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Introduction

“Imagine you want to transport oil from Vyborg in Russia to Greifswald in Germany over the Baltic sea.
The oil can be transported by the means of tankers which require a relatively long shipping time, and
moreover the tankers are prone to all the turbulences on the water surface: delays, detours and accidents
are natural consequences thereof. In terms of transport efficiency, we would call it standard, but it is
clearly far from perfect. Now, we assume there is a remarkable installation between the two cities: an
underwater pipeline named North stream inside which the oil funnels constantly and undisturbed from
the water surface complications, providing in that sense a perfect means for oil transportation. In the
superconducting context we replace the oil by electric charge, and we imagine that the pipeline emerges
spontaneously if a metal is cooled below a certain transition temperature.”

In a science slam, a person aims to explain the phenomenon of superconductivity to the audience in
layman‘s terms, sparking curiosity and, at the same time, a certain amazement... regardless of the fact
that superconductivity has been around for over a century.

With the year of its discovery in 1911 by Heike Kamerlingh Onnes [1] the interest in superconduc-
tivity has been immense and has never receded. The phenomenon has kept the scientific community
captivated, mostly due to its ever growing variety in superconducting materials exhibiting increasingly
more fascinating physics—but also due to the enormous potential a room temperature superconductor
would have for the electrical industry.

The first discovered superconductors were elemental materials like mercury or aluminum with tran-
sition temperatures of just a few Kelvin. Nowadays, these materials are called conventional super-
conductors—not because they have been around for so long or their critical temperature is fairly low,
but because of the microscopic structure of the involved pairing state. With the development of the
BCS theory [2, 3] in 1957, the emerging superconducting state could be attributed to the formation of
bound pairs of electrons (Cooper pairs) and the underlying broken symmetry was identified as the U(1)
symmetry. The broken U(1) symmetry is the origin of characteristic observations like the vanishing
resistance or the transition into a perfect diamagnetic phase (Meissner phase) [4].

While conventional superconductors only break the U(1) symmetry, unconventional superconduc-
tors develop a more complex pairing structure which—apart from the U(1)—also breaks some lattice
symmetries. Interestingly, the most widespread superconductors to date fall into this category: the
high-temperature superconductors. In 1986 the research interest has been boosted by the observation
of a transition temperature which reached around 30 K in cuprate materials [5]. This led to an intense
follow-up research effort and to the discovery of the whole family of copper-based superconductors with
transition temperatures reaching as high as ~ 140K [6]. The iron-based superconductors discovered
in 2008 [7] mark another family of high-temperature superconductors. These two families are just
two examples of the whole class of unconventional superconductors whose physical properties are not
yet fully understood. Nagging questions reach from the respective microscopic driving mechanism,
over the relevance of close-by instabilities, to the role of fluctuations. Conventional superconductors
are usually well characterized by a mean-field description; that is, the ground state is described by a
uniform field. In contrast, unconventional superconductors are more susceptible to field variations in
space and time. In the extreme cases those fluctuations can cause the collapse of the superconducting

iii




Introduction

phase-coherent state [8-10]. In this context, a central concept is the rigidity of the phase-coherent
state which is quantified by the superfluid phase stiffness.

Another topic in condensed matter systems that has enjoyed a great deal of interest during the last
40 years revolves around the concept of topology. While it is often reduced to the comparison between
donuts and mugs or brezels, the underlying principle is more subtle. The topological non-trivial state
is equally shared between the bulk and boundary of a material - one being described by a topological
index, the other hosting topologically protected gapless edge states. In 1980 the first manifestation
of a topological state has been observed by van Klitzing in the form of the integer quantum Hall
effect [11]. This observation sparked an intense research effort which, during the last decades, has
led to the discovery of many topological materials; particularly, topological insulators [12]. Yet, the
topological concept equally applies to superconducting systems. Due to the reality constraint the
superconducting topological edge states have to be Majorana modes which offer, owed to their non-
Abelian nature, a promising platform for quantum information applications. It has been shown that
topological superconductivity can be realized on the basis of a proximitized topological insulator [13];
yet, bulk topological superconductors are scarce.

The discovery of the emergent superconducting state in the doped topological insulator BisSes with
a T, ~ 3 —4K in 2009 [14] has attracted much attention with regard to its possible topological
character. A few years later, the pairing state has been reported to break the Cs, rotational symmetry
and thereby, cause a nematic distortion [15]. Follow-up experiments have consistently confirmed the
finding and pointed towards the two-dimensional odd-parity pairing state. Accordingly, doped BisSes
is a nematic superconductor. On top of that, the odd-parity pairing state is likely to be topological
[16], where some experimental indications for Majorana modes have been provided [17].

It seems evident that a multitude of interesting physical aspects come together in the doped topo-
logical insulator BisSes. As if that was not enough, its low carrier density n ~ 10?° cm™2 along with a
small ratio of coherence length over Fermi wavelength £y/Ar = 2..4 make superconducting fluctuations
increasingly important [14, 18, 19].

The central topic of this dissertation revolves around the concept of a fluctuation-induced nematic
phase that precedes the superconducting state in the doped topological insulator BisSes. In this
scenario, the rotational Cs, and the superconducting U(1) symmetry are separately broken at different
temperatures. Using a large-N theory, we predict the existence of such a vestigial nematic phase. We
study various implications thereof, and we present evidence for its existence, based on a collaboration
with an experimental group [20]. This thesis is structured as follows.

The first introductory Chapter 1 splits into three parts. First, we provide a brief overview on the
historical development of the prevailing superconducting descriptions and thereby, we introduce both,
the BCS theory and the language of a Ginzburg-Landau approach. Additionally, some chosen topics
including the role of the superfluid phase stiffness are discussed which are of direct relevance for the
work in chapter 4. Second, the idea of a large-IN theory is introduced which is the framework for the
study in chapter 3. Third, we discuss the role of symmetries in condensed matter system. Thereby, we
demonstrate how symmetries are imposed on a Hamiltonian, how the pairing state is classified, and
how the symmetries are implemented in a free energy expansion. In various passages throughout the
work, symmetry classifications are employed.

In Chapter 2 we introduce the concept of topology, followed by a presentation of the material, doped
and undoped BisSes. Thereby, we revisit the experimental situation, and we present the prevailing
theoretical models. We derive the low-energy Hamiltonian from symmetry grounds, and we discuss
the involved helical edge states. Thereafter, the emergent superconducting state in doped BisSes is
considered. We derive the pairing state candidates, discuss their topological character and contrast
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them with the experimental findings. Lastly, we study the mean-field Ginzburg-Landau theory of the
two-dimensional odd-parity state and compute the relevant parameter which discriminate between the
possible ground state phases.

In Chapter 3 we employ a vestigial nematic analysis which is designed to capture the physics in
doped BisSes. Here, the chapter splits into two large parts. In the first part, we provide an introduction
on the concept of vestigial phases. Then, on the basis of a large-IN theory we conduct a mean-field anal-
ysis where both, superconducting fluctuations and interactions are consistently included. The analysis
is discussed on equal footing for a possible vestigial nematic or a possible vestigial chiral scenario.
Then, we choose the parameters compatible with doped BisSes, and find—depending on the z-
anisotropy
—either a vestigial nematic phase where the fluctuation-induced nematic phase preempts the super-
conducting state, or a joint transition where both phases appear simultaneously. In the second part,
the implications of a vestigial nematic phase are studied with respect to various aspects. First, we
demonstrate the onset of in-plane anisotropy in the magnetic susceptibility and the conductivity to-
gether with a strong enhancement of superconducting fluctuations upon the phase transit. Then, we
study the response of the underlying lattice, where the renormalization of the elastic constants due to
nematic fluctuations is addressed as well as the induced lattice distortion inside the vestigial nematic
phase. Lastly, we study the implications of an applied magnetic field from the viewpoint of a vestigial
nematic scenario.

In Chapter 4 we study the role of superconducting fluctuations in a different context. The super-
fluid phase stiffness quantifies the strength of phase fluctuations, and its large value ensures a robust
phase-coherent state. While the value has to be large in Galilean invariant systems due to the Leggett’s
theorem [21], the same does not hold in a Galilean non-invariant environment, like the periodic crystal
lattice. In particular, the presence of a periodic lattice leads to a suppression of the phase stiffness,
and in this work, we aim to quantify the magnitude of this effect. Our work has been inspired by ex-
periments in the over-doped regime of certain cuprate superconductors [22, 23|, where an unexpected
suppression of the phase stiffness has been detected. Our calculations demonstrate that the suppres-
sion—mediated by superconducting fluctuations—can already for a moderate BCS coupling strength
become significant. This provides a qualitative insight which may be relevant for the interpretation of
some of the aforementioned data.
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Chapter 1

Fundamentals: symmetry and
spontaneous symmetry breaking

The concept of symmetries and spontaneous symmetry breaking is essential for the understanding of
phase transitions. This chapter is designed to introduce the concept on the example of superconduc-
tivity.

In the first part we illustrate the historical development in the field of superconductivity. Thereby,
we introduce the Ginzburg-Landau approach to phase transitions and we summarize the microscopic
BCS theory. Attached is a discussion on the role of superconducting fluctuations where the relevance
of the superfluid phase stiffness is emphasized. Owed to the direct relevance for the thesis at hands, in
the second part we outline the general idea of the large-INV approach. In the third part, we shed light
on the relevant symmetries in condensed matter systems, and we derive the formalism how symmetries
can be imposed on a Hamiltonian and implemented into the free energy. Additionally, we demonstrate
how the superconducting pairing states can be symmetry classified.

1.1 Superconductivity

Historically, the discovery of the phenomenon of superconductivity goes back to Heike Kamerlingh
Onnes [1, 24, 25], who in 1911 measured a sudden resistance drop of pure mercury at a temperature
T. = 4.183 K. Reaching down to those cold temperatures was a difficult task at that time. It shall
be acknowledged that it was Onnes himself in 1908 who first produced liquified Helium which was
essential to reach temperatures as cold as 1.5 K. At the time he published his discovery in 1911, the
theory of quantum mechanics was still in its infancy, and the scientific community simply did not have
the tools to understand its origin. As we know of now, superconductivity is a quantum mechanical
many-body phenomenon. From that point of view it is less surprising that it took almost half a
century until theorists found a satisfying microscopical description. In 1933 Meissner and Ochsenfeld
discovered a further experimental manifestation of the superconducting phenomenon, namely that
a superconductor is not only a perfect electrical conductor, but also a perfect diamagnet [4]. The
underlying effect became known as the Meissner effect and it is characterized by an induced current
that perfectly expels external magnetic fields from its interior. The first microscopic (BCS) theory,
named after its developers Bardeen, Cooper and Schrieffer, was published in 1957 [2, 3]. The BCS
theory will be reviewed extensively in section 1.1.2. Here, we want to first discuss the theoretical
advances made in the years prior to the development of the microscopic BCS theory. During those years
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the phenomenon of superconductivity posed a core theoretical challenge. While some of the inspiring
theories were disproved, others turned out to be very useful. An interesting overview on the failed
theories of superconductivity can be found in Ref. [26]. Only a few years after the discovery of Meissner
and Ochsenfeld, the London brothers postulated on phenomenological grounds that the superconductor
should host an electrical current j o< A [27]. This current, also called the supercurrent counteracts
the external fields and enforces an exponential magnetic field decay upon entering a superconductor.
Thereby, they introduced one of the two characteristic length scales in superconductors: the London
penetration depth Ap,. Another major advance towards the understanding of superconductivity, or more
generally, towards the understanding of phase transitions, was initiated by Landau [28]. Together with
Ginzburg, the two of them presented the well-known Ginzburg-Landau theory in 1950 [29, 30]. This
theory provided fruitful insights and predictions, and it has an appeal in its conceptional simplicity.
Moreover, its applicability reaching far beyond the realm of superconductivity. Let us pause with the
history and shed some light on the ideas of this phenomenological approach.

1.1.1 Phenomenological theory

The Ginzburg-Landau theory is a phenomenological theory well-suited for the description of phase
transitions. Its framework evolves around the concept of an order parameter, a quantity that is
designed to be zero in the high-temperature ‘disordered’ phase and non-zero in the low-temperature
‘ordered’ phase. The phase transition is characterized through the onset of this order parameter. In
a second-order phase transition the order parameter evolves continuously at the transition, whereas it
jumps for a first-order transition. Implicitly, the theory assumes that the free energy is an analytical
function in the vicinity of the phase transition, such that it can be expanded in terms of the order
parameter to describe the behavior of the system. In the case of superconductivity, Ginzburg and
Landau postulated that the order parameter is a complex number A = Age®? € C where AZ ~ ng € R
measures the density of superconducting electrons, and the phase ¢ € R should be of no physical
significance. In other words, the free energy should be invariant under a global U(1) rotation A — Ael®.
Then, for a homogeneous superconductor the free energy expansion in terms of A and A* reads

Fa [A*A] = Fy +a(T) [AP +b]|A* + 0(]A]%), (1.1)

with F describing the normal ‘disordered’ part of the system. A positive parameter b ensures the
stability of the system for A — oo. If it barely varies with temperature b # b(7)—as is commonly em-
ployed—the dominant temperature dependence comes from the quadratic coefficient a(T") ~ ao(T —T)
with agp > 0 and the transition temperature T.. An explicit derivation of ag (and b) is found in the
appendix B.1. The key logic of the Ginzburg-Landau approach (1.1) is demonstrated in figure 1.1(a).
For T > T, a(T) is positive, and the expectation value A remains zero. Ounly if a(T") becomes negative
the system acquires a non-zero order parameter value Ag = v/—a(T)/2b0(—a(T)).! Hence, the sys-
tem undergoes a phase transition at a(T') = 0 where it spontaneously breaks a symmetry by picking a
certain value of the phase ¢¢ in the valley of the ‘Mexican hat’ potential. To be more precise, the new
ground state of the system does not share the U(1) symmetry of the Hamiltonian. This is known as a
spontaneous symmetry breaking and will be covered in more detail in section 1.1.2. The simple form
of the free energy (1.1) directly allows for a prediction of the temperature behavior of thermodynamic
quantities such as the entropy S(T') or the heat capacity C,(T). Indeed, the heat capacity prediction
has been confirmed by an experiment in 1959 [31].

We use the Heaviside step function #(z) for a compact notation.
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Figure 1.1: (a) shows the free energy landscape (1.1) for a temperature above (a(T") > 0) and
below (a(T) < 0) the transition temperature. The accompanying massless phase excitation is
indicated along the valley of the Mexican hat. (b) shows a typical free energy evolution of a first-
order phase transition. The phase transition happens before the quadratic expansion coefficient
becomes negative.

While the initial Ginzburg-Landau version (1.1) allows for a description of a homogeneous supercon-
ductor, it can be extended to include spatial and time variations of the order parameter. To this end,
one has to replace the order parameter A — A(r) by a field, and the free energy F' — [ F(r) by a free
energy density. Then, minimizations have to be carried out as functional derivatives. Focusing only
on long-wavelength spatial variations, the first non-vanishing term that penalizes spatial fluctuations
is of the form (V,A*)V,A which upon inclusion of a magnetic field becomes

B(r)?
210

Forad(T) + FB(T) = %A*(r) (—in — e*A(r))2 A(r) + (1.2)
with the mass m > 0 and the charge e* of the field A(r).2 The second term represents the kinetic
energy of the magnetic field with the vacuum permeability pg. The free energy (1.2) introduces two
characteristic length scales: the correlation length £ and the aforementioned London penetration depth
Ar. The former arises from the non-magnetic part in Eq. (1.2) and reads £(T) = 1/+/2m|a(T)].3 Tt
determines the range within which one expects a homogeneous order parameter solution. At a second-
order phase transition the correlation length diverges and a homogeneous order parameter can be
established over the entire sample. The remaining terms in Eq. (1.2) result from the minimal coupling
of a magnetic field B(r) = V, x A(r) with A(r) being the vector potential. The penetration depth

2In case of superconductivity the field A(r) describes a so-called Cooper pair with a charge e* = 2e and mass m = 2m.,
as will be shown in the next paragraph.

3The correlation length has to be distinguished from the coherence length & = &(T = 0). Far from the phase transition
they become comparable, but at T only the correlation length diverges.
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can be most conveniently deduced from the London equation

GV X B(r) = § % ~ g (e PIATIE A, (1.3)
which is the result of the variation of the free energy density with respect to the vector potential
A(r). The characteristic London penetration depth A\, = /m/uo(e*)2A3 determines how deep a
magnetic perturbation can penetrate into the superconductor. Below the transition temperature, the
ratio between the two characteristic length scales, known as the Ginzburg-Landau parameter k = Ap, /€,
becomes a characteristic of the superconductor on its own. It serves as a discriminator between type
I and type II superconductors, and we refer to standard textbooks for more details [32, 33]. Let us
remark a few more things on the Ginzburg-Landau theory.

First, the applicability of the Ginzburg-Landau theory is not limited to superconductivity, but can
be used to study any phase transition that involves an order parameter. Popular examples involve
magnetic or structural transitions which will be discussed later in section 3.4.

Second, the applicability of the Ginzburg-Landau theory is restricted to the vicinity of the phase
transition as emphasized in section 3.1.

Third, although the assumption of a small order parameter around the phase transition is only justified
for second-order phase transitions, the Ginzburg-Landau theory can also provide crucial insights into
first-order transitions. Importantly, weak first-order transitions are still well covered. With regards
to Eq. (1.1), a first order phase transition can be identified if the quartic coefficient b happens to
be negative. Then, a sixth-order term Fs = g|A|® guarantees the stability of the system. A similar

situation would arise for an order parameter ¢ that allows for a cubic term Fqgg) = g¢¢3 in the
free energy. In both examples the free energy exhibits a global minimum with a non-zero order
parameter even before the quadratic coefficient a(7") turns negative, as illustrated in Fig. 1.1(b).
Characteristically for a first-order transition, the order parameter jumps at the transition temperature.
The extent of the jump could be that pronounced such that the entire series of expansion terms would
have to be included. In principle, higher-order contributions can push the additional minima above
zero and thus, turn the transition back into a second-order transition. However, for a weak first-order
transition, i.e. a small order parameter jump, the expanded free energy (1.1) remains its validity.
Fourth, the Ginzburg-Landau theory is a phenomenological theory in the sense that it is blind towards
the microscopic origin of the order parameter and its symmetry properties. In section (1.3), we
demonstrate in detail how a Ginzburg-Landau expansion can be derived on symmetry grounds. If,
however, a microscopic Hamiltonian is at hands, the Ginzburg-Landau expansion parameters can be
rigorously computed. Such a deduction has first been shown in the context of superconductivity by
Gorkov in 1959 [34], shortly after the publication of the BCS theory.

1.1.2 Microscopic theory

While the theory by Ginzburg and Landau has provided a convincing qualitative understanding for
phase transitions, it did not help to understand the mechanism of superconductivity and to unravel
the question about its microscopic origin. A key advancement was achieved through the observation
of the so-called isotope effect in 1950 by the groups of E. Maxwell [35] and C.A. Reynolds [36]. The
experiments on different isotopes of mercury have tied the transition temperature to the mass of the
nuclei, and hence, demonstrated a connection between superconductivity and the underlying lattice.
Shortly before, H. Frohlich had already predicted such a dependence [37]. He and independently, J.
Bardeen [38] came to the same conclusion that the interaction between electrons and lattice vibrations
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can lead to a net attraction between electrons. Later, L. Cooper has shown in 1956 [39] that the
Fermi surface is unstable against the formation of a bound electron pair (now called Cooper pair) of
opposite momenta and spin. In particular, he has shown that an infinitesimal attraction—such as the
net attraction caused by the lattice—is sufficient to bind two such electrons in the states (k:,T) and
(—k,i). As it happens, these two constituents are exactly time-reversed partner of one another, i.e.
Tlk,T) = | — k,]) with the time-reversal operation 7 . Thus, in a time-reversal invariant system,
i.e. without any internal or external magnetic fields, the two Cooper pair constituents are guaranteed
to be present at the Fermi surface. The last intellectual step has been taken by the three namesakes
J. Bardeen, L. Cooper and Schrieffer of the BCS theory. They extended Cooper‘s instability into
the environment of a many-body system where the interaction term gets decoupled in the particle-
particle channel. For details on the derivations and implications we refer to standard condensed matter
textbooks, such as [40]. The decoupled Hamiltonian is known as the BCS Hamiltonian

Hios = > ekthotns + 3 (Achel 4, + Hee.) | (1.4)
k,s k

with the electronic dispersion ¢ and the fermionic annihilation (creation) operators éks(é;rc ) in the
states of momentum k and spin s = (T,L). The central object A ~ >, (ég1¢_k)) is the many-body
formulation of a Cooper pair and in the language of a Ginzburg and Landau it is the superconducting
order parameter, i.e. it acquires a non-zero expectation value in the superconducting state. As a
two-electron wave-function the superconducting order parameter carries a charge e* = 2e. The mean-
field BCS Hamiltonian (1.4) can be diagonalized by a Bogoliubov transformation [41] leading to the

quasi-particle energy spectrum Ej = y/es +|A|?, and a self-consistency equation (or gap equation)
which determines the value of A. Let us illustrate the spontaneous U(1) symmetry breaking. The
BCS ground state wave-function can be explicitly written as

BCS) = [T (B + B ey, 100, (15)
k

with the notation 8i = /1 + ex/Fy/v/2 and the vacuum state |0). The action of the U(1) symmetry
operation on the fermionic and bosonic fields in (1.4) is égs — e 2e é,:s — e*i‘P/Qé,Tcs and A — €?A
and hence, the operation leaves the Hamiltonian (1.4) invariant. However, the ground state wave-
function (1.5) is no longer invariant upon such a U(1) operation as it changes according to

BCS)o — g (B + e %5 clucl ) 10) #1BCS)o.

The property of the Hamiltonian and its ground state not sharing the same symmetry anymore is
known as spontaneous symmetry breaking.

Limits of the BCS theory The BCS theory of superconductivity has become one of the most suc-
cessful theories in the second half of the 20th century. Despite its success, it does not account for
effects that arise from e.g. the repulsive electron-electron interaction or the actual phonon spectrum.
In certain materials such as lead or mercury, known for their strong electron-phonon coupling, exper-
imental findings (e.g. the ratio Ao(T" = 0)/T¢ , or with the upper critical field) have deviated from
the BCS predictions. In 1960 G.M. Eliashberg has been the first to formulate a theoretical framework
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that rigorously included the electron-phonon coupling and thus, generalizes the BCS theory beyond
the weak-coupling limit [42, 43]. His work has been supported by A.B. Migdals’s insights [44]. The
role of the repulsive Coulomb interaction has equally called for thorough investigations. It was real-
ized that the emergence of superconductivity is more robust than initially expected. While a strong
Coulomb repulsion is certainly bad for the Cooper pair formation, it was realized that the problem has
to be approached through the different symmetry channels, dictated by the underlying lattice. Indeed,
if the projection of the Coulomb interaction leads to at least one attractive channel, a corresponding
Cooper pair will form, despite the fact that all the other channels are repulsive. Superconductivity that
emerges from a non-trivial symmetry channel is commonly called unconventional superconductivity.

While many unconventional superconductors have been discovered during the last decades, the
pairing states and in particular, the pairing mechanism are often not yet fully understood. Among
the class of unconventional superconductors are the heavy-fermion compounds like CeCuySiy [45]
or UPts [46], organic materials like (TMTSF)oPF¢ [47], or the high-temperature iron-based [7] and
cuprate superconductors [5]. The feature all of them have in common is breaking of at least one
additional symmetry other than the U(1) symmetry. As will be shown in Sec.1.3, this requires then
unconventional pairing state to transform according to a non-trivial irreducible representation. A
particularly interesting superconductor for the present work is doped BisSes which is topic of chapter
2.

1.1.3 Electrical conductivity and superconducting phase rigidity

In this section we briefly discuss selected topics in the realm of superconductivity and condensed matter
theory, which will be of direct relevance for the following thesis work. The first part is about the
robustness of the superconducting phase coherence against fluctuations which is quantified by the so-
called superfluid phase stiffness. Large values of the phase rigidity (stiffness) protect the superconductor
from a collapse caused by phase fluctuations. Then, we will proceed with a brief discussion of collective
excitations that exist beside the quasi-particle excitations and hence, they affect the response of a
superconductor. Next, we review the electrical conductivity where we contrast the superconducting
and the metallic behavior. Thereby, we demonstrate the intimate relation between the zero resistance
characteristic of a superconductor and the strength of the phase stiffness. Finally, we will briefly
analyze the optical response of superconductors by studying the f-sum rule.

Phase rigidity The role of the phase rigidity is best illustrated within a Ginzburg-Landau approach.
To this end, we decompose the order parameter A(z) = |A(z)[e*¥®) with both, amplitude and phase

depending on space and imaginary time x = (r, 7'). The insertion into the Ginzburg-Landau expansion
(1.1) and (1.2) yields

* 1 * 2 1 B2
Fa [A*A] = Fy + 3Ps (Vep —e*A)" +a(T) |A]* + %(vrmy)? +b|A|4+270. (1.6)

phase sector amplitude sector

Here, the phase stiffness p; = |A|?/m = ns/m with the superfluid density ns has been introduced
as the parameter that energetically penalizes spatial variations in the phase. For brevity, the explicit
x-dependencies are suppressed. We note that the expansion separates into a phase and an amplitude
sector. The amplitude part describes the energy cost of fluctuations in |A| where the characteristic
length scale is set by the correlation length £(7) = 1/1/2m|a(T")|. On length scales larger than the
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correlation length, amplitude fluctuations play a negligible role and the entire physics is dominated by
the phase degrees of freedom. It is the large value of the phase stiffness that protects the superconductor
from a collapse caused by strong phase fluctuations. Dictated by the Leggett's theorem [21], the
superfluid phase stiffness acquires its maximum possible value ps = n/m in a Galilean invariant
system at zero temperature where n denotes the entire electronic density. For many conventional
superconductors Leggett’s theorem is applicable. As a consequence, phase fluctuations play a negligible
role in these compounds and the mean-field theory provides a sufficiently good description. We refer
to chapter 4 for more details on the Leggett‘s theorem and its limitations.

Since the vector potential A in (1.6) only couples to the phase sector, the superconducting phase has
to be responsible for the supercurrent—and with it, the phase stiffness becomes the defining quantity.
From Eq. (1.6) we can directly compute the induced current j = e*ps(Vyo — e*A)/V and extract
the relation between the phase stiffness and the penetration depth A, = \/1/uo(e*)?ps in the London
limit (1.3). Being directly related to the penetration depth, the phase stiffness is experimentally
easily accessible. The derivative of the current with respect to the vector potential is also known as
the London response kernel Q = —ps(e*)?, see Eq. (1.7). The finite value of the response kernel,
synonymous to a finite phase stiffness, is the decisive property that causes a vanishing resistivity in
the superconducting state, as shown below.

Collective excitations Apart from the Bogoliubov quasi-particles the superconducting ground state
can also be excited in the form of collective excitations. The two collective excitations in place are the
phase- and the amplitude mode. If we express the free energy density (1.6) in Fourier space, the corre-
sponding dispersion relations can be directly deduced for both sectors. The amplitude mode is 'massive’
with a minimal excitation energy |A|, i.e., the energy gap of the Bogoliubov quasi-particles. Conse-
quently, the amplitude mode, often referred to as the Higgs mode, can always decay into quasi-particles
and is therefore overdamped. The phase mode is a massless excitation that is a direct manifestation of
the Goldstone theorem. According to the Goldstone theorem the spontaneous breaking of a continuous
symmetry—such as the U(1) symmetry—is always accompanied by a massless excitation, also named
the Goldstone boson. In the condensed matter context, various Goldstone bosons are known, such
as the acoustic phonons in the case of translational symmetry breaking, or the magnons for a broken
spin-rotation symmetry. The amplitude- and the phase mode in a superconductor can be visually
understood through the Mexican hat potential, see Fig.1.1(a). A uniform phase modifications evolves
along the valley without any energy cost, while amplitude modifications have to go uphill which re-
quires a finite energy.

Once an electromagnetic field is coupled to the superconductor, a gauge transformation can fully absorb
the phase mode into the vector potential: A circumstance known as the Anderson-Higgs mechanism.
This mechanism renders the electromagnetic field massive and accounts for the Meissner effect.

Electrical conductivity The electrical conductivity o(v, q) is the key response function in the pres-
ence of an electromagnetic field. It relates the electron current j(v,q) with the applied electrical field
E(v,q) via j(v,q) = o(v,q)E(v,q). Experimentally, the conductivity is typically accessed by means
of optical measurements that involve photons with energies w = c|g|. Since the speed of light ¢ is
large compared to the Fermi velocity of typical metals any reasonable photon energy w essentially
corresponds to a response at ¢ = 0. For that reason, the optical conductivity defined as o(v,q = 0)
is of particular interest. From the theoretical side, the conductivity can be extracted from the expec-

~

tation value of the current operator (3(v,q)) in an applied external vector potential A. In a linear
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response theory, one expands the current expectation value as a function of the vector potential such

that j(v,q) = (3(1/, q))a = Q(v,q)A(v, q) with the so-called London response kernel (v, q) describing
the current-current correlation function. Using the relation A(v,q) = E(v, q)/iv one obtains the Kubo

formula
Q(v,q)

rlvq) =

Often, it is more convenient to work in the imaginary time representation with the Kubo formula

o(iVm,q) = _Q(iz;m,q)‘

The corresponding London response kernel can be computed from the free energy F[A] via

1 02F[A] | Vo
Qaﬁ(Q) = _V m Ao = f<]q.]ﬁ—3q> - f<]q ><]€q>7 (17)

with ¢ = (ivy,, q@). In the course of this approach, an analytical continuation has to be performed to
arrive at the conductivity

ImQ(v +1i0,q)
14

Reo(v +1i0,q) = —mo(v) ReQ(v +i0,q). (1.8)
One key difference between the optical responses of a superconductor and of a metal lies in the zero
momentum and zero frequency limit where Re @%¢(0,0) = —p,(e*)? and Re Q™¢**(0,0) = 0, see also
Eq.(1.10) below. Then, equation (1.8) shows that the superconductor has an infinite DC optical
conductivity, that leads to the observed vanishing resistivity. The weight of the delta peak, and thus
the strength of the corresponding superflow, is determined by the value of the phase stiffness p;.

F-sum rule Under exploitation of the so-called f-sum rule, one can visualize the change in the optical
conductivity during the transition from a metal into a superconductor. According to the f-sum rule
the spectral weight of the optical conductivity is a conserved quantity which equals

2 ne?

o
2| dv Reoaa(v +i0,0) = 2 1.9
7T/0 v Reoqa(v +i0,0) - (1.9)

for a system with quadratic dispersion [48]. The optical conductivity of a metal is typically well-
described by the Drude formula. In the Drude picture, any scattering effect that leads to a momentum
relaxation inside the conductor is captured by a single transport scattering time 7,. Then, the domi-
nant contribution to the London response kernel in the g = 0 limit becomes

2 . _—1 2
Drude . ne” 1, V-—v
v+i0,0) = — ——— 045, 1.10
Qaﬁ ( ) 7';;2 2 af ( )
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Figure 1.2: (a) shows the Drude peak (1.11) of the optical conductivity of a metal. (b) illustrates
the spectral weight transfer as the system becomes a superconductor. Due to the f-sum rule (1.9),
the spectral weight is conserved, and the gapped part (w < 2|Al) is transferred into the weight of
the delta function which is responsible for the zero resistivity.

with the electron density n, the charge e and the mass m of an electron. The resulting Drude conduc-
tivity reads
R Drude i0.0) = n62 Tt;l 1.11
€008 (V—H’)_FW. (1.11)

The involved relaxation time 7, can originate from various sources such as electrons scattering off im-
purities, phonons or other electrons. Despite its appealing simplicity, the formula (1.11) has a severe
inconsistency. It causes a contradiction with the momentum conservation. Consider a gas of non-
interacting electrons with a quadratic dispersion relation. Then, the total momentum is conserved,
implying that it never decays and the momentum relaxation time 7y, becomes infinite. As a conse-
quence, the Drude conductivity (1.11) would diverge, which is an obviously unphysical result. It has
to be evaded through the inclusion of the aforementioned momentum-relaxing scattering processes.

A consequence of the conserved spectral weight is illustrated in figure 1.2. As the metal transits
into the superconducting state the spectral weight within the superconducting gap 0 < v < 2|A| gets
transferred into the weight of the delta function, i.e. into the phase stiffness. The implications of this
issue will be further studied in chapter 4.

1.2 Saddle-point solutions and the key idea of a large-/V theory

In condensed matter systems, many problems are approached within a functional field integral formal-
ism. In this language the partition function Z = [ D¢ exp(—BS[p]) becomes an integral over some
bosonic (or fermionic) field variable ¢. By setting kp to unity, 8 = 1/T is the inverse temperature and
the energy and temperature are measured in the same units. The microscopic theory is encapsulated
in the action S[¢|. The action can be expanded around a saddle-point value ¢ (given the action is
analytical and the value ¢¢ exists) according to

132
2 592

0S8

+ 5 (b—d0)’+..., (1.12)

S [¢] = S [¢0] (¢ — o) +

%0 %0
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where the condition % 5 = 0 determines the value ¢g. If the expansion is truncated at the second
0
order, the partition function becomes
16%S
7 no o S[00)] /D _ gt ) — )2 . 1.13
‘ sexp( —A5505], (6= ) (113)
For a large prefactor
1828
—— 1 1.14
By 552l > 1 (1.14)

the exponential evolves into a delta function §(¢ — ¢p) that evaluates every correlation function at its
mean-field value. In the limit set by (1.14) fluctuations of ¢ around the saddle-point value are negligible
and the free energy (using Z = exp(—fF')) coincides with the mean-field action F' [(;50] ~S [qbo]. Due
to its simplicity, the saddle-point approach has a certain appeal. Yet, its applicability depends crucially
on the satisfaction of the condition (1.14). In numerous cases the action scales with the volume (it
has the volume as a prefactor) such that the thermodynamic limit (V' — oo) justifies the mean-field
treatment. However, in the absence of such a naturally large prefactor, one has to become more
inventive, and for example, turn towards a large-N approach.

The key idea of a large-N theory lies in the extension of a single field variable ¢ to a vector ¢ =
(b1, 02, ...,0Nn)T with a large number of components N > 1 [49]. For an action that scales with the
value N, the parameter N becomes the large prefactor that validates the saddle-point condition (1.14).
In such an approach, one has to consistently treat the number N as the largest ‘scale’ in the problem.

In the typical textbook example, the (¢2)2 theory, the large-N action reads

§ 9] =rod? + 2 (#) " (1.15)

Commonly, the action is decoupled by means of a Hubbard-Stratonovich transformation, see e.g.
Eq.(3.6). This procedure introduces a new field A, makes the action S[¢, \| quadratic in ¢ and allows
for the subsequent integration,

S [P, A = (ro+A) ¢* — i\gv, [P s [A] = N( — ulov + %trlog (ro+ A)) . (1.16)
The resulting effective action S’[A] still contains the entire information of the problem, though it is
represented in a different form. The integration in (1.16) has been carried out N times, which leads
to the overall prefactor N and which would be used to justify an ensuing saddle-point analysis. This
is one example of a large-N implementation and it will used in chapter 3.

While it is straightforward to construct a theory with innumerable components, the number of com-
ponents of most realistic models is still close to one. Oftentimes, the large-N results have provided
useful insights and made correct predictions. Yet, to actually demonstrate that the approach is ap-
plicable, i.e. to prove the condition (1.14) is difficult. The single tool to establish a justification is a
numeric calculation. As an example, the large-N prediction for a classical J; — Jo model on a square
lattice is an Ising-nematic transition which has been directly observed in a Monte Carlo study [50, 51].

10
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1.3 Symmetry constraints

Symmetries play a central role in the description of phase transitions. In this section, we introduce the
symmetries that are relevant to solid state systems and derive a formalism on how they are implemented
on the generalized BCS Hamiltonian, as well as on a Ginzburg-Landau expansion. For this, we have
a picture in mind where a high-temperature phase has all the relevant symmetries intact, and at least
one of the symmetries gets broken as the system transits into the ordered state. We specifically restrict
the derivation to the temperature as the tuning parameter that causes the phase transition. One could
equally formulate a similar theory with external tuning parameters like pressure, chemical doping or
magnetic field that drive the transitions. The symmetries that play a role in condensed matter are the
real space lattice symmetries, spin rotation symmetries, the U(1) gauge symmetry and time-reversal
symmetry. We comprise the unitary operations into the symmetry group G = Gy x U(1), where G
contains all the lattice symmetries including spin rotations. The time-reversal symmetry is described
by an anti-unitary operator and will be treated separately. On a fundamental level, a system possesses a
cAertain symmetry if the system Hamiltonian # commutes with the corresponding symmetry operation
O, i.e.

[’H,O} —0 o i = OHO' = Ao, (1.17)

with the transformed Hamiltonian Ho. We have used O~ = Of4 In the following, we provide an
introduction into the theory of lattice and spin-space symmetries. For further reading we refer to the
textbooks [52-54].

1.3.1 Rotations, inversion and translations

Point group elements Every physical lattice has a given set of symmetry operation that leaves a
single lattice point and its environment invariant. We denote this set as G,, the set of point group
symmetry elements, and we note that there is a total of 32 possible point groups. Point group sym-
metry elements comprise real-space rotations, the inversion operation, and combinations thereof. The
framework of group theory has clear rules that dictate how the group elements can be arranged into
classes and how a character table can be formed from those. In table 1.1 we show exemplary the char-
acter tables of the point groups D3, C3 and D3q4. It is worth pointing out that every lattice rotation has
its origin in the fully-rotational invariant SO(3) representation which is characterized by the operator

Rso@)(0,7) = exp (i J - 7) (1.18)

with the angle ¥, the unit rotation axis n, and J = (Jp, J2, J3) being the |J| = 1 angular momentum,
where (Ji)ij = —i€;j,. The rotation operator R0 (9,M) = Rgo(z)(V, M) is real. As an example,
the point group D3 consists of a set of six distinct rotation. These six rotation elements arrange
into three classes, and according to basic group theory rules, this leads to three so-called irreducible
representations (IRs), namely { A1, A2, E}. The IRs play an essential role in the symmetry classification
as they form a basis into which every function f in the space operated on by the group elements g can

4Only the particle-hole and the chiral symmetry are defined through an anti-commutation with the Hamiltonian, see
section 2.1.

11
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be decomposed,

dim(n

)
f — Z Z f”vli . (119)
pn=1

n

Throughout this work we use the notation where n denotes an IR and y = 1...dim(n) counts the re-
spective components. The basis (1.19) is a reasonable choice since different IRs, i.e. different symmetry
channels, decouple from each other on a quadratic level, as shown in section (1.3.5). The transforma-
tion matrix for a group element g € G of a certain IR n is denoted by R,(g). (For one-dimensional
IRs, the ‘matrix’ R, (g) is simply a scalar and equal to the character of the element g.) The character
Xn(g) of a group element g within an IR n is defined as x,,(g) = trR,(g) and appears as an entry in
the character table. The dimension of an IR 7 is identical to x,(E) with E being the identity element.
The vector representation in the last column of the character table denotes the IRs according to which
the coordinates transform. The corresponding matrices read R, (g).

Irreducible representations can be complex if the so-called Frobenius-Schur test yields zero.
that case, they occur in conjugated pairs, n and 7, and the corresponding transformation matrices are
complex conjugates of one another Rz (g) = R (g), see e.g. the C3 point group.b

Apart from the pure rotation elements, lattice symmetry elements also involve any combination of
a rotation and the inversion operation. The inversion element is distinct because it commutes with
every other point group element. Depending on whether a system possesses the inversion symmetry
or not, the system is classified as centro- or non-centro-symmetric. A centro-symmetric point group
can always be written as a direct product between the inversion group {F, I} and the corresponding
proper subgroup, e.g. D3q = D3 x {E,I}. Accordingly, the character table is doubled and the IRs
are classified as even (g for ‘gerade’) and odd (u for ‘ungerade’) depending on their behavior upon
inversion.

5 In

Spin rotations Let us consider symmetries related to spins, in particular to spin 1/2 systems suited
for electrons. An isolated spin has a full rotational invariance that is described by the SU(2) repre-
sentation. The corresponding spin rotation operator reads

%
RSU(Q) (19,75,) = exXp (—125 . ’fl) , (1.20)

with the rotation angle ¥ and the unit rotation axis nn. In a lattice systems one would expect that
the spin rotational invariance has to be broken due to the interaction with neighboring atoms. While
strictly speaking, the statement is always true, the magnitude of the effect crucially depends on the
strength of the spin-orbit coupling (SOC). There are many materials where the role of the spin-orbit
coupling is negligible such that there is effectively no communication between the ‘spin world’ and the
‘real world’ and the spin technically retains its full SU(2) invariance. Such a system is then described
within the symmetry group Gy = G, x SU(2). Spin-orbit coupling is a relativistic effect that originates
from the motion of electrons. It can be viewed as a current loop that generates a magnetic field

®The Frobenius-Schur test evaluates 3 g Xn (g%).

5There is a subtlety as to why the IRs are denoted by E—usually used for two-dimensional IRs—even though they
transform according to a one-dimensional IR upon the point group symmetry operations. It is the time-reversal
symmetry that transforms one into the other, and hence, lumps the two into a two-dimesional IR.

12
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D3 FE Qng 30235 r

A 11 1
Ay 1 1 -1 z Dy E 203, 3Co, I 2IC3, 3ICy, 7
E 2 -1 0 (zy Ay, 101 1 1 1 1
Ayy 11 101 1 -1
G L G & E, 2 -1 0 2 -1 0
A 1 1 1 z A, 1 1 1 -1 -1 -1
E 1 e €& z+iy Ay, 1 1 S S T | 1 2
E 1 €& € z-1y E, 2 -1 0 -2 1 0 (7,y)

Table 1.1: Character tables of the points groups D3, C3 and D34, where € = exp(i27r/3).

which interacts with the immanent magnetic moments of the electrons (the spins). Thus, there is a
net coupling between the orbital motion in real space and the spin. The corresponding microscopic
spin-orbit coupling Hamiltonian can be cast in the form

e
Hsoc = mp- (5 X VV) ,

with mass m, charge e and momentum p of the electron, the electric potential V' caused by the
electrons, the speed of light ¢ and the Pauli matrix vector s = (s;,6,,5.).

In a system where spin-orbit coupling is relevant, the spin is locked to the lattice degrees of freedom
and they transform jointly. Then, the 47 periodicity of the spinor has to be accounted for in order
to be implemented into the body of group theory. This leads to the so-called double group g;) where
rotations about the angle ¥ and ¢ + 27 are distinct. As a consequence, the amount of symmetry
elements is doubled explaining its name-giving. As an example, let us generate the double group
D from the point group D3. Then, the six elements {E, Cs., 6_‘3_31, Coz, Con, 6_’23}7 are added to the
group D3 where the bar denotes that the rotation winds by the angle ¢ + 27. To determine the
new multiplication table one can use the spinor representation and express the elements as Csy, =
Rgy(2) (T, &x), Coy = Ry (2)(3m, €;), and so forth. Similar to the ordinary point group, the character
table of the double group (see table 2.2) follows from the multiplication table. Double groups always
contain the original point group, i.e. the original IRs with the trivial ¢ + 27 rotations are always part
of it (in the D} case Ay, A2,E1) [53]. Additionally, three IRs (E2, Fy and E3) have been added to the
character table 2.2 where all of them transform odd upon the 27 rotation E, i.e. they are qualified as
possible electronic representations. Since the inversion operation also commutes with all the elements
of Dj, the double group D, can be directly constructed as the direct product D}, = D5 x {E, I'}.

"The A and B axes read 4,5 = (£1, —V/3,0)/2.
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Dy E 205, 3Cy, E 2C3, 3Cy 7

A 11 1 11 1

Ay 11 11 1 -1 P
E; 2 - 0o 2 -1 0 (z,9)
E, 1 -1 i -1 1 -

Ey 1 -1 -1 1 i

E; 2 1 0o -2 -1 0

Table 1.2: Character table of the double group D’3._ The elements group into the classes like
203, = {Cs,,C5.'}, 2C3, = {Cs,, C5'}, 3Co, = {C2y, Con, Cop} and 3C, = {Cay, Caa, Cap}.

Translations The lattice translation symmetry accounts for the equality of every lattice point. It is
described by the set of translation vectors

Ty = l1ty + lats + I3t3, L= (I1,la,13) , lieZ,

that cover every lattice point and form the group of translations T. Here, ti,t5,t3 denote the prim-
itive lattice vectors. Together, rotation and translation elements form the so-called space group G
which contains the whole set of coordinate transformations that map the lattice onto itself. In three
dimensions there is a total of 230 different space groups. Yet, for many application one does not need
the entire space group information. For example, if one wants to study a quantity that is expected
to be identical at every lattice point, the necessary symmetry information is already contained in the
underlying point group. In the remaining work we deal with homogeneous mean-field solutions where
the point group picture suffices.

Lastly, we mention the concept of extended point groups. The extended point group allows for a
handy symmetry description of an inhomogeneous, but commensurate state. In such a state, e.g. an
anti-ferromagnet, the actual unit cell is larger than the crystal unit cell. Moreover, the larger unit cell
requires larger primitive vectors and the commensurate state identifies a set of translations, the group
Ty , which do not leave the state invariant. Then, this translational group Ty is incorporated into the
point group G, by means of an induced representation [53] leading to the extended point group. The
resulting character table contains IRs according to which the commensurate state transforms.

1.3.2 Time-reversal symmetry

This section is devoted to a particular symmetry operation acting on time: The time-reversal operation
7 reverses the arrow of time ¢t — —t¢, and the corresponding symmetry evaluates whether the evolution
backwards in time mimics the forward evolution. Let us illustrate the meaning on the classical example
of a dissipative system where a particle comes to rest due to friction. The evolution backwards in time
accelerates the particle spontaneously from rest, a circumstance that clearly contradicts our physical
intuition. Another example of a system without time-reversal symmetry is a charged particle that
spirals around a fixed magnetic field. Upon a reversal of the direction of time, the particle still
spirals around the magnetic field, but its orientation towards the magnetic field lines has changed. An
important observation in this context is that magnetic fields break the time-reversal symmetry.

14
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In the quantum mechanical world, it is the Hamiltonian # that governs the time evolution from a
state [¢;) to a state |¢y) = exp(—idt 7—2)\%) The application of the time-reversal operation leads to
the time-reversed state T|t;) = exp(—idt H7)T |1s) that evolves with the time-reversed Hamiltonian
Hy = THTT from state 7’]1#]0} to T)t;). The system is said to obey the time-reversal symmetry if the
time-reversed and the original Hamiltonian 7-[7- — H are identical, i.e. if the Hamiltonian commutes
with the time-reversal operation [H,’T] = 0. Formally, the time-reversal operator is an anti-unitary
operator® T = Uy K with 7= = 7T. An anti-unitary operator can always be written as a product
of a unitary operation Z/?T and the complex conjugation operation K. The time-reversal operation
squares to T2 = +1, where the plus and minus sign applies to integer and half-integer spin particles,
respectively. In the remainder of this work we will only deal with electronic theories such that the minus
sign applies and the unitary matrix has to be anti-symmetric ZJ; = —L?T. Let us examine the action of
the time-reversal operation on the eigenstate |k, s,) of the system Hamiltonian with momentum k and
spin s € {1,]}. Here, the time-reversal operation inverses the momentum and flips the spin leading
to the state Tk, sq) = | — k, iTgﬁs@ where the relative minus sign (it¥) accounts for 72 = —1. The
action of the time-reversal operation can be conveniently generalized to T = exp(—inSy)KC with the
Sy-component of the total spin S [55].

Kramer‘s theorem The role of the time-reversal symmetry in the context of superconductivity is
immense. As introduced in Sec. 1.1.2, the two constituents of the Cooper pair are time-reversed
partners, and their mutual existence at the Fermi energy is owed to the Kramer’s degeneracy as a
consequence of the time-reversal symmetry. The Kramer’s theorem says that an energy level is at least
two-fold degenerate in case of a time-reversal invariant Hamiltonian that describes an odd number of
half-integer spin particles. The proof is simple and goes as follows: From the commutation relation
[7:[, 7'] = 0 follows that |¢) and ’7'\1@ are two eigenstates of the Hamiltonian with the same eigenvalue.
The question is whether both states represent the same state or if they are linearly independent
solutions. For Z/A{; = —Uy it is easily shown that it holds (|T4) = —(¢|T%) = 0. Thus, the two
states are not only linearly independent but even orthogonal. The preceding condition only holds for
a half-integer total spin S = ) N;s;, i.e. for an odd number N; of half-integer particles.

1.3.3 Constraints on the generalized mean-field Hamiltonian

In this section, we impose the U(1), the time-reversal and the lattice symmetries on a generalized BCS
Hamiltonian and we deduce the resultant constraints on its constituents: the single-particle Hamilto-
nian and the pairing field. The following formalism could similarly be imposed on any Hamiltonian but
for the purpose of this work, it is most convenient to study the implications on the superconducting
Hamiltonian. The generalized mean-field BCS Hamiltonian reads

— Zé;ahag ek 8 +Z< k+q Aqp(k, q) iy —|—H.c.> , (1.21)
k

where ¢ o and éL ., denote fermionic annihilation and creation operators for the quasi-particle state
(k,a). The Hamiltonian (1.21) generalizes the BCS Hamiltonian (1.4) in the sense, that the pairing
field A,p(k,q) is a matrix in the space of the microscopic degrees of freedom «, f = 1,.., Ny which
comprise spin, orbitals, layers in stacked system and so forth. In comparison to the original BCS

8 An operator 7' is anti-unitary if and only if it fulfils 777 = 77" = 1, and it is anti-linear, i.e. Tc = ¢*T for any ¢ € C.
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theory where only singlet pairing—between a spin up and a spin down electron—was considered, the
generalized pairing field A,g(k, g) allows for pairing between any of the above degrees of freedom. The
dependence on the center-of-mass momentum q genuinely entails an inhomogeneous pairing state that
varies in amplitude from unit cell to unit cell. In the present derivation, the momentum q is included
to eventually study ‘small’ fluctuations on top of the homogeneous ground state. For that matter, it
suffices to satisfy the point group symmetries instead of the entire space group. The function h(k) is
referred to as the single-particle Hamiltonian, as it contains all the band structure information of the
non-interacting part.

In what follows it is important to properly distinguish between first and second quantized operators.
We use hats to denote the latter, i.e. 7 and 7 are the time-reversal operators acting in single-particle
and in Fock space, respectively.

U(1) symmetry Upon the action of the U(1) gauge symmetry the fermionic operators transform as
T o= CT —i9/2 and Chya — ék@ei“"/ 2. Therefore, the enforced invariance of the Hamiltonian (1.21)
under thls symmetry operation requires the pairing function to transforms as

Dap(k,q) B Aok, q)e® . (1.22)

One arrives at the same conclusion arguing from the two-particle wave-function perspective A ~ (é¢).

Time-reversal symmetry In the present electronic theory, the particles have half-integer spins.
Then, the time-reversal operator T = Ur K with 7-! = 71 has to satisfy 72 = —1 and as a con-
sequence thereof, it holds Z/{T = —Z/IT. For the sake of generality, we leave the unitary matrix UT
unspecified. The action on the fermionic operators is defined by

Tef o Tt =l o (Ur) TenaT = (UF) ek, (1.23)
o'« [e778%

with the inverted crystal momentum k — —k. Note that the matrix U7 does not act in Fock space.
Time-reversal invariance implies H7 = THT T = H (cf. 1.17) and thus, we compute the time-reversed
Hamiltonian?

Ty = Z%(eL)Tﬁ Kh(k)K Tcm+2( (e ) 71 KAk, @)k Tel T +H.c.)
kN —— \_v_z \ﬁ,_z

Crtg
&)U e (e, _g)tur ufe, g
T T
_ (C,Tc) Th(—k)TTék+Z<(éL+g) TA(~k,~q)T" el g+ He) (1.24)

using the vector notation (éL)T (éL 1 c;rc 9>+ --). From (1.24) we derive the constraints on the single-

particle Hamiltonian h(k) and the pairing function A(k, q) due to time-reversal invariance, reading

T h(—k)TT = h(k) - Ur h (k) Ul =h(k), (1.25)
TA(~k,—q)T' = A(k, q) & Ur A (—k,—q)UF =A(k,q) . (1.26)

9Note thia,t Ur acts in Fock space Awhile h(k) lives in the single-particle space, such that they commute. Moreover, it
holds U7 K = KUy and KU = UFK
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Lattice symmetries The language and concepts necessary to describe the lattice transformation
behavior of spin 1/2 fermions were introduced in section (1.3.1). Concerning the role of spin-orbit
coupling, we have clarified that the fermionic fields/operators either transform under the crystal double
group QSOC Q’ or the symmetry group Q’SQC Gp x SU(2) depending on whether SOC is relevant
or not. In any case, the corresponding transformation can be cast by the unitary operation L?g whose
action on the fermionic operators is defined by

7ot gt = ot 160 U = (uyt &
UgCr Uy = TR, (g k0 (z”g)a,a ’ UgCr,ally (Ug>aa, CRo(g)k,0 >

with g being a group element from either G59¢ or G§9C. The coordinates transform as k' = R,(g)k
with the transformation matrix of the coordinates representation R,(g). The invariance upon the
lattice symmetries implies ’;qug = Z/A{g?:lljlg = A, see Eq. (1.17). Hence, we compute the transformed
Hamiltonian

Ty, = Zk: (ef )y R ()k) U + Z (e Q)TugA(RL(g)k,RL(g)q) Uy el g+ He),
(1.27)
and obtain the constraints on the single-particle Hamiltonian and the pairing function
Uy h(RY(9)k) Uf = h(k) Yo e{Ge O or G577}, (1.28)
Uy AR (9)k, Ri(9)a) Uy = Ak, q), ¥g €165 or G5O} . (1.29)

With the derived conditions for each type of symmetry class, the symmetry-allowed contributions to
the generalized BCS Hamiltonian (1.21) are strongly constrained.

1.3.4 Pairing field and its symmetry constraints

Apart from the previously derived constraints (1.26) and (1.29), there is one more condition on the pair-
ing function. By construction, it is a two-electron wave-function and hence, it has to be anti-symmetric
upon an electron exchange. Using the fermionic anti-commutation relations in the Hamiltonian (1.21)
therefore allows to impose the additional constraint

A(=k,q) = -AT(k,q). (1.30)

In order to meet all the requirements it is convenient to express the pairing field in the basis of the
IRs n according to (1.19),

T
Aup(k,q) ZA"’“ (ijf;)\”’“)aﬁ , APt X € C, Ao € ClaosxNaog (1.31)

with the components g = 1...dim(n). Here, the complex field Ay represents the position-dependent
order parameter in the Ginzburg-Landau theory. The function XZ:Z )\Z; is called the associated partner
function, where we have detached the matrix part A} from its overall spatial dependence XZ:g . In
the course of the mean-field decoupling of the BCS interaction term (see appendix A.1), the pairing

function is identified as Ag™" ~ Y, (é_p4 10 XN Crer a 5), which is why it couples to the Hermitian
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1 Fundamentals: symmetry and spontaneous symmetry breaking

conjugated of the associated partner function in Eq. (1.31). The benefit that comes with the basis
choice (1.31) lies in the transformation behavior upon the spatial symmetry operations, reading

f f
1 , T _ pT n,u' yn,u’ SOC  SOC”
Uy (0t s ) U= REG@e () g oG orgiey .
The IRs n according to which the pairing field transforms have to be part of the underlying point
group G,. The reason is that the non-trivial 27 rotations caused by a single fermion cancel out for a
two-fermion function like A(k, q). As before, we study the cases with and without SOC separately.

SOC is relevant The spin and lattice degrees of freedom transform jointly under the double group
G5o¢ = G,. By using Eq. (1.31) and exploiting Eq. (1.32), it is straightforward to check that the
condition (1.29) can be recast in terms of the order parameter relation

A%N
rRI

lova = RI(9) e ABH VgeG,. (1.33)

This transformation rule is very convenient when implementing the symmetry on the free energy
expansion.

SOC isirrelevant Without SOC, the spin transforms independently from the lattice, and it is useful
to detach the spin degrees of freedom from the remainder \™* — A" with the spin Pauli matrices
5. Here, we use the notation of the point group IR n and the SU(2) IR j with their respective
components pu = 1,..,dim(n) and n = 1,..,dim(j). The corresponding symmetry elements factorize as
Uy — UgRgy(2)(9, ) where g € Gy, is a point group element. Accordingly, the pairing field expansion
becomes

Alk,q) = 350 Al e) (XZJZA"’“)T (ng,)T , A ) o (13
o jn

For the spin degree of freedom the condition (1.29) becomes

N S T . R . T
Rspy(o) (9,2) (87 ) Ry (9,7) = Ry (0, )y (87) (1.35)

The evaluation of the equation (1.35) shows that the spin part decomposes into the two IRs j = {s, t}
for the singlet (s) and triplet (t) states. The singlet and triplet states are represented by the SO(1) and
SO(3) groups, respectively, with the corresponding group elements reading Rs(J, 1) = Rgo(1)(¥, ) =
1 and R¢(¥, ) = Rgo(3)(¥,n). The associated matrices become

(5°) = is? (51 = (s%,8Y,57) is¥ .

The implementation of the point group constraints leads to the very same relation (1.33) as in the
SOC-free case. Thus, similarly to the previous case, the condition on the pairing function (1.29) can
be recast in terms of the order parameter transformation rule

Agg’g’)(q“’") — RE(9) Ry (0, ) ATIT) G v e R R ERY Al =1.  (1.36)
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1 Fundamentals: symmetry and spontaneous symmetry breaking

In section (1.3.5) below we demonstrate from symmetry grounds that an order parameter will stabilize
only a single IR ng at the transition temperature. For the present case this means that the order
parameter in the spin space is either a singlet or a triplet,

T

singlet: A(k,q) = (XZ?L;“)\"O’“> ALY isY (1.37)
T

triplet:  A(k,q) = (XZ?(}“)\”O’“> A (5% 5, 57) iV (1.38)

with APYH = (AR, ALY, AlSR). Due to the anti-symmetry constraint (1.30), the corresponding
spatial functions have to satisfy Xﬁo’f;()\”o’“)T = £,/ A"0# for the singlet (+) and triplet (—) state.

Finally, we write the spin- and lattice IRs in (1.36) in a compact form using 7 = (n, j), o= (u, 77),
7 = (9,9,7) and RE(9) = RE(9)uwRi(9,R)yy. Then, both cases, with and without SOC look
formally identical and can be treated on equal footing. In the remainder of this chapter, we will
therefore treat both cases as one.

Pairing field and centro-symmetry Following up on the discussion on singlet and triplet pairing,
we want to shed some light on a closely related topic. Consider a spin-orbit coupled systems with spin
1/2 electrons and both, time-reversal and inversion symmetries intact. In these so-called time-reversal
invariant and centro-symmetric systems every energy level is at least four-fold degenerate, with the
states at a given momentum k being doubly degenerate. Moreover, it has been shown in Ref. [56-58]
that regardless of the degree of entanglement between spin and orbit, it is always possible to construct
a pseudo-spin basis {|k, +), |k, —)} within which the operations act as

Thus, the two degenerate states |k, +) transform just like common SU(2) spinor under the time-reversal
7 and the inversion U; operation. It should be noted that the pseudo-spin is not to be confounded
with the actual spin in the sense that physical quantities such as magnetic fields still couple to the
electron spin, not the pseudo-spin. The Pauli matrices in pseudo-spin space are denoted by § and in
this basis the pairing field can be expressed in the form

Ak, q) = d 415 + diq - (5%,5Y,5%) is? (1.39)

reminiscent of the singlet and triplet representation (1.37-1.38). Indeed, the terminology is adapted

such that pairing states with d% g and dpg = (d;c ()1, d;cy‘)l, dé ()1) are characterized as singlet and triplet
states (in pseudo-spin space), respectively. The anti-symmetry constraint (1.30) requires the d-
functions to be even d(lk,q = dqu and odd d_j 4 = —dy 4, respectively. In the case of zero external
momentum q = 0, a parity even (odd) pairing channel can only have a finite d%o (dk,0) component
while the other one has to vanish.

Note that the pseudo-spin basis (1.39) has only a single microscopic degree of freedom left (pseudo-
spin). Here, it is commonly assumed that the other electronic bands are sufficiently well separated in
energy such that there is essentially no coupling to them. Then, the d-representation (1.39) has the

physical significance it is usually attributed to.
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1 Fundamentals: symmetry and spontaneous symmetry breaking

Time-reversal symmetry constraint To meet the time-reversal symmetry constraint (1.26) it is
convenient to introduce the new matrix A™# = Uy A™". Then, it can be shown that the time-reversal
invariance requires the associated partner functions to satisfy (see appendix A.1)

t o
(xaam) ' = (gt A (1.40)

where n and 7 denote a pair of complex conjugated IRs. According to the relation (1.40) a real IR
(n = n) has to be accompanied by a Hermitian matrix A™# given it holds XZ:Z = XZ‘: @ For the case of
a complex conjugated pair (n # n), the condition (1.40) requires the two IRs to transform jointly. Note
that the pure lattice and spin symmetries let them to transform independently. As a consequence of
the time-reversal constraint, pairs of complex conjugated IRs are conventionally lumped together into
a 2dim(n) dimensional IR. As show in the appendix A.1, the time-reversal constraint (1.26) translates

into the order parameter condition
_ *
A = (AT[’D , (1.41)

which can be easily implemented in a free energy expansion. Before we proceed, let us examine what
it needs for a superconductor to break TRS on the basis of three examples:

(i) The pairing state is homogeneous (g = 0) and transforms according to a multi-dimensional real
IR (n = n = ngp) such that the condition (1.41) becomes

i 71 72 i ’3 ip: —i 71 ’2 —i 73 —i 7'
o (AgT Ageteen Aoteien L) = eTie (AR ARteTien ARt L) AR > 0.

Owed to the U(1) symmetry, the overall phase can always be gauged away and does not play
a role. Thus, the condition can only be violated if the order parameter has multiple compo-
nents and if the respective ground state symmetry is such that at least one relative phase is
Pij 7 {O,w}. By implication, this excludes any time-reversal symmetry breaking in case of a
uniform single-component order parameter.

(ii) For a homogeneous (g = 0) pairing states that transforms according to a complex conjugated
pair ng,ng where we assume dim(ng) = 1 for brevity. The condition (1.41) becomes

el¥1 (A6107 A7010€1<.021> = e ¥1 (Agoeﬂlﬂzl’Ago) , ASO’ Ago >0.

Here, the TRS is always spontaneously broken unless the ground state happens to be of the form
Y21 = 0 and Ago == Ago‘

(iii) For a spatially inhomogeneous pairing state such as a pair density wave with a fixed ordering vec-
tor Q. Here, the wave-function could either be single-@Q dependent with AqQ =1 Apd(q — Q),
or double-@Q dependent with A? = e¥1Ag[0(q — Q) + (g + Q)]. The single-Q state would
necessarily break TRS as ¢ — —q leads to a different state, while the double-@Q solution would
leave the TRS intact—at least in the given representation with zero phase difference and equal
amplitudes for the oppositely propagating waves.
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1.3.5 Constraints on the free energy expansion

In this section we want to transfer the previously implemented symmetries into constraints on a free
energy expansion. Moreover, we discuss how symmetry-compliant contributions can be derived and
demonstrate that the free energy expansion diagonalizes in terms of the IRs n. With the previously
obtained transformation rules of the order parameter upon the U(1) (1.22), the point group (1.33) and
the time-reversal symmetry (1.41) operations, we can directly postulate the corresponding constraints
on the free energy density, reading

UQ): FIAPH), ApH,q) = FIAPH) e, Ap#et,g] VoeR, (142)
lattice :  F[(AJ")", AR¥. ) = FIAPH ) Ral@): RU@) e A3 R0V a] Vo €Gp. (143)
TRS: F(AL#), AL, g] = FIA, (AL#)", —q] . (1.44)

Now, let us study how these constraints effect a free energy expansion, that can be written in the form

FIARHY* Al ] & F[0,0,0] + 3 S (AR#)* MM(T, q) AR+ + Fiu | (ARH)*, AR, q} . (1.45)
nn' pup!
Here, we have already employed the U(1) condition (1.42) which prohibits any odd powers in Ag*

such that the interaction contribution is at least of fourth-order in AZ’“ . The zeroth-order term in
(1.45) denotes the normal state contribution.

Quadratic part The point group symmetry constraints (1.43) impose the condition

MML (T,q) = Rn(g)w

nn’

m(T, Ry N 9)a) R () Vg € Gy, (1.46)

on the matrix Mﬁgf(T, q). Let us assume that the pairing state is homogeneous such that it holds
q = 0 for the mean-field transition. This allows us to sum Eq.(1.46) over all group elements g, and to
apply the grand orthogonality theorem of group theory [52]

* g
Z Riu(9) Ry (9) v = |dp| Onn O O - (1.47)

9€9p

Here, |Gp| denotes the order (i.e. the number of elements) of the group G, and d,, the dimension of the
IR n. This simplifies the quadratic terms to a matrix

/ / 1
M#ﬁ, (T,0) = MY, (T, O)J O Onmt ! = an(T) Oppy 5##' , (1.48)

that is diagonal in terms of the IRs. Insertion of the matrix (4.21) into the free energy expansion (1.45)
shows that the quadratic contribution turns into an independent sum over the IRs n,

Fauad[(AG™)*, A, 0] = Zan ) D (AFH) A (1.49)
I
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Let us comment on the physical consequence of the diagonalized free energy contribution (1.49): Within
the Ginzburg-Landau formalism, the second-order phase transition occurs when the quadratic coeffi-
cient vanishes, see section 1.1.1. In Eq. (1.49) we have many quadratic coefficients, all of which are
symmetry-distinct. Consequently, all of them should vanish at a different temperature—disregarding
accidental degeneracies. Following that line of reasoning, there has to be one symmetry channel, i.e.
one IR ng, whose coefficient a,,(T") vanishes first. This first channel dictates the primary pairing state.

From here on, there could be different scenarios. In the simplest one all the remaining channels are
still far from ordering and any kind of back-channeling can be safely neglected. A more subtle situation
arises when various coefficients a,,(T") become soft (Zapproach zero) around the same temperature.
This situation calls for a careful analysis of the interactions between the different channels, and falls
into the subject of competing orders. Such a scenario arises as an accidental degeneracy that can
be imposed by a fine-tuned choice of tuning parameters. In reverse, accidental degeneracies can be
removed by small system perturbations such as stress or magnetic fields. Accidental degeneracies are
not considered in the remainder of this work.

Lastly, we apply the time-reversal symmetry constraint (1.44) on (1.49) which leads to the expected
condition ay(T") = an(T), according to which complex pairs transform as an effective 2dim(n) dimen-
sional IR. In the following we treat complex IRs as multi-dimensional where we employ the notation
n=noén.

Interaction part In line with the previous discussion the system is assumed to order uniformly in the
single symmetry channel ng. The most general form of the interaction term reads

3 AN | 6
Jrint [(Ago,u)*a A807M7 0] = Upprapzpa (Agml“)*(ASOMQ)*ASOMJAOO,MLI +0 ((A007M> > ) (150)

where the summation over doubly occurring indices is implied. Most of the parameters wu, y,u;u, are
not independent. To demonstrate this, it is convenient to introduce the bilinear combination

1‘7l— bl * 7‘7l )l
B = (ApoH) AT A (1.51)

and classify the matrices N such that they satisfy the sesquilinear transformation condition

n,i,l — n,i,l’
R (@)oo N R ()t = R (g AL (1.52)

Here, the bilinear transforms according to the IR n with its components [ = 1,..,dim(n). The index
1 accounts for multiply occurring IRs, which will be referred to as the multiplicity in the following.
For example, the bilinear transforms according to the product representation I';, ® I';, that can be
decomposed as

I ®Thy = #nolng @ #nylny ® .- H#npy Hn, € NT. (1.53)

The IR n can be any of the IRs from the set {ng,np,. ..}, and each IR n in (A.14) occurs #,, times
which is accounted for by the multiplicity index i = 1, .., #,. With the classified matrices (A.12) it is
evident that the bilinear transforms according to

Bl — 'R;Ll (9w Bl (1.54)

22




1 Fundamentals: symmetry and spontaneous symmetry breaking

Using this identity, the free energy contribution (A.10) can re-expressed in terms of bilinear combina-
tions

TR, . T 6
]:int [(Ago,#)*’ ASO’N,O] — uz %zl,l Bmz,l B™' s J +0 <<A80,ﬂ> ) . (1‘55)

This form is reminiscent of the quadratic term (1.45), and with the same reasoning we can first simplify
the condition (1.43) to

1 s opl

L .
up = Ra@uy if R (9)ve Vg € Gy, (1.56)

where we have used R} (g9) = Rn(g). Remember that complex IRs are included via the substitution
n — N = n ®n. After the summation over g and the application of the grand orthogonality theorem
(1.47) one finds the interaction parameters

n' i\l

ﬁ,i’,f’ — 6
n,i,l -

1 o
= GO — ulL " = Snedurul”

n
to be diagonal in terms of the IRs but it still depends on the multiplicity index i. Then, the quartic

part of the free energy density becomes

Fone [0y 00 0] = 305 i 37 mritn 4 of (ager)). (1.57)

noo4f !

where the interaction coefficients u%zl satisfy ufll/ = u%l to guarantee the reality of the free energy. It
should be noted that due to Fierz identities not all of the remaining parameters u,;’ are independent.

Bilinear examples We find it instructive to illustrate the classification of the bilinear combinations
on two simple examples.

(i) Consider an order parameter that transforms according to the IR ny = E of the point group D3
(see Tab. 1.1). The corresponding bilinear decomposition (A.14) reads I';®I'p = T'4, ®T'4, @'k,
With the set of transformation matrices Rz (g)'° one can determine the associated matrices A™!
via (A.12). This tedious task can be significantly simplified by using appropriate numerical tools
such as the Mathematica package provided by [53]. The classified matrices are listed in table
1.3, together with the behavior of the corresponding bilinear combination B™%*! upon the time-
reversal operation (1.41).

(ii) Now, we consider an order parameter that transforms according to the complex IR E'® E of the
point group C3 (see Tab. 1.1). The bilinear decomposition (A.14) yields (E @ E)* @ (E @ E) =
2A @ (E @ E) with a multiplicity #4 = 2. Again, the classified results are listed in table 1.3.

The motivated reader is welcome to check the condition him-/herself. The matrices of the IR E of the D3 point group
read Cay = 0%, Coqa/py = (—0* F/30%)/2, CL' = (—0° Fiv/30Y)/2
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D3 matrix A»* TRS of B™%!

Cs matrix A" TRS of B™#!
Ay o +
A Y A {O’O, UZ} {_|_7 _}
o Fof (o rict o i) (50)
E (o) (1)

Table 1.3: Association of the IRs n occurring in the bilinear combinations B™"! and their re-
spective matrices A™! resulting from (A.12). We have considered the IR ng = E of the D3, and
the IR ng = E @ E of the C3 point group. The index | = 1,..,dim(n) couting the components of
multi-dimensional IRs n is denoted by curved brackets, while the multiplicity index ¢ is denoted by
curly brackets. The respective transformation behavior of B™*! upon the time-reversal symmetry

(1.44) is attached.

Fluctuation part We close this chapter by discussing the symmetry-allowed free-energy terms ac-
counting for long-wavelength fluctuations. To follow a similar approach as before, we expand the
quadratic coefficient (1.45) in powers of momentum according to

’ il il i1
MEE (T,q) & ang(T)our + > > > A (dgmllqa + " qags + - ) , (1.58)
n i l

with ng denoting the stabilized IR. Upon the point group symmetries, the matrices A and the
spatially-dependent parts in (1.58) transform independently. With the matrices transforming according
to (A.12) the only way the condition (1.46) can be met is for the spatial coefficients to satisfy

dZ;iJ R;r; (g)a’a = dZJ’an(g)ll’ ) (159)
doizr RY9araRE(9)gs = dis Ru(g)ur - (1.60)

The allowed free energy contributions read A%!d™% i.e. they only exist for IRs n according to which a
matrix A% and a gradient coefficient d™*! transforms. Additionally, the contributions have to respect
the time-reversal symmetry. As demonstrated in table 1.3, the bilinears transform either even or odd
upon the time-reversal operation, and hence, they can only be paired with a spatial expansion term
of even or odd power, respectively. In the appendix A.3 we show the derivation of a fully symmetry-
compliant momentum-dependent function that is not limited to small momenta.

A system allowing for a linear gradient term is of particular interest as it would minimize the ground
state energy for a finite momentum g and hence, cause an inhomogeneous ground state order. Such
a contribution can only exist in systems without inversion symmetry, i.e. in non-centro-symmetric
systems. The resulting ground state would be somewhat similar to an FFLO state [59, 60], and for
example, in the point group O such a linear contribution is symmetry allowed for an order parameter
transforming according to ng = 7' [61].
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Chapter 2

Undoped and doped Bi,Ses

This chapter serves as an introduction into the versatile physical properties of the topological insulator
family BisSes, BisTes and ShoTes, as well as on the superconducting state that emerges out of BizSes
upon Cu, Nb or Sr doping. The compound BisSes is considered a prototypical topological insulator
whose non-trivial properties originate from a strong spin-orbit coupling. The emergent superconducting
state has consistently been reported to be a two-component odd-parity state that breaks the in-
plane (s, rotational symmetry and thereby, it causes a nematic distortion. The superconductor also
shows indications to be topologically non-trivial. In this chapter, we outline and discuss the current
experimental situation and we revisit the theoretically established two-states model.

First, we provide a brief introduction into the concept of topology. Then, we introduce the topological
insulator BioSes where we present a derivation of the associated model Hamiltonian and we discuss
the non-trivial topology. Third, the possible pairing states are classified and contrasted with the
experiments. In agreement with previous works, we identify the FE, state as the most consistent
pairing candidate. Lastly, we discuss the E,, ground state phases. Of particular interest are the two
distinct nematic solutions—one fully-gapped and one nodal—which are discerned by a sixth-order
parameter. A study of this parameter is attached in the last part.

2.1 Topology

Anti-unitary symmetries play a central role in the field of topology. While a Hamiltonian can be block-
diagonalized with respect to the IRs related to the unitary symmetries, the anti-unitary symmetries can
not be ‘removed’ from these blocks. Hence, the presence or the absence of an anti-unitary symmetry
can be used to classify such an irreducible block [54]. The two anti-unitary symmetries relevant for
condensed matter systems are the time-reversal 7 and the particle-hole (or charge conjugation) ¢
symmetry which are defined by the commutation and anti-commutation relation with the Hamiltonian

[FI,ﬂ:o, {ﬁ,é}:o,

respectively. The two symmetries can either be present, and square to +1, or they can be absent
[62]. This yields 3 x 3 = 9 classes which exhausts all but one of the symmetry classes developed by
Altland and Zirnbauer [63-65], see table 2.1. In the case where both 7 and C are absent, the combined
symmetry TC, also named the chiral symmetry, can either satisfy the chiral relation {I:I , 7A'CA} =0,
or not, which completes the ten classes. The three last columns in the table denote the possible
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2 Undoped and doped BisSeg

Class 7 ¢ TC d=1 d=2 d=3
A 0O 0 0 0 Z 0
AIIT 0 O 1 7 0 7
Al 0 0 O 0 0 0
BDI 1 1 1 Z 0 0
D 0 1 0 Zo Z 0
DIII -1 1 1 Zo Zo Z
AIl -1 0 O 0 7o Zo
cir -1 -1 1 27 0 Zo
C 0 -1 0 0 27 0
CI 1 -1 1 0 0 27,

Table 2.1: Periodic table of topological matter. The classes can be grouped into the three
standard Wigner-Dyson classes {A, AI, AIT}, the three chiral classes {AIIl, BDI, CII} and the four
BdG (superconductor) classes {D, C, DIII, CI} [67].

existence of a system in the dimension d, with the associated topological index, either Zo or Z. These
topological numbers distinguish a topological non-trivial (# 0) from a trivial (= 0) phase and are
well-defined within the bulk of a fully-gapped systems.

In real material samples, the non-trivial bulk index reveals itself at the boundary. This is a direct
consequence of the so-called bulk-boundary correspondence [55, 66]. A topological character can only
be changed by means of a gap-closing, i.e. the gap has to close at the boundary between topologically
non-identical systems which leads to a localized zero-energy state. Depending on whether the particle-
hole symmetry is present or not, the edge state is a real Majorana mode, or a complex mode of
Dirac type. In particular, in the four superconducting (BdG) classes {D, C, DIII, CI} the particle-hole
symmetry is naturally present and thus, topological superconductors host Majorana edge modes.

Topological insulator The field of topological states of matter has emerged with the detection of
the integer quantum Hall effect in 1980 [11] in a system where the time-reversal symmetry has been
broken by means of a magnetic field. The physics of the integer quantum Hall effect is captured by a
Chern insulator whose characteristic is the broken TRS [68].

For more than 20 years, topological states were only known in combination with a broken time-
reversal symmetry. It took until 2005, when Kane and Mele [69, 70] introduced a model that keeps
the time-reversal symmetry intact, while it still hosts gapless edge states. Thus, they introduced a
time-reversal invariant insulator, whose existence had been experimentally confirmed shortly after [71].
This discovery blew the field of topological insulators wide open [12, 66, 72]. The mechanism playing a
key role in the formation of a topologically non-trivial insulator is the band inversion [73] which is also
the mechanism at work for the BisSes family. The topological insulator BisSes falls into the symmetry
class All, where the electronic bands require 72 = —1, and particle-hole symmetry is absent. As a
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2 Undoped and doped BisSeg

three-dimensional material it is described by a Zg invariant! that is defined by

0 det w(K;) 2.1)
vo =1l g~—r——=. .

2 1=1,..8 wa(Kz)

The product comprises the eight time-reversal invariant momenta K; (i = 1,...,8) of the Brioullin
zone. A time-reversal invariant momentum is defined by K; = — K; 4+ G with a reciprocal lattice vector

G. The sewing matrix w;j(k) = (u;(—k)|T|u;(k)) connects an occupied eigenstate |u;(k)) of band i
with the time-reversed counterpart of band j. In the presence of an additional inversion symmetry,
i.e. in centro-symmetric systems like BiySes, the expression (2.1) simplifies to

(1) =1ILi=1,.8 (H;V:1§2j(Ki)> : (2.2)

where £;(K;) = &2j—1(K;) = £1 denotes the parity eigenvalue of the 2jth occupied energy band at
the momentum K ;. The product involves the 2N occupied bands.

Topological superconductor A topological superconductor naturally respects the particle-hole sym-
metry C and it is classified according to one of the four Bogoliubov-de-Gennes (BdG) classes {D, C, DIII,
CI}. Owed to the reality constraint posed by ¢ , the topological edge states in superconductors are of
Majorana type. Such edge states cause particular attraction for their potential applicability in quan-
tum information technology. In a type-II superconductor these Majorana states also occur at the edges
of vortices where the topological index changes analogously to the sample boundary [75-77]. One key
experimental signature of Majorana modes is a zero-bias peak in the differential conductance.

Let us have a closer look on time-reversal invariant superconductors, i.e. members of the classes
DIIl—relevant for doped BisSes—and CI. In three dimensions, the topological bulk index of both
classes can be cast as a winding number that is computed via

Ve = 24;2 /d3k: " Ptr [(qklauqk> <q,;18,,qk) (qklaqu>] , (2.3)

with w,v, p = kg, ky, k. [67]. The integral extends over the entire Brioullin zone.?

defined through the projector

basis transf. 0 gk
dg

The matrix g is

that can be brought, upon a basis transformation, into a block off-diagonal form. Hereby, the projection
matrix P,ij = |ui(k))(u;(k)| projects into the occupied eigenstates of the Hamiltonian. Genuinely, the
computation of topological indices like (2.3) is quite tedious. In the particular case of a centro-
symmetric system where the pairing state has odd parity, it has been proven [16, 78] that the above
winding number become non-zero if the two conditions are met: (i) the superconducting gap is fully
established, and (ii) the Fermi surfaces enclose an odd number of time-reversal invariant momenta K.
In the reminder of this section we refer to these conditions as the Fu and Berg criterion.

!Actually, it is described by one strong Zs invariant, and three weak Zo invariants. For a discussion on the weak
invariants, we refer to [74].
?In a continuum model, the integral can be carried out over the entire three-sphere [67].
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While insulators characteristically have a large and full energy gap, superconductors may develop
nodal gaps, i.e. gaps that vanish along certain directions in momentum space. Such nodal super-
conductors are not subject to the above classification that vitally depends on the existence of a full
energy gap. Still, nodal superconductors can have non-zero topological numbers which are then de-
fined as loops around the nodal structures [79]. These systems also host gapless edge modes which
may exist along certain hinges or sample edges only [80]. For a comprehensive review on topological
superconductivity we refer to Ref.[81] and references therein.

2.2 Topological insulator Bi;Se;

In this section, we introduce the BioSes material class including its structural and symmetry properties,
as well as the established low-energy description. After having outlined the structural properties,
we employ the framework developed in chapter 1.3.3 to deduce the model Hamiltonian. Lastly, we
demonstrate the occurrence of topological helical edge states. In the pseudo-spin basis the topological
Zs index can be easily computed.

Crystal structure and symmetry elements The compound BisSes (and similarly BisTes and ShyTes)
crystallizes into a trigonal structure that is characterized by the A, B, C stacking sketched in figure

2.1(a). The structure forms so-called quintuple layers between Se-Bi-Se-Bi-Se that are densely packed.

Two adjacent outer Se layers are only weakly coupled through van-der-Waals interactions. The low

energy physics are dominated by the properties within such a quintuple layer.

The primitive cell is constructed from the three lattice vectors ¢; = (0,-a/v/3,¢/3) and ta 3 = (+a/2,

a/2v/3, ¢/3) with the lattice constants a = 4.1 A and ¢ = 28.6 A [82], and it is shown in figure 2.1(a,b),

indicating the involved symmetry elements. The appropriate space group is R3m ( ng) with the un-

derlying point group D3y = {E, C2:,C, (A8} C'g:zl} X {E, I } consisting of twelve symmetry elements

[83]. The in-plane axes read fy4 gy = (+1, —/3,0)/2. Evidently, the x and y directions in these
systems are not equivalent and have to be properly distinguished.® Using reciprocal lattice vectors
by = 27(0,-2/av/3,1/c) and ba 3 = 27(+1/a,1/av/3,1/c), the shape of the first Brillouin zone is shown
in Fig.2.1(d). The eight time-reversal invariant (and inversion-invariant) momenta K; read

1
T = (0,0,0), L; = ;b F; = §(b1+jmod3 + b14(j+1)mod3); Z = bj, (2.4)

Jj=1

with j = {1,2,3}.

2.2.1 Deduction of the model Hamiltonian

The well-established model Hamiltonian for the topological insulator family BisSes, BioTes and SboTes
has been proposed in [84, 85]. It is based on ab-initio calculations that exposed two bands which reside
close to the Fermi surface at the I'- point, in agreement with ARPES measurements [86]. Due to the
presence of inversion and time-reversal symmetry, the two bands are doubly degenerate and they have
been associated with hybridized P,-orbitals from Bi and Se atoms within the quintuple layer. In their
calculation the authors of Ref.[85] included an atomic spin-orbit coupling Hamiltonian Hq—soc = Al - s

31t is also common to use the indications a and a*, where it holds =z and a*Zy.
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Figure 2.1: Figure (a) shows the unit cell of BisSes with the A,B,C stacking and the quintuple
layers indicated. The orange and green spheres represent Bi and Se atoms, respectively. Figure
(b) shows the primitive cell, while Figure (c¢) displays the top view on unit cell. Figure (d) depicts
the first Brillouin cell.

with realistic values for the coupling constants, A(Bi) = 1.25eV and A\(Se) = 0.22¢eV [87]. The energy
levels have been found to cross at a certain momentum which is a prerequisite for the system to become
topologically non-trivial. The two doublet states (|P1},1),|P1},4)) and (|P2;,1),|P2;,]))—with
parity &+ and spin 1, |—transform according to the irreducible representations (IRs) E3, and Es, of
the double group D%y (cf. table 2.2), respectively.

In the following we derive the model Hamiltonian from [84, 85] with fully symmetry-compliant mo-
mentum dependencies apt for a lattice description. This part also serves as a pedagogical introduction
into symmetry classifications based on a crystal double group.

Transformation matrices Regarding the upcoming classification it is convenient to first state the
involved transformation matrices of the two-dimensional IRs, E,,E,, E3, and E3, of the double group
D%4. The double group D%, originates from the point group D3y = D3 x {E,I } which itself is the
product group consisting of the inversion and the D3 groups. The D3 group elements are denoted by
90 = {E, Caz, Cyy 4 gy iy

The IR E, is the vector representation, i.e. it transforms like an (x,y)-vector. The IR E, transforms
like a pseudo-vector, i.e. it differs from £, by a sign flip upon the inversion operation Rp, /g (Igo) =
FReE, /a (go). For the elements gp the vector transformation matrices read

1/ _ 1/ _
Re,;,(Cox) = ((1) 01) v Rey,(Copamy) =5 (;F\}g 3F1/§> , Rg,,(C3") = 3 (i\}g jF\?) - (25)

The two IRs E,/, are real and thus, they transform trivially under 27 rotations, i.e. Rp, /g (9) =
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Re,, (g) for g € D3gq where g results from g by a rotation angle shift ¢ — ¥ 4+ 27. This completes the
matrix set for the real IRs E, .

The spinor IR Ej3, originates from an SU(2) representation. The SU(2) rotation matrix reads

Rsy(2) (¥, n) = exp(—igs . fz) which allows for a representation of the elements by, for example,

REs,/Es,(C2z) = Rsy(o) (T, €;). Accordingly, the spinor matrices read

. +i27/3 +1 +i27/3
7?'E3u/£?~g (0237) =- ((1) (1)> ’ 73'E31,L/3g (02{14,3}) == <e¥i87\'/3 c 0 ) ’ RESu/Bg (032 ) =" (6 0 e$i8ﬂ'/3>

with R4 gy = (£1, —/3,0)/2. Note that the two IRs only differ by the inversion symmetry REq, 3 (Ig0)
= FREy, 3, (go)- Since the two IRs originate from an SU(2) representation they pick up a minus sign
upon a 27 rotation, leading to the property Rg,, /3 (9) = —RE,, /39 (9) which completes the matrix
sets.

Symmetry constraints on Hamiltonian The Hamiltonian is derived in the basis of the two doublets
P1 and P2 where we introduce the basis vector ¢ = (|P1},1),|P11,]),|P27,1),|P2;,])) that trans-
forms according to the representation Es, @ Es3,. The authors in [84] have clarified that a Cy, rotation
should create a relative minus sign between the two orbitals. This means the transformation matri-
ces are not simply R, (9) ® R, (g) but they have to be adjusted by the similarity transformation
Sks, = Rsy(2)(—, &;) leading to the unitary transformation matrices

Uelg) = (Sis, R, (9)Sh,, ® R, (9)) (2.6)

To derive the Hamiltonian H = Zk(&L)Th(k)ék, the single-particle Hamiltonian h(k) has to fulfill the
lattice (1.28) and the time-reversal (1.25) constraints, reading

Ud(9) (R} (9)k) Ul (g) = h(k)., Uy W7 (—k) U = h(k). (2.7)

The time-reversal operation 7 = U7 KC with the unitary part Uy = io"s?Y acts on the states ¢, where o
and s denote the orbital and spin space Pauli matrices, respectively.

To account for the lattice constraint (2.7) we detach the orbital (spin, etc.) degrees of freedom from
the spatial part of the single-particle Hamiltonian h(k).g = w”’i’“(k:))\gg’“ where the matrices A™%#
are chosen such that they satisfy the condition

Ue(g) " UL (g) = R (9) e A (2.8)

with the IR n, the corresponding components p = 1,..,dim(n) and the multiplicity index i. Doubly
occurring indices are assumed to be summed over. The occurring IRs and their multiplicities can be
read off from the decomposition of the bilinear form

(Egg ® Egu) ® (Egg ® E3u) = 241, ® 241, @ 240y & 240, & 2B, & 2B, . (2.9)

Here, each of the six IRs occurs twice (i = 1,2). Since the bilinear combination of the IRs E3, and E3,
transforms trivially upon 27 rotations, the decomposed IRs in (2.9) have to be part of the underlying
point group Dag. We list the identified matrices \™%# in table 2.3, together with their transformation
behavior upon the time-reversal operation (2.7).

30
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Dy E 203, 3Cy, E 203, 3Co, IE 2ICs, 3ICy, IE 2ICs, 3IC, Reality

Ay 1 1 1 1 1 1 1 1 1 1 1 1 pot. real
Ay 1 1 -1 1 1 -1 1 1 -1 1 1 -1 pot. real
E, 2 -1 0 2 -1 0 2 -1 0 2 -1 0 pot. real
Ey 1 -1 i -1 1 -i 1 -1 i -1 1 -i ess. complex
Ey 1 -1 4 -1 1 i1 -1 i -1 1 i ess. complex
Ez, 2 1 0o -2 -1 0 2 1 0 -2 -1 0 pseudo-real
A, 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 pot. real
Ay 1 1 -1 1 1 -1 -1 -1 1 -1 -1 1 pot. real
E, 2 -1 0 2 -1 0 -2 1 0 -2 1 0 pot. real
By, 1 -1 i -1 1 S | 1 -i 1 -1 i ess. complex
Foy 1 -1 io-1 1 i -1 1 i 1 -1 - ess. complex
FEs, 2 1 0 -2 -1 0 -2 -1 0 2 1 0 pseudo-real

Table 2.2: Character table of the double group ng.iTheielements group into the classes like
203, = {C3,,C3'}, 203, = {C3,,C3'}, 302, = {Cay,Caa, Cap} and 3Cy, = {Cay, Con, Cop}. A
vector transforms according to E, & As,.

It is convenient to classify the spatial functions w™%#(k) such that they satisfy the transformation
property.

W (R (g)k) = W™ (k)R (9) (2.10)

By this means, the combination w"7i’“(k)>\zg’“ transforms trivially and is an allowed contribution to
the Hamiltonian. The simplest solutions to (2.10) are obtained from a power expansion around the
I'-point in terms of k

W (k) & WP g + wig kaks + Whg kakpky + O(KY).
Then, the polynomials have to satisfy the conditions

Wi " RYGate = W R @ Wi RUDaaRYG) w5 = wop Ru(@wu,  ete,
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D%y matrix AL TRS  matrix M2#  TRS

Aig o060 + 0?59 +
Agg 0'052 — 0°s” -
E, oV (s, %) — o* (s%,8Y) -
Ay ors* — o¥s* +
Agy, o%s0 + o¥sY -
E, o (5,1/7 75;r> _ oV (51/’ _550) +

Table 2.3: Association of the IRs n occurring in the bilinear form of the basis states (2.9) and
their respective matrices A™® resulting from (2.8). Additionally, the respective transformation
behavior upon the time-reversal symmetry operation (2.7) is added. The matrices highlighted in
purple are the ones that can be paired with a spatial function to transform trivially, and thus,
occur in the Hamiltonian (2.16).

and the resultant functions read

Ay : Aty _ gehio <k§ + kj) +d 2 (2.11)
Aty - Cs — R (l%;”; - 31595153) (2.12)
Ay - i = vk, + Ry (kj - 3@1%5) (2.13)
o\ (R e (R
. k — g Yz 9 x Y
E,: ( 59,2> 24! (kxk> +d (_%m% (2.14)

flf ]%x FEu1. 21;2:%3,/
E,: =57 | +dBuk | 57, (2.15)
( i B P R

with the dimensionless momentum k = (k,a, kya,k.c). In the appendix A.3 we show the spatial
functions in a lattice representation that is fully symmetry-compliant.

Altogether, the symmetry-allowed contributions can be added to reproduce the model Hamiltonian
from Ref.[84]

h(k) = 0%° (—p + Ci) + 076 My, + 0* (zy fE—s f;;) — Y0 ff + o%s" fO5 | (2.16)

with the functions My = My + My(k2 + I;:Z) + M;2(1 — cos(k,)) and Cp = Co + Co(k2 + l%g) +
C12(1 — cos(k;)). The parameters have been derived from ab-initio calculations in Ref.[84]. Unless
stated otherwise, we use their values for BisSes reading My = —0.28eV, My = 44.5 eVA2/a,2, M, =
6.86eVA*/c2, Cy = —0.0083eV, Co = 30.4eVA*/a2, O = 5.74eVA®/c® vy = 3.336VA/a, v, =

—2.266VA/c, Ry = 50.66VA® /a3, and Ry = 113.3eVA® /a3
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Pseudo-spin band basis In a system with both, time-reversal and inversion symmetry intact each
energy level is at least fourfold degenerate, and more importantly, the existence of a pseudo-spin basis
is guaranteed. In a pseudo-spin basis the basis components transform just like an ordinary SU(2)
spinor under the inversion and the time-reversal operation (cf. Sec.1.3.4). In the context of BisSes this
basis has been introduced by the name manifestly covariant Bloch basis (MCBB) [57]. We label the
corresponding band basis vector by 1, = (J0g, +), |¥5, =), [g, +), [¥p, —)) with the conduction and
the valence band doublets satisfying the SU(2) transformation relations

TIR", £) = Esign(M)[¢%}, F) Urly”, £) = (1) "sign(My) [, £) - (2.17)

The inversion operation U; eigenvalue (£1)%" picks 41 for the conduction and —1 for the valence band.
For the single-particle Hamiltonian (2.16) in the basis ¢, the appropriate unitary transformation
matrix Up(k) that diagonalizes the system into the pseudo-spin basis 1, = UJ (k)cy, reads

Uy(k) = sign(Mg) B, (azazso + a,;axsz> — fiBy (a,‘!ayso + ia,;0052>
+ f,fﬁ,; (—a;amﬁy + ia;gzsx) + fgﬁk_ (ozZa"Es"” + iaga’zﬁy> , (2.18)
with the functions being defined below.* The Hamiltonian in the band basis H = 3, (91 )7 hy (k) is

characterized through the single-particle Hamiltonian hy (k) = UJ (k)h(k)Uy(k) = diag(E}, B B, Ep)
with the eigenenergies E,:ct = —u+ f) £ A\p. We have defined )\, = \/M,% + 2+ ( 1903)27 fr =

(s S 000" Mo = Mic/ \/MZ + 13, B = 51 = [0l 752 = 152 s o = 25 (sien(Mi)y /1 + 0+
1= 5 and fl = [/l FL= 5 MR+ £ with = {9, 2},

Edge states The model Hamiltonian (2.16) involves a non-trivial topological index v, characterized
by the Zs number (2.1). The pseudo-spin relation (2.17) directly leads to the sewing matrix w(k) =
sign(Mjp)isY, and hence to the topological index

8

vy = H sign(Mkg;, ). (2.19)
i=1

In a system stacked along the z-direction (infinite in the x and y directions) it is sufficient to consider
My = My and Mz = My + 4M;. If the two values have opposite sign, the system is topologically
non-trivial, as demonstrated in figure 2.2. The emerging gapless edge states are helical. To see this,
we focus on the vicinity of the I'-point, where the cubic momentum contributions can be neglected.
Then, the Hamiltonian commutes with the helicity operator

iLhelicity =q° (5 X E)z =0’ <5xl~€y - 5ylzfx) / l%:% + ]%12/ , (220)

and consequently, they share an eigenbasis. In particular, the edge states are eigenstates of both, the
Hamiltonian and the helicity operator. The helicity operator (2.20) coerces the states to have their

41t is easily checked that the new basis 12;k actually satisfies the conditions (2.17), by using the inversion and time-reversal
operations in the original (momentum independent) basis states U.(I)& = 0°5°¢ and T ¢ = io%sve.
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Figure 2.2: Energy dispersions of the Hamiltonian (2.16) for a system stacked along the z-
direction, and infinite in the x, y-directions. The left figure depicts a trivial state with My > 0.
The right figure shows the system in a topological state. The negative mass My < 0 has caused
a non-trivial v (2.19), which lead to gapless states living on the edges (top and bottom layer) of
the sample. The crystalline inequivalence between the k, and k, direction is equally reflected by

the bulk and the edge states, with kr, < kry.

in-plane spin orthogonal to the momentum 12:, and hence, the spin winds around the Dirac cone. Due
to inversion and time-reversal symmetry every state is fourfold degenerate with two respective states
living on either side of the sample. The two edge states on one side have opposite helicity and they

counter-propagate [84].

In figure 2.2(b), we illustrate the inequivalence between the k, and k, directions caused by the
hexagonal warping terms R; and Ry at finite momenta. The edge states reflect the same inequivalence
with kr, < kpy, which has been extensively studied in [88, 89].
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2.3 Doped Bi;Se; and nematic superconductivity

In this section, we introduce the multi-faceted superconducting state which emerges out of the topo-
logical insulator BisSes upon Cu, Sr or Nb doping. We approach the issue from the theoretical side
first, where we begin by classifying and analyzing the possible superconducting pairing states. After-
wards, the experimental achievements are outlined and contrasted with the pairing candidates. In the
last part, we study the E, ground state phases with an analysis of the discriminating parameter v_
attached. The parameter v_discerns between the otherwise degenerate states (1,0) and (0, 1).

2.3.1 Pairing state candidates

Using the developed formalism from section 1.3.4, we can directly classify the possible pairing states.
We start from the generalized BCS mean-field Hamiltonian (1.21)

A=3" (aL)T hk)ew + <<éz+g)TA(k, 9el o+ H.c.) : (2.21)
kq

written in the basis & = (|P1},1),|P1},1),|P2;,1),|P2;,1)).> Following the lines of Sec.1.3.4, we
expand the pairing function in terms of the IRs n and their components p = 1, .., dim(n),

T
— b n’/J/ b b
Aas(k,q) =3 A (kaqxw)aﬁ , At eC.
n,pn
The microscopic degrees of freedom are denoted by a, 3 = 1,..., Ng. The associated partner functions

(XZ’Z)\”’“) account for spatial variations of the gap function. These functions have to satisfy the
following constraints (see 1.3.4)

lattice 1 U(g) (X%ﬁ Rl (g)qkn’”) UL (g) = R (g)y (XZZZ/A”’“ '>T Vg € Dy, (2.22)
anti-symmetry : (XZZ>* (/\TW)T - _ (XTll:,q>* ( (/\”,M)T >T7 (2.23)
time-reversal : XZ:ZL{T( ()\”’“)T )TL{T = (XZ:‘iq) " ()\ﬁ’“>T ) (2.24)

To make further progress, we assume the orbital basis to be roughly momentum independent.® Then,
it is justified to expand the spatial function XZ:Z ~ xo" + X?l“ k; 4+ ... in powers of k and q. The

insertion of the expansion into the lattice constraint (2.22) leads to the simpler conditions

N, U\* (\7 T L n,u f
U(9) ™) (X)) UL (9) = RE(9) e (0™ (A ’“) Vg € Diy, (2.25)

(NS 7 n n,u’ \x g, Ay
Uslg) (LY RY(@)iikr (X U (9) = RE (g OGH Vs (W) Vg €Dy, (2.26)

®The pairing state candidates have been first identified in [16] where they have worked within a rotated basis
exp(—iZa¥)s’ e.

5This assumption is often applied. Certainly, the resulting pairing states give qualitative insights into the respective
gap structures. Yet, the justifiability of the assumption can only be determined through a microscopic computation.
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Dy xg"(A)f kol (At

. O .
Ay {IO’ 5Y, |025y}

Aag - {kzaxsx, io® (ikwsz + ky50> }

B (@) (e o () o (i)
Alu O'yﬁx

Ay io%sY

E, ay<i50,52>

Table 2.4: Classified homogeneous pairing states. The first column shows the resulting pairing
matrices A™“* for on-site pairing (2.25). The second column depicts the leading-order contributions
in the even-parity channels Ay and Eg, resulting from (2.26).

with the unitary matrices (2.6).

We list the resulting, leading-order pairing terms for each irreducible representation in table 2.4.
The on-site pairing states, shown in the first column, are only possible in the trivial or the odd-parity
channels. Note that the bilinear decomposition of the pairing function, would naively generate twelve
pairing channels, as shown in (2.9). Yet, many of the occurring matrices are not anti-symmetric, and
hence, they violate the condition (2.23). This circumstance could, in principle, be fixed by pairing
them with the trivially-transforming spatial function Xk’” = X5 k - g. However, the condensation of a
pairing state with a finite center-of-mass momentum gq is in general energetically more costly, and thus,
such inhomogeneous pairing states are not listed in the table. The second column of the table shows
the linear-in-momentum contributions for the even-parity channels Az, and E,;. As a final touch, the
expressions need to satisfy the time-reversal symmetry constraint (2.24) which is always possible, and
which simply requires the right placement of the imaginary unit i, as done in the table 2.4.

Visualization of pairing states The pairing states and the corresponding gap structure can be best
visualized in the band basis. In the pseudo-spin basis, the pairing function can be expressed in terms
of the d-vector representation (cf. (1.39))

Ak, q) = dy 415 + di g - (5%,5Y,5%) i8¥ (2.27)
where the entire gap function information is encapsulated in the d functions with d°, kq = dg and
d_pq = —dyq. To employ a d-vector description, the generalized mean-field Hamiltonian (2.2 ) is

‘rotated’ into the band basis (2.18) where the resultant pairing function becomes

4y, (2.28)

q *
Aok, q) = Uf (k + 5)A(k, @)U (<K + 5

In the course of the unitary transformation one has to adjust the bookkeeping—in a ‘one-by-one’ corre-
spondence, the former orbital and spin matrices (0, 5) convert into the band and the pseudo-spin indices
(6, ﬁ). As pointed out in (1.39), the notation (2.27) is only applicable to centro-symmetric and time-
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Figure 2.3: Bogoliubov gap structure for the five indicated pairing states, evaluated for a spherical
Fermi surface. The three states A41s | A42v and A420 exhibit a six-fold symmetric gap structure,
while the chiral states AFu/s ~ (1,i) respect a three-fold symmetry. The A42« and the A7 ~ (1,i)
gaps have a point node, and the A42s state forms various line nodes.

reversal invariant systems.” Starting from a multi-orbital basis, the 2 x 2 pseudo-spin description makes
only sense if the influence from the other bands can be neglected. In doped BisSes the chemical poten-
tial is moved into the conduction band, and following the outlined logic, we assume that their is no sub-
stantial coupling to the valence band states. Thus, we restrict the analysis on the conduction band sub-
space A..(k, ) which is extracted from the pairing function via Ay(k, q) = A..(k, q)igy%+. ... The
explicit calculation is shown in the appendix B. For zero center-of-mass momentum g the BdG Hamil-
tonian (2.21) can be recast in Nambu space PpN2™ = ((|45, +), |15, —)), i8Y (%€ 4, +) [1€ 5, =T,

N 1 A Nam T hb(k) 2A06(k?0) 7,Nam
"= @(Wﬂ ) <2Aic(k,o) ~hf (—k) >¢,t‘ ‘

This Hamiltonian can be directly diagonalized to extract the Bogoliubov quasi-particle eigenenergies

f =+ (BD? 1R, and b= /(B0 + diol?  |di o x diol . (2:29)

with e/u applicable to parity even or odd pairing states, respectively. The energy gaps in (2.29) directly

allow for a visualization of the respective pairing states in momentum space.
The Ay, pairing state with dZ’glg = Aglg’l’l + Aélg’2’le 1— (ka:*)2 will not be further examined
as it is fully symmetry-compliant and can not be the cause for any symmetry breaking other than

U(1). For the five other pairing candidates the d-components read

iy = —Ag sign(My)y/1— (f*)? Fis (2.30)

o i g\ s ISR
atiy = g (<t fe g age S
' 1+ | M|

fr, (2.31)

"The description in terms of a d-vector can be modified to also account for non-centro-symmetric systems, see e.g. [56].
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(c) AP~(0,1)

Figure 2.4: Bogoliubov gap structure for the three indicated pairing states, evaluated for a
spherical Fermi surface. (a) shows the A% ~ (1,0) state whose gap exhibits some sort of a
two- to four-fold symmetry. The gap leads to a point and a line node on the Fermi surface,
as indicated in the panels below. (b) and (c) show the gap structure for the odd-parity states
AP (1,0) and AP ~ (0, 1). The gap structures are clearly two-fold symmetric, with the
(1, 0) state having a full gap, and (0, 1) state leading to a point node. In the panels below, the
d.(z,9,0) = > re1 By e_i(jk”gky)(dﬁ}‘)) » component is plotted in real space color-coded underneath
the lattice unit cell (cf. Fig.2.1).

d%,‘g?g — A329f£3fi: SigD(Mk)/ 1— M,z s (2.32)

dip = _flf:AOZ; +Mkf1§;Aou’ + sign(M)
£ u’l £ u72
feBo™ — Jilo

L U (3 A 0 B S W W I A WV TR

. ~ = fz f 0 Pz f 0 ; o - (&

sign(My) /1_M13 -fi i 2fi fi \/1—1\2,3 I
In the figures 2.3 and 2.4, we have visualized the respective quasi-particle gap structures (2.29) for an
isotropic Fermi surface.

Figures 2.3 (a)-(c) display the gap structures of the three one-dimensional pairing states. All of
them respect a six-fold in-plane rotational symmetry, and most notably, they differ in their nodal
structures. The Aj, state has a full gap, the Ag, state has a point node along the k,-direction, and
the Ay, state establishes various line nodes. The two two-dimensional pairing channels APuw/s can
realize the three distinct ground state solutions: a time-reversal symmetry breaking chiral state (1,1)
and the two nematic states (1,0) and (0,1), c¢f. Sec.2.3.3. In the figures 2.3 (d)-(e), the E, and E,
chiral quasi-particle gaps are visualized. Both gaps respect a three-fold in-plane rotational symmetry.

The odd-parity state forms a full gap, while the even-parity state leads to a point node along the
k.-direction. In what follows in this and the next chapter, the two nematic states, (1,0) and (0, 1), in

i fibo”  FeBo™) 5 (2.33)
1+ | Mg ’
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particular for the odd-parity channel F, are most important. The corresponding gap structures are
visualized in figure 2.4. The figure (a) shows the AP ~ (1,0) state. This state is certainly incompatible
with the Cs, crystal symmetry. It replaces the symmetry by some sort of a two-fold symmetry that
has a certain imprint of a four-fold symmetry. The state leads to a point node along the k.-direction
and a line node, as indicated in the panels below the main figure. Note that time-reversal symmetric
even-parity states like Ay, or Ey necessarily establish line nodes on the Fermi surface, see Ref.[57].
The gap of the AP ~ (0,1) state is not depicted. It is essentially the (1,0)-gap rotated by 45° around
the z-axis, and most importantly, both states share the same properties. The last figures, 2.4 (b)-(c),
visualize the gap structure of the two odd-parity nematic states. These states show a pronounced
two-fold symmetry with their axes aligned with the k,- or ky-direction, respectively. Moreover, they
differ in their nodal structure. While the (1,0) state establishes a full gap, the (0,1) state has a
symmetry-protected point node along the curve (0, l;:y, —Rgfcs /v.). The the node is protected by the
reflection symmetry M, : © — —z. The distinction between these two states is a pivotal issue in this
thesis. Due to their relevance, the two pairing states are also plotted in real space together with the
unit cell lattice positions (cf. Fig.2.1) in the respective panels below the main figures. Drawn is the
z-component of the d-vectors d.(x,y,0) = > ;. pz e*i(ikﬁrgky)(df}))z color-coded on the ground.

Concerning the topological features, we know from the Fu and Berg criterion that the odd-parity
states with a full gap are topologically non-trivial if their Fermi surfaces enclose an odd number of
TRI momenta [16]. Consequently, the odd-parity fully-gapped states A4« APv ~ (1,0) and AP ~
(1,i) are topologically non-trivial—given the Fermi surfaces behave as required. The corresponding
topological invariant is the Z winding number (2.3). The odd-parity nodal states A4t and APe ~
(0,1) can principally be classified as weak topological superconductors with a Zs topological index
defined around the nodal structures [79].

2.3.2 Discovery of nematic superconductivity

In a pioneering work in 2009, the doping of BisSes with Cu has been reported to generate a supercon-
ducting state with a T, of around 3—4 K [14]. In the light of a possible topological state the observation
of superconductivity has attracted a lot of attention and caused an intense follow-up research. Soon
after, specific heat and magnetization measurements identified Cu,BisSes as a bulk superconductor
[18, 19]. Later it was found, that doping with Sr and Nb drives BisSes into a superconducting state
with a similar 7, = 3 — 4K [90, 91]. ARPES and quantum oscillation measurements in the normal
state of Cu,BisSes have observed a Fermi surface evolution from ellipsoidal towards cylindrical with
increasing carrier concentration [92]. The carrier concentration is as low as n ~ 102 cm ™2 [14, 19], and
has been reported to be even lower for Sr doped systems n ~ 2 x 10 cm™3 [90, 91]. Additionally, the
ARPES data has demonstrated that Cu doping—electron doping—pushes the chemical potential into
the conduction band with u ~ 0.2 — 0.5eV above the Dirac point, while it leaves the band structure
and the edge states essentially untouched [92, 93].

A major advancement towards the identification of the superconducting pairing state has been re-
ported in 2015 [15]. A spin-rotational symmetry breaking within the basal plane has been detected in
an NMR Knight shift measurement that was directly linked to the superconducting state, see Fig.2.5(a).
In particular, a two-fold symmetry within the basal plane was observed whereas the crystal structure
is three-fold symmetric. This contradiction has been consistently confirmed in various subsequent
experiments for each of the three compounds with probes ranging from angular-dependent specific
heat, resistivity, magnetization, the upper critical field, even to direct visualization via STM imaging
[15, 17, 94-103], see e.g. Fig.2.5(b). The most viable explanation for the emergent two-fold symmetry
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Figure 2.5: (a) NMR Knight shift measurement that demonstrates a clear two-fold symmetry
within the basal plane of Cu doped BisSes that occurs alongside the superconducting transition
[15]. Adapted by permission from Springer Nature, copyright 2016. (b) Two-fold symmetry ob-
served in the angular-dependent specific heat measurement of Sr doped BiaSes [99]. Adapted by
permission from the American Physical Society, copyright 2018.

is a spontaneous ('3, rotational symmetry breaking caused by the superconducting state.

With regards to the possible pairing states that have been analyzed in the preceding section, only
the four nematic states AFu/s ~ (1, ()) and APu/a ~ (0, 1) do not respect the (3, rotational symmetry.
In particular, the pronounced two-fold symmetric signals seen in Fig. 2.5 point towards the odd-parity
pairing states AP« | cf. Fig. 2.4. Moreover, the even-parity AFs states have line nodes and the
expected heat capacity behavior C ~ T? is inconsistent with measurements [101]. Consequently, the
odd-parity AP« states are the most-likely pairing candidates for doped BisSes. The final discrimination
on which of the two possible states is realized has yet to be delivered. Experiments yield ambiguous
findings on this issue. As an example, one penetration depth measurement detects characteristics of
a nodal structure [103]—favoring AF" ~ (O, 1)—while another favors the fully-gapped state Afu ~
(1,0). Specific heat data [101] also indicates a fully-gapped state. See Ref.[104] for a thorough
comparison.

The question about the topological character of the pairing state has just the same not been com-
pletely resolved. While some early STM measurements observed a zero-bias peak in the differential
conductivity, others did not [17, 104, 105].

Conclusively, it seems justified to attribute the pairing state to the E, symmetry channel while the
question about the realized state is still under debate.
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2.3.3 Ginzburg-Landau expansion of F, superconductivity

For the reasons discussed above it is worth shedding some light on the symmetry properties of the
two-dimensional pairing state AFe = (AFwl AFw2) In this section, we derive the corresponding
Ginzburg-Landau expansion from symmetry principles and study the mean-field ground states. The
occurring Ginzburg-Landau parameters are computed in the appendix B.1. In particular, we present
the sixth-order parameter which discriminates between the two otherwise degenerate states (1,0) and
(0,1). The computation suggests that the fully-gapped state (1,0) is realized on a mean-field level.

Symmetry-based derivation of free energy expansion The constraints imposed by the U(1), time-
reversal and lattice symmetries on a free energy expansion are derived in section 1.3.5. For later
convenience, we work with the action instead of the free energy. Both quantities satisfy the same
constraints. First, we identify the transformation behavior of the bilinear combinations (1.51) in
position space © = (r, 7')

B (z) = (AEu(:c))TT"J AP (z) (2.35)

with the matrices 7! being classified via the condition (A.12) and listed in table 2.5. The involved
transformation matrices Rg, (g) are explicitly stated in (2.5). Since the decomposition of the product
representation Iy, ® I'g, = L', @ T As, TR, only contains singly-occurring IRs, the multiplicity
index is omitted in the following. The table 2.5 also displays the time-reversal behavior according to
(1.44). Hence, the expanded mean-field action becomes

2 2
St = 0T / BAw 4 T / (%) +or / (B4) + 8. (2.36)

T

where we have exploited Eq.(A.17) and introduced the two independent parameters v and v. The z-
dependence is implicitly assumed. The fourth-order contribution has a redundancy owed to the Fierz
identity (BF7)2 = (B419)2 — (B429)? which has reduced the number of interaction parameters by one
as compared to Eq.(A.17). The full set of ground state phases (see below) can only be attained by
inclusion of sixth-order contributions. The corresponding symmetry deduction is shown in appendix
A.2, and yields

S = Ty_/BEg’l ((BFr1)2 — 3(B2)?) + Tz/+/BA19 ((Bh)? +3(B%)?) + TuEu/ BA1s (BF7)2,
(2.37)

with the three sixth-order interaction parameters v_, v and vg,.

Before we study the mean-field phases in the next paragraph, we want to close this symmetry
discussion with the introduction of two additional contribution that are relevant for chapter 3: the
allowed gradient terms Sgraq and the magnetic field coupling Sp,. The spatial functions are classified
according to the condition (2.10) and attached to the table 2.5. Evidently, only the combinations
f,? Bn! transform trivially. Thus, the leading-order fluctuation contribution to the action reads

Syrad =T /x (AE“>T (120 + fog 7o) AP, (2.38)
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D3q matrix 77! TRS of B™! spatial functions magnetic field B

Alg 7_0 + ,?19
Agg Ty — Bz
E, 7Es = (TZ,—Tx) (+,+) fg = ( k:Eg’lv 5972> <Bw7By>

Table 2.5: Association of the bilinear combinations B™ = (AF«)t 77! AFv (2.35) with the re-
spective IR n according to the transformation condition (A.12). Additionally, the table shows the
transformation behavior of the bilinear upon the time-reversal symmetry operation (1.44). The
last two columns show the classification of the contemplable spatial functions and the magnetic
field in terms of the IRs n.

with the functions

Eg,1 T 52 _ 12
Ag 72 | 7.2 72 fkg ~ 91 kiykiz / kxf!“y
£ ~ dy (kx + /-cy) dk2, b o | ~2d v ) (2.39)

Lastly, we apply a magnetic field B to the superconductor. A magnetic field transforms according to
the pseudo-vector IR (E, @ Aag), and it is odd upon the time-reversal operation, see table 2.5. Apart
from the typical orbital coupling, the two-dimensional F, order parameter allows for a direct linear
coupling of the form

Sp. =a'T / B.BA2 (1), (2.40)
€T
that is fully symmetry-compliant. We study the implications of this magnetic term in section 3.5.

Mean-field ground state phases A multi-component order parameter can possess a manifold of
distinct uniform ground state phases. We derive the E, ground state phase diagram where we find the
three phases shown in figure 2.6(a), in agreement with previous studies [57, 106].

For the explicit calculation, the order parameter is decomposed according to (AE“’l,AE“’Q) =
Age'#r (sin(@),cos(@)eiw) with Ay > 0, ¢1,0p,0 € [0,27). The relative phase dp is fixed by the
minimization of the non-trivial fourth-order contribution v(B42s) = vAg sin?(26) sin?(§¢), and it de-
pends on the sign of the parameter v. The corresponding angle # and the magnitude Ay are determined
from the fourth-order mean-field equations

0 = rg + 2ul? + 4vAZsin?(9) sin®(0p), 0= A2 sin (J¢) (cos(&p) — icos(26) sin(égp)) . (241)
Thereafter, the solutions are adjusted as to comply with the sixth-order contribution

S — AS lvy +vg, —v_ cos (66) + sin’ (6) sin? (20) (31}+ — vV, — 3U_ Cos (20))] . (2.42)

int

For v < 0 it holds dp = {7r,37r} /2, and the equations (2.41) are solved for the four angles § =
{1,3,5,7} m/4 and Ag = \/—7r0/2(u + v). The sixth-order term (2.42) does not substantially influence
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Figure 2.6: Figure (a) depicts the mean-field phase diagram of an FE, order parameter. The
six-(four-)fold degenerate ground states are indicated (blue and green circles) together with their
respective relative phases (red dot). Figure (b) shows the sixth-order interaction parameter v_
(2.45) evaluated for R; = 0.

this so-called chiral configuration. As a consequence of the complex nature (AF«)* £ AF« the solution
breaks the time-reversal symmetry. A representative state is A%« = Ag(1,i).

For positive v > 0 and dp = {0, 7r}, the mean-field equations yield Ay = /—7¢/2u but leave the
angle 0 degenerate. In this case, the cos (6«9) term in the sixth-order contribution (2.42) lifts the 6

degeneracy and breaks these nematic states into two distinct phases, labeled as nematic A and nematic
B. The nematic solutions read

sc. nematic A : v_ >0, 0= {O, 2,4,6,8, 10} % , repr.state: AF = Ap(0,1) (2.43)
sc. nematic B : v_ <0, 0= {1,3, 5,7,9, 11} %, repr.state: AP = Ay(1,0), (2.44)

where we have added a corresponding representative state, for convenience.

The complete mean-field phase diagram is shown in figure 2.6(a). We have chosen a representation
where the # orientation is displayed by the large circle and the red dot on the respective small circle
indicates the corresponding relative phases dp.
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Sixth-order interaction parameter v~ Among the Ginzburg-Landau parameters, the sixth-order
parameter v_ is particularly important as it discriminates between the nematic phases A and B. We
have derived this parameter from the underlying microscopic Hamiltonian (2.21) (see appendix B),
with the final expression reading

= ok ()" 1) ()"~ (8)°) =

In this notation it holds n§ = 327° > grgd ., gk = (iwp — E,j)*l, k= (wn,k:) with the fermionic
Matsubara frequency w,. The gradient functions are defined in section 2.2.1.

The above parameter (2.45) is only non-zero in the presence of the hexagonal warping term fkc 3
with Ry # 0, or if there is a finite coupling between the basal plane and the z-direction with dZE“ £ 0.
In figure 2.6(b) we show the computed value of (2.45) as a function of the z-anisotropy v, /vy and the
(unknown) parameter dQE“ /Ra. Regardless of its value, we only find v_ < 0. Indeed, if we employ the
continuum limit (see appendix B.32 for details) the leading contributions to the parameter v_ are of
the form v_ = —cl(d§“)2 — CQR% < 0 with ¢12 > 0. As a result, we find the microscopic model to
favor a negative parameter v_, and hence, the suggested mean-field solution is the fully-gapped state
AP = Apeler (1, O). The discussion on the realized ground state is postponed to the next chapter 3,
where the effect of fluctuations is included.
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Chapter 3

Vestigial superconductivity

This work has been inspired by the superconducting state that emerged in doped BisSes. In this
material class, the superconducting transition has consistently been reported to be accompanied by
a nematic distortion. This phenomenon is most consistent with a superconducting order parameter
that transforms according to the two-dimensional odd-parity IR E,. Additionally, doped BisSes tends
to exhibit a low carrier density and a small ratio of coherence length over Fermi wave length &y/\p
such that fluctuations of the order parameter may not be negligible. Based on these observations,
we perform a large-N analysis where the superconducting fluctuations are consistently accounted
for. We find that the system can stabilize a vestigial nematic phase at a temperature Tyem above the
superconducting transition temperature 1.. Moreover, we demonstrate that the vestigial nematic phase
leads to an in-plane crystal anisotropy that manifests itself in observables such as the conductivity o,
the susceptibility x or the upper critical field Hq.o. Additionally, we visualize the corresponding unit
cell distortion and we determine the direction of the sound velocity. Lastly, we study the role of a
magnetic field in z-direction with the focus on the possible phases and the associated spatial structures
of a single vortex. While the core work was reported in a recent publication, see Ref.~[107], special
topics (susceptibility, lattice deformation, upper critical field) were treated in a collaboration with the
experimental group of Rolf Lortz [20]. The experimental collaborators have found good evidence for
the existence of a vestigial nematic phase in Nb and Cu doped samples. The discussion of the magnetic
field effect was conducted in collaboration with Erez Berg.

3.1 Introduction to vestigial physics

The word ‘vestigial’ can be paraphrased by ‘forming a very small remnant of something that was
once greater or more noticeable’. The word has been transported into the context of condensed matter
physics to identify the field of fluctuation induced preformed phases, so-called vestigial phases. Suppose
a system is in an ordered phase, characterized by various broken symmetries, say for concreteness O
and Os. In a vestigial scenario these symmetries are restored sequentially with increasing temperature.
At the lowest temperature both O and Os are broken, but above that exists a phase where only the
symmetry O; is restored while Oy remains broken. This preceding phase forms a residue of the fully-
broken state. However, not every preceding phase is a vestigial phase in the original sense. For example,
the liquid phase of water is a preceding phase to the ice (the solid phase), but it is not a vestigial
phase of the latter. The discrimination between vestigial and non-vestigial preceding phases results
through the identification of the driving mechanism. In the context of vestigial phases it is fluctuations,
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more precisely, fluctuations of the primary order parameter (magnetization, superconducting order
parameter, etc.) that lead to a preformed stabilized phase. In that sense, the two phases are intimately
connected and are expected to respond jointly to system perturbations such as stress, doping or
magnetic fields. Moreover, a vestigial phase can only exists in proximity to its primary phase where
fluctuations are still substantial. To become more formal, let us denote the primary order parameter
as ¢ and assume its appearance (¢) # 0 breaks the symmetry Op. It is known that the primary order
parameter causes a finite expectation value of the correlation function (¢¢) already above the phase
transition. For example, in the context of superconductivity this correlation function renormalizes the
conductivity or the susceptibility [108-110]. In its nature the correlation function (¢¢) is a measure for
the strength of fluctuations and it is central for the study of vestigial physics. However, as (¢¢) belongs
to the trivial irreducible representation, it can not break a symmetry on its own and it requires some
extension. The idea of vestigial nematicity was inspired by the orthorhombic distortion discovered
in the phase diagram of the iron-based superconductors [111]. For a comprehensive review article
on vestigial phases the reader is directed to the recent article [112]. The key element of such a
vestigial theory is the multi-dimensionality of the primary order parameter ¢. Only if ¢ = (¢!, ¢%,...)
transforms according to a higher dimensional IR, say ng, the bilinear ¢A"¢ can potentially transform
according to a non-trivial IR n and thus, break additional symmetries. The statement is easily verified
from a group theoretical perspective where the decomposition of the bilinear I',, ® I'y,;, =g @IT'1 . ..
can only contain a non-trivial IR if it holds dim(ng) > 1. Still, the trivially transforming correlation
function (¢¢) does not break a symmetry and can not induce a phase transition. Only non-trivially
transforming correlation functions (¢pA"¢) are potential order parameters that may stabilize at a
temperature above the primary transition and hence define a vestigial phase.

It has been demonstrated [111] that the geometry and the dimensionality of the system play a
central role in the formation of vestigial orders. Specifically, only anisotropic systems where the
order parameter fluctuates in d < 3 space-time dimensions are prone to stabilize vestigial phases (see
section 3.2.6 for more details). From the more quantitative approach, the range of the vestigial phase
sensitively depends on the extent of fluctuations: Only a system with a wide critical range can open
an experimentally accessible vestigial phase.

Ginzburg regime The Ginzburg-Landau description of phase transitions retains its validity as long
as all the order parameters and their fluctuations are small. In close proximity to the phase transition
the correlation length diverges and hence, order parameter fluctuations are inevitably strong such that
the Ginzburg-Landau description breaks down, see illustration below. The quantity that determines the

G.L. theory critical G.L. theory
: 9] < 1 gﬂuctuatlonsg 6] < 1 ;
T. T

extent of this critical region is called the Ginzburg parameter Gi [48, 113, 114]. The corresponding
statement, originally proposed to validate the mean-field treatment, says that fluctuations in the
system can be neglected if the relative distance 67" from the transition temperature T, is larger than
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the Ginzburg parameter, 07/T, > Gi'.! For the purpose of a vestigial study we rather read the
statement in reverse: fluctuation effects are significant within the relative temperature range

o <qif
T, ~1

that is of the order of the Ginzburg parameter Gi’ = (Sg/kB)fz(%d) with the dimension d, the
Boltzmann constant kg and the ‘entropy reduction per coherence volume’ Sg = AC, E(C)l associated
with the formation of an ordered state. Here, AC, is the heat capacity jump and &, the coherence
length. The Ginzburg criterion can be cast in terms of the coherence length & as (£/ 50)4_d < Sqg/kp.
It directly tells that a large coherence length & stabilizes the mean-field solution and suppresses
the fluctuation regime. Let us examine the value of the Ginzburg parameter Gi’ on the basis of
two examples where we compare the coherence length with the typical length scale. (i) In a typical
superconductor the entropy of condensation per unit cell is of the order Sg ~ kpA/Ep while it holds
for the coherence length &y ~ vp/A with the Fermi velocity vp. Thus, the Ginzburg parameter in
three dimensions can be estimated by Gi’ ~ (A/ EF)4 ~ 10716 for typical values of A ~ 10K and
Er ~ 10° K. (ii) For an insulating magnet such as an anti-ferromagnetic Mott insulator one obtains a
coherence length as short as the lattice spacing. A Mott insulator typically only has a single energy
scale (e.g. the Hubbard U) such that the ‘transition entropy’ is of order unity, and consequently, the
Ginzburg parameter can reach values as high as Gi’ ~ 1. In light of this comparably large number,
the emergence of a vestigial nematicity above the anti-ferromagnetic Mott insulator in the iron-based
materials becomes an almost natural consequence [111].

As illustrated by the first example, a typical superconductor is perfectly well described by a mean-
field theory and fluctuations can be genuinely neglected. This situation may change for unconventional
superconductors where many members exhibit a small carrier concentration. Of particular interest in
the following is doped BisSes, introduced in chapter 2. In this material class, the ratio of the coherence
length over the Fermi wavelength has been reported to be as small as &/ Ap ~ 2..4 [14, 18, 19] which
according to the prior arguments enhances the significance of fluctuation physics.

Vestigial scenarios In systems that stabilize a multi-component order parameter ¢ the primary
phase will always be accompanied by at least one composite order. 20ut of the multiple scenarios
where one or more composite order parameters can be stabilized, we focus on the case where exactly
one composite order forms. This composite appears either as a vestigial phase or simultaneously with
the primary order.  For bilinear composites, there is a total of seven possible ways the primary
order parameter ¢ can engage with its composite companion (¢p\"¢), as sketched in figure 3.1. It is
clear that the correlation function (¢p\"¢) has to be finite as soon as ¢ acquires a finite expectation
value such that the primary phase can never precede. In the situation where fluctuations are weak,
or the system‘s geometry is unfavorable for a preformed phase, both order parameters undergo a
joint transition, tagged by J;; with 4, j denoting the order of the composite and primary transition,
respectively. The most likely scenario involves the joint first-order transition J;;. While the cases Jio
and Joo can in principle exist, they turn out to be highly unlikely as will be demonstrated in section

IThe actual Ginzburg parameter satisfies the inequality Gi < 1, yet we find that the introduced parameter Gi’ as the
temperature deviation gives a more feasible picture.

2A clarification to the usage of the terminology. We use the term composite order parameter for the non-trivially
transforming expectation value (¢pA¢), and as soon as it precedes its primary phase, it becomes a vestigial order
parameter.
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A (oAmd)  Jun A (PAme) Vi A (PA"9) Vo

Figure 3.1: Six possible scenarios a multi-dimensional primary order parameter ¢ can be accom-
panied by a single composite order parameter (¢A"¢). The scenarios are labeled by V;; and J;; for
vestigial and joint with the indices ¢ and j denoting the order of the composite and the primary
transition, respectively.

(3.2.6.1). In figure 3.1, the four panels on the right illustrate all possible vestigial scenarios V;; , where
the individual transitions can be either first- or second-order.

3.2 Large-N analysis of superconducting fluctuations

In line with the reports on doped BisSes we assume that the superconducting order parameter
APe = (APwl AFuw2) transforms according to the two-dimensional IR E, of the crystal point group
D34. We start from the corresponding Ginzburg-Landau theory, and decouple the interaction terms by
introduction of the composite fields CA19, C429 and C¥s through a Hubbard-Stratonovich transforma-
tion . In terms of symmetry properties the composite fields transform according to the indicated IRs
which occur in the product decomposition I"fEu @I, =4, &4, &'g,. The composite fields are the
central objects that play the role of the composite/vestigial order parameters. Note that only CA29 and
CPs qualify as legitimate composite order parameters as they transform non-trivially. With regards to
the implementation, the composite fields embody bilinear combinations of the primary order parameter
such that the expectation values of C represent exactly the correlation functions ~ ((AF«)f Xt AEw),
The goal of this study is to determine whether superconducting fluctuations can drive these objects
into separate phases above T,.. To this end, the superconducting fluctuations are integrated out, and
the resultant effective action is studied through a large-N based saddle-point analysis.
In the scope of a large-N theory, the large number N of field components ¢ = (¢1,d2,...,6n)T
typically justifies the saddle-point treatment, cf. Sec. 1.2. In the present case we deal with N = 2
components, the real and imaginary parts of the order parameter field.

The Ginzburg-Landau expansion was derived on symmetry grounds in section 2.3.3 with the param-
eters computed from the microscopic Hamiltonian. This Ginzburg-Landau action & = Sg + Sipt + Sa
decomposes into three contributions: the kinetic, non-interacting Sy, the interacting Sint, and the cou-
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pling term to an external magnetic field S4. Employing the notation from chapter 2.3, we write the
kinetic part as

So=V 3 (A2 ((r0+rolvinl + £32) 70 4 F7 - wF0) AL (3.1)
! =(gp)~*
with the Pauli matrix vector 7% = (T’Z, —TI) and the gradient terms in the continuum limit
fihe =d (~2+~2)+d i 0" :2&( U4 )+d’<‘ﬁ_q§ > (3.2)
a o\G:+qy) +dq2, 102 i, Saa |- :

We use the dimensionless momentum § = (qza, qya, g.c)’, as well as the notation ¢ = (q,vp), p =
(p, V) with the bosonic Matsubara frequencies v, = 2rmT . The dynamics of the superconductor

are governed by the term 7g|vy,|, as derived in the appendix B.28. The interaction contribution reads
(u + Cv) A1y pA V Ao A vV _E _E
St =V <sz By By + (1-¢) B2 "By —(By"B ). (3.3)
q q

where we have used the notation of the bilinear combinations BZ’Z = ZP(AEU)TT"JA}%(J with the

matrices 7! listed in table 2.5. The fourth-order interaction term has a certain degree of redundancy
due to the Fierz identity (B419)? = (B429) + (B¥9)? which has been accounted for by means of the
(redundancy) parameter ¢ € [0,1]. Note that any value of ¢ € [0,1] is a valid representation of the
interaction and leads to the same mean-field ground state. However, for the study of vestigial phases
the chosen value of ¢ matters. This topic will be discussed in more detail in section 3.2.3. In line with
a large-N theory, the interaction parameters have been rescaled {u, v} — {u, v} /N. Furthermore, we
are neglecting the sixth-order interaction terms that discriminate between the (otherwise degenerate)
superconducting nematic ground states A and B, see Eq. 2.43.3 While the first part of this chapter
will be studied in absence of an external field, we study the role of the magnetic field in the second
part. The contribution to the action due to the magnetic field coupling reads

q1

i . R
Sa=V> (AqE“) <o/BzTy5qq, —eVe LAY+ 3025% Ao -Af_q,_ql) N (3.4)
q1

a,q'

where the first term o/ B,B42s has been identified in Sec. 2.3.3 to be fully symmetry-compliant. Micro-
scopically, the parameter o’ originates from both, the Zeeman and the orbital coupling, see appendix
B.1.2. The remaining contributions in (3.4) result from the orbital coupling of the superconducting
field to the vector potential A, which has formally been carried out by means of a Peierls substitution

3Those terms could be treated by introducing, instead of a Hubbard-Stratonovich transformation, two new fields A
and o. The first to replace z by means of a delta-function [ DAJ(A — z)..., and the second by re-expressing the
delta-function according to §(A — z) = [ Do exp(ic(A — z)).
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to be lattice-compliant. The involved derivatives read

()
K <a;>

- 52 (g@)fl
O =

)
p=q

and we note that the charge e=2e has to be interpreted as the charge of a Cooper pair.

3.2.1 Derivation of effective action and saddle-point equations

In this section, we decouple the interaction terms, derive the effective action by integrating out the su-
perconducting fluctuations, and compute the corresponding saddle-point equations. For the first step,
a Hubbard-Stratonovich transformation removes the interaction terms at the expense of an additional
field integration. On a technical level, the partition function is multiplied by unity which is expressed
as

1= / D[] exp (5‘/4111 > (ct = 2uByt) (o — 2u,B™) ) 7 (3.6)
" g

where ua,, = (u + (v)/N, ua,, = v/N and ug, = —v/N. The four new composite fields Cg’l can be
interpreted as CZ’Z = 2un<BZ’l>, and correspondingly, they are real fields in position space which obey

the condition (Cg’l)* = C’i’é. After the transformation, the action becomes

1
Sy=NSc+V Y (Aal+) (gir) Al 3.7
2 ¢ / ( q ) (g )q,q’ q ( )
0,9
where we have introduced (G%**)~! = (G¢)~! 4 (G4)~! and defined

1 Alg Alq (1 _C) A2 AQ C E, E,

:_75 9 _ E:ng7§:gg

Sc 4(u+Cv)V . o' w Y - O gV - C"C

-1
(9) .4 = (ot lvinl 4 )04 €25 ) 204 (£37 b + T2 ) -7+ (1= Q)

Since the action (3.7) is now quadratic in the superconducting order parameter field, the functional
integration in AF* can be carried out directly. From a physical point of view, the integration imposes
renormalization effects on the remaining fields associated with superconducting fluctuations. This is
the adequate approach for the description above the superconducting phase transition. However, if
the superconducting field is stabilized, its expectation value becomes an observable that should not be
integrated out. Before proceeding let us discuss this issue:

While it is technically rather simple to derive the effective action comprising both, fluctuation and
interaction effects in the regime above the superconducting transition, it is more subtle to deduce the
analogous description inside the superconducting state. The difficulty arises from the fact that only the
non-condensed part of the pairing field can be integrated out. We present two possible methods how
this can be established. While both lead to the same outcome (at zero external field) they conceptually
differ.

(i) Following the textbook [49] approach for the description of the primarily ordered state within a
large-N theory, one decomposes the vector ¢ = ¢ + 7 into one longitudinal ¢, and N — 1 transverse
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components 7. In the ordered state, we let the longitudinal component condense while the trans-
verse components remain purely fluctuating. They form N — 1 copies of the same Gaussian integral
| D exp(—ATr? /2) leading to an action contribution of the form (N — 1)log A after the integration.
In the large-N limit it holds N — 1 &~ N and the omitted component is compensated for. In the spirit
of the large-N theory, the residual longitudinal mode ¢ — ¢,V N needs to be rescaled to acquire
‘weight’ as it is compared to terms of order O(N). Translated into the present superconducting setup,
the superconducting field is decomposed AF+ = Afu + iA?“ into the longitudinal and transverse com-
ponents which both are two-dimensional themselves. Following the logic from above, there must not
be any mixing between the longitudinal and the transverse component which puts stringent constraints
on the form of the Green‘s function matrix in (3.7). For more details on the approach we refer to the
appendix C.1 where we show that the decoupling only works for zero magnetic field (A = 0) and for
the two specific values ¢ = {0,1}. Then, the corresponding longitudinal and transverse components
can be expressed as

AP Re AP AP Im AZw!
La =\ ¢ReAJ** +i(1—¢)ImA* |’ Ta =\ ¢ImAZ” —i(1—-¢)ReA™* |~

(ii) The bottleneck of the first approach lies in the fixing of the condensation direction, which enforces
constraints. Let us now define the condensed direction A% as the solution of the equation

0S;
2
AL

=0. (3.8)

Ey_ A0Ey
Aq 7Aq’

Then, we decompose the superconducting field AF« = AP« + §AF« into the condensed saddle-
point component A% and fluctuations AP+ around it (in all N directions). By construction, the
condensed and the fluctuation parts in (3.7) decouple such that the corresponding integration over
§AF" can be carried out. The resulting action looks similar to that obtained in method (i). The key
differences lie in the absence of constraints on the coupling matrix, and that the condensation direction
did not have to be fixed a priori. A more detailed discussion is provided in appendix C.1. Owed to
the appeal that comes with the postponed choice of the condensation direction of the superconducting
ground state, we will employ the second method (ii) in the following.

In line with the second method, the superconducting field is decomposed according to AP« =
A%Fe 1 §APv with the condensed component defined by (3.8). After integration of the fluctuations
AP the effective action valid above and below the superconducting transition reads

seff _ N{SC +Vy (A;*Eu)T (gt°t> - A% gtr log (2VT (gwt)_l> } . (3.9)
a9

4,9’

In the spirit of the large-IN approach, the condensed field has been rescaled AS’E“ — VN AZ’E” such
that it matches in order O(NN) with the other terms. The large prefactor N justifies the upcoming
saddle-point solution.

The effective action (3.9) is a function of six fields with respect to which it shall be minimized. Tech-
nically, the action (3.9) is varied with respect to the four composite fields CZL’Z, while the condensed
superconducting components impose the two additional constraints (3.8). Searching for uniform so-

lutions, C?’l = Cg’léq,o and AZ’E“ = AS’E“&LO, in the absence of external fields, the six saddle-point
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equations become

0= —M (Ro— 7o) + (AS’E“> AT+ ZtrT (g5+°) (3.10)
0=(1-¢) { - %cg‘% + (A‘O”E“> ™ AGE ZtrT (g57) } (3.11)
0= g{;Uc{fg’l + (AS’E“> TPl AGP ZtrT (gc Fol) } (3.12)
0= (gg)_l ASP (3.13)

We identify the combination Ry = rg + Cghg which characterizes the fluctuation induced mass renor-
malization. For brevity, we write fq(o) = f?l"’ + Y0|vm| and (QC);é — (gqc)—l in the following. The
traces tr, act on the space of the superconducting components denoted by the Pauli matrices 7.

The above saddle-point equations contain all the information about the renormalization effects
caused by fluctuations. As we shall see in the following, these effects will allow us to predict a vestigial
nematic phase for doped BisSes.

With parameters chosen to be compatible with the microscopic description of doped BisSeg we
present the corresponding self-consistent saddle-point solutions, i.e. the temperature behavior of the
respective order parameters, in section 3.2.6.2. In the sections preceding this result, we discuss various
aspects of the problem which help us simplify the eventual solution finding process. In particular, we
aim to keep the framework applicable to both possible vestigial phases, a vestigial chiral (]C6429 | #0)

and a vestigial nematic (|C0Eg | # 0). First, in section 3.2.2 the ground state symmetry of the two-
dimensional E, composite field C% is discussed and the ground state phases are computed. Second, in
section 3.2.3, we address the role played by the (redundancy) parameter ¢ and show that the parameter
has to assume one of the extremes ( = 0 or ( = 1. Third, in section 3.2.4 we elaborate on the intimate
relation between the primary and the composite order parameter and derive a direct constraint on the
superconducting state. In section 3.2.5—after implementing the previously derived properties into the
saddle-point equations—we confront the two vestigial scenarios: chiral and nematic. We further show
that the number of saddle-point equations reduces to two in each temperature regime. Before turning
to the full (numeric) solution of the saddle-point equations, we evaluate analytic solutions in section
3.2.6.1 for a simplified model where the order parameter fluctuates classically and in the A, channel
only. To this end, we introduce a graphical presentation that conveniently illustrates the vestigial
scenario. Finally, in section 3.2.6.2 we solve the full equations numerically, and display the results in
the same representation.
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3.2.2 Symmetry properties of an £, order parameter

The composite field C®s transforms according to a two-dimensional IR such that it can exhibit various
ground states similar to the superconducting order parameter A« see section 2.3.3. Following the
scheme of section 1.3, we can study the transformation rules the composite order parameter has to
satisfy. We need to ensure that the coupling term Cff ;Zl, (AqE“)TTEg’l Agu transforms trivially upon the
symmetry operations. Since the bilinear transforms trivially upon the U(1) symmetry the composite
field does the same. For the point group (1.33) and time-reversal (1.41) operations, the composite field
C%s has to compensate for the AP transformation, leading to
1.44)

Eg,l (143) Byl t , Fyil ( Byl
Clv — CRi(g)(q—q’)REg(g)”’ Clv — C_(q_q/). (3.14)

The resulting free energy constraints can be cast in a similar fashion as in (1.42)-(1.44), namely

latticesym. :  F[Cg”', q] = FICg"'RE, (9, Rul9)adl  VgeGp,  (3.15)

time — reversal sym. : .F[Cqu’l, ql = .F[Cf"’l, —q| . (3.16)

From here, the route to classify the symmetry-allowed Ginzburg-Landau terms is similar to section
2.3.3. In fact, with Rg,(g) and R, (¢9) only differing by a minus sign (which cancels for even Ginzburg-
Landau contributions), the classification of the bilinear combinations is identical to the results in table
2.5. The differences to the superconducting F, case are two-fold:

(i) The field CFs = (CP2)* is real (in position space) such that the bilinear combination COEg TyCOEg
vanishes, and the number of fourth-order interaction parameters naturally reduces to one.

(ii) The composite field CFs is no subject to the U(1) symmetry constraint such a cubic term is not
prohibited a priori. Indeed, the decomposition I E,®@T'p,®Tg, =T Ay D reveals that such a term
is explicitly symmetry-allowed. The corresponding identification from symmetry grounds is conducted
in the appendix A.2.

The resulting free energy expansion in terms of the uniform ngg order parameter becomes

Sg, = NV {rc (COEQ)2 + ge ((cfg’l)?’ — 3¢kl (COEﬂ)Z) + e <<c§9)2)2} 7 (3.17)

with the cubic g and quartic u. interaction parameters. In the literature this action is similar to the
well-known Landau expansion of the Z3-Potts model [115].

Owed to the cubic contribution gc\C(? 913 cos (36c) in the action (3.17), the resulting ground state

depends on the relative angle 6. between the two field components COEg = \Cg ?1(cos Oc,sinf.). The
angle 0. adjusts according to the sign of g. in order to minimize the free energy which leads to the two
distinct three-fold degenerate ground states

vestigial nematic A : gec <0, 0. = {0, 2,4} g ) (3.18)
vestigial nematic B : ge >0, 0. = {1, 3, 5} g . (3.19)

The absolute value of the order parameter is identical in both phases and reads
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vestigial nematic A | vestigial nematic B
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Figure 3.2: Ground state phase diagram of the composite order parameter CEg falling into the

IR E;. The green triangles denote the three-fold degenerate ground states in the (CEQ ’1, CSE 9 ’2)

plane. The purple arrows indicated the respective association with two distinct superconducting
ground states according to (3.29) and (3.30).

3|gc| 32rcuc
| _ 14 1o , 3.20

The two ground state phases are visualized as green triangles in figure 3.2 in the (CE" ’ CE"’ ) plane. A
finite value of the cubic parameter g. causes the composite order parameter to jump at a temperature
0<re< 3929° = r2®*, As illustrated in figure 1.1(b), at the temperature r"®* the free energy has an
additional real saddle-point. Only at a lower temperature r. < r2*** this new solution turns into the
global minimum. Yet, it happens above the critical temperature r. = 0 where the quadratic coefficient
vanishes. As a consequence, dictated by symmetry the transition into the \Cg 7] # 0 phase is of first-

order. The parameter g. discriminates between the two possible phases and it quantifies the extent of
the first-order jump.?

Derivation of the £, expansion parameters The Ginzburg-Landau parameters for the composite
field CFs can be derived explicitly from an expansion of the effective action (3.9) above T, for small
CPs | see appendix C.2. The expressions for the quadratic r. and cubic g. coefficients become

(R5+ 17
(det(QC[R clol = 2o = o})_l)2 ’

17T

4As has been outlined in 1.1.1 first-order phase transitions can be lifted to second-order if the higher order terms push the
extra minimum above zero. The present statement is restricted to the description of weak first-order phase transitions.
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Figure 3.3: Evaluation of the cubic parameter gc as it results from the equation (3.22) as a
function of d’ and d. The value g. is largest at the edges of stability. The chosen parameters were
Rp/dg = 1,d./dg = 0.2.

i () e ()
9e = —3%7

SV (aen(ggimy it = o =) )

(3.22)

with R being the Ry-solution in the para-nematic regime, i.e. the solution of equation (3.10) above
T. with ASP" = cFol = ¢ =0,

The cubic parameter is particularly interesting as its sign decides on the chosen C®s ground state,
A or B. With regards to the spatial functions (3.2), or their lattice counterparts (2.14), we note that
the cubic parameter g. = 0 vanishes if the fluctuations in the E, symmetry channel disappear, i.e.
for d = d = 0. Moreover, it holds that a simultaneous sign flip of d’ and d, also switches the sign
of gc, leading to g 31gn(d d) Now, we assume that the integrand in (3. 22) falls off rapidly in the
¢z, gy Plane such that the integration boundaries do not substantially contribute. Then the sign flip
of the parameter d — —d can be compensated for by simultaneous flipping ¢. — —¢.° and thus, the
cubic parameter has to be an even function in d. Accordingly, the cubic parameter ge sign(d’) is an
odd function in d’, which means that the sign of g. and consequently the chosen nematic ground state
solely depends on the sign of d’. In Fig. 3.3 we show the obtained value of g as a function of d’ and
d. The value of d’ that was computed for doped BisSes (B.23) is positive, such that the corresponding
value of g is positive, and B (3.19) is the expected vestigial nematic ground state.

®Tihs only holds for negligible contributions from the Brioullin zone boundary in Fig.2.1
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3.2.3 Determination of the (redundancy) parameter ¢

The (redundancy) parameter (—directly linked to the Fierz identity—ensures the degenerate repre-
sentations of the fourth-order interaction term. By exploiting the ground state symmetry of the E,
composite field COE" = \C(])Eg |(cos O, sin 0.) with the particular angles 6., above T, the three saddle-point
equations (3.11),(3.12) can be reduced to

P cICk |+ . S
o(-qctn) L Ty 020 L JIG T SRR =il Gy PP
- ( C) 0 2 v 1 (> - C 2 vV ] s ( . )
q det (Qg) q det (gqc)

where the second equation results from the addition of the two original equations (3.12) for C(? 9.6

If we assume that both composite order parameters ]C59| and Cgbg are finite above T, then both
curly brackets in the Egs. (3.23) have to vanish simultaneously. However, a numeric evaluation of the
two occurring integrals has shown that both integrals are strictly positive, and zero is only acquired for
|C0Eg | = C?Q" = 0.7 Hence, the two curly brackets can not simultaneously yield zero, and in particular,
the sign of the parameter v decides on which bracket may disappear. For positive (negative) v, the
composite field \COE" | (Cgbg ) is allowed to become finite while it must hold that C6429 =0 (|Cng |=0
). The association between v and the composite fields is in line with the superconducting mean-field

analysis from section 2.3.3. To see this, we use the relations for the composite fields
f f
crt = —au((af) rEet AL, o =2((Afr) afy. @29

and insert the superconducting mean-field ground states (2.43)-(2.44). This leads to the same associ-
ation as above,

v>0: Il 0, Ci* =0, (3.25)
v<0: Il =0, C* #£0. (3.26)

As a conclusion, the present system can only stabilize one composite field, either |C0Eg | for v > 0, or

Cglzg for v < 0. Note that the mutual exclusion of the composite fields is not a generic feature but
depended on the details of the saddle-point equations. For the two cases where one of the composite
fields vanishes, we may minimize the energy with respect to the (still free) parameter (. A simple
computation then yields that the parameter ( assumes one of two extreme values, i.e. (=0or ( =1
for v < 0 or v > 0, respectively.

5The subtraction of the two equations vanishes, as the integral > (f,fg’l sin(26) — 59’2 cos(?@)) /detG[0]q,q = O

yields zero for the possible CF9 ground states. The integral can be shown to be odd upon application of the remaining
two-fold rotation elements Ca,, C24 or Cap, depending on the realized ground state.

"In the case ff 9 = 0, the integrals become identical, and the mutual exclusion in (3.23) is plainly visible.
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3.2.4 Relation between the superconducting and the composite order parameters

A peculiar phenomenon in the field of vestigial phases is the preselection of the primary ground state
at the onset temperature Ty.s of the vestigial phase. This intimate connection manifests itself in
the saddle-point equation (3.13), reading 0 = (gg)_lAg’E“. We discuss the resulting relations for
the nematic (¢ = 1) and the chiral (¢ = 0) cases separately. The diagonalization of the saddle-point
equation leads to a condition which the two AS’E" components have to satisfy. We note that the
renormalized mass Rg > 0 has to be positive.?

In the nematic case (¢ = 1), the saddle-point equation (3.13) takes on the diagonalized form

Eg,2 » 0,Ey,1 E Eg,1 B2
0 Ry —|CL7| 0 1 Co " Ag +(’C0g‘+cog )AS (3.27)
E —E. ) :
0 Ro+1Cy7| ) |7 | —Cor?agP! + (\C{fﬂ - c{fﬂ) AYFw?
which only allows for a superconducting solution when Ry = |C0Eg |. Additionally, the second entry

in the vector in (3.27) must vanish. Using ng = ]C59|(Cos (6c) ,sin (fc)) and introducing the angle
0 =6./2 € [0,7], [it holds (\COEg| - C(})ﬂg’l)/C(};J“”2 = sin#/ cos 6] the constraint is fulfilled for

AYP = | A|ev ( sinf ) : (3.28)

cosf

in agreement with Sec. 2.3.3. Thus, depending on the nematic angle 6., a particular superconducting
angle 0 = 0./2 is selected. The corresponding association

vestigial nematic A: g¢g. <0, 6.= {0,2,4} g, — sc. nematic A: 0= {0,2,4} %, (3.29)

vestigial nematic B: g >0, 6. ={1,3,5} g, — sc. nematic B:  §={1,3,5} %, (3.30)

is also illustrated in figure 3.2 by means of the purple arrows.
In the chiral case ({ = 0), the diagonalized saddle-point equation (3.13) reads

0=

Ry — C(I)L‘Qg 0 1 ( _iAS’E‘“l + AS’EuQ ) (3.31)

0 RO + C1042g ﬁ iA87Eu71 + AgaEu72
. e . Agg o,Fy,l . . Agg 0,FE,,2 . .
which leads to the conditions Ry = |C,™| and Ay = isign(C, ™) A, in the superconducting

regime. The corresponding ground state thus becomes

1
E E i 1
AgT = | A0 — . A 3.32
0 ’ 0 ‘ \/§ —isign (CO 2g) ’ ( )
in agreement with the ground state obtained from the mean-field analysis of section 2.3.3.
8At Ry = 0, the superconducting pairing susceptibility would diverge if there was no additional composite order

parameter. With a composite order parameter present, the susceptibility already diverges at Ry = |C™!| > 0.
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3.2.5 Contrasting the nematic and chiral scenario

In the preceding three sections, we have accumulated properties and conditions that help to simplify
the saddle-point equations. After the implementation, the former six coupled saddle-point equations
reduce to two in the respective temperature regimes. We contrast the respective equations for the
nematic and the chiral cases in the boxes below, followed by a discussion on the respective symmetry
reduction.

In the nematic case (v > 0 & (¢ = 1)||In the chiral case (v < 0 & (¢ = 0) the con-
the connection between the real composite and| | nection between the real composite C‘0429 and the
the superconductlng order parameter is estab-||superconducting order parameter 1S established
lished via C Zs |CE9](cos (6c) ,sin (6c)) and| |via AY B _ |AF 6?0 (1, —isign(C 2g))/\[ and
A Bu — ]Ag“\ewo (sm 0, cos 0), and the saddle-| |the saddle point equations read for T>T,

point equations read for 7" > T,
(Ro—r0) T Ry + féo)

(Ro—r0) T~ fo+ 1" R TR 2 e

T it D D C S CE ) 7 det (gq)
¢ ¢ det (gg’) A A
s T o~ 2o 5.39
E, - — 1r -\ -1 .
E C,)’l + . 2|V

0= G’ T oL+ 5 'CEQ‘ (3.34) )

2U V 7 det <g(§:)

and for T < T, it holds Ry = |CS‘2§\ and the

B equations read
For T' < T, it holds Ry = |C,“| and the equations

0
read lv] — A2g| - —|—2uz q( :
0 E, clo v c\
v—u T fq()_ a ik ! det(gq>
€ =ro+20' 3 1Sl (3.39)
C
T () 3.35 AFu2 G T ol
( -Eg) 2ol VA (Qqc)_l
5, Co?l+ £ - %
1Co”l cle (3.40)

T
‘Agu |2 = - )
2v V 1
¢ det(g5)
(3.36)

where we defined v = u + v.

The above boxes display the summary of the results from the preceding sections. The contrast shows
that on a technical level the two scenarios are described by almost similar equations, and technically,
the vestigial phase can equally be realized in each of the two channels. However, we want to point out
the physical differences related to the two outcomes.

The nematic composite field Cg 7 is a Z3-Potts variable (cf. Sec.3.2.2), and as such it always causes
a first-order transition. In terms of symmetries, it leaves the time-reversal symmetry 7 intact but
it breaks almost all of the point group symmetries. In fact, a given ground state configuration only
retains one of the two-fold rotations, together with inversion, which reduces the point group from D34 to
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Cop. For example, the two ground states 6. = {O, 77} retain the same four elements {E, I1,C9,, IC’gx}g
constituting a Cy, group. Accordingly, the symmetry group in the vestigial nematic phase is reduced
to gvest-nem- — Co 5 T x U(1). Once the system undergoes the superconducting phase transition into
the E, state with odd parity, the symmetry group is further reduced by the inversion and the U(1)
operation, yielding the reduction scheme

Dag Xx T x U(1) VL™ gvestmem: — o o T (1) 55 Gomem = Cyx 7. (3.41)
The chiral order parameter Cg‘ % on the other hand, is a time-reversal symmetry breaking Ising
variable, which is not symmetry constrained to a certain order of phase transition. In terms of point
group symmetries, it transforms according to the IR Ay, and consequently, it breaks the three two-fold
rotation symmetries and the three mirror symmetries. The remaining point group elements constitute
the point group S¢ = {E, Cs., Ci;l, 1,1Cs,,1 C’?;l} and hence, the symmetry group in the vestigial chiral
phase reads Gvest-chiral — S¢ 5 [7(1). Again, the superconducting transition reduces the symmetry by
the inversion and the U(1) symmetry, such that the reduction scheme becomes

D3d x T x U(l) vesﬂ)im1 gvest‘chiral — 56 % U(l) L gsc.chiral — C3 ) (342)

3.2.6 Solution of the saddle-point equations for doped Bi;Se;

Contrary to the preceding sections, where the formalism was kept as generic as possible, we now focus on
the description of doped BiaSes where the parameter v > 0 (see Fig.B.1(b)) is positive, and accordingly,
it holds C?ZQ =0 and ¢ = 1. Moreover, in line with our microscopic derivation we assume that d’ > 0
(see (B.23)) such that g > 0, and the nematic ground state angle becomes 6. = {1,3,5} 7/3, with

COEg = |C6E ?](—=1,0) being one representative state. The corresponding superconducting ground state
angle reads 6 = {1,3,5} 7/6 with AFe = Agei#0(1,0) being the representative—fully-gapped—state,
see Fig. 2.4. The mean-field ground state analysis has shown that the sixth-order interaction parameter
v_ lifts the degeneracy between the two nematic phases (A and B). Here, the microscopic calculation
suggests v_ < 0 for doped BisSes which similarly points to the fully-gapped state. As a first result, we
note that both the mean-field (neglecting fluctuations) and the fluctuation-induced analysis (neglecting
sixth-order interactions) seem to be favoring the fully-gapped state in doped BiaSes.

The goal of this section is to study qualitatively whether a vestigial nematic scenario is possible for
doped BisSes and to derive the temperature behavior of the nematic and the superconducting order
parameters. In section 3.2.6.1 we address the simplified situation where only fluctuations within the
A1y symmetry channel are allowed. This model can be solved analytically and serves as a starting point
to interpret the possible solutions. In section 3.2.6.2 the saddle-point solutions are solved numerically
with fluctuations allowed in all the symmetry channels. Depending on the degree of z-anisotropy, we
find either joint transition or a vestigial nematic solution.

As stated above, the following analysis is done in the classical limit where quantum fluctuations are
neglected. Quantum fluctuations effectively increase the dimension into which the superconducting
field can fluctuate. This has an unfavorable effect on the likelihood of a vestigial scenario, see Ref.
[111]. From a technical point of view, the classical limit amounts to the high temperature regime where
it holds Ty > 19, and the Matsubara summations can be restricted to the leading contributions with
Vm = 0.

9The other symmetry elements do not leave the integrals in (3.33)-(3.36) invariant.
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A few words about the critical temperature T¢. are in order. From the action (3.9) one can infer
that the superconducting pairing susceptibility reads Ypair = Ro/(R3 — \COE" |2) which diverges for
Ry = ]COEH\. With a decrease in temperature (= decrease in 19 = ao(T — T?)) the renormalized
mass Ry decreases. In the absence of any composite order parameter, the superconducting pairing
susceptibility would diverge for Ry = 0 at a critical temperature defined through (cf. Eq. (3.33))

(0)
T
o= —2(u+v)= 4

VA e (g€)

In this case the superconducting order parameter undergoes a second-order phase transition (cf. Eq.
(3.10))

<0. (3.43)
Ro=[C9|=0

—(57“0
AE"2:
AP =5

IOESOR (3.44)

with the defined effective temperature parameter drg = 79 — r5. The negative sign of the critical
temperature value r§ (3.43) leads us to conclude that superconducting fluctuations would always
lower the transition temperature as a leading order effect. Indeed, by inserting ro = ag(T — T?)
into érg = ro — 1§ = ao (T — TC) we identify the fluctuation renormalized transition temperature
T.=T2 +r§/ag < TP.

The aforementioned situation has to be contrasted to the case where a composite order parameter is
present: In that case the primary phase becomes critical for Ry = |C0Eg |, which (using Ry = 9+ CoAlg )
translates into the new transition temperature T, = T2 + (|C(j]E 9| — Cg‘lg) /ag. This corresponds to a
relative enhancement of the transition temperature through the stabilized vestigial order parameter
|C0Eg |. In simple terms, fluctuations suppress T, but the effect is reduced if they lead to the condensation
of a vestigial phase.

3.2.6.1 Model with A, fluctuations in the classical regime

The purpose of studying a simplified model is two-fold. On the one hand, we introduce a convenient
approach on how the solutions can be derived and interpreted. On the other hand, the model can
be investigated analytically allowing for a discussion of the entire phase space. In the absence of E,
fluctuations, i.e. d = d = 0, it is clear that gc = 0, and the nematic transition looses its Zs-Potts
character—the transition is not bound to be of first-order anymore. Within the present simplified
model, the only gradient term reads f,? Y= do (G2 + q;) +d.3?. The system is assumed to extent
infinitely in the g, ¢,-plane while it is subject to a momentum cutoff A in the ¢, direction. The cutoff
is assumed to be the largest scale in the problem; in particular A2 > {rg, |Cg 71}, and the exercise
becomes identical to a model considered in Ref. [111]. With a partial fraction decomposition, the two
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integrals in (3.33)-(3.36) can be evaluated analytically, yielding

8mdo Vo <R0+ fahe 1 >
LA
AV det (gg) q v

8mdoV clo ——— — 9 .
1y (Ro. |cte]) = 000 Gl ~/Ro + €27 — \JRo — 1€ — 21€5|. (3.46)
AV C ™
7 det (G5)

. - . - 9
I (Ro, icls |) —- z\/Ro + €5 + \/Ro — €| - “Ro.  (3.45)

q

Here, we have expanded the results for large A% > {Ry, ]COE 71} /do0, kept the terms up to the sec-
ond order and introduced the following dimensionless quantities: the coupling constants {&,@} =
{u',v}T/wd3Vp, the fields { Ry, ]COE" |} = {Ro, ]Céﬂg |}/A%d,, and the anisotropy parameter A, = Ad,/do¥
where Vo = a?c. A reduction of A, increases the system’s anisotropy. Using the integral notation (3.45)
and (3.46), the saddle-point equations can be expressed as

411 (Ro.1c571) - 0= {ICEg! - 8T12 (Ro,\cggy)} (3.47)

3 ~ - 1
ih (Ro,Ro) , |AJ*]*= {2R0 T 3AL I (RO,RO)} (3.48)

T>T.: 6&fg=R

T<T.: 6= (1-0)Ro+

with AJ" = Al /mdoVo/TAZ2, i = u/ /v and the effective temperature parameter 79 = (ro—r§)/A%d.,
see (3.43). Conveniently, after all the rescaling procedures, the model only has two independent
parameters left, @ and A,.

Let us now present the solution in a scheme that, we believe, is quite instructive. The idea is to solve
the saddle-point equations in the respective regimes as a function of the renormalized mass parameter
Ry, with the solutions being 5fo(R0). Thus, we consider the functions which assign to every value
Ry the corresponding system temperature d7g. Within the three regimes, superconducting, vestigial
nematic, and para-nematic (= above Ty, ), the functions read explicitly

i (1) = 1 B 51 () ),

4A,

5~SC <R0) = (1 — ’LAL) Ro + ifl (RQ, Ro) s (3.50)
2A,

where |C6E 91 (Ro) is the solution of the second equation in (3.47). As illustrated in the figure 3.4,

the nematic (red curve) and the superconducting (solid light blue curve) solutions are restricted to

certain intervals. The nematic solution 673°™ only exists within the interval R;em) < R < Rg%nd)

)

where R%ﬁ) denotes the critical nematic value where the nematic order parameter |C 7] emerges, and

Rgcnd) denotes the critical superconducting value where it holds Ry = IC, 9| and the superconducting
order parameter |A0“] emerges. The superconducting solution 67" only exists for either Ry =0, or

for Ry > RZ™. In Fig.3.4, we plot the three solutions (3.49),(3.50) for a given parameter set. One
can then track the system'‘s ground state as the temperature is lowered, i.e. as d7g is reduced. At high
temperatures the system is in the para-nematic state (light green curve), where neither a nematic nor
a superconducting order parameter is present. As the temperature decreases, the first time an order
can be established, the ground state switches onto the respective nematic or superconducting curve.
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Figure 3.4: (a) and (b) depict a joint first-order (J11) and a vestigial situation (Va2) with con-
secutive second-order phase transitions, respectively. The chosen parameters are A, = 1, u//v = 2
and A, = 0.2, u//v = 2 for the left and right, respectively.

-

We disregard first-order transitions for a moment. For concreteness, let us focus on Fig.3.4(b), where
the ground state switches onto the red curve. Upon further cooling, the ground state follows the red
curve until it becomes superconducting and evolves on the light blue line. This situation represents
a Voo scenario, where a vestigial nematic phase preempts the superconductor, and both transitions
are of second order. For a first-order transition, the ground state has to ‘jump’ onto another curve,
such that the respective order parameter does not emerge continuously. This is the case in Fig.3.4(a)
where the system undergoes a joint first-order phase transition into the superconducting state (Ji1).
The temperature where the transition happens is not right at the peak of the blue curve, but slightly
below, see e.g. discussion in Sec 3.2.2. In this situation the vestigial nematic solution does not become
the system‘s ground state at any temperature. It is quite convenient to note that, the figures also
depict the order parameters as functions of Ry, such that their temperature behavior can indirectly
be inferred. The two demonstrated examples represent two possible realizations resulting from the
saddle-point equations (3.49) and (3.50).

We shall in the following take a more general view and try to understand if the system can estab-
lish other scenarios as well, and in particular what criteria it depends on. A vestigial scenario with
a single composite order parameter has four characteristic temperatures: the two critical tempera-

tures T(2nd)

(se;nem} where the corresponding susceptibilities diverge, and the two maximum temperatures

(max)

| denoting the highest possible temperature for which the respective solution exists. We denote
sc,nem}

the corresponding renormalized mass value accordingly, Rgiicgem} and R%ﬁazim} The respective rela-

tions of the points (R, T) determine the realized scenario as summarized in table 3.1. In the present
model, we can analytically extract the characteristic points,'? yielding

19The characteristic values R’ and R2™ are the solutions of (3.47) and (3.48) evaluated at zero |C§ 9| and |AFx|,

respectively. Alternatively, R,(ferﬁ) is also the value where the quadratic Ginzburg-Landau coefficient 7. (3.21) vanishes.
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joint Jyy: T 5 {ma
vestigial ( xi C T <) e T = T & :ézi z f;ég:;
vestignd (V2 ): T <1 o T <1 Rifﬁ - REZ;
joint < jz ): T — imax) & é%:z i RE:E::L;Z;

Table 3.1: Comparison of the characteristic temperatures and their renormalized mass values,
associated with the respective vestigial or joint scenario. The notation is V;j;, J;; with ¢ and j
denoting the order of the composite and the primary transition, respectively (see Fig.3.1).

2
»(2nd) ™ 2nd) __ ™ A~ A
R%em) — @, T»,(wm) — 8sz§ (u + 27TAZ(2U + 1)) ) (351)
2 2 0
Rg%nd) _ ;ﬁ’ Ts(fnd) — 77(21;“)’ (3.52)
242 2
5 (max) _ U T(max) _ Tu 5)

where b, = 1 + 2w A,. Within the nematic regime, the solution reads

nem (5 ) 27N — 1 am
5 <R0> = oo Bty (3.54)

which is a straight line with either a positive or a negative slope, depending on 27A, < 4. As a

3
Vi
i J
A 11
u 12
1_
unstable
0 "
0 0.5 1
N,

Figure 3.5: Phase diagram indicating which scenario is realized in the system. The condition
4+ mA. (2 — 1) > 0 guarantees the stability of the solution.
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Figure 3.6: Temperature behavior of the respective order parameters as they result from the
scenarios depicted in Fig.3.4. The left and right depict a joint first-order (J11) and a vestigial
situation (Vo) with consecutive second order phase transition, respectively.

consequence, the maximum value is always at the interval boundary, namely

omA, > R(max) _ p(2nd) & T(max) _ p(2nd) (3.55)
oA, < R(max) _ p(2nd) & T(max) _ p(2nd) (3.56)

In the case (3.55) with 27rA, > @, the maximum nematic temperature equals Tégﬁx) = Ts(cznd) the

critical superconducting temperature which by definition, is smaller (or equal) than its maximum. In

this model it truly holds T, S(fnd) < Ts(gl ax), such that the system will always undergo a joint (J11) first-
order phase transition. In particular, the statement is true for a three-dimensional isotropic system,
restored by A, — oo. No vestigial phase is to be expected for as long as the system is not (sufficiently)
anisotropic. In the opposite case (3.56), when 2wA, < 4, the system can establish a vestigial nematic
phase. Because it then holds Té?,,i") = qu?,?) the phase transition is of second order. The possible
realizations are easily deduced by comparison of the characteristic values (3.51)-(3.56) with regards to
the conditions in table 3.1.

The resultant phase diagram is depicted in Fig.3.5, showing that only three scenarios can be realized
in this model. For a small degree of anisotropy (large A,) the system always undergoes a joint first-
order transition. At the fine-tuned points 2wA, = @, the system realizes joint transitions with the
superconducting transition being of second order. With respect to the representations in Fig.3.4 this
amounts to a horizontal red line where 7T, é?n%") =1, }Liﬁ?). For that reason, the joint transitions Jiz, Joo
are an artefact of a fine-tuned system and generically, they are not to be expected. For a large degree
of anisotropy the system realizes the vestigial Vo scenario that is depicted in Fig.3.4(b).

Finally, we plot the order parameter behavior as a function of temperature in figure 3.6, correspond-
ing to the system settings of Fig. 3.4. The figures reflect the qualitative conclusions already drawn. The
single distinctive feature results from the first-order transition temperature in case (a). The transition
temperature needs to be determined by means of the global free energy minimum which in the large-N
limit, is identical to the saddle-point action (3.9). It is convenient to plot F*¢(d7g) — FP ™ (7))

such that its zero marks the transition temperature, see also Fig. 3.7(b) in the next section.
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3.2.6.2 Full model in the classical regime

In this section, we include the F, fluctuations which generate a finite cubic parameter g.. As a
consequence, the nematic order parameter ngg regains its Zs-Potts character and has to undergo a
first-order phase transition. Similarly to the previous case (3.2.6.1), we employ a momentum cutoff A
in the ¢, direction while the in-plane integration is free.!!The saddle-point equations

A E !éEg\ E
T>T1T,: 6fg = Ro + 2411 (Ro, |Cy?) 0= g — Ir(Ro, [Cy?|) s (3.57)
5 b 1C°
T<T.: 0fg = (]_ — a)|C09| + 2@[3(R0,R0) , |A0"’ = — IQ(R(),R[)) R (358)

can be expressed in terms of the dimensionless quantities {ﬂ, 17} = {u/,v}T/ ﬂd%Vo, @ = /v, as well
. . 5 1 A~Eg) o E - AE E

as the dimensionless fields {Ry, |C,?|, 70} = {Ro,|Cy?|,6r0}/dov, and Ay* = Ay™y/donVp/T. The

two integrals read

A1 Al
E mdoVo Ro+ fq° .
h(Ro €)= =" Y (ol Bt (3.5
T Ndet (95)  det(g5)  momies =0
Eqg
CE9| + ng G
d V ‘ 0 q Eg
Iy(Ro, |C ) = 00 ST Gl (3.60)

4 q det (gg)fl

and I3(Ryp, |C59\) = I1(Ro, |C(;Eg]) + I>(Ryo, |C0Eg|). When introducing the rescaled fields in (3.59) and
(3.60), the prefactors cancel and the gradient parameter need to be rescaled according to dy — 1,
d — d'/dy, d = d/dg/o and d, — d./dyt. Eventually, the model depends on the three gradient
ratios, the interaction ratio 4, and the momentum cutoff A, = Ac.

To capture the essential physics in doped BisSes, we choose & = 3 and d’/dyg = 0.4. The value
of d/dgv/o = 0.20 is chosen such that it entails a rather large first-order jump (cf. Fig. 3.3). The
parameter d, can be understood as a proxy for the doping level, as the Fermi surface in Cu,BisSes
has been reported to evolve from ellipsoidal towards cylindrical with increasing doping level [92]. For
a comparably large d, value, i.e. for a Fermi surfaces with a small anisotropy, the system undergoes
joint first-order transitions, similar to Fig.3.4(a). Upon doping the z-anisotropy becomes larger and
the value of d, becomes smaller. A small value d,/dgv = 0.07 captures the vestigial nematic scenario
shown in figure 3.7. In figure (a), the pronounced peak in §7;°™ indicates a first-order transition. Upon
further cooling, superconductivity emerges in a second-order transition when the susceptibility xpair =

Ro/(R2 — |C0Eg 2) diverges. To determine Tyey we plot the free energy differences F{nemset(5ry) —
Fraranem(§57q) resulting from (3.9) and associate the zero with the transition temperature, see Fig.3.7(b)
lower panel. In agreement with the symmetry constraint, the nematic order parameter undergoes a
first-order transition at a temperature Tpen, > T.. The top panel of figure Fig.3.7(b) shows the
temperature dependence of the nematic and the superconducting order parameters, together with
their respective susceptibilities. The nematic susceptibility Xnem, studied in Sec.3.2.7, is enhanced
but—owed to the first-order nature of the transition—does not diverge.

1Tn Ref. [107], we employed a lattice version with natural cutoffs. However, for the present purpose, in particular to
demonstrate a pronounced peak of §7*°™ in Fig. 3.7(a) it is more convenient to work with the continuum model.

65




3 Vestigial superconductivity

Cg sraranem — O iem — 0T 5 superconducting nematic metallic
23t —_— 4 : I
i + nematic |C 9]
o 3 ! Xﬁl
227 2 IAEUI Xpair nem, il _
-—-——— = =
______ Coo N 1 bo=
4 221 223 T, 227  T.. 232 &7,
ol Ro ———_,—/l’égl |APu] 23.2 S
—’—— . . | -1 —'Fnem_Fmet
R R Ao gEO 5 [, -2 TEo TR Tgy
(a) (b)

Figure 3.7: The figures depict the expected vestigial nematic scenario for doped BizSes. The
system undergoes a first-order transition at the temperature determined from the free energy in
the lower panel of (b). At the lower temperature it becomes superconducting where the pairing
susceptibility diverges. The nematic susceptibility does not diverge due to the first-order vestigial
nematic transition. The parameters were chosen as u'/v = 3, d'/dy = 0.40, d,/dgo = 0.07,
a/doﬁ = 0.20 and the cutoff in z-direction A,c = 10.

The above result demonstrates that a vestigial nematic scenario with Te > T, is possible in doped
BisSes; at least in a certain doping range. Additionally, our theory reveals that superconducting fluc-
tuations experience a sudden enhancement at the vestigial nematic phase transition. This effect is
reflected in an enhanced observable signal, e.g. in the magnetization is shown in Fig. 3.14. Further-
more, the nematic distortion triggers a distinct in-plane anisotropy which is studied next. The present
theory can not reliably predict the extent of the nematic transition temperature Tyen — 71 due to the
uncertainties in the parameters. In the next section (3.2.7), we compute the nematic susceptibility. In
section (3.3), we discuss how an in-plane anisotropy is imposed on the conductivity and the magnetic
susceptibility, and the response of the atomic lattice is discussed in section (3.4). The nematic order
causes a lattice distortion that is preceded by the softening of certain elastic constants due to the
nematic fluctuations above Ty em.

3.2.7 Nematic susceptibility

By construction, the nematic susceptibility is the quantity that signals how far the system is away
from the nematic critical temperature. As such it is directly related to the quadratic coefficient r¢ in
the corresponding Ginzburg-Landau expansion. Formally, the nematic susceptibility is defined as the
correlation function

Xnem,ij(q) = (Bq""'BZ37) — (Bg"")(BZ3”), (3.61)
where BP9 is the superconducting bilinear combination in the nematic E, symmetry channel, see Eq.
(3.3). Within the field integral approach it is common to introduce a conjugated field in order to
compute a correlation function. The conjugated field h couples linearly to B¥s generating the action
contribution S, = Zq h, - B€Z~ Consequently, the partition function Z [h} depends on the external
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field, and the expectation value of Bfs and the correlation function (3.61) can be derived as

dlog Z [h]

Eg.,j
<qu J>h = TT ) Xnem,ij(Q) =
J,—4q

(B )
dhi

B (52logZ[h]
h=0 5hi,q(5hj,—q h:O‘

(3.62)

Hence, the partition function Z [h] needs to be evaluated The addition of Sy to the action (3.9)
effectively amounts to the replacement (gc)q — (G%lh ]) g = (Q’C) ,—i—hq,q/ -7F9 in the action (3.7).
After the composite fields are introduced, i.e. after the Hubbard Stratonovich transformation, the first
formula of the susceptibility (3.62) can be changed to

L 8(Cy" )

Xnem,ij (Q> = —5

ST T (3.63)

h=0
We use the relation (3.63) to derive the nematic susceptibility from the saddle-point equation instead
of actually evaluating Z [h] In the presence of a finite field h, the expectation value <CéE 97\ can

already be finite above the nematic phase. The saddle-point equations related to C, B (h) above the
nematic transition (using ng J (h) = COE 0] (h)dq,0) reads

0= 2lvcE9J ZtrT (gch Ew’) : (3.64)

We vary the equation (3.64) with respect to h; o, evaluate it at zero field h = 0, and insert the definition
of the nematic susceptibility (3.63). We find

-1
Xnem(0) = =X (0) (1= 20x2,(0))

A1g =+ Cg‘lg [h], see appendix C.4.1 for details. Moreover, the bare suscep-

tibility X( ) (0) = & >y trT(quTEg’lquTEgvjNh:O is found to be proportional to the unity matrix

nem,lj

where we have used that Co

Xfloe)m I (0) = %ﬁz,zém. Therefore, the nematic susceptibility is proportional to the unity matrix

L= .
117 11

0)= ——2"2% 1 =227, 3.65

Xnem (0) T Sure ( )

With its elements inversely proportional to the quadratic coefficient 7¢, the diagonal element ypem (0)4
shows a Curie-Weiss behavior, as shown in figure 3.7(b). However, due to the first-order nature of the
phase transition, the nematic susceptibility does not diverge: it rather reaches x;4,(0) ~ g2 at the
Them. Experimentally, the enhancement of the nematic susceptibility should be directly observable via
electronic Raman scattering in the E, symmetry channel [116, 117].
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3.3 In-plane anisotropy of the resistivity and magnetic susceptibility

In the following we analyze how the superconducting fluctuations renormalize the resistivity and the
magnetic susceptibility above T,.. In particular, we discuss how the nematic order parameter imposes
an anisotropy between two orthogonal in-plane directions. For simplicity, we disregard the normal
state quasi-particle contributions. The following calculations are based on earlier works [108-110] and
generalize them by including the effects of the nematic order parameter. In the following sections,
we derive the general relations between the partition function and two observables (susceptibility and
conductivity). We then present the key steps in evaluating the respective observables with the main
results summarized in Fig. 3.8. More details on the derivations can be found in the appendix C.3.

3.3.1 London response kernel

The London response kernel Qqs(q) with o, 8 = {1, 2, 3} and ¢ = (Vp, q) is also known as the current-
current correlation function. As the vector potential A is the conjugated field to the current j they
couple via Sy =V 3 q J_q Aq and both, the expectation value of the current and the London response
kernel can be extracted via

T dlog Z|A
U= | Qula =

5210gZ[A] V<a5
A—0 vV JAFSA®, T

v
Jai=q) = 7

UG (3.66)
The response kernel presents the key quantity for determining the conductivity and susceptibility of the
system. Indeed, as discussed in section 1.1.3 the London kernel is directly related to the conductivity
via

ImQ(v +1i0, q)

Reo(v +i0,q) = ”

—7é(v) ReQ(v +i0, q). (3.67)
The second (diverging) term is zero above T, and finite below. The magnetization and the magnetic
susceptibility on the other hand are defined as the derivatives of the free energy with respect to the
magnetic field H,

1 OF [H] oMY [H|

Mg [H] = TV OHO, Xap(q) = “omd ‘H:o'

(3.68)

In the present model, the free energy depends explicitly on H due to the term o/ B,B42s and implicitly
via the vector potential A. Hence, it is convenient to view the free energy F' [H , A] =-TlogZ [H , A]
as a function of both, the vector potential and the magnetic field, and expand it accordingly

F[H,A] ~ -Tlog Z [0,0] — V,LOZ H V“OZQ q)H H — ZQ (9)A%,A7,

(3.69)
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where we defined

T §*log Z[H, A] ‘
\% 51455142[1 H=const

() T 6210gZ[H,A]‘
ap\d) =
d VM% 5H§q5Hgé A=const

Qéﬁ(Q) =

A=H=0
(3.70)

A=H=0

As is shown in the appendix, the omitted expansion terms vanish due to the inversion symmetry. The
quadratic terms in (3.69) need to be expressed in terms of A to identify the London response kernel @,
and in terms of H to compute the magnetic susceptibility x. In Fourier space the magnetic flux density
is related to the vector potential via B, = ig x A,. Upon application of the Coulomb gauge q- A; = 0
the relation can be inverted to Ay = i€as,q5Bq /]g/*.'2 Assuming there is no finite magnetization
above T, it holds Hy, = By/po with the permeability constant jig. Then, the free energy (3.69) can
be expressed in terms of A and H, and we derive the London kernel and the magnetic susceptibility

Xas(q) = 10Qas(q) with

éﬁ(Q) - Qgﬁ’(Q)faa’yéﬁﬁ’w/quW’ s (3'71)

q
H3(@) + Qi (0)acrr€spry IZTIZ . (3.72)

London kernel: Qap(q) =

magn. susceptibility: Qaplq) =

3.3.2 Anisotropic response of physical observables

Let us compute the correlation functions for the action (3.9) in the presence of a magnetic field.
Remember that a magnetic field couples through the Green‘s function matrix (G [A] )q_;, = (gC);}[, +

(G4 [A] )q_;/ with the second term reading

1 2
A o 9 € Aap B

(g [A]) =« BZTy — eVa ’ Aqa_q/ + 50%4-%/ ZA?I . Aq—q’—Ql )

q1

q q
0,q' 2t7

and qu‘ , OAffﬁ defined in (3.5). To proceed we evaluate the partition function Z [H, A] at the saddle-
point solution. Then, the correlation functions become quite handy: It holds Qéﬁ(q) = Ko5(q)—Ka5(0)
and

T e?

9 Cra T(O/)Q
=TS (G 7) . =T 5 ()
p p

(3.73)

where the function K,z(q) is even [K,g5(—q) = Kap(q)] and symmetric [Kgo(q) = Kqp(g)]. From a
diagrammatic point of view both summations in (3.73) represent a one-loop diagram with V or 7Y at
the vertices. Since the nematic order parameter does not break the time-reversal symmetry, we find

the zero-field magnetization Mg'[0] = —iiq",o > trT(ggTy) = 0 to vanish. We note however, that a

vestigial chiral order parameter C6429 (which couples with 7¥) would induce a finite magnetization.
For the optical conductivity we explicitly derive the formula (3.67) in the appendix. After the

1276 see this explicitly, one considers the term q x B, inserts B, and applies the Coulomb gauge.
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Figure 3.8: (a) shows the in-plane resistivity (3.74) and (b) the diamagnetic susceptibility (3.76)
alongside the measurement by [20]. Both observables display an enhanced signal with the transition
onset and a pronounced anisotropy in the nematic state. For the indicated ground state (6. = 7)
we find pyy > pur and Xy < Xzz While it would be the opposite for 6. = 0. For a discussion of the
experiment, see Sec.3.6. The plotted data originates from [107].

analytical continuation it becomes

Im[GS (€ + v +i0)] o8 Im[GS (€ +i0)] f/a>

e+ v p € p

T62 o)
Reoqp(v +1i0,0) = — / de trT< (3.74)
TV o

where the € integration can be carried out analytically. Note that QY does not contribute to the
London kernel (3.71) in the zero-momentum limit. The conductivity is evaluated numerically and the
corresponding p, and py, resistivity components are plotted as a function of the temperature in figure
3.8(a). For the nematic ground state COEg = ]C59|(—1, 0), we find pyy > pue inside the vestigial nematic
phase. The relation pyy > pu, holds for all three degenerate states 0. = {1, 3, 5} 7/3. For the members
of the second ground state set with 6. = {O, 2, 4} 7/3 one finds the opposite order pyy < pus.

To compute the DC magnetic susceptibility xag(/m = 0,q = 0) the zero-momentum limit can only
be taken after the kernel Qéﬁ(q) is expanded according to

5 0%QA()

af —

1

A Y8 .
q)~ T304, with .
aﬁ( ) 2 o™ 09,045 q=0

(3.75)
The zeroth-order term vanishes by construction and a linear term is forbidden since Qéﬁ(—q) = Qéﬁ (q).

The elements of the quadratic expansion tensor are subject to the constraints Fzg = ng = Fgg = sz
With this, the DC susceptibility in Eq. (3.72) becomes

1 o
Xas(Vm = 0,q = 0) = 1oQL5(0) + iﬂofi%/ €aary €3y Aol Gr iy -

While this expression seems to depend on the momentum direction ¢, = ¢/|q|, a careful study
reveals that the expression is isotropic in momentum space. Due to the relation H, = poig x Ag, the
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orthogonality between the momentum g and the magnetic field H has to be considered. In fact, for
the respective susceptibility components in the relation Ma(0) = Xap(q 1 )|jq—0 H $(0), the transverse
momentum q; has to be chosen such that ¢, L H. For example, for H = |Hl|e, it must hold
q, =|q| (cos p, sin @, 0). After some algebra the diagonal components can be simplified to

—

*

() X0
Xzz(0,0) = 5

=

62

—

*)

2
= Xo €
Loy Xyy(0,0) = o2

S () X0 (44 =
) Fxmv XZZ(07 0) = 7 (QQZ(O) + F%) ) (376)

a2

S

where the value of the susceptibilities scales with the number yo = uoTe2a4/Vbh2. The Planck‘s
constant i has been reinstalled.'® The rescaled quantities Q¥ and FZ(% are defined in the appendix

C.3. The value Q(0) > 0 is a purely para-magnetic contribution to the susceptibility x..(0,0). The
numerical evaluation of the formulae (3.76) is done in the high-temperature limit, i.e. for the leading
Matsubara term with v, = 0, with the results displayed in figure 3.8(b). Similar to the conductivity,
the susceptibility displays an enhanced signal with the onset of the fluctuation-induced phase, and
it develops an in-plane anisotropy where, for the chosen ground state (6 = ), it holds xyy < Xzz-
Note that for both quantities, conductivity and susceptibility, the inequalities between the zx and yy
components flip as the ground state becomes 6. — 0.

3.4 Lattice deformation due to vestigial nematicity

Here, we investigate the interplay between the lattice degrees of freedom and the vestigial nematic
order parameter. To this end, we introduce the language of elasticity theory and classify the occurring
tensor with respect to their lattice transformation properties in Sec. 3.4.1. In section 3.4.2 we study
how the vestigial nematic order parameter induces certain strain components and thereby, causes
a lattice distortion. Also, the implications of nematic fluctuations above Them with respect to the
renormalization of elastic constants and the sound velocity are analyzed.

3.4.1 Elasticity- and strain tensor, and their symmetry

In crystal elasticity theory infinitesimal strain is measured with the strain tensor

1 [ Ouq = Oug

which consists of the symmetrized differential of the lattice displacement field uqy(r) with o, =
{1,2,3}. A structural phase transition is directly reflected by the strain tensor, and hence, certain
strain components play the role of an order parameter in a Ginzburg-Landau sense. Let us briefly
develop a theoretical framework suited for a proper description of lattice energetics. For this purpose,
we follow the work by [54]: The energy of a solid must not depend on arbitrary rigid displacements
r — r + tp and thus, the potential energy should only depend on position differences 1 — r2. By
assuming that this difference is small compared to typical measurement length scales, the coordinate
transformation » — 7/(r) can be expanded and higher order terms may be neglected. Then, the

13We have marked the identities in (3.76) with an asterisk to annotate that the underlying relations have only been
verified numerically, not analytically.
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potential energy V = [ V(r) is characterized by a potential per unit undeformed volume

- — orl (r)
V(r) V<5m ) (3.78)

which is a function of first-order derivatives only. The constant argument disappears due to the
invariance under constant displacements. If one further imposes the invariance of the description

under proper rotations of the crystal, the potential ¥V — V (Sa@) becomes a function of the six scalar
products Sag = V14 (r) - Vorjg(r). The potential density can equally well be expressed in terms of

the shifted variable S, = (Sas — 045)/2 which is directly related to the strain tensor (3.77). This
becomes explicit when introducing the lattice displacement uq(r) = 7., (r) — 74, such that it holds
Sep = €ap + 3Vru(r) - Vyu(r). In accordance with the assumption of the derivative expansion the
second term can be neglected and one finds in the limit of infinitesimal strain

1
V = 2/6,15004575675. (3.79)

The absence of a linear term in € is based on the assumption that the system has originally (e.g.
at a high temperature) been in an equilibrium configuration [118]. As key observations of this brief
introduction into the energetics of lattices, we keep in mind that the strain tensor €,z is the defining
field variable, and that the corresponding ‘mass’ is represented by the elastic stiffness tensor, or briefly
the elastic tensor Cpp.s.

In terms of transformation properties we deduce from the definition So5 = V,r(,(r) - V,75(r) that
Sap (and similarly the strain tensor e,g) transforms according to the product representation of two
vectors. More precisely, it transforms according to the symmetric part of the product representation,
which makes the strain tensor €,3 a symmetric second-ranked tensor with six independent components,
owed to €43 = €34. Accordingly, the elastic stiffness tensor C,g,5 becomes a symmetric fourth-ranked
tensor, whose number of independent components is reduced to 21 owed to the symmetry constraint
and the exchange of indices Cy505 = Ca575.14 The number of components further reduces in the
presence of non-trivial crystal symmetry operations like rotations, reflections or inversion. Let us also
note that the volume change associated with the lattice transformation implemented in (3.78) is given
by the corresponding Jacobian

% orl (r) Oug(7) .
— = e = o ~1 =1 ) .
v det < o, ) det <5 ~ + or. +divu +tre (3.80)

which has been expanded for small derivatives. Accordingly, only trivial strain, i.e. tre % 0, can cause

a volume change. The conjugated field to the strain tensor €,g is called the stress tensor USg) and it
describes externally exerted stresses in the various symmetry channels. The quantity a&sg is again a

symmetric second-ranked tensor'®and in linear response theory the important relation between stress-

141f we had not imposed rotational invariance, there would be 45 components, see [64] for a discussion.
5We have added the superindex (s) to distinguish the stress tensor from the electrical conductivity used in the previous
section.
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and the strain tensor reads

USB) = Caprs€ys - (3.81)

It is common practice in elasticity theory to introduce a contracted representation that maps the

tensor equations (3.79) and (3.81) to regular matrix multiplications. To this end, the six elements of
the second ranked tensors are compressed into the vectors

T T
€ ::(61762763764765766) ::<6xx7€yy7€zz72€yz;2€z$726xy> I
T (s) () (s) (s) (s (s) 1
ol® — (ags), Ués),aés)’ 01(15)7 Ués)70é5)> :<J(5$)’G7Sz)’ Ugi)7 Oyz ;‘O'zy 7 Oxz ‘;‘sz ’ Ozy ‘;ny ) ’

and the elastic stiffness tensor turns into a matrix

C11 C12 C13 C14 C15 Cl6

€22 €23 €24 C25 C26

C — €33 C34 C35 C36
- C44 C45 C46
C55 C56

C66

The stress relation (3.81) now becomes the matrix equation of the form ¢(*) = Ce and the potential
energy reads

1
V= /eTC€. (3.82)
2 T

Symmetry properties in SO(3) As mentioned earlier, the strain tensor transforms as the symmetric
product representation of two vectors. To develop an intuitive understanding, let us first assume that
the system has a full rotational symmetry, i.e. its symmetry group is SO(3). The corresponding IRs
read I'; with J denoting the angular momentum. A vector in this group transforms like (1.18) and
falls into the I"j—; IR. Its product representation becomes

o1 ®T =1 = (Ty=0 ®Ty=2), ® (Cy=1),

where we have highlighted the symmetric and the asymmetric IRs. The strain tensor—transforming
according to the symmetric part—decomposes into a singlet and a quintuplet representation. In order
to classify the strain components in the sectors I' j—g and I' j_o, we study the transformation property
of a generic strain component ™! = )\Zé&ﬂw where A™! is a matrix characterized by an IR n and its
component [ = 1,...,dim(n) and where both, 0, and ug transform like vectors. The matrices At are
chosen such that they satisfy the condition

Rv(g)a’aRv(g)ﬁ’ﬁ/\Z;lﬁf = Rn(g)ll’ )\Zé ) (3-83)
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D3g )\Zgaau/g strain tensor component
Aig,1 1
Ay OpUy + Oyuy Mot =5 (em + eyy>
0.u, ee? = \%Gzz
Aoy Ortty — Oyly 0
(@cum — Oyly, — Oy — 3yum) efol = % (em — €yys —2ewy)
Eq Oy, + Oy, —0zu, — O U, el = /2 <2€yz, —2€Zm>
Oytty — Oy, —O0ru; + 0 Uy (0, 0)

Table 3.2: The matrices \™! are determined from the condition (3.83), and they are related to
the six strain tensor by ™! = )\Z’éﬁaulg )

and hence, they determine the transformation property for the corresponding strain component ™.
Using the transformation matrices of SO(3), the singlet and quintuplet strain components become

| <€$$ + €yy + 6zz> (384)

. . €xy T € . .
Tj_g: <em — €yy + i€y, 26,5 + i€y, €5, — %, 2€,, — i€y, €xp — €yy — 2|e$y> ) (3.85)

The singlet corresponds to the trace of the elasticity tensor and it is thus, the only component that
leads a volume change, see Eq. (3.80). The other five components do not cause a volume change and are
termed as shear strain. The number of independent elastic tensor components C,g+s is determined by
the number of trivially transforming bilinear combinations of the symmetric strain tensor. Specifically,
one computes the product representation of the symmetric strain tensor

(F]:O D FJ:Q) & (FJ:O D F]:Q) = (2F]:0 D20 B FJ:4)S D (FJ:l Gy P FJ:3)a , (3.86)

and counts how often the trivial (here I'j—¢) IR appears (here twice). Thus, the fully rotational
invariant system only allows for two independent elastic tensor components which are associated to
a transverse and a longitudinal mode. From the decomposition (3.86), one notes that the bilinear
separates into a 21-dimensional symmetric and a 15-dimensional asymmetric block, in agreement with
the maximal number of 21 independent components.

Symmetry properties in D3y The situation changes in a lattice where a point group reduces the
symmetry operations. Let us consider here the point group D3q (cf. table 1.1) which is the relevant
symmetry group for doped BisSes. In this group, the vector representation reads F, & As, and the
strain tensor decomposes into

(Ey ® Agu) @ (By ® Agy) = <2A1g ® 2Eg)s ® (Agg ® Eg>a :

with four IRs constituting the symmetric part. Using the transformation matrices (2.5), the matrices
A1 of the strain components ™! = )\Zéaoﬂw can be directly determined via (3.83), see table 3.2. It is
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convenient to work within the symmetry basis spanned by the IRs, where the strain- and stress tensors
are expressed by

b e1s . A 1ol E Egll _Eg12 Eg21 Eg22\°
€ 3d — Eg , Wlth € g — Alg72 , €79 = (6 gsds , € gsty , € g1 ,€ 914 ) , (387)
Arg Agg 1 T
D o : A o E Egl,l _Eg 12 _Eg21 _Eg2,2
o = ( E, ) , with o™l = ( A2 | 7= (U Y A T ) - (3.88)

The mapping between the original and the symmetry basis € = R 1€Dad s established via the non-
orthogonal matrix

11000 0
1 [00 100 0
Ro— — | 1-1000 0
0= f 00000 -1 ’
200020 0
0000-20
with det Ry = 1. In the symmetry basis, the strain tensor €% transforms according to €P —

R(g)€P* upon the point group symmetry operations g, where Re(g) = (Ra,, (9) ®Ra,, (9) B RE,(9)®
RE,(g)). This allows for a direct determination of the symmetry-allowed components of the stiffness
tensor in the potential energy

_l D34 r D34 D3q
V—Q/T(e )c D3 (3.89)

The constraint that the potential energy has to transform trivially under the point group operations
g imposes the condition R (g)CP*¥R.(g) = CPx. We derive the stiffness tensor'6

Ang
T O ). with e = Sl CAws ) eB [ CEnL CE3 ) gy, (300
0 CP CA1g3 CAig2 CE,3 CE,2
In the D3q point group the stiffness tensor has the six independent components {CAlg,z',CEg,z‘} with

1 =1,2,3. For practical purposes, we also relate them to the components in the original basis which
can be deduced from

c11 c12 c13 cia O 0
c12 €11 €13 —[6)14 8 8
T ~D €13 €13 €33
C = ROC 3dR0 = cig4 —c14 0 cqqa O 0 )

0 0 0 0 cya C14
0 0 0 0 cua %(0117012)

leadinglg to the identification c1; = %cAng + %CEg,l,Clg = %cAng — %cEg,l, C33 = %CAlg’g, C44 = 2CE, 2,
€13 = 5CA,,3, C14 = CE, 3

Finally, let us provide quantitative values for the elastic components: In Ref. [119] first principle
calculations were performed to determine these elastic constants for BisSesg as a function of isotropic
pressure. At ambient pressure the authors have obtained the values ¢1; = 103.2 GPa, ¢12 = 27.9 GPa,
cs3 = 78.9GPa, cyq = 37.7GPa, c13 = 35.4GPa, ¢14 = —26.5GPa. With increasing pressure the
magnitudes of these constants grow more or less uniformly.

8 For clarity, the matrix structure of C¥s involes sub-diagonals; it is not block diagonal.
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3.4.2 Interplay between nematicity and elasticity

After the introductory considerations on elasticity theory, we are now ready to study the impact of the
vestigial nematicity on the underlying lattice degrees of freedom. The interplay between the electronic
and lattice degrees of freedom with respect to phase transitions is often considered as a ‘chicken or egg’
causality dilemma. In our theory for BiaSes with no intrinsic incorporation of a lattice softening, the
answer is unambiguous: the electronic degrees of freedom drive the vestigial nematic phase transition
and cause the impact on the structural order via the symmetry-allowed nemato-elastic coupling term

Snem—el =V Z Bqu : (K'Jclej_gf]’1 + Kc2€£_?g72) +V Z B:]hg ("'@4161:1?71 + HA2€1E111Q72> : (3'91)
q q

Here, four coupling constants x_ {12} and K 4 {12} are allowed. Note the absence (to leading order) of

a direct coupling between the strain tensor and the corresponding bilinear combination B42s. This
implies that the chiral state qualitatively differs from the nematic state in that it does not trigger a
lattice distortion. In the following, we study the effect of the coupling (3.91) in two steps: First we
discuss the lattice deformations caused in the vestigial phase, see section 3.4.2.1, and thereafter, in
section 3.4.2.2 we analyze the role of nematic fluctuations above Tyen. Details on the derivation are
laid out in the appendix C.4.

3.4.2.1 Lattice deformation caused by vestigial nematicity

Let us describe the elasto-nematic coupling in the vicinity of the vestigial nematic phase transition
where the Ginzburg-Landau formalism is applicable. Starting from the original superconducting basis,
the relevant ingredients involve the inclusion of Eq. (3.91) to the original action (3.7), integrating out
the superconducting fluctuations, and a Ginzburg-Landau expansion in terms of C*9, see appendix
C.2 for details. The resulting elasto-nematic problem & = Sg, + Sel + Spem—e1 can be cast by the
effective actions

Sp, = NT/M {rc|CE9]2 +gc< (CE9’1>3 _ 3CFol (CEQ,2>2) N uc‘CEg|4}

1 T
Sel = NT/ {2 <6D3d) CP3ePs — gPaa . P _ CFo . (KélﬁEg’l + ﬁ226E9’2> ,
r,T

in position space x = (r,7). Additionally, the system may be subject to an external stress oP%.

The nematic part of the system already fulfills the saddle-point solution with the order parameter
CéE 7 = |C(;E |(cos(6c),sin(f.)) characterized by the two three-fold degenerate solutions (3.18),(3.19).
Minimization of the action with respect to the strain components yields the saddle-point equations

—1 -1 / Eg
et — <CA1g) oAts , efo — (CE9> <0’E9 + H/ClCOEg ) , (3.92)
ke2Co

with the inverse elastic matrix
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Figure 3.9: Vestigial nematic scenario from the viewpoint of the unit cell deformation. We have
chosen an exaggerated distortion n = 0.1. The plotted superconducting state is the AFw = (1,0)
shown in Fig.2.4. For more information on the crystal properties see section 2.2.

and ¢g,; = cg,i/(CE,1CE,2 — (cEg73)2). Contemplating the saddle-point equations we note first that
there is no coupling between the nematic order parameter and the Aj;, components of the strain
tensor. Consequently, nematicity does not cause any dilatation. Second, the nematic order parameter
acts as a new ‘stress field’ and hence, it induces all of the €®s components including the out-of-
plane components €792, These strain components naturally entail a deformation of the unit cell. For a
simplified visualization of the in-plane deformation, we assume that the out-of-plane strain components

€92 are small. The in-plane doublet €1 = (em — €yys —Qewy> /v/2 then transforms (similar to CEQ)

like a real E, order parameter, and thus €Ps:! realizes the very same ground state phases. Two such

representative states are es! = (il7 0). These states are characterized by a compression along x, and
an extension along y (or vice-versa). The conservation of the unit cell volume (or the area Ay = 3ab)
imposes a constraint on the lattice parameter variations, as

=a(l+7n)), b =b/(1+n) (3.93)

with n € R and || < 1. We sketch the lattice distortions within a vestigial nematic scenario in figure
3.9 where we also illustrate one possible unit cell deformation, according to Eq. (3.93). Third, we note
that the saddle-point equation (3.92) can also be read in reverse, i.e. any finite £, strain component
€ can induce a nematic order parameter Cs. This is particularly interesting in the context of doped
BisSes as a puzzling observation has been reported: While the nematic ground state is three-fold
degenerate, experiments report a sample-dependent (yet fixed) nematic direction. This axis is robust
against many thermal cycles which is counter-intuitive if one assumes the degeneracy to hold [97, 99].
A viable explanation for this circumstance involves random internal strain fields which do not average
out and therefore generate a small but finite F, strain. The coupling of this strain field to the nematic
order parameter breaks the threefold degeneracy and defines a preferred condensation direction. This
hypothesis would imply that the nematic order parameter is finite above Tyen, but owed to its Z3-
Potts nature, the first-order phase transition at Tyen would still be well-defined, see Ref.[20]. Let us
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conclude by highlighting a promising experimental route to test these ideas. Due to recent advances
in measuring samples under controlled external stress, experiments are currently conducted which aim
to switch between the nematic phases A and B upon the application of external stress [120].

3.4.2.2 Renormalization due to nematic fluctuations above 7},

Above the nematic transition Them the order parameter CF¢ is zero but as the system approaches
the phase transition, nematic fluctuations get enhanced. In section 3.2.7 we have computed the corre-
sponding susceptibility and determined its Curie-Weiss temperature behavior. We now want to discuss
how the nematic fluctuations affect the underlying lattice. The enhanced fluctuations leave an imprint
on the lattice degrees of freedom and the approaching phase transition is signaled by a so-called lattice
softening, where certain elastic constants and the sound velocity of the corresponding acoustic phonon
modes decrease simultaneously. In this part, we first study renormalization of the elastic constants
before we determine the directions of the vanishing sound velocity. The elastic constants can experi-
mentally be accessed by means of resonant ultra sound experiments [121], or bending experiments to
determine the shear modulus [122]. Inelastic neutron scattering measurements can directly detect the
directions of the decreasing acoustic phonon branches [123].

Owed to the linear coupling between the nematic bilinear combination B9 and the strain tensor e
the respective response functions are related through the identity (a rigorous derivation is provided in
the appendix C.4)

EQ
Y

(™) = (€))7 4+ (€) Aetaem(@)ic (€5)

that relates the nematic susceptibility

R 1 1 . . K 0
Xnem(Q) = ( 1 1 > ®Xnem(Q)a with Ke = ( 61 . ) ® 1o,
c

with the renormalized elastic tensor Cg’Eg . In the long wavelength limit (¢ = 0) we use the identity

Fnem(0) = X2 (0)19 with 2L (0) = —1I, . /8vrc (cf. Eq.3.65) and compute the renormalized elastic
tensor

cpq 4 —mOGy o XGE(0)Gsts
CnEg _ 1 9 CEg,lcEg,rC%g,s o CEgylcEgyz—C?zg,s 91
q - val (( val 0 e Xval 0 CE 2.
1+ xR0 (K/CZCIS + KfClCZ?)) CE,3 — _Xnem(0)C13C23 CE, 2 + M

CEg,1CEg,2*CEg 3 CEg,1CEg,2*C%g73 CEg,10E9,2*C2Eg,3
Here, we have introduced (13 = kcacp, 1 — kc1CE,,3 and (23 = Kc1CE, 2 — Kc2CE, 3- In the critical limit
where x¥al (0) — —oco, the determinant of the matrix vanishes and hence, at least two eigenvalues
vanish accordingly.

The acoustic phonon spectrum is defined as the eigenvalue spectrum of the dynamic matrix D(q),
where the modes are computed from det(pw? — D(q)) = 0. In order to derive the dynamic matrix,
we exploit the stress tensor o(®) as being a measure for the applied force per unit volume defined by

o (s)
Fo(r) =24 Ua%;r). This allows us to establish a classical equation of motion for the displacement
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Figure 3.10: Plotted sound velocity on a unit sphere. The sound velocity vanishes along the
directions of the 12 red spots.

field uq(r) reading
(s
8 Ua (T do,
8752 Z 87"5

with p denoting the mass density. T insertion of the linear relationship between stress and strain (3.81)
leads to the wave equation

6 Ua (T 0w, (1)
C ’Y
T o2 Z afyd g o
ot o, 8T5(9T5
which by means of the wave ansatz u,(r) = uY ei(m_q"'), directly converts into the eigenvalue

problem pw?ue O = =2, Day(q) (70). Thu, we define the dynamic matrix as

Da’y (q) = Z Caﬂ'yéq,BQJ .
B,6

The eigenspectrum of the dynamic matrix contains a phonon mode with vanishing sound velocity c¢s(§)
as soon as |2l (0)| grows large. This mode is found along one of the twelve directions characterized

by (using ¢ = (cos @ sin b, sin @ sin 65, cos 05))
s T T T 3 ™
=3 & ps = {0,1,2,3,4,5}57 0s = 1 & ps = {1’5’9}6’ 0s = T & s = {3’7’11}6’ (3.94)
and indicated in figure 3.10. Along these directions the acoustic spectrum evolves quadratically and

as mentioned above, inelastic neutron scattering experiments should be able to detect the decreasing
sound velocity [123].
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3.5 Implications of an external magnetic field

In this section we discuss the effect of an applied magnetic field on the properties of the superconducting
state—in the presence and in the absence of a vestigial nematic phase. A particular interest arises from
the direct coupling o’/ B,B429 between the magnetic field component B, and the bilinear combination
B42s which is symmetry-allowed due to the multi-dimensional nature of the order parameter. In section
3.5.1 we consider a magnetic field applied in the z-direction where we investigate the interplay between
the o/-term and the orbital contributions with respect to the possible ground state phases, as well as
the structure of the vortex state. Later, in section (3.5.2) we study the magnetic field in the basal plane
and revisit the angle-dependence of the upper critical field from the viewpoint of a vestigial scenario.

Doped BisSes is a type-II superconductor with a rather large Ginzburg-Landau parameter x =
AL/€. Consequently, the Shubnikov state appears at a small magnetic field and occupies most of the
phase diagram. In this state, the order parameter is inhomogeneous since the system is penetrated
by quantized magnetic flux lines, so-called vortices, that form a superlattice. The description of a
vortex lattice state goes back to Abrikosov [124]. It has been shown that the energetically most
favorable vortex configuration is that of a close-packed triangular lattice [125]. For multi-component
superconductors possible vortex lattices have been subject to intense studies in the context of UPts
and SroRuOy4 [126-130]. Most noticeably, it has been found that the multi-component pairing states
can favor a square or a rectangular lattice over a triangular one and that the vortex shape can become
elongated. The situation in doped BisSes is quite comparable with elongated vortices already reported
by STM imaging [17].

In order to address the above questions we consider a system close to the upper critical field, where
we can solve the linearized Ginzburg-Landau equations: Starting from the Ginzburg-Landau expansion
(3.7) in the presence of a magnetic field the real-space action reads

T
S=NSc+N / (ar) ((Ro i AL (f%’vr_eA + cE9> P4 O/BZTy> AP (3.95)
T

We have restricted ourselves to static solutions and assumed that the magnetic field is uniform B =
| B|(cos ppsinfp,sin ppsinfp, cosfp) with the vector potential being A(r) = —r x B/2. Note that
this choice of magnetic field leaves the inversion symmetry intact such that the solution will decompose
into party even and odd sectors. Next, we introduce the covariant derivatives D; = —id; — eA;(r).
Similar to the Landau quantization for a fermionic theory, the magnetic field triggers a quantum
harmonic oscillator algebra with [D,, Dy| = ieB., [Dy, D,]| = ieB,, and [D,, D,] = ieB,. We derive
the linearized Ginzburg-Landau equations by varying the action (3.95) with respect to A+ and for
later convenience, we represent the equations in the basis APw+ = AFwl 4 jAFu2

0= (Rg — o/B. +do(D2 + D2) + dZD§> APut | (d’Di +id{D.,D_}, + cEgv—) APs=  (3.96)
0= (Rg + /B, +do(D2 + D2) + dzDz) APw— (d’D% —id{D.,Dy}, + CEQ’+) APwt(3.97)
with CFot = CFol +iCF9? and DL = D, + iDy.17 The above equations are analyzed separately for

the two cases of an out-of-plane B = B.e, and an in-plane B = |B|(cos pge, + sin ppe,) magnetic
field.

17Addi‘ci~onally7~the lattice constants have been absorbed into the parameter according to (do,d’)a® — (do,d’), d.c® — d.
and dac — d.
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3.5.1 Magnetic field in the z-direction

With the magnetic field pointing into the z-direction B = B,e, the harmonic quantization will occur
in the z,y plane since [D,, D,] = ieB,. Moreover, we neglect modulations along the vortex axis as
they commonly increase the vortex energy [32]. Thus, we require D, AP«* = 0. With the annihilation
and creation operators a,al = (D, £ isign(B,)D,)/+/2¢|B] it holds [a,a!] = 1, and the gap equations
become

~ 1 ~ ~

0 :(Ro — & sign(B,) + (afa + 5))AE“’+ + (d' (G(Bz)a2 + 9(—32)((1*)2) v cEgv*)AEuv* (3.98)
~ 1 ~ ~

0 :(Ro + é sign(B,) + (afa + 5))AE“" + (d’ (9(BZ)(CJ)2 + 0(—Bz)a2) v CE9’+>AE”’+, (3.99)

with the notation Ry = Ro/2e|B|doy, & = o/ /2edy, CEot = CEot /2¢| B|dy, d’ = d’/dg. For clarity, we
choose B, > 0 in the following. The case B, < 0 is immediately covered by interchanging AF«+
AFuw= and CFot «» CPo~. Following the approach in [128, 131] we expand the superconducting order
parameter in the basis of the unperturbed harmonic oscillator

AEH7+ - Z an+’n+> 3 AEm* = Z bn—‘n—> ) (3100)
n4+=0 n_=0

where importantly, the two bases {|ny)} and {|n_)} are part of the same Hilbert space. It holds that
alnt) = /it |nt — 1) and af|ng) = /nt + 1|ne + 1). Inserting these expressions into (3.98),(3.99)
yields a recursion formula for the expansion coefficients

. 1 ~ ~

Roay, = ap, (d —n— 5) —d'byo/(n+2)(n+1) —CFPop, (3.101)

A 1 ~ A~

Rob,, = bn( —a@—n-— 5) —d" ap_ov/n(n—1) — C¥tq, (3.102)
where n = 0,1,2,.... As a consequence of the inversion symmetry, the two subspaces of even and

odd n are uncoupled. In a one-to-one correspondence even and odd identify the parity eigenvalues.
With the lowest lying eigenstate being parity even, the ground state should also be parity even. We
introduce the vector ¢ = (bg, ag, ba, az, by, ay, ... )T for the even coefficients, and recast the recursion
formula as the eigenvalue problem ]%C = M with the matrix

—a—1 —CPo+ 0 0 0 0
—CBo— a-% —dv2 0 0 0
0 —dv2 -a-% -CPst 0 0
M= 0 0 —CFom a3 —dVI2Z o0 (3.103)
0 0 0 —d'Vi2 -a-3 —CPot
0 0

0 0 —CPgr a:§
The interpretation of the eigenwert problem is the following. Let us assume that A@) and () (j =
1,2,.. ) are the eigenvalues and -vectors of the matrix M. Then, the matrix equation is solved for
¢= ul) when Ry = AU for any of the eigenvalues. Using Ry = ao(T — T?) + CA19, the equation can
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Figure 3.11: Three possible phase diagrams for a magnetic field along the z-direction. In case (a)
the system undergoes split transitions where it first enters a chiral phase. In cases (b) and (c) the
finite nematic order parameter is present right at 7., and the systems are nematically distorted.
The shapes of a single vortex in the respective phases are indicated.

be re-expressed as

() — c4r
o= (1o 24BN =P

ao

and it is first satisfied when Rg reaches the largest eigenvalue A\pnax = max(A). Thus, the highest
possible T.(B) is achieved for A = Ajax. The diagonal elements of the matrix M become increasingly
smaller such that the maximum eigenvalue should be dominated by the first few matrix entries. We
study the maximum eigenvalue of M in two steps. First, we consider the simpler case without vesti-
gial nematic order where we show that for a certain parameter range, the system can undergo split
transitions where the precursor phase is non-nematic. Second, we discuss the vestigial nematic case.

In the absence of a nematic order, it is straightforward to determine the largest eigenvalue of the
matrix M. In agreement with Ref. [131] we find two distinct possible ground state arrangements with
the maximum eigenvalue

& )OA{ < _(a/)2/2
(D) :-%4—\/(1—1—@)2—1—2(8’)2 o> —(d)2)2

(3.104)

Amax =

The corresponding eigenvectors read u®) = (1,0,0,0,...)T and u® = (0,4, —sign(a’)n_,O, )T

—\1/2
with ny = %(1 +(1+ &)/\/(1 + d)2 + 2(d’)2) . Let us reassess the previous assumption of an

absent nematic order parameter. For this, we explicitly state the corresponding superconducting order
parameters (3.100) reading
) , (3.105)

Ey, Euy,
(1) : ( ﬁEu: ) YN ( @o(zr) ) L) < ﬁEu:
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(b)

Figure 3.12: Spatial structure of the harmonic oscillator eigenfunction ¢g(r) and p2(r), and their
addition with n = 0.6.

with the lowest lying harmonic oscillator eigenfunctions

3
je|B| _eBi, e|B)2 .o _clBl,
wo(r) = 27r’ e~ T @) ) pa(r) = (Jl\/l?) (x — |y)26 T (@) (3.106)

The insertion of the states (3.105) into the nematic correlation function COEQ’Z = —2u((AF")IrEtALY)
shows that the second state (II) yields a finite value |ng | and thus, it violates the initial assumption.
The second state is to be discarded. The first state (I) on the other hand, is in line with the assumption
(|C6E 91 = 0) and deserves further attention.

The realization of the first case (I) is subject to the condition |&| > (d')2/2. To start with a simple
expression, let us assume that all gradient terms can be neglected. In this limit, the action becomes
diagonal

S=TNV <|AE“’+|2 (ro - O/BZ> + |AFw— )2 (7“0 - O/Bz)> ;

with the magnetic field lifting the (AFw! AFuw2)_degeneracy. This causes the system to undergo a
split transition where it first enters a purely chiral phase at Tc(l) =T + |/ B,|/ag before it undergoes
a second phase transition at 7% = T? — |o/B.|/ag where the state develops a nematic character and
breaks the in-plane rotational symmetry. In the discussed case (I), the gradients are not completely
negligible but the situation is conceptually the same. The key difference is that the upper transition
temperature T, = T? — C419 /ag+ B, (|a/| —edg)/ag experiences a net decrease with B, due to the trivial
fluctuations dy. In fact, the microscopic analysis (see Fig. B.1(a)) shows that the slope |o/| — ed is
negative. The solution (I) is rotationally invariant and the basis functions employed to construct the
vortex solution inherit this invariance. We have sketched the resulting phase diagram in figure 3.11(a).

In the presence of a finite nematic order parameter ngg all matrix elements in M are coupled.
Nonetheless, since the diagonal entries decrease with growing n, the first few entries dominantly con-
tribute to Apax. As long as ngg is not too large, it is reasonable to study the leading 3 x 3 matrix. In
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this case, the maximum eigenvalue and its eigenvector take the analytic form

3 1-a 1 A(1-a)2+27che 2 3
AE =2 <1 + 4n(3) cos ( arccos < = 0 — ) 3.107
2 3 ®) 3 (1 —a)2(2n))? 21)(3) ( )
N N N T
u® = e (2@ + (L a) - (0 122,85 (A0 42 1 a), vad et 00,0 )
[u()| 2 2
(3.108)

with 7y = \/1 +3(a+ (d)2/2 + ]C(?g\z/él)/(l — &)2.18 While the above expressions appear quite
unhandy, the solution becomes more comprehensible if it is translated into the superconducting order
parameter eigenstate

AE"’+ a(3) r
( A ) = A uf? ? f%é)) , (3.109)
po(r) + g pa(r)

with ﬁé?’% = uggg / ugs). Since ﬁé?’) ~ d’CFs~ the nematic order parameter couples the two oscillator

eigenfunctions leading to the distinct two-fold rotational symmetry as illustrated in figure 3.12. The
axis of elongation (either z or y) depends on the sign of ﬁgg) ~ d’CEs~ which is a fixed combination,
see discussion below. Note that the solutions (3.109) form the basis for the construction of the vortex
lattice. As such, the vortex solution will inherit the distortion from (3.109) [32, 130]. Figure 3.11
shows the complete phase diagram with the cases where a nematic order parameter is present, either
via joint transition (b), or by means of a vestigial nematic phase (c).

8To recover the two uncoupled cases, the two identities are useful cos(3a) = 4cos*(a) — 3cos(a), and
arccos(cos(3arccos(1/2n))) = 3arccos(1/2n)0(1 — n)0(n + 3) + (2m — 3arccos(1/2n))0(n — 1).
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3.5.2 Magnetic field in the basal plane

With the magnetic field being applied in the basal plane B = |B|(cos ppe, + sin ppge,) the angular
dependence of the upper critical field H.2(¢p) can be determined. In Ref. [132] this problem has been
addressed in relation to doped BisSes. The key result is that a two-fold symmetric angle-dependence
of the upper critical field emerges as soon as an E; ‘symmetry breaking field’ is present. While the
authors had to apply an external stress o%s°! (3.88), in our case this ‘symmetry breaking field’ emerges
naturally as the order parameter C¥ in the vestigial nematic phase.

Since the mathematical treatment is similar to that of the out-of-plane field, the derivation has
been moved into the appendix C.5. We focus on the resulting upper critical field, which—in absence
and presence of nematic order—is shown in figure 3.13. In agreement with previous studies we find
a two-fold angle dependence as soon as the nematic order parameter is finite. The orientation of the
ellipse however, is unconditionally fixed within our theory. Specifically, the elongated axis has to align
with the crystal z-axis. To demonstrate this, we use the result from Ref.[132] where the upper critical
field has been analytically derived in the limit of small d, reading

d/
Hea(pB) = HC(S) <1 - ﬁsign(cEsvl) cos(2g03)> : (3.110)
0

Here, the long axis is determined from the sign(d’CFs!). Having that in mind we recall that the
sign(d’) implies a specific sign(CFs'!), see derivation in section 3.2.2. In fact, regardless of the actual
sign(d’) (our analysis suggests d’ > 0), the product d’CPs! < 0 is always negative and thus, the long
H_, axis has to be aligned with the crystal xz-axis. This observation is particularly interesting in light
of the discrepancy of the H o orientations in different experiments [104].

0.6 — Hc2(IC%|=0) Hez (IC%9))

0.4

0.2

0.0

Hy /Ho

-0.2

-0.4

-1.0 ~05 00 05 1.0
Hy IHo

Figure 3.13: In-plane upper critical field H.s as it results from (C.42) plotted for both, a nematic
order parameter present and absent. The vestigial nematic theory confines the long axis to align
with the crystal z-axis.
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3.6 Conclusion of chapter 3 and discussion

Based on the observation of a two-dimensional superconducting pairing state in doped BisSes and
the increased role of fluctuations due to a low carrier density, we have predicted the existence of a
fluctuation-induced nematic phase that precedes superconductivity. As a consequence of this vestigial
nematicity, the rotational Cs, and the U(1) symmetry are separately broken at temperatures Tyem
and T, < Tpem - The vestigial nematic state is characterized by strong anisotropic fluctuations that
cause an anisotropy in various quantities, among them the electrical conductivity and the diamagnetic
susceptibility. The nematic phase transition is of first order owed to the Zs3-Potts character of the
nematic order parameter. Within this universality class the ground state is three-fold degenerate and
thus, it gives rise to three distinct nematic domains. The nematic order parameter couples to both, in-
plane (€;2 —€yy, €2y) and out-of-plane (€., €, ) strain components which makes the degenerate nematic
ground especially vulnerable to intrinsic strain or external stress fields in the E; symmetry channels.
Focusing on the in-plane strain, we have evaluated the corresponding unit cell deformation. The
nematic fluctuations reflect themselves in an enhanced nematic susceptibility that should be directly
measurable by Raman scattering in the £, symmetry channel. Moreover, we study the corresponding
softening of the lattice in terms of decreasing E, elastic constants and an accompanied vanishing of
the sound velocity. The in-plane rotational symmetry breaking is also reflected in the upper critical
field H.o, and while there is discrepancy in experiments on the large H.o axis, we demonstrate that the
vestigial nematic scenario is only compatible with the large axis being aligned with the crystal z-axis
(or the a direction). We also indicate a similar restriction for the nematically distorted vortices.

Strong experimental support for the existence of a vestigial nematic phase in Nb and Cu doped BisSes
has been provided by Rolf Lortz and collaborators [20] with the main results shown in figure 3.14(b).
The measured data agrees well with all the outlined vestigial nematic predictions. In particular, in the
thermal expansion data an onset of in-plane anisotropy is observed at Tyem = 3.8 K significantly above
the superconducting transition temperature T, = 3.25 K. The latter is determined from the specific
heat data. The step-like transition in the thermal expansion is characteristic for a first-order phase
transition. Additionally, an enhanced response is detected in the susceptibility and in the resistivity
near Them.

The sketch in figure 3.14(a) depicts the phase diagram for a doped BisSes compound. The vestigial
nematic phase is expected to merge with superconductivity and to undergo joint first-order transitions
as T, decreases and quantum fluctuations become more important and additionally, the z-anisotropy
gets less pronounced.
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Figure 3.14: (a) illustrates the expected phase diagram for doped BiaSes as a function of doping,
see [107]. As T, decreases quantum fluctuations drive the system towards joint transitions. The red
dots mark the corresponding tricritical point. (b) displays thermal expansion, specific heat, and
magnetization measurements on a Nbg 5BisSes sample [20]. The thermal expansion AL(T')/Lg
is measured along three directions in the basal plane, showing a step-like onset of anisotropy at
~ 3.8K. Also at ~ 3.8 K the magnetization gets strongly enhanced. The data supports a vestigial
nematic scenario with Tpem = 3.8 K above T, = 3.25 K.
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Chapter 4

Phase stiffness suppression due to
umklapp scattering

In section 1.1.3 we have given a short introduction on the phase stiffness with an emphasis on its
physical significance. In this chapter we will elaborate in more detail on its properties, and we will
draw some attention on mechanisms that tend to overcome the so-called Leggett‘s theorem: At zero
temperature and in a Galilean invariant system every single electron contributes to the superfluid
density, and hence to the phase stiffness (4.1). In particular, we study the suppressive influence
that the periodic lattice has on the phase stiffness. We show that this suppression is mediated by
superconducting fluctuations, and that the suppression increases with increasing BCS coupling strength
g as illustrated in figure 4.1. The suppression is most pronounced at a van-Hove point where the density
of electronic states at the Fermi surface diverges. This work has been done in collaboration with Jorg
Schmalian.

4.1 Introductory remarks

The superfluid stiffness is a measure for classical and quantum fluctuations of the superconducting
phase. It has been introduced in section 1.1.3 as ps = ns/m with the superfluid density ng, i.e. as
the fraction of electrons that in the picture of a two-fluid model n = n,, + ns are responsible for the
superflow. In a clean conventional superconductor the superfluid stiffness is sufficiently large such that
phase fluctuations play a negligible role in the determination of the critical temperature T,. Instead,
the critical temperature is dominated by the amplitude value 2|Al, which is the energy it needs to
break a Cooper pair. Finite temperature fluctuations arise in the form of Bogoliubov quasi-particles
that dominate the entropy, and set the scale for T.. The reason why phase fluctuations have no
significant impact on 7T, has to do with the confinement by Leggett‘s theorem, which sets the energy
scale ps = n/m ~ k:ld;_QEF of phase fluctuations much higher than the counterpart of amplitude
fluctuation k%‘d\A].

Leggett's theorem and its limits The Leggett‘s theorem says that in a Galilean invariant system,
it is the entire electronic density n that contributes to the superfluid density ns at zero temperature
[21, 133, 134]. This statement remarkably holds regardless of the strength of the BCS interaction.
Meaning that even if only a small fraction of the electronic system around the Fermi surface actually
‘feels’ the superconducting pairing, the supercurrent is carried by the entire electronic system. The only
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Figure 4.1: Phase stiffness p; as a function of the BCS coupling strength g at zero temperature. In
a Galilean invariant system (brown dashed) ps is constant (4.1) (The value is chosen by hand.). The
phase stiffness p; as calculated in the present lattice model (solid green) clearly shows a significant
suppression due to scattering processes off the periodic potential. Plotted are the dimensionless
quantities ps/t and g/D with D = 4t.

requirement is that the quasi-particle spectrum is parabolic e, ~ k? such that the Galilean invariance
is intact. The mathematical formulation of the theorem reads

ps = (4.1)
and has been rigorously proven in [21]. We want to illustrate the theorem from a different perspective,
the optical conductivity. The f-sum rule introduced in section 1.1.3 says that the spectral weight
of the optical conductivity is a conserved quantity. This means that upon the transition from a
metallic into a superconducting state no spectral weight from the Drude peak can get lost, and in
particular the weight within the frequency window 0 < v < 2|A| gets transferred into the weight of the
superconducting delta-function (1.8). The weight of the delta-function mps(e*)? is a direct indicator
of the phase stiffness. To demonstrate the Leggett‘s theorem, we have to treat the metal as a Galilean
invariant system. In a Galilean invariant system the momentum is conserved such that the momentum
relaxation scattering time 7, — oo is by far the largest scale in the problem. In this limit |A| > Tt;l,
the entire Drude weight is below 2|A|, and the total spectral weight gets transferred into the delta
function, cf. Fig.4.2(a). The resultant phase stiffness p; = n/m, where we have absorbed a factor of
47 into its definition, indeed confirms the theorem by Leggett. Also, the approach from the optical
conductivity directly reveals how the phase stiffness is reduced once a system is not Galilean invariant
anymore. If for example, the momentum relaxation time is large but not infinite, the phase stiffness

reduces according to
n 1
- (1= 4.2
Ps m ( 7r\A|Ttr> (4.2)

where parts of the former spectral weight reside above 2|A| as illustrated in the figure. With this simple
but powerful picture in mind, we understand that any source of momentum relaxing scattering would
decrease the phase stiffness. The most frequently discussed suppression results from randomly placed
impurities, see e.g. Ref.[135]. Apart from impurity scattering, momentum relaxing scattering events
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Figure 4.2: (a) demonstrates how the Drude spectral weight gets shifted into the weight of the
superconducting delta-function, which is proportional to the phase stiffness ps. (b) and (c) visualize
the conceptual similarity with regards to scattering processes between randomly placed disorder
and the lattice potential.

are naturally caused by the underlying lattice itself, in the form of umklapp scattering events. Thus,
a periodic potential acts in a similar fashion as a disorder potential which is illustrated in Fig.4.2(b)
and (c). In both cases the phase stiffness suppression can be cast by equation (4.2) with the origin of
the transport scattering time differing. In one case, it results Tt;I ~ c|U|?vp from randomly placed
impurity scatterers with amplitude U and concentration ¢, and in the other case it is determined by
the scattering strength Ug of lattice vibrations Tt;l ~ |Ug|?vr . This begs the question about the
magnitude of the phase stiffness suppression caused by umklapp scattering events.

Besides this rather general motivation, there are a number of interesting open questions in several
classes of superconductors.

Motivation Having discussed the conventional superconductors where phase fluctuations are negligi-
ble, there are materials that are believed to be described within the opposite limit. In the under-doped
cuprate superconductors, the properties are assumed to be governed by the vicinity to the Mott in-
sulating state [136—144]. This regime is characterized by a low carrier density and the expectation
that the phase stiffness p; ~ = is proportional to the doping level. In its nature, the Mott state is a
lattice-caused phenomenon where Galilean invariance is necessarily broken such that equation (4.1) is
not applicable. In this regime there is strong experimental evidence that the phase fluctuations destroy
the superconducting state and hence, determine T, while amplitude fluctuations play an inferior role.
In fact, there is an observed large energy gap that even extends into the normal state [8-10].
Materials that fall into the intermediate regime between the clean conventional limit of e.g. In
or Al on the one hand, and the under-doped cuprates like YBaaCuzOgys or Las_SryCuOy4 on the
other hand, should display both, strong electronic correlations and reasonably well-defined quasi-
particles at an intermediate amount of carrier concentration. Examples thereof would be the iron-
based superconductors, SroRuQy, or the over-doped side of the cuprates. In all three systems it is not
appropriate, for different reasons, to apply an approximate parabolic or single-band dispersion, i.e.
to employ effectively Galilean invariance. Strained SraRuOy [145-148] and the over-doped cuprates
[149-155] on the one hand, draw their physical properties from flat bands and the influence of the van-
Hove singularity in the electronic dispersion which resides close to the Fermi energy, while most of the
properties of iron-based superconductors [156] crucially depend on their multiple electronic bands. A
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particularly interesting observation in the over-doped cuprates TIoBasCuOgrs, Y1_xCaxBasCuszO7_s
and Lag_+SryCuQy is the suppression of the phase stiffness as a function of doping in a wide regime
from optical doping all the way to the point where superconductivity disappears [22, 23, 157-160].
A viable explanation that accounts for this effect has been provided by the theory of a dirty d-wave
BCS superconductor [161, 162]. However, it seems worthwhile to investigate the effect caused by
alternative Galilean invariance breaking sources that could suppress the phase stiffness even in the
clean limit. This notion is supported by evidence that the phase stiffness suppression in these systems
is probably not exclusively due to disorder [23, 159, 160, 163]. Even in systems where the phase stiffness
suppression can be likely attributed to a dirty d-wave scenario [161, 162] or in a more general sense to
emergent disorder as discussed in Ref.[164], the effect might still be facilitated by a reduction of the
phase stiffness due to scattering events that are already present in the perfectly clean system.

Outline In this work, we determine the zero-temperature phase stiffness for a clean s- and d-wave
superconductor with a flat electronic dispersion in the vicinity of a van-Hove singularity. We include
Gaussian fluctuations beyond the mean-field theory, where we can separately study the renormalization
effects of the lattice on the fermionic and the bosonic contributions to the phase stiffness. We find
that the former changes the stiffness only little while the bosonic degrees of freedom already cause
a significant phase stiffness reduction at a moderate dimensionless pairing interaction strength, cf.
Fig.4.1. The calculation was done for a two-dimensional electronic dispersion on a square lattice with
an attractive d-wave BCS interaction at a filling that puts the system close to the van-Hove point. Our
results might be of relevance for the over-doped cuprates, and in particular, in vicinity of the quantum
critical point the discussed effects should be of quantitative importance.

4.2 Theoretical approach to the phase stiffness

The superfluid stiffness ps is a measure for the rigidity of the superconducting state against quantum
or classical fluctuations in the phase of the condensate. In the sense of Eq. (1.6) F' ~ %ps(Vgo—i- e*A)?,
it penalizes the corresponding fluctuations, while it determines the increase in kinetic energy in the
presence of an external field. In order to define the stiffness p; we follow Refs. [165-169] and impose a
phase twist @ onto the system. The phase twist induces a superfluid velocity vs ~ @/L (see Eq.(4.6)
below) and consequently, it enhances the kinetic energy according to ~ L2 ~ L472@? with the
system length L and the sample dimension d. The associated proportionality factor is exactly the
phase stiffness which can thus, be defined

9ty
pe= i, g Jim, DF(@), &
as the second derivative of the free energy with respect to the phase twist @. For a discussion of the
order of limits we refer to [170]. In the following we will unfold the involved steps and derive the above
relation a bit more carefully.
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Twisted boundary conditions We find it instructive to outline the origin of the twisted boundary
conditions. An easy way to understand the whereabouts of such a phase twist can be seen by considering
a single-particle Schrodinger equation in a constant magnetic field
1

— (-iV —eA)? Y+ V(r)¢ = B

2m
The magnetic field can be completely removed from the above equation upon application of the gauge
transformation

() = Pla)e el A

where we have defined x as the dimension that winds around the magnetic field axis. The expense of
such an operation lies in the enforcement of twisted boundary conditions on the new fermionic fields

(x4 L) =e®(z) , (4.4)

with the introduced phase twist @ = e®p, the magnetic flux &p =i fOL A - de. In general, it is more
appropriate to invert the above logic and to assume that there is an imposed phase twist @ to begin
with. Its origin could e.g. be an Aharonov-Bohm flux. Without loss of generality, we apply the
phase twist only along the z-direction. As a result of (4.4), the momentum quantization in z-direction
becomes k; = Q%n + %, and it is convenient to apply the gauge transformation

b(x) = T(x) (4.5)

such that the new fermionic fields ¢(z) = ¢ (x + L) satisfy periodic boundary conditions. From the
superconducting order parameter A o< (1)), we can identify the superfluid velocity associated with
the phase twist as

29

T (4.6)

Vg =
where M = 2m is the mass of a Cooper pair. Altogether, the increase in kinetic energy can be
computed by an expansion of the free energy in terms of a small phase twist @

9?2 0*F(D) T,

AF(®) = F(®) — F(0) ~ — = _pviL?, (4.7)
2 092 |4, 2

where the superfluid number density ns, or the phase stiffness ps = ns/m have been defined by (4.3).
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Full phase stiffness expression For the later treatment it proves useful to unpack the phase
stiffness (4.3) similarly to the work in [166]. It is convenient to express the free energy F(N) =
Q(u(N)) + Np(N) in terms of the grand canonical potential €(x) where the chemical potential p(IN)
is defined via N = —8%7(“). Our system is assumed to be inside the superconducting state such that
the superconducting gap A can be treated like a thermodynamic quantity itself. Then, the free energy
can be interpreted as F'(N) — F(N,A), similar to the magnetization M inside a magnetically order
state. Additionally, we impose the phase twist @ such that the explicit dependencies of the Legendre
transform read

F (N, A (4(N,9),9) @) = (u(N, ), A (1(N, @), @) , @) — Nu(N, ), (4.8)
. BQ(H,A@) .
where we define the superconducting gap A (u, 515) by 0 = —5x—|u. Actually, in the course of the

upcoming derivation we will decompose the grand canonical potential 2 = Qp + Qp into a mean-field
part Qp and a fluctuation driven part 2, where the gap will only be defined as the minimum value of
the former part 0 = %Q—AF |i- In other words, the superconducting gap that occurs in the thermodynamic
relations is the mean-field gap. As we show in the appendix D.2, both the chemical potential and the
mean-field gap evolve quadratically with the imposed phase twist such that the first-order derivatives
vanish %\ plo—o = g—éﬂqs_m = 0. This allows us to unpack the phase stiffness (4.3) according to

820 0 u
P =aa TN g
0%Q) o0 0%A OA 02 | o2 0?
“oa2|,, " | oa (a¢2 aa@g> o s09° |+ a2 =
Ap H H H Hla
0%Q 0’Q 0| 0%A
=5 |t o |, *on| o8| (4.10)
- A 1 7
e o)

where we implicitly assume the evaluation at zero phase twist @ — 0. We have introduced the fermionic
(F) and bosonic (B) contributions to the phase stiffness which will be at the core of the study in sections
4.4 and 4.5. In the last line (4.10) we have inserted the number equation

OQ(A(p), 1) o1} 00| 0A
N = — = = = 4.11
ou oply OA L On ( )
aQF 893 893 0A
= +(-)—= — = =, 4.12
o | =1 op [p OA u o ( )
NF Np

which has to hold for any value of the phase twist, in particular also for @ = 0. In the next section we
implement our microscopic model and we derive the particular grand canonical potential. Finally we
evaluate the formulae (4.10).
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4.3 Microscopic model and thermodynamic potential

The aim of this section is to find an expression for the thermodynamic potential (&) as a function
of the externally applied phase twist @. The grand canonical potential Q(®) = —T In Z(®) can be
derived microscopically via the partition function

2(@) = / i, ] S0

which is expressed as a functional integral over the fermionic Grafmann fields ¢ and 1 [169]. For
brevity, we set the lattice constant a = 1 throughout this chapter. The present study is designed to
capture the physics of the over-doped region of the cuprate high-temperature superconductors. These
systems fall into the point group Cs, where most of the member states seem to be realizing a d-wave
pairing state that transforms according to the IR Bj. This state is a singlet, and it transforms even
upon the Cs, and odd upon the C’fz operations, giving it a 22 —y? character. The corresponding action
in position and imaginary time space reads (see Ref. [168])

S = / Do (17| (O = 1) By o= 1070 = #5750 | o () = & / BI (7, 7) B(r,#,7) 617 (4.13)

with the nearest (¢) and next-to-nearest (¢) neighbor hopping parameter, the BCS interaction constant
g and the shorthand notations , 07, = §(r — 7' L e,) +d(r —r' L ey), 00" =6(r — 1" £ (ex + €y)) +
§(r —r' £ (e; — ey)) that lead to the electronic dispersion relation. The dispersion comprises a
two-dimensional square lattice with nearest (¢) and next-to-nearest (¢') neighbor hopping,

er, = — 2t [cos(ky) + cos <ky>] — 4t cos(ky) cos (ky> — . (4.14)
The bilinear combinations

B(Tv T,a T) = Qﬁi(Tlv T)&T(Ta T) - Q;T(Tla T)Qﬁi(Ta T)

lead to the commonly known d-wave attraction B, =), Vet gt 2y g With e = cos(k,) — cos(ky).
The interaction term in (4.13) also contains an extended s-wave part that will be dropped once we
switch into momentum space. The reason why we introduced the action in position space lies in the
simpler treatment of the phase twist ¢. We want to impose twisted boundary conditions (4.4) onto
our system. As a first step, we apply the fermionic gauge transformation (4.5) such that the new fields
1 satisfy periodic boundary conditions. With respect to the action (4.13) the gauge transformation
(4.5) only shifts the hopping parameters according to {¢,t'} — {t, '} efi%(xﬁ/), while the remaining
terms in (4.13) are left unchanged. The new action in momentum space, where the extended s-wave

part has been dropped, reads

S = Z/Iz)ak (—iwn+€f> Yok — g % Z Bqu )

k q
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with €f =€, »_ . We use the notation k = (iwp, k) and g = (ivy,, q) denoting fermionic and bosonic
L T

Matsubara frequencies, respectively. Next, we decouple the interaction part by means of a Hubbard-

Stratonovich transformation,

engzZquBq :/D[A, A]eié ZquAq+\/fT22q{Aqu+Aqu}

I

which introduces the superconducting pairing field A. The action becomes

1 _ e
S = EZ A= ) [g m] U, (4.15)
" kK’

kK

with the Nambu-Gorkov Green‘s function

. iwn—eé) 5kk’ lﬁyk k’Ak—k’
I (oo =) i (4.16)

- /T A . —& ’
kK ﬁ’yg+%/Ak/_k (zwn + €L ) 576,]4:’

and the Nambu spinor Wy, = (144, ¥ i,k)T. Since the action (B.4) is bilinear in the fermionic fields, the
corresponding Gaussian integration in the partition function can be performed, yielding

2(@) = [ D, GIDIA, ]SV b8)
= / DIA, A ¢S AA2] (4.17)

with the effective action

1 _ .
geff _ EZ AgA, — trln [g m] . (4.18)
q

Here, the trace refers to a summation over spin indices as well as momenta and Matsubara frequencies.
In the following, we use the saddle-point approximation and we treat the superconducting fluctuations
as small, i.e. we formally expand the action in terms of small bosonic fluctuations. The minimization
of the action (4.18) with respect to the pairing field A yields the well-known BCS gap equation in the
d-wave channel

1 T

S=— o 4.19
q LQAO ; Vel ( )
with the anomalous Green'‘s function in the presence of the phase twist Fi¥ defined in (D.3). In a next

step, we expand the superconducting order parameter around its mean-field value A; = Ag,/ %5(]70 +
0A + 104 , where 6A, and 6, are the amplitude and phase field, respectively. The Nambu-Gorkov
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Green'‘s function (4.16) can be decomposed as [C;_l]k,k/ = C?,;ldk,k/ +A§<11)g/ , with the mean-field Nambu-
Gorkov Green‘s function

: @
A iwy, — € A
Gk 1,@ — n k ] ’Yk 0,(‘15 , (420)
Ao  iwn + €
and the fluctuation part /A\,(:,)C/ = %’yk+k/ (0Ag_p/ Ty — Op—jr7y) where the Pauli matrices 7, , act in
d 2ty

the spinor space. Expanding the action (4.18) up to second order yields Sefl = Sg’ + Sg’ with

1 L2 A
Sg :E?Ag —trln |:—G 1’¢:| s

st oa gn o) o dellesnoy] A () (),
q q

The inverse matrix pair fluctuation propagator Mf for a current-carrying superfluid is given by

o FSIAA),QB iF((IAe),qs
My =1 _r@oe peoe | (4.21)
q q

with the matrix elements defined in the appendix D.1. Eventually, the bosonic Gaussian field integra-
tion can be performed and the partition function (4.17) becomes

_1
2

Z(d) =e=58 / DA, e =50 ] [det Mﬂ . (4.22)
q

In the last line, constant factors have been neglected since they do not contribute to the phase stiffness.
The ensuing grand canonical potential reads

Q@) =Qr(2) + QB(P),

with the fermionic and bosonic contributions

Op(P _£2 2 _A-1,9
r(P) = p Aj—Ttrln |-G , (4.23)
Qp(P) :%T > Indet M. (4.24)
q

These expressions allow for the calculation of the phase stiffness (4.10) which is explicitly done in the
next two sections.
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4.4 Fermionic part of the phase stiffness

In this part, we study the fermionic contribution ng) to the phase stiffness (4.10). The evaluation of
the derivative of equation (4.10) and (4.23) at zero temperature yields after performing the summation
over Matsubara frequencies

0%Q 0%¢
F F Z k
pi") OP2 ] k2 < k) ’ (4.25)
Ap

with A\ = 4 /ek + ’ykAQ It is instructive to first revisit Leggett‘s theorem which, once again, says that

the entire electronic system contributes to a Galilean invariant superfluid, cf. Eq. (4.1). In such a
Galilean invariant system, it holds (0%¢x)/(0k2) = 1/m and thus, one can easily derive the equation

ng) = L]\fon , with Np defined in (4.12) and (D.11). Moreover, in the case of Galilean invariance
one obtains for the bosonic contribution that it holds Np = pr) = 0, see the appendix D.3 for

details. Consequently, no matter how strong the BCS coupling strength, in a Galilean invariant flow
the superfluid density ny; = n always equals the electron density at zero temperature as is sketched
in Fig. 4.1. If however, Galilean invariance is broken, for example, via the underlying lattice, i.e.
er, # k%/(2m) — p, the superfluid density changes. We have numerically analyzed the fermionic part
to the phase stiffness (4.25) for our cuprate lattice model (4.14) for three distinct cases, as shown in
Fig. 4.3. Apart from the actual model (4.14), we have also studied the system at perfect nesting in
both, s-wave and d-wave pairing channels. The results show a similar behavior for all three cases. The
decrease of the fermionic part ng) is moderate and does not change significantly as a function of the
coupling strength g.

4.5 Bosonic part of the phase stiffness

(B)

The aim of this section is to evaluate the bosonic contribution ps ’ to the phase stiffness (4.10). A
priori, it is not clear how large pr) can become in a lattice model. The bosonic contribution reads
2 2
PNtz B L) (4.26)
s OP? Ap 0D A, 0P? u
Unpacking the expression (4.26) with the aid of (4.24) yields
2
. Z (Fgee)FgAA1) LA R F(AH)F(A91)>
Ps = = 512 N 2
2L q (det Mg)
2
PEOPAAD) | [(AMR002) | g (ASDR00) _ o (AOR(AR) <FéA91)>
+ , (4.27)

det ]\ng
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Figure 4.3: The plot shows the fermionic ps ’ and the negative bosonic ps ’ contribution to
the phase stiffness as a function of the BCS coupling strength for three cases. Solid green: the
lattice model (4.14) with the chosen values ¢'/t = —0.2749 and u/t = —0.8772. Dashed blue:
the model (4.14) at perfect nesting (¢ = g = 0) with d-wave pairing. Dotted red: the model
(4.14) at perfect nesting (¢ = p = 0) with s-wave (7, = 1) pairing. In all three cases the phase
stiffness exhibits the same behavior. While the fermionic contribution is roughly unchanged, the
bosonic contribution rises significantly in its magnitude as the coupling strength increases. The
shaded gray background indicates the limit of applicability of the weak-coupling theory. Results
in the dark region should not be considered trustworthy. Plotted are the dimensionless quantities
ps/t and g/D with D = 4t. The small solid circles in the bosonic curves denote the numerically
computed points.

where we defined

(€)@ 21(0),2 2 (€)@
r -0, no-rfen| e opfe | o pfh S|
0P |5, 00> |, , 00|, 0A |,

with ( = {AA, 00, AG}. The propagators Fgo’@ and the derivative of the gap %| u are calculated in
the appendix D. The figure 4.3 shows the bosonic contribution (4.27) to the phase stiffness—multiplied
by —1 for clarity—as a function of the BCS coupling strength at zero temperature. Similarly to the
previous section, we have investigated the same three scenarios and again, we find that the overall
behavior is the same for all three of them. In contrast to the fermionic contribution, the bosonic
part heavily depends on the coupling strength. Its magnitude increases significantly and becomes
comparable to the fermionic part already for a small BCS coupling strength.
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4.6 Conclusion of chapter 4

In this work, we have studied how the superfluid phase stiffness ps; changes in a clean system as
Galilean invariance is broken by a periodic lattice potential. In particular, we focus on systems with
a flat-band electronic dispersion in the vicinity of the Fermi energy, i.e. on systems with a van-Hove
singularity nearby. Our findings might be of relevance for the over-doped cuprate superconductors.
Compared to Galilean invariant systems where fluctuations do not contribute to the phase stiffness,
we have found these fluctuations to generate a significant downward renormalization in such a lattice
model. The dominant source of momentum relaxation in the case of a periodic lattice are the umklapp
scattering events. The renormalization effect can already for a rather moderate interaction strength
be as pronounced as to make the fluctuation and the mean-field driven contributions similar in size.
The resulting suppression of the phase stiffness is depicted in Fig.4.3. In the case of the cuprate
superconductors, our analysis does not provide a controlled description of the physics revolving around
the quantum critical point. Nonetheless, our theory may provide an insight into the understanding of
the phase stiffness reduction and the strong role played by phase fluctuations and inhomogeneities.
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Chapter 5

Conclusion

In this thesis two aspects that revolve around the role of fluctuations in unconventional superconductors
have been studied, and will be summarized in the following.

Vestigial nematic phase Having introduced the doped topological insulator BisSes and discussed
its superconducting properties in chapter 2, we exploit three of its main characteristics in chapter 3:
(i) the pairing state is two-dimensional, which is consistent with a C3, rotational symmetry breaking
[15, 17, 94-103], (ii) the low carrier density n ~ 10?° cm™ and small ratio of coherence length over
Fermi wavelength &y/Ar = 2..4 significantly enhances superconducting fluctuations [14, 18, 19], and
(iii) the Fermi surface displays a strong anisotropy with increased doping level [92].

These three observations are a prerequisite for the study we have conducted: a possible fluctuation-
induced phase that precedes the superconducting state. On the basis of a large-N theory—with the
parameters being chosen compatibly with doped BisSes—we predict the existence of such a vestigial
nematic phase. As a consequence, the C3, rotational and the U(1) symmetry are separately broken
at temperatures Typen and T, < Them. A characteristic of the vestigial nematic phase is the presence
of strong anisotropic fluctuations that inflict their anisotropy on various observables such as the ones
explicitly computed, i.e. the conductivity and the diamagnetic susceptibility. The nematic phase
transition falls into the universality class of the Z3-Potts model and thus, the onset at Tyep, is a first-
order transition. Additionally, the ground state is three-fold degenerate which manifests itself in three
distinct domains. The balance among these domains is particularly vulnerable as the nematic order
parameter couples to both, in-plane (€, — €y, €2y) and out-of-plane (€., €.,) strain fields. Focusing on
in-plane strain only, we have illustrated the lattice deformation caused by the nematicity. The nematic
susceptibility signals the approaching nematic phase transition, yet owed to the first-order transition,
it does not diverge. We have studied the associated lattice softening and thereby, we analyzed the
renormalization of the E; elastic constants and determined the directions of vanishing sound velocity.
The condensation of a vestigial phase enhances the superconducting transition temperature as com-
pared to the T, suppression caused by trivial fluctuations. While T, should still be smaller than the
mean-field temperature, it may offer an explanation for the comparably large transition temperature in
doped BisSes, given the small carrier concentration. A controversial issue raised by the experimental
findings in doped BisSes concerns the orientation of the in-plane upper critical field H.o [104]. In this
regard the vestigial nematic scenario unambiguously confines the large H.o axis to be aligned with the
crystal z-axis. In a doping range where the z-anisotropy is less pronounced, the two transitions merge
and undergo a joint first-order transition. We show that in this case—depending on the microscopic
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parameters—a magnetic field in the z-direction can give rise to split phase transitions where the system
first enters a chiral phase with the Cs, rotational symmetry still being intact. Only below a second
transition, the system acquires its nematic character.

Strong experimental evidence which is consistent with a vestigial nematic scenario has been pro-
vided by Rolf Lortz and collaborators [20]. They have probed the thermal expansion of Nb and Cu
doped BisSes samples and detected an onset of in-plane anisotropy at a temperature Them = 3.8K
above the superconducting transition 7T, = 3.25 K. The observed step-like transition is characteristic
of a first-order transition, and magnetostriction data has demonstrated that the inflicted lattice dis-
tortion vanishes at the offset of superconductivity. In addition, the observed enhanced signals in the
magnetization and in the resistivity roughly coincide with the nematic transition temperature.

The structure of the superconducting ground state in doped BisSes is still a topic of debate; either
the fully-gapped AF« ~ (1, 0) or the nodal state AP ~ (0, 1) is realized. While this has essentially
no consequences for the above prediction, our microscopic analysis suggests that the fully-gapped state
is favored by the system. This tendency is found in both contributing channels, the discriminating
mean-field interaction parameter and the fluctuation-induced nematic order parameter.

The framework of the presented theory can equally be applied to any other fluctuation-induced
correlation function. The concept may potentially be useful for the identification of yet unknown
phases in unconventional superconductors.

Phase stiffness suppression In chapter 4 we have addressed a fundamental question: can scatter-
ing processes in a clean lattice system cause a significant reduction of the phase stiffness? It is known
from Leggett’s theorem that in a Galilean invariant system at zero temperature the value of the phase
stiffness ps ~ n involves the entire electronic density. Similar to disorder, the lattice manifestly breaks
the Galilean invariance and thus, causes a phase stiffness suppression. In this work, we have aimed at
quantifying the extent of the corresponding suppression. We have focused on a system with a flat-band
electronic dispersion where a van-Hove singularity is located in the vicinity of the Fermi surface. In a
periodic lattice, umklapp scattering events are the dominant source of momentum relaxation. While
the fluctuation contribution to the phase stiffness vanishes in a Galilean invariant system, we have
found these superconducting fluctuations to generate a significant downward renormalization in such a
lattice system. For moderate values of the coupling strength the renormalization can already be as pro-
nounced as to make the fluctuation and the mean-field driven contributions similar in size. This finding
may be of direct relevance for some cuprate superconductors in the over-doped regime where a phase
stiffness suppression has been reported. In particular, evidence has been given in [23, 159, 160, 163]
that the observed suppression should not exclusively be due to disorder.
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Appendix A

Symmetry-based deductions

A.1 Time-reversal symmetry constraint on pairing function
In section 1.3.4 we have introduced the matrices A™* = U \™* | and exploited the relations
n n T n, n n, n, *
(eam)’ = (e A™) | apr = (am)" (A1)
Here, we want to illustrate their validity. For a real proof we refer to Ref. [56, 171]. Our illustration

follows the lines in Ref. [56] and starts from the BCS interaction Hamiltonian, i.e. the expression
before the mean-field decoupling has been carried out. The Hamiltonian reads

’ T r !
~1,T , A N , AN
s = =V Y a2 {cz+g (xigam) vr } (ot () ) a2)

with the notation being identical to what has been used in chapter 1. The rotated matrix A™# = Uy ™
transforms under the point group symmetry elements in a sesquilinear form

T T
n, n, _ n, n, 7,4 (A5) 71 n, ' A n,p’ f
Uy <an<g)k,ni,(g)qA M) Uy =Us (an(g)k,nz<g>qA M) Uy Uy =" R (9)rue (X'@ZA M) ’
(A.3)
H.c.: Uy <Xzf(g)k,Rl(g)qAn’#) L{;r = RL(g)MH/ (XZ’Z Amu) 7 (A4)
where the transformation property
" T T T ,LL/ / T
n, 0 _ , n, n, [
Uy (vag)ml(g)qA ) Uy =R (g ) (A.5)

has been inserted. The time-reversal operation commutes with each lattice element [T ,U,] = 0, such
that it holds L{TZ/I;F = L{gTL{T and L{TTUQT = Z/I;F L{;. As a first step, the invariance upon point group
elements is imposed on the Hamiltonian (A.2) which leads to a the diagonalization of the coupling
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parameter gﬁ Z /l = Gn0uuOnns, see Sec. 1.3.5.1 Next, the action of the time-reversal is considered where
we allow for complex conjugated pairs of IRs n and n. For the time-reversed Hamiltonian one computes
(using (1.23) and UF = —Ur)

. t . .
M = —0nV {c;fg (xiam) ufcik+q} Lo (™) s |
X:;:Aﬁ’u> ék/+g} (AG)

A A ~ T A
THintT! = —gaV {CLJF‘; (xZ,”iqA”’“) Ur CT_k+‘§}

In case of a real IR (n = n) the time-reversal symmetry requires the partner functions to satisfy the
condition (XZZ AT = (XZ’i A™"). The IRs of a complex conjugated pair are mixed upon application
of point group symmetry operations on (A.6) and (A.7). Using (A.3),(A.4) we note that the first g,
term in (A.6) transforms exactly like the first g term in (A.7), namely

T / ’ T 5 = a1 = .,/
<XZ:ZAn“u> — Rg(g)/m’ (XZ:Z A”#) , <XZ:ﬁqAn’u) — Rg(g)uu’ (XzzliqAn’# ) , (A.S)
where we have used the defining property R7(g) = R} (g). Since the two terms supposedly belong to

different IRs, this equivalence only makes sense if, in fact, the two IRs n and n transform as a doublet.
Then, it must hold

t o /- )
(XZ:ZA"’“) =" (XZZ&,&"’“) ) and gn = Gn ,

with an arbitrary phase factor '™ that can be chosen to unity. Thus, the IRs of a complex conjugated
pair, n and n, effectively transform like a 2 dim n-dimensional IR.
Next, we derive the action of the time-reversal operation on the pairing field

Alkva) = 3 83 (xn ) .
n,u

The time-reversed pairing field A7 (k, q) = Ur A*(—k, —q) UF (1.26) can be simplified according to

!One has to apply the point group symmetry constraint similar to Eq.(1.27), apply the transformation behavior of the
partner functions (1.32), sum over all group elements and apply the grand orthogonality theorem (cf. Sec.1.3.5).
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Ar(k, q) :Z(A’iﬁ;) ur (" A”»M)Tu;zﬁ

n,p

ST () ur (gAY
N,

ST (a) ()
n

-5 (o) (i)
e

and hence, the condition (A.1) has to hold in the presence of time-reversal symmetry. In the third
line, we have inserted the anti-symmetry constraint

-5 () tr =87k = s (1)
n,p

A.2 Trilinear forms and sixth-order terms of the free energy

In section 1.3.5, the interaction contributions to the free energy up to fourth order have been computed.
Here, we apply the same logic to derive the sixth-order terms. Due to the U(1) symmetry constraint
(1.42), a generic sixth-order term has to be of the form

F6 (AP AT O] = 0,11 (ATOHL)F(ATOH2YF (AT ¥ ATIO K AT0,H5 A0, (A.10)

int
In this context, the central objects are the trilinear combinations
n,i,l A TQ, U nQ, 1 no,M13 \N,i,l
™0 = AR ATOR ATOES Nb s (A.11)

with the IRs n and its component [ = 1,..,dim(n) and possible multiplicities denoted by i. The
respective tensors )‘m s are determined such that they satisfy the transformation condition

At RILO(g)Vlﬂlnilo(g)VQUQRILO(g)M‘iNZS =R, (9w i (A.12)

v1v2V3 Hip2p3

and thus, the trilinear combinations transform according to

T'I‘L,i,l _ R—l(g)ll,Tnaiul/ . (A].B)

n

The occurring IRs n have to be part of the set {ng,np, ...} that results from the decomposition

Fno ® Fno ® Fno - #narna @ #nbrnb @ ) #nm #nb e N+ 9 (A14)
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A Symmetry-based deductions

where i = 1, .., #,. Using the trilinear representation (A.11), the free energy (A.10) can be conveniently
compressed to
f(ﬁ) ATOHYE ARO o/ Tn,i,l Tn’,i’,l’ * Al
int [( ) ’ 70] - vn7i7l . ( : 5)
Upon application of the point group symmetry constraint (1.43), we obtain the condition for the
interaction parameters

sl

1 ;! l/ g
Uit = Ru(@hevy iy Ru (9w Vg €Gp, (A.16)

n,i,l

where we have used R} (g9) = Rin(g). The summation of Eq. (A.16) over all the group elements g and
the subsequent application of the grand orthogonality theorem (1.47) yields

n' il
n,i,l

1 -/ El Y
== 5nn’5ll’6€€’d7 'U;L:Z,é = 6nn’5ll’vgl .

n
Thus,—similarly to the quadratic and quartic terms—the sixth-order term diagonalizes with respect
to the IRs n and becomes

]:z(St) [(Ano’u)*,Ano’“70] _ ZZU#” Z Tn,i,l (Tn,i’,l>* . (A.17)
l

no 4,4

Superconducting E, order parameter of D34 Let us consider a superconducting order parameter
that belongs to the two-dimensional IR ng = F,, of the point group Dsq4, see Tab.1.1. The corresponding
bilinear and trilinear decompositions (A.14) read

FEH®FEUZFA19@FA29@FE97 FEU®FEu®FEu:FAlu@FAQu@?’FEu- (A18)

The tensor elements )\Z’l% uz Of the trinlinear form are determined via (A.12) with the results listed in

table A.1. Explicitly, the sixth-order contribution to the free energy reads

F =va, {(AEM)?’ — 3APw! (AEMZ)Q] [(AE“)?’ — 3APw! (AE“’2>T * (A.19)
o, [3 (aBe1)” a2 - (Aw)?’] [3 (a8e1)" a2 - (Awﬂ* (A.20)

vom, [(a50)" 4 (are)] [(a%r) 4 (a52)"] [laBerp s a2 a

= v4Bo (B} +382) +vB. (B2 — 382) + vs, By (B2 +B2) , (A.22)

T
where we introduced vy = (va,, £ v4,,)/2 and the bilinear forms B; = (AE“> 77 AP Upon

decomposition of the order parameter (AE“)T = Age'#! (sin(@),cos(@) ei6@> with Ay > 0, v1,dp,0 €

[O, 27r], the free energy can be rewritten as

m

.7:.(62 = AS |vy +vp, —v_cos (66) + sin? (6¢) sin? (20) (3v+ —vp, — 3v_ cos (29))] .
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D3q tensors ™! trilinear forms 7%
A M= A = Al = gt =1 (AP - ARt (AR2)2
Apu MU= MEOM = AN = gt =1 B(ATR1)2AP2 _ (APu2)3
)\1E1u1,1,1 _ )\%1,1,1 _ )\%2,1,2 _ )\%2,1,2 1 (AP )2 AP
B, )\%2,2,1 _ _)\1292u1,2,1 _ _)\%2,2,2 _ )\JZLJlul,Q,z —1 (0’ 0)
A = A = A A — 0.0

Table A.1: Trilinear analysis for the IR ng = E, of the point group Dsq. The tensors A"
associated with the IRs n = {Alu, Agu,Eu} as they result from the condition (A.12). Only the
shown elements are non-zero. Note that (A.18) explains the multiplicity i = 1,2,3 in the n = E,,

case. On the right column we have explicitly stated the corresponding trilinear combinations
(A.11).

Composite £, order parameter of D3y In this part, we consider a real two-dimensional IR ny = £,
of the point group D3q4, and for convenience, we denote the order parameter as C¥s!. Then, the trilinear
form reads

Tt = CErh CBalaCBala Nt (A.23)
and with regards to Eq. (3.14) it is apt to determine )‘7171253 via
7‘7£ 7‘7£l
R}rgg (9)111'173}% (9)121'273}[% (Dt My, = Renl9)ewr Mg, (A.24)

such that the trilinear transforms as T = R, (g)eT™"". In table A.2 we show the resulting
association.

Dsq tensors\™"! trilinear forms 77!
Ay Xt = X = gt = gt =1 (CBet)? 3Bl (CEr2)?
Agg AT =B S = ot =1 3(CER)RCE? — (CBe)?
()\ﬁgl,m _ )\213291,171 _ )\{319271,2 _ )\5292,1,2 _1 (CFo)2CEs
R e 00
)\5192,3,1 _ 7)\2%,1,3,1 _ 7)\%2,3,2 _ )\%1,3,2 1 (0’0)

Table A.2: Trilinear analysis for the IR ng = E, of the point group D3q.
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A Symmetry-based deductions

A.3 Lattice-compliant spatial functions

In section 2.2.1 we have derived the model Hamiltonian for the BisSes topological insulator family.
The two important orbitals that reside close to the Fermi energy at the I'- point have been found
(84, 85] to transform according to the representation E3, @ E3, of the crystal double group D, cf.
table 2.2. With the transformation matrices 2.6 we want to determine the fully symmetry-compliant
momentum functions that satisfy

W (R (g)) = W (RYRn(9) (A.25)

with the vector representation reading R,(g9) = Rg,(9) ® Ra,,(g). The condition (A.25) does not
depend on the properties of the associated fields such that the resulting classification can be used for
both, the model Hamiltonian and the free energy expansion. For the D3y (or the D}, double group)
we find spatial functions in the five symmetry channels Aq4, By, A1y, A2, and E, which read

A ,;41" = dflgngﬂz (k) + d'24192 <1 - cos(ffz)) (A.26)
Ay sz = ng 5 (k) (A.27)
Agy fii = vy sin (/;:Z) + RygS3 (k) (A.28)
Eg,1 By, (1)1 Ey (2) 1 i
5’ (7 \ [ d1a 9y (k) +dy) gy (k) E 7 2.2(K)
E,: =sin|( k, a - 1 7Y N 4+ dy? cos( ks Loy Al A.29
RN R OL W ) R Ol o) B
| Ii o [dheat (R) + iy g (k) om0 [ 92 (R)
E’u, : ( fk = COS(kz> dlEu (1) I;: dg]u (2) ié +d2 Sln(kz> , y2(k) , (Ago)
k 109y (k) +d gy (k) z2-y
where the functions
o 8 . \/§~ . Nm (1) . 2 \/§~ . I;:./I? 2 . g
92ay —% sin (71@) sm(?), gx =3 cos(7ky> sm(;) +§ sin (km> ,
_ 8 \/§~ Ez T (1) _ 2 . \/§~ ]%x
Gz2y2 = 3 (cos <7ky> cos(;) — cos (kx>), gy’ = % sin (Tky) cos(;),
4 - - - - -
Gz24y? =5 — §cos<;kx) cos (\égky) — gcos (\/gky) , gg(f) = % sin(%kx) cos (?l@),

3 9
BN e ) A
g&s :3\8/g <2 cos(%kx) Sln(;]%) - s1n(\/§ky)>, ggg ) 23\2/§ (COS<3]<? ) SlIl<73 ) +S1n(\f7€ ))
V3o ke s
953 —8<2 cos<73k‘y> sm(%) — sin (kx»,

and the dimensionless momenta k = (kya, kya, k,c) have been introduced. Note that the functions
(A.26)-(A.30) reproduce the long wavelength limit shown in the main part (2.11)-(2.15) with vy =

dPupdBe and 247 = dT 4 dly.
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Appendix B

Derivation of the £, Ginzburg-Landau
parameters

In this part, we derive the Ginzburg-Landau parameters for the two-component E,, pairing state, cf.
Sec. 2.3.3. We start from the generalized BCS Hamiltonian

H= VZ (@) h(k) ck+VZ< ehyg) TA(k, q)é k+q+Hc>, (B.1)

where the single-particle Hamiltonian has been derived in (2.16). We use the field integral approach,
where the partition function

= /D [c,¢] exp (—ﬁS e, E]) (B.2)

is evaluated in the basis of coherent states. In this basis the former fermionic operators & éf di-
rectly become Grafiman fields ¢, ¢ which necessarily respect the Grafiman algebra [40]. The integra-
tion in (B.2) involves all possible field configurations with the integration measure reading Dlc, ¢| =
limy 00 Hf\i 1 d(ci, &). The exponent consists of the inverse temperature § =T —1 and the action in
imaginary time 7 representation

Sle.e, A, A :T/ (/ET(’I",T)aTUOEOC(T',T) +’H(C,C,A,A*,7)> ,

with the real-space Hamiltonian function H(c, ¢, A, A*, 7) deduced from (B.1). Additionally, we apply
a magnetic field via a minimal coupling —i0, — —id, — eA method in real-space, and by a Zeeman
coupling poB - s. The additional term h* in the Hamiltonian results from h(k) — h(k) + h4(k, k).
Then, the corresponding action becomes

Sle,c*, AN =V Z el ({—z’wnaoso + h(k) + poB -500} Op jr + hA(E, k’)) oy

.k
k— K 1%
+VY <E{A(2,k+k')cz, +H.c.> + EZZ\A;EM?, (B.3)
k,k' “oq p
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B Derivation of the F,, Ginzburg-Landau parameters

where k = (wp, k) and ¢ = (v, q) comprises momenta k and g together with the fermionic w, =
(2n + 1)7T and bosonic v, = 2maT Matsubara frequencies.' The second line in (B.3) originates from
the Hubbard-Stratonovich decoupling of the BCS interaction Hamiltonian (A.2). In the course of
this procedure, the new paring field A(k, q) = Zu AqE“’“(Xffgl’“AEu’“)Jr gets associated with AqE“’“ ~

<éik+i (Xfagﬂ/\Emu) ék+%>' In a first step, we switch into the pseudo-spin band basis 1), = (¥ ., 9%¢ .,
2 ’ 5 s
YY) = Ug(k)c;c (cf. Eq. 2.18) yielding

S|, a87 | =V gl ({—mn&"go o+ holk) + R (k) } S + B (k, k’)) b

kK’
v (G ki Wi e ) 1 S |anp (B.4)
£ k 20 9 5 k -C. 95, - q .
with
R (k, k') = U (k)R (k, k') Uy (K’ k- N =yl k¥ NU* (k'
b\ = Y% ) b( )7 Ab( 2 7k+k)*Ub(k)A( ﬂk+k)Ub(k)7

Since the Cu doping [92] pushes the chemical potential into the conduction band (u > |Mpy|), we
focus only on the conduction band subspace ¥y = (95 ;, 9 ;) in the following. More formally, we
assume that the valence band is far away from the Fermi surface, and that there is no substantial
coupling between the valence and the conduction band. Then, we extract the corresponding pairing
field Acc(k, q) from Ay(k,q) = Acc(k, q)iﬁy% +.... Furthermore, we switch into Nambu space with
the Nambu spinor P = (¢, i5¥9p°, )" where the action (B.4) reads

_ R4 1% P
S [w,w,A,A } = Al P =35>, («,b%fb) G [A] PP, (B.5)
“oq k,k'
and the Green‘s function matrix becomes
Gl Al = {iwn7's" — B 7780 — hE (k) } b g — 7Ohik (h, )

k+ K k+ K

— 2%+ACC(T, k—k)—27"Al( 5kt K. (B.6)

Pairing state The corresponding pairing field in the pseudo-spin basis reads
Al q) = (dgfu +dP (gx,gy,?)) i3 |
The complete d-functions read
—idy

[ Uy [ Uy C £z £ £z ¢ Uy C £z £ £z £ us
(i) = Fa A R AR G (Fa R - i R) af - EG (Fafi - i 5) A7 )

q

—UwnT=rR) o and ¢ = /. elonT=rR)o(p 7).

'We use the Fourier transforms c(r,7) =3 , e
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B Derivation of the F,, Ginzburg-Landau parameters

z A AE
A u,2 AEu,l
dE” ,q M+ M- R R R R q
T = —FZ;AE“’ +F <|M1M2’ (14100 ]) (14105l ) — F - Fa| | AP-2
g 2 Fy +AEu7 . If;Aun,Q 0
+ F,fg( (ol fyab2) fy+ (fsaf' + fiar?) f1> (B-8)
where for brevity, we use the notation 1=k + q , 2=k — 2 together with
o (1 ) sign(Ma) A £ (1+ 00 ) sign(M1)
Fk:q :(Oélaz +051042> ~ ~ 9
a1+ 131\ 1 + |10y
1
FE; = (oziroz2 + o] oz2>
a1+ a1+ 15
It is useful to decompose the d-functions according to
Z APvngiur dy o Z A (B.9)

Effective action The Gramann Nambu fields in (B.5) are bilinear and can, in principle, be in-
tegrated out. Yet, the components of the Nambu spinor ¥a° = ($¢,1891°,) are not independent
variables. In the box below, we demonstrate the integration.

The GraBmann integration can be carried out upon usage of the integral [ dn exp(—%nTAn) =+/det A
with a quadratic matrix A and GraBmann variables n, 7 [172, 173]. Note that for a singlet pairing state,

one can directly apply the integral [d (n,i]) exp (—ﬁTAn) = det A. Noting that the ‘conjugated’
Nambu spinor in (B.5) can be expressed by the ‘non-conjugated’ one via (1,[)1,:”[’)T = (¢§2)Ti§y%$ =
(@bl,j/b)TOk/k with the matrix Oy, = i7%5Y0) _;. Then, the above integral can be used which leads
to [y exp( — H@)7( = BGA)PN) = \fdet(~6G1[A]) with G[A] = 0G[A], see
(B.10). The additional constant in (B.11) vanishes since trlog (O) = logdet (O) = 0. The zero
results from det (i%mﬁy) = 1, and the internal k£ structure of the matrix O which leads to det (O) =

zsy
det (i%mﬁy) det2(V1+N2+N3) W_Sgy |7'05 ) = 1 where k; = —kn,, ..., kn,. Including the Matsubara

summation gives the same structure and it still holds det (O) =1.

The resulting effective action becomes

S[A, A = ;; S |AD - %tr log (—,BOg_l[A}) , (B.10)
“oq
g— 3o |Aal? - —tr log (0) — gtrlog (—ﬁg’l[A]) . (B.11)

q

The action (B.11) encapsulates the full microscopic information, and will be expanded around 7, in
the next section. For later convenience, we derive the BCS mean-field equations from (B.11) which
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B Derivation of the F,, Ginzburg-Landau parameters

[using AJ™ " = AKG, o] read

oS Vv o Bup =
AE st osnsy <0 g T (Gl ) a2

Useful relations and identities For clarity we use AZ** := (AF**)* and t_ikE‘é = (dkEg)* in the
following. The upcoming equations can be conveniently expressed via the functions

DV =5 () (ai) - ((R5) = (25)") )

(x) _ Eu,l  3E4,2 0,Eu,1 j0,E,,2
Dka:q =y diy Ty dy
) Bl Eu2 | 0,Eu,2 3Eu,l  0,Ey,1 3Ey,2
D,(ij =dyy X diy +'(dk,q drg — kg Org ) ’ (B.13)
here it holds (D))" = (D@)* = (&) — (@), 1 f ternal t =0
where it holds kq) = (Pra) — (Dra kq) - In case of zero external momentum q = 0,
the expressions simplify to
{021 11 1/ /002 A N2 2
A ——— 5 () =) (W a2+ (f2) = (R) (B.14)
o e\ 2
DRy =hifi (1= (#2)") (B.15)
2

and we can deduce the properties

/kD,(j())Hk:/kD,(ngk:o, /,Q(Dx(f%fHk:/k(Dg%)QHk’ A(Déf%)i"gk:_/kD,(jg(Dgg)z’

N2 N2 S AN2 . N
valid for a function Hy = Hk< (f,f) + (f}c’) , (f,‘j) ,f,f?’, Mk) that transforms trivially under a C's,

rotation.2

2To check the identities, first note that any integral that is odd in k. vanishes. Then, considering the transformation
under a Cs. rotation (2.5) of the function (f)> — (#)* and the square thereof, one finds the other relations.
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B Derivation of the F,, Ginzburg-Landau parameters

B.1 Ginzburg-Landau parameters

A Ginzburg-Landau theory aims to describe a system around a second-order phase transition where
the order parameter is assumed to be small. To this end, we decompose the inverse Green‘s function
matrix (B.6) according to G, ,,[A] = G 1,[A] + Ay with

—1 -1 -1

GinlAl = (G) o+ (GF)  [Blow + (G*) 4], (B.17)
/ /
Apw = 27 A (CTE 3 py oAl (PR g,
and
1 -1 -1
0 — EF0 B _ _~0;B A _ 207 A /
(&) =iwn?’s - By (¢F) 1BI=-nEw). (G )kk [A] = —RA(k, K').

Using log (1 + A) = — Z‘;‘;l(—A)j/j we expand the action (B.11) for small A, A* which leads to

S[A,AY] = ZyAEu\Q +S)— —trlog (1+G ) NiZyAEuP +S+ > —tr( )
je2N
(B.18)
with Sg = ——tr log ( ,BG_I[AD describing the normal state properties. The internal Nambu structure

forces the odd expansion powers to vanish. To calculate the Green‘s function matrix G[A] from (B.17)
we treat the magnetic field as a small perturbation which yields

o -((0) () oo )

-1 -1 -1
- {1 + GO (GB) [B] + G° (GA> [A]} GO
-1 -1
~ GO~ QY (GB) [B]G° — GO (GA> [AGY (B.19)
with G = (go’“ —g?,k. ) 5 and g = (iwn,—E;)~!. Thus, the quadratic term in (B.18) can be decomposed
into 8@ = 5 + 85 + 8P with
—1

Z|AE“]2 tr (GO GOA), sg):—gtr <G°AG° (GB)

[B]G°A>, (B.20)
Sf):—%tr (GOAGO (GA) I[A]GOA>, (B.21)

where contributions of the order O(A?) have been neglected.
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B Derivation of the F,, Ginzburg-Landau parameters

B.1.1 Non-magnetic contributions

In the following, we will subsequently study the individual contributions, beginning with the quadratic
non-magnetic contributions. Here, the trace can be evaluated according to

A A 07Eu ﬂyEu u 7 u J—
tr (GOAG0A> = —4Tng+%g_k+% (dk,q di 4 +d£q . dﬁq) = Tang Z AE TJD J) AE
k,q 71=0,2,2

(B.22)

with n 4 = T2 an 8kt a8 kyd- To determine the gradient terms, we expand 7, ~ ngo + Ejjqiqj
where we are mostly interested in the second derivatives. Due to the smallness of T,, the derivatives
Og;Mk.q yield a factor 1/T" which will yield the respective dominant contribution. It holds

Ef Ef 4
k+1 II/,,L Wm 1 j
Ttanh( 2T2 —+ ) + tanh( 2T2 + 4T) El] 1 {< a2 El—: a) FéFé El—: G‘Fij}
Nk,q = F I S 21\ Tk 3 )
2 Ek+q/2 + E g2 T Vi 16T 8A A 4\

with F,z = 8)@/61@, F,ij = 62)%/8121-812]- and the dimensionless momenta k = (kxa, kya, kzc>. We have
also introduced the temperature weights

+ - +
2 Bf —Tsinh (E{/T)
mh=8T") gie’y = - . =
o (B) B cosh (B /21)

 tanh (E;f/2T)
8E} cosh? (EZ/2T> .

Mass term In the q = 0 case, the expansion term (B.22) provides only a finite value in the 7°
channel. Together with the coupling constant in (B.12) we can derive the mass parameter as

1 2 Eif EF 0
_ Z == = |tanh | 5% | — tanh | =& DO
ro = 95, 77k0 ko v 8 E;r[an <2Tc> an <2T>] k.0

. EW(T-T. : . .
Using tanh (%) ~ tanh (%) — ka}m we can also identify ag in ro = ao(T — T¢) as
(0)
Dy o

1
= T2V Zk: cosh?(Ey/2T.)

Gradientterms The computation of the gradient terms do,d’,d, and d from (2.38) is straightforward,
albeit a bit tedious. We focus on the main contributions stemming from the second derivative of 7y, 4
which are parametrical large in terms of (vo /T, C). Thus, we can identify

2 4 @
do =~ 2 (SE°+ 1) DY d = - Z SDL (B.23)
4 2z (0) 3 4 zz y(T)
~ T > 5S¢ Dy d= T2 Sk Do (B.24)
k
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8 — 8
do
d ax(dilTy) — .
6 A d
= Uy
S - N N
w4 —_— i 4
= = S
2 2
ol — 0
0.0 0.2 0.4 06 08 1.0 0.0 0.2 0.4 06 08 1.0
Vz/Vg Vz/Vg
(a) (b)

Figure B.1: (a) The gradient parameters dg,d’,d,d, and d from (B.23)-(B.24). Moreover, we
show the Zeeman caused magnetic prefactor « calculated from the the expression (B.41). The
Ginzburg-Landau parameters are evaluated for Cyp = C; = Cy = Ry = df“ = Ry = 0. Only the
parameter d has to be computed at finite d¥* and Ry since it would vanish otherwise. (b) The
interaction parameter u and v from Eq. (B.29).

where in the g = 0 the functions are given in (B.14) and (B.15). The gradient terms are evaluated and
plotted in figure B.1.

Frequency term To compute the leading Matsubara frequency-dependent expansion term, we have
to take a slightly different route. In particular, the order of integration in (B.22) is important. We first
carry out the momentum summation, before the Matsubara summation. Let us denote the summation
over k of the 79 term in (B.22) by Io(vim, q) reading

1 1
1o 0) = 4753 0l — ).
- (Bf —ig) +e2 (Bf) +u2

= I (W, 0) + I (10, 0) + I (14, 0)

We decompose the expression Io(vy,,0) = éi)(l/m,O) + Iéii)(ym,O) + I(giii)(z/m,O) into a manifestly
particle-hole symmetric contribution

; 1 1
I (v, 0) = —4TVv(0)DY) o S / de(( _ > : (B.25)
n €— i

2 2 2
e +w
) (7% n
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B Derivation of the F,, Ginzburg-Landau parameters

with I(()i)(—ym, 0) = Iéi)(ym, 0), and the two terms compensating for it

i 1 1
15 (1, 0) = —4TVD,(:2’OZ/CZ65V(€)<< )2 o +w2> (B.26)
n €e—i) +wi n
1 (1,0, 0) = —4T 6D(O)< - ) B.27
om0 Zn:zk: "o (E*—i”—m)Qer? (E+>2+w2 (20
k 2 n k n

with 5D,(£()) = D,(c?()) - D,(c(;)p, the density of states v(e) = &>, 0(e — E;) and v(e) = v(0) + dv(e).
Focusing on the first term (B.25), we compute (after having shifted the external Matsubara frequency)

(i) _ (0) 1 _ 1
fo"(vm, 0) = ~4TVv(0) Dy 0 Zn: / de((—iwn —€) (iwn + v —€) (62 + w2) )

= 47TV (0 kOZ( ™ 5”)+9(mwnln)>

n>0

1 1 1 'm
= _2VV(O)DI(<S:),O (d’D (2> - §¢D (2 + 21/7rT) - *%ZJD < 4ZTT> )

~ Vo [Vml (B.28)

with v = %V(O)Dg? o and the digamma function ¢p (). In the last line we have expanded for small

Matsubara frequencies and we have applied the modulus due to the property I(()Z) (—vm,0) = I(gl) (Vm, 0)

The contributions (B.26) and (B.27) may on a linear level well modify 79 and produce a term
proportional to v,,. However, since both terms describe deviations from the particle-hole symmetric
contribution, we consider their influence as negligible, and will treat the term (B.28) as the dominant
frequency dependence. Note, that the Fourier relations hold

/ / G me —iv, T B ;15 /,@ J eil/mT s ‘V ‘
E e P (r—7)2  2x ™™ _3 T(T—l—iO)(T—iO) - tm P

Quartic interaction contribution For the higher order expansion terms, we ignore gradient terms
and magnetic field coupling. For the fourth-order term 854) = %tr (GOAGOAGOAGOA) we compute

S =47 Y el (Dcelk, @+ )ALk 0) Ak g — )AL (k) =T / B},
kalqu:q z

where we have introduced u; = VT3 >k Dy DY) )2 o). From (B.16) we know that it holds u, = u.. Using
the Fierz identity, we can absorb the z, z terms into the other two terms according to

w=o b= s S [ (08) +3(0E3) ] o= e = s Sk [ (0f8) - (P
k k

where we have used the identities (B.13) and (B.16). The parameter are plotted in figure B.1(b).
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B Derivation of the F,, Ginzburg-Landau parameters

Sixth-order interaction contribution Using the same assumptions as in the quartic part above, we
simplify the contribution 886) = %tr <GOAGOAGOAGOAGOAGOA) according to

Sy T > gie? it [ Ace(k, ) ALK, —q2) Ace(k, g3) AL (k, — 1) ek, g5) ALL(F, Zqz

7q1 45

- y_T/BZ (Bi - 3B§) + V+T/B0 (Bg + 3B§) - uEuT/BO (Bi +B§> ,
€T x

x

where we have introduced

2 2\ 3 2 e 2 1 2)\ 2
V] Zni (D,(c())) ) V¢ = T3yTs anDl(cO,()) <<D1(602)) ) (Dl(cg)) ) (B-30)
k k
VE, = —Tzﬂg, ZU}%DI(;,)E) (Dl(cz,:())>27 (B.31)
k

and 7y, = 3276 an g%gik. For the role it plays in discriminating between the nematic ground states
A and B (2.43), it is worth examining the parameter v_ a little closer. It only gets non-zero if there
is a finite hexagonal warping term with R; # 0, or if there is a finite coupling between the basal plane
and the z-direction with dQE“ # 0. If we employ the continuum limit, we find the leading contributions
to be

1 R3vgk

Yo 3 9 e Buy2p2 | 1 o™
=0 % g k? [ dks dZuy2 : B.32
12V T5 167r2/ ” ”/ T | 502" 4M2+v8kﬁ+v2k2 (B-32)

which yields sign(rv_) < 0 regardless of the individual signs of d3™ or R;.
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B Derivation of the F,, Ginzburg-Landau parameters

B.1.2 Magnetic contributions

The magnetic terms we consider in (B.3) are on the one hand, the Zeeman coupling term hB(k) =
poB - s6° and on the other hand, the orbital coupling term hA(k,k:’ ) that formally results from a
Peierls substitution and which is of the form

Oh(p)

A (k, k') = — LA
Op |p=ks TTRTK

(B.33)

We assume the magnetic field B = V x A(r) to be constant such that the vector potential A(r)
becomes an odd function both, in position A(—r) = —A(r) and in momentum space A_; = —A,.
Note that we only include linear magnetic contributions to the Ginzburg-Landau action, such that the
linear term (B.33) is sufficient. On the basis of the Hamiltonian (2.16) we can write

WAk, k') = 0" My + 0" (sy fike, — 5" ,j‘g) — v f, (B.34)

where we have defined

7y
MA _ 8M @ fA{x y} — af; }‘ A% fAZ/ — fp A®
8]3 k«gk’ k—k' OPa p:k+TId k—k' k.k ap k«;k’ k—k

(B.35)

For simplicity and brevity, we set f,f 3 = f) = 0 in this part. Yet, they could be straightforwardly
included if need be. The expressions (B.35) are odd under momentum exchange M. 4 = -M Ak/,
fl?’k = fk - and transform under inversion as M = MAk,, 4 K-k = _fﬁ,k’ Wlth kac, =
(fk o fﬁz,, fk Z). After a switch into the band bas1s ( 4), the magnetic terms (B.34) and hB(k)

become
hA(k, k') = a(k, k') -5+ a(k, k) - 5, hB(k) =16y -5, (B.36)

. . 50 52
where we have only kept the respective conduction band part, e.g. hit(k, k') = hit(k, k') T4 + ...
The individual components read

o0 B, (Befi + BufR) — s B
=0 ~ Mo > ’
sign (M) MkyB 1+ | Mg i
z
+ f f 2 A ,
Ok, k) = (14 MM N (P g g O g e V(M My (Fux Tv) i
’ | My My| ) \ 48, PR At | M| [My] 163 3,

+

e
My My N [y gege MiwFr fw
[My| My PRTRCK 168,
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B Derivation of the F,, Ginzburg-Landau parameters

Fr —

M My, B

LA rA ki1

a(k, k') =M, (1 - ‘MkMk’D 4511
k/

, MMy \ [ By 4 A B ; A My My + pA
+ 1 1+ kaf /—7fk/>(f / +1 | — — ,8+,8/f /
( |MkMkf|> app e T = i T | VU] g 1) e P T

Llj’jck M Mk+Mk’ Fr x Fu
4B RE\IME| (M) 1688,

. A . . A . A . .

(e gy et ) s (sl ) - st ()
AR 1657 57 |

Due to the properties a’(—k, —k') = a%(k, k'), a®(K', k) = —a®(k, k'), a(—k, —k') = a(k, k'), a(k' k) =

a(k,k’) and b_j = by, both Hamiltonians (B.36) couple via the 7° matrix in Nambu space as is used

in (B.6). Eventually, we have all prerequisites to compute the Ginzburg-Landau parameters «, d, in
the magnetic contribution

Sp = T/ (auo + 26a2dy) B,AFury AP (B.37)

=o'’

which originate from the microscopic Zeeman coupling and the orbital coupling, respectively.

Zeeman term The Zeeman term causes the contribution related to o that can be computed from
the expanded action (B.20) yielding

5§ = 27 ( (see2s ek ONERIAL (50) ~ 1 AL HE R Al ki) ) (B:38)
1 4 -
=~ D b DA TVAL (B.39)
k.q
=VpoB.a ) Alvrv Al (B.40)

q

. 4 fz 1
with ) = 8T3 Y, arg?, = Zeng, DYy = fifx and

B VT? VT2

kg

1 4 1 Ek a [ Fz 2
N B o P A B (7). (B.41)
k.q

The parameter is plotted in figure B.1(a), and we see that it is parametrically (7./vp) smaller than
the gradient parameters.
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B Derivation of the F,, Ginzburg-Landau parameters

Orbital coupling Now, we address the orbital coupling term (B.21) and in particular, we focus on
the part related to d, which leads to the B, B429 term, according to

q q q

The corresponding action can be simplified to

2 1 5 (A =
SO =57 D ey (AFrvar) <a0(k, k—q)DY , —2a(k,k—q)- DEj{&) , (B.43)
k,q,q'
with
Ay o 4Bl EL2 _ JEu2 Bl
Dy g =i <dk,0 dk—%l,—q’ dy; o dk_qQ/,_q,> 5 (B.44)
(y) _ Bl Ew,2 | 2 [ 40,Bu,2 3Eu,1 0,Eu,1 3Ey,2

DkZ{q =dyg xdpy” i (dk,q Ay —dig iy ) ’

and n,(i)l, = 873 > g,kg,%_q/ with 77,(;)()) %nfé It holds D,‘Z 7~ ¢, and a(k,k — q') ~ ¢} such
that the deduction of the B,B429 term .42) requires the respective accompanying terms to be
(2) _

(B
evaluated at q’ = 0. Then, the action (B.43) can be expanded with respect to q’ yielding S, =
V(2ea’B.)dy Y- (AT 7Y AlY) with

B m () + () ()
dy =~ gy 72 k Tk (M,3+fi)3/2 ‘

(B.45)

The parameter d, is plotted in figure B.1(a), where we note that it is of the same order as the other
gradient parameters. In particular, this means that the o’ action contribution (B.37) is not negligible.
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Appendix C

Vestigial nematicity

In this part, we provide further details on relations used in chapter 3.

C.1 Large-N theory in the primary ordered phase

Here, we want to discuss how the superconducting ordered phase can be described in the context of
vestigial phases. While the actual number in the present problem is N = 2 (£real- and imaginary part
of AE"), systematically the number has to be treated as the largest scale in the problem. We present
two possible methods which conceptually slightly differ.

Condensation along a given direction The first approach is based on the textbook [49]. We
explain the key elements in the language of the real field ¢ = (¢!, ¢?,...,¢")T with N components.
The corresponding action is of the form S = %(bTA(ﬁ + ¢A? with the positive definite diagonal matrix
A= diag(A1, A, .., An), and the composite field being A. Now, one decomposes the field ¢ = ¢prep+m
into one longitudinal ¢y, and N — 1 transverse components 7w, where the longitudinal component is
assumed to condense in the primary phase. Note that the longitudinal component has to be chosen
in this approach and is fixed. The N — 1 components 7 are purely fluctuating and can be integrated
out. For concreteness, we choose e;, = e; such that the action becomes

S :%A@% - %TFTATI' +eA?, (C.1)

After integration of the NV — 1 finite components of 7, the effective action reads

N
§ =5 A8} + —5— 110g(£[2A,) +e?, (C.2)

=log A

where we have identified the new matrix log A. For as long as not too many of the eigenvalues A; ~
equal one, it holds log A = O(1) and not O(1/N). The statement is in particular true for A; = Ay all
eigenvalues being identical. Thus, the second term in (C.2) is of order O(N), where it holds N—1 ~ N.
Then, one needs to rescale the condensed component according to ¢;, — ¢V N to establish the same
order in N. Eventually, the action (C.2) has an overall prefactor N.
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C Vestigial nematicity

In the present superconducting model, the large number N arises from the two complex components,
i.e. real- and imaginary part of the order parameter A, Moreover, due to the two-dimensional IR,
the longitudinal and the transverse components individually have a two-dimensional structure, such

-1
that the Green's function (Q [A]) embodies a 2N x 2N matrix in the large-N language. The first

task is to find a longitudinal direction which is chosen such that the action between the longitudinal
and transverse components decouples similar to (C.1). Starting from the action (3.7)

S=8+Vy. (Af“)T (g[a]) Al (C.3)

a,9'

we decompose the order parameter according to

Eu _ Re AqE“’l Im AEu7
i ( (ReAJ"? +i(1—¢) ImAF? CIm AP —i (1= ¢)Realw? | (C.4)
:KZ.A T
with ¢ = {0,1}. Then, the action (C.3) becomes
N -
s=sc+v 3 Y (ag) (g[a)) Ay
j={A.B} o.¢ o
+2V§ <ImAun,1> <(1 C) " tr[(g [ADM’T ] e tr{(g [ADq,q’T } ImAém2 7
(C.5)
with
-1 _ Eg2s E, Qeﬁff"’ 202 f Eg72 " s
(0 [A1) ] = —2str ey — 2t + 200 Z P s A5

wl(91a]),, ] =200 v2m
a9
Aiming for a uniform solution A;‘j = Ag'j 04,0, we note that the coupling term (C.5) only vanishes if
both holds, { = {0, 1} and the external field is zero. These are the constraints we have to impose on the
system in the superconducting state such that the action decouples in line with the large-IN approach
(C.1). Now, we assign A4 as the longitudinal component, and we integrate out the remaining N — 1
components, yielding!

s =sc+v (a5") @l0)yp a6t + 57 Y Feiog (2vs Gl0) ). (©6)

IThe integration runs over a N-component real vector v and reads J dvexp (—%UTA’U) = 27TN/\/ det A, where the
symmetric part of the matrix A has to be positive definite. In the cases ( = 1 and ¢ = 0 the matrices read
A= (G[o)~" and A = OF(G[0]) 71O, respectively. The matrix O = ( ) does not change the integrals outcome as

det(OT(Q[O])’lO) = det((g[o]) )
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C Vestigial nematicity

and eventually, we approximate N —1 &~ N. If the temperature is above the superconducting transition,
the purely fluctuating superconducting field in Eq. (C.3) can directly be integrated out with the result
reading

N -1
Si=Sc+ 87 Jrlog (21/5—1 (¢14]) ) .
In the large-N limit the two actions are smoothly connected.

Condensation along an arbitrary direction Again, we begin by considering a (¢?)? theory with
the real field ¢ = (¢!, ¢?,...,¢"N)T having N components. The corresponding action is of the form
S = %(bel(ﬁ + ¢A? where A is an arbitrary positive definite matrix, and the composite field reads A.
Now, we define a condensed direction ¢, as the solution of the equation

S| _
I lo=¢,

We express the field ¢ = ¢y + d¢ via the condensed component ¢, and the fluctuations d¢ in all N
components. By construction, the corresponding action decomposes according to

~ 1 A 1 A~
S :§¢0TA¢0 + §5¢TA5¢ +eA?, (C.7)

and the d¢ can be integrated out. The corresponding effective action reads

1 N 1 N
_— 4T 3 - . 2
S —2¢0 Agy + 5 N log <Z||1 Al) +eA* (C.8)

=log A

with the eigenvalues A4; of the matrix A. Again, we have defined the matrix log A which is of the
order O(1) unless too many eigenvalues A; ~ 1 yield one. After rescaling the condensed component
by — b VN, the resulting action looks similar to (C.2). However, the key difference is that the present
approach did not require the matrix A to be diagonal, nor did one have to specify the direction of the
condensed component in the first place.

To employ this method on the present superconductor, we start from the action (3.7)

Sa=8c+Vy. (Afu)T (g[4])  alx, (C.9)

and define the ordered field A‘q”E” via the solution of the equation

RSN
SAL

= 0. (C.10)

Eu _ A0 Eu
Aq _Aq

Next, we decompose the order parameter Af“ = AE’E“ + 5A;E“ around its ordered component AZ’E“,
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C Vestigial nematicity

we insert the ansatz and integrate out the fluctuating fields, yielding

Sp=8c+Vy <AE’E“)T (¢ [AD_l A% 4 g1 S trlog (zm—l (¢ [A]>_1) .
a9’

a9’

Eventually, we rescale the superconducting field AZ’E“ — AZ’E“ v N, and the action looks the same as
in the previous method, yet the condensation direction is left unspecified.

C.2 Derivation of the C%* free energy expansion

In this part, we derive the Ginzburg-Landau parameter r¢,gc and uc of the composite order parameter
C,?. We start from the mean-field equations valid above the superconducting transition

Vv . 1 ,
0=—5— (Ro—oro —r5) + T §q trr (gq [Ro, G ’} T°> (C.11)
V 1
0= %C(?gl + Ti Eq tr, <gq [Ro, COEg’l:| TEQJ) ) (012)

where we have introduced the notation v’ = u + v, Ry = rg + COA“’ , 0rg = 19 — 7§ and 7§ according to
Eq. (3.43). For clarity, the matrix Green's function (C.13) reads

(Ro+ F57) 70 = (fa! + Cgo") wB

(C.13)
(s 1)~ (st ) .

Gy [Ro, c{fgvl] _

The goal is to expand the above equations with respect to COEg, yet because of Eq. (C.12), the

renormalized mass RO(COEQ) has to be treated as a function of C(]]E 9 as well. For this purpose, we
expand Ry around its value in the para-nematic phase R, according to

Ry = Ry + Vet 4 kot ht. (C.14)
It proves useful to first expand the matrix (C.13) for small COEg ! which provides the expression
Gy [Ro, CE”Z} ~ Gy — (gé’gé’ /ﬁ(l) + gé’TEg”Q§> (gpgpgp Ky "‘l/ = 9494 Fw > OEQJCOEQJI
1 D v, _E Egl' op D D o, _E Egl-op D Eg,l ~Eg,l'
+5 (98 (gt + B Gn) Gr i+ Gp (Grr et 4+ Pl g ) ) €
+ igg < Eql! ngEg, + TEg,lngEg, ) ngE(h COEQ’Z 7 (C.15)

where we have introduced G = G4[R), 0] and employed the derivatives

0G,[Ro, Cy*"]

ache!

0G[Ro, Co*"]

Bl Byl
0Rg _QQ[R(J’ Co? ]TEngq[RO’ G’ ]

— —G,[Ro, C§""1G,[Ro, CH1
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C Vestigial nematicity

The insertion of the expansion (C.15) into (C.11) and sorting with respect to powers of ng"’ * yields

R, = drg + 7§ + vy, (C.16)
m G = ! (ﬁo,o ) + ﬁO,l) ol (C.17)
Egl ~Eg,l! = ~ ~ = I T I LU\ ~Eg,l ~Egl/
ki GGt = u! <H07070 ey = Too gy + ooy + Mooy + = 2 : )Cog G-
(C.18)
Here, we have introduced the notation
i, = 2 S, (grrt i, = 25, (grriges) C.19
=t (97) 3= Dt (95705, (C.19)
q q
1 T D iCP L IGP Lk [] T P icP IGP RGP L
Miga =7 Dt (gqr Grrigrs ) R (gqr GrrigrrEgrr ) . (C.20)
q q

with {i,j,k,}} € iO, 1,2} where {1,2} ﬁ{(Eg,lg, (Eg,2)}~. For [ = 1,2 it is easily proven that the
expressions II; = Ilp; = 0 have to vanish and Ily;;y = Ilp. . owed to the symmetry behavior

of ff A particular, the following identities are useful for the upcoming derivation fq ff olpg —
Eg,2
fq fq""Hqg =0,

/q( qu)TUZf;Equ:/q( Eo\Tor By ), /q<( qu)Tazqug)ZH :/q<( 59)Tgxfgg>2ﬂq,
(C.21)

which are valid for any function Hg = Hg(( f 92, 5,4 '9) that transforms trivially.? The equation (C.17)

only allows for the solution K,l(l) = 0 and thus, equation (C.18) is solved for

2 HO,z,z _ 2
K’l(l’) = = 5l,l’ = Ké ) 6l,l’ .

1
- +1oo

Next, we expand the action (3.9) with respect to CPs to derive the desired free energy expansion. To
this end, we separate the Green‘s function matrix according to

GC -1 _ Rp+f(°) TO_i_qugvlTEg,l_i_H(Q) clo 2T0+CEg7lTEg,57
(99),, = (Re+1%) MG

)

@i)~" ¢

2The identities can be proven in a similar way as in Eq. (B.16) with the transformation properties (2.5) of ffg’l under
the C3, and Cs, rotations.
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C Vestigial nematicity

and insert it, together with (C.14) into the action (3.9) and expand

NiV = —5 (Ro — éro — 7“8)2 + % (Cg")z + T%trlog <2Vﬁ_1 (G7)~ ) + Tﬁtrlog (1 + ng)
~ Sy e (c(?) + g ((cE ) 3¢kt (cfg’2)2> + e (c§9>4 . (C.22)

The para-nematic part reads S, = %tr log(2V 31 (Qp) 71) — ﬁ(Rp —6rg—7§)? and we have identified
the desired parameters as

1/1 - 1- 1/2(Io.2)? -
e = Z <U — Hz,z) ) gc = *Hz,z,za Uec = g (7;4(:;{30 - szz%z)‘ (0'23)

The traces that were involved in the expansion of (C.22) can be simplified to
“tr(gp ( )(cEay2 T P2 _ (232 477 A
Vtr(Q C) = w2 (g Mo, r(97C) = (k6)X(€F") Moo + (€5
- Eg A5 T 2\ 3 Byl () ~Eqg1 Ey,2\2\ & 2) ) mEgr 4
Vtr(@’C) = (€0 Ty 1(97C) = G5 (G5 = 3(C5” )Q)Hz,z,z + 36 (CYo) I .,

where it has been used qu/ = ﬁZ725l7l/. Explicitly, the integrals read

- T~ (Bt £ - T o (Bo + £37)2 + (£4°)°

H :2— —_—, H 22227 R — )
° vZ det (gp)*l bV q< R (97),1)?

Z +(f4")? Z I (" —3(fE9’2)2
H = zzz =—-2= ol ’
b0 =2y det gP) 2 4 (de t(gp) Bk
+fq ) Z (0)y2 Rp+ £")2 +4(f4")°

z,z V g det gp ) s z,z,zz f (det (gp);1)4 .
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C Vestigial nematicity

C.3 Conductivity and magnetic susceptibility

In this part, we provide more details on the calculations involved in the derivations carried out in
section 3.3. In the free energy expansion in (3.69) we have omitted the two terms

5A€q ‘H]‘A‘AHOZO’

Slog Z [H, A _

6 [dlogZ [H, A]
SAZ ‘H‘A:H:O N {

OHE
which vanish due to the fact that a single A derivative leads to expressions which are odd upon

the inversion symmetry. Central for the derivation of the conductivity and the susceptibility are the
correlation functions Qéﬁ(q) and Qgﬁ (¢). With the definitions given in (3.70) the correlation function

éﬁ (q) evaluates for our system (3.9) to

-1

T 6%log Z[H, A T § ig |A
Qi) = DT ARAY | T (g1 AL
Vi 6A4g6A>, HIA=H=0 VA §A*, )la=o
Te? C B oCyra Te? CA
- 7 tI‘T (qurp/Vp/_,’_ggp/ p’+% - 7 ZtrT (gp Oaﬁ(p)>
P’ P
= oeﬁ(Q) — K, (O) ’ (024)
-1
where we have exploited the identity % =-Gg [A] %g [A] and we have integrated by parts in
q q
the last line, using Oag (p) = (%Vpﬂ . Eventually, the task amounts to the computation of the function
Te? N N,
Kapla) = =7 ) _trr <g§+gvpﬁg§_gvp> . (C.25)
p

The second correlation function Qgﬁ (¢) can be written as

woo T 6*log Z [H, A] T 5
Qosd) = 7 2 oH” SH A Vi s, S lacirco
T(O/)2

= = 04000,:05,:t0 (ggTyggTy)m,

where the positivity leads to a purely para-magnetic contribution to the susceptibility, cf. Eq. (3.76).

Magnetic susceptibility In order to derive the static DC susceptibility, we expand the response
kernel (C.24) to second order in the momentum ¢, reading Qéﬁ(q) ~ %FZZ, ¢vq¢s- The expansion

coefficients obey the relations FZZ = Fg‘; = Fgg. The explicit expression can be cast as Fzg =
DY + DgS + DY + D3 + 2Pasg,, with

2 2
§_T€ C (YraprCy; () CYyra CAY _—T@ CYraCYré ~Cy; Cy)
Dl =5 Zm[gp (Vos vy + Viasvs) 650, } Pasiy =55 _trr| G5 VG V3G Vi G0 .
p p
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C Vestigial nematicity

From the above expression it can be deduced that the coefficients Fzg are also identical upon pairwise

exchange of indices F;’g = Fig . Using these symmetries, the diagonal elements of the susceptibility
can be expressed as [using o = ¢n/|q|]

MO /AN AN AN
Xa(0,0) = - (Ffff, Q505 G-z + T2 sl Gydy — 215 QJQzS/QZQy)
o [ 2 N A PPN R
— 10 (2 (v 2 - a0E) + 0+ T + 200 - ) (T~ 5 )
(*) Xo

) AU A2 A2z
=5 ¢ ey

Xyy(0,0) =

= EO (@42 (032 + T — 4T3 + @+ 4OT5 + 200:(8 — ) (122 - T33))

0 88 A A A A 68" A A A A 68 A A A A
(Fzz 4545 4Gz + '3y 454s5142G- — 215 qaquxqz)

/LO AN AN AN
X=2(0,0) = 10Qz2(0) + - (*2Fi‘; G55 dyda + T30 dsds Gydy + T qaqaquqx)

0 [ A2 A A A A A (A A
— mQL(0) + £ (qzqs (T2 4+ T — 4T%) + (3 + GO + 24,0, (62 — @2) (T30 - Fi%))
Y 0@ (0) + Xopuy.

zz 2 X
where we have reinstalled A and introduced yg = uoTe2a4 / Voh?, as well as the dimensional quantities
f‘l‘; =Y __1__ Fl% and Q(0) = Voli? A(0) with a1 = ag = a, a3 = c and & = ¢/a. The quest

T €2 anaga~as T Te2qd Wzz
of finding symmetry arguments of why the following identities

*) *)

IETE ) ) il rve ez

rar+ Tz —arg Qorz, ry: 2z Yo,
(*) () (%)

T2 4 TY — 472y & orwy | rev & ey 2o,

should hold has proven to be a tedious business. The numerical evaluations clearly suggest the above
relations to hold. (The asterisk marks that they have not been proven analytically.) From a physical
point of view, they should hold since otherwise the static DC values x4.(0,0), Xxyy(0,0) and x.-(0,0)
would depend on the direction §, from which zero is approached.

127




C Vestigial nematicity

C.3.1 Conductivity

For the evaluation of the conductivity the internal Matsubara summation of K,s(q,ivy,) (C.25) has
to be taken seriously, and fully accounted for. We rewrite the expression according to

Kop(ivm, q) = ZZtrT< p+q |1/n)Vﬂg (iyn - iym)Vpa>

A

Z% omi | 2) trr gp+q( )Vpﬁggf%(’z*i”m)vpa>
-5 /_oo den(e) e (1 [ G5, 4 (e +10)| VG e — ivm) T
b
G5 (e i)V T [GF_g(c+ i0>}Vp“)> :

with the Bose function n(e) = 1/(e’ — 1). In the second line we have deformed the integration
contour C to the integration contours € 4+ i0 above and below the real axis, and we have identified
2iIm gg(e +i0) = gg(e +i0) — QIS(E —i0). In a next step, we perform an analytical continuation
iV, — v+ i0 and write the imaginary part of the above function as

. e? > e T
Im K.p(v +10,q) = = Z /Oo de dn(e,v) trT<Im {ng—kg(ﬁ +v+ |0)] Vpﬁ Im [gg_%(e + IO)} Vi, > ,
P
with on(e, v) = n(e) —n(e+v). If we approximate on(e, v) ~ v1T'/e(e + v), we can conveniently express
the conductivity (3.67) by

Im Q4 (v + 0,
Reoas(v +1i0,q) = Qaﬂ(y 9 (C.26)

_Te? Z/oo detrT<Im {Qp+q(e+ v+ |0)] VBIm [Qgﬁ

(e + 10)}

o v

€+ v p p

V“). (C.27)

Note that the above result holds for any Green‘s function matrix gg(e). In the following, we carry
out the e integration which requires the actual frequency dependence of the present Green‘s function
matrix. After the analytical continuation the Green‘s function reads

(gzg)_l v +i0) = (?”0 +inor + f30 4 Cé@) '+ (ffg + C(])Eg) A

We diagonalize this matrix

-1 ) AT + iy 0 T
C __ 770 D o
(gp) (v +i0) = UY ( . A+ ) (Up) : (C.28)
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using the unitary matrix

Eg,2 Eg,2
IBO'— —sign(f 9> +C 9> )/30—1—
Ucr — B, 2 D p 0 D

. Eg2\ no o
p sign(fp ¥+ C,”? )ﬂp+ B

with g% = \/1 + (fyh 4+ N/ f5 + €| and the eigenvalues A7 = ro+ f1+Co 7 £| £/ +C ).

Then, the imaginary part of the inverse of (C.28) becomes

. 1
Im gg(u +i0) e YT (1) (U")T
14 p 0 (A;+)2+’Y(2)V2 ’

and the e integration in (C.27) can be carried out, yielding

% % ¥ 73
Reo,p(v +i0,0) = 2T62fm Z ( 1 Vl?l,pvfl,p " 1 V3o Voo
B S A R A VA SR

1 < 1 1 > ‘71?‘2,;7‘725,1,1) + f/2C,Y1,p‘71{32,p> (C.29)

+ - -
ZACAID YAl R PVA VA E e

- T oA
with the introduced velocity matrix Ve = (Ug ) Vf Uy . The involved integrals were of the kind

/°° de 1 1 _pa 1
oo 2Ty F @+ (e + V)2 2 (1/2 + (1 + M2)2> '
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C.4 Nematic susceptibility and renormalized elastic constants

In the first part of this section, we derive a rigorous relation between the nematic susceptibility and the
renormalized elastic constants. Since they are linearly coupled, also their response functions must be
somehow related. In the second part, we deduce an explicit expression for the nematic susceptibility.
We start from an action where the fluctuating superconductor is coupled to its elastic degrees of
freedom characterized by the strain tensor eP%. We use the notation developed in section 3.4.1.
Additionally, we couple the nematic degrees of freedom to the external field h®s = (hFo:1 hFo2) via

> q Bf ¢ -hZy, and the dilatation related components via Z BAlg hAlg The bilinear forms are defined
as Bg’l = Z (AE“)TT” lAqEszq We also apply an external stress tensor oP% via S, = - 0'D3d D3d

with oPx = (( 41)T (gFe)T)T, Then, the action S = S[h™!, Px] depends on the external ﬁelds,
and the expectation values can be computed via
oo Z[h"l o]

1 Zhnl D3qg o 1 Zhnl D3g
5 og [ i 7 <€qu, > _ 5 og [ i ’ (030)

Algv] Eg704
do_, do_5

)

n A 7'
(By') = (g7 =

with 4,5 = {1, 2} and o, § = {1, e ,4}. As is usual, we define the corresponding susceptibilities, the
nematic susceptibility xnem and the renormalized elastic tensor C”, as the second derivatives evaluated
at zero field, i.e.

62log Z[h™!, gP]
Shg ' shs

Xnem,ij(q) =T

rEg\ ! (5210gZh”l Dsd
(@) e

hnl=gP3d=0 @B So Eg, So Eg,ﬂ hrl=gP3d=0
Apart from the two above response functions which are the most relevant for our application, we also

define the remaining correlation functions for completeness,

o\ 1 521 Z[hm!, gDsa
<Cq,A1g>z 0g Z| ]

(C"'vAlgEg> -1 52 log Z[hn 1 D3d]
hnl=gP3d=0’ 4 i

i\ So Algv(s Aig,J B So, Alg’d Eg’ﬁ hnl=gP3d=0

52 log Z[h™!, gP3]
Shy 17 gh s

52 log Z[h™!, oP3]
Shy "7 she

XAlg( ) - XAlgEgJ(q>

, .
hnl=gP3d =0 hnl=gP3d =0

Another way, the susceptibilities can be expressed is via

. Eq,j
_ 6B _ (8™ _ 5(By") _ 8B
Xnem,ij (4) = Shig | XA, (9) = S |y XAryE,,5(4) = P o |y

The explicit action is a combination of (3.7) and (3.89) With the additional elasto-nematic coupling
terms Zq Bfg . (/ﬁcleij‘;’]’l + Keg€ g’ ) and Z B (/@AleAl +K 26A19, ). It reads

=S (af) (gc) A7 2 (D) ouel (30
q,9
T
T () (@) Setr e - Eel - Setd e
NV p B_, €q q q
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with

-1 A A
(gC)q = ((m + 0| vm| + fq 19) Sqqr + Cq_lg,> 0+ (ffgdqq, + ijq,) P

»q

and the vectors

A A E E
B?lg = H“”Bf’:g = ( ka1 0 ) Bilg équ = [ Fe Bqu = ( Keila 0 ) B%g
, .
k2Bl 1g 0 ka2 B, 1g KeaBLY 0 ke2la B.Y
RA Rc

In this notation, the partition function has to be evaluated as
— _ n,l D
7 [h"’l,O'D3d] — /DﬁgachngC?IgD (Aun7 Aun) e BS[h o 3d:|

with S[h™!, gPs] = S, + Scoupl- For brevity, we will comprise all the integration variables in D =

De?3dDCngC‘q419D (Afu,Af”) in the following. As a first, step we remove the direct coupling

D3q4

653"0' in the above action by shifting the integration variable to (GE“)’ = qu3d —(C D3d)_10'('133d. To

explicitly state the variable shift let us first compute the inverse bare elastic tensor from (3.90) yielding

Dy L _ (c’*lg)71 0
(C ) 0 (cEg)f1 ’

with
Ay ! CAy2  —CAyy3 g\ ! Cr,2 —CE,3
C™e = g Mo , C*ts = A R ® 1s,
_CAlg,3 CAlg,l _CEg,3 CEg,l

and éa,,; = cay,i/(Cary,1CA,2 — (CA1973)2) and ¢g,; = cg,i/(cE,1CE,2 — (CE973)2). Then, we can
express the variable shift as

-1 A
Ay 1g
(che) e

/
Di3qg __ ( D3d>
€ = (e + .
e a <CE9) aqu

which turns the action into (we replace € — € afterwards)

}S\;{; =Sc+ Z (Afu)T <gC) Agu 4 ;Eq: (6?121d>TCD3d€qD3d _ %Z (a_gzd)T(Cng)_la_(ll)ad
9,9

q

a,9

T A -1 A
Scoupl BAég €q 1g+<cA1g) Oq 1o E,\T E A1 s A1
—coupt _ - B _ h™e B> — hlagite
N~ 2| oy (cBs) o >_(hZ)"-By ; ~'Bg

q - q
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Now, we perform the derivatives in (C.30) explicitly to obtain

<Bg,j> 5log Z(S[::j oPx] _ Z[h”vll o] /D BgﬂjefT_ls[hn’l’”Dw] ,
<qu9’5) _ T&log i[:}:glé oD _ Z[hmll e /D <Ufg,6’ (CE9>;B _ ,%f’ﬁ”Bfg,LB”mod(z) (CE9>;B)
—q
_ Eg,ﬁ (CE )5 .- 8 B”T(S;Egg,zz[h;/lmod?:] (CE9>;B , (C.33)
R i R GO CRIGDH N
— (cAlz)il _ (cAla) | 510g2[h:l ) (C.34)
ij i oh” 19

Next,we compute the second derivative

2 nl oD _ . 2 nl D
5 log Z[h™ 3d] (CE9> L (CE9>B;, B8 0% log Z[h™", o73d]

5o Eg, 50_Eg7ﬁ c 5h€272—5”m0d(2)60_qu,a

—q
-1 -1 -1 1 N (52 lo Z[hn’l O'D3d]
_ (pE E E ~B'B" nala g )
<C g)aﬁ + (C 9>a/a (C 9>B5/ Re Re T5h€2,2—,8”m0d(2)5thg,2—Oé”mOd(2) )

which becomes the eventual relation

R

)

In matrix representation the equation reads

(i) " = () " 4 (€5) " euem(@)ie (B0) (C.35)

with

5 _ [ Xuem(q) Xnem(q)
Xnem(Q) N < Xnem(Q) Xnem(Q) ) .

While the above relation (C.35) is the one, we are most interested in, we can also relate the remaining
elastic constants to the respective correlation functions, and eventually study the renormalization
thereof due to approaching superconducting instability. Taking the other second derivatives of (C.34)
and (C.33) yields

2 nl D _ _ 2 1 oD
5 logAZ[h i 3] _ (CAlg>”1 N /%i;j” (CA19> | 1 /%ﬁiﬁ (CA1g>' | 5 logf[hn 3d]
Soet s 197] ij J'J i (Sh 1g(Sh

Oq
(52 logZ[hTLl D3d] - (CE9> /\ﬁ ﬁ”AZ ] (CAlg) 1 T 62 log Z[hn,l D3d}
5O_Alg, 50_ g,ﬁ - B'B ili 5hEg72_ﬂ//mod( )6hAlg
—q
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and thus, the relations

(@) = 0+ (@) s )

(CZ{’A“’EQ);1 = (€)™ Rarym, (~a)he (€2)

with

2
~ K RA1KA2 ~ RA1 KA1l
Ra1,(q) = ( Al 2 ) XA, (q), XA, E, (q) = ( ) ® XA, B, (4)-

KAIKA2 K79 KA2 KA2

C.4.1 Computation of the nematic susceptibility

We derive the nematic susceptibility conveniently from the saddle-point equations above T, in the
presence of the external fields h® and h19. The corresponding action is given in (C.31), and after
the Hubbard-Stratonovich transformation, the saddle-point equations can be derived

A C ] 1 g T C rondy Byl
0=— 2u’ oo+ ZtrT(gqqh ). 0= G +2qu:tr7(gq,q[h 7o),

with QC [h™l] = (QC) ot thfq, TFe ¢ +h’q4_1’;,7"419. The variation of the above equations with respect

to hl T and BN vields

(0) (0)

0= —x1,5,.4(0) = 20X (0)xAs, 5,5 (0) = X505, 11 (0) (=20Xuem 1 (0) + 05 (
0 = —Xnem 1(0) = Xlowy 0 (0) (=20Xeem 3 (0) + 850 ) = 20X ) o (O)xas,,4(0),  (C:37)
(
(

0 0
0= ~x;,(0) = X5, (0) (20/xa,, (0) + 1) +20x) 5 (0)x,5,.0:(0),

0 0
0 = =1, 5, (0) + 20X 0 1 (0%, 5,0 (0) = X5 5, 1(0) (20'xa,, (0) + 1)) C.39)

. s(cla7y a(C, a(C

Wlth Xnem,ij(q) - 211) <5hzq h ‘hn,l:()v XAlgEg,j(Q) - ﬁ éthg,}h ’hn,l:() 211) 4ahAqlg ‘hn,l:07 XAlg (q) =
q
Aq

1 0(C,t

o0 8hqA19 h |hnl =0 and

hnl=0

T T ;
X0 = 55 200 (GG ) |y X ©) = 5 D e (GG
q q

0 T
XE41)9E9,1(0) = Y ZtrT (quEg,lqu())
q

hni=0

In the para-nematic regime, i.e. T' > Them, the bare susceptibilities become

0 1= 0 1= 0 1=
X, (0) = 5T, Xnem 5 (0) = 5110 X, ,4(0) = 5101 =0,
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with the definitions (C.19). With the vanishing Xfnggyl(O) = 0 the equations (C.36)-(C.39) are easily
solved by

x5, (0)

(0) ORI
Xnem(o) = _Xnem( ) (]1 - 2vXnem(0)> ) XAlg (O) = W
1+ 2u'xy; (0)
Inserting the identity ﬁu, = ﬁz,zél,p (see Sec.C.2), we can further simplify the nematic susceptibility
to

17
_§Hz,z

0 - =
xnem(0) = 17 uIL .

C.5 Derivation of the upper critical field

In this section, we redo the analysis of Sec. 3.5.1, yet with the magnetic field being applied within the
basal plane B = |B|(cos ¢ppe, + sin ppe,). The aim of this part is to determine the angle dependence
of the upper critical field Hqo(pp). It is convenient to rotate the coordinate system such that one
axis, say the new z-axis, coincides with the magnetic field direction. Hence, we rotate the coordinates
according to

_ B| /o0
r= RSO(S)(@& e)r', Vp= RSO(3)(SOB7 e)Vp, A(r)=R 1( )(SOB) e:)A(r) = 2| <';//>

with the representation of the rotation matrix (1.18)

cosypp —singp 0
RSO(S)(@B,QZ) = | sinpp cospp (1)

0 0
Then, the canonical momenta transform as (D, Dy, D,)T = Rso(3) (ch,ez)(Dx/,Dy/,Dz/)T and it
holds [D,s, Dyy| = [Dy, D] = 0 and [D,, D./] = ie|B|. Thus, the a’-direction is aligned with the
magnetic field, while D,/, D,/ fulfill the harmonic oscillator algebra. Similarly to section 3.5.1, we
neglect modulations along the vortex axis, such that Dy AF«* = 0. In the rotated frame, the two
saddle-point equations become

:<Ro +doD% + c|ZD§,)AEw+ _ (d’emspj —de~ivB {Dz/, Dy/} - CE97‘>AE“" (C.40)

+
0 :(Ro +doD2 + dzD§,>AEu»— - (d’e—%B D2 — dei# {DZ,, Dy/}+ - cEgv+)AEu’+ . (Ca4l

With the annihilation and creation operators

(\FD/JH\FD) aT——(\fD,—.\fD)

\/26|B|\/d0d \/2€|B|\/d0d
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satisfying [a,a'] = 1, the above equations transform into

1 d'e2ieB é —ipp

0 Z(Ro +ata + 5)AEM,Jr _ <€T<a2 +(a")? +2ata + 1) _ ! 62 <(a1‘)2 _ az) _ CEg,—)AEu,—’
1 dle—2ivB é ivp

0 :(RO +ata + §>AEu,— _ <€T(a2 + (a")? + 2ata + 1) ! 62 <(af)2 _ a2) _ CE'g,-‘r)AEu,-i-’

where we have defined {Ry,CEst} = {Ry, CFot}/2¢| Bly/dod, & = o /2edy, d = d’/dy and d =
d/+/dod.. Using again the ansatz (3.100), we find the recursion formula

R 1 1/~ o s .
Roan = —ay, <n + 2) +3 (d’eQ"PB + 2ide"“’3> bny2y/(n+2)(n+1)

1/~ o 2. 1A, o ~
+ 1 <d/e2'“"3 - 2ide'5"3> bp—2v/n(n—1)+ (4d'62'903 (2n+1)— CE9’> by , (C.42)
A 1 L (n) o A
Rob, = —b, | n + 5 + 1 d'e™ 7B 4 2ide'?B | api2v/ (n+2) (n+1)
1/ ; 5 1A ,
+ 1 <d’e_2"p3 - 2ide'“p3> an—2y/n(n —1) + <4C|/6_2KPB 2n+1) — CE9’+) ap, (C.43)
valid for n = 0,1,2,.... For the reasons outlined in Sec. 3.5.1, we focus on the even subspace and

introduce the vector ¢ = (bg, ag, ba, az,bs, a4, ...)", which transforms the above condition into the
eigenwert problem Ro¢ = M¢. For clarity, we do not show the matrix M explicitly. Yet, the resulting
angle dependence of Hea(pp)— i.e. the Heo contour in the x,y-plane which yields a fixed maximum
eigenvalue—is plotted in Fig. 3.13, with and without a nematic order parameter present.
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Appendix D

Phase stiffness

In this part, we provide the calculations and proofs that were exploited in chapter 4.

D.1 Individual propagators and Matsubara summation

In this part of the appendix, we provide the explicit expressions for both, the individual Green‘s
functions hidden in (4.20) and the matrix elements (4.21). The Green‘s function matrix, i.e. the
inverse of (4.20), reads

A G F?
b _ k k

where the normal and anomalous Green‘s functions in the presence of an external flux are given by

: 3
ey oy oo
k w2 + €2 +2AL 4wy, (ef — €2)) iwp —af — AP iw, —af + AT

Yo Yo -1 1
P _ - + . D.3
K w2 + efeqjk + VIEA% + iwn(ef — eq_f'k) 2)\?3 (iwn — af — )\f Wy, — af + )\f (D-3)

Here, we have defined A} = /(£F)2 + 12A2, uf = /2 (1 + €2 /AD), vf = (/3 (1 — £ /AD), as well as

& =e + 2 cos(ky) sinz(%) <t + 2t' cos (k:y)> . ay=— QSin(kx)sin(%) <t + 2t cos (kzy>> .

Using this notation, the matrix elements of M? (4.21) become
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2
F((}AA),@ =24 2F((1FF),45 + Fgca),@ + F(,CZ,G)@

g
2 [ [
_i Z {’YI% + <1 + flfglf-i—q _’Yk’)/k—i—qu) ryk_;'_q ()\k+q+>‘ ) } (D 4)
L2 4= g NNE. (ivm—6a% )2 — (N, A AT [ .
2
00),& _ FF)& GG),® (GG),&
Fg ) —;—QFEI ) +F¢(1 ) +F—q
2 [ 2
_i Z {’YI% + <1 + glfglf—i-q +’Yk7k+qA%> ryk_;'_q ()\k—&-q—’_A ) } (D 5)
L2 4= ¢ NNEL (ivm—6a% )2 — (N, 4 AD)?2 [ .

F((}Ae),qs _1(GG)e _ F(_Gqc;),q&

q
2 . D
s (573 L f’iq) g (m—0diq) (D.6)
? k M )‘f-&-q (iym_éaf,q) ()‘£+q+)‘f)2 7 .

where the Matsubara summations have been performed and the zero-temperature limit 7" = 0 has

been applied. We have defined the quantity 5a,q; = af . af. Furthermore, the gap equation (4.19)
has been used and the expressions
& @
T -1 Ve Vg NG (NesqT2%)
I‘\(FF),@ _ 72 FQSF!P — 2 q=0 q
kra kg Leq Te+2 S B\ @ - P 2’
a L2§ +3 q L2§ 2 20 A kg (wm—éak’q) — (MNesqgTAE)?
(v —baf )(é’fp + 5’;*‘1 ) + ( +A2) < %%;" >
P(GG 2 quskaJr _ e k) \XF T2 k+q AT, |
L2§ : + q 212 Zk +32 (wm—(sak’q) ()\£+q+)\‘15)

have been inserted. All the above equations are evaluated at zero-temperature. Note that by having
set the Fermi functions f(£Af + af) = 6(F1), we ignore integral contributions from the derivatives
FI(EXE +a?) = f"(£AE + af) which would occur during the computation of the phase stiffness. In
other words, we neglect additional integral contributions from the single points in the Brillouin zone
where A\, = 0.

The calculation of the derivatives of the matrix elements (D.4-D.6) with respect to @ or A as required
in section 4.5 is tedious but straightforward. We refrain from showing these lengthy expressions.

D.2 Derivatives of the gap and the chemical potential

This part deals with the response of the superconducting gap and the chemical potential on the
applied external flux ¢. To be more precise, we want to prove that the first-order derivatives of the
superconducting gap, and the chemical potential indeed vanish. Afterwards, we compute the required
higher order derivatives. All the occurring derivatives are implicitly assumed to be evaluated at & — 0.
At the core of the proof is the identity

o0

hutiel = D.7
od A,,u‘@%O ( )
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which is quickly checked upon exploitation of the mirror symmetry M, : ¢, — —q, after the derivative
has been carried out. Now, we express the number and the gap equation by

N = _@ =fn (M(é)aA (ﬂ(@)>@) vé) ) 9_1 = %QTF =/a (N(é)’A (ﬂ(@)>@) ’¢> : (D.8)

ou
The application of %| A, on (D.8) allows for a respective interchange of the order of variation and

hence, the identity (D.7) can be employed yielding 88%] Ag = %] A = 0. This, however, means that

the total derivatives of (D.8) with respect to the phase twist read

o_0fv| A (ofn) 0n opx) You _9fa 08 (04a) 05 0ss) | om
 OA 1 0P OA luop oula)od’ = OA 10D, OA luop op la ) 0@’
(D.9)
which only allow for the trivial solution
OA|  Ou
8—45#—8—@—0. (D.10)

Let us now compute the functions in (D.8) and the derivatives at zero temperature explicitly. The
bosonic part Np of the number equation (4.12) is considered as a higher order term in the weak
coupling limit. The mean-field part of the number of electrons (4.12) and the gap equation (4.19) at
zero temperature become

N—2TZG¢—Z< —E’q:) l—iz Fo— Ly Ok (D.11)
PEE TR T L A ) TLA, MR T Ly |

For the two functions one computes the derivatives

8fN . 6fN A2 8fA o A()C() afA . C1 82fA o C3
AaA _A()Cla a _AOCQa Y ’ a — 5 ‘ - 719>
OA I op 1a OA | 2 op a2 02 lap L2
where we have introduced the functions co = L2 Y, v /A3, c1 = L2, viex/ Ao, co = L2, V2 /s
and ¢cg = —L72)", %’yﬁek /3. For the second derivative of the gap function we obtain
o s, ofa| Al (0fa] 08 o] \ &%
~ood2 AT oA | adr |, T\ oA o T o |, ) 997

=0

The second term vanishes because the gap equation (D.8) has to hold for any value of @, in particular
also for @ = 0. In this case, the derivative of the gap equation (D.8) with respect to the chemical
potential exactly yields the term in the bracket. Hence, the required second derivative of the gap
function becomes

9N 1 2c3

092 |y~ L2 Agey (b12)

138




D Phase stiffness

D.3 Limit of a Galilean invariant system

In the limit of a Galilean invariant system, i.e. ¢ = k2 /2m — p, it must hold pr) = 0. In the present
formalism, this is not obviously recovered. Following Ref.[167], we prove the identity by carrying out
the external Matsubara integration. In the limit of Galilean invariance the form of the propagators
(D.4)-(D.6) allows that the derivative with respect to @ at constant A and p can be recast as a
derivative with respect to iv,,,. As an example, it holds

21(¢),® 2
FLe™ | 9 w0
2 NPT Rt

where the integrand in f((f)’o is multiplied by an extra factor k2/m*L?. Similar relations hold for the
92A

remaining propagators. Additionally, it holds g7z

|, = 0. The core result is that the derivative of the
matrix M? (4.21) can be recast into

92 Indet M f
o0P2

0% In det M(?

ap 0w

and the external Matsubara integration can be carried out yielding

=0.

1%

o0 9% In det Mg Olndet M(? oo
/_Oo ov? N v

—00

It is clear from Egs. (D.4)-(D.6) that the first-order derivatives vanish in the limit » — +oo while the
original propagators stay finite. This completes the proof that the bosonic contribution in the Galilean
invariant system is equal to zero.
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