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NONLINEAR SCALAR FIELD EQUATION
WITH COMPETING NONLOCAL TERMS

PIETRO D’AVENIA, JAROSLAW MEDERSKI, AND ALESSIO POMPONIO

ABsTrRACT. We find radial and nonradial solutions to the following nonlocal problem
—Au+wu = (I * F(u)) f(u) — (Ig * G(u))g(u) in RY

under general assumptions, in the spirit of Berestycki and Lions, imposed on f and g, where N > 3,
0<pB<a< N,w>0, f,g: R— R are continuous functions with corresponding primitives F, G,
and Ia, Ig are the Riesz potentials. If 8 > 0, then we deal with two competing nonlocal terms
modelling attractive and repulsive interaction potentials.

1. INTRODUCTION
This paper mainly deals with the following problem
(1.1) —Au= (I« F(u)) f(u) — (Ig * G(u))g(u) in RY,

where N > 3,0< 8 < a <N, f,g: R — R are continuous functions with corresponding primitives
S S
Fs) = [ s 6o = [ gt
0 0

Moreover I : RY — R is the Riesz potential

L(%3%)

L =
“/($) F(%)ﬂ_N/22fy|x|N_«/

for z € RV \ {0} and v € (0, N),

while we set Iy = dp, namely the identity for the convolution.

IfN=3 a=2,=0,F(s) = %|8|2 and G(s) = s, then (1.1) is the well-known Choquard, or

Choquard-Pekar equation
—Au+u= (Iy* |u|2)u in RY.

This equation comes, for instance, from an approximation to the Hartree-Fock theory of a plasma
[14,24]. A variational approach for this case was presented by Lieb [14]| and Lions [16].

More generally, if N > 3, F(s) = %|s|p, for suitable p, & > 0 and G(s) = s, then weak solutions
to (1.1) can be obtained by means of critical points of the associated functional. If, for instance,

% <p< % and 8 = 0, then, according to the work of Moroz and Van Schaftingen [21],

the Hardy-Littlewood-Sobolev inequality implies that (I * F(u))F(u) € L*(RY) for u € H'(RY).
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Moreover the associated functional is well-defined and of class C' on H'(R), and its critical points
correspond to solutions to

(1.2) —Au+u= (Io* F(u)) f(u) in RY,

A ground state solution and its properties was obtained in [21]. The same authors in [22] also
studied the existence of solutions with a general nonlinearity F' in the spirit of the classical result
of Berestycki and Lions [6], namely

(13) [sf(s)| < C(s|"%* +|s|¥5),  lim F(s)/|s|"¥* = lim F(s)/|s| ¥ =0, F(s0) #0,
s—0 [s]| =400

for some sy # 0 and C' > 0, see also a survey [23| and the references therein. Note that, if & =0

n (1.2), since Iy * F(u) = F(u), (1.3) covers the Berestycki-Lions growth assumptions only for the

nonnegative (attractive) nonlinearity F2(s) > 0 of the corresponding energy functional (see (3.3)

of [6]).

On the other hand, as for instance in the Hartree-Fock theory, the interaction potential could
be also repulsive [5,17], i.e. with 5 > 0 and a non-trivial G(s) > 0. Moreover problems similar to
(1.1) may admit some local terms as well, see also [23] and the references therein.

Our aim is to investigate both nonlinear phenomena with both nonlocal terms (0 < 8 < «)
n (1.1), since, in the limiting case « = § = 0, we can fully cover the Berestycki and Lions
assumptions [6].

We impose the following assumptions on f and g:

(Hy) there is a constant C' > 0 and p € <1\?—§2,]J\\7,—tg} such that [sf(s)] < C’|s|% and 0 <

g(s )3<C(!S!p+!8]1\’ 2) for s € R;
(Hz2) lim F(s)a = lim F(s) —0;

Nta Nta
520 5| =2 Islotoo 5| =2

(Hs) there is so > 0 such that F(sg) # 0; if a = 3, then we assume also F'(sg) > G(sp).

Observe that, if 0 < 8 < Y=2 then, due to the continuity of g, we can take p = 1 € (N2—€2, %] .

We remark that these kmds of assumptions follow naturally from the local case, namely when
a = =0, and equation (1.1) becomes simply

(1.4) — Au = h(u) in RV,
This problem has been studied in [6] and [25,26], under general assumptions. In particular in [20 26|
Struwe considered a continuous and odd function h : R — R with primitive H (s fo t)dt
such that
2N
(i) —oo < limsup,_,oh(s)s/|s| =2 < 0;

(ii) —oo < limsupy ;o0 h(s)s/\s\l\%—{\r2 <0;

(iii) there is s9 > 0 such that H(sg) > 0.
Observe that the above assumptions contain those in [6]. As usual, by the maximum principle, it is
N
enough to solve (1.4) when limsupyy_, | h(s)s/]s]% = 0. Now, taking F' and G even functions
such that
F%( / max{h(t),0}dt and G>(s / max{—h(t),0} dt, for s > 0,

we get H(s) = F%(s) — G*(s) and, in the local case a = 3 = 0, assumptions (Hs) and (Hj) are
clearly satisfied. Moreover F' and G satisfy the following condition
(H}) there is a constant C' > 0 such that |(F?)'(s)s| < C]s]% and 0 < (G?)/(s)s < C(|s]* +
\s\%) for s € R.
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This is a slightly weaker variant of (H;), which is essentially designed for the nonlocal problem.
In fact, with our argument, one can provide a different proof of the existence of a radial solution
under assumptions (i)—(iii) from [25, 26].
Further progress on the Berestycki-Lions problem (1.4) has been made in [12,18,19]; see also the
references therein.

We look for a weak solution u € DV2(RY) to (1.1), i.e.

Vu-Vipdr = / (I * F(u)) f(w) do — / (Ig * G(u))g(w)y dx
RN RN RN

for any ¢ € C°(RY), where DV2(RY) stands for the completion of C5°(RY) with respect to the
norm ||V - ||z

At least formally solutions of (1.1) are critical points of the functional Z : DV2(RY) — RU{+o0o}
defined as

Z(u) = / \Vu|? dz — / (I * F(u))F(u) dz + / (I * G(u))G(u) da,
RN RN RN

where DV2(RY). Since |F(s)| < C\s\% for some constant C' > 0, we have that (I, *F(u))F(u) €
LY(RY). On the other hand (I3*G(u))G(u) € L (RY) and need not be integrable in RY. There-
fore T may be infinite on a dense subset of D2(RY) and, thus, cannot be Fréchet-differentiable.

We remark also that scaling properties of the problem play a crucial role, but, in our case, seem
to be difficult to apply. Indeed, if a # 3, then the nonlinear terms

/ (I * F(u(A)) F(u(X)) dz = A~ (V) / (Ig * F(u)) F(u) dz
RN RN

/ (Is * Gu(\) Glu(A)) de = A~ / (Is * G(w))G(u) du
RN RN

have different scaling coefficients and, in particular, one cannot employ Lagrange multipliers as
in [6], rescaling as in 25|, or Pohozaev constraint approach as in [18,19].

Moreover, to recover the lack of compactness due to the fact that we are working in the whole
RV, we start using the invariance of the functional Z with respect to the orthogonal group action
O(N). Hence we may restrict our considerations to the subspace of radial function D(lg’?N) (RM),

however 7 ‘D(lg’fN)(RN) still preserves the above difficulties and may be infinite.

In this setting, our main result reads as follows.

Theorem 1.1. Assume that (Hy)—(Hs) hold. Then, there is a nontrivial and radial solution
u € DYA(RY) to (1.1) such that (Ig * G(u))G(u) € LY(RY).

Let us describe our variational approach.
We observe that

(1.5) F(u) = /N (In * F(u))F(u) dx

is well-defined on D'2(R"), however T maﬁ be infinite. Therefore we replace
(1.6) G(u) := /N (Ig * G(u))G(u) dz

with :

(1.7 G,(w) = | oula) (I3 * Glw)) 6w

where {@y, }n>1 is a sequence of C5°(RY) radial functions, decreasing with respect to the radius,
such that, for every n > 1, ¢, (x) = 1 for x € By, gn(z) = 0 for € RN \ By, 0 < ¢,(x) <
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L |z||[Vn(z)] < ¢, and @,(x) < @p(z) for n < k and x € RV (B, stands for the ball of radius n
centred at 0). Then G, is well-defined on D?(RY) and

(1.8) Tn(u) := /RN \Vul|? dz — F(u) + Gn(u)

is of class C!.

The functional Z,, does not satisfy any variant of Ambrosetti-Rabinowitz condition [1], hence it is
difficult to find a bounded Palais-Smale sequence on a positive level. Inspired by [10,11] we apply
the variational method in [27, Theorem 2.8] to the functional

Tn = (0,u) € R x Dy (RY) = T (u(e”)) € R.

We require a new nonlocal variant of the Brezis-Lieb Lemma for a general nonlinearity, see Lemma
2.1, and further compactness properties of F(u) on D(lg’?N) (RV) demonstrated in Section 2. Then,
letting n — 400, the careful analysis of the Mountain Pass levels provides a nontrivial radial
solution to (1.1). This approach provides also an alternative proof of the existence of a radial
solution in the local case considered in [25,26]. We would like to point out that, contrary to [6,25,26],
we no longer use the uniform decay at infinity of radial functions from D(lo’?N) (RY) (see [6, Radial

Lemma A.III|) and the compactness lemma due to Strauss [6, Lemma A.I|.

Therefore more can be said in higher dimensions. Let N > 4, N # 5 and similarly as Bartsch
and Willem in [3] (cf. [12,18,19]), let us fix 7 € O(N) such that 7(x1,22,23) = (22,21, 23)
for z1,29 € R™ and 23 € RYN2M  where z = (21,2, 23) € RN = RM x RM x RN-2M 4pq
2 < M < N/2, with N —2M # 1. We define

X; = {ue DYR"Y) 1 u(z) = —u(rz) forall z € RV}.
Clearly, if u € X is radial, then © = 0. Hence X does not contain nontrivial radial functions. Then
let us consider O := O(M) x O(M) x O(N —2M) C O(N) acting isometrically on DV2(RN) with
the subspace of invariant function denoted by D(19’2(}RN ). Moreover our functionals are invariant

under this action whenever f and g are odd or even.
Our result, in this setting, is

Theorem 1.2. Assume that (Hy)—(Hs) hold, f and g are odd or even, N >4 and N # 5. Then,
there is a nontrivial and nonradial solution u € D(19’2(]RN)HXT to (1.1) such that (Ig*G(u))G(u) €
LY(RY).

Observe that in Theorem 1.1 and Theorem 1.2 we can take G(s) = s and § = 0 and we
obtain solutions in H'(R") solving the Choquard problem (1.2). In fact, dealing with the operator
—Awu 4 u, more general assumptions imposed on F' can be considered, which fully cover situation
in [22].

Actually, our argument can be, quite easily, adapted to the following problem
(1.9) —Au+wu= (Io* F(u))f(u) — (I * G(u)) g(u) in RY,
where w > 0, assuming that

N+4+ao

. . 28 N48 = s
(H7) there is a constant C'> 0 and p € ( 5=, y—5 | such that [sf(s)| < C(]s] + |s|~¥-2) and

N+B
0 < g(s)s < C(|s|P + |s|¥=2) for s € R;
. F(s) . F(s)
HY) lim = lim = 0;
() |s| "N lslooo || N0
(HY) there is sp > 0 such that F(sg) # 0; we assume also F(sg) > G(sg), if « = 8 > 0, and
F2%(s0) > G?(s0) + ws3, if a =3 =0.
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Observe that the energy functional associated with (1.9) is given by
Ko(u) :=Z(u) +w/ lul?dz, ue H'(RY),
RN
and may be also infinite due to the possible nonintegrable term (IB * G(u))G(u)
Our results for equation (1.9) read as follows.

Theorem 1.3. Assume that (H{)—-(HY) hold. Then, there is a nontrivial and radial solution u
to (1.9) in HY(RN) such that (Ig * G(u))G(u) € L*(RYN). Moreover, if f and g are odd or even,
N >4 and N # 5, there is also a nontrivial and nonradial solution v to (1.9) in HY(R™) N X,
such that (I3 * G(v))G(v) € L'(RY).

In particular, if

1 N
1.10 F(s):= —|s|?with1 < g<
(1.10) (s) \/§||

+ a
m, and G(S) =

then F' and G satisty (H/)—(Hj) if and only if w € (0,wp), where

*

2% _2
2*—2 N(g—1)\ 2¥-2 .  a
wo 1= 2*(q—(1]) ( gq > ! if o = /8 - 07

+00 if > 0.

Then, finally, we obtain the following corollary.

Corollary 1.4. Suppose that F' and G are given by (1.10).

(a) For any w € (0,wq) there is a radially symmetric symmetric solution in H*(RY) and a
nonradial solution in H'(RN) N X, to (1.9).
(b) If w ¢ (0,wp), then (1.9) has only trivial finite energy solution.

Corollary 1.4 has been known only in the local case « = S = 0 and the problem appears
in nonlinear optics as well as in the the study of Bose-Einstein condensates [9,20]. Note that
solutions exist only for 0 < w < wy < 400, see e.g. [6,13,19]. In the nonlocal case, for instance if
N =3, q¢q=2and a > 8 =0, we solve the nonlocal cubic-quintic problem of the nonlinear optics
for all w > 0, where I, is a nonlocal response function determined by the details of the physical
process responsible for the nonlocality [8].

Through the paper we use the following notation.

We denote by || - ||, the usual norm in L*¥(RN), for k£ > 1, and by Bpg the ball centered in 0 with
radius R > 0 in RY. Recall that 2* = ]\2,—]_\]2 Finally C' is a generic positive constant which may
vary from line to line.

2. FUNCTIONAL SETTING AND COMPACTNESS PROPERTIES

We prove our results for 8 > 0, the most difficult and fully nonlocal situation. Thus, from now
on, we assume that 0 < f < a < N and (H;)-(H3) hold, with p = 1 when 0 < < ¥ The
proofs of the paper are simplified when =0 or @« = 8 = 0 and we skip these cases.

It is standard to see that the functional F : L¥" (RV) — R, defined in (1.5) is of class C*, cf. [22].

In order to control the convergence of F, we need the following nonlocal variant of the Brezis-
Lieb Lemma [7] for the general nonlinarity. Note that nonlocal variants for particular nonlinearities
have already appeared in [4, Lemma 2.2, [21, Lemma 2.4|. The proofs of [4,21] seem to be difficult
to adapt to the general nonlinear term. We provide an independent proof for any continuous f

satisfying (H;) and (Ha).
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Lemma 2.1. Let u,, — ug in DV2(RY). Then
lim </ (Ia * F(un)f(un)un dx — / (Ia « F'(up, — uo))f(un)un da:)
n RN RN
= /]RN (In * F(uo)) f(uo)uo dz.

Proof. We claim that, passing to a subsequence, for any s € [0, 1],
(2.1) lim . (Io * (f (un)un)) f(un — sug)ug do = /N (Ia * (f (uo)uo)) f (uo — sug)ug da.
" JR R

Let € > 0 and 9 € C°(RY) such that ||up — 9||2+ < &. We have

/ (Lo (f () t1n)) f (e — st00)110 iz — / (Lo * (f (o)) f iy — stp)utp
RN

RN

< / (Ia * (f(un)un))f(un — sug)(ug — 9) dx
RN
(A)
+ /RN (Ia * (f(un)un)) (f(un - SUO) - f(uo — Suo))T,Z) dx
(B)
+ /]RN ((Ia * (f(un)un)) — (Ia * (f(uo)uo))>f(u0 — sup)Y dx
©)
][ U (ao)ua)) 1o — su0)(6 — ) o]

(D)

Since {u,} is a bounded sequence in L* (RY), we deduce by (H;) that {f(un)u,} is bounded
in L%(RN ). Moreover, by the continuity, we deduce that f(uy)u, converges to f(ug)ugp a.e.
on RY along a subsequence. Therefore f(u,)u, tends weakly to f(ug)ug in L%(RN). As the
Riesz potential defines a linear and continuous map from L¥+a (RM) to L¥a (R™N), we obtain that
Lo, * (f (un)uy,) tends weakly to I * (f(up)up) in L¥-a (RY). Moreover, since u,, — sug converges to
up — sug in L _(RY), for 1 < ¢ < 2%, by (Hy) we infer that f(u, — sug) converges to f(up — sup)
in Ll _(RY), for 1 < ¢ < 2N/(a +2).

Then, by the Hardy—Littlewood—Sobolev inequality and since { f (u,,—sup)} is bounded in Late (RM)
we obtain

(A) < Cllf (un)unll_ax_[1f (un = suo)|| 2x [luo = w2+ < Ce
and analogously, (D) < Ce.
Moreover, denoting by K := supp(¢), we have
(B) < C[[f (un)unll 2n_|[f(un — suo) = f(uo — suo)|| nvizars)  [[Y]lavvizats) = on(1).
N+a [ (N+a)(a+2) (K) (N+a)(N-2)

Finally, also (C) = o,(1), since f(ug — sup)y belongs to Ll\?—i\ra(RN), namely the dual space of
L& (RN,
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Therefore (2.1) is proved.
Now, for any n € N, we set ¢n(s) = (1o * F(uy — sug)) f(un)un, for s € [0,1], and we obtain

/ (Ia * F(un)f(un)un dx — / (Ia * F(uy, — uo))f(un)un dx
RN

RN

= [ 0 -tz = [ ([ dhisrar) as
/RN (Ta * (f (up — suo)uo)) f (un)tn da:) ds

_ /0 1 /R (T s (F (un)un) f = s da;) ds.

Hence, by (2.1), taking into account the Lebesgue Dominated Convergence Theorem

lim (/RN (Io * F(un) f(un)uy do — /RN (Io * F(un — uo)) f (un)un da:)
= liyrln /01 </]RN (Io * (f (un)un)) f(un — sug)uo da:) ds
= /01 <lim /]RN (Io * (f (un)un)) f(un — sug)uo da:> ds

n

= /01 </RN (I * (f (uo)uo)) f (uo — sug)uo da:> ds

:_/01< RN%(S)d:E) ds:—/RN </01¢g(s)ds> do

= / (¢0(0) — po(1))da = / (I * F(ug)) f (uo)ug dz.
RN RN
]

Now, let O' = O(N),or O' =0 =0O(M) x O(M) x O(N —2M) C O(N) provided that N >4
and N # 5 with 2 < M < N/2 and N — 2M # 1. Let D(lg’,z(RN) be the subspace of O'-invariant
functions. Below we demonstrate the compactness properties in the following lemmas.

Lemma 2.2. Let u,, — ug in D(lo’,z(RN), Then

lign /RN (Io % F(up)) f (un)up do = /R (Io * F(ug)) f (uo)uo da.

N

Proof. By Lemma 2.1, we conclude if we prove that

lim (Ia « F'(up, — uo))f(un)un dx = 0.

n RN

Indeed, by the Hardy-Littlewood-Sobolev inequality and (Hy), we have

/R (T g~ u0)) () < CYF )| g1t v < O Fut — )

| 2
N+a
The fact that || F'(un, — uo)|lan/(v+a) — 0 is a consequence of (Hz) and [19, Lemma A.1]. O

Lemma 2.3. Let u, — ug in DV2(RY). Then, for any ¢ € C°(RY),

(2.2) lim (Io * F(un)) f(un) do = / (I * F(ug)) f(uo)t da.

noJRN RN
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Proof. Arguing as in the proof of Lemma 2.1 and passing to a subsequence, we have that f(u,) —

f(up) in L (RN), for 1 < ¢ < 2N/(a +2), and {I, * F(uy,)} is bounded in Ll\?—iva(RN) and tends

loc

weakly to I, * F'(ug) in L%(RN). Thus, since

/ (Lo # F(un)) f (un)ts das — / (Lo  F(u0)) f (wo) da
RN R

N

< / (I * F(un)) | () — F(u0)|[0] d: + / (I * F(tn) — o * Fug)) f (o)) dt|,
RN RN

using the same arguments as in an in the proof of Lemma 2.1, we get (2.2).
ing th g in (B) and (C) in the proof of L 2.1, we get (2.2) O

For what concerns the term with G, at least formally, we define the functional G as in (1.6).
However, if in (H;y), p < ]X,—tg, the situation is quite different from F and G need not be finite.
Indeed, in such a case, let us consider the Banach spaces

LA(Q) + LY(Q2) :={u e M(Q) : u=uy +ug,u; € L*(Q),us € L"(N)},
where 1 < 1 < v < 400, Q is an arbitrary subset of RY, and M(Q) is the set of the real measurable
functions defined on €2, equipped with the norm

[ullpw == u:H}ﬁuz(HUlHLu(Q) + ||luzl| v ()

(see e.g. |2, Section 2] for more details about these spaces).

Observe that if u € DV2(RY) ¢ L¥ (RY), since |ulP € L%(}RN) and ]u\%—tg € L%(RN), by |2,
Proposition 2.3] and (Hy), we get

N 2
(2.3) G(u) € LN+B(R™) 4+ L» (R™).
Moreover, since
N+B
Ig* G(u) < O (I * (|ulf + |u|7=2)),
by [15, Inequality (9), page 107| and [2, Proposition 2.3| we have

(2.4) I5%G(u) € L¥5 (RY) + L2075 (RV).

However, this does not seem enough to assure that G(u) < +oo for any u € DV2(RY), and so we
need a different approach. We replace G(u) with G, (u) given by (1.7) together with the sequence
{¢n} defined there.

We prove the following lemma.
Lemma 2.4. For every n € N, G, € CH(DV?(RV),R).

Proof. We divide the proof in five steps.
Step 1: G, is well defined.
Observe that

0 < Gulu) < / (I5 * G(w)) G(u) dx

2n
and, by (2.3) and (2.4), I * G(u) € L™7(Bay) + L2925 (By,) C L™ (Bay) and G(u) €
L%(Bgn) + L%(Bgn) C L%(Bgn). Thus, the Hélder inequality allows us to conclude.
Step 2: if {uy} C L2 (RY) and uy, — uw in L2 (RY), then, up to a subsequence, I * G(uy,) —
Is+ G(u) ae. in RN, as m — +oc.
Since Uy, — u in L¥ (RY), then, up to a subsequence, there exist ; ¢ RY with |Q;] = 0 and
w € L¥ (RY) such that |u,,| < w and u,, — v in RV \ Q.

i P 5 45 (RN Z N - .
Since w? + w € LN+ (RY) + L» (RY), by [15, Inequality (9), page 107]|, we have that Ig
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N+

2N 2N
(wp + wN*2> € LN (RN) + L™-2»-28 (RV) and so, there exists Q2 C RY, with || = 0, such
that

™

N4B
lz — y|N-P € L'(RY), forallzeR™\ Q.

Thus, if we fix z € RV \ Qg, we have that

G (um(y)) Gu(y))
2=y VT ey

for all y € RV \ @

and
Glum®) _ Jum@P +lum @IV _ wP@) + 0N R ) oy
A P e R P S

Hence, by the Lebesgue Dominated Convergence Theorem we can conclude.
Step 3: G, is continuous.
Let {u,} C DM2(RY) be such that u,, — u in DM2(RY) as m — +oo. Up to a subsequence we
have that u,, — u in L* (RY), u, — w ae. in RY, and there exists w € L2 (RY) such that
lum| < w a.e. in RY. Thus, since G is continuous, G(u,,) — G(u) a.e. in RY and, by Step 2,
I+ G(um) — I * G(u) a.e. in RY. Hence
on (@) (15 * G(um))G(um) = on(z)(Ig * G(u))G(u) a.e. in RY, as m — 4oo0.

Moreover,

N+p

N—-2

0 < (@) (I * Glunm)) Glum) < Copn(a)(Is * (wP +w¥2)) (wP +w¥7) € L'RY)

N+ _2N_ N+B 2N
since, arguing as before, Ig % (wP +w~-2) € LN-F (Byy,) and wP + w~-2 € LN+5(By,). Thus, the
Lebesgue Dominated Convergence Theorem allows us to conclude.
Step 4: G, is differentiable and, for any v € DH2(RY),

G wlel =2 | oa(o) (T + Gw))w)o do
First we prove that

< +00.

/]RN on(x) (Ig * G(u))g(u)v dx

Observe that
‘/RN on(x) (Ig * G(u))g(u)v dz

and, by assumptions on g,

< /B (15 G lgtal ] de

o2 [LEP(RN) £ LO[RY),  if0< g < N2
25) o) < CuP~ + [ul¥2) €y PE N
Lo+ (RN) + Lr-1(RY), if &2 <pB < N.
In any case we have that Ig * G(u) € L%(Bgn) and, by (2.5), g(u) € L%(Bgn). Thus, the
Holder inequality allows us to conclude.
Finally, arguing as before, we prove that the map

v e DV2RY) — / on(2) (I * G(u)) g(w)v dx
RN

is continuous and this implies also the claim.
Step 5: G, is continuous.
Let v € DM2(RY), with | Vollz < 1 and {u,,} € DY2(RY) be such that u,, — u in DV2(RY) as
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m — +o00. Up to a subsequence we have that u,, — u in L? (RY), u,, — u a.e. in R, and there
exists w € L? (RY) such that |u,,| < w a.e. in RY. Moreover

|G (um)[0] — G (u)[o]| < /

Bap,

(I3 Gluwm))g(wm) — (Is + G(w)) g ()| lo] da

<0 ([ [+ Glumatun) ~ (12« G| ar)

Using also Step 2, we have that (Ig+G(um))g(um) — [Ig*G(u)]g(u) a.e. in RV, and so, observing
that, by (H1),

N+ 2N

0 <Igx*Gupm) < Clg* (wP +wN-2) € LN-3(By,),

™

Nip on
0< [5 * G(u) < C[ﬁ * (\u]p + \u! N*Q) € LN-8 (Bgn),

and
1 B+2 2N
lg(um)| < C(w”™" +w¥=2) € LB+2(Byy),
1 B+2 2N
l9(uw)] < C(juf’™" + [u[¥=2) € L#+2(Bay),
we can conclude by the Lebesgue Dominated Convergence Theorem. O

Now we prove this further compactness result.

Lemma 2.5. Let u, — ug in DV2(RN). Then, for any ¢ € C(RY),

N

i [ onl@) (0 Glun)alun)iode = [ (15 Glao)gtuo) o do.

Proof. Of course it is enough to show that

lim (Ig * G(un))g(un)w dx = / (Iﬁ * G(UQ))Q(UQ)T/J dz,
" JSpt () Spt ()

recalling that Spt(t)) is compact and then, for n large enough, Spt(¢)) C B,,.
Since u,, — ug weakly in DV2(RY), up to a subsequence, u,, — ug a.e. in RY and so G(u,) — G(ug)
a.e. in RN, as n — +o0.

Moreover {G(uy)} is bounded in LI\?—%(RN) + L%(RN). Indeed, by the assumptions on g, the
definition of the norm in Ll\?—fﬁ(RN )+ Lv (RV), and [2, Corollary 2.12], we have

Lot unllg?) < C.

G (un)l| 2x 2+ < C([lun
+8 p

Thus, the reflexivity of Ll\?—fﬁ(RN ) + L%(RN ) (see [2, Corollary 2.11]|) implies that there exists

2N 2* 2N 2"
@ € LN+ (RN) + L'» (RY) such that, up to a subsequence, G(u,) — @ in L¥+8 (RV) + L'» (RY).
We claim that @ = G(uy).

2N 2*
Indeed, using a classical argument, the weak convergence G(u,) — @ in LN+8 (RN) + L» (RY)

implies that there exists a sequence {z,} C LN+s RY) + L%(RN ) such that, for all n € N,

Zn, € conv < Q{G(u,)})
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N *
and 2z, — @ in LI\?—H?(]RN) + L%(RN). Thus, by [2, Proposition 2.8|, up to a subsequence, we get
that z, — @ a.e. in RN, that allows us to conclude.
About the sequence {I5 * G(uy)}, since by (Hi)

Nig N Y N
0<Igx*G(up) <Cg*|up’ + Ig * |u,|¥2) € LN-F(R™) + LOV-2»-28 (R™),
using [2, Corollary 2.12|, we have

P
Mg * Glun)| a2y < C(|lLg * [un 5 2+ g funlll 2 )
Nig

Moreover, observe that the linear functional

* N
we LY (RY) + L7 (RY) = Iy +w € LV5 (RY) + L7257 (RV)

2N 2 2N
is continuous. Indeed, if w € L¥(RY) + L7 (RY), w = w; + wo with wy; € L¥3(RY) and
wo € L%(RN) by [15, Inequality (9), page 107| we get

< < )
g wl_2x N ||15*w1||13_§ﬁ + ||Iﬁ*w2||% < C(llWllljg_% + ||U)2||27)

and, passing to the infimum on w; € L%(RN ) and w9 € L%(RN ), we Conclude
This, combined with the weak convergence G(u,) — G(up) in L+5 RY) + Ly (RY), implies that

2N __oN"
I+ G(up) = Ig * G(ug) in LN=3(RN) + L-2»-25 (RY).
Hence, as done for f in Lemma 2.3, we have that

/Spt(w) (IB * G(un))g(zmw dzr — /Spt(d}) (IB * G(UO))Q(UOWJ dr

< [ s Glua))lotun) — gtuo) o] do + \ [ (5 Gun) = L = Guo)) o).
Spt (%) RN

About the first integral, observe that, the boundedness of {u,} in DY2(RY) implies also that
u, — ug in LT (RY), for all 1 < 7 < 2* and so, for any fixed 1 < 7 < 2* and K cC RV, u
to a subsequence, there exists wx € L7(K) such that |u,| < wg a.e. in K. Thus, denoting for
simplicity w := wgp(y) and taking for instance

_ N(N+28+2)
(N =2)(N +p)’

by the assumptions on g we have

g(upn) = g(ug) a.e. in Spt(v)),

N(N+28+2)

l9(un)| < C(JunlP~t + yun\N 2) < C(wP™1 . 2) e LIV (Spt(1))),
N(N+28+2)

l9(uo)| < C(JuolP~" + |UO|N 2) € LIV (Spt()).
Moreover, the boundedness of {Ig+G(uy,)} in Y7 RV)+L CETE (RY) implies its boundedness
in L7 (Spt(4)) + L2 (Spt(4)) = L¥-7 (Spt(v)).

Thus, by the Holder inequality and the Lebesgue Dominated Convergence Theorem, we have

N+B

19(un) — glug)| 37 || ¥+7 ar)
Spt(v)
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N(N+2542) (N+6)(8+2)

< C(/ |9(un) — glug)| N+HE2 dx) N = 0,(1).
B Spt(¥)

Finally the second integral goes to 0 due to the weak convergence Ig * G(u,) — Ig * G(ug) in
2N 2N 2N 2N __ 2N
LN=3 (RN) 4 L™=2»=28 (RN), since g(ug)ip € LN+ (Spt(v)) C [L¥=F (RN) 4 LOV-2p=28 (RN)],
being
2N 1 B+2 2N 2N _
|9(uo) | ¥+P de < C (luo[P™" + |uo| N=2) N+7 |¢p| ¥+47 du
Spt(¥) Spt(¢)

2(8+2)
bt? A >N+2,8+2

< C’(/ (|uO|p_1 + |uO|N7)(N+6)(B+2) dx
Spt(y)

< +00.

3. PROOFS OF OUR MAIN RESULTS

Let X := D(IQ’%N) (RN), or X := D(lg’z(RN) N X; provided that N > 4 and N # 5. As observed
before, the functional Z could be also 400 on X. To avoid this problem, for every n > 1, we
introduce the truncated C!'-functionals Z,, : X — R defined by (1.8).

The functionals Z and Z,,, n > 1, satisfy the geometrical assumptions of the Mountain Pass

Theorem. Indeed, we prove the following lemma.

Lemma 3.1. We have:
(i) there exist p,c > 0 such that Z(u) > ¢ and, for every n > 1, I,(u) > ¢ for all u € X such
that ||Vull2 = p;
(1) there exists vo € X with |[Vuglla > p such that Z(vy) < 0 and, for every n > 1, Z,(vy) < 0.

Proof. We prove this lemma only for Z, since similar and easier arguments hold also for Z.
The positivity of G and ¢, (H1) and (Hs), the Hardy-Littlewood-Sobolev and Sobolev inequalities
imply

2(N+a) 2(N+a)

N4« N+« e
Zw) 2 [Vl =€ [ (Fas jl¥8) ¥ do 2 [Val} = ClJull,™ = 19l = CIVal,™

Since 2 < 2(Jj\>fj;), we get (i).

Now let us prove (ii).

Case X = D(lg’?N) (RM). Let w = soxB,, where sq is defined in (H3), then

F(w) = F%(sg) //B . I,(x —y)dxdy > 0.

We take now ¢ € C§° (]RN ) radial, non-negative, non-increasing with respect to |z|, and such that
() = so, for |z| <1, and ¢(z) = 0, for |z| > 7, with 7 > 1. If 7 is sufficiently close to 1, using
the continuity of F in L2"(RY), we get also

(3.1) F() > 0.

We consider first the case oo > 3.
If we set ¥y (x) := ¢ (x/A), A > 0 and since 0 < ¢, < 1 we have

/RN @n(x) (I % G(1r)) G (Py) do < AN+5/ (I * G(v))G(¥) dz < +oo.

]RN
So we infer that

To(1hr) < AV72| V|5 — ANFTOF () + AN TG ()
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and we can conclude considering vg := 1) with X large enough, by (3.1).

We now study the case a = 3.

If G(sg) = 0, being, by (H1), G non-decreasing on Ry, then G(¢)(x)) = 0 in RY and so we can
conclude easily as before.

If, instead, G(so) # 0, by (H3) we can find € > 0 sufficiently small such that (1 — ¢)F?(sg) >
G?(s0) > 0. Moreover there exists ¥ > 1 sufficiently close to 1 such that

//BTXBT La(w = y) dzdy 9P
//B 5 Io(x — y) dzdy G2(s0)

and, again by the continuity of F in L?" (RN),

F(¥) > (1 - ) F2(s) / /B Do —y)dudy >0

Therefore, by the positivity of G, we deduce that
Fw) - 6) 2 1= 9F%s0) [ lalo—yydody— G(so) [[ I~ y)dady > 0.
B1x By 7 X By

Thus we get

1<

To(iha) < A2VY[3 = ANFUF () = G()],
we can conclude again considering vy := ¥, with A large enough.
Case X = D3*(RN) N X
We take any odd and smooth function n : R — [—1, 1] such that n(s) = 1 for s > 1. Then we define
() = n(|lzy| — |z () for © = (z1, 29, 23) € RM x RM x RN-2M  ith the same ¢ as before.
Observe that 1; € X. Moreover, arguing as in the previous case, we can find 7 > 1, sufficiently
close to 1, such that, using the continuity of F in L?"(R™),

F() = 1F2(80) // I,(z —y)dxdy > 0.
2 By x B10{J21 2|2+ 1, |1 > y2|+1}

Then we argue similarly as in case X = D(lo’?N) (RM). O
Let
P = {3 € C([0,1],X) : 7(0) = 0 and (1) = 1o}
and

cr, = inf sup Z,(y(?)), cz:= inf sup Z(v(?)).
V€T te0,1] V€L te0,1]

Our aim is to find a sequence {u,} C X such that Z,(u,) = ¢z, and Z},(uy,) — 0, as n — +o0.
However, due to the general assumptions on F' and G, it is not easy to prove the boundedness of
such sequence. Therefore, inspired by [10,11], we introduce the functional J : R x X — RU {400}

J(o,u) = e 27| Vuf — e F (u) + NG (w),
and, for every n > 1, the C'-functionals J, : R x X — R
Tn(o,u) == eN =27 V|2 — eNFT7 F(y) 4 N+ / on(e”2) (I G(u)) G (u) da.
RN

Observe that, for any ¢ € R and v € X, we have that J(o,u) = Z(u(e 7)) and Jp(o,u) =
Zn(u(e™)).
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Let
Y= {(0,7) €C([0,1],R x X) : (¢(0),7(0)) = (0,0) and (c(1),~(1)) = (0,v0)}

and

cg, = inf sup Jp(o(t),v(t)), cy:= inf sup J(o(t),7(?)).
7 (0.7)€X te(0,1] ( (®):( )) 7 (eM€ET tef0,1] ( (#):7( ))

As observed in [10, Lemma 4.1], using the relation, respectively, between Z and J and Z,, and
Jn, we have that

(3.2) cr =cy7g, ¢z, =C7g,-

Since, for any n € N, 7, < Jn41 < J, we have that the sequence {cz, } is increasing and
bounded from above by c7, and so there exists ¢ > 0 such that c7, — ¢, as n — +o0.

Proposition 3.2. There is a sequence {(on,un)} in R x X such that

(i) |Tn(on, un) — | = 0n(1);
(i) |on| = on(1);
(i11) | T (0n, un)|l = 0n(1);
(v) {un} is bounded in X.

Proof. In view of (3.2), for any n > 1 we find 7y, € I such that

sup T (e (1)) < e, +
te[0,1] n
and, for sufficiently large k,
e el <+
4§ n
also holds. Therefore, passing to a subsequence with a diagonalization argument, we may assume

that there exists v, € I' such that

Sup jn(077n(t)) S CJn + On(l) and ‘Cjn - E’ S On(l)
te(0,1]

Thus, by [27, Theorem 2.8|, for any n > 1 there is (0, u,) € R x X such that (i)—(iii) hold.
Since Jp,(0p, upn) = ¢+ 0,(1) and 0y Tp(0p, tn) = 0n(1), we have

(1 N 2) (V=20 / (V|2 d + (1 _ M) ((N+8)7 / (@) (Is % G(uun)) Glun) da
RN RN

N+« N+«
1
- (N"I‘B)O'n On . -0n I _ = 1 )
Niat /]RN (Veon(e™x) - e x) (Ig % G(un)) G (up) dz = €+ 0,(1)

Since the cut-off functions ,, are decreasing with respect to the radius, we have that Vi, (z)-2 <0,
for any 2 € RV and so, being o > 3, we infer that {u,} is a bounded sequence in X. O

We can now conclude the proof of our main theorems.

Proof of Theorems 1.1 and 1.2. Let {(oy,u,)} in R x X be the sequence found in Proposition 3.2.
Then there exists ug € X such that u, — ug weakly in X and a.e. on RY. By Lemma 2.3 and
Lemma 2.5, for any ¢ € C5°(RY), we have that

Vuo-Vij)dx:/

RN

(Lo + Plw) f(un)rde — [ (15 Glu))glun)

RN RN
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So we have that ug is a weak solution of (1.1). We will prove that ug # 0.
Observe that, by Proposition 3.2, since {u,} is bounded in X and 0,7y (0n, un)[us] = 0,(1), we
deduce that there exists C' > 0 such that, for any n > 1,

/RN on (@) (I * Glun)) g(un)un dz < C.

Therefore, by Fatou’s Lemma

(3.3) /]RN (Ig * G(uo)) g(uo)up dz < limninf /]RN on () (Ig * Gup)) g(un)un da < C.

For any m > 1, let

1 if |z| < m,
_ ) 2m— x| .
Ym(z) = ¢ 0 it < 2| < 2m,
m
0 if |x| > 2m.

Observe that, for any m > 1, we have that ¢,,ug belongs to X. Note that v,,ug has a compact
support and 9y Jy (0n, un ) [Umuo] = 0,(1). Therefore, arguing as in Lemma 2.3 and in Lemma 2.5,
passing to the limit as n — 400, we have that for any m > 1

(3.4) Vug - V(mug) de = / (I * F(uo)) f(uo)muo da — / (Ig * G(uo)) g(uo)muo dz.
RN RN RN
Being ug € X, we have

VUO-V(zpmuo)dx—/ \Vug|? dz
]RN

]RN
g/ |Vu0|2|¢m—1|dx—|—/ (Vo] |uo||[Vibm| dz
RN ]RN
L 1
(f, woare)’
Am

(3.5) < /Bfn ‘VUOF dx + (/Am !Vuo\2 dx)é</Am ’U()’z* dx>2
= /Bm Vel do + C(/Bm Vol dm)%</35n > dx>;*

= o (1),

where A, := Bay, \ Bn.
Moreover, observe that

(Ia * F(uo))f(u0)¢mu0 — (Ia * F(uo))f(uo)uo, a.e. in RN, as m — +o0,

and
| (1o * F(u0)) f (uo)¥muo| < |(Za * F(ug)) f(uo)uo| € LY(RY).

Thus, by the Dominated Convergence Theorem, we have that

(3.6) lim/ (Ia % F(uo)) f (uo)¥muo do = / (Io * F(ug)) f (uo)uo da.
m JRN RN
Analogously, we have also that
(Ia * G(uo))g(uo)wmuo — (Ia * G(uo))g(uo)uo, a.e. in RV, as m — +o0,
and, using (3.3),
0< (Ia * G(uo))g(uo)wmuo < (Ia * G(uo))g(uo)uo € LI(RN).
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Again the Dominated Convergence Theorem implies

(3.7) lim | (Lo * Gluo)) g(uo)Ymto dz = /

m Jgn n (Zo * G(uo)) g(uo)uo dz.

Therefore, by (3.4), (3.5), (3.6) and (3.7), we have

/RN V|2 dz = /RN (Ia % F(uo)) f (uo)uo da — /RN (Ig * G(uo)) g(uo)uo dz.

By Lemma 2.2 and (3.3), since 0y, Jn(0p, un)[un] = 0,(1), we infer that

lim sup /]RN |V, |? dz = lim sup |:/]RN (In * F(un)) f(un)un do — /]RN on (@) (I * G(un)) g(un)un daz]

n n

< /RN (1o * F(u0)) f (uo)uo dx — /RN (I * G(uo))g(uo)ug do = /RN |Vug|? de.

This implies that u, — ug strongly in X. Thus, since J,(0n,un) — Z(ug), we have that Z(ug) =
¢ > 0 and so uy is a nontrivial weak solution of (1.1). O

Proof of Theorem 1.3. Proof is a slight modification of our previous arguments and we leave details
for the reader. Here we just want to comment (Hj). The change of assumption in the different
cases is due to the scaling properties of the functional K. Indeed, setting uy(x) := u(xz/\), for
A > 0, when o = 8 we have

Koo (ur) = A2 Vald + wdMful]3 — ANF(F(u) - G(u)).

Thus, to show the Mountain Pass geometry, if « = 8 > 0, we can proceed as in Lemma 3.1, but if
a = =0 (the local case), we need a stronger condition, namely we need to take into account the
term ws3 in order to show that K, (uy) < 0 for large A (see also [6]). O

Proof of Corollary 1.4. Item (a) follows from Theorem 1.3.

To prove (b), observe that, only in the local case a = = 0, wy is finite. Thus, in such a case, if
w > wp, then F?(s) — G?%(s) —wps? < 0 for s € R and there are no nontrivial solutions (see e.g. [6]).
If, instead, w < 0, similarly as in [22, Theorem 3|, if u € H*(RY) solves (1.9) with (1.10), then we
obtain the following Pohozaev identity

N N+« N4g,  N4B
IVl = gl + oS [ (st = [ (e ¥

and, taking into account X/, (u)[u] = 0, i.e.
N+B N+B
||Vu\|% = —w||uH% —I—/ (Ia * |u|q)|u|q dr — / (IB * |ul N*2)|u| N-2 dg,
RN RN

we infer that v = 0. O
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