion for crack initiation is used in each candi-
date point to evaluate whether a crack initiates its propagation at the point
or not. If the criterion is fulfilled, a crack is introduced in the correspond-
ing elements as a straight-line segment of length Δ; (with its origin at the
candidate point) oriented in the direction of the crack propagation angle \? .
Likewise, the crack growth criterion is individually evaluated in each crack
tip. If the growth criterion is met, the crack will be propagated through the
front elements by adding a new straight-line segment of length Δ; along the
orientation given by the angle \? . When a crack reaches the boundary of the
structure, its propagation is arrested at the boundary. The near-tip enrich-
ment is then annihilated and replaced by the step enrichment. Once the new
crack configuration is established, the nodal enrichment is upgraded. Under
the new configuration, the calculated solution does not represent an equilib-
rium state anymore and, therefore, the response of the current loading step
is recalculated. The failure criteria are reevaluated and, if are satisfied, an-
other new crack configuration is obtained. This procedure is repeated until
no candidate point/crack fulfills the failure criteria anymore and an equilib-
rium state is reached. The analysis proceeds then with a new loading step
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Model initialisation

Current loading step

Nodal enrichment strategy

Solve the discrete
equilibrium equation

Crack initiation and
growth criteria,

fulfilled?

Addition of crack segments

Next loading step

yes

no

Figure 4.27.: Key steps for the simulation of fracture in RC structures within the proposed for-
mulation.

and the scheme is repeated. A crack is allowed to grow until its coalescence
with another crack or its intersection with a structure boundary. The flow
chart 4.27 summarises the aforementioned scheme.
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In this chapter, the proposed finite element model is applied to simulate some
representative tests reported in the literature on reinforced concrete struc-
tures. The numerical results are then validated against experimental, numer-
ical and analytical data. The purpose is to demonstrate the effectiveness and
applicability of the model, as well as its robustness and performance. The
analysed tests are listed below:

• pull-out test on an embedded reinforcing bar,

• single shear pull-out test on an externally bonded sheet,

• RC tensile member,

• tensile member strengthened with steel fibres,

• RC three-point bending beams,

• RC four-point bending beam,

• RC three-point bending beam externally strengthened with
CFRP-sheets,

• four-point bending beam strengthened with steel fibres,

• RC walls.

Furthermore, a sensitivity analysis is carried out in order to determinate how
sensitive is the numerical model to the finite element discretisation and to
the density of candidate points.
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5.1. Preliminary considerations

In all numerical simulations, plane stress conditions are considered and load-
ing is applied via prescribed displacements. The numerical integration is
carried out using 7 and 3 GAUSS points for the triangular elements (sub-
triangles included) with and without near-tip enrichment, respectively. For
quadrilateral elements, 9 and 4 points are used instead. The line integrals
are evaluated using 7 points. The penalty parameter n# is set to 108 N/mm
for all penalty formulations. The convergence tolerance V of the incremental
iterative procedure is taken to be equal to 0.001.

Regarding the cohesive crack model, the softening functions defined in Equa-
tions 3.24 and 3.30 are assumed for all tests. The unloading/reloading path
follows a linear relationship to/from the origin, i.e. : = C= <0G/^ in Equation
3.29. The shear stiffnesses30 and31 are considered equal to 1 N/mm and 10−4

N/mm, respectively. In the absence of data, the specific fracture energy � 5

may be estimated according to [45] from:

� 5 = � 50

(
52/520

)0.7
, (5.1)

where 520 = 10 MPa. � 50
is the base value of the fracture energy, which

depends on the maximum aggregate size 3max as given in Table 5.1.

Table 5.1.: Base value of the fracture energy�50
.

3max [mm] � 50
[N/mm]

8 0.025
16 0.030
32 0.058

Likewise, the strain n23 is evaluated in accordance with [47] if no data is
available. The values determined in this way are marked with an asterisk (*)
in the tables that summarise the material properties of the concrete.

As stated in Section 3.5, the geometry of the bars, as well as their position
and orientation, influence the bond behaviour. For this reason, constitutive
bond laws are defined separately for each reinforcement layer. The parame-
ters defining the bond-slip relationship are calculated according the CEB-FIP
MODEL CODE 2010 for good bond conditions. The clear distance between
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5.1. Preliminary considerations

ribs is estimated as follows: 22;40A = 0.4q , if no information is available.
For the stirrups (transverse bars), a pull-out failure is assumed. In all cases,
U = 0.4 as stated in the code.

For the evaluation of the tangent matrices Q2>ℎ and Q1>=3 , the tangent stiff-
ness matrices mT/mΩ and mZ/mW are replaced by the secant stiffness matri-
ces T/Ω and Z/W, respectively, since this approach leads to a most stable
convergence1. These are defined in terms of the secant moduli as:

T

Ω
=

[ C=
l=

0
CB
l=

CB
lB

]
, (5.2)

Z

W
=

[
f
F

0

0 g
B

]
. (5.3)

The non-local stress is calculated using an influence radius ' = 2.25;2 as
proposed by HETTICH [56] and a length ; = 3;2 , where ;2 is the characteristic
length of the element containing the crack tip. The characteristic length is
considered to be equal to the distance from the element centroid to the most
distant element node.

Furthermore, each new added straight-line segment is considered to have a
length Δ; equal to the characteristic length of the element containing the
crack tip or the candidate point under consideration.

The finite element meshes used in the simulations, as well as their corre-
sponding candidate points (red circles), are shown in Appendix A. As can be
seen, the candidate points are defined at the structure edges that are more
susceptible to tensile failure due to crack formation.

1 During the preliminary numerical simulations, the tangent matrices evaluated by means of
the tangent stiffness matrices leaded to convergence difficulties. In most cases, the solution
diverged. These difficulties are avoided using the secant stiffness matrices.
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Test specimen
200x200x200 mm3

Reinforcing bar

36 mm

�

Figure 5.1.: Test setup of the pull-out test performed by LETTOW [70]. All dimensions in mil-
limetres.

5.2. Pull-out tests

5.2.1. Embedded reinforcing bars

The first example deals with one of the pull-out tests performed by LETTOW
[70]. The test specimen corresponds to a cube with 200 mm sides with an
embedded steel bar of 12 mm diameter subjected to a pull-out load. The re-
inforcing bar is positioned at the centre of the specimen with an embedment
length of 3q = 36 mm. This length prevents the yielding of the bar before
its pull-out. The test setup is illustrated in Figure 5.1. The mechanical prop-
erties of the reinforcing bar are � = 200000 MPa and a = 0.3, while for the
concrete are � = 26287 MPa and a = 0.2.

The finite element model is built with 980 4-nodes quadrilateral elements
as shown in Figure 5.2. The bar (blue line) is extended over supplementary
elements, which serve as support for the modelling of the bar outside the
concrete bulk and allow the application of the load to the bar. Two elements
are defined in this way, namely, a load element (light grey element) and an
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5.2. Pull-out tests

Figure 5.2.: Finite element mesh of the pull-out test (980 4-nodes quadrilateral elements).

empty element (dark grey element). The prescribed displacements are ap-
plied to the load element (on the nodes marked with red circles). The rest
of the elements correspond to the concrete bulk (including those elements
crossed by the crack). Perfect bond is assumed within this element, thus
ensuring that both the bar and the element act monolithically. In order to
guarantee that the forces are transferred to the concrete exclusively through
the reinforcing bar, an element without stiffness (empty element) is placed
between the load element and a concrete bulk element. The stiffness is ne-
glected by setting the thickness ℎ or the modulus � equal to 0. Additionally,
the bond must be also negligible along the empty element. This procedure
is employed in all tests in which the load is applied directly to the reinforce-
ment. The compressive failure of concrete is not considered in this test.

The parameters that define the bond stress-slip relationship are the same
used by LETTOW and are presented in Table 5.2. The normal relative dis-
placementF is assumed to be negligible.

Table 5.2.: Parameters for the bond stress-slip relationship (pull-out test).

B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]
0.77 1.37 7.5 11.5 4
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The global response of the specimen can be also analytically obtained by
solving the differential equation that governs the bond behaviour [103]2. In
Figure 5.3, the computed response, given in terms of the applied load as func-
tion of the slip (equal to the prescribed displacement), is compared with the
experimental and analytical solution. The results are in good agreement.
Moreover, the analytical and numerical curves are almost identical, show-
ing that the X-FEM approach can be used as an alternative for the modelling
of embedded reinforcing bars.

Figure 5.3.: Slip versus applied load curve (pull-out test).

5.2.2. Externally bonded reinforcement

The use of the HEAVISIDE enrichment for themodelling of bonded reinforce-
ment is validated by means of a Single Shear Pull-Out Test (SSPOT). The test
comprises a concrete block with one FRP sheet bonded on one of its sides as
shown in Figure 5.4. The sheet has a width of 40 mm and a thickness of 0.05
mm. The dimensions of the specimen are chosen in such a way as to ensure
the maximum bonded length. The modulus of elasticity and the POISSON’s

2 A more detailed description can be found in [Walendy2019, 5]
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ratio of the concrete block are 26287 MPa and 0.2, respectively; while for the
FRP sheet these are equal to 100000 MPa and 0.3, respectively.

%,D

15

150

ℎ = 40

Sheet 0.05x40 mm2

Figure 5.4.: Test setup of the single shear pull-out test. All dimensions in millimetres.

The model is built with 1002 4-nodes quadrilateral elements. The parameters
defining the bond stress-slip relationship are summarised in Table 5.3. The
compressive failure of concrete is not considered in this test.

Table 5.3.: Parameters for the bond stress-slip relationship (SSPOT).

B1 [mm] B2 [mm] g<0G [MPa]
0.5 1.0 1.0

The force transferred to the system is plotted as a function of the displace-
ment prior to debonding of the sheet in Figure 5.5. As can be seen, the nu-
merical results agree with the analytical results almost perfectly, both in the
linear-elastic and the softening branch. As in the case of the reinforcing bar,
the analytical solution can be obtained from the differential equation that
governs the bond behaviour [Walendy2019, 5, 103].

Figures 5.6 and 5.7 show the slip and bond stress profiles along the bonded
length at maximum load, where an excellent agreement between the numer-
ical and analytical results is observed. The proposed alternative can repro-
duce the expected behaviour quit well.
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Figure 5.5.: Slip versus applied load curve (SSPOT).
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Figure 5.6.: Slip profile at maximum load (SSPOT).

5.3. Tensile members

5.3.1. RC tensile member STS12

This numerical simulation corresponds to the tensile member STS12 tested
by WU et al. [124]. The specimen consists of a 100x100x1100 mm3 concrete
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Figure 5.7.: Bond stress profile at maximum load (SSPOT).

prism reinforced with a single reinforcing bar placed at the centroid of the
cross section as shown in Figure 5.8. The bar is subjected to a monotonically
increasing deformation up to its yielding.

%

1100 100

100
q12

Figure5.8.:Test setup of the RC tensile member STN12 tested byWU et al. [124]. All dimensions
in millimetres.

The mechanical properties according to the authors are summarised in Ta-
bles 5.4 and 5.5 .

Table 5.4.:Mechanical properties of the concrete (STN12).

� [GPa] a 52 [MPa] 5C [MPa] � 5 [N/mm]
22.4 0.2 21.6 2.04 0.051∗

The model is built with 670 4-nodes quadrilateral elements. Due to the sym-
metry conditions, only half of the test specimen ismodelled. In order to avoid
shear interlocking, the reinforcing bar is treated as an externally bonded re-
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Table 5.5.:Mechanical properties of the reinforcement (STN12).

� [GPa] a 5~ [MPa]
200 0.3 520

inforcement with the total cross area �, and the contact areas �= and �C

reduced by half. The parameters that define the bond stress-slip relation-
ship are summarised in Table 5.6. The compressive failure of concrete is not
considered in this test.

Table 5.6.: Parameters for the bond stress-slip relationship (STN12).

B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]
1 2 5 11.61 4.64

A comparison of the experimental and numerical applied load vs average
strain curves is shown in Figure 5.9. The measured average strain was calcu-
lated as the quotient between two points on opposite sides of the specimen
divided by the distance between them (890 mm). The numerical average
strain is determined in a similar fashion. A good agreement between the
results is observed. The model can accurately capture the initial stiffness
increment and its further degradation once cracking starts.

Every drop in the curves is related to the formation of a crack. The model
predict 5 primary cracks, which is in an excellent agreement with the experi-
mental results. The numerical model provides also excellent results in terms
of both the time at which cracks onset during the loading process and the
spacing between them. Figure 5.10 compares the numerical and experimen-
tal crack pattern at the time of failure.

Table 5.7 summarise the predicted and experimental average and maximum
crack width at the load stages 40 kN and 50 kN. Each crack width calculated
by the numerical model is obtained as the average opening along the crack.

Figure 5.11 shows the force distribution in the steel bar along the member
at two different load stages (40 kN and 50 kN). The variation of steel forces
along the specimen predicted by the numerical model is in good agreement
with the measured variation, being this able to reproduce the expected be-
haviour. It can be seen in the figures that the steel force reaches its maxi-
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Figure 5.9.:Average strain versus applied load curve (STN12).

(a) Experimental crack pattern.

12 34 5

(b)Computed crack pattern.

Figure 5.10.: Final crack pattern (STN12).

Table 5.7.:Crack widths at different load stages (STN12).

Average crack width [mm] Maximun crack width [mm]

Load stage Experiment Present Experiment Present
40 kN 0.185 0.244 0.300 0.255
50 kN 0.200 0.312 0.375 0.330

mums (equal to the current applied force) at the cracks, and its minimums at
the mid-way between them, which match well with the observations.
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(b) % = 50 kN.

Figure 5.11.: Steel force profile at different stages of loading (STN12).

5.3.2. Fibre reinforced uniaxial tensile member

Bending and uniaxial tensile tests on concrete members reinforced with steel
fibres were performed by SORELLI et al. [112]. Two different types of steel
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fibres were tested in four different combinations. This work focuses on the
analysis of the specimens strengthened with 30 kg/m3 (corresponding to a
volume fraction of 0.38%) of fibres of 0.18 mm in diameter and 12 mm long
randomly distributed.

In this particular example, the uniaxial test is analysed. The test specimen
corresponds to a concrete prism with a central notch reinforced with steel
fibres. The geometry and the loading conditions are shown in 5.12. The
thickness of the prisms is equal to 40 mm. The notch has a depth of 15 mm
and a width of 4 mm. The results concerning one of the bending tests are
presented later in this chapter.

% %
100

100 100

85

ℎ = 40

Figure 5.12.: Test setup of the uniaxial test performed by SORELLI et al. [112]. All dimensions
in millimetres.

Due to the high sensitivity of the global response of the structure to the num-
ber of fibres in the cracked section, the authors have also reported the aver-
age fibre density in this area (number of fibres in the cracked section per unit
area), corresponding to 3.02 fibres/cm2. This last value is used in the analysis.
The modulus of elasticity and the POISSON’s ratio of the fibres are equal to
210000 MPa and 0.3, respectively. The mechanical properties of the concrete
used in the numerical simulation are summarised in Table 5.8. Only the mod-
ulus of elasticity and the compressive strength were reported by SORELLI et
al., the rest of the parameters were determined by means of the best fitting
procedure on the test response for plain concrete conditions.

Table 5.8.:Mechanical properties of the concrete (uniaxial test).

� [GPa] a 52,2D14 [MPa] 5C [MPa] � 5 [N/mm]
25.1 0.2 28.3 2.6 0.1
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Figure 5.13.: Finite element mesh of the uniaxial test (317 4-nodes quadrilateral elements).

The finite element model is built with 317 4-nodes quadrilateral elements.
The finite element mesh and the fibres orientation are shown in Figure 5.13.
Considering that the crack is initiated at the notch tip and grows across the
centre of the specimen, only the fibres located within this zone are mod-
elled, since only these are going to be activated as the crack propagates. The
number of fibres distributed along the cracked section, according to the fibre
density given above, is about 102. Only half of them are explicitly modelled
in order to reduce computational cost. The rest is included in the total cross
area of each fibre by taking the amount of reinforcement rods =q equal to 2.
The bond law is defined according to the parameters indicated in Table 5.9,
which were also determined via a best fitting procedure. The compressive
failure of concrete is not considered in this test.

Table 5.9.: Parameters for the bond stress-slip relationship (uniaxial test).

B<0G [mm] U g<0G1 [mm] g<0G2 [MPa] g5 [MPa]
0.01 20 5 3 2.25

Figure 5.14 shows the response of the prism in terms of the applied load and
the Crack Tip Opening Displacement (CTOD). Likewise, Figure 5.15 illus-
trates the response the unstrengthened prism (plain concrete). The experi-
mental results are depicted in the figure as the region between the solid black
lines. It can be noticed that both the cohesive and bond laws provide a good
fit for the experimental results.

The influence of the fibre orientation and fibre volume on the global response
of the uniaxial test analysed above is compared in Figure 5.16. The measured
response is also illustrated. The same test setup and material parameters are
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Figure 5.14.:Displacement versus applied load curve (strengthened uniaxial test).

Figure 5.15.:Displacement versus applied load curve (unstrengthened uniaxial test).

then used. Five fibres configurations are considered: fibres oriented at an
angle of 0◦, 45◦ and 90◦ with respect to the horizontal axis, having the same
fibre volume as from the original test; and fibres with the double and half
of the measured fibre volume oriented according to the original distribution.
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As can be seen, the specimen behaves stiffer with increasing fibre volume.
On the other hand, as the fibres align with the crack, their influence on the
structure is reduced to the point where, at an angle of 90◦, the prism behaves
as its unstrengthened counterpart (the curve of the plain concrete test is in
fact overlapped with the curve related to the test with the fibres aligned with
the crack). The model can reproduce quite well the expected behaviour.

Figure 5.16.: Influence of fibre volume and orientation on the global response of the uniaxial
test.

5.4. Beams

5.4.1. RC three-point bending beams T5A1 and T6A1

The tests correspond to the three-point bending beams T5A1 and T6A1 con-
ducted by BOSCO et al. [22], which comprise simply supported beams sub-
jected to a monotonically increasing load % at their centres. The test setup
and the dimensions of the specimens are illustrated in Figure 5.17. The beams
differ only in the amount of tensile reinforcement. Hence, specimen T5A1
was tested up to the failure of the lower reinforcement, while specimen T6A1,
to the failure due to concrete crushing.
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Figure 5.17.: Test setup of the RC beams T5A1 and T6A1 tested by BOSCO et al. [22]. All
dimensions in millimetres.

The material properties are taken from [2, 99] and are listed in Tables 5.10
and 5.11.

Table 5.10.:Mechanical properties of the concrete (T5A1 and T6A1).

� [GPa] a 52 [MPa] 5C [MPa] � 5 [N/mm] n23 [%]
28 0.2 32 2.5 0.1 −2.3

Table 5.11.:Mechanical properties of the reinforcement (T5A1 and T6A1).

� [GPa] a 5~ [MPa] 5D [MPa] � [MPa]
200 0.3 587 672 829

The model is built with 1282 4-nodes quadrilateral elements. Due to the sym-
metry conditions, only half of the test specimen is modelled.

Table 5.12.: Parameters of the bond stress-slip relationship (T5A1 and T6A1).

B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]
q12 0.43 0.43 2.4 9.39 3.76
q10 1 1 2 13.18 5.28
q6 1 1 2.4 16.77 6.71

In Figure 5.18, the numerical and experimental load vs mid-displacement
curves are compared, where a good agreement between the results can be
observed. Regarding the specimen T5A1, the predicted response agrees rea-
sonably well with the experimental results. The numerical model predicts
likewise a fracture of the lower reinforcing bar, however, at a higher load
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and deflection. The computed and experimental ultimate failure loads are
112.1 kN and 100.9 kN, respectively. With respect to the specimen T6A1, the
numerical model can capture very well the ascending part of the curve, but
fails to estimate the onset of yielding, underestimating the beginning of the
plastic range. Due to the limitations present in the damage model exposed in
Section 3.3 regarding the stress-strain relationship, the numerical model is
not capable of predicting compressive failure. Therefore, the model is loaded
up to the displacement at which concrete crushing starts in the specimen
(∼ 68 mm).
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Figure 5.18.:Mid-displacement versus applied load curve (T5A1 and T6A1).

Figures 5.19 and 5.20 show the predicted and observed final crack patterns.
The location and orientation of the predicted cracks are in good agreement
with the experimental results. In both the tests and the numerical models,
the difference in the amount of reinforcement causes different crack patterns.
With a lower degree of reinforcement (T5A1), the beam response is charac-
terised mainly by the presence of flexural cracks, whereas, with double the
amount (T6A1), by the onset of inclined shear cracks. Furthermore, as can
be seen in the measured pattern, some cracks abruptly change their curva-
ture as they propagate. This behaviour can be reasonably reproduced by the
model.

In Figure 5.21, the axial stress of the lower bar is shown at different load
stages (displacements). As can be observed, the stress increases gradually
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(a) Experimental crack pattern.

C 1

C 2

(b)Computed crack pattern.

Figure 5.19.: Final crack pattern (T5A1).

(a) Experimental crack pattern.

(b)Computed crack pattern.

Figure 5.20.: Final crack pattern (T6A1).

as the load increases until the yield strength is exceeded. Beyond this point,
the reinforcement exhibits some degree of hardening, accompanied by large
plastic strains, until tensile failure occurs. The stress peaks are reached at
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the main cracks. The plastic response of the reinforcing bars can be nicely
replicated by the numerical model.
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Figure 5.21.:Axial stress profile of the lower bar at different load stages (T5A1).

Figure 5.22 illustrates the evolution of the predicted crack opening of the two
wider cracks (see Figure 5.19), measured at the concrete surface, as the load
increases. The maximum crack widths reached are equal to 11.0 mm and 11.3
mm for the crack 1 and 2, respectively. It should be noted that the ultimate
tensile strength in the bar is reached at the widest crack (crack 2).

Figure 5.23 shows the local slip and bond stress profiles along the lower bar
at the time of failure, where the large slip values and the deterioration of the
bond strength in the plastic zone are plain to see.

5.4.2. RC four-point bending beam

The following simulation corresponds to the simply supported beam per-
formed by JASON et al. [62] under four point bending. Two identical spec-
imens were tested. Therefore, the experimental results are taken from the
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Figure 5.22.:Crack width history of the main cracks (T5A1).

Figure 5.23.: Slip and bond stress profiles of the lower bar at the time of failure (T5A1).

mean values. Figure 5.25 illustrates the beam dimensions, reinforcing detail-
ing and test setup. There are no stirrups in the pure bending zone in order
to avoid any perturbation in the crack pattern.

The finite element model is built with 1080 4-nodes quadrilateral elements.
Due to the symmetry conditions, only half of the test specimen is modelled.
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�

Figure 5.24.:Compressive failure pattern (T6A1).
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Figure 5.25.: Test setup of the RC four-point bending beam tested by JASON et al. [62]. All
dimensions in millimetres.

The reinforcing steel and concrete properties according to the authors are
given in Tables 5.13 and 5.14, while the parameters that define the bond
stress-slip relationship are summarised in Table 5.15.

Table 5.13.:Mechanical properties of the concrete (4PBT).

� [GPa] a 52 [MPa] 5C [MPa] � 5 [N/mm] n23 [%]
29.8 0.2 39 2.5 0.1 −2.4∗

Table 5.14.:Mechanical properties of the reinforcement (4PBT).

� [GPa] a 5~ [MPa] 5D [MPa] � [MPa]
190 0.3 550 590 828

The global response of the beam is shown in Figure 5.26 in terms of the total
applied load as function of the vertical displacement at the top mid-span. A
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Table 5.15.: Parameters of the bond stress-slip relationship (4PBT).

B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]
q12 0.47 0.47 0.57 11.58 0.12
q8 0.87 0.87 1.05 14.8 0.15
q6 1 2 2.4 15.61 6.24

good agreement between the numerical (present) and experimental results
is observed, in both the elastic and post-cracking branch. The present model
slightly overestimates the onset of cracking as well as the displacement at
the ultimate load (plastic flow). By way of comparison, the numerical results
obtained by JASON et al. [62] using a damaged plasticity model are also
presented.
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Figure 5.26.: Load-displacement response (4PBT).

Figure 5.27 compares the deformed shapes along the pure bending zone at
the load of 36 kN. The vertical displacements were measured through twenty
sensors located at 35 mm from the bottom. The predicted values are calcu-
lated at the same locations. Due to the fact that the numerical model be-
haves stiffer than the test specimen, the 36 kN are reached at a lower mid-
displacement and, therefore, the numerical deformed shape is higher. At the
same mid-displacement, the present model provides a closer agreement than
the model used by JASON et al.
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Figure 5.27.:Deformed shape at the load of 36 kN (4PBT).

Image correlation technique were used by JASON et al. within the pure
bending zone to obtain precise information concerning the cracking prop-
erties. In this regard, Figure 5.28 depicts the computed crack pattern (at the
load stage 36 kN), which agrees reasonably well with the experimental pat-
tern. Note that the symmetry of the model is used to represent the predicted
crack pattern. Due to the constant moment within this zone, the cracks fol-
low a straight path as the load increases. 12 cracks are predicted compared
with the 12.5 obtained in the test. The experimental value corresponds to
the mean values measured on the two tested beams. For this reason a non
integer number is obtained.

Table 5.16 summarises the computed and experimental crackwidths (average
and maximum values) as well the average spacing and the number of cracks
at three characteristic load stages (20 kN, 25 kN and 36 kN). Cracking begins
to occur early in the test and, at a load of 20 kN, the specimen has already
10 cracks compared with the 6 predicted by the model, which results in a big
discrepancy between the data. However, the differences tend to decrease as
the load increases and the present model provides a closer agreement in the
last stages.

Figure 5.29 shows a comparison between the experiment and the simulation
on the horizontal displacement along the specimen within the pure bending
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(a) Experimental crack pattern.

(b)Computed crack pattern.

Figure 5.28.:Crack pattern at the load of 36 kN (4PBT).

Table 5.16.:Crack properties (4PBT).

No. of Cracks Avg. value [mm] Max. value [mm] Avg. spacing [mm]

Load stage Exp. Present Exp. Present Exp. Present Exp. Present
20 kN 10 6 0.054 0.106 0.114 0.115 160 265
25 kN 10.5 10 0.100 0.127 0.188 0.164 155 147
36 kN 12.5 12 0.186 0.197 0.298 0.249 110 120

zone. The jumps along the curve can be identified with the cracks opening.
The computed curves agree well with the experimental results.

5.4.3. RC three-point bending beam VVBS3

Specimen VVBS3 was conducted by ZILCH et al. [132] as a three-point bend-
ing test. The test setup with the corresponding dimensions is shown in Fig-
ure 5.30. The beam was strengthened in flexure with a CFRP sheet, with a
width and a thickness of 100 mm and 1.4 mm, respectively. The sheet was
externally bonded to the concrete surface using an epoxy resin, 100 mm from
the supports axis.

A summary of the mechanical properties for concrete and reinforcing steel
according to the authors is given in Tables 5.17 and 5.18. The modulus of
elasticity and the POISSON’s ratio of the CFRP sheet are 170800 MPa and
0.3, respectively. The parameters for the bond-slip relationship (for both re-
inforcing bars and the sheet) are listed in Table 5.19. The finite elementmodel
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Figure 5.29.:Horizontal displacements along the pure bending zone (4PBT).
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Figure 5.30.: Test setup of the RC beam VVBS3 tested by ZILCH et al. [132]. All dimensions in
millimetres.

is built with 1551 4-nodes quadrilateral elements. Symmetry conditions are
used.

Table 5.17.:Mechanical properties of the concrete (VVBS3).

� [GPa] a 52 [MPa] 5C [MPa] � 5 [N/mm] n23 [%]
24 0.2 28.2 2.9 0.052∗ −2.3∗

The ARAMIS measuring system of the GOM company was used to contin-
uously measure both the deformed shape and the crack pattern over time.
Furthermore, 20 strain gauges were attached along the sheet length in order
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Table 5.18.:Mechanical properties of the reinforcement (VVBS3).

� [GPa] a 5~ [MPa] 5D [MPa] � [MPa]
q16 203.3 0.3 510 646.5 1085
q20 204 0.3 513.3 616.2 810
q10 196.6 0.3 445.6 572.6 1669

Table 5.19.: Parameters of the bond stress-slip relationship (VVBS3).

B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]
q16 0.72 0.72 6.4 11.54 4.61
q20 0.36 0.36 8 8.72 3.49
q10 1 2 4 13.27 5.31

Sheet 0.02 0.25 − 6.47 −

to measure the strains. In this regard, Figure 5.31 shows the measured and
the numerical load-deflection curves. The proposed model can predict quite
well the global response of the structure. The response for the unstrength-
ened case is also depicted.
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Figure 5.31.:Mid-displacement versus applied load curve (VVBS3).

A sudden debonding failure takes place in a range of approximately 200 ∼
600 mm to the left of the centre of the beam at a load of 168.8 kN and a de-
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flection of 23.0 mm. At this point, the maximum crack width reaches a value
equal to 0.9 mm, while the elongation of the sheet takes a maximum of 6.2
mm/m. The debonding of the external reinforcement is followed by a drop in
the load. The numerical model predicts likewise a debonding failure, which
occurs in a range of approximately 200 ∼ 450 mm at a load of 169.4 kN and
a deflection of 23.1 mm. Figure 5.36 shows the slip profile along the sheet at
the time of failure (the straight black lines mark the the ultimate slip), where
the debonding zone can be identified. The calculated maximum crack width
and elongation are 0.8 mm and 7.1 mm/m, respectively, which match well
with the observations. Furthermore, the model provides also good results
regarding the descending branch as well as the unloading curve. Compared
with the unstrengthened case, the presence of the sheet improves substan-
tially the load-carrying capacity of the beam. Note that once full debonding
occurs, the response curves overlap each other.

In Figure 5.32, the crack pattern obtained at the end of the test is compared
with the numerical results. The distribution and orientation of the predicted
cracks agree well with the experiments. The presence of the external re-
inforcement favours the formation of more cracks in comparison with the
unstrengthened counterpart, see Figure 5.32 (c). It should also be mentioned
that the cracks coalescence present on the measured crack pattern may be
successfully reproduced by the junction enrichment exposed earlier in this
work.

Figures 5.33 and 5.34 illustrate the deformed shapes and the axial strain distri-
bution along the sheet for different load stages, respectively. A good agree-
ment between both the numerical and the experimental results can be ob-
served. The predicted strains are calculated in correspondence with the lo-
cation of the 20 gauges.

The axial stress profiles of the lower reinforcing bar and the sheet are com-
pared for different load stages in Figure 5.35. The straight black line indicates
the elastic limit. The stresses increase gradually during loading and along the
specimen by increasing deflection up to the point where the bar reaches the
yield strength. It can be observed that beyond this point the increasing force
across the section can only partially be taken by the bar and, therefore, the
stress in the sheet increases considerably. Due to the lower cross area of
the sheet compared to that of the bar (ratio of 2.87), the peaks observed at
the cracks location are sharper in the sheet profile. Once debonding failure
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(a) Experimental crack pattern.

(b)Computed crack pattern (strengthened).

(c)Computed crack pattern (unstrengthened).

Figure 5.32.: Final crack pattern (VVBS3).

occurs, the stress in the bar is drastically reduced and reaches values simi-
lar to those of the unstrengthened beam profile. Note that the sheet stress
remains constant along the section between the 1700 mm and 1950 mm,
where debonding has already began (compare with Figure 5.36). Within this
section the bond stress drops to zero and, consequently, no further force is
transferred to the sheet from the adjacent concrete.

5.4.4. Fibre reinforced four-point bending beam

This simulation concerns one of the four point bending test performed by
SORELLI et al. [112]. The specimen consists of a 100x320x40 mm3 concrete
beam with a span length of 300 mm and a distance between the load points
of 100 mm as illustrated in Figure 5.37. The mechanical properties of the
concrete and the fibres as well as the bond stress-slip relationship are the
same used in the tensile test analysed earlier in this chapter, which were de-
termined by means of a best fitting procedure. The strain n23 takes the value
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Figure 5.33.:Deformed shape at different load stages (VVBS3).

Figure 5.34.:Axial strain profile along the sheet at different load stages (VVBS3).

−2.3% according to the code. The model is built with 437 4-nodes quadrilat-
eral elements. In this case, the fibre density measured in the cracked section
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Figure 5.35.:Axial stress profile of the lower bar and the sheet at different load stages (VVBS3).
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Figure 5.36.: Slip profile of the lower bar at different load stages (VVBS3).
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amounts to 3.43 fibres/cm2, corresponding to 116 fibres. As in the tensile test
model, only half of the fibre are explicitly modelled.
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Figure 5.37.:Test setup of the fibre reinforced four point bending beam performed by SORELLI
et al. [112]. All dimensions in millimetres.

The applied load as a function of the CTOD for both the strengthened and
the unstrengthened beams are shown in Figure 5.38 and 5.39, respectively.
The results measured in the tests are also depicted. The cohesive and bond
laws determined from the tensile test provide a fairly good approximation
between both the predicted and the experimental data.

Figure 5.38.:Displacement versus applied load curve (strengthened 4PBT).
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Figure 5.39.:Displacement versus applied load curve (unstrengthened 4PBT).

5.5. Walls

5.5.1. RC walls C1 and C2

This example deals with some of the tests conducted by LU et al. [79], which
comprised six RC walls subjected to a pseudo-static cyclic loading. Only
walls C1 and C2 are considered in this analysis. The wall specimens had all
the same dimensions, but differ from one another in the loading conditions,
specifically, in the shear span ratio (the ratio between the shear span height
and the wall length). Figure 5.40 illustrates the test setup for the numerical
simulation. Wall C1 presents a shear span ratio equal to 2, while wall C2,
equal to 4. In order to achieve a shear span ratio of 4, an additional moment,
calculated on the basis of the output of the lateral load, is applied to the
wall. Both walls are subjected to a constant axial load of 290 kN, which is
modelled as a distributed load @ along the top of the wall as shown the figure.
The magnitude of the distributed load @ is then equal to 207.1 N/mm. A rigid
body is used to model the steel loading beam. For the wall C1, having a span
ratio of 2, the height of the loading beam is the same as that used in the test,
i.e. ℎ = 170 mm. For the wall C2, the additional moment is introduced by
increasing the height of the beam in 2400 mm, i.e. ℎ = 170 + 2400 = 2570
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mm. The cyclic lateral loading sequence used in the test consists of a drift-
controlled mode at the following drift increments: 0.2, 0.25, 0.35, 0.5, 0.75,
1.0, 1.5, 2.0, and 2.5%.
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Figure 5.40.: Test setup of the RC walls C1 and C2 tested by LU et al. [79]. All dimensions in
millimetres.

The mechanical properties of the concrete and the reinforcement according
to the measured values are listed in Table 5.20 and 5.21 .

The model is built with 1580 4-nodes quadrilateral elements. The parameters
that define the bond stress-slip relationship are summarised in Table 5.22. In
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Table 5.20.:Mechanical properties of the concrete (walls C1 and C2).

Test wall � [GPa] a 52 [MPa] 5C [MPa] � 5 [N/mm] n23 [%]
C1 26.0 0.18 38.5 2.88 0.077∗ −2.4∗
C2 27.5 0.18 34.5 2.53 0.071∗ −2.3∗

Table 5.21.:Mechanical properties of the reinforcement (walls C1 and C2).

� [GPa] a 5~ [MPa] 5D [MPa] � [MPa]
q6 200 0.30 300.6 461.8 0
q10 200 0.30 300.0 409.0 0

the tests, the vertical reinforcement was extended out of the top of the walls
and secured to the steel loading beam. Therefore, perfect bond is assumed in
the model for those parts of the reinforcing bars within the loading beam.

Table 5.22.: Parameters of the bond stress-slip relationship (walls C1 and C2).

Test wall B1 [mm] B2 [mm] B3 [mm] g<0G [MPa] g5 [MPa]

C1
q10 0.89 0.89 2 14.79 5.91
q6 1 2 2.4 15.51 6.20

C2
q10 0.95 0.95 2 14.38 5.75
q6 1 2 2.4 14.68 5.87

Figures 5.41 and 5.42 compare the computed basemoment-displacement curves
with the experimental data for the walls C1 and C2, respectively. The model
can reproduce fairly well the measured response up to a lateral drift of ±1.5%
prior to the degradation caused, mainly, by the buckling of the vertical rein-
forcement and, to a lesser extent, by the inherently wear due to the continu-
ous load/unload cycles. These discrepancies presented in the last drift cycles
(±2.0% and ±2.5%) are attributed to the limitations of the material models
used in the simulations. As stated in Sections 3.2.1 and 3.5.2, the material
models employed do not consider the stiffness degradation under cyclic load-
ing. Furthermore, the constitutive model defined for the reinforcing steel
under compression does not take into account the effect of buckling and its
subsequent influence on the structure. Despite this, the cyclic response is
captured with reasonable accuracy. The unloading stiffness and the resid-
ual drift due to plastic deformation of the bars are properly represented. It
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should be noted that the predicted results are in agreement with the numer-
ical results reported in [78].

(a) Test.
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Figure 5.41.:Moment-displacement responses (wall C1).
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Figure 5.42.:Moment-displacement responses (wall C2).

The measured and predicated reinforcement strains of the corner vertical
reinforcements (west and east sides) at ±1.5% of the lateral drift are shown
in Figure 5.43. The average strains were measured using 10 displacement
gauges welded onto the vertical reinforcement over a 150 mm gauge length.
Therefore, the computed strains are obtained at the same locations in a sim-
ilar fashion. The measurement were significantly affected by the crack dis-

132



5.5. Walls

tribution and the gauge length, which may have affected the results. In spite
of this, the numerical results can be considered to be in a good agreement
with the measured results. The same tendency is to be observed along the
bars, the strains remain low in the upper section and large strains occur at
the wall base at the location of the main cracks.
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(a)Wall C1.
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(b)Wall C2.

Figure 5.43.: Reinforcement strain profiles at ±1.5% of the lateral drift (walls C1 and C2).

The final crack patterns documented during the tests are compared with the
predicted crack patterns in Figures 5.44 and 5.45. A good agreement can be
observed. The walls response was dominated by three or four main flexural
cracks forming in the lower third of the walls on both sides, with the bottom
crack opening the widest (> 20 mm) as the lateral drift cycles increased.
Moreover, due to the higher shear span ratio, the crack pattern of wall C2
extends up to the upper third. This behaviour is accurately captured by the
model. The coalescence of cracks can be also nicely replicated.

The compressive failure pattern in the wall C2, characterised by the damage
variable � , is depicted in Figure 5.46. The dark color corresponds to a high
damage level, close to 1. The damage profile can be reasonably captured by
the numerical model, at least with regard to the location of the damage. The
damage variable reaches a maximum of 0.93 at the bottom right corner of
the wall, which is equivalent to reduce the the elastic modulus by 93%. The
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(a) Experimental crack pattern. (b)Computed crack pattern.

Figure 5.44.: Final crack pattern (wall C1).

degree of deterioration reached by the test is higher, to the point of detach-
ment of the concrete cover as shown in Figure 5.44 (a) (hatched zone). This
discrepancy is due to the choice of the stress-strain relationship presented in
Section 3.3, which does not consider the softening behaviour experienced by
the concrete once the compressive strength is exceeded.

5.6. Sensitivity analysis

A sensitivity analysis is performed in order to determinate how sensitive is
the structure response and, particularly, the crack path to the element type,
mesh size and density of candidate points with respect to the proposed finite
element formulation. The four-point bending beam tested by JASON et al.
and studied in Section 5.4.2 is used for the analysis.

Two different element types are considered in the analysis, namely, a three-
node triangular element and a four-node quadrilateral element. For each
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(a) Experimental crack pattern. (b)Computed crack pattern.

Figure 5.45.: Final crack pattern (wall C2).

type, a coarse and a fine mesh are generated. The fine mesh has two times
as many elements as the course one. The triangular meshes are built so that
they have approximately the same number of nodes than the quadrilateral
ones. Thus, four different discretisations are analysed. The candidate points
considered are depicted in Figures A.4-A.7. In addition, two more points
distributions are studied in the quadrilateral fine mesh as shown in Figure
A.5, corresponding to half and third of the original points.

The beam response is not significantly affected by the variables analysed as
illustrates Figure 5.47. The curves agree fairly well with each other and with
the experimental results. Slight differences are observed towards the end of
the simulation, where the coarse meshes exhibit a stiffer behaviour.

The crack patterns at a load of 36 kN are illustrated in Figure 5.48. As can be
observed, the cracks distribution is influenced by the discretisation and by
the candidate points configuration. However, this does not affect the quality
of results when compared with the experimental data. In general, all pre-
dicted crack patters are in good agreement with the measured crack pattern
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5. Numerical examples

�

Figure 5.46.:Compressive failure pattern (wall C2).
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Figure 5.47.: Load-displacement response (sensitivity analysis).
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(see Figure 5.28). All meshes provide a good performance, indicating that
the computed response may be considered insensitive to the spatial discreti-
sation.

(a) 558 4-nodes quadrilateral elements.

(b) 1080 4-nodes quadrilateral elements.

(c) 1101 3-nodes triangular elements.

(d) 2130 3-nodes triangular elements.

(e)Half of the original candidate points.

(f) Third of the original candidate points.

Figure 5.48.:Crack pattern (sensitivity analysis).
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future work

6.1. Summary and conclusions

A two-dimensional extended finite element model was developed for the
simulation of multiple crack growth in reinforced concrete structures under
static loading conditions. X-FEM is particularly suitable for this task, since
the mesh does not need to conform to the discontinuities geometry and, con-
sequently, remeshing is completely avoided, leading to lower computational
costs. The application of X-FEM for the modelling of multiple cracks, rein-
forcing steel, bonded reinforcement and fibres within the same framework,
represents the great novelty of this work. The behaviour of the constituent
materials, i.e. cracked concrete, reinforcement and interface between them,
are explicitly represented.

A non-singular near-tip function is employed to represent the crack tipwithin
an element, while a discontinuous step function is used to account for the dis-
placement jump across the crack surfaces in fully cracked elements. In this
way, the crack is allowed to propagate to any location inside an element with-
out the need of redefining the underlying finite element mesh. The growth
of multiple cracks requires the modelling of the possible interaction between
them. In this regard, only crack coalescence is considered. This interaction
is treated using a junction enrichment. Then, considering these enrichment
functions, the cracks growth simulation can be run from early cracking to-
wards complete failure in a mesh independent way. In this work, cracks
are represented explicitly by the union of straight-line segments. These seg-
ments are fixed once they are initiated in an element.

A cohesive crack model is applied within the proposed finite element ap-
proach to represent the cohesive cracks and to describe the crack initiation
process and the further propagation through the structure. Cracks propagate
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by adding new straight-line segments. Stress-based criteria are considered
to predict tensile failure. The maximum stress criterion (RANKINE criterion)
is used to evaluate whether a crack initiates its propagation at a predefined
point, denoted as candidate point, or not; while the stress condition is used
as criterion for existing cracks. In this latter case, a non-local formulation is
employed to evaluate the stress at the crack tip. In both cases, the propaga-
tion angle is determined according to the maximum principal stress criterion.
Cracks are assumed to propagate until the equilibrium state of the current
loading step is reached.

Reinforcing bars, including transverse reinforcement, as well as bonded re-
inforcement and fibres are described individually by means of a HEAVISIDE
function. This function is considered to be discontinuous at the reinforce-
ment domain and constant otherwise. This characteristic allows the rein-
forcement to be arbitrarily orientated and positionedwithin an element with-
out meshing it. The cracked concrete bulk is then treated as a background
on which discrete reinforcement is superimposed, being the transfer of bond
forces their only interaction mechanisms. A bond model is used in each in-
terface to mediate this interaction. A constitutive relation considering both
bond-slip behaviour and dowel action are assumed for the reinforcing bars
(transverse bars included), while only bond-slip is considered for bonded re-
inforcement and fibres.

An isotropic damage model is used to describe the behaviour of concrete in
compression. The damage variable is computed using the secant stiffness.
The equivalent strain, characterising the damage evolution, is taken to be
equal to theminimum principal strain. In order to overcome the convergence
difficulties presented in the simulations because of the softening behaviour
exhibits by the concrete, a parabola-line curve without softening is assumed
for the stress-strain relationship.

A general framework has been developed to describe the approximate fields,
i.e. the displacement field, the relative displacement fields and the strain
field, which considers the presence of multiple cracks (each characterised by
a near-tip enrichment and a discontinuous step enrichment), multiple coa-
lescence of cracks (each characterised by a junction enrichment) and multi-
ple layer of reinforcement (each characterised by a HEAVISIDE enrichment).
The discretisation is performed at an element scale in a matrix representa-
tion using the VOIGT notation. The weak formulation is flexibly formulated,
allowing for any constitutive relations for the material models.
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The proposed finite element model was applied to simulate representative
tests reported in the literature on reinforced concrete structures. These tests
cover a wide range of geometries and sizes as well as of reinforcement ar-
rangements. In all tests, the numerical results are in very good agreement
with the available data and, therefore, confirm the accuracy of the proposed
approach. The model is able to describe strengthened structures, reproduc-
ing reasonably well their behaviour. This shows the versatility of the HEAV-
ISIDE enrichment when modelling any type of reinforcement. The model
predicts final crack patterns containing multiple cracks that resemble exper-
imental results. Moreover, detailed information regarding the mechanical
properties of each constituent part, such as stresses and strains, cohesive
forces and cracks width, slips and bond stresses, among others, can be accu-
rately obtained at every stage of the simulation. It was demonstrated that the
model can also be performed with coarse meshes, showing that the predicted
responses are mesh independent. The material models and, particularly, the
constitute relations used prove to be quite effective when reproducing the
material behaviour and, to a larger extent, the global response. Furthermore,
the fracture criteria are able to predict crack patterns accurately when com-
pared with experimental data.

Due to its versatility, simplicity and great accuracy, the extended finite ele-
ment method may become the main numerical tool for the study of fracture
in reinforced concrete structures and even of a wide range of engineering
applications.

6.2. Future work

The finite element model needs to be validated further by evaluating its per-
formance in the simulation ofmore complex structures such as frame corners,
corbels, etc., in which the arrangement of the reinforcement and the failure
mechanisms are more complicated. To this extent, it may be necessary to
incorporate models that are able to reproduce splitting tensile failure.

Furthermore, more sensitivity analyses (length of the new straight-line seg-
ments, size of the influence radius, among others) are required to further
verify the robustness of the proposed model and to establish a range of opti-
mal operating parameters.
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A straightforward extension to the work is to more complex cohesive models
that include proper constitutive laws for mixed-mode fracture, and to cyclic
material models that account for the damage accumulation due to cyclic load-
ing. Moreover, the implementation of a proper material model for the mod-
elling of concrete in compression is desirable. Concerning the damage model
stated in this work, the use of a viscoplastic regularisation of the constitutive
relations or a non-local approach could overcome the convergence difficul-
ties.

An important area for further research is the modelling of dynamic fracture.
In this regard, the proposed model can be extended by using the dynamic
fracture criteria and time integration schemes presented in [16, 50, 131].

The finite elementmodel developed in this thesis is limited to two-dimensional
problems. Hence, an extension to three-dimensional models is a natural step.
Regarding the modelling of the reinforcement, the use of the HEAVISIDE en-
richment is straightforward. Since the reinforcement is assumed to be thin
compared with its length and with the size of the matrix domain, it can be
treated also as a 1D object in 3D models.

142



A. Appendix

Figure A.1.: Finite element mesh of the single shear pull-out test (1002 4-nodes quadrilateral
elements).

Figure A.2.: Finite element mesh of the RC tensile member STN12 (670 4-nodes quadrilateral
elements).

Figure A.3.: Finite element mesh of the of the RC beams T5A1 and T6A1 (1282 4-nodes quadri-
lateral elements).

Figure A.4.: Finite element mesh of the RC four-point bending beam (558 4-nodes quadrilateral
elements).
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Figure A.5.: Finite element mesh of the RC four-point bending beam (1080 4-nodes quadrilateral
elements).

Figure A.6.: Finite element mesh of the RC four-point bending beam (1101 3-nodes triangular
elements).

Figure A.7.: Finite element mesh of the RC four-point bending beam (2130 3-nodes triangular
elements).

Figure A.8.: Finite element mesh of the RC beam VVBS3 (1551 4-nodes quadrilateral elements).
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FigureA.9.:Finite elementmesh of the RCwalls C1 andC2 (1580 4-nodes quadrilateral elements).

Figure A.10.: Finite element mesh of the fibre reinforced four point bending beam (437 4-nodes
quadrilateral elements).
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