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CONVERGENCE OF ADAPTIVE STOCHASTIC COLLOCATION WITH
FINITE ELEMENTS

MICHAEL FEISCHL AND ANDREA SCAGLIONI

ABSTRACT. We consider an elliptic partial differential equation with a random diffusion parameter
discretized by a stochastic collocation method in the parameter domain and a finite element method
in the spatial domain. We prove for the first time convergence of a stochastic collocation algorithm
which adaptively enriches the parameter space as well as refines the finite element meshes.

1. INTRODUCTION

Partial differential equations with random data are a ubiquitous tool in the modeling of real
life phenomena such as structural vibrations [18], groundwater flow [21], and composite material
behavior [1]. The efficient approximation of solutions of those equations is a challenging problem
as it requires the approximation of high-dimensional functions in a parameter domains as well as
low-dimensional but in general non-regular functions in the spatial domain. While effective ways to
generate the random data have been studied in [19, 23], we focus on the numerical approximation
of the resulting solution of the PDE.

To that end, we consider an adaptive stochastic collocation algorithm for a random diffusion
problem proposed in [22] and extend it to include spatial mesh refinement for a finite element
method. We give the first proof of convergence of the adaptive algorithm to the exact solution and
even derive some convergence rates.

Problems of this kind have been considered in many prior works. See, e.g., [2, 8] for stochastic
collocation methods, [14, 11] for quasi-Monte Carlo sampling approaches, [13, 15] for multi-level
methods, and [12] for a multi-index method. Those non-intrusive methods have the big advantage
that they do not require new solver algorithms, but reuse deterministic solvers only. Roughly
speaking, the exact solution depends on a parametric variable (the random input) and a spatial
variable. While the spatial dependence is resolved by standard finite element approximation, the
parametric dependence is discretized by collocation. For each collocation point, we need to solve a
deterministic problem and can reuse well tested finite element code for deterministic problems.

Adaptivity comes into mind for two reasons: First, the spatial adaptivity is necessary to resolve
singularities originating from geometric features (e.g., concave corners) and from irregular coeffi-
cients induced by the random input. Uniform meshes suffer from drastic reduction of convergence
rate in the presence of such singularities, see, e.g., [6] for an exhaustive overview on h-adaptive
methods. Second, the parametric adaptivity is necessary to resolve anisotropy in the random co-
efficient. The random input can often be parametrized on high-dimensional parameter domains
and, usually, not all directions of that domain are equally important. Therefore, a straightforward
tensor approximation approach would suffer dramatically from the curse of dimensionality. Here,
an adaptive approach can outperform uniform methods significantly, see [9, 10] for an overview.

For intrusive stochastic Galerkin methods, adaptive algorithms have been investigated in [5, 17]
and for non-intrusive stochastic collocation methods, an adaptive algorithm was proposed in [22].

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID 258734477 —
SFB 1173
Institute of Analysis and Scientific Computing TU Wien, Wiedner Hauptstrale 8-10, 1040 Vienna.
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The work uses a sparse grid interpolation operator to discretize the parametric domain and pro-
poses an error estimator which consists of an parametric estimator as well as a finite element
estimator. We extend the algorithm of [22] and include spatial adaptivity by use of a standard
h-adaptive algorithm inspired by [5]. Basically, we use Dorfler marking to identify a number of
collocation points which require adaptive refinement of the underlying finite element mesh and then
use well understood spatial adaptivity to improve the finite element error. The main difficulty is
the interplay of parametric refinement and finite element refinement to ensure overall convergence.

The remainder of this work is organized as follows: We present the model problem in Section 1.1
and describe the adaptive algorithm in Section 1.3. In Section 2, we prove convergence of the
adaptive algorithm for the pure parameter enrichment problem (i.e., the problem considered in [22]),
and Section 3 proves the convergence of the full adaptive algorithm including spatial adaptivity. A
final Section 4 presents a numerical experiment.

1.1. Problem statement. Consider a domain D C R% with d > 2 and a probability space
(Q,F,P). Let Y, : @ — R be a random variable with range I',, := Y,,(2) (a bounded subset
of R) and density p,, : I';, = R for all n € 1,..., N. Suppose that the (Yn)i\[:1 are independent.
Let T == ®"_, T, C RN and p == ®"_, pn. The triple (T, B(T), p(y)dy) (B(T) the Borel o-algebra
on I') is a probability space. Consider f € L?(D) and a : I' x D — R with the following properties:
Uniform boundedness

Jamin, Gmaz € Rso @ amin < a(ij) < Gmaz p-ae. yel Ve eD.
and affine dependence on y € I':

N
VnEO,...,NEIan:D%R:a(y,x):ao(x)+Zan(x)yn.
n=1

The problem reads: Find v : I' — V such that
(1) / a(z,y)Vu(z,y) - Vu(z)dz = / f(z)v(z)dx YveV, pae yel.
D D

V denotes the Sobolev space Hi (D) with the norm ||v|y, = IVl p2(py-

Due to uniform ellipticity of the problem the exact solution is unique and (see also, e.g., [2])
there exists 7 C RY, such that u : T' — V can be extended to a bounded holomorphic function on
the set

(2) S(T,7) = {z € CN : dist(2,,T) <7 ¥n=1,...,N}.

1.2. The sparse grid stochastic collocation interpolant. We aim at building a discretization
of the solution u of (1) in the space

(3) PT,W)=PIT) e W,

where P(I") is a finite-dimensional polynomial space on I' and W is a finite-dimensional subspace
of V. In order to do so, we fix a set H of distinct collocation points in I' and denote by {L,} yeH
the related set of Lagrange basis functions (i.e. the unique set of polynomials over I' such that
L.(y) = 6y for any y,z € H). P(I') is the polynomial space spanned by {Ly}yeH' For any
y € H, we consider Ty, a shape-regular triangulation on D depending on y, and V,, := SS (Ty), the
classical finite elements space of piecewise-linear functions over 7, with zero boundary conditions.
We denote by U, € V,, the finite element solution of the problem for the parameter y:

(4a) /D a(z,y)VUy(x) - Vup(z)dz = /D f(z)vp(x)dz Yy, € Vy.
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Finally, the discretization of u takes the following form:

(4b) uy(z, z) = Z Uy(x)Ly(2).

yeH

The number of degrees of freedom of uy is }_, 4 dim (Vy). The space W from (3) will be the
coarsest common refinement of the finite element spaces {Vy}, 4.

The set of collocation nodes and polynomial space are defined following the sparse grid con-
struction, which we now describe briefly. We start by considering a family of 1D nodes, i.e. a

n

set V" = {yj(")} . C R defined for any positive integer n. We require the family of Y™ to be
]:

nested, i.e. Y* C Y"*! for any n € N. The particular number of the quadrature nodes used in

the algorithm is encoded in the function m(-): N — N. Finally, let I C N¥ be a downward-closed

multi-index set, i.e.,
Viel, t1—e, €I VYn=1,...,N such that i, > 1.
with e,, the n-th unit vector in NY. The sparse grid interpolant of a function v € COI, V) is:
(5) Silol(y) == > A" D (v)(y),
i€l
where the hierarchical surplus operator is defined as A™(® = ®7]:[:1 A™(n) the detail operator
is defined as A™(n) = Z/lfzn(z") — U;Z%(Z"_l) and Z/lfln(z"): co(r,) — Ppa(in)—1(I'n) is the Lagrange

interpolant with respect to the nodes Y™(in) ¢ T,,. Finally, we set U0 =0 foralln € 1,..., N.
The polynomial space P(I") introduced in (3) corresponds to

N
Pi(T) = Ppuu-1(T) where Pp)_1(T) = Q) Pryi)—1(Tn)-
el n=1

The sparse grid stochastic collocation interpolant can be written as a linear combination of tensor
product Lagrange interpolants (see, for instance, [25]):

N
(6) Stlul(y) = Zci ®U,T(i")(u)(y), ci = Z (=1l
iel n=1 jE'{O',l}}N
1+je

The set of collocation points H in (6) and also in (4) is referred to as sparse grid and we will also
denote it by Hy in order to make the dependence on I explicit. The nestedness of the family of 1D
nodes Y™ makes Sr[-] interpolatory in the collocation nodes (see [4, proposition 6))

Srlul(y) = u(y) vy eHr
Due to this fact, (4) can be rewritten as
(7) ur(z, z) = Sru)(z, z) = Z Uy(x)Ly(2) xeD,zel.
yeEH ]

The nestedness is satisfied, e.g., by choosing Clenshaw-Curtis (CC) nodes to construct the sparse
grid, i.e.



with the doubling rule

0 i=0,
(8) m(i) = ¢ 1 i=1,
2i-1 41 i>1.

We will stick with this particular choice for the remainder of this work, remark however that other
choices are possible (see, e.g., [22]).

The requirement on the multi-index set I to be downward-closed is needed to ensure that the
sum (5) is actually telescopic.

Since w is analytic in y, we may consider the expansion (see again [22])

(9) uy)= > A™u(y)  pa a yel

ieNN

converging absolutely in V. As it will be central in the following discussion, we recall the definition
of the margin of a multi-index set I:

M= {iENN:i—enGIforsomene1,...,Nsuchthatz'n>1}.

1.3. The adaptive stochastic collocation finite element algorithm. The adaptive algorithm
employs the error estimator proposed in [22, Proposition 4.3]. We recall that u denotes the analytic
solution of the problem (1) while the discrete solution is Sy[U] = > <y, UyLy. By U: ' — W,
we denote a function that takes the value Uy on the collocation point y € H; (sometimes we will
also use the notation U(y) = Uy).

The estimator is composed of a parametric estimator

Csc,r = Z Gi,1s Gi,1 = HAm(i) (GVSI[U])H

Lo (T,V
ieEMy ( )

(the gradient V here acts exclusively on the space variable z € D) as well as a finite element
estimator

N

NFEI = Z 77y”Ly”Lgo(r7v)a Ny = Z 7732,,T )
yeH TeTy
1 2
77?2J7T = hQTHf +V- (a(yk)VUy)||i2(T) + Z he 5 [a(y)VUy : ne]ne .
eCOT L2(e)

The combination of both yields a reliable upper bound, i.e.,

1

2
Crnin

||U — SI[U]HLgO(F,V) < (nFE,I + CSC,I) )

where ¢;,:n, > 0 appears in the equivalence relation between H&(D) and energy norm

1
eminl VW) 3y < |2 Vo®)| , < emacllv®)llgypy ey ET.

L*(D)

We consider the following adaptive algorithm.



Algorithm 1 u. < SCFE(e, 8y, 0., &, Tinit)

1: I—l = @

2: Iy = {1}

3: compute finite element solution Up 4 on T for all y € Hy,

4: for £ =0,1,2,... do

5: Uy < Refine FE_spaces (I, Uy, o, 6,,0;)

6: compute parametric estimators (1, );¢ M, Cseur,

7: compute finite element estimator (rg j,

8 if Cscy1, +MFE,1, < € then

9: return u, < S, [U/]

10: end if

11: (Ups1,Ip11) < Refine parameter_space(Iy, Uy, (Ci,]g)ieMI[ s Tinit)
12: end for 4

The algorithm consists of alternating between enriching the polynomial space P; (Line 11) and
refining the finite element spaces corresponding to each collocation point independently from each
other (Line 5). The intuitive idea behind this choice is the following: In order for the parameter
enrichment routine to make a meaningful choice, the finite element solution in the collocation points
has to be ”close enough” to the exact solution. The algorithm terminates when the a-posteriori
estimator falls below a given tolerance ¢ > 0 (Line 8).

The sub-routine Refine FE_spaces reads:

Algorithm 2 U «Refine FE_spaces (I,U, «,0,,6,)

1: compute finite element estimator (ny)yeHI’ NFE,I
2: compute parametric estimator (sc s

Tol =« 1N —=(sc,1
(Ziem, IDyin)

w

4: while NFE.J > Tol do

5: find minimal D C H such that }_, p 7712;”LyHLoo(r) > 0ynFp g
6: for y € D do

7: find minimal Ky C 7Ty such that ) i WZ,K > 95,;7)321

8: refine 7y, with Iy as marked elements

9: compute Uy over Ty

10: end for

11: compute finite element estimator (ny)yEHﬂ NFE.I

12: compute parametric estimator (sc,r

13:  Tol + « L

Csc,r
(ZiEMI ngl in)Q
14: end while

The aim of this sub-routine is to refine the finite element solutions in the collocation points until
the finite element estimator falls below the tolerance defined in Line 3. In Line 5 collocation nodes
are selected for refinement using Dérfler marking with the parameter 6, € (0,1). Then, for each
marked collocation point y, we apply one cycle of “mark, refine, compute, estimate” of the classical
finite element h-refinement algorithm (Lines 7 to 11). We use newest-vertex-bisection with mesh
closure for mesh refinement. Observe that, since the tolerance depends on the parametric estimator
¢sc,1, which in turn depends on the discrete solution, the tolerance needs to be re-computed at
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every finite-element refinement. In Section 3 we will prove that the sub-routine terminates (i.e. that
the finite element estimator eventually falls below the tolerance) and that the choice of tolerance
made in Line 3 is a sufficient condition for convergence.

Finally, the sub-routine Refine _parameter_space reads as follows:

Algorithm 3 (U',I') «<-Refine_parameter_space (I, U, (G,1);cpy,» Tinit)

1 4= argmax;c v, Pi g
2: I = IUA'L'J
3: U’ < update U by computing finite element solution Uy on T, for all y € Hp \ Hr

The aim here is to enrich the polynomial space P; as done in [22, Algorithm 1]. At each iteration,
the algorithm enlarges the multi-index set I by adding multi-indices from the margin of I depending
on the values of the pointwise error estimators ((; ;)% € I. More precisely, in Line 1 we select a
profit mazimizer, i.e. a multi index in the margin that maximizes a given profit function P;  (see
below for some examples):

(10) 1 = argmax P; s

1EMy
(in case more than one multi-index maximizes the profit, we pick the one that comes first in the
lexicographic ordering).
Then, in Line 2 I is enlarged by adding A; 7, the smallest subset of M containing ¢ such that
I'U A; 1 is downward-closed. Finally, in Line 3 we compute the finite element solution over the
default mesh 7;,;: corresponding to each new collocation point, while preserving the old ones.

We analyze two possible choices of profit:

e Workless profit:

(11) Pir= > G

JEALT
e Profit with work:
ZjeAi’] ijl

ZjeAi,I Wj

)

(12) Pig =

)

where the work is defined as W == [T_, (m(jn) — m(jn_1))-

2. CONVERGENCE OF THE PARAMETRIC ENRICHMENT ALGORITHM

We examine the convergence properties of a simplified version of Algorithm 1, also discussed in
[22]. In the present case, we suppose to be able to sample the function u : I' — V for any fixed
parameter y € I'. Thus, a discrete solution is given by the sparse-grid interpolant Sr[u] € Pr(T', V),
for a downward-close multi-index set I € N¥. Moreover, the a-posteriori estimator simplifies to
Csc,r = D iem, Gi (no additional term accounting for the finite element discretization) where the
pointwise estimator is

G = HAm(z) (avsl[u])HLOO(F,LQ(D))'
In this setting, the reliability of the error estimator reads: [[u — Sr[u]|| poc(r vy < Csc,r- Workless-
profit and profit with work are defined analogously to (11) and (12) respectively. The simplified
version of the algorithm reads:
6



Algorithm 4 u, < SC(e)

1. I := {1}

2: ue = Srlul

3: compute (s¢

4: while (s¢c > € do

5: = argmax;cny, Pir
6

7

8

9

I+ T1U Ai,]

ue < Stlu]

compute new a-posteriori estimator (g¢
: end while

2.1. Preliminary results.

2.1.1. Stability and convergence of the hierarchical surplus A™® . In this section we recall basic
results on the hierarchical surplus operator A™® (see for instance [24]). The analysis is carried
out in the L>°(T', V) norm as it is the most ”stringent” among the L5(T', V) norms for p € [1, oc].

We will first state 1D results (corresponding to the case N = 1). For i € N, the Lebesgue
constant A,,(;) of the interpolant U™ satisfies the relation

(13) Jeam mloll gy Yo € COT, V).

Loo(TV)
Moreover, since CC nodes and the doubling rule (8) are used, it can be estimated as (see [16])
(14) Amiy < 2i.

Therefore, the relation (13) can be rewritten explicitly with respect to i as

(15) Hum i) H Silolpeqy, Vo€ COT,V).

Lo (V)

The estimate (15) can be used to derive a stability estimate for the detail operator
ym™o _ um(i—l)) H < - ,
H( v Loy ™ illoll, (r,v)

Moving to the general case N € N, we can now exploit the tensor product structure of I' ¢ RV to
obtain a stability estimate for the hierarchical surplus operator

(16) |am@ HLWV (Hm) 1oll oo -

Since this estimate will be employed several times in the rest of the paper, we denote this bound
on the norm of A™® by

N
(17) Ai =[] in
n=1

We derive another estimate of HAm(’) ) that relies on the fact that u : I' — V' is analytic

UHLOO(F,V
with respect to y. The tensor product structure of I' allows us again to start from a 1D results
and then generalize it to N dimensions. So let us start by considering N = 1. We state a result
that relates the best approximation error in P, (T, V') to the size of the domain of the holomorphic
extension of u (2).

7



Lemma 2.1 ([2]). Ifv e C%T,V) and it exists T > 0 such that v admits an analytic extension to
X(T,7) (defined in (2)), then for m € N

- : 2 —am
(18) En(@)i= | min o= wll ey < e ™ max o)y
whereazzlog(%—i- 1+ﬁﬂili)>0 O

Since U™ is exact on Pp(iy—1(I'; V), its error can be expressed as (see [4])
—ym™@) H <(1+X ) E. _
Hu U™ Loy = ( + m(z)) m(z)fl(u)

Remembering (14) and the previous lemma, the error estimate for U™ can be simplified as

Hu—um Dy HLOO(FV <ie” om(l)zerIEl(gji—‘X l[u(z)]ly-

This estimate can be applied to the detail operator after a triangle inequality to obtain

o R B T

This 1D result can be applied to the multidimensional case (by considering one component at a
time) to obtain an error estimate for the hierarchical surplus. The following quantity will appear

in the result:
2T 472
= i =lo 1 n_.
7Ly O <|r HRA \rn|2>

Lemma 2.2. For i € NV, the hierarchical surplus operator satisfies

(20) HAm i) HLOO o < Age—olmGE-Dh

2.1.2. A simplified formula for ;7. In the present section we highlight elementary facts on the
zeros of A™@y and the kernel of A™J). These facts are combined to show that the operator

Am() (aVAm(j)) is identically zero unless the multi-index 4, 5 € NV are “close to each other”
(Theorem 2.8).

Lemma 2.3. Let j € NV and y € T such that
Inel,...,N:y, e ymtnl,
Then,
A"™Wy(y) =0  Vue OO, V).

Proof. Since CC nodes are nested, both Z/{VT(j") and Z/{:Ln(j"_l) interpolate u in y,. Then, the defini-
tion of A" gives the statement. O

Lemma 2.4. Leti € NV, Ifu € COI,V) satisfies
u(y) =0 vyeym®,
then A™®y =0 on T.

Proof. Observe that a hierarchical surplus can be written as a linear combination of Lagrange

interpolants:

ac{0,1}V
8



Since CC nodes are nested, Y™ ) c Y for any o € {0, 1}N. Thus, from the assumption on
u all terms in the expansion are identically zero. O

Proposition 2.5. Given i, j € NV, if
Inel,...,N :i, < jn,
then
A™() (aVAm(j)u> =0  Yue U, V).
Proof. From the assumption and the nestedness of CC nodes, we derive ymlin) ¢ Yymn=1) Thus,
due to Lemma 2.3, any y € Y™ is a zero of A™Wy, ie.
A"y (y) =0 vy e Y@,

Hence, also aVA™9yu(y) = 0 for y € Y™ (recall that the gradient acts on the space variable x
only). This shows that aVA™d)qy, satisfies the assumption of Lemma 2.4, which in turn leads to
the statement of the proposition. O

Another sufficient condition on 4 and j to imply A™® (aVAm(j )u) = 0 can be obtained pro-
ceeding analogously to [22, Proposition 4.3]. It the rest of the present work, we will denote by
Ri C NV the axis-aligned rectangle with opposite vertices 1 and i:

(21) Ri=1{jeN":j, <i,vnel,.. . N}
Lemma 2.6. Leti € NV, Ifu € Pr\fiy then A™0y =0 on T.

Proof. The hierarchical surplus can be written as a difference of sparse-grid interpolants

A™ — g SR oy

But we know that Sy is exact on Pr, so Sg, [u] = Sr,, ;,[u] and the statement is proved. O
Proposition 2.7. Given i, j € NV, if
Ynel,...,.N:j5+e,<t,
then
AT (aVAm(j)u> =0 Vue T, V).
Proof. Observe that

N
(LVAm(J)u S ZPm(j)—l-i-en = PjU/\/l{j}-
n=1
But the assumption means that Pj e Pr,\(iy and due to the previous lemma we obtain the
statement. ]

Putting together the previous two propositions, we derive a sufficient condition for A™(@) (aVAm(j )u) = 0.

Theorem 2.8. Given, i, j € NV, if one of the following two conditions
Inel,...,N:ip <jn
or
Vnel,...,.N:j+e,<t,
is satisfied, then
A™() (aVAm(j)u> =0 Vue UL, V).

Ne)



Remark 2.9. The previous theorem can be used to simplify the computation of (;.

multi-index set I C NN and i € Mj. Define
Jir={jel:Inel,... N:jg=i—e,}.

Then, thanks to the previous theorem:

A™D (aV ) [u]) = A™D [V Y A"y | = A [V Y Ay |

Jjel JeJdir
SO

(22) G =A™ [ av Y Ay
jeJi,I LOO(F,V)

See Figure 1 for a graphical representation.

21 ° o ' o
BN

14 [ ° °

2 3

Consider a

Figure 1. Graphical representation of the simplified computation of {; ; from (22). Filled
dots represent I, the red hollow one is ¢ € Mj. The blue dashed line encircles the multi-

index in J; 1, i.e. the only relevant ones in I for the computation of (; ;.

2.1.3. Estimate on the pointwise error estimator (.

Proposition 2.10. Given v : I' — V analytic, a multi-index set I C NN and i € My, the

point-wise error estimator can be bounded as
Gt S NAZeomG=vl,
where A; is defined in (17).

Proof. Observe that Sr[u] is analytic but not uniformly with respect to I, so one cannot apply
directly the convergence result for the hierarchical surplus. Recalling Remark 2.9, we can simplify

the expression of (; 1 as

O .

_ Am(z) aV Z Am(i—en)u
nel,...,.N
i—encl Lo (T,L2(D))

10




Applying the stability of A”™®  boundedness of a, and the triangle inequality, we obtain

C’i,[ SJ Az § : HAm(zfen)qu
nel,...,.N
i—enpcl

L>(T,L2(D))

Observe finally that, since u is analytic, we can use the convergence result of the hierarchical surplus
to obtain

Ci,[ < Az Z Aiiene—a\m(i—en—l)h S NA,%e_UIm(i_l)ll.

nel,...,N
i—en€l

0

Remark 2.11. A direct consequence of the previous proposition is the uniform boundedness of the
sequence of a-posteriori estimators (Csc,1,),. Indeed, we have the following bound independently of
of the iteration number £

ieEMy, ieMyp, 1ENN

2.1.4. Bounds on the cardinality of I, and A;, 1,.
Lemma 2.12. The profit mazimizer i, € NV at iteration ¢ of Algorithm 3 satisfies

N / N
Ai@ = H<i€76n> S (1 + N)

n=1

Proof. First observe that due to the arithmetic-geometric inequality,

N N . \N . N
, > n=1Jn 711 . oN
L < | =t _ (L RN,
gj _( N N Vj €

Then, it can be easily proved by induction that |ig[; = N + £. O

In the following lemma, we estimate the cardinality of A;, 7, and M;, with the number of
iterations £.

Lemma 2.13. There holds

¢ N
#Ai[,lg S (1 + N)

#MQSN(lJr(E—l) <1+€_N1>N>.

Proof. To prove the bound on #A4;, 1,, first observe that A; = R; \ I, where R; is the axis-aligned
rectangle in NV as defined in (21). Thus, #A;, 1, < #Ri,1, = Ai, and due to the previous lemma
we obtained the desired bound.
As for the second estimate, first observe that #M;, < N#1I,. Then, an estimate on #I, comes
from the partition I, = {1} U Ufn_:ll A;,. and the estimate on #A4;,. O
11

as well as



2.1.5. Remarks on the algorithm driven by workless profit. In this section, we point out some
elementary facts on the behavior of the algorithm when the workless profit defined in (11) is used.
Inspired by [8], we give the following definition:

Definition 2.14. Given a downward closed multi-index set I C N, i € M7 is maximal in M if
and only if
VjeMr\{i}, Inel,...,N iy, > jn.
The set of maximal points in M7 is denoted by pr.
Example 2.15. Ifi € NV and I = R; is an azis-aligned rectangle as defined in (21), then
ur={i+ey,nel,....N}.
Lemma 2.16. For the workless profit (11), the selected point i, is mazimal in M,

(23) iy € [,
Therefore, Iy is an azis-aligned rectangle in NV, i.e.
(24) I} =R;, .

Proof. We prove (23) by contradiction. If ¢, is not maximal, there exists j € My, \ {i¢¢} such that
for all n € 1,...,N (is,e,) < jn, which implies ¢, € Rj. Thus, iy € A;;, = R; \ I, and by
definition of the workless profit, we have the contradiction P;, 1, < Pj p,.

The second fact (24) can be proved by induction. For £ =1, I} = Rq = {1}. Take as inductive
hypothesis that, fixed f € N, I, = R Because of (23), the inductive hypothesis and example
2.15, we know that:

To—1*

i € [1, = PR ={iy-1+ey,nel,....N}.

Thus Ipy 1 =1, U Aier = Rig.

i1

To summarize, the use of the workless profit (11) implies that, for all £ > 0,
e it exists a unique number n(¢) € 1,..., N such that

(25) Loyl = g + ).
e as a consequence, the norm of %, is given by:

(26) |tor1]1 = |oe)1 +1 =N+ L.
e [, is a rectangle:

(27) Ipr =Ry,

Therefore, the sparse grid stochastic collocation interpolant is actually a full tensor product
Lagrange interpolant:

N
SIZJrl = ®uﬁl(<":ben>) .
n=1
e the multi-indices added at iteration ¢ are

(28) Aipr, =Tyt \Ir = {3 € Ri, < ne) = (80, €ne)) } -
In other words, the evolution of the approximation space is determined by the sequence of integers
(n(€)),. This allows us to simplify the notation as follows

Ang, = Aiyten s
Pn,1, = E G
jeAn,Ig
12



To_1| U

1+ [ ] [ ] (o)

Al,fz

2 3

Figure 2. Example of approximation parameters at a generic step ¢ of the algorithm when
the workless profit (11) is used. Filled dots represent I, hollow ones Mj,. The multi-index
selected by the algorithm at current step, iy, is in red (so in this case n(¢) = 1). The blue
rectangle encircles multi-indices in A, 1,

Let us moreover denote the maximal n-th dimension of I, as

(29) T, = MaX Jp.
JEL

See Figure 2 for a graphical representation.
The estimate for the pointwise error estimator from Proposition 2.10 can be improved as follows.
First observe that, due to (25) and (27),

JiJz = {_7 €ly:Inel,...,Nj :i—en}: {i—en(g)}.
Thus, #J; 1, = 1 and we can reduce the first factor:
(30) G, S A2 —o|m(i-1)|

2.2. Convergence of the parametric estimator. In the following two lemmata, we prove that
Algorithm 4 driven by workless profit and profit with work respectively forces the maximum profit
over the margin to zero.

Proposition 2.17. If the workless profit (11) is used, then
eli{lgo ,Pn(e)vll’. = 0

Proof. Fixed n € 1,..., N, we estimate each pointwise error estimator appearing in P, j, by (30)
and the fact that for any % in A, 7,, 7, = 0 + 1.

Pui= 3 Gus Y Memo-nh

JGAH,]Z "’GA”LI[
N
=y H(ig(ﬂm(ik—l)\)
iEAn’[e k=1
N
< (Tn,€+1)2 e—%m(rnl) Z ,L%l —Zm(in+1) H <2 —om(ig— 1))
i€An 1, k=1k#n
< (rae+1)2e 200 N AZemalmE=Dh,
zeAn,Ie

13



The last factor is uniformly bounded with respect to ¢ (but this bound depends on the number of
dimensions N)

S AR HDh < 3 AR EGbh <o

ieAn,Ie ’LENN
We are left with:
Pn,lz 5 (rn,Z + 1)2 e—%m(’f‘n,l)‘

The proof is completed by observing that limy e ry(¢); = 00. O

For the profit with work, we can even show convergence to of the profit without using the
analyticity assumption on w. This is not relevant for the problem at hand, as the analyticity follows
immediately, but may be relevant for more complicated and less regular random coefficients.

Proposition 2.18. There holds limy_,o, P;,1, = 0.

Proof. As in the proof of Proposition 2.10, but without using any analyticity of u, we obtain
with (16) that

Gt S AIN|Vull oo r2(py)-
We observe that the doubling rule (8) implies
(31) 2 =2N <y, < olth =N,
Thus, the profit can be estimated as:

ZjeA Ci,[g < #Ai[,IZA%[N

Pipt S < < N(1L+£/N)NA2 22N ~lich,
T Yieas, Wi Wi g
Since 2l#l grows much faster than A%e = Hflvzl Z%,n’ we conclude the proof. 0

The following result shows that, if a multi-index ¢ € NV stays in the margin indefinitely, then
it’s pointwise estimator vanishes. This result is valid for both workless profit and profit with work.

Proposition 2.19. Leti e NV and suppose the index remains in the margin indefinitely, i.e.,
Wy e N:VE> Ly, i€ My,
Then, the pointwise error estimator corresponding to i vanishes
zliglo G, =0
Proof. Let 4 € NV such that 4 € M, for all £ > {y. Thus, i # 1y for any ¢ > {y, which means that
P, <P; Ve > {y.

3,1, 0,10

In case the profit with work (12) is used, since lim/_ o P;, 1, = 0 as proved in Proposition 2.18,
we have that limy_, 732 L = 0 (otherwise ¢ would be selected at some point). Moreover, since
> jeas, W; (i.e. the denominator in the profit 7327 fz) is eventually constant with respect to ¢, we
have that limy_,oo > jea, Cg’ L= 0, and in particular we obtain the statement. The same holds if

the profit without work (11) is employed, as in Proposition 2.17 we have proved that also in this

case limy_,o P; 0. O
14
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Remark 2.20. Recall the simplified formula (22) for G, with J; = {2— e, :nel,.. .,N}.
Observe that (ng ) is eventually constant, i.e. it exists Ly > Lo such that for all £ > by J>, =
e )y 1,1

5 Thus, (C/{Jz)g is also eventually constant. Therefore, (Cafz)g does not only vanish in the

7:7[@2 ’
limit, but is actually eventually zero:

Ve > EQ,C;IZ =0.

We can finally prove the convergence of the parameter-enrichment algorithm with a technique
inspired by [5, Proposition 10].

Theorem 2.21 (Convergence of the parameter-enrichment algorithm). The adaptive stochastic
collocation Algorithm /4 driven by either workless profit or profit with work, leads to a vanishing
sequence of a-posteriori error estimators, thus also leading to a convergent sequence of discrete
solutions:

elggo Cse, = 0= )g& lu— 51, [U]HLoo(r,V)
Proof. The a-posteriori error estimator at step £ € N can be written as
Csore = Y Girglwmy, (3),
1NN
where 14 1, is the indicator function of the margin My,. In order to prove that the sequence vanishes
by dominated convergence, it is sufficient to prove that (i) for any ¢ € NV, limy_, oo Gi,1, 1 pm 1, = 0

and (i7) that the sequence (Csc,1,), is bounded. The uniform boundedness (i) was proved in
Remark 2.11. As for (i), observe that at least one of the following cases applies:

e 1 is eventually added to I, thus 14 1, (2) is eventually zero;

e i is never added to the margin (for all L€ N, ¢ € NN\ My,), thus ¢; 5, is constantly zero;
e it exists £ € N such that for any ¢ > ¢, + € Mj,. In this case, due to Proposition 2.19,
limgy00 Gi,z, = 0.

This concludes the proof. ]

2.3. Convergence of the parametric error. We have the following monotonicity property of
the approximation error of Sr[-] with respect to I:

Lemma 2.22. Let u € C°(I',V) and I,J C NV downward-closed multi-index sets such that J C I.
Then

e = Siulll ey < (LISl cqeqewy ) la = Solulll o o
Proof. With the identity operator 1 on C°(T', V), observe that
u—Siul=1-5S)u=(1-5)1-5))u
since J C I implies Sy [Ss[u]] = Ss[u]. The triangle inequality concludes the proof. O

In the present section we provide error estimates for S;, with respect to the number of iterations
¢. We consider both the possible definitions of profit (11) and (12).
Since we will use Lemma 2.22; we begin by using the facts derived in Section 2.1.5 to estimate

1511l £ 2oe (r,v))-

Remark 2.23. The quantity HSjéHﬁ(Lm(F vy) from Lemma 2.22 satisfies
15



o Workless profit: Iy = R;,_,, i.e. Si, is actually a tensor-product Lagrange interpolant (see
Section 2.1.5). Therefore, we can estimate

N
® u;@(mfl,en»
n=1

where in the first inequality we used the stability bound for the Lagrange interpolant (15)
and in the second Lemma 2.12:

e Profit with work: Partitioning I, with the sequence (A;,, 1,.)
2.18

N (—1\N
< H<i€—1aen> < (1 + N)

L(Le>(T,V)) n=1

32) 1190l gepeer vy

/-1

mey and using Lemma 2.12 and

{—
(33) HSIZH,C(LOO(F,V)) < zeZ[:[ HAm(Z L EV) < Z 'l,m,lm Tm

g(e-1)(1+€_N1>

We finally prove the parametric error estimates, first with workless profit, then with profit with
work.

Theorem 2.24. Consider Algorithm 4 with workless profit defined in (11). Denote by I, the
downward-closed multi-index sets chosen by the algorithm at step £ > 0 and by Sp,[u] the cor-

responding sparse grid stochastic collocation approximation of the analytic function v : I' — V.
Then,

—1\V .
(34) |u — Sp,[u ]”LOO ) ~ (1 + (1 + N) ) N€267§m(1+%) Ve >0

Proof. Fix £ > 0. Recall the definition of 7, ¢ from (29) and consider the direction 7 € {1,..., N}
which maximizes r, . With n(¢) from (25), define
¢ =max{l'€1,....0:n(l') =n}

and observe that with each iteration, at least one side of the axis aligned rectangle I, is increased
by one, i.e.,

l
35 ’ 5 = n > 1 —.
(35) Ty = Tal = 1+ N

Applying estimate (32) form the previous remark, we can bound

-1\
lu— S ulllpoeryy < {14+ (145 HU—SIZ/[U]HLOO(F,V)'

Now, apply the reliability of the error estimator proved in [22, Proposition 4.3] to obtain
HU_SIe' HLOO r,V) Z CiTyr

’LEM[
Recalling the definition of Ay, j, and P, 1, forn € 1,..., N given in Section 2.1.5, we have

N N
S G, =Y. > Gy =Y. Puiy < NPuyoyr,-

iEM}E, n=1 ieAn,Ie/ n=1
16



The profit P, 1, can now be bounded as a function of 7, as we did in Proposition 2.17

Py, = Y, G <D (Hﬁo e 3ImEI S 12 ) e E )

€A1, €A1, \n=1

where in the first inequality we have applied the estimate (30) on ¢j 1, and in the second we have
exploited the fact that, for j € Anun 1, Jn@) = Tn@),e + 1. Recalling that 1 + % < e <4
we obtain

Let us now prove the analogous result for the algorithm driven by profit with work.

Theorem 2.25. Consider Algorithm 4 with profit with work defined in (12). Denote by I, the
downward-closed multi-index sets chosen by the algorithm at step ¢ > 0 and by Si,[u] the cor-
responding sparse grid stochastic collocation approximation of the analytic function v : ' — V.
Then,

0\ oo (o
(36) = St [l o oy < ﬁ<N> S e GO BV
Proof. For brevity, we write (;, A; and P; instead of (; 7, A; 1 and P; 1 respectively. Fix £ > 0 and

consider 7 := max;ey, |#|¢~ and n € 1,..., N such that, for some i € I, i = 7. Observe that that
#1, > ¢ and hence

2

>/
Consider now
(37) O =max{l' €1,...,0: (ip,ez) =T and iy — ez € I} .
Applying estimate (33) from Remark 2.23, we can bound

01\ 2N
(38) mﬂMMWW)G+wa+N) Mw&mmmw
In [22, Proposition 4.3], the reliability of the error estimator is proved
[ u = Si,[u HL°° T,V) ~ 2 Gi-

lGM]

Recalling the definition of yj,, the set of maximal element in Mj, (Definition 2.14), the margin
can be represented (but in general not partitioned) as

My, = | 4

jeﬂlé/

Thus, we can estimate

)SRCED S ST i LD DR D BLE

i€Mr, J€nr, i€A; jenr, €A T ica, J€nr,  i€A;
1
<Pi, >, Y Wi= E Gi S Wi > > Wi |,
denr, i€A; i€d;, iy, Wi J€nr, 1€

17



where in the second inequality we have used the fact that P;, > P; for any j € My,,. Let us now
estimate each of the three factors separately.

* > i 4q,) ¢i: As in the proof of Theorem 2.24 (using the estimate from Proposition 2.10

instead of the one in (30)) we obtain with ¢~ <7 < { that
1
_omlew
(39) > GSNe ( )
":GAiZ,

> ic 4q,) W;: There holds

(40) > Wi =W, = m((ip,en) — m((ig,eq) —1) > 272 > 9N 2

iEAiZ’

® Zjemy ZieAj W;: We observe

Z ZWi: Z #{jE,LL[Z,:’L'EAj}W,,;.

JEp, 1€A; €My,
Thus, being # {j € pr, 11 E Aj} < #M,,, we can estimate
2
(41) SO Wi<#My, > Wi < (#My,) D Wi,

je"”e/ i€A; iEM[e/ 4

An estimate for #Mj, is given in Lemma 2.13. For the second factor, use the bound on
W; from (31) and the fact that for any ¢ € My,, |¢|1 < N + £ to obtain:

2
(42) o> W< <N+N(€—1) <1+£_Nl>N> ol

JEu1, 1€A;

Finally, the statement of the theorem is obtained combining (39), (40) and (42). O

3. CONVERGENCE OF THE FULLY DISCRETE ALGORITHM

In order to prove the convergence of Algorithm 1, it is sufficient to prove that (i) in Algorithm 2
(the finite element refinement sub-routine) the finite element error eventually falls below the toler-
ance prescribed in Line 3 and iteratively updated in Line 13 (proved in Section 3.1) and that (%)
the parametric estimator (sc s, in Algorithm 1 vanishes (proved in Section 3.2). Indeed, if this is
the case, nrg , will vanish with (gc s, because of the definition of the finite element refinement
tolerance and the reliability of the estimator will ensure the convergence of the discrete solution to
the analytic one.

In the present section, we will write (sc7(),(,7(-) to denote the dependence on the function
explicitly. The same will be done for the finite element estimator npg (-). For instance, the
parametric estimator as it was defined in Section 1.3 can be written as (sc 1(U), if we denote by
U the current discrete finite element solution. In the previous section, in which we assumed to be
able to sample the analytic solution, we were dealing with (s, r(u).

The following lemma will be used in the next sections.

Lemma 3.1. Given a downward-closed multi-index set I C NV, there holds
2

Cser(w) = Cser (WS | D Ai | neea(U).
ieEMp
18



Proof. The stability bound (16) for the hierarchical surplus operator implies
(Cseur(w) = Csor (U <Y 1Gir(u) = G (U)]

1EM7

<Y HAW’) (aVSr[u — U])H

P L (T,L2(D))

< Z Ai | (IVSi[u = un]ll oo (r,22(Dy)-
1eEMy

Now we only need to bound the last factor with the finite element estimator:

||VS[[U - Uh]HLoo(n[;(D)) < Z H(u(y) - Uy) LyHLOO(F,V)
YyEH

< Z IV (u(y) — Uy)”LZ’(D)HLyHLoo(F)'
YyeHT
The reliability of the residual-based error estimator in each collocation node y together with the
fact that ||Ly|| Leo(ry 18 bounded by the Lebesgue constant max;er A;, conclude the proof. O

3.1. Convergence under h-refinement. The stochastic collocation finite element algorithm (Al-
gorithm 1) delegates to Algorithm 2 the task of refining the finite element solutions corresponding
to the collocation points until the finite element a-posteriori estimator falls below a given tolerance.
Recall that Algorithm 2 is given a multi-index set I, or equivalently a sparse grid H; consisting
of N, collocation points that will not change during its execution. In the present section, we will
index finite element solution and finite element estimators corresponding to collocation points with
integers k € 1,..., N.. Moreover, the index £ € N will denote the current iteration of the adaptive
loop starting at Line 4 of Algorithm 2 (so Uy and 7, will denote respectively the finite element
solution and finite element estimator on the k-th collocation point at iteration ¢).

We recall that Dorfler marking with parameter 6, € (0, 1) is used to choose on which collocation

points to refine: the set of marked points K C {1,..., N¢} is a minimal set such that
Ne

(43) Oy > ikl il pooiry < Y mE skl Lall poory-
k=1 ke

From the theory of the classical h-adaptive finite element algorithm, we have the following
contraction property (see [7]): If at iteration ¢ h-refinement is carried out at the k-th collocation
point, then

(44) lu(yr) — Ury1k

where g € (0,1), ki > 0 are constants independent of ¢ but depending on the shape-regularity of
the mesh and on the mesh-refinement Dorfler parameter 6, € (0,1). Since we use newest-vertex-
bisection for mesh refinement, the shape regularity (and thus g, k) depends only on Tini;.

An analogous contraction property can be proved about the total finite element estimator
(mre,1(Ur))e generated by Algorithm 2 over the fixed sparse grid H;. The proof of the follow-
ing result is very much inspired by [5].

3+ Kl < Gk (||U(yk:) — Uy + /%ﬁz%k) ,

Proposition 3.2. Denote by egy = [[u(yx) — Upklly, for allk € 1,..., N. and let £ > 0. Algorithm
2 satisfies the following error reduction estimate at any iteration £:

N¢ Nc
(45) > (g + Frntiag) 1Lkl oy < g (Z (€ + a7y ||Lk||Loo(r)>
k=1 k=1

19



where g € (0,1) and {fik}}]cvil are as in (44). In particular, we have:
1' — 0o = = ].‘ .
Jim [|Srlu] = S1{Ui]ll oo 0vy = 0= lim nrp,1(Ue)

Proof. We denote the marked collocation points at iteration £ by I C 1,..., N. and obtain

Ne
Z (€714 + FrTi i1 s) Lk |l oo (ry
k=1
_ 2 2 L 2 2 L
= Z (€71 + Frzr ) 1 Lall oo ry + Z (ed1,6 + mrmisnn) | Lkl oo ry
ke k¢
< ar (€hn + mrnie) 1kl pooqry + D (€8s + munin) 1Lkl oo ry
kek kK
Ne
= (o = V) (ef + muni ) 1Lkl poo iy + Y (€25 + mmin) I Lkl oo ry
kek k=1
Ne
< max (g —1) > (@n+ mmip) 1kl pooqry + D (€hk + mrnie) I Lwll oo (ry
Tomme keK k=1
Nc
< phax (qr — 1) k—lflin]v Kk Z Ug,k;”LkHLoo(r) + Z (ezk + “knz%,k) ||Lk||Loo(F)v
5oy lVe =Ly dVe kek k=1

where in the second inequality we used the contraction property (44) and in the last one the fact
that maxger,. n.(gx — 1) < 0. Observe that

N¢ Ne
0y > (€fy + rxniy) [ Lie|[ oo 1y <Oy D (14 5k) o1l Lkl oo 1)
k=1 k=1
Nc
2
<by kel Xy (14 £k) kz; M2kl Ll oo (1)
2
< ppax, (1+ k) ];Cné,k“LkHLoo(Fy

where in the first inequality we used the reliability ey, < 1, and in the last one the Dorfler marking
property (43). We can finally conclude the previous estimate:

Nc
E , (st + FRMZ1,1) [ Lkl oo o1y
k=1
. Nc
ming K 2 2
< -1 0,+1 E Ll 700 -
N <mI?X(qk )manel,...,Nc (1+ k) ? " ) k=1 (e + ) Nl .

Finally, we observe that q = maxy(gp — 1) =222 4 1 € (0,1) and conclude the proof. O

maxy (1+kg)

Remark 3.3. In view of the previous proposition, we can finally claim that Algorithm 2 terminates.
In particular, the algorithm will eventually satisfy the condition npg (Us) < Tol, where Tol =
QWCSC,I(UE)- Indeed, due to Lemma 3.1 we have that, as (nrg,1,(Up)), vanishes, (sc,1(Up)
ieMyp
converges to (sc,r(u) > 0, therefore limy_,, Tol = (XWCSCJ(U) > 0.
ieMyp
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3.2. Proof of convergence of the fully discrete algorithm. The tolerance for finite element
refinement was defined in Algorithm 2 as:

L ¢
~— 1 \98S8C,
(Cien, Na)2 >

where o € (0,1), A; was defined in (17) and (s¢,7(U) is the parametric a-posteriori error estimator.
This choice is motivated by the following estimate: For fixed downward closed I € NV, Lemma 3.1
shows

(46) Tol = Tol(1, ;1 (U), a) ==« U).

2
Csor(U) < Csep(w) + | D Ai | nper(U) < (soa(u) + alson(U),
1EM]
and hence
(47) Csc(U) = 4 i ~Gscr(u).

In the context of the adaptive algorithm, this implies that ({sc,r,(Ur)), is uniformly bounded since
(¢sc,1,(u)), is. This last fact was proved in Remark 2.11 using the estimate on the pointwise error
estimator from Proposition 2.10.

Lemma 3.4. Algorithm 1 with either workless profit or profit with work and (46) as tolerance
satisfies limy_,oo Ps,,1, = 0.
Proof. We consider the two definitions of profit separately:

Yica,  GaU)
Profit with work: Py 1 := %'
jeA; NI

The uniform boundedness of the parametric a-posteriori error estimator, together with the fact
that works over A;, 7, diverge, gives

¢sc,1,(Ue) < 1
- ZJGA

Workless profit: Pi 1 = ZjeA“ Gj,1(U). We recall that, for the profit-maximizer 7, € My,
Pip1, > wCsc,r,(U). Thus, Lemma 3.1 shows

Pip1, < — 0.

ZJ'GA%IZ i, I@

(ZjeA- 5, )2
Pi Ao = C L €SC, U,
ol S Z Js Ie (ZjEMIZ Aj)2 Ie( 0)

JEA;
(Cjea,  Aj)
C',[ (u)+a et N'PZ,
Z Js1e (ZgEMIZ A ) 0,1

JEA;

i,y
Z CJ Ig +QNPZ[ Ig’
JEA

i1y

ig: 1y
SO

P’Lg,[ =1_ N Z CJ IZ as | — oo.

JEAZZ I,

Observe that this introduces the constraint on « with respect to the number of dimensions: a <
N~1. This constraint can be improved by replacing the crude estimate

2jea,

A
ip,1p J < 1,

Zje./\/l[é AJ B
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with the better bound
-1

2
maXpel,...,N <Zj€Aig_1+en,I[ AJ)
a < - N

- (Zje/\/l,[ Aj)z

This concludes the proof. O

We can finally prove that the error estimator vanishes with a technique similar to that used in
Theorem 2.21 for the parametric algorithm.

Theorem 3.5. The sequence of parametric a-posteriori error estimators (Csc,1,(Ur)), generated by
Algorithm 1 with finite elements refinement tolerance defined in (46) vanishes:

lim CSC,IZ(UE) =0.
{—00
Thus, also the finite element error estimator vanishes
lim nFE,Ig(UZ) = 0,
£—00
and because of the reliability of the a-posteriori error estimator we obtain a convergent sequence of

approrimations:
éliglo lu — S, [Ud] ”L°°(I‘,V) =0

Proof. The a-posteriori error estimator can be expressed as

Cs0,(Ue) = Y Gt (Uo) Ly, (3).

ieNN
Since the sequence ((sc,7,(Ur)), is uniformly bounded, it is sufficient to prove that <C,~7 1,(Ue) I pm Ié)e

vanishes for any fixed ¢ € NV. We can distinguish three cases:
e if 4 is eventually added to Iy, then 1 4 I, (2) is eventually zero;
e if ¢ is never added to the margin My, then (; 1,(Uy) is constantly zero;
e finally, if it exists £ € N such that for all £ > ¢, 3 € My, then limy_, o G;.1,(Up) = 0. Indeed,
because of Lemma 3.4, limy_,o P; 1, = 0 (for both workless profit and profit with work),
thus ((;,7,(Ue)), vanishes as in Proposition 2.19.

This concludes the proof. O

4. NUMERICAL RESULTS

4.1. Implementation. The Matlab implementation of Algorithm 1 used to produce the numerical
results presented in this section is based on the Sparse Grids Matlab Kit [3] and on the implemen-
tation of the h-adaptive P1 finite element algorithm from [20]. The parts of the algorithm that
deal with parameter enrichment (e.g. Algorithm 3) were implemented following the guidelines from
[22].

In order to compute the L°°(T') norm approximately, we consider a finite set © C I' and ap-
proximate, for any g € C%(T), HgHLm(F) = maxyeco |g(y)|. The computation of the L?(D) norm is
carried out with Monte Carlo integration: Given f € L%(D), we fix a set Il C D with #II = P and
approximate | |22 = Y, ()2

In order to decrease the memory requirements of the program, the finite element refinement
tolerance from Algorithm 2 is modified as follows:

(48) Tol := alsc 1,
22
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Figure 3. Geometry of the inclusion problem. The four squares in the corners denote the
regions appearing in the definition of the diffusion coefficient (49). The central region F' is
related to the forcing term f.

i.e. we neglect the term depending on the margin of I. Further investigations will have to be carried
out in order to understand whether or not this choice of tolerance is sufficient to prove convergence.

In order to improve the execution time of the program, we modify Algorithm 2 slightly: Instead
of re-computing the tolerance Tol at each iteration of the loop, we update it only at the end and,
if needed, keep refining the finite element solutions. We alternate these two steps until the finite
element estimator falls below the tolerance.

4.2. 4D inclusion problem. We consider an inclusion problem with N = 4 parameters similar
to that in [22], on a parameter domain ' = [~1,1]* and space domain D = [0,1]2. Within D, we
identify five disjoint subdomains F' and {C’n}iz1 depicted in Figure 3. The diffusion coefficient
reads

4
(49) a(z,y) = ap(z) + Z%Xnyn with ag = 1.1,
n=1

where (’yn)szl = (0.9,0.6,0.3,0.1) are constants used to introduce anisotropy in the problem and
Xn is the characteristic function of C,, for all n € 1,...,4. The forcing term reads f(z) := 100xr,
where xp is the characteristic function of F'. We take Y,, ~U(—0.99,0.99) for all n € 1, ..., 4.

The following parameters are chosen for Algorithm 1: Tolerance € = 2- 1072, Dérfler parameter
for the collocation points 6, = 0.5, Dorfler parameter for mesh elements 6, = 0.25, finite element
refinement tolerance parameter o = 0.9 and, as default mesh 7;,;:, a quasi-uniform mesh with 2048
triangles and 1089 vertices. The algorithm is driven by the profit with work defined in (12).

The evolution of the estimators, plotted in a log-log scale with respect to the number of degrees
of freedom, can be seen in Figure 4. In the first plot, all the computed values of the estimator
are plotted. It can be seen how the algorithm alternates between steps of parameter enrichment
and mesh refinement. The spikes in the value of the finite element estimator correspond to the
parametric enrichment steps, when new collocation points are added to the sparse grid. The finite
element solutions corresponding to new collocation points are computed over the default (coarse)
mesh T;nit, which lead to large contributions to the finite element estimator. Observe that when
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finite element refinement is carried out, the finite element estimator eventually decreases with
order N~z (where N is the number of degrees of freedom) as a result of the Dorfler marking of the
collocation nodes and the order of convergence of the h-adaptive finite element method. Notice how,
in the intervals of iterations when finite element refinement is performed, the parametric estimator
is updated. While the first update often leads to a considerable change, the following ones have
smaller magnitude.

In the second plot, the values of the parametric, finite element and total estimators are plotted
only once per iteration of the loop on Algorithm 1. It can be seen that, because of the choice of
tolerance (48), the finite element estimator is dominated by the parametric one. Based on the error
decay derived in Section 2.3, we expect the finite-element error to dominate the total error up to
logarithmic terms. We observe convergence with IV -3 log4(N ), which confirms the theory.
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Figure 4. Convergence of the estimators with respect to the number of degrees of freedom
for the 4D inclusion problem. Above: detailed evolution of the parametric and of the finite
element estimators. Below: value of the estimators plotted once per iteration of Algorithm 1.
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