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Modeling Optical Materials at the Single Scatterer Level: The
Transition from Homogeneous to Heterogeneous Materials

Daniel Werdehausen,* Xavier Garcia Santiago, Sven Burger, Isabelle Staude,

Thomas Pertsch, Carsten Rockstuhl, and Manuel Decker

Materials that contain distinct scatterers, for example, nanoparticles, with
sizes exceeding 100 nm scatter light heavily and are heterogeneous. In
contrast, the atomic or molecular scatterers in conventional optical materials
form a homogeneous distribution on the scale of the wavelength. In this
paper, the transition between homogeneous and heterogeneous materials is
investigated. To this end, a procedure is introduced that allows for retrieving
reliable refractive index values from full wave optical numerical simulations of
the underlying multibody scattering problem. Using this procedure, it is
shown that the concept of an effective refractive index breaks down on
multiple levels as a material transitions out of the homogeneous regime.
These findings allow for quantifying how novel dispersion-engineered
nanocomposites for bulk optical applications must be designed and show that
Maxwell-Garnett-type effective medium theories are accurate tools for the
design of nanocomposites. The procedure can be readily generalized to other

scattering problem to a single measure.[*”]
In fact, a scalar refractive index fully quan-
tifies a material’s optical response as long
as it is made from microscopic scatterers
whose magnetic response is negligible and
which are arranged in an isotropic and ho-
mogeneous fashion . This fully holds for
conventional optical materials, for exam-
ple, glasses, in which the scatterers are po-
larizable atoms or molecules. Such mate-
rials are hence within the homogeneous
regime. On the other hand, we also have a
good understanding of materials that con-
tain large scatterers, for example, nanopar-
ticles, with sizes in the order of 100 nm.[8-1°]
Such materials scatter light heavily and
are therefore in the heterogeneous regime.

types of scatterers, including atoms and molecules and hence guide the

design of different kinds of novel materials.

1. From Individual Scatterers to a Refractive Index

The use of refractive indices to describe the propagation of light
in ordinary matter is one of the cornerstones of optics.'3] It
is a powerful concept that reduces a highly complex multibody

But the transition between the homoge-
neous and heterogenous regimes that oc-
curs for significantly smaller scatterers has
not yet been investigated in depth. To illus-
trate this transition, Figure 1 visualizes how
drastically the properties of a material depend on the size
of its scatterers. In fact, the transition between the homoge-
neous and heterogeneous regimes is not only a fundamen-
tal research issue, it also has immense practical relevance for
nanocomposites, which could serve as powerful next-generation
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Figure 1. 2D cross sections of 3D spatial intensity distributions as obtained from full wave optical T-matrix simulations. The cross sections visualize
the propagation of a beam of light through a distribution of nanospheres (microscopic scatterers) that are arranged as a 3D prism with a base length
and height in the y-direction of 6 pm. The nanospheres are made of ZrO, and are placed in air as the surrounding medium at a volume fraction of
f =30%. The incident beam has a wavelength of ;5 = 0.8 pm, a focus diameter of e, = 249 = 1.6 pm, and propagates in the positive z-direction. For

the smaller nanosphere radius (r.

<cat = 20 nm) well-defined reflected and transmitted beams are observed, whereas for the larger radius (r.

¢ =80 nm)

sca

the beams are distorted. This visualizes that optical materials become increasingly heterogeneous with increasing scatterer sizes.

optical materials.'2!l Since nanocomposites contain distinct
nanoscopic scatterers, they are also ideal prototype systems to in-
vestigate optical materials in general. This is because atoms or
molecules can be treated on equal footing as nanoscopic scatter-
ers, if their optical response is obtained from quantum mechani-
cal simulations and captured in the notion of scattering theory.!??]

However, gaining insight into the full complexity of large-scale
multibody scattering problems is a major challenge. On the one
hand, effective medium theories (EMTs), which are analytical
approximations that make the connection between a material’s
individual scatterers and its refractive index,*?*] can never
fully account for the complexity the problem.l??°] On the other
hand, experimentally controlling particle distributions that are
composed of hundreds of thousands of scatterers is an immense
challenge. Therefore, we still have a limited understanding of
light propagation in materials at the threshold between the
homogeneous and heterogeneous regimes. Full wave optical
simulations are ideally suited to capture the full complexity and
evaluate the applicability of EMTs. But entering the regime in
which a distribution of scatterers acts as a bulk optical medium
requires simulating the propagation of light through hundreds
of thousands of scatterers (Figure 1). Until recently,®! such sim-
ulations were impossible because of their high demands on com-
putational power and memory. For these reasons, a systematic
and quantitative analysis of the transition between homogeneous
and heterogeneous materials has so far remained elusive.

In this paper, we use large-scale numerical simulations to
investigate the transition from homogeneous to heterogeneous
materials. We focus on artificial optical materials that contain di-
electric nanospheres with radii between 4 and 80 nm and volume
fractions of up to f = 30%. Such materials recently came in the
focus of attention as they enable the independent control over
the magnitude and the dispersion of the refractive index.[1*?7]
To elucidate the properties of these artificial materials across the
transition from homogeneous to heterogeneous materials and,
at the same time, investigate the breakdown of the concept of
an effective refractive index, we here rely on a setting in which
we simulate reflection and transmission from a slab of such
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materials. This allows us to use the reflected, the transmitted,
or both amplitude coefficients to retrieve the material’s effective
refractive index and evaluate the applicability of the EMTs using
these different measures. Our present paper marks the advent of
a new era, in which numerical methods can be used to simulate
optical materials at a single-scatterer level. We show that this
enables us to obtain a deeper understanding of optical materials
and guide the design of novel materials.

2. Analytical Modeling of Optical Materials

In this section, we briefly introduce the analytical approximations
that make the connection between a material’s microscopic struc-
ture and its refractive index. We use these expressions as a bench-
mark and investigate their validity compared to full wave optical
simulations in detail in Section 5. The Clausius—Mossoti (CM)
equation provides an analytical expression that connects a mate-
rial’'s (effective) permittivities (e.q4) to the electric dipole polariz-
ability («,) and number density (C) of the scatterers that make
up the material.[>?8] For a fixed wavelength (4), the CM equation
reads

1+ %mescat )

€ = € ————

. ! 1- %Cﬂ-ascat
where ¢, is the permittivity of the homogeneous matrix that sur-
rounds the scatterers. In the following, we focus on nanocom-
posites that contain distinct scatterers with a spherical shape, be-
cause methods that allow for a high-volume production mostly
yield close to spherical shapes. However, this does not limit
the generality of our approach because both nanoparticles with
other symmetries as well as atomic and molecular scatterers can
be captured within the same framework.[#?22°-%] For spherical
nanoparticles with a radius of r,,,, the electric dipole polarizabil-

scat?
ity can be determined using Mie theory!®¢:

T3
Mie _ : scat
scat ! 3 4 (2)
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Figure 2. a) Procedure used for determining the effective refractive index: The scatterers (nanospheres) are distributed randomly, but not-overlapping,
into a box with a quadratic footprint in the x/y-plane (width wy;,;) and a length in the z-direction of Iy, The nanosphere distribution is then illuminated
with a focused beam of light propagating in the positive z-direction. From the full wave optical simulations, the reflection and transmission coefficients
in the normal directions are determined to retrieve the distributions’ effective refractive indices. b) Procedure used for placing the scatterers: The
nanospheres’ center must be within the box. The total partial volume outside of the box (6V,,,) is calculated and an additional nanosphere is placed
into the box every time AV, ,, exceeds the volume of one nanosphere (V). ¢) Exemplary 3D nanosphere distribution with ry.,; = 30 nm.

where g, is the lowest order (electric dipole) Mie coefficient and ~ here focus on nanocomposites, but outline how our method can
x=7\[e, 2’;‘”‘ is the size parameter.[>%’] By substituting this ex-  be applied to other types of scatterers.

pression into Equation (1), the composite material’s effective re-
fractive index can be readily obtained from n g = |/eq. This is
the basis of the so-called Maxwell-Garnett—Mie effective medium
theory (EMT), which can be used to readily estimate a nanocom-
posite’s effective refractive index.['”] However, the CM equation,
on which the EMT is based, relies on two key simplifying as-
sumptions: First, it treats each scatterer as an electric dipole scat-

terer with a dipole moment of p =«

3.1. Generation of 3D Particle Distributions

As the initial step of our procedure, we generate a 3D parti-
cle distribution by placing the nanospheres into a box with a
quadratic footprint in the x/y plane (width wy,) and a length
= of Iy, in the z-direction (Figure 2a). For generating these distri-
scat Eloc- Sf.cond, it assumes  fytions, we first fix the volume fraction (f = iCar},) and the
that the local field at the scatterers’ pOSitiOl’lS (Eloc) iS, on average, nanospheres’ radius at the desired values. From the volume of
equal to the external field ((E,,.) = E.,).1*) Within these assump-  the box (Vy,, = wl. lais) and an individual nanospheres volume
tions, the CM equation fully accounts for multiple scattering, that ~ (V,,,), we then calculate the initial number of nanospheres (N,)
is, dipole—dipole interactions.!?”] But the second assumption is  that are required to achieve the desired volume fraction (N, =
only valid in two cases: 1) for perfectly random spatial particledis- ~ f # ). Subsequently, we randomly place the corresponding num-
tributions or 2) for distributions in which the particles are located =
on a primitive cubic lattice. Here, we focus on nanocomposites
in which the particles are randomly distributed. However, in real-
ity, impenetrable particles with a finite volume can never reach a
perfectly random distribution.?’] Furthermore, the CM equation
cannot account for statistical variances in the spatial particle dis-

tributions. Theref9re, énalytic expressions, lﬂ.<e the. CM equation, alytical expressions from.’® Every time the sﬂlrtr; of the partial
are allways approximations and full wave optical s1rpulat10ns are  yolumes that are located outside of the box (AV,, = ¥,6V,,,))
.requlred to capture the full complexity of the multibody scatter- o\ -eeds the volume of one nanosphere, we then place one ad-
ing problem. ditional nanosphere into the box. The total number of particles
hence is N,,, = N, + | °“‘J where || corresponds to the floor

cat

ber of nanospheres into the box such that no overlap between the
particles occurs. In doing so, we allow the nanospheres to over-
lap with the boxes’ boundaries and only require the nanospheres’
centers to be inside the box (see visualization in Figure 2b). If
a part of a nanosphere’s volume is located outside the box, we
calculate the corresponding partial volume (6V,, ;) using the an-

operator. In the Supportlng Information, we show that this proce-
3. Numerical Modeling of Optical Materials dure is indispensable for obtaining well-defined volume fractions
within the box and hence reliable values for the effective refrac-
In this section, we introduce our approach for retrieving a ma-  tive index. An exemplary 3D view of particle distribution that we
terial’s refractive index from numerical simulations of the mi-  generated using this procedure is depicted in Figure 2c. Note that
croscopic multibody scattering problem. As aforementioned, we  our procedure can be readily applied to other types of scatterers, if

Adv. Theory Simul. 2020, 3, 2000192 2000192 (3 of 12) © 2020 The Authors. Published by Wiley-VCH GmbH



ADVANCED
SCIENCE NEWS

ADVANCED
THEORY AND
SIMULATIONS

www.advancedsciencenews.com

the scatterers’ partial volumes outside the box are obtained from
other techniques, for example, Monte Carlo methods.[3%4]

3.2. Full Wave Optical Simulations

To determine the effective refractive indices of a given scatterer
distribution, we illuminate each distribution with a focused beam
of light (Figure 2a). We model this beam as a superposition of
plane waves with a Gaussian amplitude distribution. For all data
presented in this paper, we use a wavelength of 4, = 0.8 pm and
focus the beam down to a diameter of w,,,,, = 4, = 0.8 pm (Fig-
ure 2a). We then perform a full wave optical simulation using the
toolbox CELEs, which combines the T-matrix method with the
parallel computing capabilities of modern GPUs.[?%! In all simu-
lations, we include not only the dipole, but also the quadrupole
responses of the nanospheres to ensure that we account for all
higher order effects. Throughout this paper, we use ZrO, as
the nanospheres’ material, because its high refractive index and
transparency in the visible spectral range make it a perfect pro-
totype system for high refractive index dielectric materials.[*!] As
the host material we use PMMA, which is one of the most widely
used optical polymers.[*?] Furthermore, we focus on volume frac-
tions below f = 30%, which is the range that is commonly used
in experimental works!**=*1 and allows for an independent con-
trol over the magnitude and dispersion of the effective refractive
index.[¢]

3.3. Retrieval Procedure

After the numerical simulations, we decompose the resulting
fields into plane waves. This allows us to determine the com-
plex reflection (r) and transmission () coefficients of the distri-
bution of scatterers. Since we here investigate random distribu-
tions, which are consequently isotropic, we determine these coef-
ficients only for the plane waves propagating in the forward (+z)
and backward (—z) directions (k, = k, = 0). Based on this data,
we then use three different equations to obtain the effective re-
fractive index. First, we use the reflection and transmission coef-
ficients for a slab with a finite thickness:

2
bt @

and
1-¢? r%l

r=r,+ =1t

, G)

1- ¢2r§1

where the reflection and transmission coefficients of the individ-
ual interfaces (r; and t; with i,j € {1,2}) can be obtained from
the Fresnel equations:

= Mg 2my,
My =—"— b= ————,
Ny, + Mg h,+ 1
(4)
i i
Nog— My 214»eﬁ
ry = ———, and t; = ————
+n' n, +n'
ny eff h eff

where n,, is the refractive index of the surrounding medium
and n with i€ {trans, ref} is the effective refractive index
that we determine from the transmitted (t) and reflected (r)
components, respectively. Finally, the phase ¢ follows from
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¢ = exp(2izn. 1y, A7), where I, is the slab’s thickness. These
expressions allow us to determine n!; independently in trans-
mission (i = trans) and reflection (i = ref) by numerically invert-
ing Equation (3). To this end, we used the requirement that
the scatterer distributions’ effective refractive indices must be
between the ones of the host and the nanospheres’ materials
(real (n,) < real (n.) < real (ng,,)) to constrain the numerical in-
version. Furthermore, we used the prediction from the EMT as
the initial value for the numerical inversion to ensure that the
numerical inversion readily converges to the correct solution. In
addition, in the form given in Equation (4), the Fresnel equa-
tions are only valid if the scatterers’ magnetic dipole response
is negligible. As a benchmark, we therefore also use an expres-
sion that relies on both r and t to determine n. and is valid
even for non-unity permeabilities in the Supporting Information.
Since this equation was originally derived for photonic-crystal-
type metamaterials,[*>>!] we refer to the values obtained from this
expression as n.

Finally, for each set of the macroscopic parameters f, Wy, lyict»
and r,.,,, we perform simulations for multiple random distribu-
tions to determine the influence of statistical fluctuations on the
effective refractive index. A given particle distribution hence is
a microstate within an ensemble that is defined by the macro-
scopic parameters. We refer to a set of values that we obtain
for different microstates within an ensemble as {n! .} with i €
{trans, ref, meta}. For a given ensemble, we then determine the
ensemble average il - = mean({n’ }) and its fluctuations An =
o({n;}), where ¢ denotes the standard deviation. Depending on
the magnitude of the fluctuations, we investigate between 4 and
32 different microstates.

4. The Homogeneous Regime: Bulk Optical Media

In this section, we show that our approach allows us to enter the
regime in which the distribution of scatterers acts as a homoge-
neous, bulk optical medium. Based on the finding that we can
enter the homogeneous regime, we then investigate the break-
down of the concept of an effective refractive index that occurs
with increasing scatterer size in Section 5. Since the bulk regime
is reached if the particle distributions are large enough for their
effective refractive index to become independent of dimensions,
we first investigate the convergence with increasing box sizes
(Wyi and ly,,). For this analysis, we use a small particle radius of
merely r,,, = 5nm to ensure that the nanospheres, in good ap-
proximation, act as ideal point dipole scatterers.['”] For the sake of
simplicity, we initially only consider the effective refractive index

obtained from transmission (#12"*). Below and in the Supporting

trans  ,ref

Information, we investigate the differences between n", n'c,
n and the EMT in detail.

Figure 3a depicts the real and imaginary parts of n;™ as func-
tions of the distributions’ widths (wg,) for aradius of r,,, = 5nm.

For this series of simulations, we first generated a particle dis-
tribution with the maximum width (W = 3@pe,, = 2.4 pm)
and then cropped this distribution to achieve smaller widths.
Moreover, we fixed the distribution’s length at I, = 20r,,.
The corresponding data in Figure 3a show that both the real
and imaginary parts converge to well-defined values for widths

larger than wy,, = 2.5wy,,,,- In the Supporting Information, we

© 2020 The Authors. Published by Wiley-VCH GmbH
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of the box that contains the nanospheres’ centers. For both (a) and (b), a nanosphere radius of r,,; = 5 nm and a volume fraction of f = 15% were useld.
The data in (a) were obtained by first generating the particle distribution with the maximum width (Wit = 3@peam) @nd then cropping this distribution.
For (b), different distributions were generated and the depicted data corresponds to the mean values, whereas the error bars denote the standard
deviations. For (a), l4ist was fixed at Iy, = 20r,;. For (b), the width was fixed at wyig; = 3Wpeam With @peam = 49 = 0.8 pm.

demonstrate that such a convergence is no longer achieved if the
beam width is increased significantly. This shows that the use of
a beam width (wy,.,,,) that is much smaller than the distribution’s
width (wg,) is essential for retrieving reliable values for the ef-
fective refractive indices. In this context, we note that, because
of the finite size of the scatterer distribution in the transverse
direction, there is a coupling between the different plane wave
components that make up the focused beam. This holds true
even if the scatterer distribution acts as a perfectly homogeneous
material. Our finding that wy.,,, must be sufficiently small com-
pared to wy;, hence demonstrates that this coupling is essential
to retrieve reliable effective indices for samples of finite size.
In fact, in the real world, the sizes of samples are always finite.
Therefore, this finding highlights that the coupling between
the plane wave components is also essential in experimental
settings. We discuss this fundamental mechanism in more detail
in the Supporting Information. In addition, to demonstrate that
convergence is not only achieved with increasing wy,,, Figure 3
demonstrates that 71" also converges with increasing lengths
around Iy, = 20r,,. In the Supporting Information, we show
that convergence is achieved at this length for a wide range
of radii. This demonstrates that our approach indeed allows
for modeling optical materials in bulk regime, in which the
distribution’s size does not play a role. In addition, the finding
that the imaginary part of the effective refractive index almost
vanishes at sufficiently large widths, demonstrates that the dis-
tribution of scatterers essentially acts as a homogeneous lossless
optical medium. The number of scatterers that were required
to reach this regime is in the order of 200 000. Finally, note that
the particle sizes investigated here are only one order of magni-
tude larger than basic two-atom molecules.*?) Since molecular
scatterers can be modeled within the same framework,?2! this
highlights that our approach will soon allow for modeling con-
ventional optical bulk materials at the molecular level. Note that,
as opposed to our approach of modeling materials in the bulk
regime, the conventional method of numerically validating a ho-
mogenization procedure only involves comparing the extinction,
scattering, and absorption cross sections of a scatterer distribu-
tion that is composed of a small number of scatterers with that of
the homogenized medium.!®! In fact, only little work has been
done using approaches similar to ours. Commonly, these works
either relied on supercells or monolayers of randomly arranged
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particles,[33-56]

not possible.

since such large-scale simulations were previously

5. The Transition from Homogeneous
to Heterogeneous Materials

Building on the finding that we are able to study bulk optical
materials at the single scatterer level, we can now fully inves-
tigate the transition from homogeneous to heterogeneous op-
tical materials. In this section, we show that, across this tran-
sition, the concept of an effective refractive index successively
breaks down on different levels. Across this transition, the con-
cept of an effective refractive index consequently loses most of
its physical meaning. We systematically analyze the different lev-
els throughout on which this breakdown occurs in the following
subsections. Furthermore, we highlight that this has direct im-
plications for the design of novel optical nanocomposites. For
this analysis, we mainly focus on radii between r,, = 10nm
and r,,, = 80nm. As we show below, this is the range within
which the most drastic changes occur for a wavelength of 4, =
0.8 pm. To ensure that we are well within the bulk regime for
this range of radii (Figure 3 and Supporting Information), we
keep the distributions’ lengths and widths fixed at Iy, = 20r,,,
and wy;, = 6wy, respectively. We chose a much larger width
than the one required to achieve convergence for small particles
(Figure 3) to compensate for the increase of I, with increas-
ing radii. Furthermore, we chose a length of I, = 20r,,, since
the effective refractive indices converge to well-defined values
at this length also for radii above r,,, = 10nm (see Supporting
Information).

cat

5.1. Refractive Index Fluctuations

Nowadays conventional optical materials have highly repro-
ducible refractive indices.””] In other words, all microstates
within an ensemble that is defined by a certain set of macro-
scopic parameters are characterized by the same refractive index.
In contrast, for heterogeneous materials, we expect that statisti-
cal fluctuations start to play a role. To investigate this relation-
ship in detail, we generated different random particle distribu-
tions while keeping the parameters that describe the ensembles’

© 2020 The Authors. Published by Wiley-VCH GmbH
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Figure 4. Probability for obtaining a certain value of a,c) real (nte:;”s) and b,d) real (n:;) for particle radii of a,b) r,,; = 10nm and ¢,d) r,,, = 30nm at

fixed volume fractions (f). The histograms for each volume fraction were obtained by generating different random particle distributions while keeping
all macroscopic paramgters (f, Waist: laist» and rcy) constant. e) Fluctuations of the effective refractive index (Ang) as obtained from the standard
deviation (An_ = o ({n_}) over ry, for 10nm < ry e < 80nm. The red line depicts the local density fluctuations of the particle distribution (Afi,. =
6 ({fioc (AV;)}) within a cube with a width of a. . = 49 = 0.8 pm. The dotted blue lines visualize that both the refractive index and density fluctuations

increase approximately linearly with r, .

15 nm. The density fluctuations (red line) were scaled by a factor of 40.

macroscopic properties fixed. For each of these microstates, we
then retrieved the effective refractive index using all measures de-
scribed above. First, we did so for different volume fractions be-
tween f = 5% and f = 25%, and two particle radii of r,,, = 10nm
as well as r,,, = 30nm. Using this procedure, we obtained the

histograms in Figure 4a—d. These figures show that, at r,

scat =
10 nm, the effective refractive index obtained from the transmit-
ted component (n’F™; see Figure 4a) is well-defined, whereas the
values obtained from the reflected component exhibit small fluc-

tuations (n'f; see Figure 4b). This shows that, already at a radius

eff’
of ., = 10 nm, which corresponds to a ratio of ot = % (Aseat =
2r..,), the effective refractive index is no longer solely defined

by the macroscopic parameters f, wyg, by and rg,,, but also
depends on the specific particle positions of the microstate. In
fact, this effect becomes more pronounced for a particle radius of
Fear = 30m. This can be seen from Figure 4c,d, which demon-
strate that, at this radius, the values obtained from the transmit-
ted component exhibit small fluctuations (Figure 4d), whereas
major fluctuations, which span a range of around 0.5 RU (RU: re-
fractive index units), are observed in reflection (Figure 4d). This
shows that, as a material transitions out of the homogeneous
regime, the effective refractive index is increasingly no longer a

well-defined property that fully quantifies a material’s response.
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f) Fluctuations of the effective refractive index in transmission and the local density overr,

foranm<r. .. <

scat scat =

To investigate the influence of r., on the refractive in-
dex fluctuations systematically, we subsequently fixed the
volume fraction at f =15% and varied r,,, between 10 and
80 nm. For each particle radius, we then quantified the
refractive index fluctuations using the standard deviation
(An(f = 0.15) = o({n (f = 0.15)})). Accordingly, Figure 4e de-
picts the fluctuations in both the real and imaginary parts of the
refractive index. These data demonstrate that the fluctuations
increase close to linearly with the particle radius. Moreover,
Figure 4e confirms that the fluctuations are much larger in re-
flection than in transmission at all radii. The reasons for this are
most likely twofold: first, directly comparing the fluctuations in
the reflection (A|r|) and transmission coefficients (A|[t|) reveals
that they are of similar magnitude (Al|r|) = (Al]t]). Since the am-
plitude of the transmitted component is much larger than that
of the reflected component (|r|) < (A|t|), this implies that the
signal to noise ratio is much smaller in reflection. Second, in the
Supporting Information, we show using alternative nanosphere
placement procedures that the effective refractive index retrieved
in reflection is very sensitive to the location of the first interface.
This indicates that, to a certain degree, the reflected component is
more sensitive to the configuration of the scatterer distribution’s
first interface. However, we emphasize that all scatterers within

6 of 12 © 2020 The Authors. Published by Wiley-VCH GmbH
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the distribution contribute to the reflected beam.l® The finding
that the effective refractive indices obtained in transmission and
reflection can deviate from each other shows that the effective
refractive index not only depends on the specific configuration of
the microstate, but that the same microstate can even be charac-
terized by widely different effective refractive indices, depending
on the measure that is used (e.g., transmission or reflection). To
gain insight into the physical mechanism that causes these fluc-
tuations, we determined the distributions’ density fluctuations on
the scale of the wavelength. For this purpose, we used a cube with
alength of a_;,. = 4, and scanned this cube through the particle
distributions. For each position (r;), we then determined the local
volume fraction within the cube (f,,(r;)) by precisely calculating
the partial volume of each nanosphere that is located within the
cube (blue parts of the spheres in Figure 2b). This allows us to
quantify the density fluctuations as the standard deviation of
all local volume fractions (Afi,. = o({fi,(r;)}). The results of this
analysis in Figure 4e, show that, for radii between r,,, = 10nm
and r,.,, = 80 nm, the density fluctuations also increase close to
linearly. This suggests that density fluctuations are one of the key
drivers behind the fluctuations of the effective refractive index.
Finally, the finding that the effective refractive index underlies
strong statistical fluctuations outside the homogenous regime,
also has direct implications for the design of optical nanocom-
posites. This is because materials in todays optical systems must
have highly accurate and reproducible refractive indices (beyond
the 4th digit).5”] Therefore, nanocomposites are only suitable
for such applications if the refractive index fluctuations are sup-
pressed. To investigate at what particle sizes this requirement can
be fulfilled, we performed another series of simulations in which
we included radii below r,,, = 10 nm. For this analysis, we fixed
the distributions’ lengths and widths at the values that were re-
quired to achieve convergence for small particles (I, = 207,
and wy,; = 3@}, see Figure 3). The data obtained from this se-
ries of simulations is depicted in Figure 4f. This figure shows that
the refractive index fluctuations increase with increasing radii
even for r,,, < 10 nm. Specifically, a radius of r,,, = 4 nm, which

. . d 1.
corresponds to a particle size (dy, = 2r,,,) of == = = is re-
0

100
quired to reduce the fluctuations in real (n'2") below 10~°. In
fact, the red line in Figure 4f demonstrates that this size is also
the threshold at which the density fluctuations become negligi-

ble. This demonstrates that the particle sizes in nanocomposites

cat

scat

for optical systems should ideally be below % = %0 to eliminate
0

the fluctuations in the effective refractive index.

5.2. Ensemble Averages: The Real Part of the Effective Refractive
Index

In the previous section, we have shown that outside the homo-
geneous regime, different microstates can be characterized by
widely different effective refractive indices. Therefore, it is nec-
essary to distinguish between a specific microstate and the en-
semble average that is obtained by averaging over a sufficiently
large number of microstates. Just like the laws of thermodynam-
ics, effective medium theories cannot account for statistical fluc-
tuations. However, a key question is whether effective medium
theories can predict the ensemble average and are hence accurate
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tools for the design of novel dispersion-engineered materials. In
this subsection, we address these questions for the real part of
the effective refractive index. We investigate the imaginary part
in the following subsection. In all following figures, we include
error bars to visualize the refractive index fluctuations (An_).

As the first step, Figure 5a visualizes that at r,,, = 10nm,
the ensemble averages obtained in both transmission and
reflection are identical at all volume fractions between f = 5%
and f = 25% (Figure 5a). However, this is no longer the case
at a radius of r,, = 30nm (Figure 5b). This shows that, for
larger scatterers, even the ensemble average depends on
the measurement modality. Finally, it is evident from Fig-
ure 5a, b that the EMT predicts the ensemble averages for
the transmitted component with good accuracy, but slightly
overestimates real (A7) at large volume fractions. Below we
discuss that this can possibly be attributed to the fact that
the distributions’ interfaces are not well-defined for larger
scatterers.

As the second step, to again investigate the influence of the
particle radius systematically, we chose three different volume
fractions (f = 5%, f = 15%, and f = 25%) and varied r,.,, between
10 and 80 nm. The results of this series of simulations are de-
picted in Figure 5c. This figure confirms that the EMT predicts
the real part of the effective refractive index obtained in trans-
mission with good accuracy. This holds for all radii. We only no-
tice a slightly impaired accuracy at the highest volume fraction
of f = 25%. In addition, we show in the Supporting Information
that the results obtained from the equation for metamaterials al-
most perfectly match the ones obtained in transmission even for
the largest radius of r,,, = 80 nm. This shows that the scatterers’
magnetic dipole response is negligible. Therefore, the finding
that real (A5 starts to exhibit a size dependence for larger radii
(Figure 5c¢), can be attributed to the electric dipole resonance. Fi-
nally, Figure 5c also shows that, in contrast to transmission, ma-
jor fluctuations are again present in reflection. This can be seen
from the purple line, which demonstrates that the error bars span
arange that exceeds 0.1 RU. In addition, even the ensemble aver-
ages fluctuate heavily around the EMT prediction for larger radii.
Since the effective refractive indices obtained in reflection for the
other volume fractions also fluctuate heavily, the remaining data
is provided in the Supporting Information to ensure the clarity
of Figure 5c. The strong fluctuations show that, in reflection, the
concept of an effective refractive index losses its applicability for
radii exceeding r,,, = 30 nm. In this regime, an effective refrac-
tive index can consequently only be used to describe the transmit-
ted component. For this component, the EMT’s prediction must
then be understood as an ensemble average that is obtained by
averaging over a large number of microstates, or alternatively, a
large volume. If the EMT’s prediction is treated in this manner, it
can generally predict the real part of the effective refractive index
with good accuracy (Figure 5). This holds true even at high vol-
ume fractions, for which multiple scattering plays a major role.
Since accurately tailoring the real part of the effective refractive
index is the key design goal for novel dispersion-engineered ma-
terials, this shows that the EMT is an accurate tool for such pur-
poses. In fact, in Section 5.4, we demonstrate that the EMT’s ac-
curacy can be even further improved by compensating for the fact
that the interfaces are not well-defined for larger scatterers.

© 2020 The Authors. Published by Wiley-VCH GmbH
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Figure 5. Ensemble average of the real part of the effective refractive index (real (ﬁgﬁ)) as a function of the volume fraction (f) for radii of a) r,,; = 10nm
and b) r,,; = 30 nm. All plots include the data obtained from transmission, reflection, and the EMT (i € {trans, ref, EMT}). The ensemble averages were
obtained by averaging across different microstates (random distributions) and the errorbars were determined as the corresponding standard deviations

(Aniﬁ;F = 6({n;ﬁ}). c) Ensemble average of the real part of the effective refractive index (real (ﬁgﬂr)) as a function of the nanosphere radius (r.

<cat) at volume

fractions of f = 5%, f = 15%, and f = 25% (i € {trans, ref, EMT}). For the reflected component only the data for f = 15% is included to improve clarity.
The data for the other volume fractions is included in the Supporting Information.

5.3. The Imaginary Part of the Effective Refractive Index: The
Influence of Incoherent Scattering

In this subsection, we analyze the imaginary part of the effective
refractive index. This allows us to quantify the overall attenuation
a beam of light experiences. Attenuation is a key issue for materi-
als outside the homogeneous regime, since incoherent scattering
plays a major role as a loss mechanism for such materials.!'74]
We use the term incoherent scatteringl®®>°! because, on the
microscopic level, all electromagnetic charges scatter light.
Therefore, it is necessary to distinguish the coherent field, which
is the propagating beam itself, and the incoherent field, which
is made up by the radiation that is incoherently scattered out
of the beam.[2*583] Within the concept of an effective refractive
index, incoherent scattering manifests itself as an increase of the
imaginary part of the effective refractive index. This is because
incoherent scattering attenuates the coherent beam by scattering
a portion of its energy in other directions.['?* The onset of
incoherent scattering consequently also restricts the applicability
of the effective refractive index, because it distorts a beam of light
(Figure 1) and imag (#i.) can hence no longer be used to deter-
mine the absorption rate and the appearance of the material.l'’]
Note that the imaginary part of the effective refractive index
directly determines the attenuation coefficient (y) in the Beer—
Lambert law (I(z) = I(0)exp(yz), where I is the intensity and z
the propagation distance) according to y = %”imag (Peg) 1Y) This
attenuation coefficient then accounts for both incoherent scatter-
ing and absorption. In the absence of absorption, it can hence be
used to directly determine a mean free path of the photons within
the scatterer distribution. This mean free path then describes the
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average distance photons can cover, while constantly undergoing
coherent scattering, until they are incoherently scattered.

Figure 6a,b depicts the ensemble averages for the imaginary
part of the effective refractive index as a function of the vol-
ume fraction for r,,, = 10 nm (Figure 6a) and r,.,, = 30 nm (Fig-
ure 6b). These figures show that, in transmission, the imaginary
part of the effective refractive index depends only weakly on the
volume fraction. Furthermore, for this component, the imaginary
part of the effective refractive index (imag (!;™)) agrees well
with the EMT for small volume fractions, but the EMT slightly
overestimates the attenuation at larger volume fractions. In con-
trast, in reflection, the imaginary part increases drastically with
the volume fraction, fluctuates heavily, and does not agree well
with the EMT. In fact, for this component, the imaginary part
(imag (ﬁ;ﬁ)) can even become negative for some configurations.
This shows that, in these cases, the plane wave propagating in
the normal directions is amplified at the expense of plane waves
with oblique incidence angles. In transmission, this effect is less
dominant because the overall amplitude of the signal is much
larger (|t| > |r]).

To again investigate the influence of the radius systematically,
Figure 6c depicts imag (775™) as a function of the radius for
three different volume fractions (f = 5%, f = 15%, and f = 25%).
The data for the reflected component is shown in the Supporting
Information. Figure 6c demonstrates that, at small radii and
volume fractions, the EMT predicts imag (#73") with decent
accuracy, but looses its accuracy if either parameter is increased
(Figure 6¢). This shows that statistical effects play a major role
for large volume fractions and radii. This is because the EMT
can only account for the influence of the particle size, but not

© 2020 The Authors. Published by Wiley-VCH GmbH



ADVANCED
SCIENCE NEWS

ADVANCED
THEORY AND
SIMULATIONS

www.advancedsciencenews.com

-3
a) 110_ ' : .
trans
~ 10 g .
e ref
'T:“’ 5F === EMT J
&
2
Sr T'scat = 10 nm 7
_10 L 1 L
0.05 0.1 0.15 0.2 0.25

www.advtheorysimul.com

b)  x10°
trans

—~ 10 ':%-_-“ref

e
'T:w 5k EMT

Y ---'I'"'"“

g 0

- I

= 5t

_10 L 1 L
0.05 0.1 0.15 0.2 0.25

dasaguunsunn®®

5 10

Tsca t [nm]

15

Figure 6. Ensemble average of the imaginary part of the effective refractive index (imag (Pn;ﬂr)) as a function of the volume fraction (f) for radii of a)
recat = 10nm and b) r,,; = 30 nm. All plots include the data obtained from transmission, reflection, and the EMT (i € {trans, ref, EMT}). The ensemble
averages were obtained by averaging across different microstates (random distributions) and the errorbars were determined as the corresponding

standard deviations (An/
eff

= a({ngﬂr}). c) Ensemble average of the imaginary part of the effective refractive index in transmission (imag (

AtranS)) as a

”eff

function of the nanosphere radius (r,,,) at volume fractions of f = 5%, f = 15%, and f = 25% (i € {trans, ref, EMT}). For the sake of clarity, the missing

data for the reflected component is shown in the Supporting Information because of its strong fluctuations. d) imag (

volume fraction of f = 15% for 4 nm < r,,; < 15nm.

for statistical deviations from perfect random distributions. Our
results consequently also show that both the particle size itself
as well as statistical variances, critically determine the overall
amount of incoherent scattering. Furthermore, we show in the
Supporting Information that incoherent scattering also causes
the effective refractive indices to depend on the particle distribu-
tion’s width, even if the distribution is a factor of 10 wider than
the beam waist (wy.,,,). This is because light that is scattered out
of the forward and backward directions leads to the emergence
of long-ranged modes that propagate along the entire width of
the distribution and hence affects the distribution’s properties.
Since, for homogeneous materials, the refractive index in the
bulk region is independent of the size, this width dependence
adds another key level on which the concept of an effective
refractive index breaks down outside the homogeneous regime.
Finally, in an imaging system, incoherent scattering leads to
stray light and hence aloss of contrast.'”] Therefore, it is essential
to minimize incoherent scattering by using sufficiently small par-
ticle sizes (d,). To investigate what particle sizes are required to
fulfill this requirement, we again used our data for smaller radii
from Section 5.1. Accordingly, Figure 6d depicts imag (7. ) for
radii between 4 nm < r,, < 15nm. This figure shows that radii
significantly below r,,, = 10nm are required to minimize the
amount of incoherent scattering. In fact, in agreement with the
EMT, imag (#2") appears to converge to its minimum around
Ter = 41nm. It appears likely that this minimum corresponds to
the resolution limit of our numerical procedure, which could
also explain the systematic shift between the EMT and our nu-
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"tl’anS)

&™) as a function of ry.,; at a

merical data. This shows that particle sizes around or ideally be-

d 1 . L .
low ==t = — are required to minimize incoherent scattering.

A

To cover the entire visible spectrum (400nm < A < 800 nm), the
particle size must consequently be within the range in which its
properties become size-dependent. Since this range corresponds
to the quantum-dot regime,[°*6!] this opens up new possibilities
for tailoring the refractive index and its dispersion. This is be-
cause any material’s refractive index is critically determined by
the resonances, that s, the absorption lines, within the system.’]
Tailoring the absorption lines of quantum dots by adjusting their
size or surfacel®% could hence provide a powerful new degree
of freedom for tailoring the refractive index and its dispersion
that has never been explored.

5.4. Effective Interfaces

Another fundamental consequence of increasing the size of
the particles is that the materials’ interfaces are no longer well-
defined. To visualize this directly, Figure 7a depicts the local
volume fraction (fi,.) as a function of the spatial coordinate z for
a particle radius of r,,, = 30nm. It is evident that the volume
fraction increases gradually from zero to its bulk value within a
distance that is equal to the particles’ size (d,, = 21, = 60 nm).
While this is the case for all materials, this effect does not play
a role for conventional materials whose building blocks are
atoms or small molecules. However, all equations that we use
to determine the effective refractive index depend explicitly on

(9 of 12) © 2020 The Authors. Published by Wiley-VCH GmbH
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Figure 7. a) Local volume fraction (fi,.) as a function of the spatial coordinate z to show that the interfaces are not well-defined for larger particles (here

Feeat = 30 NM). We determine the effective length [ by optimizing it for the best agreement of real (ﬁte';”s) with the EMT-prediction simultaneously for
all volume fractions at each radius (r,.,). b,c) Ensemble averages for the real part of the effective refractive index (real (Pl;ﬁ)) using effective lengths
for b) re,e = 10nm and c) ry, = 30 nm. d) Analogous plot as a function of the particle radius (r.,) at a volume fractions of f = 5%, f = 15% and

f = 25%. The effective interface was determined for each radius individually. The data for the imaginary part is depicted in the Supporting Information.

e) Difference Al = (l4is; — l.f) between the length of the particle distribution (I4i;) and the effective length (I.¢) as a fraction of the radius (ry,).

the length of the particle distribution (ly; see Equation (3)).
Therefore, the question arises whether the fact that this length
no longer is well-defined for larger scatterers can compensate for
the finding that the EMT systematically overestimates the real
part of the effective refractive index at larger volume fractions
(Figure 5). To investigate whether this is possible, we introduced
the effective length (l.4) as a free parameter and optimized it for
the best agreement of real (77"*) with the EMT. Since an effective
length should depend only on the particle radius, we performed
this optimization for all volume fractions (5% < f < 25%) si-
multaneously. First, we did so for two fixed radii (r,,, = 10nm
and r,,, = 30nm). For both radii, we thus obtained an effective
length that is 0.4r,,, shorter than I, . As shown in Figure 7b,c,
this yielded a perfect agreement between the EMT’s prediction
and the numerical results. In the Supporting Information, we
additionally demonstrate that the level of agreement between
imag (A%") and the EMT is also maintained for both radii even
though it was not included in our procedure for determining the
effective length. In addition, Figure 7d shows that the concept of
an effective length also allows us to achieve an essentially perfect
agreement between the EMT and real (#2") for all other radii
between r,,, = 10nm and r,,, = 80nm. To visualize the influ-
ence of the radii on the effective length, Figure 7e depicts the
difference between Iy, and I g (Al = Iy, — l.g) as a function of the
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It is evident that for radii below r,,, = 40 nm,
the effective length is always 0.4, shorter than I . In contrast,
for larger particles, a continuous increase is seen. However,
Al never exceeds the nanospheres’ radius (r,.,,). This suggests
that an additional physical mechanism starts to influence the
effective length for larger nanospheres. For example, it appears
possible that the effective length can compensate the influence
of the distributions’ width that plays an increasing role for larger
particles (see Supporting Information). However, even for these
radii, combining the EMT with our concept of an effective length
allows for a perfect match between the analytical and the nu-
merical results. Finally, our discussion of the concept of effective
interfaces illustrates that, outside the homogeneous regime, it is
no longer possible to assign an effective refractive index to a fixed
region in space. It is evident that instead the gradual increase of
the local volume fraction plays an increasingly important role.

particle radius r..

6. Conclusion

Across a time span over several decades, numerical simulations
have significantly advanced our understanding of light transport
in heterogeneous media that contain large scatterers.13] How-
ever, the regime in which a distribution of scatterers acts as a
bulk homogeneous medium and the transition to heterogeneous

© 2020 The Authors. Published by Wiley-VCH GmbH
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materials have never been investigated using such approaches.
Therefore, we still have a limited understanding of these regimes.
In this paper, we have demonstrated that it is now possible to
numerically model materials in the homogeneous regime at the
single scatterer level and leverage this possibility to guide the de-
sign of novel materials. To this end, we have first introduced a
procedure that allows for obtaining reliable refractive index val-
ues from numerical simulations of the full multibody scattering
problem that includes hundreds of thousands of individual scat-
terers. Using this approach we have then shown that an effective
refractive index is only a well-defined concept for scatterer sizes
(dgear) Up to dey = Tfo' For larger scatterers, a successive transi-
tion into the heterogeneous regime occurs, which leads to the
breakdown of the concept of an effective refractive index on mul-
tiple levels: First, the effective refractive index begins to exhibit
statistical fluctuations that depend on the specific configuration
of the microstate. Second, a given microstate can be characterized
by widely different effective refractive indices depending on the
measurement modality that is used (e.g., reflection or transmis-
sion). Therefore, the concept of an effective refractive index no
longer fully quantifies the optical response. Third, a beam of light
is distorted because of incoherent scattering. This also causes the
effective refractive index to depend on the distributions’ widths.
Fourth, the distributions interfaces are no longer well defined
and it is hence not possible to assign an effective refractive index
to a fixed region in space. Throughout this paper, we have dis-
cussed that these fundamental findings have direct practical im-
plications for the design of novel optical nanocomposite materi-
als. This is because modern optical systems require materials that
are characterized by highly reproducible refractive indices and
negligible amounts of incoherent scattering. Therefore, our re-
sults show that nanocomposites for such applications must con-
tain nanoparticles that are ideally smaller than d_,, = —. Fur-
thermore, we have demonstrated that the Maxwell-Garnett—Mie
effective medium theory can predict the real part of the effective
refractive index with high accuracy. It is consequently an ideal
tool for the design of novel dispersion-engineered materials.!*’!
In this paper, we have focused on random nanocomposites
that contain nanospheres at volume fractions below f = 30%
because this range is experimentally accessiblel*1 and of-
fers an unprecedented control of the magnitude and disper-
sion of the effective refractive index.['! However, our approach
can be readily generalized: First, to other types of scatterers,
including atoms, molecules,!??] as well as nanoparticles with
other shapes(®29-31.6566] and, second, also to other kinds of par-
ticle distributions. Specifically, both random packings!'3¢"-7] as
well as the transition regime between ordered and disordered
packings!”'74l exhibit a fascinating complexity. In the future, us-
ing our approach to investigate such packings at the threshold
between the homogeneous and heterogeneous regimes will allow
us to obtain a much deeper understanding of optical materials.
Just like for the materials investigated in this paper, such investi-
gations will likely also be able to guide the design of novel materi-
als. In fact, optical 3D nanocomposites are a highly diverse mate-
rial class that can exhibit a wide range of novel properties of which
we are just beginning to develop a deeper understanding.!”>-30]
As for the design of dispersion-engineered nanocomposites, the
finding that nanoparticles’ sizes must be below d,,, = ﬁ) opens
up new possibilities for tailoring the effective refractive index
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that have never been explored. This is because, for applications
that span the entire visible spectrum, these sizes are within the
quantum dot regime, in which the nanoparticles’ electronic tran-
sitions can be tailored by varying their size and surface.[®*-%4] Do-
ing so can likely extend the dispersion-engineering capabilities
of nanocomposites!!®) even further.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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