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∗Institute for Technical Physics (ITEP)

†Institute for Program Structures and Data Organization (IPD)
Karlsruhe Institute of Technology (KIT)

Karlsruhe, Germany

Abstract—Voltage sensitivity expresses analytically the depen-
dency between voltage and active or reactive power. Know-
ing the voltage sensitivity is necessary in many power system
applications, such as the Distributed Energy Resources (DER)
optimal placement and control. The majority of voltage sensitivity
estimation methods assume having an accurate model of the grid
and only consider a balanced grid operation at the nominal
point, which is not realistic. In this paper, a method based
on Mutual Information (MI) is proposed, which is able to
evaluate the nonlinear dependencies between two variables, in
order to estimate the relative voltage sensitivity. Contrary to the
existing methods, the proposed MI-based approach only requires
measurements at the point of interest and does not require any
grid model nor measurements from other nodes in the grid. As
a use case, the optimal allocation for an Energy Storage System
(ESS) in a real medium voltage network in Germany has been
presented. Measurement results confirm the effectiveness of the
new approach for estimating relative voltage sensitivity.

Index Terms—Voltage Sensitivity, Mutual Information, Energy
Storage, Optimal Allocation.

I. INTRODUCTION

The high penetration level of renewable generation, Dis-
tributed Energy Resources (DER) and active loads call for
advanced analysis and control methods. Such methods often
require information about the voltage dependency on active
and reactive power. This dependency is quantified using the
voltage sensitivity formulation, which indicates how much the
grid voltage can be affected if an active or reactive power
change occurs. High voltage sensitivities are usually associated
with weak points in the grid, as changes in power can lead to
significant voltage fluctuations.

Voltage Sensitivity is most commonly used for optimal
allocation of DER [1], [2], Energy Storage Systems (ESS)
[3] and design of advanced grid controllers [4], [5]. A com-
parative study among different battery placement strategies
in [6] demonstrated that voltage sensitivity-based approaches
outperform other allocation algorithms in terms of post fault
voltage recovery time. Controllers based on voltage sensitivity
coefficients have also been effective in increasing PV hosting
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capacity [4], [7]. Furthermore, voltage sensitivity coefficients
have been recently used to shape the load consumption by
means of new technologies, such as smart transformers [8].

The aforementioned works estimate the voltage sensitivity
coefficients by linearizing the power flow equations around
the operating point. This can lead to high accuracy only near
that point, neglecting the changes in the operating point and
influence of system nonlinearities. However, it has been shown
that the voltage sensitivity can change significantly following
different operating points [9]. Furthermore, a balanced grid
operation is mostly assumed in such an analysis. An attempt
to solve this issue has been presented analytically in [10].
Moreover, it has been shown that inverter-based DERs have
an impact on the aggregated load/voltage sensitivity [11], but
are often not considered in the load flow model. Consequently,
the accuracy and timely estimation of voltage sensitivity
coefficients is important for corrective actions, especially if the
sensitivity information is included in the control action. But
most importantly, such methods require a validated network
admittance matrix and voltage magnitudes at all nodes, which
are not always available. Thus, estimating voltage sensitivity
using only measurement values and without any knowledge
of the grid data has gained attention over the last years. In
[12], an algorithm based on historical smart meter data is
proposed. Nonetheless, this method requires measurements
at different locations and historical data and load profiles to
train the algorithm. A close-to-real-time approach has been
proposed recently [13] to calculate these sensitivities, however,
without considering changes of the voltage sensitivity during
the measurement period and using a linear formulation.

In this paper, we introduce the use of a Mutual Informa-
tion (MI) to estimate the relative voltage sensitivity coeffi-
cients. MI quantifies how much of the active or reactive power
information can be obtained by observing the voltage profile.
MI only requires the measurements gathered by a metering
device such as smart meters at the point of interest and takes
into account the system nonlinearities, system asymmetry and
changes in the operating point. As a use case, the paper
presents a practical case of finding the best location for a ESS
in a real medium voltage grid in the south of Germany with
more than 1200 buses. First, in order to find the top candidates
for conducting measurements, the buses are ranked according
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Fig. 1. Single-line diagram of a power system.

to their voltage sensitivity, obtained from the load flow model
at the nominal point. Next, two weeks of measurements have
been conducted for the top candidates, and the MI score
is calculated for each bus. The bus with the highest MI
score is suggested for ESS allocation. A comparison between
the measurement results at this point and other candidates
confirms the effectiveness of the proposed MI-based approach.

This paper is organized as follows. In section II voltage
sensitivity is described and formulated analytically. Section III
gives the definition of MI and how it reflects the dependencies
between two variables. The use case of allocation of an ESS is
presented in section IV. A short discussion regarding possible
applications of the MI in power systems is given in section V
and section VI concludes.

II. VOLTAGE SENSITIVITY

To describe briefly the concept, the simplified power system
as shown in Fig. 1 is considered. Between the point of common
coupling (bus 2) and the main supply, there is an equivalent
resistance and reactance represented by Req and Xeq, respec-
tively. The apparent power at bus 2 can be calculated as

Sr = Pr + jQr = VrI
∗
r = Vr(

Vs δ − Vr 0

Req + jXeq
)∗. (1)

By separating the real and imaginary part of Eq. (1), the
active and reactive power are calculated using

Pr = Vr(
Req(Vs cos δ + Vr −XeqVs sin δ)

Req
2 + Xeq

2 ) (2)

Qr = Vr(
Xeq(Vs cos δ − Vr + ReqVs sin δ)

Req
2 + Xeq

2 ). (3)

As seen in Eq. (2) and (3), the relationship between Vr
and Pr or Qr is nonlinear. To calculate the voltage sensitivity
to a small disturbance of ∆Pr and ∆Qr around the operating
point, we need to eliminate δ, replace Pr by Pr+∆Pr, replace
P 2
r by P 2

r + 2Pr∆Pr and neglect ∆Pr
2, as suggested in [14].

By doing a similar procedure with respect to Qr and Vr, the
voltage sensitivity can be calculated as

∂Vr
∂Pr
≈ ∆Vr

∆Pr
=

ReqV
2
r + Pr(Req

2 + Xeq
2)

Vr(V 2
s − 2V 2

r − 2(ReqPr + XeqQr))
(4)

∂Vr
∂Qr

≈ ∆Vr
∆Qr

=
XeqV

2
r + Pr(Req

2 + Xeq
2)

Vr(V 2
s − 2V 2

r − 2(ReqPr + XeqQr))
. (5)

If Vr and Vs are approximated by 1 p.u., it is clear from
Eq. (4) and (5) that in case of low Xeq/Req ratio, the voltage
sensitivity to active power can be as much as or even greater
than the voltage sensitivity to reactive power, which is the case
in some distribution grids.

Assuming a balanced grid, for an interconnected power
system with many nodes, voltage sensitivity is often estimated
by linearizing the nonlinear load flow equation at the nominal
operating point, that is,[

JPφ JPV
JQφ JQV

] [
∆φ
∆V

]
=

[
∆P
∆Q

]
(6)

By inverting the load flow Jacobian matrix (J), the voltage
sensitivity matrix (S) is calculated as,[

∆φ
∆V

]
=

[
JPφ JPV
JQφ JQV

]−1 [
∆P
∆Q

]
=

[
SφP SφQ
SV P SV Q

] [
∆P
∆Q

]
(7)

where SV P corresponds to the submatrix of ∂Vi

∂Pi
(i is the

bus index) or the voltage sensitivity to active power at all
buses, and SV Q corresponds to ∂Vi

∂Qi
or the voltage sensitivity

to reactive power. The voltage angles and their sensitivity are
generally not a concern.

The Eq. (6) and (7) assume a balanced system. For a three-
phase unbalanced system, the voltage sensitivity has be to
calculated for each phase with respect to the power flow of
all three phases. For the jth bus:

[
∂Vj

∂Pj

]
=


∂Vj1

∂Pj1

∂Vj1

∂Pj2

∂Vj1

∂Pj3
∂Vj2

∂Pj2

∂Vj2

∂Pj2

∂Vj2

∂Pj3
∂Vj3

∂Pj1

∂Vj3

∂Pj2

∂Vj3

∂Pj3

 (8)

III. MUTUAL INFORMATION

Originating in the field of information theory, Mutual In-
formation [15] is a number to characterize the relationship
between two variables. It quantifies the expected amount of
information that one attribute value, e.g., voltage, reveals about
the value of another attribute, e.g., power. For instance, if
two sensors always yield measurements with the same sign,
regardless of absolute value, then they share (at least) one
bit of information. Less formally, MI quantifies “Given the
value of one attribute, how much does this help to guess
the value of the other attribute?”. In a sense, MI is more
general than specific measures such as Pearson’s Correlation
Coefficient, because MI is zero if and only if the attributes are
statistically independent. This capability to quantify arbitrary
linear and nonlinear dependencies is the reason why data-
driven approaches and Machine Learning use MI [16].

A. Estimation in Continuous Domains

MI is defined for probabilities and requires estimation if
it is used for measurements, which are always limited in
number. This is particularly challenging for numerical values
from continuous domains with small to moderate data sizes.
A well-known estimation approach called KSG for its cre-
ators Kraskov, Stögbauer and Grassberger [17] sidesteps this
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Fig. 2. Example of notation used with the KSG estimator.

chellenge by not estimating the distributions explicitly. That
is, the KSG uses distances between similar measurements as
substitution to distribution densities, which is fast to compute
and yields good results even for small and noisy data [18].

In the following we formally define the KSG. We use
Fig. 2 as an illustration of notation for one instance. Let
M = {m1, . . . ,mn} with mi = (ai, bi) be a collection of
measurements with two attributes A and B. In Fig. 2 M has 13
measurements with phase voltage U1 and phase active power
P as attributes. For any number k ∈ N+, the k-th nearest
neighbor of a measurement mi is kNN(mi) using the max-
distance, i.e., dist(mi,mj) = max(|ai − aj |, |bi − bj |). This
is shown in Fig. 2 with m3 being the fourth nearest neighbor
of m5 with dashed lines indicating the area with points closer
to m5 than m3. Furthermore, let cA(mi) and cB(mi) be the
number of individual measurements for A and B, respectively,
that are no further from mi than kNN(mi). As example, in
Fig. 2 there are 3 such measurements for P as shown by
the vertical dotted lines, i.e., cP (m5) = 3. Finally, the KSG
estimate is

MI(A,B)=ψ(n)+ψ(k)−1

k
− 1

n

n∑
i=1

ψ(cA(mi))+ψ(cB(mi)),

(9)
with the digamma function ψ(x) =

(∑x−1
m=1

1
m

)
− γ where

γ ≈ −0.577 is the Euler-Mascheroni constant. We use k = 4
as literature recommends [18] k as small constant. In this
paper, we call values calculated using Eq. (9) MI scores.

B. Maintaining Up-To-Date Estimates in Real-Time

Recent work [19] shows that the time required to compute
Eq. (9) scales super-linearly with the number of measurements.
Even when using a Sliding-Window approach, i.e., using only
a fixed number of the most recent measurements, recomputing
the MI score from scratch with every new measurement is
often infeasible with very frequent measurements. The same
work proves that individual updates of a sliding window
changes only a fixed number of nearest-neighbor relationships.
Utilizing this insight to quickly find the changed relationships
and compute the difference induced by these changes enables
faster updates of MI scores [19]. Even on commodity hardware
this enables real-time monitoring for measurements in each
second with a sliding window of a full day. This shows the

feasibility of using MI in adaptive controllers for DER and
ESS.

IV. USE CASE: ESS ALLOCATION

The allocation of an ESS in a real MV network in the south
of Germany is presented as use case of the proposed MI-based
approach. The grid operator requires to install the ESS at one
of the MV/LV substations, where there is sufficient space and
communication infrastructure for the ESS. The total search
space includes more than 1200 substations. Here the ESS can
filter short-term disturbances coming from the grid in order
to protect costumers who need high power quality, and also
damp disturbances coming from the LV grid.

The allocation algorithm is depicted in Fig. 3. It consists of
two main steps, which are described here.

A. Step 1: Finding the top candidates

In order to select the most promising buses for conducting
measurements, the buses with the highest voltage sensitivity
are selected. Here the voltage sensitivity was conducted using
the linearized load flow model, as doing measurements at all
buses is not possible. This approach is a similar to the previous
studies [1]–[3]. The grid can benefit the most from the ESS
at the most sensitive points in the grid, in terms of voltage
regulation, harmonics and asymmetry compensation. This part
of the allocation algorithm is implemented using DIgSILENT
Programming Language (DPL) in DIgSILENT PowerFactory.
The algorithm selects all the 10/0.4 kV substation and calcu-
late the voltage sensitivity by linear approximation around the
nominal operating point, as explained in section II. The buses
with the highest sensitivity to active power changes are the top
candidates for the ESS installation, as long as the following
constraints are met:

1) C1: No overload conditions for power systems compo-
nents (transformers, lines) should occur at the ESS rated
power, for charging and discharging.

2) C2: Grid code requirements (e.g., VDE-AR-N 4105)
have to remain fulfilled, i.e. the voltage limit of 3% of
the nominal value should not be exceeded at ESS rated
power.

3) C3: Considering 1.2 p.u. for the ESS short-circuit cur-
rent, no interference with the current grid protection
settings must occur.

4) C4: Reverse power flow has to be avoided.
In order to carry out a load flow analysis, the ESS is

modeled as a PQ bus, in which the reactive power varies
according to the Q(V) characteristics indicated in the German
Grid code VDE-AR-N 4105:2018-08 (Fig. 4).

If these constraints are respected, the selected bus is chosen
as measurement point for a minimum period of two weeks.
This has been done for the top candidate along with the next
8 candidates.

B. Step 2: MI Estimation

For the top 9 candidates for the ESS installation, two weeks
of measurements have been conducted at the grid in south



Automated using

DPL in 

PowerFactory

Manually

Start

Select 10/0.4 kv Buses 

Load Flow and Voltage 

Sensitivity Calculation

Select the most sensitive 

bus and install the ESS

Load Flow and 

Check C1-C4

No

Conduct Two Weeks of

Measurement

High MI score

End

No

Fig. 3. The allocation algorithm for an ESS.

� 	

Over-excited

Under-excited

	

1 	 1.03 � 	(p.u.)

�max 	

1.07

0.97

0.93

-�
max
	

Fig. 4. The Q(U) characteristics of an ESS according to the VDE-AR-N
4105:2018-11.

Germany. These measurements are conducted using a power
quality analyzer at the secondary side of 10/0.4 kV substations
with 1-second data resolution.

The comparison of the MI score of the measured buses are
shown in Fig. 5. For each bus, the average MI score between
the voltage and active and reactive power during the two weeks
of the measurement period is calculated. As seen, bus 4 has the
highest MI score, indicating higher relative voltage sensitivity
in comparison to others. Therefore, this location is proposed
for the ESS installation. Bus 5 and 2 have the lowest MI
score for active and reactive power, respectively, indicating
low voltage sensitivity. The results for bus 5, 7 and 8 show
a higher MI score between voltage and active power than the
MI score between the voltage and reactive power. This can
show the resistive nature of the grid at these points.

In order to evaluate the proposed approach, the measurement
results of the bus 4 and bus 5, i.e., the buses with the highest
and lowest MI score, are illustrated for a period of two days
with 1-minute resolution in Fig. 6. The MI results show that
bus 4 has the highest MI score and therefore, the highest volt-
age sensitivity. This can be observed by comparing Fig. 6(a)
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Fig. 6. Measurement results. (a) bus 4 voltage (b) bus 4 active power (c) bus
5 voltage (d) bus 5 active power.

and Fig. 6(b). As seen, the active power inversely affects the
voltage, and the variables are obviously very dependant on
eachother, indicating a weak point in the grid. As for the case
of bus 5, with the lowest MI score, the effect of active power
on voltage is not easily observable, as shown in Fig. 6(c) and
Fig. 6(d), and the two variables seem very independent. This
is the characteristic of a rigid point of the grid.

Unlike the load flow model, which assumes a balanced
network, the real measurements reflect the asymmetries in
the grid. The MI score can be calculated for every phase
and between all attributes, as shown in Fig. 7. These values
can reflect the values calculated analytically using Eq. (8).
As seen, the MI score for the phases can be very different,
which can show unbalanced operation of the grid or even
unbalanced components. For instance, one can see the MI
score between voltage and active power is higher than the
one between voltage and reactive power for phase 1 and 3,
but not for phase 2.

V. DISCUSSION

Classical methods to calculate voltage sensitivities require a
validated grid model. In this paper, it has been shown that the
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MI can reflect relative voltage sensitivity coefficients and it
only requires local measurement data to do that. However, an
exact mapping between the per-unit MI scores and the voltage
sensitivity coefficients, which has a physical meaning, requires
more research and experiments. This requires synchronized
measurements at all nodes in the grid together with an accurate
model of the grid.

We believe that MI score has likely the potential to be used
for detection of topology changes (similar to [20]), equivalent
impedance estimation and improving load modeling. For in-
stance, a significant change in the MI score can indicate grid
topology changes such as islanding.

VI. CONCLUSION

In this paper, a method based on Mutual Information is
proposed for estimating the relative voltage sensitivity to active
and reactive power changes. Contrary to linearized methods,
such as Jacobian-based ones, MI uses only the measurement
values at the point of interest, which smart meters can provide,
and does not require any information from the grid model and
its admittance matrix. MI captures the system nonlinearities
and can also be easily be calculated for unbalanced systems
and provides information on the voltage sensitivity of one
phase to power changes of all phases. As use case, this work
investigated the optimal allocation for ESS in a large German
MV grid. Top candidates for measurements are selected based
on a load flow model of the grid at the nominal operation point.
Then, measurement data were collected at these candidates,
and the MI scores have been calculated using this data. The bus
with the highest MI has been chosen as the installation place
for the ESS. Measurement results confirm that the voltage at
the selected location is strongly sensitive to the active and
reactive power changes, indicating high voltage sensitivity.
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