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ABSTRACT

We report on the electromigration-induced morphological evolution of islands (vacancies, precipitates, and homoepitaxial adatom clusters)
using a phase-field method with high symmetries of surface diffusional anisotropy. The analysis emphasizes on islands migrating in the
{100} and {111} planes of the face-centered-cubic crystal, which resembles fourfold and sixfold symmetries, respectively. The numerical
results intend to elaborate on the role of conductivity contrast between the island and the matrix and the misorientation of the fast diffusion
direction with respect to the applied electric field on the morphological evolution. Based on numerical results, a morphological diagram is
constructed in the plane of misorientation angle and conductivity contrast delineating a rich variety of morphologies, which includes
steady-state, time-periodic, zigzag oscillations, and island breakup. While the shape of the island is primarily dictated by the conductivity
contrast, the migration modes depend on the misorientation. The various migration modes are further distinguished based on the shape of
the island such as a faceted wedge or seahorse morphology, an oscillatory characteristic such as standing wave or traveling wave time-peri-
odic oscillations, and different breakup features. The steady-state kinetics obtained from the fourfold and sixfold symmetries are critically
compared with the twofold symmetry, isotropic analytical, and numerical findings. Our result suggests that the steady-state velocity
decreases with the symmetry fold of the island. Furthermore, the influence of variation in conductivity contrast and misorientation on kinet-
ics in the time-periodic oscillations are discussed. Finally, the numerically obtained stable facets are compared with the analytically derived
orientations. The observed results have direct repercussions in terms of the fabrication of nanopatterns and the performance of thin-film
interconnects.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0033228

I. INTRODUCTION

There has been a long-standing interest in understanding and
tuning structures at mesoscale and nanoscale by an application of
external fields such as mechanical,1 thermal,2,3 magnetic,4 and elec-
tric field.5,6 The electric field, in particular, manifests as a promis-
ing choice for guiding pattern formation because of the ease with
which it can be applied.7 Furthermore, since the electric field scales
inversely with the system size,8 it is suitable for application in the
nanoscale regime. As a result, the electric field as an external
guiding agent is fast gaining popularity in directed assembly across
a number of material systems such as block co-polymers,9,10

fluids,11 liquid metals,12 and metallic conductors,13 among others.

Electromigration-induced atomic motion on the surface of
islands (via surface diffusion) such as vacancies, precipitates, and
adatom clusters leads to fascinating morphological transitions.
Gaining insights into the topological changes in the island shape is
critical to ascertain the reliability and successful performance of the
interconnect.14 For instance, void elongation in the transverse
direction (with respect to the line) can prove fatal by severing the
line and compromising the electrical conductivity.15 On the other
hand, precipitates are purposely added to conductor lines to
enhance the lifetime through coarsening and grain-boundary pre-
cipitate interaction.16 For instance, a small number of precipitates
of Cu are known to improve the reliability of Al interconnects.17
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Contrary to the menace in metallic lines, electromigration in
single layer islands and vacancy clusters (on conducting substrates)
provides a new paradigm of the fabrication of nanostructures of
desired feature and size.7,18,19 In the present article, a general termi-
nology “island” is employed henceforth to refer to vacancies, pre-
cipitates, and adatom clusters alike.

Electromigration-induced motion of islands has been modeled
previously using analytical and numerical methods. Analytical
studies, employing linear stability analysis, focus on the conditions
leading to the onset of shape bifurcation of the circular island.20–23

No information whatsoever on morphology beyond the bifurcation
point, however, can be ascertained.22 The topological evolution of
islands has been studied numerically via Monte Carlo and
sharp-interface-based continuum theory.24–32 Numerical studies
provide valuable insights into the many complex transition after
bifurcation such as splitting,21 coalescence,30 coarsening,16 facet-
ing,31,32 multiple island interaction,27 nanowire formation,28 and
oscillatory dynamics.29

While most of the previous works have studied the effect of
various parameters such as electric force to capillary force χ,26,33

linewidth to island radius ratio Λ,34 diffusivity parameters such as
anisotropic strength A,26 grain symmetry m,29,35 and misorientation
angle ϖ,29 the parameter that has perhaps received the least atten-
tion is the conductivity ratio between the island and the matrix β.
Understanding the role of conductivity contrast is of practical inter-
est.36 A careful consideration of the conductivity contrast is essen-
tial to distinguish the contribution of bulk and surface
electromigration. In conductor lines, conducting species might be
trapped inside the voids leading to finite conductivity. The stability
of a circular island with the strength of the electric field was
derived using the linear stability analyses.20,22 Furthermore, Li and
Chen23 obtained an expression for the elliptical island and com-
pared the kinetics with the circular one.

The main bottleneck in addressing the role of conductivity in
the analytical theory is that the solution of the Laplace equation is
non-trivial for arbitrary shape, and hence, studies so far have been
restricted only to certain geometries such as circular or
elliptical.20–23 In the front-tracking numerical models, the electric
field on the island surface is approximated by the surface projection
of the local field taken to be a constant, and the explicit depen-
dence of the electric field on conductivities is not considered.29,37

While for larger Λ such a choice might be reasonable, but smaller
Λ manifest in a non-local problem due to the coupling of the
island shape and electric field thereby leading to the current crowd-
ing effect.34

The aforementioned limitations can be circumvented by
employing a diffuse-interface model where the kinetic equation of
the indicator variable of the two phases known as the phase-field is
coupled to a Laplace equation. A general framework can be obtained,
which is equally applicable to voids and precipitates in interconnect
lines as well as tuning patterns in single layer islands. While the
phase-field literature employed for the electromigration-driven island
morphology is ample,34,38–52 there are only a few works focused on
conductivity contrast. For instance, Morgan and Jin38 accounted the
effect of anisotropic conductivity on island migration in different
grains of the polycrystalline structure. In addition, Li et al.39 studied
the effect on the stability of the elliptical island and further

highlighted the morphological evolution of crack and wedge-shaped
islands influenced by various conductivity contrasts. The present
article is an extension of our previous work in Ref. 40, where the
island dynamics for a twofold diffusional anisotropy were analyzed.
In the present article, the morphological evolution of the higher-
order (fourfold and sixfold) symmetrical islands is considered. The
aim of the present work is as follows: (i) to investigate the various
migration mode in the β � ϖ space and (ii) to critically compare the
results obtained by fourfold and sixfold symmetrical islands with
those of isotropic and twofold islands. The present article is orga-
nized as follows: Section II briefly describes the phase-field model to
investigate island motion under electromigration. Next, various
modes of migration are identified by systematic numerical investiga-
tions on fourfold and sixfold symmetrical islands with highlighting
underlying mechanisms in Sec. III. In addition, these migration
modes are further recategorized by analyzing specific features of
morphological evolution. Afterward, Sec. IV briefly discusses on the
technological relevance of the numerical results. Finally, Sec. V con-
cludes the article with future guideline.

II. MODEL

For the perception of the presented results, we briefly describe
the model. However, a complete description of the model can be
found in Ref. 40. An indicator parameter c is introduced to differ-
entiate between the island (c ¼ 1) and the matrix (c ¼ 0) that are
separated by a thin region of finite thickness across which c varies
smoothly between the two values. In electromigration-driven island
migration, the morphological changes are governed by the relative
intensity of the capillary force and the electromigration force.
The interaction of these forces can be expressed by a modified
Cahn–Hilliard equation as

@c
@t

¼ ∇ � (M(c)∇μ)þ ∇ � (M(c)qs∇f), (1)

where t denotes time, μ is the potential associated with capillarity,
qs is the effective surface charge, and f is the electrical potential
whose distribution is derived from the Laplace equation,

∇ � [σ(c)∇f] ¼ 0, (2)

where σ(c) is the electrical conductivity that is interpolated
between the island (σ icl) and the matrix (σmat). The mobility
function is defined as M(c) ¼ Ms,maxf (θ)c2(1� c)2, where
Ms,max represents maximum adatom mobility of a specific
orientation, and the anisotropy function is described as
f (θ) ¼ (1þ A(cos2(m(θ þ ϖ)))=(1þ A), where A is the strength
of anisotropy, m denotes the grain symmetry parameter, θ repre-
sents the local tangent angle, and ϖ is the misorientation angle.
A schematic representation of the island with the meaning of
various parameters is shown in Fig. 1. The evolution Eq. (1) is nor-
malized for computational convenience with a length scale λ0 ¼ 21
nm and a time scale τ 0 ¼ λ04kBT=(γsΩDsδs), where kB denotes the
Boltzmann constant, T represents the absolute temperature, γs is
the surface energy, Ω represents the atomic volume, Ds denotes the
surface diffusivity, and δs is the thickness of the surface layer.

34
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III. RESULTS

We perform a detailed study and analysis of the numerical
results obtained from phase-field simulations on the electromigra-
tion-induced dynamics of fourfold and sixfold islands. The order of
various physical parameters provided in Table I has been ascertained
from previously published experimental and numerical studies on
island drift. The parameters χ( ¼ qsR2

0E1=Ωγs), Λ, A, and m pro-
vided in Table I are held fixed, while ϖ and β ¼ σmat=σ isl are sys-
tematically varied to observe the morphological changes and
migration modes of initially circular islands. The two extreme cases
β ¼ 1 and 10 000 correspond to single-layer homoepitaxial adatom
islands and vacancy cluster, respectively. The intermediate cases cor-
respond to precipitate-matrix systems in interconnect lines16,17,53 and
conducting species trapped in the void.20,22

A. Morphological map

The anisotropy in the adatom mobility is a result of the dis-
tinct diffusivity in different directions of a given plane. In FCC
crystals, h110i-type directions have the highest surface diffusivity.57
The (100) plane contains four crystallographic directions [0�11], [01�1],
[011], and [0�1�1] as shown in Fig. 2(a) along which diffusion is the
fastest. Similarly, the (111) plane consists of six fast diffusion directions
[1�10], [�110], [01�1], [0�11], [�101], and [10�1], as shown in Fig. 2(b).

In fact, each planes in {100} and {111} families contain four and six
of h110i directions and are referred to as fourfold and sixfold,
respectively. Due to the symmetry of initial island shape, the
parameter space of the misorientation ϖ can be reduced to a range
from 0� to 45�( ¼ 180�=2m) for fourfold symmetry and from 0� to
30� for sixfold symmetry, without compromising the features of
island morphology. In the systematic study of fourfold and sixfold
symmetrical islands, the complex dynamics of island shape is
obtained as a function of the misorientation angle ϖ and the con-
ductivity ratio β ¼ σmat=σ icl, where σmat denotes the conductivity
of the matrix and σ icl represents the conductivity of the island.

Several island morphologies can be observed during
propagation under electromigration-induced surface diffusion.
Figures 3(a) and 3(b) present morphological maps of different
migration modes in the β and ϖ plane obtained by the phase-field
simulations for anisotropic fourfold and sixfold symmetries of
adatom mobility, respectively. The islands exhibit various morphol-
ogies such as breakup, steady-state, time-periodic, and zigzag oscil-
lations for sixfold symmetry, while only former three migration
modes can be identified for the fourfold symmetrical islands.
Kinetics of the different regions within a particular migration mode
in the maps can be recognized by the distinct metrics such as
perimeter and velocity during propagation. Each characteristic
regions in the morphology maps are described in detail.

B. Steady-state morphology

The simplest morphology observed in both the symmetry
cases is the steady-state. After an initial transition, the island
assumes a specific shape depending upon the numerical parameters
and maintains it while subsequent migration. For the selected
values of χ, Λ, and A, the steady-state is observed at higher

FIG. 1. Schematic of anisotropy in adatom mobility of island for (a) fourfold
(m ¼ 2) and (b) sixfold (m ¼ 3). The double-headed arrows define positions of
fast diffusion directions. Misorientation angle, ϖ, is defined with respect to the
direction of the external electric field. E1 denotes the externally applied electric
field from the cathode to the anode end.

TABLE I. Values of parameters employed for the simulation study.

Name of the parameter Symbol Value

Electric field to capillary force
ratio

χ 15

Line width to island radius ratio Λ 6
Anisotropy strength A 10
Symmetry parameter m Fourfold: 2

Sixfold: 3
Misorientation angle ϖ Fourfold: 0°–45°

Sixfold: 0°–30°
Conductivity ratio β 1–10 000
Atomic volume Ω 2 × 10−29 m354

Surface diffusivity Ds 3.99 × 10−10 m2/s25,55

Surface layer thickness δs 2.86 × 10−10 m20,55

Absolute temperature T 419 K55,56

Boltzmann constant kB 1.38 × 10−23 J/K
Surface energy γs 1.4 J/m234

Effective charge qs 20 × 1.6 × 10−19

C25,33

Radius of initial island R0 525 nm25,29

Applied electric field E∞ 476 V/m25,29
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misorientation in fourfold symmetry and lower misorientation in
sixfold symmetry (red regions in Fig. 3).

A couple of representative temporal morphological evolutions
for sixfold symmetry is shown in Figs. 4(a) and 4(b). Owing to the
sixfold diffusional anisotropy, at ϖ ¼ 10� and β ¼ 1 [Fig. 4(a)],
the circular island initially assumes a hexagonal faceted shape at
t ¼ 100τ 0. The subsequent evolution (t ¼ 200� 1800τ 0) is gov-
erned by a facet selection mechanism,58 where the bottom horizon-
tal and the upper right tilted facets grow at the expense of the
lower right tilted facet. The upper and lower facets at the rear end
also shrink overtime but are not completely eliminated giving it an
appearance of a faceted-wedge.

On the contrary, at higher β( ¼ 10 000) and keeping ϖ
unaltered in Fig. 4(b), the upper left and lower right tilted facets
overgrow the bottom horizontal facet at initial stages (t ¼ 300τ 0).
At t ¼ 600τ 0, the lower right tilted facet diverges into two new
facets. The newly developed facets at the migrating front overgrow
the lower right tilted parent facet at t ¼ 900τ 0. The facet selection
competition leads to the final shape resembling a seahorse.

The contrasting nature of the morphological evolution can
also be seen by tracking the temporal evolution of the normalized
island perimeter (instantaneous perimeter over initial perimeter).
For the faceted-wedge morphology, the normalized island perime-
ter increases with time due to the elongation of the preferred facets
as mentioned above and attains a constant value. The normalized
perimeter of the seahorse structure, on the other hand, attains a
maximum corresponding to the extension of the newly formed
facet. Subsequently, the perimeter decreases due to the readjust-
ment of the island shape to seahorse morphology.

After the islands attain an invariant shape, the steady-state
velocities of the center of mass for fourfold and sixfold symmetries
are obtained from phase-field simulations for different values of β
as shown in Fig. 5 (blue and green curves, respectively). Also, for
comparison, the velocity of a shape-preserving cylindrical island
(pink curve) is derived from Ho’s analytical formula.8 Along with
that, velocities of islands migrating under isotropic diffusion
(m ¼ 0) and twofold symmetry (m ¼ 1) obtained from phase-field
simulations of Ref. 40 are also plotted. According to the classical
result of Ho,8 the velocity of the cylindrical island migrating while

FIG. 2. Schematic of an island in the (100) crystallo-
graphic plane in (a) and the (111) plane in (b). The direc-
tions of dominant atomic diffusivity are represented by
black arrows. The red color plane is the surface of the
film perpendicular to the cylindrical islands.

FIG. 3. Morphological maps of island migration modes as a function of β and
ϖ for anisotropic fourfold (m ¼ 2) symmetry in (a) and sixfold (m ¼ 3) symme-
try in (b). The triangular, square, pentagonal, and circular points in the map cor-
respond to steady-state, time-periodic, Zigzag oscillations, and breakup states,
respectively. The solid-black colored lines are a guide to the eye to differentiate
between different modes of migration, while the dotted lines separate distinct
characteristics of a particular migration mode. Semi-log plot is employed for the
map of the sixfold symmetry for better visual representation.
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preserving its shape decreases as the conductivity of the island
increases with respect to the matrix (i.e., 1=β increases) as evident
from the pink curve. However, depending on a critical value of χ
for a given β, a cylindrical island undergoes a shape bifurcation to
a slit. A slit propagates faster than a shape-preserving cylindrical
island. Besides, the velocity of a narrower slit is higher compared to
the thicker one as evident from the black curve. With the introduc-
tion of diffusional anisotropy, the velocity of the resulting structures
decreases substantially than that of the isotropic case with the trend
in general following the inequality sixfold . fourfold . twofold.
Even though the symmetrical islands along the electric field are con-
sidered for the comparison in Fig. 5, a similar trend is also observed
for other values of ϖ.

In terms of morphology, fourfold symmetry reveals a progres-
sive increment in the width of the island and a decrement in the
length with the increase in conductivity contrast β. A sudden
shrinkage in the length (along with expansion in width) and

decrement in the velocity of the island from conductivity contrast
β ¼ 10 to β ¼ 10 000 are observed for sixfold symmetry, which is
analogous to the isotropic case (black curve).

Even though nearly all islands attain a finger-like slit with
thinner front and wider back for lower conductivity contrast
(β ¼ 1), different morphologies are observed for highest conductiv-
ity contrast (β ¼ 10 000). Twofold symmetry encourages triangular
shape with the apex at the front, while sixfold symmetry promotes
nearly a triangular shape with the apex at the back. From the veloc-
ity graph, it is evident from the green curve (for sixfold) that the
flatter front with the apex at the back significantly restricts island
velocity, while the apex at the front in the direction of motion with
the flatter back (red inset at β ¼ 10 000 for twofold) assists the
velocity of island migration.

C. Time-periodic oscillations

The intermediate misorientation of fast diffusion sites with the
external electrical field promotes time-periodic oscillations for both
the symmetries (blue regions in Fig. 3). Only low conductivity con-
trast (β , 100) shows time-periodic oscillations for sixfold symme-
try, contrary to all the conductivity contrast for fourfold symmetry.
The characteristic feature of the island undergoing time-periodic
oscillation is an upper flat edge accompanied by a series of hills
and valleys at the bottom edge as shown in Fig. 6. The island
migrates in the direction of the upper flat edge. The morphologies
can be further sub-categorized based on either the relative position
of the valleys during motion or according to the amplitude of the
normalized perimeter that is taken to be a metric of periodicity.

FIG. 4. Steady-state morphological evolution of faceted-wedge in (a) and sea-
horse pattern in (b). The island dynamics are shown for sixfold symmetry at
misorientation angle ϖ ¼ 10� and conductivity ratios β ¼ 1 and 10 000,
respectively. The islands with surface contours are presented with time, t(τ 0).
The islands are displaced in space for better visual inspection. (c) represents
the evolution of the normalized islands perimeter until it attains equilibrium
shape.

FIG. 5. The velocities of the center of mass of steady-state islands for twofold
anisotropy (m ¼ 1), ϖ ¼ 0� (in circular points—red color) taken from Ref. 40,
fourfold anisotropy (m ¼ 2), ϖ ¼ 45� (in square points—blue color), sixfold
anisotropy (m ¼ 3), ϖ ¼ 0� (in pentagonal points—green color), and for isotro-
pic (m ¼ 0) surface diffusion (in triangular points—black color) as a function of
the conductivity ratio β. The inset of images correspond to steady-state mor-
phologies of, respective, m and β. The thick-pink-color curve corresponds to a
steady-state velocity of the cylindrical island of isotropic surface diffusivity,
derived from Ref. 8, considering the diffusion coefficient Ds. Evidently, β
governs the island shapes and the steady-state velocities.
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1. Types of spatial wave during propagation

When the position of valleys and peaks within a period of
oscillation is invariant in space, the morphology is termed as a
standing wave. Contrarily, in the traveling wave case, the position
of valleys and hills undergoes spatial displacement in the direction
of island movement, which appears as a gliding of islands in
the matrix.

An example of an island undergoing a standing wave oscilla-
tion for the fourfold symmetry at ϖ ¼ 30� and β ¼ 1 is presented
in Fig. 6(a). At t ¼ 634τ 0, the island adopts a slit-like shape with a
protrusion at the rear end almost perpendicular to the direction of
migration. With time (t ¼ 760τ 0), a new protrusion develops at the
forepart. The amplitude of the new protrusion increases with time
and shifts toward the right. The amplitude of the protrusion at
the rear end decreases simultaneously. At t ¼ 1012τ 0, the island
reverts to the original shape implying the completion of a period.
It is evident that during the periodic cycle, the position of the
single valley does not change in space as highlighted by the
dotted-blue ellipse.

With an increase in conductivity contrast to β ¼ 6 and 10 000
and keeping ϖ unchanged [Figs. 6(b) and 6(c)], although the shape
of the island and the wave-like motion on the lower surface is
similar to the previous case, the position of valley translates in
space as evident from the dotted-blue ellipse. For the same ϖ,
higher β promotes a traveling wave feature. In addition, even

though both islands (standing wave and traveling wave) attain their
respective initial configurations after the completion of cycles as
shown at t ¼ 1012τ 0 in Fig. 6(a) and t ¼ 3065τ 0 in Fig. 6(c), differ-
ent evolutionary pathways are observed during the motion. By dis-
placing islands to overlap center of mass as shown in Fig. 7, valleys
are traced by a dashed-gray line. The valleys of standing wave are
aligned in a straight line [Fig. 7(a)], while a curved path is observed
for traveling wave morphology [Fig. 7(b)].

The island evolution for both types of time-periodic oscilla-
tions at the end of their respective cycles is shown in Fig. 8.
Although the fresh protrusion at the leading edge increases with
time at the expense of the rear one in both the cases, the rear pro-
trusion is not completely eliminated at higher β(¼10000). Rather,
toward the end of the cycle when the two hills are of similar
heights at t ¼ 2995τ 0 in Fig. 8(b), the growth characteristic reverses
and the one at the leading end decreases at the expense of the rear
one as evident at t ¼ 3005� 3065τ 0.

The distinction between the standing and traveling time-
periodic oscillations can be further supported by the plots of the
center of mass velocity. The velocity plots of standing and traveling
wave islands are demonstrated in Figs. 9(a) and 9(b), respectively.
The dotted line represents the average velocity. The island velocities
at the lower conductivity ratio peak in the region of the end of
the cycle where the elimination of the older hill is about to com-
plete, for instance, between t ¼ 1008 and 1012τ 0 in Fig. 8(a).

FIG. 6. The time-periodic shape dynamics of islands from standing-wave in (a) to traveling-wave in (b) and (c). The islands are shown for fourfold symmetry at misorienta-
tion angle, ϖ ¼ 30� during the morphological evolution of an island with β ¼ 1 in (a), 6 in (b), and 10 000 in (c). The snapshots of the islands are shifted upward in time.
The solid green line passes from the center of mass. The dotted-blue ellipse is an attempt to recognize island gliding by incorporating the position of the valleys during
evolution. The vertical ellipse indicates no gliding, while the slanted ellipse demonstrates degree of gliding. The island with equal conductivity to the matrix shows no appre-
ciable gliding. The island of higher conductivity contrast shows relatively more gliding compared to the lower one.
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This behavior is demonstrated for β ¼ 1:0, 1:5, and 3.0 in Fig. 9(a).
However, no appreciable deviation is observed around the average
center of mass velocities in the case of traveling wave islands, as
shown in Fig. 9(b) for β ¼ 4:5, 6:0, and 10 000. In addition, the
mean center of mass velocity of the islands is continuously increas-
ing with the increase in β irrespective of the type of motion.

Velocities of two extreme ends on the top (fixed) facet are
considered along with the velocity of center of mass in Fig. 10.
Tip velocity of the standing wave island appears to be constant,
while base velocity increases drastically at the elimination of hill,
which significantly affects the center of mass velocity. On the other
hand, fluctuations in both (tip and base) velocities are comparable
in traveling wave islands. Therefore, there is no significant deviation
in the center of mass velocity during evolution.

Furthermore, the evolution of perimeters of standing and travel-
ing wave islands is shown in Figs. 9(c) and 9(d), respectively. The
increase in conductivity contrast increases the amplitude and the
period of standing wave oscillation, while the increase in the

conductivity contrast increases the period and decreases the ampli-
tude of the traveling wave oscillation. A similar trend is observed for
various β of the sixfold symmetrical islands for both types of
motion.

In Fig. 9(a), there are three sub-periods for each periodic
response of velocity with respect to time. However, the correspond-
ing evolution of the normalized perimeter plotted in (c) does not
show any such behavior. A qualitatively similar result is observed
in (b) and (d). To understand the connection between the wave-
front at the periphery and evolution dynamics, a single period of
representative time-periodic island is considered in Fig. 11. One
period of island evolution can be divided into five distinct regions:

• Region-I (t ¼ 634� 725τ 0): During this part of evolution, only
one hill is observed on the lower side of the island. As protrusion
develops on the front part of the island, the perimeter steadily
increases while no appreciable deviation observed in velocity.

• Region-II (t ¼ 725� 760τ 0): As a valley initiates on the lower
side during this part of evolution, the perimeter evolution
deviates from the previously observed linear trend. Similarly,
velocity increases linearly compared to the previously observed
constant value.

• Region-III (t ¼ 760� 886τ 0): After the initialization of valley, it
traverses along the lower side. The perimeter increases continu-
ously to attain a maximum value, while the velocity remains
nearly unchanged. Note that at maximum value of perimeter, the
valley is approximately in the middle of two equal sized hills.

• Region-IV (t ¼ 886� 987τ 0): Once the island attains a
maximum perimeter, velocity of the island increases rapidly,
while perimeter decreases. In this part, valley travels from center
of the lower side to the end of the lower side.

• Region-V (t ¼ 987� 1012τ 0): Due to the elimination of the
valley in the last part of the period, velocity of the island
increases drastically. After the elimination of the valley, a sudden
drop in velocity is observed to reach a single hill morphology.

Next, the effect of misorientation in fourfold and sixfold sym-
metrical islands on the different types of motion is highlighted in
Fig. 12. A contrasting behavior is observed between fourfold and
sixfold islands. For instance, the amplitude of standing wave
motion of fourfold island depreciates and the period enhances with
ϖ, which is contrary to sixfold islands. Similarly, a reversed trend is

FIG. 7. Time-periodic morphology of islands for fourfold
symmetry (m ¼ 2) at misorientation angle, ϖ ¼ 30� with
β ¼ 1 (standing wave) in (a), and 10 000 (traveling wave)
in (b). The islands are displaced in space to overlap the
center of mass. The dashed gray line traces valleys
during evolution.

FIG. 8. (a) Standing-wave and (b) traveling-wave time-periodic shape dynamics
of fourfold islands at misorientation angle ϖ ¼ 30� during the morphological
evolution at conductivity ratios β ¼ 1 and 10 000, respectively. The islands with
surface contours are presented with time, t(τ 0). The islands are displaced in
space for better visual inspection.
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observed between the fourfold and sixfold islands during traveling
wave kinetics. This behavior can be rationalized from the location
of the time-periodic region in the phase diagram. Meaning, steady-
state morphology is situated above the time-periodic region in the
fourfold, while below in the sixfold symmetry. The steady-state
morphology can be perceived as time-periodic oscillation with an
infinite period. Therefore, the islands at highest ϖ in fourfold [blue
curves in Figs. 12(a) and 12(b)] and lowest ϖ in sixfold symmetry
[red curves in Figs. 12(c) and 12(d)] show oscillations of highest
periods compared to their counterparts.

2. Types of periodic cycles

Depending on the amplitude of the normalized perimeter, the
periodic oscillation can be differentiated as 1-cycle or 2-cycle time-
periodic motion.

A representative simulation of a 1-cycle and 2-cycle period for
a four-fold symmetry is presented in Figs. 13(a) and 13(b), respec-
tively. 1-cycle morphology is characterized by a stable flat facet at
the top edge and a standing wave with a single valley at the bottom
edge. In a given period, the valley commutes form the front to the
rear end of the island. In a 2-cycle period, the bottom edge of the
island is characterized by the two valleys [Fig. 13(b) t ¼ 354τ 0].
A period of oscillation is attained when the valley traverses a dis-
tance equal to the difference between the initial positions of the
two neighbor valleys. The second valley present at t ¼ 354τ 0 shifts
toward the rear end and eventually disappears at t ¼ 420τ 0. During
the intermediate stages (t ¼ 420� 519τ 0), the bottom edge consists
of only a single valley.

The difference between the 1-cycle and 2-cycle state is evident
from the plot of the normalized perimeter in Fig. 13(c). While the

FIG. 9. Effect of conductivity contrast during the morphological evolution of standing-wave and traveling-wave time-periodic oscillations. The islands are shown for misori-
entation angle ϖ ¼ 30� and various values of conductivity contrast β. The center of mass velocity of islands is demonstrated for standing waves in (a) and traveling
waves in (b), while the normalized perimeter is shown for standing waves in (c) and traveling waves in (d). The dotted lines in the upper panel of the graph are mean
center of mass velocity of a complete period of respective solid curves.
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1-cycle periodic state is characterized by a single amplitude, the
2-cycle periodic state exhibits a dual amplitude. The appearance
and disappearance of valleys during the course of morphological
evolution are presented in Fig. 13(d). In a 1-cycle periodic motion,
the island oscillates between a state of the null and single valley.
Besides, a 2-cycle periodic state oscillates between a single and
double valley.

The effect of β on the dynamics of 1-cycle and 2-cycle is dis-
played in Figs. 14(a) and 14(b), respectively. Increasing β enhances
the amplitude of the perimeter along with the increment in the

period for 1-cycle oscillations, which is contrary to 2-cycle.
Furthermore, the mean perimeter exhibits a significant disparity.
The mean perimeter is approximately equal for all cases of the
1-cycle state, while the value of mean perimeter increases with β
for the 2-cycles state.

D. Island breakup

The island breakup can be observed for all values of conduc-
tivity contrast at low misorientation in fourfold symmetry, as com-
pared to only high misorientation along with high conductivity
contrast for sixfold symmetry. An island breaks up either after the
formation of (i) a single valley or (ii) the multiple valleys on the
lower edge of the island. Both cases can be observed for fourfold
symmetry, while only the latter is evident for sixfold symmetry.

A representative case for a fourfold symmetry at ϖ ¼ 0� is
described in Fig. 15. At lower conductivity ratio (β ¼ 1), the island
forms a slit-like feature with a narrow front and a protruded end as
shown in Fig. 15(a) at t ¼ 1611τ 0. Subsequently, similar to time-
periodic state, a valley develops at the front end (t ¼ 1621τ 0) and
migrates toward the end (t ¼ 1631τ 0 � 1701τ 0). However, during
the displacement, the depth of the valley increases over time
leading to a pinch-off at the center of the island. At higher conduc-
tivity ratio β ¼ 10 000, however, multiple valleys form at the lower
edge before the pinch-off event takes place when the first valley
reaches the rear end of the island.

The normalized perimeter in Fig. 15(c) increases with time
until the break up as fresh surfaces are exposed due to the increase
in the depth of the valley. The formation of multiple valleys
increases the normalized perimeter in a step-like fashion beyond
that of the previous case, before the island eventually breaks up.

E. Zigzag oscillations

For the selected parameter space, the zig-zag oscillations are
observed only for sixfold symmetry with higher misorientation and

FIG. 10. Velocities of center of mass, tip, and base for standing wave (m ¼ 2, β ¼ 1, and ϖ ¼ 30�) in (a) and traveling wave (m ¼ 2, β ¼ 10 000, and ϖ ¼ 30�) in (b).

FIG. 11. Superimposed velocity and perimeter of island evolution for a one
period of representative time-periodic oscillations (β ¼ 1, ϖ ¼ 300, and
m ¼ 2). Inset of images is the island morphology at respective time. Region of
evolution is sub-divided into five parts based on their typical features. The red
dashed-line represents the average migration velocity of the island over a
time-period.
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lower conductivity ratio (1=β � 0.1–1.0). A representative morpho-
logical evolution is displayed in Fig. 16 for m ¼ 3, β ¼ 6, and
ϖ ¼ 28�. Contrary to the time-periodic oscillations, where a
straight edge on one side remains permanently impervious, while
the hills and the valleys on the other side undergo shape changes
during propagation (for instance in Fig. 6); the zigzag oscillations
are a result of the reversal of the straight edge from the upper to
the lower facet during evolution. Similar to the time-periodic oscil-
lation, a valley traverses from the lower front to the rear end
(t ¼ 800� 1000τ 0) but then moves to the top edge (t ¼ 1200τ 0).
The normalized perimeter shown in Fig. 16(b) exhibits complex
oscillatory dynamics with an unclear pattern.

As evident in Fig. 16, certain facets are preferably stable
during the course of evolution. The stability of a facet with slope m
can be evaluated from the continuum theory32,59,60 by estimating
the growth or the decay of an imposed perturbation.

For arbitrary shape and conductivity ratio, an implicit form of
the shape function g(θ, β) is non-trivial to compute analytically,

and the stability of a facet needs to be assessed via numerical simu-
lations. However, an analytical relation can be derived by consider-
ing a simplified equation, g(θ, β) ¼ g1(β) cos θ, where g1(β) is a
function of the conductivity ratio. In this case, the electric field is
approximated by surface projection, and the stability criterion
reduces to

f (θ) tan θ � df (θ)
dθ

, 0: (3)

The full derivation is provided in Appendix. The resulting stable
facet orientations θw ¼ θ are derived for the required anisotropy
parameters. These orientations are displayed as dotted lines in
Figs. 16(a1) and 16(a2). Interestingly, the stable facets observed
in numerical simulations agree well with the above condition.
Therefore, the assumed form of the shape function appears to be
an excellent approximation. In fact, this kind of expression
(i.e., g(θ, β) ¼ g1(β) cos θ) for electric field projection on the island

FIG. 12. Evolution of the perimeter as a function of ϖ. The normalized perimeter of fourfold symmetrical islands is displayed for standing waves in (a) and traveling waves
in (b), while the normalized perimeter of sixfold symmetrical islands is shown for standing waves in (c) and for traveling waves in (d).
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surface is considered widely in previous analytical16,33,34 and
numerical20,22,34,40 studies.

IV. DISCUSSION

The dependence of stability on the misorientation for the
sixfold symmetry is qualitatively similar to the twofold symmetry.40

In terms of morphology, increasing the symmetry fold enhances
the richness of the migration modes and morphological character-
istics. Higher symmetry fold promotes faceting, and hence, the sea-
horse structure with multiple facets is only observed in the sixfold
case. In contrast, only slit-like and triangular islands were observed
in the steady-state migration mode for lower (two-fold) symme-
try.40 While time-periodic oscillatory states are observed across all

symmetry folds, the resulting nano-structures were found to be dif-
ferent. Higher (four- and sixfold) symmetry assists an island with a
straight top edge and a bottom edge with the wave-like feature.
However, islands with stright bottom edge and wave on the top
edge were observed in the twofold symmetry.40 Similarly, break-up
characteristics can also be studied to identify the symmetry modes.
For instance, in the four- and sixfold symmetries, the island disin-
tegrates at one of the valleys at the lower edge. On the other hand,
for a twofold symmetry, the island pinches-off via necking instabil-
ity on both lower and upper edges. A complex island multiplication
was observed in the twofold case, which is found to be absent in
four- and sixfold symmetries in the parameter space of interest.

The pre-existing island in the present work has been assumed
to be circular in all the simulations. This assumption, however,

FIG. 13. cycle time-periodic in (a) and 2-cycle time-periodic in (b). The island morphologies are shown for fourfold island at misorientation angle ϖ ¼ 15� at conductivity
ratios β ¼ 1 and 3 respectively. The snapshots of the islands are shifted upward in time. (c) represents the evolution of the normalized islands’ perimeter and (d) shows
the number of valleys (locations of negative curvature) during island propagation.
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needs not always to be true. An island, for example, may attain a
shape depending on prior processing history. If any of the process-
ing parameters such as the electric field, misfit stress, and tempera-
ture is altered, the subsequent evolution of the shape will depend
on the prior processing history.61,62 Similarly, electrical conductiv-
ity is a material that may vary with processing conditions such as
temperature.63,64 Therefore, understanding the effect of altering the
conductivity during island migration has scientific importance.

To depict the significance of change in conductivity during
island migration, we perform simulations, as shown in Fig. 17(a),

for β ¼ 1 (red curve) and 10 000 (blue curve) for m ¼ 3 and
ϖ ¼ 10�. In addition, β is changed from 10 000 to 1 in the middle
of simulation run at time t ¼ 1000τ0 (green curve). Due to the
sudden change in the conductivity ratio, the island undergoes a
shape adjustment but quickly transforms into a faceted-wedge from
the initial seahorse structure. The trajectory of the perimeter exactly
overlaps with the one in which β ¼ 1 was maintained throughout
the course of evolution. A similar observation was reported in
Ref. 34 when the electric field was changed during evolution.
However, this is true only for a few cases. For instance, segregated

FIG. 14. Evolution of perimeter for (a) 1-cycle and (b) 2-cycle time-periodic oscillations as a function of β. The island morphologies are shown for fourfold island at misori-
entation angle ϖ ¼ 30� and 15�, respectively. The dotted lines in the graph are the mean perimeter of a complete period of the respective solid curves.

FIG. 15. Representative dynamics of island breakup at the first valley in (a) and after multiple valleys in (b). The island breakups are shown for fourfold island at misorien-
tation angle ϖ ¼ 0� during the morphological evolution at conductivity ratio β ¼ 1 and 10 000, respectively. The islands with surface contours are presented with time,
t(τ 0). The islands are displaced in space for better visual inspection. (c) represents the evolution of the islands’ perimeter (normalized by initial island perimeter) until
breakup.
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islands may not reassemble further, as shown in Fig. 17(b). After the
breakup at t ¼ 620τ 0, the parts of fourfold island with ϖ ¼ 15� and
β ¼ 10 000 further drifts apart (see blue insets on right-hand side).
Even though the change in conductivity from β ¼ 10 000 to 1 (green
curve) instigates time-periodic oscillations similar to the fully devel-
oped island β ¼ 1 (red curve), the broken parts did not reassemble.
Hence, the discrimination between two islands (fully developed as
β ¼ 1 and intermediate change from β ¼ 10 000 to 1) is clearly
visible in perimeter evolution. Therefore, these observations necessi-
tate further scrutiny, which should be performed in our future work.

Our results on the steady-state migration are an important
generalization to the analytical theory of Ho,8 which was valid for
island motion under isotropic diffusion. Although a non-linear
decrease in velocity with 1=β remains valid for anisotropic diffu-
sion, the decrease is much steeper in comparison to the isotropic
case (Fig. 5). Faceted islands engendered due to anisotropic diffu-
sion have lower velocity in comparison to the cylindrical islands
migrating under isotropic diffusion. Furthermore, for anisotropic
diffusion, the velocity increases with symmetry fold. In terms of
morphology, increasing β increases the width of the island in the

direction perpendicular to the applied electric field. Such transverse
elongation of vacancies can have a deleterious implication on the
lifetime of metallic lines.

While we have used a broader term island, our results are
applicable to vacancies, precipitates, and adatom clusters alike.
For instance, the case of β ¼ 1 corresponds to homoepitaxial
islands on crystalline substrates. β ¼ 10 000 captures the dynamics
of vacancy clusters in interconnect lines. The intermediate values of
β correspond to precipitates in interconnects. For instance, Al2Cu
precipitates (resistivity ρAl2Cu ¼ 6:5 μΩ cm53) are developed in
bamboo lines to extend the lifetime of aluminum (resistivity
ρAl ¼ 2:78 μΩ cm53) interconnects.17 The intermediate β also corre-
sponds to the case where conductive species might be trapped
inside the vacancy.20,22 It was shown by Hao and Li22 through a
linear stability analysis that for a isotropic adatom mobility, the
stability of the island is sensitive to the conductivity of the island

FIG. 16. (a) Zigzag oscillations of the sixfold symmetrical island at misorienta-
tion angle ϖ ¼ 28� and conductivity ratio β ¼ 6. The snapshots of the islands
are shifted upward in time. The gray dotted lines represent preferential facet ori-
entations predicted by the linear stability theory. (b) represents the evolution of
the normalized islands’ perimeter.

FIG. 17. The complex shape dynamics of (a) sixfold island at misorientation
angle ϖ ¼ 10� and (b) fourfold island at ϖ ¼ 15� during morphological trans-
formation. The evolution pathways of normalized perimeter are demonstrated as
a function of time for conductivity ratio, β ¼ 1, 10 000, and the alteration of the
conductivity ratio from β ¼ 10 000 to 1 after t ¼ 1000τ 0 in (a) and 800τ 0 in (b).
The insets show island morphology during propagation.
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relative to the medium (1=β in the present case). An insulating
island (1=β ¼ 0) is linearly stable even at higher values of the elec-
tric field (χcr � 400, where χcr represents the critical value of χ
above which the island is unstable), while a 10% conductivity of the
island (1=β ¼ 0:1) decreases χcr by approximately 20 times.
Although the present study corresponds to anisotropic adatom
mobility, it can be seen in Fig. 3 that the increase in 1=β decreases
the steady-state region in the morphological diagram. A similar
behavior was also observed for the twofold symmetry mode in
Ref. 40. The effect of misfit strain has to be additionally accounted
in such cases to faithfully capture the island dynamics similar to
the front tracking simulations of Dasgupta et al.27 However, as an
initial step to understand island dynamics, the misfit strains are
neglected and we emphasize the effect of conductivity contrast on
island morphology.

A morphological diagram such as the one presented in Fig. 3
could serve as a guideline to control process parameters to fabricate
nanostructures and enhance the lifetime of interconnect lines. In
this regard, our results are complementary to several works of
Maroudas and co-workers28,29,37 on island migration and generalize
the results for the case of arbitrary conductivity ratios. Some of the
morphologies presented here have been observed earlier albeit in
different parametric space such as steady-state faceted-wedge
islands,29 time-periodic 1-cycle and 2-cycle standing wave states,29

zigzag-type motion,26 and island breakup due to pinch-off at the
first valley.21 Other morphologies such as the periodic traveling
wave state, breakup subsequent to the formation of multiple hills
and valleys and seahorse structure are being reported for the
first time.

V. CONCLUSION

A phase-field numerical study is presented to investigate
islands migrating along the {100} and {111} planes of an FCC
crystal. In particular, an emphasis is laid on understanding the
effect of conductivity contrast (β) between the island and the
matrix. The role of misorientation between the fast diffusion direc-
tions and the electric field has also been elucidated.

For a fourfold symmetry, i.e., an island migrating along the
{100} plane, increasing misorientation angle stabilizes the shape of
the island [Fig. 3(a)]. Islands undergo a morphological transition
exhibiting break up, time-periodic state, and steady state with
increasing misorientation. For a time-periodic state, increasing β
leads to transformation from a standing wave to a traveling wave
propagation on the surface of the island. The island breaks up via
pinch-off at the first valley for lower β, while multiple valleys
survive before a pinch-off occurs at the rear end for higher β.

For a sixfold symmetry, i.e., an island migrating along the
{111} plane, the island shape is stabilized at a lower misorientation
[Fig. 3(b)]. The island either breaks up at higher β or undergoes a
zig-zag motion at lower β. Time-periodic motion is observed at
intermediate misorientation and at lower β.

The island morphologies and dynamics can be tailored in
order to form various interesting nanopatterns by monitoring the
conductivity contrast. Even though a fixed value of the electric field
is employed in the present work, numerous morphologies can be
observed. The variety of morphologies can be further enhanced by

regulating the strength of the electric field or the size of the island.
In addition, the incorporation of other fields, such as elasticity,
flourishes the richness of patterns. The incorporation of elasticity
has a physical significance and will be addressed in our
upcoming works.
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APPENDIX: STABILITY OF FACETS

The governing equation of island propagation is a result of
capillarity and electromigration force given by the Nernst–Einstein
relation,

Js ¼ Dsf (θ)δs
ΩkBT

�
� qsEt þ Ωγs

dκs

ds

�
, (A1)

where Js is the atomic flux per arc length along the surface
of island, Et represents the tangential component of the
electric field E1 along the island surface, θ ¼ tan�1 (dy=dx),

κs ¼ (dy2=dx2)=[1þ (dy=dx)2]
3=2

denotes the local curvature of
the surface, and s is the arc length along the island surface. The
tangential electric field along the surface (Et) is the function of
shape (θ) and conductivity ratio (β), expressed as

Et ¼ E1g(θ, β), (A2)

where g(θ, β) is a shape function that gives the electric field distri-
bution on the surface of the island.

Mass conservation relates the divergence of the surface flux to
the normal velocity as

Vn ¼ �Ω
dJs
ds

, (A3)

where Vn denotes the normal velocity. By utilizing the relations,
dy=dt ¼ Vn cos θ and dx ¼ ds cos θ, the above equation can be
expressed as

dy
dt

¼ �Ω
dJs
dx

: (A4)

The stability analysis of a facet y ¼ mx oriented at an angle θ in
the anti-clockwise direction to the electric field, as shown in
Fig. 18, is performed by introducing a perturbation of the form

h(x, t) ¼ y(x, t)�mx: (A5)

Substituting Eqs. (A1), (A2), and (A5) in Eq. (A4) and simplifying,
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the resultant equation can be represented as

dh
dt

¼ DsδsqsE1
kBT

d
dθ

{f (θ)g(θ, β)}
1

1þm2

d2h
dx2

� γsΩ

qsE1
f (θ)

1

(1þm2)2
d4h
dx4

� �
,

(A6)

where m ¼ tanθ ¼ dy=dx. The above equation can be simplified by
considering the dimensionless variables of the form

ĥ ¼ h
a
, x̂ ¼ x

a
, t̂ ¼ DsδsqsE1

kBTa2
t, χ ¼ qsE1a2

γsΩ
: (A7)

Substituting these relations in Eq. (A6), the simplified equa-
tion is expressed as

dĥ

dt̂
¼ d

dθ
{f (θ)g(θ, β)}

1
1þm2

d2ĥ
dx̂2

� 1
χ
f (θ)

1

(1þm2)2
d4ĥ
dx̂4

: (A8)

Based on Eq. (A8), the dispersion relation is derived to encompass
dimensionless frequency ω, which signifies the growth or the decay
rate of perturbation as a function of the dimensionless wavenumber
k of the form

ω(k) ¼ � d
dθ

[f (θ)g(θ, β)]
k2

(1þm2)
� f (θ)

χ

k4

(1þm2)2
: (A9)

For the stability of the facet, the perturbation frequency ω(k)
should be negative. As the second term in Eq. (A9) is always

negative, the facet is stable when

d
dθ

{f (θ)g(θ, β)} . 0: (A10)

For arbitrary shape and conductivity ratio, a closed form of
the shape function g(θ, β) is non-trivial to compute analytically,
and the stability of a facet can be assessed via numerical simula-
tions. However, analytical forms can be obtained for following sim-
plified cases:

(1) For isotropic (f (θ) ¼ 1) and homogeneous (β ¼ 1) case,
g(θ, β) ¼ cos θ. Substituting these relations in Eq. (A10), the
stability criterion for isotropic and homogeneous system60,65

can be simplified as tan θ , 0. This relation is also valid for
the isotropic and heterogeneous (β = 1) case, when the shape
function takes the form g(θ, β) ¼ g1(β) cos θ. Note that this
form is analogous to the shape functions utilized for circular
islands,20,22,40 g(θ, β) ¼ 2β=(1þ β)cos θ.

(2) For anisotropic (f (θ) = 1) and homogeneous (β ¼ 1) case,
g(θ, β) ¼ cos θ. Substituting these relations in Eq. (A10), the
stability criterion for isotropic and homogeneous system32 can
be simplified as

f (θ) tan θ � df (θ)
dθ

, 0: (A11)

(3) For anisotropic (f (θ) = 1) and heterogeneous (β = 1) case,
the shape function g(θ, β) needs to be computed numerically.
However, for the explicit form of the shape function,
g(θ, β) ¼ g1(β) cos θ, Eq. (A11) shall also be applicable for
stability.
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