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ABSTRACT. We prove the global-in-time well-posedness of the one dimensional
Gross-Pitaevskii equation in the energy space, which is a complete metric space
equipped with a newly introduced metric and with the energy norm describing
the H? regularities of the solutions. We establish a family of conserved energies
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1. INTRODUCTION

We consider the one dimensional Gross-Pitaevskii equation
(1.1) i01q + Oraq = 2q(|q> — 1),

where (t,2) € R? denote the time and space variables and ¢ = ¢(t,x) : R x R~ C
denotes the unknown complex-valued wave function.

It was used by E.P. Gross [21] and L.P. Pitaevskii [35] to describe the oscillations
of a Bose gas at zero temperature. In nonlinear optics, the equation (ILI) models
the propagation of a monochromatic wave in a defocusing medium and in particular
the dark/black solitons with |¢| = 1 at infinity arise as solutions of (LLI). See the
review paper [29] for more physical interpretations.

The Gross-Pitaevskii equation (II]) can be viewed as the defocusing cubic non-
linear Schrédinger equation (NLS), but with a nonstandard boundary condition at
infinity: |q| — 1 as |z| — oco. This nonzero boundary condition brings a substantial
difference between ([LI]) and (NLS) (for which we assume zero boundary condition
at infinity): For example, the former equation has soliton solutions (e.g. the black
soliton solution ¢(¢t,2) = tanh (x)) while the latter equation possesses scattering
phenomenon. One will see below that the solution space for the Gross-Pitaevskii
equation (1)) is much more delicate and we will derive a family of conserved ener-
gies which describe all the H*, s > % regularities of the solutions in a nonstandard
way.

The equation ([I.I]) can be viewed as a Hamiltonian evolutionary equation asso-
ciated to the Ginzburg-Landau energy

1
(12) ganle) = 5 [ ((aP = 1P +[0:q) do.
R
with respect to the symplectic form w(u, v) = Im [, uv dz . P.E. Zhidkov [38] proved
the local-in-time well-posedness of the Gross-Pitaevskii equation (L] in the so-
called Zhidkov’s space Z* k = 1,2,---, which is the closure of the space {q €
Ck(R) N L>(R) | 0,q € H*"}(R)} for the norm

I
(1.3) lgllze = llgllize + > 1102qllL2,
1<i<k

and in particular when k& = 1, under the initial finite-energy assumption Eqr,(qo) <
00, the finite-energy solution exists globally in time. See also [3, [6], [15], 16 [38], 39
for more results in the n-dimensional case, with Z* = Z¥(R) above replaced by
ZFR"), k > Z. In dimension n = 2 or 3, P. Gérard [I7] showed the global-in-
time well-posedness of (1)) in the energy space Y! = {qg € HL_.(R") : [¢* -1 €

L?(R"), Vq € L*(R")}, endowed with the metric distance

2 2
dy1(p,q) = P — all g1 mr + ||IP1> = la?]| .-
with [Ju|la+p = Inf{|lui||a + |Juzl|B | u = u1 + u2, u1 € A, us € B},

and more topological properties of this complete metric space Y'! can be found in
[18]. Particular attention has been paid to show the existence (or non-existence)
of the travelling wave solutions in [7} [10, 20, [34] and there is also rich literature
contributed to their stability or instability issues: See [4, [5l [32] and the references
therein. Most authors in the study of the stability issues adopt the following metric
distance in the energy space:

2 2
de(p,q) = [Ip — dllL2((eern:|e)<1y) + PI" = la"llL2@n) + [IVP = Val| L2 @n)-
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In higher dimensional case n > 4, [22] (see [23] for the results when n = 2,3)
established the scattering theory for the Gross-Pitaevskii equation with the initial
data of form 1+ ¢ and ¢ € H?®, s > § — 1 sufficiently small.

In this paper we take the general energy spaces as follows

(14) X*={qeH . (R) : ¢ 1€ H ' (R), O.qc H ' (R)}/S', s>0,

where S! denotes the unit circle, i.e. we identify functions which differ by a mul-
tiplcative constant of modulus 1. Recall that for s € R, the Sobolev space H*(R)
consists of tempered distributions f with finite H*(R)-norm which is defined as
follows:

Il = ([ @+ €r17@ras) .

where f(€) denotes the Fourier transform of f(z). We endow the set of functions
X with the following metric d*(,-) A

1
s . 2 2
(1.5) d*(p,q) = (/ inf || sech (- = )\ — @) [ 3.y W )
R [AI=1
where sech (z) = # B and we will prove in Section [ the following theorem:

Theorem 1.1. Let X, d*(-,-), s > 0 be defined in (L4) and ([LH). Then the space
(X*,d°(-,-)) is a complete metric space, with the following topological properties:
o The subset {q|q—1 € C§°(R)} is dense in X° and hence (X?®,d*(-,-)) is
separable.
e Any ball B:(q) = {p € X*|d*(p,q) < r}, r € RT, ¢ € X*, in X* is
contractible.
o Any set {q € Hi_ (R): [|0xq|lgs—1 + |l|g|> — Ll|gs—1 < C} is contained in
some ball B:(1) with r depending on C.

o Any closed ball B3(q) in X*®, s > 0 is weakly sequentially compact.
o There is an analytic structure on X° (see Theorem[6.2 for details).

In the following we will define the solution of the Gross-Pitaevskii equation (L.I]).
The initial data go € X* has a representative ¢p. A solution ¢(t,-) € X with t € T
the time interval will be the projections of some function in t: ¢(¢,-) € X°. We
define the notion of a solution in terms of the representative.

Definition 1.1 (Solutions). We call ¢ € C(I; X?), s > 0 to be a solution of the
Gross-Pitaevskii equation (LIl) with the initial data qli=0 = go € X*® on the open
time interval I > 0, if there is ¢ : I — Hj which satisfies that

(1.6) I>t—q(t)—q(0) e L?
is weakly continuous and
(1.7) 1G(-) — do,ellL4(jabxr) < C,

for some regularized initial data Go.. of G(0) and all 0 € [a,b] C I, such that the
equation () holds in the distributional sense on I x R and ¢(t) projects to q(t).

We have the following well-posedness results.

1t p,q € X*, then we indeed have ||\p\2 — ‘qFHHsfl(R) < cd®(p,q) by (610) below.

2We can take any other strictly positive smooth function which decays fast at infinity instead
of sech ().
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Theorem 1.2. Let s > 0. The Gross-Pitaevskii equation (1) is loally-in-time
well-posed in the metric space (X*,d®) in the following sense: For any initial data
qo € X®, there exists a positive time t € (0,00) and a unique local-in-time solution
q € C((—t,t); X®) of (LI) and for any t € (0,t), the Gross-Pitaevskii flow map
X3 qo— q €C([-t,t]; X*) is continuous. Let s > 5, then the above holds for all
t € RT and hence the Gross-Pitaevskii equation (1)) is globally-in-time well-posed
in the metric space (X*,d®).

Remark 1.1. Compared with the distance function d° introduced for the nonlinear
energy space X° here, the Zhidkov’s norm || - ||zx or the metric dy1 is more rigid
and the subset {v]|v —1 € S(R)} is not dense in Z*¥ or Y'. The known global
well-posedness result in Z' does not cover the above global well-posedness result in

X1t

The equation (L)) is completely integrable by means of the inverse scattering
method. According to the seminal paper by Zakharov-Shabat [37], the equation
(TI) can be viewed as the compatibility condition for the two systems

I e 2N
e (P 8)a

w — i —2)\% — (|q|2 -1 —2iAq + O0.q
¢ —2i\G — 0,7 222+ (|g*-1)) ™

(1.8)

where u : R x R — C? is the unknown vector and A € C can be viewed as parameter.
More precisely, if we fix A € C then the (1)) is the compatibility condition. On
the other hand, if (I]) holds then the compatibility condition is satisfied for all
complex numbers A. The first system in (L&) can be written in the form of a
spectral problem Lu = Au of the so-called Lax operator

(10, —ig
(1.9) L= (iq —i@w) ,
and correspondingly the second system of (L8] reads as a differential operator as
follows (by eliminating A using the relation Au = Lu)

P—i 282 - (|Q|2 - 1) —q0z — 02q
G0 +0:q =207+ (|l¢)* - 1))

A formal calculation shows that ¢(t,z) solves the equation (L)) if and only if
there holds the operator evolution equation L; = [P; L] := PL — LP, i.e. the two
operators (L, P) form the so-called Lax-pair, which formally implies the invariance
of the spectra of L by time evolution. Indeed, let the skewadjoint operator P
generate a unitary family of evolution operators U(t',t), then

L(t)=U*(t',t)L{t" U, t)

and L(t) and L(t') are similar. The inverse scattering transform relates the evolu-
tion of the Gross-Pitaevskii flow to the study of the spectral and scattering property
of the Lax operator L. In the classical framework where ¢ — 1 is Schwartz function,
the self-adjoint operator L has essential spectrum (—oo, —1] U [1,00) and at most
countably many simple real eigenvalues {\,;,} on (—1,1). See [II, 1T}, 12} 13 [14, 19|
37) for more discussions between the potential ¢ and the spectral information of L.
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It is interesting to notice that the compler defocusing modified Korteweg-de
Vries equation

(110) ¢t+¢mmm_6|"/}|2¢m =0, ’lﬁ IRXR%C,
possesses also a Lax-pair structure and shares the same Lax operator (L9): Lyxav =
(ZZ%C __Zgj ) as the Gross-Pitaevskii equation, although the corresponding ma-

trix/operator P reads differently as

—4iX* = 2iN\[Y)* + (Phe — Yi,) AN 4 2iAhy — Yaw + 2/Y[*
(1.11) Pakav = _ _ _ — — |
ANTY — 20N, — P, + 270 4N + 2P — (Y — 0,)

In this paper we focus on the first system in (L)), i.e. the spectral problem
Lu = Au for the Lax operator L. It is not hard to see that L is selfadjoint. We
study in particular the time-independent transmission coefficient 71 (\) associated
to it. For the cubic nonlinear Schrédinger equation case, Koch-Tataru [31] (see also
[28]) made use of the corresponding invariant transmission coefficient to establish
a family of conserved energies which are equivalent to the H®, s > —%—norms of
the solutions and hence all the H®-regularities are preserved a priori for regular
initial data. We will adopt the idea in [31] to formulate the conserved energies for
the Gross-Pitaevskii equation (II)) and the defocusing modified Korteweg-de Vries
equation (I0)).

The first obstacles on the way are the mass M and momentum P:
(1.12) M= /(|q|2 —1)dz, P=Im / q0,qdx,
R R

which are only well-defined under more integrability assumptions on |g|?> — 1, d,q,
rather than the mere L2-type boundedness assumptions for ¢ € X*. In the classical
setting where (¢ — 1) is a Schwartz function, we have the following expansion for
the logarithm of the transmission coefficient (see [14]): There exist countably many
real numbers {H"},,>0 such that for any k& > 1,

k—1
mT ) =Y H(22) 7+ (T )2, ImA >0,
0

(1.13) p
with [(In T~ (A)ZFH = O(IA|7*71) as |A| — oo,

where (), z) stays on the upper sheet of a Riemann surface {(\,z) € C*|\? — 22 =
1, Imz > 0} (see Subsection B.I] for more details). We also have the correspond-
ing expansion for In7T~1(\) as |A] = oo for ImA < 0, by use of the symmetry

InT71(\) = InT-1()\). The first three coefficients H°, H',H? in (LI3) are the
conserved mass, momentum and energy (see (L2])) for the Gross-Pitaevskii equa-
tion (L)) (and hence also for the mKdV (LI0)) respectively:
HO— M, H' =P, H=28a - /((|q|2 1) 4 [8aqP?) da,
R

and the fourth conserved Hamiltonian H? reads (see also Remark [5.1])

H3 = Im /(Bwq Ou2q + 3(|q]* — 1)q8m(j) dx — P.
R
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The momentum P is not defined on X ® for any s > 0 and hence in our L?-framework
q € X* we have to consider the renormalised transmission coefficient 7, (\) which
will be T-1()\) modulo the mass and momentum (see Theorem [3.1] below for more
details).

In constrast to the Nonlinear Schrédinger equation we cannot scale solutions of
the Gross-Pitaevskii equation because of the boundary condition at infinity. Hence
there is no scaling invariance property for the Gross-Pitaevskii equation and it
does not suffice to consider small data. In order to handle the large energy case we
introduce the frequence-rescaled Sobolev norm H?(R), 7 > 2 which is equivalent to
H*(R)-norm as follows

(1.14) ey = [ (2 + 17O de.

For any ¢ € X?, we introduce the following notation

(1.15)  a:=(lgI* = 1,0:q), with || a @) = [llal* = % @) + 1020l gy
and we define the associated energy E2(q) as

(1.16) Ei(q) = | QHHTI(R)a

which describes the H®-regularity of ¢ and in particular when 7 = 2 we denote
simply

(1.17) E*(q) = E5(q)-

We also introduce the Banach space [2DU? = DU? + T2[2 D H ! s> % (which

can be viewed as a replacement of H ~2 and see Subsection 1] below for more
details) and the norm

1
lallezpos = (lla? =1 ppe + 10:]7 i)

It is straightforward to check that the H?(R)-norm and the [2DU?(R)-norm have

the following scaling invariance property:
s+1 1 i
(L18) [ fllmewy = 7T 2N frll ey N fllzpve) = Ifrllzpvewys  fr= ;f(;)-
We establish a family of conserved energy functionals (£2),>2 as follows:

Theorem 1.3. Let s > % There ezist a constant C > 2 (depending only on s)
and a family of analytic energy functionals (E2)r>2 : X° — [0,00), such that

o E5(q) is equivalent to (E2(q))? in the following sense:

S S O S
[€:(a) = (B3 (@))*] < =l allzpv=(E7(a))?,
(1.19) T

1
2C7
o £3(4), T > 2 is conserved by the one-dimensional Gross-Pitaevskii flow

@D.

3'r’s||f||H$ is the semiclassical Sobolev norm (fg(1 + (ﬁ£)2)s|f(§)\2d§) , h =171 We
always take 7 > 2 in the frequency-rescaled Sobolev norms, in order to avoid the possible zeros
on (—1,1) of the transmission coefficient in the formulation of the conserved energies (see (5.3)
below).

1
if ¢ € X° such that —||qllizprz <
7— T

1/2
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Correspondingly, for any initial data qo € X°, there exists 19 > C' depending only
on E*(qo) such that the unique solution ¢ € C(R; X?®) (given in Theorem[I.2) of the
Gross-Pitaevskii equation (L) satisfies the following energy conservation law:

(120)  B3(a(0) <2B5,(0).  ~laWls,por < 55 VEER.
70 0 2C
Remark 1.2. 1) One can find the precise definition and the trace formula of the
energies £2(q) in Theorem [51].
For example, we have the following trace formula for the conserved energies
E:(q) when s =n > 1 is an integer (recalling H' in (LI13)))

n (n—1-p) (n—1 2042
En( Zr < z )H

=0

1 1 _ 1
22+2 — p /}R§21+25 gln T (£/€2/4 4 1)dE — 2753 Zlm(2zm)21+3,

where T is the renormalised transmission coefficient defined for any q € X*
in Theorem [T and z,, = iy/1 — A2, € i(0,1] with {\n}m C (=1,1) being the
possible countably many zeros of the holomorphic function T 1()\) and hence the
possible eigenvalues of the Lax operator L.
In particular if ¢ —1 € S(R), then by changing of variables & — X\ with
2 = €2 + 1 and noticing the symmetry in Subsection[3.2.2: In|T~|(\ +i0) =
In |T7Y(A —i0) for A € Loy = (—00, 1] U1, 00),

22l+3
242+ _ - / |)\|1/)\2 "In [T (A)dA — =—— E Im (22,,)* %,
z

21+3
cu

for 1> 0. This can be compared with 2% +3cy. 5 , on Pages 76 in [14].
2) For any ball Bi(qo) = {po € X*|d*(qo,p0) < r}, r > 0, in X° such that (see
Lemma[61] below) for any po € B:(qo),

E*(po) < E*(q0) + (1 + E*(q0))2d*(g0, po) + ¢(d*(q0,p0))? < C(E*(g0),7),

there exists 19 (depending only on E®(qo),r) such that all the solutions p €
C(R; X*) of the Gross-Pitaevskii equation (LII) with the corresponding initial
data pyg € B:(qo) satisfy the energy conservation law (L20).

3) The idea of the proof of Theorem [I3 is similar as in [31], however due to the
nonzero background, the proof requires substantial new ideas and concepts and
the characterised quantities in the energy space are the nonlinear function of q:
lq|? — 1 and its derivative ¢' rather than the solution q itself.

4) In the proof showing the asymptotic approximation of the Gross-Pitaevskii equa-
tion by the Korteweg-de Vries equations in long-wave regime, [6] made use of
the uniform bounds of E*(q),k = 1,2,3,4 which were derived from a linear
(and not obvious at all) combination of the first nine energy conservation laws
HO, -+, HB. Theorem[L.3 here is a first existence result of infinitely many con-
served quantities which control E*(q),k =1,2,--- of the solutions of the Gross-
Pitaevskii equation (and mKdV with the same boundary condition at o).

We also have the following results for the modified KdV equation (LI0). We
recall that we define wellposedness in terms of the existence of a representative.
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Theorem 1.4. The complex modified KdV equation (LIQ) is globally-in-time well-
posed in the metric space (X*°,d®), s > % in the following sense (as in Theorem
[[2): For any initial data g € X*°, there exists a unique solution ¢ € C(R; X*)
(by which we mean that the flow map on 1+ S extends continuously to X*) and
the flow map X*® 3 g — ¢ € C(R; X®) is continuous. The energy functionals

(55('))5>%,722 established in Theorem [L.3 are also conserved by the modified KdV

b
fiow (LID).

For real data the flow map extends to a continuous map from X% to C(R; X*®)
for s > 0.

The following sections are organised as follows:

e In Section [2] we state and prove Theorem 2.1 (resp. Theorem 2:2)), which
states the local-in-time well-posedness of the Gross-Pitaevskii equation (I.])
(resp. the modified KAV equation (II0)) in the energy space (X°*,d*),
s> 0 (resp. s> % in the complex case and s > 0 in the real case): For any
initial data g € X*, there exists a unique solution ¢ € C([—to, to]; X*) of
(T (resp. ([I0)), such that the flow map is continuous and the existence
time ¢y depends only on E*(qq).

e In Section Bl we state Theorem [B.1] where we introduce the renormalised
transmission coefficient 7, *(\) and show the conservation of T 1(); ¢(t))
by the Gross-Pitaevskii flow on the existence time interval I for any solution
q€C(I;X%), s> 1.

e Section Ml is devoted to the proof of Theorem Bl

e In Section [f] we state and prove Theorem [B.I], where we establish a family
of energy functionals (£7 : X* = [0,00)),51 - in terms of In T, which
satisfies the equivalence relation (L19).

e Section [l is devoted to the proof of Theorem [l

e In the Appendix we calculate the quadratic term in the expansion of In T, 1(\)
on the imaginary axis.

At the end of this introduction, we prove our main Theorems and con-
cerning the Gross-Pitaevskii equation (IT]) by use of the results from Theorems 2]
BIland Bl Since the modified KAV equation (II0) shares the same Lax operator
as the Gross-Pitaevskii equation, Theorem [[.4] follows from Theorems 2.2] [3.1] and
Bl exactly in the same way.

We first state the relations between E? = || q||zs-1, E° = ES and 11l qlliz poe-

Lemma 1.1. There exists a family of constants (CS)S>% with Cy > 1 and Cy = C1,
s > 1 such that whenever T > 2, for all s > %,

1

l” q Hl?_DUQ < Cs77 2 E;: Ei < Cfs,rmax{o,sfl}Ejvs7
(1.21) T
1 —1 _—min{s,1} 1s
and hence =| q ;2 pyz < Cs7™ 2 RS,
o 2
Proof. We derive from the scaling property (LI8) and the embedding H*~!(R) —
I3DU?(R), s > 5 that

1 1 3. 1.,,-
;”q”l?_DU2 = ;(H(lq|2 - 1)7Hl2%DU2 + H(é)xQ)Tle%DUz) 27 with fr = ;f(;)
1
.

1
<C; (H(ll]|2 - 1)7Hi15—1 + H(aﬂcQ)‘r”2371) ’= CST?%iSEﬂs'(Q)‘
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By virtue of the fact that 7+ EZ is decreasing if s € (3,1] and E < (7/2)*"'E*
if s > 1, we have E? < C rmex{0s=1} ps O

We are going to prove the global-in-time wellposedness result (Theorem [[2)) and
the energy conservation law (L20) (Theorem [[3) simultaneously, for the initial
data gp € X*, s > % by use of the following facts from Theorems 2.1] B.1] and B.1t

e There exists a unique solution ¢ € C([—to, to]; X°) of the Gross-Pitaevskii
equation with tg > 0 depending only on E*(qgp) (by Theorem [2.TI);

e The renormalised transmission coefficient T, 1(\; ¢(t)) is conserved by the
Gross-Pitaevskii flow on [—tg, to] (by Theorem BII);

e The energy functional £% , which is constructed in terms of In7T, !, is also
conserved by the Gross-Pitaevskii flow, and furthermore, the equivalence
relation (.I9) holds (by Theorem [E.).

For the initial data gy € X*°, we take 79 depending only on E*®(gp) such that
(with the constant C given in (I.19))
(1.22) ) )

2 —2—min{s,1}

City 50 BYoh
The equivalence relation (LIJ) implies initially E7 (o) < 1/2&2 (q0) < 2E2 (q0)-

By the equivalence relation (LI9) and the conservation of the energy £7 (q(t)),
the solution g € C([—to, to]; X °) satisfies the conservation law (L20) on the existence
time interval ¢ € [—to, to] as follows (noticing also (L21I), (T.22))):

B3, (a(t)) < \/285,(a(1) = /262, (0) < 2B, (a0),
4z, pv < Cory ¥ B (a(®) < Cary * 7 (25, a0)

1 .
2 —5—min{s,1}
S Cs 7—0 2

1 1
(2E°(g0)) < == and hence by Lemma [[T] 7_—||q0 Hl2oDU2 <
0 T

1

ok

By a continuity argument, the solution ¢ exists globally in time and satisfies the
energy conservation law (L20): E7 (q(t)) < 2E7 (qo), Vt € R. Indeed, if not and
suppose I # R is the maximal existence time interval for the solution ¢, then by the
above argument we have E? (q(t)) < 2E3 (qo) for all ¢ € I. By Theorem 2.1l we can
extend the solution to a strictly larger time interval than I, which is a contradiction
of the maximality of I.

(2E°(qo)) <

2. LOCAL WELL-POSEDNESS

We prove the locally-in-time well-posedness for the Gross-Pitaevskii equation
(see Theorem [ZT]) and for the modified Korteweg-de Vries equation (see Theorem
2:2) respectively in this section.

Theorem 2.1. The Gross-Pitaevskii equation (L)) is locally-in-time well-posed in
the metric space (X*,d®), s > 0 in the following sense (as in Theorem [[3):

o For any initial data qo € X*, there exists tg > 0 depending only on E*(qp) =
lao ||H§71, q = (|qo|2 — l,qé), and a unique solution q € C((—to,t0); X*®
(defined in Definition[L1]) of the Gross-Pitaevskii equation;

e For the neighbourhood B:(qo) = {po € X°|d*(qo,po) < 7}, r > 0, of the
initial data qo € X*, there exists t1 > 0 depending only on E*(qo),r such
that the flow map Bi(qo) 3 po — p € C((—t1,t1); X?®) is continuous.
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We begin with a lemma. Let € € (0, 1], with e = 1 being a legitimate and most
natural choice in what follows. We regularize a function f by taking its convolution
with the mollifier p. = e 1p(e1z), 0 < p € C*(R), pr =1as fe:= f*pe.
Lemma 2.1. Let g € X?, s > 0 and let § be a representative. Then

(1) G- € X7 for allc >0 and G- — § in X° ase — 0. The map X* > 4 —
G- € X7 1is Lipschitz continuous.
(2) Let g € X*, and ¢ a Schwartz function such that for one (and hence for all)
representative q there holds fR Godx # 0. Then there is a neighborhood of
q such that this remains true. We fix the representatives with fR qodz €
(0,00), then the map
X*3q—G—g. € H®
18 continuous.
(3) The map
H°>3b—=>q¢+be X?

is Lipschitz continuous.

Proof. We derive from

f = £)(@) = / (F(2) — (& —9)pe() dy

_/R/Oyf’(x—a) da pe(y)dy —/Rf’(x—a)/A(a) pe(y) dy da

where ( ) ;
a, 0o ifa>0
Ala) = { (—o0,a) ifa<0
that
(2.1) 1f = fellz SNF e

with an absolute implicit constant.
We choose n € Cg°. Then

[lspas = [ a2 = vde+ iz 4l = gPdo—2Re [nfi(s - £

and hence

/nlfs|2dl‘ <2117 = Lz llnll e+ 20mllzs +31f = fellZ2lnllsup-

Choosing 1 appropriately we see that there exists C > 0 so that for all x € R

1
(2.2) el 2o era)y < CAHNFP = LIZ0 + 1 1)
We may choose p = p * p and obtain with a small abuse of notation
1
(2.3) [ fellzoe < e 2O+ £ = Uz + 1 ).

Using the embedding L' < H~! we estimate using a partition of unity

I1Fel® = Tlas S WP = Ula-s +e DML = P11
keZ

<P = g1 + esuprez (1 fellp2qrmtk41)) + 1 f I L2k=1,041)) [1f= = fllz2
< (I = U + O+ 1 IS )
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Notice that for any o € R,
(2.4) £l e < Cle; o)l f -1,

and hence
1el? = Ulgrorr + 1 fell o SMFl? = U= + I fefillze + 17 |-
< Cle,0, E°()E°(f).

Therefore g € X7 for all ¢ > 0 and the convergence ¢ — ¢ in X7, i.e.

d*(ge,4) — 0, as € — 0 follows immediately from these considerations. Indeed,

(@ (@) = / inf [ sech (z — y)(@ - Ade) |2 dy < / | sech (z — 1)(@ — @)% dy

(2.5)

[Al=1
<o / | sech (@ — )@ 3o dy
R

< col|@ |3e-1 < oo,

Given 0 > 0 we can restrict the above y integration to a compact interval with an
error at most §. The convergence on the compact y interval is immediate.
We turn to the proof of Lipschitz continuity of the map

xp:: XD G G- € X°.

Indeed, recalling the metric distance function d® in (IL5]), we first calculate d®(ge, pe )-
We have the following commutator formulae:

[Sech(-—y)7*pa](Ad—ﬁ)=/R/0m sech’(- — y — a)(Ad — B)(- — m) da pe(m) dm,

where [sech (- — y), *pe]f = sech (- — y)(f % pc) — (sech (- — y)f) * p.. Hence we
derive the Lipschitz continuity of the map *p, : X* — X* as follows:

(@ (@% pesie p))* = [ ind [[sech (=) (=) + p) e dy

< [ ot (1 sech - = )3 = D)l + | sech(- =) = 7)r-) dy < C(* @)

We turn to the proof that
X°>35q—q¢G—G. € H®

is continuous. First, it is not hard to see that, if ¢ is a Schwartz function and

[ dsas 20,

then there is a neighborhood so that this remains true. Now let €9 > 0. There
exists a smaller neighborhood and a compact interval I so that
16 = Gell =@y S NG e w\1) < €0/2

for all representative of functions in this smaller neighborhood. Clearly there exists
0 > 0 so that

P — @lls1) < €0/2, Vp € B5(q).
Now let ¢ be a representative and consider

Hsab—u;t/beXs.



12 H. KOCH AND X. LIAO

It suffices to prove that there exists C' so that
d*(q+b,q) < C|b]l 1=,

which follows immediately from the definition of d°. O

Proof of Theorem [2] . If g solves the Gross-Pitaevskii equation (L)) with the ini-
tial data go € X° and G, §o are the corresponding representatives of ¢(t), qo, then
b = G — qo, satisfies the following nonlinear Schrodinger-type equation

(2.6) i0¢b + Orzb = g(b), bli=o = bo = Go — Go,- € H”,
where
g(b) =2[b*b + 4o, [b]* + 2G0,eb° + (4]do,|* — 2)b + 2(Go.c)*b + 2Go.=(|Go.|* — 1) — do .-

Vice versa: If b satisfies this equation then ¢ satisfies (I.1J).
We claim that there exist a positive time t° and a positive constant C° depending
only on E%(qp),e and a unique solution of (Z8): b € C([—t°,¢°]; L?) such that

[1Blle0 := [16(£) | Lo ((—e0,003;22) + 1Bl L3(=t0,e03;L(R,)) + 1Bl Lo((—t0,00)xm) < COE®(qo).

Indeed, recall the Strichartz estimates for the Schrodinger semigroup S(t) = e#*9=<:

t
IS@tallr < lolle, | | 5= )90t | S llirg-rmas
0

Since we derive from the estimates (23] that

1 3~
l9@)l2r-raryzy S THIBIG + TH do.cl o 101
o+ T(ldoe 3 + D (bl + l1do.el? = 122 + 15l 22)
< Cle, E%(qo)) (T2 oI} + T3 [bl13 + (bl + 1) ).

there exist a small enough positive time t° and a positive constant C° (depending
only on €, E%(qo)) such that the map

b S(t)bo + /t St —t)g(b(t")dt',

is a contraction map in the complete metric space {b € C([—t°,t%]; L?)|||b]l;0 <
CE*%(qo)}, and hence its fixed point is the unique solution of ([Z6). It is easy
to see that the flow map by ~— b(t) is locally Lipschitz in L?. Correspondingly
there exists a solution (in Definition [1)) with ¢ = Go . +b € C((—t°,Y); X* + L?) =
C((—1°,1%); X9) of the Gross-Pitaevskii equation (1)) with the initial data ¢o € X°,
such that [|§(t) — Goll 2 < [|Go.c — Gollz2 + [[b(t)l|z2 < (C'+ C°)E®(qo), ¥t € [—t°, 2]
and §(t) — go.. = b(t) € L*([—tY,t°] x R).

Consider two solutions (in Definition 1)) ¢1,q2 € C((—t°,t°); X°) of the Gross-
Pitaevskii equation (II)) with the initial data go € X°. We may choose for both
solutions the same representative gy. Then on any compact time interval I > 0 in
(—t0,9) their difference b1s = ¢1 — g2 € L>(I; L?) N L*(I x R) with zero initial
data satisfies in the distribution sense the following equation similar as (Z.6]):

i0tb12 + Opebia = 2|b1a b2 + 4Ga|bi2|* + 232 (b12)? + (4]G2)? — 2)bi2 + 2(G2)?b12,
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which has a unique solution 0 in L°([a,b]; L?), by virtue of the energy inequality
[.Hence 1 = G2 = Go,c + b with b satisfying (2.0]).
If s € (0,1), we decompose g = ¢(b) into
9=920+91(0)+g0, 91(b) = (4]do.c|*—2)b+2(Go.c)?*b, g0 = 2Go.(|Go.c[*—1)—Gp .-
Recall the definition of the Besov-norm for s € (0,1):
@ —y) = f@)]Le
HfHBgM - |y|s

ayy WM lBa, = Il +1F s,

LR 1y

and in particular B§)2 = H5. We apply the previous construction to the finite
differences, and integrate the estimates for fixed y according to the Besov norm
above. It follows from these construction that the time of existence is the same for
all s € [0,1).

The case s > 1 follows similarly.

Therefore the Gross-Pitaevskii flow map X* 3 gy — go*p-+b € X° is continuous
on the existence time interval [—t°,°]. Indeed, by the Lipschitz continuity of the
flow (2.0), for any two solutions §Gi(t) = G1,e + b1(t) and Ga(t) = §o,c + ba2(%),

d*(qi(t), 2(t)) < d°(qre, G.e) + C101(0) = b2(0)| -,

and the continuity of the GP flow follows from Lemma 211
O

We complete this section by a discussion of the flow defined by modified Korteweg-
de Vries equation (LI0): ¢ + Guwe — 6|q|?qz = 0.

Theorem 2.2. The complex modified KdV equation ([[LIQ) is locally-in-time well-

posed in the metric space (X*,d*), s > 2 in the following sense (as in Theorem

[L2):
e For any initial data gy € X°, there exists tg > 0 depending only on E*(qp) =
ol s+ do = (lq0l? — L, qb) and a unigue solution q € C((~to, to): X*),
by which we mean that the flow map on 1+ S extends continuously to X°.
e For the neighbourhood B;(qo) = {po € X*|d*(qo,po) < 1}, v > 0, of the
initial data qo € X*°, there exists t1 > 0 depending only on E*(qo),r such
that the flow map B:(qo) 3 po — p € C((—t1,t1); X*®) is continuous.
For real data the flow map extends to a continuous map from X§ to C((—t1,t1); X?®)
for s > 0. Here X3 denotes the subspace of real valued functions.

Proof. We proceed in the same fashion as for the Gross-Pitaevskii equation. Now
b = G — qo, satisfies

where

g(b) =6[b°by + 12Re (bdo,)ba + 6bs + 6(|Go,c|> — 1)ba + 6/b]* G

+12Re (bﬁm)%,a + 6|60,a|26m60,€ - Cj((fa)

4We can follow the standard regularizing procedure to derive the energy inequality: We regular-
ize the b12-equation by convolution with ps, take the L2(R)-inner product between the regularized
equation and b1a 5 = bi2 * ps, take the imaginary part and finally we use Gronwall’s inequality
and let 6 — 0.
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Changing coordinates (¢, z) — (¢,y) with y = £+ 6t we remove the term 6b,. Notice

that
610 -20udo.- — 5. € L?
and ¢o . is together with all its derivatives uniformly bounded. The most critical
terms are 6|b|%b,, 12Re (bgo )b and 6(|Go c|> — 1)bs.
We claim that (2.7) is locally wellposed in H®, s > %, and that the solution is
continuous with values in H®. Indeed, this follows from a contraction argument as

for the Korteweg-de Vries equation
(2.8) Ut + Ugypy — OUUL =0

by Kenig, Ponce and Vega [25] [26]. More precisely their arguments allow to deal
with |b2b,, and Re (bgo - )b,. Since |Go|> — 1 € HY for all N the term

(I0.c1* = 1)be
is covered by the same estimates as the previous terms.
For real initial data we use a different argument. Let s > 0. Then again |go|? —
1 € HN for all N. Since it is also real we must have one of the following alternatives
for fixed N:

(1) qo,e — 1e HN
(2) qo. — tanh(z) € HY
(3) q0,e +1e HN
(4) go. + tanh(z) € HV.
Replacing ¢ by —q if necessary it remains to consider two situations:
(i) ¢g+1€ H*
(ii) ¢+ tanh(z) € H®.
It is easy to see that ¢ € X* if one these situations holds. We recall the definition
of the Miura map

M(q) = ¢z + ¢*.
Then the following lemma holds.
Lemma 2.2. A) The map
H>w— (M(w—1)-1) € H*!

is a diffeomorphism of H® to its range

{u€ H* . —0,, +u has no eigenvalue < —1}.

B) The map
H® x (0,00) 3 (w,\) = (M(w — Atanh (Az)) — \*) € H*~"

is a diffeomorphism to its range

{u€ H*: —0,, +u has a negative eigenvalue}.

Moreover —)\? is the lowest eigenvalue.
C) In both cases A) and B), let ¢ = w — 1 resp. q¢ = w — tanh(x), then
q: RxR — R satisfies the real modified KdV ([LI0Q) iff

u=M(g)—1=g.+q"—1
satisfies the KdV equation (2.8)):
(2.9) up — 6y + Ugpr — 6uuy = 0.
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Since the KAV equation (28] is wellposed in H~1 [27] (in the sense that the
flow map extends continuously), if w = ¢+ 1 € H® then it follows from A) and C)
that u= M(q) —1 € H*~! C H~! and ([LI0) is well-posed in H*, s > 0. Similarly
Theorem [22] follows in the case (ii): w = ¢ + tanh (z) € H*®.

It remains to prove Lemma Part B) of the Lemma has been proven by
Buckmaster and the first author [§]. If ¢ satisfies (ILI0) then u = g, + ¢° satisfies
[23). Now suppose that u satisfies KAV ([29) (the term 6u, is inessential, and can
be removed by a Galilean transform). Since the preimage is unique it has to be a
solution to mKdV, at least if the initial data is sufficiently smooth. This can be
achieved by an approximation argument.

It remains to prove A). It is easy to see (compare [§]) that w € H?® implies
M(w—1) —1 € H* ! for s > 0. Moreover this map is clearly analytic. The
derivative at wyq is

W — by + 2(wp — 1)

which has the (right) inverse

(T)a) = = [ =20

It is easy to see that T maps H*~! to H® for all s > 0 and wy € H*. Moreover the
linearization is injective. Indeed, suppose that w € L? satisfies

tirg + 2(wo — 1) = 0.

Then w is absolutely continuous and decays to 0 as © — oo. The variation of
constants formula and a limit argument show that w vanishes.

To verify injectivity of the nonlinear map we assume that wy and w; are mapped
to the same function. Then, with w = w; — wy

Wy + (wo + wy)w — 21 = 0

and hence w = 0 by the same argument as for the injectivity of the linearization.

The argument for surjectivity is based on Kappeler et al [30]. Let u € H~! be
a function so that the spectrum of —9? + u is contained in (—1,00). According to
[30] there exists a bounded positive function ¢ which satisfies

(2.10) —¢" +up+¢=0.
Let v = d% In¢. A straightforward calculation shows that
v+t =u+1, ie Mv)—1=u.
Let & = v * p where p € C§° is supported in [—1, 1] with integral 1. It suffices to
find o so that

zgrfloov(x) = -1, mlirgov(x) =-1.

Now we use [§] to see that © has a limit in {£1} as  — $o00, possibly different on
both sides. If

IEIPOOU(I) = 1’115200(3:) =-1,

then ¢ € L? and it were an eigenfunction of the eigenvalue —1, which contradicts
our assumption. Thus, if

zhﬁrrolov(x) =—1,
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then lim,_,_o 9(x) = —1 and we found the preimage in case A). Hence suppose
that

wll)rgo o(x) = 1.
Then

61 = é(a) / ” o(y)dy

is a nonnegative solution of (ZI0) and is bounded for positive z. Hence v; =
d% In ¢ satisfies (with ©; = v; * p as above)

zhﬁrgo 01(x) = —1

and, by the previous considerations of our assumption,

zgrjloo 01 (z) = —1.

With this we have found the preimage v; in case A). O

3. THE TRANSMISSION COEFFICIENT

We introduce the renormalised transmission coefficient 7,1 (\) and state its prop-
erties in Theorem [B.1] in this section.

We will first recall the definition of the transmission coefficient T—! associated
to the Lax operator (L9, i.e. the Lax equation:

_ (A«
(3.1) Uy = ( g i/\) u,

on the Riemann surface R (see Subsection Bl below for the definition), in the
classical functional setting where ¢ — 1 is Schwartz function in Subsection

With the notations introduced in Subsection B3] we will give an asymptotic
expansion of the transmission coefficient 7! in Subsection B4 which will play a
key role in the analysis of T71.

Finally in Subsection we discuss the renormalisation of the transmission
coefficient and give Theorem Bl stating the well-definedness and the asymptotic
expansion of the renormalised transmission coefficient 77! in our finite energy
setting g € X°, s > %, whose proof will be postponed in Section [

3.1. A Riemann surface. We define a Riemann surface by
{(A\2)eC? N\ =1+22).

If infinity is added, its genus is 0 and it is indeed the Riemann sphere with respect
to the complex variable ¢ := A + z.
We typically choose the upper sheet R of this Riemann surface:

R={(\z2)|[AeV, z=z20\)=VA2—-1eU},

3.2
(3.2) where V := C\Zcyt, Zeut = (—00, —=1JU [1,400), U := {z € C |Im z > 0},

and we can take simply A € V as the coordinate on R. We notice the following
symmetry of R

(3.3) Nz2)eR<e (N —2) eR.
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In particular, the points (++/1 — 72/4,i7/2), 7 € (0,2] and the purely imaginary
points (+io,i7/2), T € [2,00) stay on R:

(3.4) (tio,i7/2) € R whenever 7 > 2 and 0 = y/72/4—1 € R.

We can define a conformal mapping from (A, z) € R to ¢ € U the upper half-plane
by ¢ = {(\) = A + z. The mapping takes the cuts A € Zy; to the real axis ¢ € R
and the neighbourhood of oo for Im A < 0 to a neighbourhood of ¢ = 0. The inverse
mapping is given by the so-called Zukowsky mapping ¢ — A = A\({) = %(C + %) and

hence1:()\—2)4“,2:2(@“):%(@“—%),%25\—267/{.

3.2. Jost solutions and the transmission coefficient. In this subsection we
assume the classical functional setting (as in [14] B37])

(3.5) ¢=1+¢" ¢° € S(R) Schwartz function,

and we are going to introduce the Jost solution of the Lax equation (B as well
as the associated transmission coefficient.

3.2.1. Real line case (A, z) = (£,) € R%. Let 0 # z =€ e Rand A = £ € R such
that € = (14 £2)2 > 1. Then under the assumption (33 on the potential ¢, +i¢
are the two eigenvalues of the matrix in (B1]) at infinity: (_12g 1£> .
i
Let the Jost solution u; solve the Lax equation (3.1)) (viewing A = £ as parameter)
satisfying the following boundary conditions at —oo

w(z) = e~i€e (z’(é b §)> +o(1) as & — —oo.

Then there exist two complex numbers T—!, R € C such that u; takes the following
asymptotic at +oo:

w(z) = e 0T (z‘(é 1_ §)> + e RT1 <i(éi—§)) +0(1) as z — +oo.

These two complex numbers T, R are called the transmission coefficient and the
right reflection coefficient respectively B.

Observe that if u = (u',u?)T is the solution of ([B.I]), then the quantity |u'|? —
|u?|? is constant. We compare the asymptotic behaviours of the Jost solution u; at
400 respectively to acquire

(3.6) TP =1-(E+ &R <1, if (\2)=(¢) eR2.

5Tn this paper we call T~ the transmission coefficient while its reciprocal T is the physical rel-
evant transmission coefficient. We can define similarly the left reflection coefficient by considering

; 1
the asymptotic at —oo of the Jost solution with the boundary condition e?® ((é
i

Yo

xr — +00.



18 H. KOCH AND X. LIAO

3.2.2. Upper Riemann sheet case (A, z) € R. The Jost solution wu;(x;A) defined

above on the “real axis” (), z) = (£,€) € R? can be analytically continued to the
upper Riemann sheet (), z) € R, taking the following asymptotics

__—izx 1 (Im z)x _
u (A z,t) =e (l()\ - 2)) +o(l)e as r — —oo,

(3.7) 1

w (N, x,t) = e TN (Z()\ _ )

) +0(1)e™2)? a5 2 — 400,
Under the potential assumption (3.5), 7!()\) is a holomorphic function on R and
lim‘Mﬁoo T_l()\) =1.

The possible zeros of T71(\) for A € C\(R\(—1,1)) are located on the interval
(-1,1) € R. Indeed, if T7*(\) = 0, then A € V = C\Z¢y by B.6). Thus
z = VA2 —1 € U has strictly positive imaginary part such that A, u; (with the
asymptotics (3.7) and with 771()\) = 0) are the eigenvalues and the corresponding
eigenfunctions of the self-adjoint Lax operator L given in (LJ), and thus A €
(—=1,1) C R. Let A € (—1,1) be an eigenvalue, then +iz = Fv/1 — A? are negative
and positive real numbers. By checking the characteristic exponents of the ODE
BI): Lu = Mu near infinity, the geometric multiplicity of A is 1. Since the Lax
operator L is self-adjoint, the algebraic multiplicity is also 1, and all eigenvalues in
(—1,1) are simple. As a consequence, the root A of T~! has multiplicity 1.

We denote these at most countably many zeros on (—1,1) by {A;,}m and

(3.8) Zm =i/ 1 — (An)? €4(0,1], meN.
We have the following symmetry for 71
(3.9) T =770, (A2, R-3)eR

Indeed, the symmetry of the Lax equation (B.I)) implies that @7 := (u_lQ, u_ll) with
the asymptotics

! = —i(\ —Z)e® _t +0(1)e™* as 2 — —o0

i(A+7%) ’

) <i(X1+z)> +o(1)e™ = ag 7 — oo,

satisfies the Lax equation BI) with (), z) € R replaced by (A\,—%) € R, which
itself possesses a Jost solution with the following asymptotics:

@l = —i(A %)= T

N\ _ izZx 1 Imzx _
u(A) =e (i(X—FE)) +o(l)e as x — —o0,

w(N) = eT71(N) <’L(X:—7)
By uniqueness we deduce ([8.9). Therefore
o For { € ey, the limits limy ¢, [T71(N)] and lim, ¢, |T~1())] are the
same. Hence the subharmonic function In|T~(\)| on V is continuous on
Teut and generally In |T=1(\)| = In [T~ (N\)] for (\,2) € R;
e For (A\y,z) = (tio,i7/2) € R with 7 > 2 and 0 = /72/4 — 1 € R,

> +0(1)e!™*® as x — +oo.

1 _ 1 _ - _
(3.10) 5ZRe InT 1()\i):§Re(lnT 'A) +ImT ' (3)) =ReInT ' (\4).
+



CONSERVED ENERGIES FOR THE GROSS-PITAEVSKII EQUATION 19

Let us take the time variable into account. We multiply u; by e~ such that
the time evolutionary equation in (L8] ensures

(T =0, O;R=4iz)\R.

That is, the transmission coefficient T-1()\) is conserved by the Gross-Pitaevskii
flow and we will make use of it to define the conserved energies for the Gross-
Pitaevskii equation (TJ).

Similarly, e~ =4\ +2)ty, satisfies (L8) with ¢ =+ and with the matrix in (L8],
replaced by Puxav in (LII). The same transmission coefficient 7-1()) as for the
Gross-Pitaevskii equation is conserved by the modified KdV flow (II0I).

3.3. Notations. Let ¢ € X*, s > 3. Let (A,z) € R and { = A+ z € U the upper
half-plane be as in Subsection [3.} Then

1o ¢t
lgl> = ¢2[ — (m¢)*" |lg]> = ¢2| ~ Tm ¢

(811) g —¢2#0, and

Indeed, if |[Re (| > Im(, then

1 1 1 5 VBRe¢| _ 1
P —c] = Tme@ = 2ma)? ™™ [l — 2] = 2Recfm¢ = Tm¢’

while if |[Re¢| < Im ¢, then

gy = (a7 + (mey? — (o0 + (2Recim0y?) ™ <

We introduce the following functions which will play an essential role in the
analysis of the transmission coefficient:

_ el -V —qd - _icd +(gF~Dg - T + (9 ~ 1)
g2 —¢2 gl —¢2 7 lq|*> — ¢2 ’

2i¢(lq]* —1) + 97 — a¢’ : ’
_ 0

As in [31], let the symbols /", \ correspond to the ordered integrals with respect
to the functions e~ #(®)gz(x) and e?™) gy (y) respectively in the following way

N:= / e?W) =) 4o (21)ga(y1) da 1 dy 1,
z1<y1

q1

(%)

J
o [T 9% g5 2 )aa(3) i dy.
T1<y1 < <z;<Yj 1

/AN = epta)telta) =e(t)=0(t) go (#1) g3 (t2)ga (t3) g (ta)dt,
t1<to<tz<ty
A — ew(te)Jrso(ts)ﬂo(m)*so(ts)ﬂo(tz)*Mtl)qg(151)(]3(152)(]3(153)(]2(154)(]2(ts)qz(tﬁ)dt7
t1<--<tg
JAN = ev(t6)+v(t5)*v(t4)+<ﬁ(t3)*w(tz)*v(tl)qS(tl)qs(tQ)qQ(tS)qS(t4)q2(t5)q2(t6)dt7
t1<--<tg

and so on. In particular, a symbol of form 5;, where under the arc N\ consists of
(j — 1) non-interacting symbols N, is said to be connected of degree 2j. We will

simply omit the subscript 27 in »; when the degree is clear. For example, N, /N
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are connected symbols of degree 2,4 respectively, and /A\, /AA\ are connected
symbols of degree 6, while is not a connected symbol.
We introduce the operator S as follows:

(3.12) SN0 = [ e ) (@) ar dy.

such that we can express NI = lim; . (S71)(¢).

3.4. Asymptotic expansion of the transmission coefficient 77!. Let g—1 €
S(R). Recall the definition of the transmission coefficient 771 (\) = limy o0 €*%ut(z)
in Subsection B2l where the Jost solution u satisfies the Lax equation (B.I]) and
the asymptotics ([B.17). We are going to solve the initial value problem B1))-(B.1),
iteratively, to derive the asymptotic expansion of the transmission coefficient 7~ 1.

More precisely, we are going to follow the following procedure: We will first
make change of variables u — w (see ([B.I8) below) to renormalise the problem
BI)-@7), into the following ODE, where ¢1, g2, g3, g4 are given in (&):

(0 0 0 g . N
(ODE) We = (O 2iz) W (qg q4> b ml}@oow(x) N (O) ’

such that

el S ardm T7'(\) = lim w'(x) the asymptotic of the first component of w.
Tr—r 00

Then we formally solve (ODE]) iteratively as follows

w = iwn, wy = (é),
n=0

¢ 0 q2(z1)
Wnp, (CE) = / <e2iz(mm1)+fzzl qqa dm 0 Wp—1 ($1) dxq,

oo QB(Il)

(3.13)

to derive the following formal asymptotic expansion for 7~ !:

Tr—r0o0
n=0

elTe M P = lim w'(x) =Y lim wh(z) =1+ >NV,
xTr—r 00
j=1
where we noticed lim,_; oo w%j_l(x) =0 and lim,_, w%j (r) = NI, j > 1, with N
given in Subsection

Proposition 3.1. Let g—1 € S. Let (A, z) € R with{ = A4z € U as in Subsection
[T Recall the notations in Subsection[3.3. Then the transmission coefficient T 1
defined in Subsection[3F expands asymptotically as follows:

(3.14) el m TN = 143 Ty(N), Ty =,
j=1
and its logarithm expands asymptotically as
(3.15) / qdr + T \) =Ta+ Y Ty,
oo =

where ng is linear combination of connected symbols 25 of degree 2j.
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Proof. It is convenient to rewrite the Lax equation (B]) for the Jost solution wu;
(we will omit the subscript [) in several steps.
A straightforward calculation shows that

1 —i¢ g\ (i) ¢ lgP =1 0 —i¢ ¢\ _[(—iz 0
IQIQ—CQ[ q iC g ix) U 0 |q|2—1] g i) \o iz)

We define the renormalised Jost solution of u as

v = ( qfc ch) u, such that u = W ( qfc qu) V.

Hence v solves (with g1, ¢2, g3, g4 defined in (&))

1 —i¢ g\ (=N q\ (- q 0 g\ (=€ ¢
”””_Iq|2—<2[(q ic)(q M)(q i<)+(qw 0)(q ic)}”
_<—32 Q)v+<—Q1 ) >v

iz g3  q4—q1

We want to remove the upper left entries of the two matrices: Let
L ieary= L ieary= —i¢ ¢
3.16 w=———et e admy, o gizet [ adm [T u,
(8.16) 2iz 2iz q i
then it satisfies the renormalised (ODE]) above. In other words, the renormalized
Jost solution w satisfies the following integral equation

1 ¢ 0 q2(71)
w@) = (o) + [ ((emrsam gy 57 ) wenae

with the following asymptotics as © — +oo (recalling u’s asymptotics (B1)):

wih, 1) = (é) +o(1) as & — —oo,

S22 qudm -1
w(\ z,t) = (e ! 0 T (/\)> +0(1) as x — 4o0.

Hence we use the iterative procedure in (BI3) to derive the formal asymptotic
expansion BT of ¢/ % 1 I T1(\) i, o0 w! (2) = 235 iy wh (7).
Finally, it follows from Theorem 3.3 [ in [31] that whenever we have the formal
expansion as in BI4): g = 1 + Z;’;l Ty;, To; = NI, we will have the formal
expansion of its logarithm in @I5): Ing = Tb + Y272, Ta;. -

3.5. The renormalised transmission coefficient 7 !. Let ¢ € X*, s > % and
let (\,z) eR, (=A+z€U.

Recall ¢; = %7}2;‘7‘/ defined in (&), then its integral [
pears in the expansion of 7~!) may not be well-defined for ¢ € X*. More precisely,
by view of the following fact coming from A\ — 22 =1and ( = X + z:

1 -1 ¢ -1 11 lg|* — 1
I et TTeTm oo 10 G-o o)

g1 dz (which ap-

o0

6Indeod7 we can endow the ring of the formal power series of the unknown symbols /, "\ with
a shuffle product and a coproduct, and we typically take a commutative subalgebra H where the
symbols /, A appear in non interacting pairs, such that g is a group-like element and Ing is a
primitive element in H. See also [31] B3] [36] for more shuffle algebra theory.
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we rewrite the integral of g1 when ¢ — 1 € S(R) as follows:

(lgf* —1)? 1 1 Iql2 — 1
3.18 dz :——M——P / - dz,
(3.18) / @ =) ekl Ay ey

where M = [L(|¢]* —1)dz, P = Im [, q¢’ dz are the mass and momentum (in
(L12)), which can be well-defined only under further integrability assumptions on
> = 1,4

We hence introduce the renormalised transmission coefficient 7' which is the
transmission coefficient 7-! module the mass and momentum, such that it is well-
defined for ¢ € X*. More precisely, we have

Theorem 3.1. Let g € X*, s > % Then there exists a renormalised transmission
coefficient T, 1(\) which is holomorphic on the Riemann surface R (defined in

B2)), such that
e Ifg=1+4" ¢" € S(R), then

T—l(/\) _ e—iM(2z)*1—iP(2zc)*1T—1()\)
3.19 ¢ ’
(3.19) ie. —InT.(\) = —InT(\) —iM((22)"' —iP(220)"", ¢ =A\+z,

where T~ is the transmission coefficient defined in Subsection [3.2 and

M = [z(lg* =1)dz and P = Im [, q7' dz are the conserved mass and
momentum associated to the Gross-Pitaevskii equation, such that

(3.20) T XN > 1if A€ Zoyg = (—00, —1JU[1,00), T, ' =1 as |\ — occ.

e For any fived (A, 2) € R, the renormalised transmission coefficient T, *()\; q)
is extended uniquely to an analytic function in ¢ € X* (with respect to the
analytic structure in Theorem [6.2) and T, 1(X\;q(t)) is conserved by the
Gross-Pitaevskii flow on the existence time interval of the solution q(t)
(defined in (I1))).

e TY(\) has the following asymptotic expansion

(3.21) T71(\) = e (1 + ZTQj(A)), Ty; = NV,
=1

and its logarithm expands asymptotically as

(3.22) In T (\) = ®(N) + To(A +ZT2]
where
i [ (gP=1)? 1 [qd(g* - 1)
(3.23) D(N) = 5 ]R7|Q|2 o dz + 22 7“(]'2 5 dx,

and ng is linear combination of connected symbols o; of degree 2j. Here
the symbols are defined in Subsection [T
o T ! satisfies the following properties:

_ 2
ReT. '(\) = ReT: '(A) if (A, 2) = (io, :I:i%) ER, T>2 0= TZ -1,

T, " has at most countably many simple zeros {\m} C (—1,1).

(3.24)
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We can define a superharmonic function G(z) on the upper half plane U as
follows

(3.25) G(z) == %;Re (4z2 T (£ + 1)), mz>0, Imvz2+1>0,

such that G > 0 on the upper half plane U and —AG > 0 is a nonnegative measure
on the upper half plane U as follows

(3.26) ve(2)=—A.G(z) = —1 Y (22)%0:=z,, 20, 2 = iy/1— A2, €(0,1],

where { A} are the simple zeros of T H(\) in (B.24).

The proof of this theorem will be demonstrated in next section where the func-
tional spaces (2U?, [PV2, [P DU? will come into play.

4. PROOF OF THEOREM [3.1]

In this section we will prove Theorem [3.1] concerning the well-definedness and the
property of the renormalised transmission coefficient 7.71()\) in the energy frame-
work ¢ € X%, s > % in the following steps:

e In Subsection [l we introduce the function spaces I2U?,12V?2 [P DU?.

e We derive some preliminary estimates in Subsection L2.Jl Then we solve
the renormalised Lax equation (ODE]) rigorously when ¢ € X* and define
the renormalised transmission coefficient 7,7 *(\) in Subsection 2.2

e We study the nonnegative superharmonic function G(z) and conclude the
proof of Theorem [B.1]in Subsection

4.1. Function spaces. In this subsection we will briefly recall the function spaces
U?,V?,DU? and the inhomogeneous norms || - |2y, V = U?,V?2, DU?. See [24, 31]
for more details of the U?, V2 theory.

4.1.1. Spaces U?,V? DU?2. We denote the bounded functions on R by B(R). We
use the spaces U?, V2 C B(R) and DU? to substitute the Sobolev spaces H? oty L
and H~%. The space V2 is defined as follows

—oco<t1 < - <tny=00

vi={o|ulv:=  sw (Nz_l|v<tj+1>—v<tj>|2)%<oo},
j=1

where we always set v(0o) = 0. In particular, the constant function 1 € V? with
norm 1. For any finite sequence {¢; ;-V;ll with Zj\;l |¢;]> = 1, the step function
o= Z;V;ll Gilit,0,,0) With —0o <ty < -+ <ty = 00 is called U? atom. We define
the space U? by

U? = {u = ickwk } (cx)r € L1 (N) and 1y, is U? atom},
k=1

endowed with the U2-norm:

oo o0
||l = inf{z ek ‘u = chwk, ck €C, 1y is U? atom}.
k=1 k=1
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We define the space DU? via the distributional derivatives as
DU? = {u/|u e U?},

with the norm ||u/||py2 = ||ul/y2. Then DU? function is a distribution function
with the following finite norm:

I£llove = sup{ [ Fode| el < 1.0 € O @)}
We have the following pleasant estimates which will be used frequently:
Il < M fllve < I fllzee + 20 Ipvzs 1 llve < 20 fllo=,
4.1)  fgllve < fllze<llgllvz + 1 fllv2llglize,  1fgllboz < 2 fllv2llglpue,
If(w)llve < CU Nullzee) lully
4.1.2. Space [P DU?. We take the localised version of U?,V?2, DU?-norms
lulle = [Ixestlellp U= V20 or DU

where 7 > 2 is the frequency scale and x is a smooth function compactly supported

on [—£, 2] with value 1 on the interval [—3, 2], such that x, form a partition of
unity:

k
(42) 1= ZXT,ku Xtk = X(T(' - ;)) = X(T- —k)

kEZ
For any fixed real positive number a > 0, ||u||;z; is equivalent to H||)~<7.1ku||UHep
k
with ¥ = x(-/a).

Proposition 4.1 ([31]). We have the following properties of the norm || - ||;z pyr2:

(z)

o The following inequality describes the effect of the phase shift

(4.3) le***ulliz prr2 < CV/(r + €D/ llulliz po=-

o The following inequality describes the effect of taking the derivative

(4.4) [flew> S 7l fllepve + 1 lwpue-
e The IPDU?, p > 2-norm and 2 % -norm is related by

1_
lullpprz < CT¥ 1||U||H

1_1
2 p

4.2. The renormalised transmission coefficient. Let ¢ € X® s > % and
(A\,z) € R with ( = A+ z € U. Recall the renormalised Lax equation (ODE)

in the proof of Proposition 3.1t
(00 0 g . (1
(ODE) We = (O 2iz) W (qg q4> b EHIPOOU’(I) - (O) ’

and its formally equivalent iterative version ([B.I3)):

w= 3 W, . Wy = 1 w _ ffoo%(z)wrzl,l(x)dx
(4.5) HZZO n, Wo (()) , W (1) <ftooetp(t)ap(z)q3($)w1 () dx) )

n—1

n > 1, such that if ¢ — 1 € S then

S22 qudm -1 — T 1 _ : 1
e T7(A) = lim w(?) 701}3{30 wy, (1),
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where ¢1, g2, g3, q4, p are given in (&). In particular, noticing w%jﬂ = ng =0, we
can rewrite (L3) as

(4.6) sz] => (s71)(), szm Z(slsﬂ)()
Jj=0 7=0

where we recall the definition of the operator S in ([B.12)):

(1)) = / O () ) (e by,

and we define the operator Sy:
t
00 = [ 0O gaf)a) do

We are going to solve (ODEJ) rigorously and define the renormalised transmission
coefficient T 7! in Subsection .22l Before that we give some preliminary estimates
for ¢, g2, 43, qa and wy,.

4.2.1. Preliminary estimates. We first claim the following L>°-estimate:

1 1
wn ol SUETHIE = U s + 1 limpn, 7 >0
and in particular, [|gl[z~ S 1+ [l qllizcprz S 1+ E%(q).

Indeed, we notice that by the partition of unit (£2), for any 7 > 0, at each point
x € R, there exists k € Z such that the function x,x or X with x = x(-/2)
i vl Lt ot 5, and s Il < supy sl s el B
fundamental theorem of calculus: (xr£q)( fu Xo e W)a(y) dy + [i-1 xr1q' dy,

we derive (L) from Hoélder’s inequality and (IE]) as follows:

T 1 x 1 T
(i) (@) < ( / ealal*dy)* (] | Weslan)” ] [ e ay]

1
s(/f, |m|<|q|—1>dy+/ il dy )+ 1 i oo

1
2

< (rlllal* - Ulee vz +1)% + ¢ [li prr2-

By use of the fact (BI1]) and [@7) above, we derive immediately from the esti-
mates in (1) the following estimates for ¢ and g2, g3, ¢4 defined in [):

Lemma 4.1. Let (\,2) e R, {=A+z €U, withT=2Imz >0, w=1Im¢ > 0.
Letqe X*, s> %, q=(lq*—1,¢') € H' < 3DU? and q2,q3,q4 be defined in
). Then there exists a constant Cy, depending only on (for any fized 7 > 0)

(4.8) W™, milllal® = i poz, 116 llizs b2, 11/l po2
such that
lgllizevz < Co,  lawllzpoz < Collallizprz, &=2,3,4.

We are going to study the functions wy,;(t), w3;, () in [@B). For notational
simplicity we first introduce the function

x
gézga—QiRezxz—nc—b—/ qs, T=2Imz>0.
0
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If q € 12°DU?, then by Lemma E1] (with a possibly larger Co):
k
(4.9)

JY as da c I aa
< Lollaliz=puz ‘6 4

HXT,ke T

~

V2

ecoH a “LgoDU2 (k*k')'
Therefore we have the following properties for the functions wa; (t), waj+1(t)

Lemma 4.2. Assume the same hypothesis as in Lemma [{1] and (with a possibly larger
Co which depends only on ([&8))

1
4.10 oo < —.
( ) ||qu.,_ DU2 = 2Co

Then the functions waj,waj+1 given in ([@6) are well-defined, depending analytically
on q € 12DU? and satisfying the following estimates (with an universal constant C')

Rez|+ 7 ;
hezsllos < (©PZETY (sl pus sz poe)

Rez|+ 7\ j+3/2 j
hsssallze < (CBEETN 2 (10, 1 piallasli pus) laslie o
Proof. As wj;(t)

E

= (871)(t), we consider
/< . (EZiRc zyq2 (y)) e@(y)fgb(z) (67271RC 2T (Q3f) (ZE))
— H (e2iRc zyq2 (y)) / e

&(y)—p(x) (e*2iRc zx (Q3f) (LI})) dx H

< ZH (™M k(1) a2(v)) /y

2
DUz

P —P() (o~ 2iRezo

Xrk(2)(gaf)(x)) d

o

HDU2

S [T S0 ) e

pu2’
B <k—1 i

In the above, the first part on the righthand side can be bounded by (recalling (1I))
iRe z p Y (EY—g(x —2iRe zx ~
ZHez Rty k(W) a2 (y)e / L P TEE T RR w(2) (g8 ) (@) d H
k Y=

2
DUZ

Vi
S Dl ot [ e E e )
k
Rez| + - e VBN
5 (w)HXTykqQHZiDU2||X7,k(q3f)HZ§DU2 X7,k€ §q4 Z;"V27

where we have used [@3) and || X+ ke~ "C~7)||;2 < 1, and the second part on the righthand
side can be bounded by

ZHE%RC Uk ()g2(y)e”
k

pU2
X Z e?(E)— B )H/ E)- eo(ac)( 72iRezac(XT’k,q3f)(x)) de
K <k—1 Vi
fk
iRe z- —2iRe z- - iff 2 ; d4
’SZ Z HeZR XTvkqQHDWHe e X"'vk/q3fHDU2 X,k€ ]:(M =
k k/<k—1

V2

Under the smallness condition ([@I0)), by use of the inequality (@3], we derive
Rez| + 7 Collall;eo 2(|Rez|+ 7

ISllvesue S %HQQHEDUQH‘B”&DUQQ ol Uz < M

= . ||q2||l$DU2||Q3||l$DU27
and hence Lemma [£.2] holds for we; = S71.
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Similarly we consider the operator S; (noticing HXT,keziRC ZtHv2 <14 |Rez|/T):

T
2iRe zt —2iRe zx ~ ij& a4 ||2
”v2 Xr.k€ T

151 fllzoe < sup k||xrre || Xr ke af poe

V2

+ [% aa)|2

k
_ Ty
Xrk€ T e

+supr Z HXT,keziReZtH‘/ZHXT,k672iRezxq3f”DU2
k'<k-—1

|Rez| + 7
T

V2

Collall;eo prr2
b

S (
and hence Lemma (2] holds for wgj+1 = S1 S71. O

)2 Hq3”l°°DU2||fHV e

4.2.2. The renormalised transmission coefficient T, ' for ¢ € X®. In order to emphasize
the dependence of the renormalised transmission coefficient T ! on ¢, we will denote
T Y (\) = T 1 () q) in this subsection.

Proposition 4.2. Let ¢ € X°, s > %, then the renormalised Laz equation (QDE) has a
unique solution w € L.
We define the renormalised transmission coefficient as

T, (A) =e® lim w'(z),
where ® = —= [, (m; 2%2 dz + 2%( Iz qaq(‘|2q\ = ) da is given in 3.23). Then

o T ()\;q) is a well-defined holomorphic function in (A, z) € R and depends an-
alytically on q € X° with respect to the analytic structure given in Theorem [6.9
below;

e When g — 1 € S, the relation BI9): T;'(\) = eiiM(%)il*W@ZOilT*l()\),
the properties B20): [T, (A)| > 1 if A € Loy = (o0, —1] U [1,00), T+ —
1 as |A\| = oo, and the asymptotic expansions B2I), B22) all hold true;

o Letq(t,xz) € C(I;X?) be a solution of the Gross-Pitaevskii equation (in Definition
1), then T (X; q(t)) is conserved on the existence time interval I.

o ReT. '(A\) =ReT: ' (N) if (A, 2) = (io, £i3) €ER, 7> 2,0 =/ T —

Proof. Step 1. Resolution of (ODE).
Ifqge X° s> % and there are the points (\,z) € R such that 7 = 2Imz > 2 and the
following smallness condition holds (with a possibly larger Co than the ones in Lemmas

[Tl and [£2)

(4.11) CO(W)

l\DI»—l

2lallizpuz <

we have by Lemmas [£.1] and that

Rez|+ 7 [Rez| + 71
p (CO( pn )2||qu§_DU2)n'

Hence (QDE]) (or equivalently (6)) has a unique solution w = Y_, ., wn € L™, depending

analytically on q € I2DU?.

For general ¢ € X°, s > 1 with E*(q) < oo, for any fixed point (A, z) € R, we can take
two points ao, a1 € R such that the smallness condition @ITI]) holds for q|(—cc,ag]ufas,00)s
by virtue of the embedding H*~' — I}DU?, s > 3. We solve (QDE) as follows:

e The above analysis implies that we can solve (ODE]) until the point ao: w(ao) =
bo;

e Recalling the change of variables u — w in ([BI06) which renormalises the Lax
equation (3] to (ODE), we do the change of variables w — u to solve the Lax
equation () with the following initial data at ao

_ iz(ai—ag)+ [ a1 de 1 —i¢ q(ao)>
ulan) =¢ e (a6

[[wn[pee <
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until the point a1: u(a1). This is possible since ¢ € H*([ao, a1]), s > 3;

e We finally solve again (ODE]) with the initial data b; = <qu) Q(;zl)) u(ar)
1
on the semiline [a1,00). More precisely, we take w = < 0 ) : : such
aj,00

621z(ac7a1 ) b%

that w = w — W satisfies

. 0 q2 . 2 2iz(x—ay) q2|[a o) . bi
Wy = .| w+bie ! L , We, = .
<Q3 qa + 2ZZ> ! q4[ay ,00) fox 0

Then under the smallness condition [@.IT)) for q|(4, 00), We follow exactly Lemma
Z20 to derive the unique solution . Hence the solution w = w + @ € L* with
wh € V2 exists.
Step 2. Well-definedness of T, '.
When ¢ € X*, s > %, then ® < oo by Lemma Il We can define the renormalised
transmission coefficient T, 1 (A\) = e® limy—, 0o w" (), which is holomorphic on the Riemann
surface (A, 2) € R.

If g— 1 € S, then by virtue of e/~> 4T~ (X) = lim, 0o w' (z) in Subsection B4 and
the equality BI8): [ g1 = —5=M — ﬁp — @, we have the relation GI9): T, ' ()\) =
efiM(zz)il7”3(22071T71()\) and hence the asymptotic expansions (3:21]) and (3:22]) follow
from Proposition [l The properties @20): |Te *(\)| > 1if A € Loyt = (—00, —1]U[1, 00),
T:' — 1 as |A| = oo, and the symmetry ReTe ' (A) = Re T ' (X) for (), 2) = (io, £iF) €
R follow from the results in Subsection

Fix (A, z) € R. Provided with the analytic structure of X° in Theorem below,
for any neighbourhood B;(q) of g, we can choose ag,a1 (depending on FE°(q),r) such
that the smallness condition @II)) holds for p|(—cc,agjujar,e0) for all p € B (g). There-
fore the corresponding solution w,, for (QDE) depends analytically on (p|(—co,ao]> Pliag,a1]s
Pliar,00)) € 3DU? x H*([ao,a1]) x I2DU? in B;(q) and hence T, '(};-) depends analyti-
cally on g € X°.

Step 3. Conservation of T, ! by the Gross-Pitaevskii flow.

If initially go — 1 € S, then the Gross-Pitaevskii equation (1)) has a unique global-in-time
solution ¢ € C(R; Z") (see (L3) for the definition of Zhidkov’s space Z') by Zhidkov’s well-
posedness result. By Faddeev-Takhtajan [I4], (¢ — 1)(¢,-) € S and M, P, T~ ()\) are all
conserved by the Gross-Pitaevskii flow, and hence T, *(\) = efiM(zz)il7”)(22071T71()\)
is also conserved.

Now let ¢ € C(I;X®), s > 3 be the solution of the Gross-Pitaevskii equation (L) with
the initial data go € X° on the time interval I. Then by the density result in Theorem
LI we take {go,n} C 1+ S such that d°(qo,n,q0) — 0 as n — oco. By the continuity of
the Gross-Pitaevskii flow in Theorem [2.1] for all ¢ € I, the corresponding solutions ¢y, q
satisfy d*(¢n(t),q(t)) — 0 and hence T, ' (gn(t)) — T5 *(q(t)) as n — oo by the analyticity

7 We can solve the ODE for w by the following iterative procedure:
o — i " ey = flfl qzu'J,% dx o = b% + b% f;l e2iz(fc‘7a1)q2 dx .
= n n+ fatl PO =@ garpl dg |’ b2 f; e?(O)—p(2)+2iz(z—a1) g, dg

Although u'}g # 0, there is an exponential decay in the integrand and the same estimates as in
Lemma [£2 imply the well-definedness of wy, and . For example, we can control straightforward

) <b% + b2 fa1<zl<t eZiZ(zlal)qzdx1>
0 — 3

2 2iz(t—a1)+ [} aa
bl fa1<ac1<t “1 Q4d:v1

24 — Y1
w1 = b% a1<zi<yi<t® = al)+fm1 q4qz(y1)¢14(x1)d:c1dy1
bi fal <z1<t etp(t)itp(ml)qg + b% fa1<zl <y1<t etp(t)ftp(yl)+2zz(m17a1)q2(w1)q3(y1 )dmldyl

in terms of || q ”lEDU?'
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of T, ();-) above. The conservation of 7. *(g,) along the Gross-Pitaevskii flow implies
the conservation of T, *(¢(t)) on the existence time interval I. O

4.3. Superharmonic function G on the upper half-plane. If ¢ — 1 € S, then G(z)
defined in ([B25) is a well-defined nonnegative superharmonic function on the z-upper
half-plane. Indeed, as |75 *(A\)| > 1 if A € Zoyt = (—o00, —1] U[1, 00), the trace of G(z) on
the real line is non negative:

pl€) = 3 32O T (:VE+1) 20, ¢eR.
+

On the other hand, since the meromorphic function 7. has only simple poles A\, €
(—1,1), we can take a small enough neighborhood V,, of A, such that Te(A\) = Ao(N) +
:\471(;77)1 on V,, with A1 # 0, Ap holomorphic functions on V. For A, # 0, A € V,, and
correspondingly for 2 € U = {z € U : (\,2) € R, A € Vi }, we can write (noticing

A= A2 =22 = 22 2w = iVT — A2, €(0,1])
A+ Am 1

I Te(A) + 0 Te(=A) = I (Ao(N) (A= Am) + A1 (V) + 10 T 10 ——— + InTe(=A).

For A\, =0, zm = 4, we can still write InT¢(A\) + InTo(—\) in Vo as

In(Ao(A)A + A1(N)) +In

i~ L (AN A — Ar(=N)).

z+ zZm

Hence —A.G = A.Re 3 ZA:i e (42° InTe(X)) is a nonnegative measure (3.26) on U.

As T, ' — 1 as |A\| — oo, we derive G > 0 on the whole upper half plane by maximum
principle.

Let ¢ € X®, then by the density argument as in the last part of last subsection, we
deduce that G defined in ([3.28) still satisfies G > 0, —AG > 0 on the upper half plane.
Since the meromorphic function T¢(g) has countably many simple poles {A\m} C C\Zqyt,
the fact —AG = —7 >.(22)%6.—.,, > 0 implies 2, € (0, 1] and hence Am € (—1,1). This
completes the proof of [B:24) for general ¢ € X°. Theorem Bl follows from Proposition
4. 2]

5. THE ENERGIES

In this section we will formulate the energies £;(q), 7 > 2 for ¢ € X*, s > % in terms
of the renormalised transmission coefficient T, () defined in Theorem B:1t

Theorem 5.1. Let ¢ € X°, s > 1. Let T, '(\) be the renormalised transmission
coefficient which is a holomorphic function on the Riemann surface R > (A z) and
has countably many simple zeros {Am} C (—1,1) given in Theorem [l Let G(z) =
13, Re(42°In T, ' (£V2% +1)) be the nonnegative superharmonic function on the up-
per half plane U, with —A,G = —x Z7n(2z)252:zm >0, zm = iV/1— X2, €(0,1], given
by Theorem [311

Then for N = [s — 1], G(iT/2) has the following finite expansion as T — oo (recalling
the notations H' in the asymptotic expansion ([LI3)):

. N .
(5.1) G(%) = Z(_1)1H21+2T72171 _’_H>2N+2(%)7 >2N+2 _ 0(7_,2”1)7
1=0

such that the trace of G on the real line p exists, the measure (1 —|—§2)Nu is finite and the
following trace formula for H*+2,0 <1 < N holds:

2l+2_l/ 20421 -1 3 1 20+3
(5:2) M= Rg 2;IH|T5 (£V/€2/4 +1)|d¢ 2l+3;lm(2zm) .
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We define a family of energy functionals (£7/).1>2 : X° — [0,00) as follows:

N
s N 2 _ Fo st Ty _Nlg 2042 _—21-1
£:/(q) = — = sin((s 1))/7, (=727 (G6g) ;( D ar
N
(5.3) +y e (5;1) H' 2 with N<s—1<N+1,
=0

such that E7/ is analytic in ¢ € X° and we have the following trace formula for £, :
1 _ 2zm B
(5.4) &=z /R(52 +7) N dpg ) — Em:lm /O w?(w? +7%)" " dw.

Then there exists a universal constant C > 2 (depending only on s) such that whenever
(g, 70) € X° x [C,00) satisfying

1 1 . 2 2 2 2
(5.5) T_O”CIHLE_ODUQ <30 with ||QHL$0DU2 = |llq” - 1||130DU2 + qu”zzODU%
s . . s 2 . .
&7, (q) is equivalent to the square of the energy norm (E3,(q))* in the sense of (LI9):

s s C s
(5.6) €50 = (E5,)°] < = lalliz b2 (E5)°

5.1. The framework. We are going to introduce the assumptions and the notations
which will be used throughout this section.

5.1.1. Assumption. We restrict ourselves on the imaginary axis in this section:

(N 2)=(i0,iT/2) ER, T>T0>2, o=+/T2/4—-1€[r/2-1,7/2),

(5.7) :
(=X+z=iw, w=oc+7/2€][r/2,7T).

Here 79 > 2 is a constant (to be chosen sufficiently large later), such that the following
assumption holds:

2 1 s 1
. — < — —.
(5.8) la =1] < 77", g€ X", 5> 5

5.1.2. Functions g2, q3,qs. We evaluate the functions g2, g3, ¢4 defined in () on the imag-
inary axis to arrive at

1 1, 1 q 1, -
= - (— _— (- —]_
q2 w,2|q|2+1(wq)+ww,2|q|2+1(w(|Q| ))7
1 1, 1 q 1. 2
S e -4 (= 1
q3 w,2|q|2+1(wq)+ww,2|q|2+1(w(|q| ))7
—2 L, o 7 1 57 1
e et -1 (wi —F) - —wt (o )
qa w,2|q|2+1(w(|q| ))+ w,2|q|2+1(wq) w,glqlg_’_l(wq)
Notice that g2, g3, g4 are all linear combinations of the components in
1 _
(5.9) Q= ;(|‘Z|2 _17ql7q,)7
up to coefficients being some polynomials of the following form
1 1 1_ 1 2
5.10 P:P(77_7_7 _1)7
(5.10) e 70 (el =)

and for notational simplicity, we denote O to be the following set:

(5.11) O:= {P- %(|q|2 —-1), P- %q', P %q’ P is any polynomial of form (IEHII)}
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Under the assumption (5.8), we are going to estimate [|gx[|;2 py2 as follows (similar but
more accurate as the estimates in Lemma [£T)):

. 1
lgxllizpvz S Crer, £=2,3,4, withCr =1+ ;”q,HngDUL
(5.12)

1 1 1
cr(q) = ;HQHLzDU?(R) = ;(H|Q|2 - 1Hz2gDUz + Hazqufg_DUz)é = HQ”I?_DU2-

5.1.3. Asymptotic expansion of InT; ' on the imaginary azis. Recall the aymptotic ex-
pansions of 7, '()\) and In 7, " in Theorem BTt

chl()\) :ecp(l-i-io:ng)7 sz = /\j7
j=1

oo . 2 2 — ! 2 _
TN =@+ T+ S Ty, 00 1=~ [ Q=17 g, 1 [arlal =D g,

= 2z Jg lqI* —¢2 2z2¢ Jp (lg1? = ¢?)

where sz is linear combination of connected symbols 2; of degree 2j. Recall the symbols
in Subsection B.3t

‘ j @
(5.13) 1V = / [T @2 gs(n)ga(yn) dz dy , @(x) = —ra+ / a1,
21 <y1<-<z;<Yj p=1 0

2j—1
(5,14) 2 = / H eén(w(tnﬂ)fw(tn))qm (t1) G, (tgj)dt,
1)< <ty pq

for some §, € {1,---,j} with §1 = 0251 = 1 and K, € {2,3} with k1 = 3, kg; = 2. For
notational simplicity, we also introduce the following symbol

(5.15) :/ (ew(y)fq:(ac) _ e*T(y*x))qz(y)qg(x) dz dy.
<y

We will rewrite (® + T») in the asymptotic expansion of InT5 *(\) above in Appendix
[Al as:

O+ Ty =To +Ts,

where Ty, Ty identify the quadratic and cubic terms (in terms of elements in the set O) in
the expansion of In T, ! respectively. More precisely we will prove in Appendix [A] that

Lemma 5.1. The asymptotic expansion [B.22)) for the logarithm of the transmission co-
efficient InT,; * reads on the imaginary azis (5.1) as follows

(5.16) InT; ! (io) = Ta(io) + Ts(io) + » Ty, (io),

Jj=2

where Ty identifies the quadratic part in the expansion of InT, *(io):

Ta(io) :;—i / ) e T (Il = D) (aP = D) +d(4)d (@) ) d dy
(5:17) i / Im (¢'9)(g* — 1) da

<y
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T3(i0’) identifies the cubic part and reads as linear combination of finite integrals of the
following type

21 o al g =1
/(L)2h1 dz, / e Y ‘(m'—2h1)(y)h2(x)dx dy,
R <y OT z>y T

(5.18) v

y / —/
[ e ) (D) ) dmba(e) de dy. e €O,
<y x

and TQJ‘, Jj = 2 remains the same linear combination of integrals 2 .

Remark 5.1. If ¢ — 1 € S, then by integration by parts fz<y e "W f(y)g(z)dz dy =
Ll fo— —fz<y e "W f(y)g(z) dz dy we can expand Ts(ic) as

Totio) = —= [ (P =" +10P) do + % [ (@7 = 3itm (D)ol = 1) de + O(5).

while Ts(io) = O(% ) T;(io) = O(=57), ng(w) = O(=g=), as T — oo. Recalling
InT7H(A\) = iM(22) 7 +iP(22¢) 7 + lnT ()\), we derive the finite expansion until the
fourth-order for InT™*(ic) = T/\/l =P - = LHE + i%ﬂ-ﬁ + O(Tls), as T — oo, which
can be compared with (LI3).

5.2. Trace formula and the organisation of the section. In this section we will recall
the trace formula (from e.g. [2,[31]) for the nonnegative superharmonic functions G on the
upper half-plane U given in Theorem Bl As a consequence we derive the formulation of
the energy norm E7 (g) in terms of the quadratic term Ty(io), as well as the equivalence
relation (5.6) between E7 (g) and the energy £7(q) (defined in (E.3)).

5.2.1. Trace formula. Recall the superharmonic function

G(z) = % ZRe (422 InT. (£ 22 + 1))
+

defined on the upper half-plane U in Theorem Bl with the nonnegative Radon measure
1 as the trace of G on the real line R and the nonnegative Radon measure v = —A.G =
—m>°,.(22)%5.—2,, on the upper half-plane U, 2z, € i(0,1]. We define

flm/‘ w + 70)°dw

for z in the upper half plane.

Lemma 5.2. The followings hold true:

o Representation of G through v
The function G can be represented in terms of the Poisson kernel and the funda-
mental solution of the Laplace equation as follows:

! Imz 1 z2—C
(5.19) G(z) = ;/}R{Wdu(f)+%/uln‘z_g‘du(c)
e FExpansion of G at +ico.

If two measures (1+|€]*)N u, Im z(14|2>)V v are finite, then we have the following
precise expansion of G at +ioco:

N
(5.20) G(E _ Z(_1)1H21+2772171 + H>2N+27 24>2N+2 _ 0(7_72N71)7
1=0

where H* T2 is given in (B2) and

S2N+2 N+1 52N+2 Fm 2N aN-1
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e Trace formula of G.
Let N = [s — 1]. Then the following trace formula holds

_ 2sin(m(s — 1)) /OO(TQ 2y (G(%) B ﬁ:(—l)l}[m”r*m*l)dr

4 7o 1=0

N
s— s—1 1 o _
Z T ”( I >H21+2 = ;/(524-702) Ypciz — Y Ze1(22m),
R

=0 m

(5.21)

whenever either side is finite.
We have the following description of the energy norm by the trace formula:

Lemma 5.3. Let g € X°, s > 3, then the energy norm defined in (L16):
s 2 1, o ~
(B7(@)* = llal[}s1 = /R(ﬁ +76)" (Ilal? = 17 + |¢') (¢) dg
can be identified as the integral of the quadratic term Ty (ic) in (51T) as

(B2 (@) = - %Sm(”(s - 1)) /M(T2 —75)°" 1N P io) dr

70

N
s—1 s—1—1
s (PR N =1l

1=0

(5.22)

where H3*2 = [, (|l — 1) + @) (€)dé < 27 V(B3 ())? and

H2>2N+2( ) Re (42 T2 2l+2 72l71 — 0(7_1728)

, T — 00.

Mz

l:()

Proof. The proof (with 79 = 1) in [31] works here and we give here the proof for readers’
convenience. We make use of the unitary Fourier transform and inverse Fourier transform

r 7mc§ ) = L eixf 7
G m/ f@)de,  f(z) m/R 7€) de,

to write for any function f € H®,

Re /;QJ e TV F(z) fy)dz dy = %Re /R

L vn=ive () Fe) dy de dy

3T—i§

— I 27 _ T 20V (2
—Re [ Lo fOF©d = [ Srali©r

where the righthand side is the value at the point i7 of the harmonic function on the upper

half plane with the trace 7| f(€)[? on the real axis. Therefore noticing from the definition

EID) that
Re(12*T)(i) = [ e ((al* = D) (ll® - V(@) + 4 (1) @) do dy.,
<y
let f =|g|> — 1 or ¢’ above, then [5:22) follows from the trace formula (G.2I)). O

5.2.2. Ideas and the organisation of the rest of this section. Recall the notations on the
imaginary axis (5.1 and the expansion (5.16):

In T, (io) = Talio) + Ts(io) + Y Th;(ic).

Jj=2
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Recall the energy £ defined in (53)) (noticing the symmetry Re In7, ' (ic) = Re In T, ' (—io)
in (324) and hence G(i3) = Re (42° In T ') (i0)):

oo

N
& =— %sin(ﬂ'(s — 1))/ (7'2 -7 )S ! (Re (4z InT; ") (io) Z 2220 1) dr
=

70

N
s— -1
+272( 1-1) <S l )quz.

Recall the formulation of the energy norm (E%,)? in (522).
In order to show the equivalence (5.6l between &7, and (ETO) , it suffices to estimate,
if s € (3,2) such that [s — 1] < 1, their difference |3 — (E3,)*| which concerns cubic or

higher order terms in the expansion of In 7. ! (ic):

(oo}

(5.23) |€5, — (B5)?] = ‘% sin(m(s — 1))/ (r2 — 72)" 'Re (422 (Ts + Zfzj))(ia) dT‘

o Jj=2

by Ce- (Eﬁo)2 whenever ¢, < %
If s > % is large enough ﬂ then we also have to do finite expansions for Tg(ia') and

Toj(ic), 2 < j < s until k-th order, k = [2s]:
k

T3 (i0) = Z’HéTﬁHl + H5 " (i0), 72Ty (io) Z HQJ T H2>jk(ia') as o — 00,
=3 =2y

such that the difference above (5.23)) is replaced by

R 2 > -
12, — (B2 = ’;sm(ﬂ'(s—l))/ (7 =) Re (H3H + 0 Mz

7o 2<j<s

. ) s s—1 + Z +
(524) T 2 E 12j) (ZO ) d § (?( 0 ( l ) 2l 2 sz 2 ‘

j>s =1 2<j<s

We are going to follow the strategy and make use of the estimates in Section 6, [31] to
control the differences (5.23]) and (5.24). The rest of this section is organised as follows:

e We establish the estimates for high order terms Tbj, j > s (and T if s € (3,2))
and low order terms T37T237 2 <j<sfors > % in Subsections (.3 and 54

respectively;
e We complete the proof of Theorem [5.1]in Subsection

5.3. High order terms. We are going to derive the estimates for high order terms in
this section, which can be viewed as a more accurate version of the estimates in Section

on the imaginary axis setting:
e We derive first some preliminary estimates for g2, g3, g1, P and then the estimates

for the integrals N7 o, , in Subsection B.3.1¢
e We make use of these estimates to control the high order terms in Subsection

£.3.2] which can control the difference (5.23) when s € (1, 2).
We will use the estimates (@) and (£4) freely through this section.

8 Recalling Remark 5.1} H% = 0, we indeed have to do finite expansions only when s > 2.
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5.3.1. Preliminary estimates. Recall the notations in Subsection [5.1] and we are going to
estimate g2, g3, q4, P, N\, 25, , in terms of

1
Cr=1+ ;Hq,||l$ODU2 and H QHIEDU? = H(H|Q|2 - 1||12DU27 ”q,ngDUz)Hep‘

Lemma 5.4. Assume (57) and BR): (A, 2) = (i0,it/2) € R, 7 > 70 > 2, { = A2 = iw,
w € [Z,7) and g € X®, s > & such that ||q|* — 1| < &7o”.
Then the following estimates hold for P defined in (BI0Q) and for p € [1, o0]:

1, 9 C-
[Pllievz S Cry llaxlliz ooz + 11— (lal” = Dllizo S —llallzpvs £ = 2,3,4.
Proof. We firstly derive straightforward from the assumption (5.8)) that
H‘Zngov? S llallzee + H‘ZIHL;me ST+ 7'71Hq,|\zgoDU2) =7C-r.

Recalling the partition of unity (£2), we have

1 X7,k
T T heve < 1o | o
| IR o) e
N-1
2
<1+2sup sup (Z((Xnk(tﬁrl) — Xr(t))

—1__ _k+1 -
Eoloto<ti<oo<tn= =0

-

1
— 2\ 2 —
+ (@ 2 (gt = lat))?)* S 1+ 774 g pu = C,

where we used ||g|* — 1| < 70 and |q(tj41) — q(t;)| S ¢lliee p2- Similarly we have the
same estimate for % (|g|*> — 1) and hence for the polynomial P. Therefore the estimates
for qe, k =2,3,4 and || 2 (Jg> — 1)||p 2 follow from @I) and (F). O

We claim the following estimates similar as (£9) (recalling x - in the partition of unity

(2] and the assumption (5.8))):

JE qada’ ~ S quda’
HXT'k (e T - 1) H S Crirks HXﬂ',ke T S
V2 v2
(5.25) k A k
) qadx 1 ’ S5 qadz 1 ’
e L e T P P N Y B B

k' =k'
with & = 2 ([X-x(la* = Dllpwz + IXrxd'lpo2), X = x(55°)- Indeed, we write

—2(lg* - V)/w _ 2m (¢7)/(w?)

- ib —Reqs =
R RS w2l + 1

b=Imqa

Since we derive from (B.8) that ||X-x(z) [k adz'|| ., < Ellallze < § with ¥ = x(3°)

supported on [—%, 2] such that xx = x, we have the following estimate from Lemma 5.2t

f‘z adz’ T ,

e X+ d
Koo [ ade’]|

Cry -~
HXT,;C(x)(e < THXr,k(|Q|2 - 1)HDU2-

~ 1y 5|

On the other hand, since |e*°| < 1, ¢ € R, we have

iff bda’

E _ <
st (e Dl <]

Crl -
S = x%rnd | pora-

Xr k() ﬁ bdz'

T

Then the first line of the estimate (5.25]) follows. Similarly we have the second line of
k

k

V2

.;;'/ q4 dz ]):/ adz

)
E23) for k' < k—1: We derive straightforward from (5.8) that ’e - ‘ < ‘e - ‘ <
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e%(’“*kl), and hence by Lemma [5.4]

k
f,;—/ qq dz 1 ’ % 1 ’ k
e 1 <ez(k—k)‘ ‘< =K () _KY) O -
‘ < " qadz | < (e (k—k )) C Z Crk
= K =k'
Therefore we have the following estimates for N\ o, ;:

Lemma 5.5. Assume the same hypothesis as in Lemma[5.4] Then we have the following
estimates:

. . .
IN| S (laz2llizpozllaslliz pu2)’s 23] S max{llqzll2i pyes lgsll 20 pya ™
(5.26) o
IS TT” qH1§DU2||q2Hl§_DU2||q3Hl§DU2'

Proof. We follow the decomposition idea in the proof of Lemma [£2] to derive that

‘ / (ew(y)ﬂp(m) _ eff(yfr))g(y)h(x) dz dy‘
z<ly<t

o

v I3 I3 =
s ;H / 7%<XT,kg>(y>e*T<W)(e EM BT 1) () (@) da oo

q4

QAR

y7% Y aa JYas [
/ (xXr.19)(y) (e F—l+er (e —1)

+ 3 et

K/ <k—1

& :
IZQ4 f& 4 f%-
T e T (e* q“—l) Sy xde ,
( ) sy e
and hence we take g = g2 and h = g3 to arrive at the estimate for || in (526]) by virtue
of the claim (525]).
k
fyq f7 qa .%r
Similarly, since e?—¢(@) = =7W=2)¢ EHSE Tk 94 we have the following esti-
mate for the operator S (defined in (312))) from the claim (G25]):

ISllvemsoz S lla2lliz puzllaslliz puz,  S()(2) :/ e? W72 g5 (y) (g f) () dz dy,

<y<t

and hence the estimate for N\ in ([5.26) follows:
(V] =1 lim ($"1)(#)] < [87Llv= < (Cllazlliz pullaslliz puz)-
We apply the above estimate for the operator S iteratively to arrive at

1823 llv2 sz S max{lgzll 25 pyros lgsll 29 g2}, for the operator

2j—1
oy (F)() = / H PPt )=e ) g (1) o (quy, ) (1)t - - - ditay,
b < <to;<t nq

where kn, € {2,3}, 6, € {1,---,j}, and hence the estimate for 2; in (5.20]) follows. O
5.3.2. Estimates for high order terms. Recall (LI5), (II6), (59) and (GI2):

a=(aP - 1.4), B =lalr Cr=1+20¢ o

Q=24 ~1,4,0), e = ~llalizovs = |Qlz o>,
and the scaling invariance property (LI8):

s s—1 1 . T
(5.27) El, =1 2 ||qm lgrs—1, ||f”LEDU2 = Hfro”l_’;DU% fr= ;f(;)y

Rl
i
|



CONSERVED ENERGIES FOR THE GROSS-PITAEVSKII EQUATION 37

We are going to give the estimates for high order terms in the expansion of In7. " in

Lemma BTt T, 7 > sif s > % or T; and sz, j>sifse (%, %), which will be used to

control the energy difference €3 — (E3,)°| in (5:23) and (5:24). Indeed, after rescaling,
the estimates in Sections 5, 6 in [3I] work well here and we simply make use of them to
derive the estimates. We refer the interested readers there for more detailed analysis.

Proposition 5.1. Assume (5.2) and BR). For j > 1, Toj = NI and for j > 2, Ty is
finite linear combination of integrals 25. T3 is finite linear combination of cubic terms in

EIR).

Then there ezist a constant C' and a constant C; depending on j > 2 such that
11551755 (i0)| + |1;22T5; (i0)| < (CC-||Qliz prr2)?
(5.28) 15527 (i0)] < C5 (Cr Q27 )
[ Ts(i0)] < (CC-I1 Qg pu=)”-

If we assume furthermore (with a possibly larger C' depending on s)

1 1
(5.29) Cro = T—OH Q||l$ODU2 < Yok
we have for non-half integer s > % that
® 2 2\s—1_2 Ty (i 1 T (i dr < Ocz[[)zs]fz E° )2
(5.30) [ro (5 =79)""7 j>;1(| 23(ZU)|+ j22‘ 23(10)‘) T < m( 70) s
o B ~ oAl
2 2\s—1_2 . TO s \2
T — T T 1>0T%;(i0)|dr < ———(E7,)",
(5.31) /;0 ( 0) S<ng:s,1| =225 ( )‘ = [s] —|—1—8( o)

and in particular when s € (3,2), we have

ey | :°<T2 — 2yt (| Tolio) | + ;y@j@a)y) ar < ﬁ(ﬁ

Proof. The estimates for Tb;(ic), T»;(io) in (5.28) follow directly from Lemma [5.4] and
LemmalB55l. By virtue of the integrals in (EI8), we derive from Lemmas 5.4l and 5.5 that

2 2
- —12 -1
Ftio) s oML =Y )
T 1BU? T 13DU?
|Q|2—1 q 2 3
+ (P lgn 15 o) 2 18l 02 < (CC- QU o)
T €

If - < 2, by change of variables 7 — 7 = - we bound the integral in terms of |T%; (io)|

in (530) as follows:

/ (7'2 — 7'02)5717'2(‘1123'(1.0')‘ + ljzz‘TQj(iO')‘) dr < (26’)2j / (7'2 — 7'3)3717'2HQ||I2£DU2 dr

0 70

oo
27 _2s—1 ~2 —1 2j—2 2 ~
= 0P [ = 0 1Qn gt I e,
1 7

9 1f |T2;] < A then \ng\ < (24)7, j > 2. Indeed, following the proof of Proposition 5.10
in [31I], by multiplying g2,g3 by 1, we arrive from the expansions [32I) and [B22) at In(1 +
2>t n¥To;) = 0T + 2i>2 n%Ta;. We introduce a partial order < in the set of holomorphic
functions near zero, where g < h means that the absolute value of each coefficient in the Taylor
series of g at zero is bounded by the corresponding coefficient in the Taylor series of h. In
particular, In(1 4+ ¢) =< 1£—< = f(¢) and hence 3772, Tojn* < fo f(An) = 25 201 Adnd
|Ty;| < A= CCrc; such that |Th;| < (24)7, j > 2.
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with the equality ensured by (G.27). Proposition 5.13 in [3I] implies that in the regime
1 iS1 o . .
—3 <s—1< 2457 <j—1, the above integral is bounded by
1
j+1—2s
with the equality ensured by (B5.27).
Therefore under the smallness assumption (5:29]) such that Cr <14¢; <1+4¢r < 2,

(530) holds.

Similarly, if C; < 2, we bound the integral in terms of |Ts;(ic)| in (531) as

o oo

2 2\s—1__2| - 25 _2s—1 ~2 -1 2j—2 2 ~
[ = e Do) dr < 02t [T - D @ 1l I e
T0 1 T

25 2s—1 1 2j—2 2 1 25 25—2 s \2
(2C)7 7y ||7_—0 q, ||I§DU2||QTO a1 = m@c) Yez (B

Proposition 6.2 in [3I] and (527) implies (B.31)).
Finally we can do the same as for T3; above to T3 (with 2j replaced by 3 in the above)

for s € (1, 2). Hence (E32) follows from (5:30) and (5:31). O

5.4. Low order terms. Let s > % and we aim to get the estimates for the low order
terms T3, T2j7 2 < j < s in this section, which will be used to control the energy difference
|€2, — (E5,)?| in (5:24). Indeed, as in Section 6 [31], we have to do integration by parts
to expand low order terms until k-th order, k = [2s] — 1.

We will first derive the general formula for finite expansions in Subsection [5.4.1] and

then apply it to the low order terms in Subsection [5.4.2]

5.4.1. Finite expansion. Let us do integration by parts in the following integral:

/ =2 g () h(z) de dy :/ e "W Mgy h(x) da dy
<y

<y

= fomdn a2 [t ) @) @) g @) d dy

1 1 —o(z /

L ohds + 2 [0 (g) ki) + g (k@) d dy.
T Jr T <y

which leads us to define the two operators D4:

(5.33) Di(9) = (g2 £ 0z)g-

Then we have

Lemma 5.6. For any k € N, we have the following formal finite-order expansion:

k

/ e*p(y)’*’(””)g(y)h(x) de dy = Zbe +bzk+17
z<y =1
where
1 m n D m D7 "
by = ﬁ/R(DJreg)(th)dy :/R((T*) Eg)((T) fh)d% me+ng+1=1¢,
1 —p(z m n
L) = ﬁ/ W)=l )(D+g)(y)(D7h)(x) dz dy
<y
— o)~ (Dt ym Dy (@) da d =k
[ e (B ) (Brn) oo ay, men =

In order to study the applications of the operators D+ on ¢2,q3, we make use of the
structures and the preliminary estimates for go, s, qs, P derived in Lemma 5.4l Recall
qa=(lg> —1,¢') and Q = 2(|g|* — 1,¢',¢’). In the following we will be flexible in the
notations concerning () in the sense that the notation @ ---@Q will be understood as one
element in the set {Q*'--- Q" |ag =1,2,3}.
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Notice that g2, q3,qa are, up to the multiplication by %q, %q, m, w e [g,7),
linear combinations of components of @, and the applications (perhaps several times) of
the operators Dy, 8, or of the multiplication operators Mg, on q./, k,x" = 2,3,4 are, up
to the multiplication by the polynomials in %q, %q, m,

applications of the derivative 9, on Q,Q’,Q",--- or the multiplication of Q.

For notational simplicity, we introduce the set Oar, M > 1, which concerns (M — 1)-
times applications of the operators %Di or %8,0 or M1, on @, as follows (noticing that

01 = O defined in (BI1)):

a—l Q(e'y) Q(eoc)
(5.30 Om = {h(M)a) =P. (H m) i ‘P is any polynomial of form (&.I0)),
. y=1

a=1,--- M, €1+~~~—|—€a—|—a:M}.

In the following h(ns,q) Will always denote an element in Ops which is homogeneous of
degree o in Q and sometimes we will denote simply Ay € Onr without pointing out
the precise homogeneity. Then the operators %Di, %8I,MLQ map O to Op4+1 and
M o) maps On to Ongom. T

T1Fm
We can rewrite the finite expansion in Lemma with § = h = ¢ by use of the
notations h(,,) € O, as follows:

k
1 -
_2/ e?W) W(z)ql(y)q'(x) dz dy = Zae —|—a2k+1,where
T <y =1

ag = /h(l+1,a) dr, a=2,
R
aZktt = / e“’(y)""(”)h(m)(y)h(n) (z)dz dy, m+n=k+2.
<y

Motivated by this finite expansion formula, we derive the following estimates.

Lemma 5.7. Assume the same hypothesis in Lemma[54 Recall ¢, Cr, E7 defined in
EI12), (TI6). Let O, be the set defined in (534).

Then for any M > 1, there exists a constant C (M) such that the following holds for
any h(a,a) € Om homogeneous of degree o, o € [1, M] in Q:

M—1 Q)
(535)  lhonelizoe: < CONC; 3 Tl e
L1+ FLloa=M—a, sup glg<[M/2] y=1
Furthermore, the following estimates hold when k = [2s] < 2s, a > 2:
(5.36) T“Z\/ h(e11,0) dm\ S0 B O B (By)?, T2 0, 1S 4< k-1,
R

/ (% - 7'02)571‘7'2 /< (e“’(y)f"’(”) — 677(97”))h(m,a1)(y)h(n,az)(:c) dx dy |dT
0 x<y
(5.37) ko1

1 2 2

——c o (B2 )2, —k
~ |sin(2ws)| cro (Ero) mtn ’
a=aj+taz—1
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(5.38)
co n—1
/ (r* - 73)371’72/ [T e 2D a0y (81) - Py ) (En)E | A
0 1< <tp ;—1
1 k+n—3
i O (ES)?, 1<6i<n/2, mi+ - +mn=k+1.

~N Taifo— 7o
| sin(27s)| =gt dan—2

Proof. The estimate (535) comes from the estimates in (1)), ([@4) and the estimate for
P in Lemma [5.4¢

Q(Zw)
lha,elliz poz S Cr HH T+Ly
)

se > I%E

M—-—a<tlij+-4Lo<M-—-1v
In the above, by integration by parts we can always choose sup1<g<afp < [M/2]

We now turn to the proof of (538]). We first bound THZ’fR hit1,0)dz |, T > 70, 00 > 2

Q(eoc)

Tl

Gt tlo=M—a

5 pa 2’
2= Ty2 2*pU

by use of ([@.4).
12“pu?z Y

by
ozl (£y) | q(fa)
(42— q 7\ q Flre-a ’ 1, -
0 /P'( I ) L de | = /P (TOW) do|, fr= 210,
R A=t 7—0 7-0 T T

+ 4o =f+1— . We can do as above for h(M,a) to derive that

«@
(e)
ot Z H|q70 Hng(ﬂ‘

Te+2‘/ hie+1,0) dm’ S CreTo
R CHL—a<l)+o o, <O, 0 <[(E41) /2] 7=1
By the proof of Proposition 6.5 [3I], the pointwise bound (&.30]) holds:

- ¢ -
+ \/ B 4| S Crard 2 ary I el g o0, 1< <25 =1
by the scaling property (G.27).

for some ¢ +

£—2s+1 a—2 s \2
~ To CTUCTO (ETo) )

We now consider the following integral
72/ e“o(y)7W(z)h(m)(y)h(n) (z)dz dy, m+n=k+1,
<y

which, by the estimate for N\ in Lemma [5.5] and Lemma [5.7] is bounded by
k+1 ‘ Q( w)

cey Y I

Q=20 4+Lo=k+1—a~=1
Therefore, exactly as in the proof of Proposition (.1l we do change of variable 7 — 7 = =

and make use of the scaling property (5.:27)), such that
oo oo
/ (7_2 _ T()2)571‘T2/ etp(y)*w(:c)h(m) (y)h(n) (x) dz dy ‘ dr 5 7_3871/ (7':2 _ 1) 1
T0 <y 1

(CX)

HZO‘DU2

) k+1 k-1 Q( ¥) q( a—1) a

. T0 TO ~

Cro Z Z (H H 7y L@DUQ)‘ 7ot e puzll 7o o pr2""

a=2 £y oA la=k+1l—a, Lg<[k/2] 7=1 ? 7 ?

which, by Propositions 6.4 and 6.5 in [31], is bounded by
k+1 2 (et

c? o Lk k41

M( ° 2 1f§<5<%

25 102
|51n 27s |Z” q-ro HLO‘DU2||qT0 ”HS 1= 28—[28]



CONSERVED ENERGIES FOR THE GROSS-PITAEVSKII EQUATION 41

Similarly, by use of the estimates for ,2; in Lemma and Lemma [5.7] we derive the
estimates (5.37) and (B38)) respectively. O

5.4.2. Estimates for low order terms T37T2j. In this section we are going to do finite
expansions in Lemma to the low order terms 73,75, 2 < j < s, s > %, keeping in
mind the estimates in Lemma [5.7]

Proposition 5.2. Assume (51) and ([5.8) and let s > 3 be away from half integers such
that k := [2s] > 3. Then

o we can expand T>T3(io) until kth-order:

k
T2T3(i0) = ZH;‘;T*ZH + ?-13>k(i0)7 M5 independent of T, o — oo,
=3
k—2
(5.39) such that 75°~“|H5| < CChy Z 2 (),
a=1

k—
C'C';B')O Za:ll Cgo (ES )2.
| sin(2ms)| s

ond [ (5 = ) U o) dr <
70
e for2<j<s, we can expand T>Tsj(ic) until kth-order:

k
72T, (io) = Z ngTfeH + ’H2>Jk (i), ng independent of T, as 0 — o0,

£=2j
k—2
(5.40)  such that 73" “|HS,| < CCxy Z (B3,
a=2j-2
oo 0023 Zk71 ) &
2 _2ys—lig >k 0 24a=2j-2%70 s \2
and /;0 (7% = 75)° " Hay (io) | dT < |sin(27r;)| (E7,)°.

Proof. We will follow exactly the procedure in Section 6 [3I] and hence be sketchy.

Recall that T} is linear combinations of integrals of type in (B.I8]). We do integration by
parts as in Lemma [5.6] to the integrals in (BI8) from the left and right sides alternatively
to expand 7273 (io) until (k — 1)th-order: We do integration by parts (k — 1)-times to the
integral while (k — 2)-times to the last two integrals in (5.I8]), and we also notice the
expansion Im¢ = w =7+ O(77 ') as 7 — oo, to arrive at the expansion in (5.39).

Here, HS, 3 < £ < k is the leading order (in terms of 7'71) of a linear combination of
integrals of the following forms with bounded coefficients:

72 /R((DT’Z%)(DTZ%) - (33”112)((—81)”%3)) dz, me+ne <l-2,

2 _ / _/
73/(“‘1' D) T4 T L )R A, hayhe € O defined in (BII).
R T

Then ’Hg is linear combination of integrals of type rmtl fR him,aydz, 3 < m < £ with
hm,a) € Om homogeneous of degree a > 3 in Q. Hence the estimate for ’Hg in (539)
follows from (536]) in Lemma 571

Here H3>k is linear combination of integrals such as 7 fR h(k,a) dz , & > 3 (which appears
still because of the expansion of w in terms of 7) and the following integrals with bounded
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coefficients, m+n=k—1, mi1 +mas+ms =k + 1 and h(m), h(mﬂ) € Om
—p(x —T1(y—=x 1 m 1 n
7 (A T (D) () (£ DR ) o) e
<y
2 —7(y—=x) 1 m 1 n 1 n
[T (DY) ) D) () — (205 a2) () (2 (~02)"as) () ) ey,
z<y T T T
7_2/ eiT(yiz)h(MH,am)(y)h(nJrl,an)(x) dr dy, am+an >3,
<y

T2 / eiT(yix)h(ml)(y)h(mz) (t)h(mg) (13) dZC dt dy .
z<t<y

The estimate for 3" in (539) then follows from Lemma 571
Similarly, since Tb; is a linear combination of integrals o; reading as (5I14), (B.40)
follows from Lemmas and 5.7 O

5.5. The energies. We restrict ourselves on the imaginary axis (51): (X, z) = (i0,i7/2) €
R. For any ¢ € X*, s > 1, by (21, there exists 7o > C such that the smallness as-
sumption m = L||quz pu2 < 35 holds. Consequently the condition (E.3):

llg)* — 1] < &7o° holds if 70, C above have been chosen large enough. Indeed, by view of
&) such that lalle < 1+ 70ck® + T0cry, BR) follows from (58) for large C' and o.

From now on we fix 9.

5.5.1. The expansion of G(iT/2). Let us first consider rigorously the expansion of the real
part of the expansion of In T, ! (ic) in Lemma E.1

Re (42° InT. ')|a=io = Re (42°T2)|r=io + Re (42°T7)|r=io
(5.41) [s]

+le22Re (422T2j)|A:ia, Tf = T3 +ZT23
Jj>s j=2
Recall the expansion for Re (42%T2)|x=i, in (5.22) with N = [s — 1]:
N
Re (42°T)(io) = Z(—l)l’}-lgl+2 7 L U1V (ig), as T — o0,
1=0

with To(s 1— l)H2l+2 S (Ei(,)z, H>2N+2(Zo_) — O(T172S).

If s > % is away from half integers, then by Proposition (.1l and Proposition with
k = [2s] under the smallness assumption (&.3)),

e We can expand Ty = Tz + Z[iz Tzj as

k
(5.42) Re (42°Ty) (i) = Y _ Hj +H7"(i0) as 0 — 0.
£=3
Here H§ = —Re(H5 + Y11, #5)) with #HZ*' = 0 and 7577V |[H3+2| <

Ceqy (Eﬁo)2~7 and |’H?k(w)| < |H3 (io)| + Zgiz |H2>Jk (io)| = o(7'7%);
. Zj>s|4z2T2j(i0)| =o(7'77).
To conclude, noticing that k > 2N + 2 and k > 2N + 2 only if k € 2Z +1, by (E41)

and (5.42) above, we have the following expansion for G(i3) = Re (42°In T, ")(ic) when
s> % away from half integers:

N
2l+2 —21—-1 >2N+2
(5.43) G(i 2) Re (42° InT, IZ +H (i 2), as T — 0o,
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where (noticing that #* = 0 if k > 2N + 2 such that k € 2Z41)
Ty, (_1)17_@1“ with [72¢ 17092041 < C(E2,)?,
(5.45) H>2N+1(i%) Y R ,H?k i ZRG (42T, (i) = o(r'%).

Jj>s
By Proposition and the above expansion (5.43]) for the non negative superharmonic
function G on the upper half plane, the trace of G on the real line exists as a finite
Radon measure g such that the measure (1 + £2)™y is finite. Furthermore, by view of
G = Re (2? In ——)+ harmonic function in a small enough neighborhood of z,, (with A,

Z—Zm

the zeros of 7o H(\)), H* ™ indeed reads as in (5.2).

5.5.2. The energies. If s € (1, 2), by view of the difference (5.23)) for ‘Sﬁo —(ES)? ’, under
the smallness condition (&.5]), we derive the equivalence relation (5.6) from Proposition

il
Similarly for s > £, by the above finite expansion (5.43) for G(iT/2) and Propositions

BEIland B2] we also have the inequality (B.06]) since we derive from (5.24) that
al s—1
s s \2 2(s—1—1 - 2042
e~ < o ne ™ (U ) e
1=0

oo
+ %sin(ﬂ'(s - 1))/ (r* = 75) (M7 + D Re(42°Ty))) (io) dr‘ < Cery (B3
70 Jj>s

Here we noticed that for the estimates in Propositions 5.1l and 5.2}, if s = m is an integer
then the singularity (2s — [2s])™" is compensated by the coefficient sin(m(s — 1)), while if
s=m+ % we can do the frequency decomposition as in (5.44]). Therefore for any ¢ € X°,
s> % there exists 7o > C' > 2 such that the energy &7 is well-defined in (53] satisfying
E.6).

Furthermore we derive the trace formula (5.4) by Proposition[5.2} For general 7/ > 2, we
can still define our energy £, as in (5.3)) since T *()) is holomorphic on R = {(\, z) |\ =
22+ 1, X € Ieyy, Imz > 0} and G(i%) is integrable on the finite interval 7 € [r/, 70] if
7' < 70. The analyticity of £2,(q) in ¢ € X* follows from the analyticity of the renormalised
transmission coefficient T, *(); q) in Theorem B.11

6. THE METRIC SPACE
In this section we study the metric space X° defined in (I4):
X ={qe Hy(R) : [gf —1e H'(R), ¢ € H'R)/S', s>0,
and its endowed metric defined in (LH):

1
@(a.p) = ([ inf lIsect (-~ )0 = Pl dy )
R IA=1

101f s = m an integer then ([5.45) follows from the proof of Proposition if s =m + %, then
we can replace H?k(ia) in #>2N+2 (7 /2) by (noticing H?k = H?k717 H’Ji =0 when k € 2Z +1)

(5.44) ((H7)(i03Q) = (H7) (i3 Q<r) ) + (H7* (173 Q<r)

such that H>2N+2(i7/2) = o(r1~2%) holds: Here Q<. = %((|q|2 —1)<r,q-,,d-,) denotes the

low frequency part of Q = %(|q|2 —1,¢',q) and hence there exists at least one high frequency
Q> in the first part of the decomposition (5.44) while there is only low frequency part Q< in
the second part of (544), from which we derive H>2N*+2(i7/2) = o(7'72%) from the proof of
Proposition (see also Section 6 [31]).
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Recall the energy E°(q) associated to g € X° given by (I.I7)) and (LI4):

s _ "2 2 2 1/2
B (@) = (10 11y + gl = Wps1)) -

This section is devoted to the proof of Theorem [[I] and will be divided into two
subsections, with the first subsection devoted to the study of the metric structure (see
Theorem[6T1below), and the second one to the analytic structure (see Theorem 6.2 below).

6.1. The metric structure. We study in this subsection the metric structure of the
metric space (X°,d®).

Theorem 6.1. Suppose that s > 0. Then (X°,d°) is a separable complete metric space.
Moreover, there exists a constant ¢ depending on A > 0 such that for any q,p € X° with
E*(q), E°(p) < A,

|E*(q) — E°(p)| < cd’(q, p).
14 C§°(R) is a dense subset. Fvery metric ball is contractible. If s > 0 then every closed
metric ball is weakly sequentially compact.

By weakly sequentially compact we mean that if (¢;) is a sequence in B = B2(q)
with Bi(q) = {p € X°|d°(p,q) < r}, then there is a subsequence and p € B so that
¢, — p and |g;,|> — 1 — |p|®> — 1 as distributions. If s > 0 then the boundedness and
the convergence g;, — p as a distribution imply that g;, — p in LQ(K) for every compact
interval K and hence |g;, |> — 1 — |p|> — 1 in L'(K) for every compact interval K, and
hence as distribution. Thus only the convergence of ¢;x — p as a distribution and the
weakly compactness of closed balls has to be proven.

Before proving Theorem [6.1] we claim the following lemma stating the relation between
the energy and the metric, whose proof is postponed to the end of this subsection.

Lemma 6.1. If ¢ € X° then with an absolute constant ¢ we have

(6.1) &(1,9) < cE*(q).
Ifpe X° and q € H,. so that d°(p,q) < oo, then ¢ € X° and
S S S 1 S S
(6.2) E*(g) < E*(p) + c(1 + E*(p)) 2 d*(p,q) + ¢(d"(p, 9))*.

Proof of Theorem[61l We organize the proof into a series of steps. The cutoff functions
7 and p will be chosen appropriately in each step and may vary from step to step.

Step 1. Suppose that ¢,p € X° with E°(q), E°(p) < co. Then d°(q,p) = 0 iff there exists
A € C with |A] = 1 such that p = Ag. Since p = Ag implies d*(g, p) = 0 trivially, we assume
that d°(g,p) = 0. Then as |[sech (- —y) fllgs > C(y,a,b)||fllas) for any y € R and any
interval I = [a,b], there exists A € C with [A| =1 so that

||)\q — pHHS(I) =0.
Hence p = A\q.
Step 2. Triangle inequality. If ¢, p,r € H},. with d°(¢q,p) < oo and d°(p,r) < 00, then
we simply integrate the square of the following triangle inequality

inf [|sech (-—y)(q—pr)|lms < inf |[sech (-—y)(g—=Aip)|lms+ inf | sech (-—y)(p—Aaor)|us,
=1 Arl=1 Az|=1

to derive the triangle inequality

d*(q,7) < d°(q,p) + d°(p, 7).

Step 3. (X°,d°) is a metric space.

We deduce from the triangle inequality in Step 2 and (GI]) that whenever p,q € X°
then d°(p,q) < oo and (X?*,d®) is a metric space.
Step 4. (X°*,d°) is a complete metric space.
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Let (gn) be representatives of a Cauchy sequence in (X°,d’) and let y € R. There
exists ¢ € H},, and a sequence (A, (y)) with [A,(y)| = 1 such that

sech (- — y)An(y)gn — sech (- — y)q in H®.

Clearly ¢ does not depend on y. This implies pointwise convergence of the integrant with
respect to y in the definition of the distance function and

d*(qn,q) < sup m>nd’(qn,qm) — 0 with n — co.

Lemma [6.1] implies g € X°.
Step 5. A dense subset.

We claim that 1 4+ C§°(R) C X° is dense. Let g satisfy E°(¢) < co. We fix a monoton
function n € C* with n(z) =1 for z > 1 and n(z) =0 for z < —1. Since

(1 = n(R £ @) (lul* = Dllo—s + (1 = n(R £ z))ue| g1 — 0

as R — oo, given € > 0 there exists Ro so that all these quantities above are at most of
size € for R > Rp.

Let 4+ = [, 7' (z F R)udz with R > Ro. We claim that there exists an absolute
constant ¢ such that

[lax] — 1] < ce.

This estimate follows from Lemma [6.3] below. Multiplying by a complex constant of
modulus 1 we may assume that @ € [1,2]. We choose w € [—,7) so that 4y = e™|dy|.
We define

. 2
un = (R~ 2R+ z)u(z) + (L —n(R - 2))e“ OO/ EHED) (1 (R 4 a)).
It is not hard to see that
lim d°(ur,u) = 0.
R— o0

Clearly ur —1 vanishes for z < —2R and it decays as x — co. After convolving ur —1 with
a Dirac sequence we may assume that (without changing the notation) that in addition
ur € C*°. By a standard cutoff argument we may assume ur — 1 € C§°(R).

Step 6. Weak compactness.

Let s > 0,qg € X°, r < oo and ¢, € X° so that d°(q,¢qn) < r. We claim that there
exists a weakly convergent subsequence with a limit p in the same closed ball. This follows
by an easy modification of Step 5. Lemma implies that the weak limit is in X°. If
s > 0 we obtain

(6.3) E*(p) < liminf E°(gqn).
n—r oo
Indeed, if ¢, converges weakly to p then up to choosing A,
1(lgnl* = 1) = n(|p|* — 1)
in H*~! by compactness. We easily deduce (G3). d

In the remainder of this subsection we will give two technical lemmas (Lemma [6.2] and
Lemma [6.3]) and their proofs, as well as the proof of Lemma [G.11

Lemma 6.2. Let 0 < § < 1 and suppose that n® < Cn for all k >0, |7'| < 6n. Let
s €R, then

In(D)* fllzz < cll(D)* (nf)llz2,
where the operator (D)* is defined by the Fourier multiplier (€)° = (1 + |£]?)*/2.

Proof. The operator (D)® is defined by convolution with (up to a multiplication by a
power of 27)

o) = / ¢ (6) de,
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which is understood as inverse Fourier transform resp. as oscillatory integral if x # 0. To
be more specific, let us assume x > 0. Then we move the contour of the integration to
{€+i7|£ €R, —1 < 7 < 1} in the complex space:

g(z) = /Re““””a +(E+ir))Pde =" /R e (€2 + 2im€ + 1 — 77)*/%de.

We take 7 = 1. We take the smooth cutoff function p with p = 1 around 0 to decompose
the integration into the part close to 0 and the part away from O:

¢"g(z) = /R e e 2 (¢ + 20)"/?)de + /R (1= p)(1+ 2i/€)?d.
Similarly for x < 0 we take 7 = —1. Then by the theory of oscillatory integrals,
l9(@)| < Ce™ (1412772 4 (14 xqaien 2 777)),
and the exponential decay holds:
05 9(@)] < Ce™ /(14 |2|717*/%), Ve > 1.

We denote g = ¢g° to emphasize the dependence of the above function g(x) on s and
we decompose g°(z) into

9°(x) = gi(z) + g5(x), gi(x) = p(z)g°(z),
such that
97| < Cxglai<iy(1+ 2|71 7%),

||

|04g3(2)| < Cre™ =, and hence ||g5  fllgv < Cx|lf-~, VN €EN.

The claimed inequality is equivalent to

Iln(DY n™ D)~ flle> <ellfllezs ie g™ * (0 g™ % ez < el flle2,

and by duality it suffices to consider the case s > 0. We do the above decomposition for
g° and it remains to show

g5 * (n'gr " * ez <elfllezs d,1=1,2,
When j = [ = 2, then the integral kernel of the operator on the LHS reads as

KiGe.) = (o) [ g~ (2195”2 — u)d
R
By |0kn(z)| < cxe’!**In(2), the estimate follows from (G.4):
/e—%\x—z\eéwx—z\e—%\z—y\dz < Clo—dlo-ul.
R

It is also straightforward to check the other cases by use of ([6.4):

Ings * (" g2 * Plle2 < cllga™ * fllas < ellfll2,
Ings * (0™ gr " * ez < cllgr™ * fllas < ellfll2,
gy * (0™ g1 * Pllez < cllgr* * fllas < el fllze-

We turn to another technical lemma. Let n(z) = (1 + 2%)™'. Then

(6.5)

/R sech®(z = y)(lg* = 1)(2) da | < Clln(- —y)(D) " (lal* = 1)l 12,

since

7771(- —v) sech2(~ —y)eSMR) C Hl(R).
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Lemma 6.3. Let no be a nonnegative Schwartz function. Then
(6.6) / mo(@)m(y)la(@) — q(y)|* dz dy < clln(D) " g |Z2,

R xR
and with k = [ sech ?(x) dz,
(6.7)
1 - _
|| [ sect*@=v)ate) de 1] < e (InC = o)D) el + - = (D) (laf* = Dlz2) .
R

Proof. Straightforward calculation yields

/ mo(x)mo(y)lg(z) — q(y)[*dedy = 2Re / no(2)n0(y) / q'(21)q (22)dz1dzadzdy
R x R <y r<z21,22<Y
min{zy,z2} oo
= 2Re/ / UO(w)dI/ 10(y)dyq' (21)q (22)dz1dzo.
RXRJ—oc0 max{z1,2z2}

Let
min{zy,z2} oo
pler,n) =2 [ ery 7o(y)dy.

—oo max{z1,2z2}

The assertion (6.6) follows once we prove with ko = 2 [}, 7o,

G, )z + 10z plle + 1925pll 2 + 11021250 = Kbz, 20 (1) [l 12 < c.

Indeed,
2m(z) [ mlody if <z
0z, p(21, 22) = z2 2
—2/ no(x)dxno(z1) if 22 < z1
and

02, 2,p(21, 22) = —2mo(21)m0(22) if 21 # 22
At the diagonal {(z1, 22) | 21 = 22} we have
0-1plz12) = 0uiplzsz) = 2m0(a) [+ 2m() [ m=2m() [
z4 —o00 R
and hence

02, .,p(21,22) = —2n0(21)m0(22) + 262, 2,0 (21) / 70-
R

We turn to the proof of (7). Let x = [ sech?(z)dz. Then

/ sech ?(z — y)q(z) dz
R

< / sech *(z — )|q(2)| da

<n7 ([ seeh*(o — laf(a) d )
gn(uffl/k sechz(:c—y)(|q|2—1)(:c)dx)

<k + Clln(@ — y)(DY"M(a* = D)1 %,

where in the last step we used ([G.5]). This implies the desired estimate (67) if for some
e>0,|L [, sech®(z —y)g(x)dax| > 1 +e.
We hence fix € (e = % being legitimate) and consider the case

1
2

(6.8) <(1+e).

K

l/R sech?(z — y)q(z) dz
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Using Fubini and ([6.6]) we have
2

K

1
—/ sech2(x—y)qu —q
R

L2(sech2(.—vy))

(6.9) = /R sech (2’ — y)‘%/R sech®(z — y)a(x) dz — q(a’)|” da”

< l/ sech?(2’ — y)sech (z — y)|q(z) — ¢(z')|? dz dz’
R Jr2

- 2
<elln(- = y)(D) gz llze,
and hence by triangle inequality,

2

-1
K

l/ﬂ; sech ”(z — y)q(z) dz

< \% [ seeh?@ = p)(1af* = Do) do

2
+

)

%/Rsechz(x—y)mz(x)d:c — ‘%/R sech2(x—y)q(:c)dx

where the last term is estimated using B3] and by writing it as |A? — B?| = |A+B||A—B].
In this last step we made use of (6.8). O

We complete this subsection with verifying the relation between metric and energy
stated in Lemma [G.T]

Proof of Lemmal6.1l. We claim that there exists a constant ¢ > 0 so that

d°(g,1) < cE*(q).
This is the first claim of the lemma. We begin with the most difficult case s = 0 and fix
y € R. Then, with k = fR sech ?(x) dz,

inf /sechz(x—y)|q—)\|2(x)dx
R

X=1

= / sech®(z — y)(|¢|* + 1) dz — 2sup |y =1 Re )\/ sech?(z — y)g(z)dz
R R

:/]];{sechz(:c—y)(|q|2 —1)dz —2(‘/}R sechz(x—y)q(x)dx‘ —m)

< c(ln@ = y)}D) " (lal* = Dz + In(z — y){D) " aallr2)

where the bound on the first term follows by (G.5]), and the second term by (67). Let
0 € (0,1) be a small constant to be determined later and we define the set

Vs ={y € R ||In(- —y)(D)""(la]” = Dllzz + In(- = y)(D) gullr2 > 6 > 0}.
Then

d’(q,1) = (/R inf /Rsechz(az—y)|q—)\|2(x)dx dy)%

X=1
1

< (/ inf / sech?(z — y)|q(z) — A|* dz dy)§
vE [A=1 Jr

we( m = 90)7 g = Dllas + It = 0)(0) " 0elie) ay)”

=

where the last term is bounded by ¢;E°(q) for some constant ¢s depending on 6.
It remains to consider those y € Y. We regularize ¢ by taking the convolution with
the Schwartz function 1 sech?(z), and we can always decompose (as in Section [2)

g=b+q", with be L qlzq*(lsechz) € X7, Vo >0,
K
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such that

Isech®(z — y) bl 2 + || sech *(z — ) (¢l 2 < elln(@ —y)(D) ™ gzl 2

Fix y € Y and in the following we will simply denote n(z — y) by n. We use Lemma [6.3]
and then choose § small enough such that

_ _ 1
lla' @)l =1 < e (D)~ (lg* = Dllzz + (D) gellz2) < ed < 5,
and thus |¢*(y)| # 0. Moreover (as in (Z3)),

llg* 2o (ty—roy+r)y < €L+ (D)~ (lal* = Dllzz + In{D) " gallr2) < e,

[ ot =] < | [ ntal = vz |+ [ - ') ao.

where the second term on the righthand side above is bounded by

(I 2alluz + I10*/2a 12 ) Il 2Bl 2 < elln*/?0llpa.

and

Since

[sech (@ =) ate) = 520, < lseeh @ = 9)(a - a) @)z

+[Isech (¢ — y)(q' () — ¢" (W))llz2 + l[sech*(z — y)(lg" ()] = D)l|2,

we take the square and then integrate with respect to y in the set Y(;C, to complete the
proof of d°(gq,1) < cE°(q). To deal with general s > 0 we slightly modify the steps.

To prove the second claim (62)) we consider the case when the right hand side is finite.
By the triangle inequality,

2 2 2 2
lal™ = Ulga=—r <|lpl" = Ulmra=1r + llal” = [Pl -1

We now verify

(6.10) lal? = b1 < e/TF B2(o) + B (@) (5,0).
Since for any |A| =1,

la* = Ipl” = Re (Aa + p)(Ag = p)) = Re (A(by +¢") + (b + ) B — 1) ),
where ¢ = by + ¢' and p = b, + p' are decompositions above, we have for s > 0

llgl® = 1ol me-1 < (1(as bp)llzrs + (D) ey PH)a)llro—1 + (g, )| ) Aq = pllare,
and hence (6.10]) follows:

gl = Ip*|I3a—r < C/]R Isech (z — ) (Ial” — [p|*) (@)[I%-1 dy

< el +B'0)+ B (@) [ ot [lsech o = )\ =)oy

= c(1+ E°(p) + E*(a))(d"(q,))".
Then for any € > 0 small enough, there exists ce > 0 such that

S S S 1 S
lal* = Ullger < E*(p) + c(1 + E*(p) + E*(9))2d"(p, q)
S S S 1 S S
< B (q) + E*(p) + c(1+ E*(p)2d° (p. q) + ce(d”(p,0))*.
Let n € S(R). We calculate

/Hm— ||L2dy—//|nx— 2)de dy = ][22 £112.

(6.11)
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We take ||n]|z2 = 1, such that

ldlze—s = ([ e =)D d @)Eady)

< (/R l[n(z — y)<D>s’1p'H2dey) Y (/R inf [[n(z — y)(D)* (¢ ~ Ap')llith/)”2

) o 1/2
— e+ (| inf e = ) = ) ly)
R

Then by choosing e sufficiently small in (GII), ([G2) follows from Lemma (taking
n = C'sech (0x) with C > 0 such that ||n]|z> = 1). O

6.2. The analytic structure. In this subsection we focus on the analytic structure of
the metric space (X°,d°).

Theorem 6.2. Let n € C§°([—1,1]) withn =1 on [-1/2,1/2]. Let E°(q) < co. There
exist r and L depending only on E°(q) such that the map

(6.12) B:(q) 3 p > ((an)n,b) € 15 x H®, with

1
(an)nlliz = (3 lan — an-1]?)2,

H® ={be H°| (n((x — 4Ln)/L)b,n((z — 4Ln)/L)q)us € R, Vn € Z}
is a biLipschitz map to its image. If d°(q,q1) < 7 then the coordinate change in the

intersection is an analytic diffeomorphism with uniformly bounded derivatives.

Proof. We define

I fllg-1n) = Sup{/ngdx ‘g e C° (D), llgllgr = 1}.

We denote

1

@) =7 ety dy, YfeLb (R).

1
3
Proposition 6.1. There exists € > 0 such that
1 @ 1
5 Sld*(2)] < 2 and lallL2 (o2 wy iy 2 2
if
llge |l +llgl* — 1] <
GzllH-1([z— L z+1)) q H-1([z—1,a+1]) = €
In particular, if the interval I satisfies
1] > 6((E*(9))*/e* + 1),
then
gl sy > E* (@)™

Proof. Without loss of generality we take £ = 0 and we consider
1

1

2 2

lg —a*(O)I72-1,1p) :/ la(y) — ¢“(0)[* dy :/1
- -2

[N

2°2

atv) - [ awraz | dy,

1
2

[ [ weasw) ([ [ aeaza)ay

which reads as

1 1
2 2

= /% [ k(2,2 )qs(2)3:(2') dz dz’.

1 1
2 2
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In the above,

k(z,2') = /A( ) sign(y — z)sign(y — «') dy dz dz’,

A(z,z’):({—%<x<z<y<2} {——<x <z <y<2})

1 1 1
U{—§<x<z<y<z < <§}U{——<x’<z'<y<z<x<§}

2
U({—1< <z< <1}m{—1< <z < ’<l})
such that
1.1 1.1
k(z,2) =1, Nz =2 +1, ! -
(2,2) z<z(z+2)(2 2)+1ac.(z 4-2)(2 2)
= 1 —5li= 2l Vo7 €[5, %[5, 3],

which is symmetric and Lipschitz continuous with
1 1

k(£= =k(z,£=)=0

(5.2) = k(z £3) =0,

and smooth away from the diagonal with uniformly bounded derivatives of all orders.
We claim that

(6.13) llg — qa(o)”w([f%,%]) < CH‘Z%HH*I([f%,%]y

and it is equivalent to say that the integral operator with the integral kernel k(z, z’) maps
from H~! to H}. That is, the integral operator with the integral kernel

1
azk(@g) =2+ 5(1Z<Z, —1...)

maps from H ! to L2, This is equivalent to the adjoint operator mapping from L? to Hg,
which, by 9.k(z, i%) = 0, is equivalent to the fact that

O,uk(2,2))==14+8,_

is the integral kernel of an operator mapping from L? to L?: This is obvious.
Let n € C§°([—1,1]) such that 0 <n < 1,7 =1 on [-31, 3] and [n=1. Then

| [ 1) ata+ ) = 1)dy | < el = 1 esoinp,

andhenceby2f2 gz +y)Pdy < [nlgz+)1> = [n(lg(z+)> = 1)+ [n,

=

a 2
lg® (z)| + ||‘IHL2([17%,1+%] <e(T4+lgl* = Ua—1(e—1,41)))
Thus with a different test function, still denoted by 1, with € C§°([-1,3]) and n =1
on[—1,1], [n=1,0<n<1, we have for any z € R,

llg*(@)” — 1] < ‘/ Iqx+y)l—1dy‘+/ Y)|a® (@) + a(z + y)||¢* (=) — a(z + y)| dy

< d|llqf* - Wa-1(a—gerdn e(1+ gl - 1||H*1([zfl,z+1]))||qacHH*1([:57%,:c+%])7
where we used (6.13) to control |lg*(z) — q(z + )|l 2 (- 1)) Therefore there exists € < 0
such that if [|qell -1 (a1 oy 1) + lal* = 151 (ja—1,041)) < € then

1

1 a
3 <l¢"(z)| <2 and |‘Q||L2([x7%,x+%]) > 3

By Tschebycheft’s inequality we have
#{n: ||q1||H’1([2n71,2n+l]) + |||Q|2 - 1||H*1([2n71,2n+1]) >er < Eiz(ES(Q))zv
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and hence if || > 6(¢72(E*(¢))® + 1) then for all s > 0,

1] 27 *(B%(@)* + 1.

PP
wl N

2 2
lallzscry = llallz2ry =

After these preparation we turn to the crucial construction. Let
L=6(s"(E%(¢9)" +1))

in the sequel. We replace sech (z) by sechr(z) = %Qp * (sech (max{L, |z|})) for some
fixed smooth compactly supported function ¢. This function is close to 1 on an interval
of length 2L. For g € X°, by Proposition [6.I] we have

(6.14) lsech sz — pla(@)llnz(v) = 5B (@)/fe, Wy € R,

We replace sech by sech 1, in the definition of the distance. This leads to an equivalent
metric with constants of size e” /2. Expand the quantity in the integrand in the definition
of d*(g,p) as

Isech vz —y)(Aq — )7y = [ sechL(z — y)all s + || sechr(z —y)pllFrs
— 2Re [A(sech(z — y)p, sech.(z — y)q)ms].
Let
= p(y) := (sechr(z — y)p, sechr.(z — y)q)u.

If u # 0, we take A = A(y) = ZEZ;‘ such that

inf Jlsechr (@ —y)(Ag - Ptz = IIsechr.(z — y)gllzzs + [ sechr.(z — y)pllFrs — 2lu(y)l-

Suppose that d°(¢,p) < 3—12Es(q)/s. Then for any yo € R and the interval Iy =
[yo — 1,90 + 3], we have

1.
e inf [l seeh.(@ = o) (a(x) — p(a) g

< [ inf el el o~ o) (Aa(o) — ple) s dy
Ip M=

< [ inf lseeha(o = ) Mala) = p@)ls dy < d"(ap) < 355 (0=

This together with (614 implies that given y there exists A with modulus 1 so that

(6.15) | sech (A — p)llr- < 1B*(a)/= < gl sech (e~ y)alue,
and hence
lul = [(sechr(z — y)p, sechr(z — y)q) r3|
(6.16) > ||sechr,(z — y)qllzs — |[(sechL(z — y)(p — Aq), sechr.(z — y)q) s

1 1
> |[sechr(w = y)allzrs — 5llsechr.(z — y)alli; = 5l sechr(@ = y)allz=-
We are going to study the map
Y
plx) = M) = 240
in a small ball around ¢ with the radius depending only on E°(q).

Lemma 6.4. If d°(q,p) < =5 E°(q) /¢, then
H)\’HHHN SCNdS(Q7p)7 VN e N.
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Proof. We calculate
oy L|pPuy a1 pGapy — pity)
Y ul 2 |l 2 l*
If p = Mg, then A\, = 0.
We differentiate p to get

!

d
n = d—y<S€ChL(x - y)p7 SeChL(x - y)q>

= —(sech(x — y)p, sechr.(z — y)q) — (sechr(z — y)p, sech(z — y)q),

and for notational simplicity we denote sechr(z —y) = p and sechy (z —y) = p’ such
that u = {pp, pq) and u’ = —(p'p, pq) — (pp, p'q) in the following of the proof. We expand
p = Aq+ (p— Aq) with |A(y)| = 1 to see that the difference fip’ — pj’ is the summation of

(p(p—Xq), p) 1" — Mg, pa) ({0 (p — Xq), pa) + (p(p — Xq), 'q))
—(p(p — ), p@) i’ + Xpq, pq) ({' (p — Aq), p@) + (p(p — Aq), ' 7))

and
— Mg, pa) (Mp'a, pa) + Mp'a, pa)) + XMpa, pa) (Me'a, p@) + (pd, p'7))
= —lpgll%r=2Re (0'q, pg) + llpall7r=2Re (p'q, pg) = 0.
Therefore
1 lo1(p = AQ)| = |l p24llm= (|{psp, paa)| + |{pg; pa)|)
[Ay| < 3 > ME ;

p1,p2,P3,4€{p,p"}

and by (615, ([EI4),
[Ay| < ellp(p — Ag)[|m=, and hence [|[Ay[|L> < cd’®(g,p).

We easily obtain the claimed estimates for higher order derivatives. |

Next we study what happens when we modify the weight. Let n € C§°([—1,1]) with
n=1on [-1/2,1/2] and we define

i = fily) = (- = 9)/Dp, (- = y)/ D=, A=Ay) = _|ﬁ<y>|,

Lemma 6.5. Assume the same hypotheses as in Lemma[6.4] then
||5‘_)\||HN SCNdO(Q7p)7 VNGN7
if the righthand side is bounded by a constant depending on the energy.

Proof. Since

)

%= A = [E@IR) = [6w)|Ay)

()l ()]
this amount to bounding the difference

A= |a(y)|p(y) — lp)liay)-

This vanishes again for Aq¢ and we can continue as in the proof of Lemma [6.4] since
Al < Ay + A

where
A :‘ |(n(z — y)p,n(z — y)g)|(sech L (z — y)p, sech L (z — y)q)
— |(n(x — y)Ag, n(z — y)q)|(sech 1 (z — y)Aq, sech r(x — y)q>‘

<|(n(z —y)(p — Ag),n(x — y)q)||(sech (x — y)q, sech 1 (z — y)q)|
+ |(n(x = y)g,n(z — y)g)||(sech (z — y)(p — Aq), sech .(z — y)q)|
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As =||(sech (z — y)p, sech (x — y)g)[{n(z — y)p,n(z — y)q)

— [(sech L(z — y)Ag, sech (z — y)q)[(n(z — y)Ag, n(x — y)q)|-
Bounding the derivatives is done in the same fashion as for A.
O

There exists 7 < 7> E°(q)/e small enough such that for any p € B;(q), we can construct
a function § = @(z) using the function A = A(y) as follows:

(1) We choose a sequence (an)nez so that
e = X(4nL)

and

N =

Z |a7lfl - an|2 < CLdS(Q7p) <

where the latter is satisfied for small enough r. The sequence is unique up to the
addition of a multiple of 27.
(2) We fix a smooth partition of unity

Zp((:c —4Ln)/L) =1 with p=1 on [-1,1] = Supp (1)

and define
0(z) =Y anp((x —4Ln)/L).
(3) We define the map
p— epr— q=:b.
This defines the map (612) in Theorem
Bi(q) 3 p+ ((an)n,b) €15 x H".
Indeed, it suffices to show b € H*. Since
l[sechr(z — y)b(x)lm; < [Isechr(z —y)((x()'p(z) — a())la;
+[Isechr(z — y)(x() "' = (X(2) " )p(@) |z
+ || sechr(z — y)((X(@)"" = e )p()|arz,
by Lemma [6.2] Lemma [6.4] and Lemma [6.5] we derive that
[b1fre 5 [ lsechn (o= bl dy < d*(a. )
Furthermore, it is straightforward to calculate
(n((z —4nL)/L)b,n((x — 4nL)/L)q)

=e """ (n((z — 4nL)/L)p, n((z — 4nL)/L)q) — (n((z — 4nL)/L)q,n((z — 4nL)/L)q)

—|fi(4nL)| - [n((- — 4nL)/L)qll%- € R.

Let us consider the map

15 % H* 3 ((an)n,b) — ¢ (q +b),
where the function 6 is constructed as above from #(4nL) = a,. Since
e (a+0)° ~1e®(a + D) = bl — [bf* +2Re [q(b — B)],

we derive that

1€ (g +B)2 = 1 (q + B || yos < €llb — Bllze-



CONSERVED ENERGIES FOR THE GROSS-PITAEVSKII EQUATION 55

Furthermore, we also derive (expanding the norm)

= . . 5 ~ 2
/H sech (z — y) (619@)7@0@)61@@)((1 +b) — ezg(m)(q + b)) H dy
R

< e(llb = b7z +11((an) = (@n)) ,lliz)-
On the other side, the map
B 5 p s gy — =D/l =)D

|-
and the map
pb=cp—gq
are Lipschitz continuous. This proves the biLipschitz continuity.
Finally, the following two maps describing the coordinate changes are smooth:

5 (n((z —y)/L)(e” (g + b)), n((z — y)/L)qr)m;

((an)n,b) = Ai(y) = B e D 'HY,

((@n)n,b) = by =€ (g +b) — qu.

APPENDIX A. CALCULATION OF THE QUADRATIC TERM

We prove Lemma[5. I here: We derive the expansion (5.10) of In T, * from the expansion
(B22) on the imaginary axis (5.7)). It suffices to show

(A1) O+ Ty =To+Ts, when (\z)=(ir/72/4—1,i7/2), C=A+2,72>2,
where ®, Ty = N, Ty are given in (323), (5.13), (5.17) respectively:

i [ (lg*—1)? 1 7q(lg* = 1)
oi=—— | H—Cdr +— [ T —dx,
r lg* —¢? 22¢ Jr (lg1? = ¢?)

N = / LP(H) (z) (x)qz(y) dz dy,
o) = gz | e (o = D@’ - D) +d )7 @) de dy
4 3§2 / m q q |q| )dx + 82—13§ /z<y eZiZ(yfz)(q'(y)(j'(x) _ tj’(y)ql(x))d:cdy,

Here, T identifies the summation of the cubic terms in In 7, " and reads as the finite

linear combination of the integrals of type (B.I8]), that is, of the cubic terms from the
following set:

|Q|2 —1\2 2iz(y—=x) |Q|2 —1
(LYo [ (i,
2iz(y—x) |q|2 -1
(1) [ e (M) ata) o ay,
<y T
2% Vq orq
/ e lz(y*z)hl(y)/ — = dmha(z)dz dy ‘h, hi,hs € O}.
<y x T
Here = fz<y(e“’(y)7“’(”) — 2224y (y)gs(x) dz dy is defined in (5I5) and the set

O={P (g - 1) P —q’, P14} (defined in (5.II))) where P is polynomial of form
(m) P = P( 72\q\2+1’ q7 %67 7—12(|q|2 ))
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For notational simplicity, we will always denote H to be the finite summation of some
cubic terms from the above set (H]), which may change from line to line. Thus the goal
equality (A.J) reads as

(A.2) b + / e** W= 0 (y)gs(z) dw dy =Ty + H,
<y

and we are going to decompose the quantity ® + fz<y 62iz(y7x)q2 (y)gs(x) dz dy into the

quadratic and cubic terms in the following. We will use freely the equality in (BI7):

11, a1
[q2=¢2 = 22¢ T 22¢([q[2-¢2)°

We can first rewrite ® as the finite summation of quadratic and cubic terms:

{ 2 2 i (|q|2 - 1)3
d=— —1)%dz — d
g o - 07 an — g [ =g
1 . 1 'a(lql* — 1)

A3 — = [ da0a? = 1)d / aq d
(A.3) 422<2AQQ(|Q| ) Tt T poe @

7 2 2 1 - 2
- 1) dr - “1)dz + H.
o [ =P = o [ dateP - D+
Recall g2, ¢3 defined in (@) such that the product ¢2(y)gs(z) reads as

(W@ _d) e -0, < a” —Dd () 7

22(y)gs(z) = 12 422 g2 -2 2z |q|> = ¢2 lq)2 — ¢2 (2)
) / 2 g 2 1 —/
(a0 a0 - G V)
(lgI*> = Vg, (g =g
We decompose fz<y e?#=2) gy (y) g3 () dz dy into
(A1) / g (y)as(a)de dy = — [ DG ()d (0) dx dy + G+ B,
<y <y

with G = 4Zi2< /Ky 0 (¢ () ((la* = Da) (@) = ((la* = Da) (1)7 (@) do dy

+ @ /Ky U ((lg)? = 1)) () ((Ja* — 1)q) (z) do dy .

By virtue of ¢q(y) — q(z) = [? ¢'(m)dm,

i

¢ =T / 0= (¢ @) w) (g = V(@) = (g’ = 1)) (aa) () ) dz dy
e [0 = D) (ol - i) @) dy +
and hence
G=im T (Re@@) (gl - D@ - (4 - DR (D) (z) ) do dy
-~ [ (@D W) D@ + (4 ~ D) () (@) do dy

<y
1

gz [Tl - D)l - V(@) de dy + B
4z < <y
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Noticing 2Re (¢'g) = (Jg|* — 1)’ and the integration by parts
iz(y—x i iz(y—x /
/ e2# )g(y)h(:c) dz dy ﬂ(/ ghdx —/ e2i* )g(y)h (z)dz dy)
<y R <y

- i(/ ghdzx —|—/ eZiZ(yfz)g/(y)h(x) dz dy),
R <y

2z

we derive that

¢=5z ) LT el = D) (e - (@) de dy - i [ 12

+ / e (1m (¢ D) @)Re (¢'D)(@) — Re (¢2) (4)1m (¢'7)() ) de dy

_ isc /RIH] (q/q)(lqlz _ 1)d$ + L /z<y e2iz(y*m)(|q|2 _ 1)(y)(|q|2 _ 1)($) dz dy + H.

42202
Hencebyﬁ—&—ﬁg:ég
_ 1 2iz(y—z) (| (2 _ 2 G / 2 12
G =gz [ e ol = D) = Do)y = o [ =7
1 2iz(y—x) = _/ (A =
e [ (000~ @) 0@ D) dr dy

7 7 2
—— [ 1 —1)d H
[ m @ ~ Do + 1

which, by virtue of q(y) — q(z) = [ ¢'(m)dm and |q|> = (|g|* — 1) + 1 again, reads as

1 iz(y—x ;
=g [ 0 = D@ D@ de dy — e [ 0 1) e
1 2iz(y—x) ( 1 _/ _/ ’ 1 = 2
t8aC /Kye Y (q W) (z) — 7 (y)q (rv)) dody — 57 /Rhn (d'3)(lg]* — 1) dz + H.

To conclude, we arrive at (A.2)) and hence (A1) by summing up (A.3) and (A4) (noticing
again [, Re (¢3)(lqf? — 1) dz = 0).
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