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1. Introduction

Due to the growing mobile electricity demand,[1–3] the lithium-
ion battery (LIB) technology is recognized as a key element due to
its high energy density.[4,5] However, to help commercialization
of LIBs in electric vehicles and for them to become a real alter-
native to, say, gasoline engine cars, energy density must approxi-
mately be doubled to 350Whkg�1.[6] One way to increase energy
density and rate capability is to use nanostructured or hierar-
chically structured active material particles.[7–11] In contrast to
the dense structure of standard so-called secondary particles,

hierarchically structured active material
particles show larger porosities and a gran-
ular structure built-up by primary particles.
The mechanisms leading to the superior
performance of such electrodes are still
not fully understood so far,[11] which is
why numerical modeling might give better
insight into the processes of such struc-
tures. However, only little effort was taken
to model hierarchically structured
electrodes.[12]

To begin with, a mathematical model
was developed based on the works by
Newman et al.[13,14] Herein, models for
electrochemical systems were applied on
porous electrodes using the porous elec-
trode theory.[15] Volume-averaged quanti-
ties were used where all the geometrical
details are intrinsically accounted for.
Ultimately, the electrode is considered to
be the superposition of two continua, i.e.,
the electrolyte and the solid phase. Later,
the model was extended to model
lithium-ion cells.[16–24]

Due to the flexible nature of this cell model, it was extended in
many directions.[25] As for nanostructured active material catho-
des, an impedance model for an agglomerate secondary particle
was proposed in various studies,[26,27] and in the study by
Wu et al.,[28] an electrochemical–mechanical model was devel-
oped for porous secondary particles. In the study by Lueth
et al.,[29] an agglomerate Newman-type cell model was proposed,
where the porous secondary particle structure was modeled by
replacing the compact particles by porous particles and adding
additional balance laws.

The goal of this article is to develop a half-cell model for
hierarchically structured electrodes, tomodel the porous structure
of nanostructured secondary particles including transport of
lithium into primary particles. For this purpose, this article is
structured as follows. In Section 2, the classical Newman half-cell
model is revisited and the volume-average method is presented
which is key to the development of the hierarchically structured
half-cell model. For both models, the complete set of boundary
conditions (BCs) for the half-cell setup is presented. In
Section 3, the classical and hierarchically structured cell
model is applied to real-world cathode structures which aim at
validating the here-proposed hierarchically structured half-cell
model. In Section 4, the validated model is used to conduct
parameter studies to reveal the influence of structure andmaterial
properties on cell performance. Section 5 summarizes and con-
cludes this work.
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Hierarchically structured active materials in lithium-ion battery (LIB) electrodes
with porous secondary particles are promising candidates to increase the
gravimetric energy density and rate performance of the cell. However, there are
still aspects to this technology which are not fully understood. Herein, a
mathematical model for half cells with hierarchically structured electrodes aiming
at delivering a better insight and obtaining a deeper knowledge to this matter is
presented. First, the classical half-cell model originating back to Newman and
coworkers is revisited and the basic assumptions for the electrochemically based
equations are presented. As a next step, the mathematical framework of the
volume averaging method is used to consistently extend the classical to the
hierarchically structured half-cell model. For both models, the full set of boundary
conditions for the half-cell setup is presented. Finally, the hierarchically struc-
tured half-cell model is validated by experiments taken from literature and
parametric studies are conducted. The results suggest that, while the rate-
limiting factor for the classical half-cells is the diffusion coefficient of the active
material, in case of the hierarchically structured half-cells, it is the combination of
electronic conductivity and inner morphology of the secondary particles.
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2. Cell Modeling

This article aims at developing an electrochemical half-cell model
able to simulate hierarchically structured battery electrodes.
As will be shown, our model represents a consistent extension
of the classical half-cell model based on the works by
Newman et al.[13,14] by means of mathematical volume-averaging
theorems. In particular, the hierarchically structured half-cell
model uses electrochemical model assumptions coming from
the classical half-cell model. As a necessary preliminary step
and point of departure for the motivation of the formulation
of our model, the classical half-cell model is revisited and the
mathematical volume-averaging theorems are summarized in
this section. As a subsequent step, the hierarchically structured
half-cell model is presented as a consistent extension of the clas-
sical half-cell model.

2.1. Classical Half-Cell

In Figure 1a, the sketch of a classical half-cell setup analogous to
the study by Doyle[20] is shown. The anode on the left-hand side is
a lithium metal and the cathode on the right-hand side is a
porous composite structure, comprising the active material sec-
ondary particles and carbon black-binder mixture, which is the
conductive filler material. The porous separator is sandwiched
between the lithium foil and cathode. In addition, both the
porous cathode and separator are completely soaked with liquid
electrolyte.

The half-cell setup is chosen to be able to study solely the influ-
ence of the porous cathode on the performance of the cell. In
contrast, in a full-cell setup,[20] with an additional porous anode,
both electrodes would influence the cell performance.

A suitable model to incorporate battery charging and discharg-
ing processes originated from various studies.[16,18–20] The model
basis is the so-called porous electrode theory.[30,14] In this theory,
the structural details of the actual geometry is smeared out across
the model to achieve effective properties. This way, two scales are
introduced, where we name transport defined on the full 3D
structural details of the electrode on the smaller scale as micro-
scopic while we refer to the corresponding effective transport on
the larger smeared scale as macroscopic. Therefore, transport
equations defined on the microscale are referred to as microscale
equations, whereas transport equations defined on the macro-
scale are referred to as macroscale equations. Every point of
the model represents a superposition of two phases. While
the electrolyte represents one phase by itself, typically, the active
material and filler material are subsumed as the other phase,
i.e., the solid phase. The structural and material properties of
each phase are characterized by the volume fraction, specific
surface area, and effective transport properties. In addition,
the two phases interact with each other via electrochemical reac-
tions on the active material surfaces.

Thus, the particle and pore geometry of the system are not
spatially resolved but, rather, can be viewed as smeared across
the model. In Figure 1b, the smeared region is indicated by
the shaded area where, additionally, at every point in the cathode
region the active material secondary particles are modeled as
monolithic spheres. Therefore, the cell model, as presented here,
is divided into two levels, i.e., the cell and the secondary particle
level. The former represents the macroscopic scale, i.e., transport
in the porous electrode, whereas the latter describes the transport
processes inside the active material.

2.1.1. Macroscale Equations

In the framework of the porous electrode theory, at every
spatial point of the macroscale model, the solid and the
electrolyte phase are superimposed. By extension, the currents
and fluxes in the phases are superimposed as well. It is assumed
that, on cell level, the electronic current is carried by the solid
phase, whereas the ionic current is carried by the electrolyte
phase. Furthermore, while the transport of cations is supposedly
via the electrolyte phase on cell level, the insertion process
and lithium transport inside the solid phase are modeled on
the secondary particle level. These transport phenomena are
described by four continuity equations representing the
conservation of electronic and ionic charge, as well as the
conservation of mass in the solid and electrolyte phases. In
the following, the micro- and macroscale forms of those
continuity equations are recalled as originally presented in
other studies.[14,19,30]

Conservation of Mass in the Solid Phase: First, the transport in
the active material is considered. At any point of the electrode
on cell level, lithium is intercalated into the active material.
The inserted lithium is assumed to obey a Fickian-type diffusion
transport process which can be written as

(a)

(b)

Figure 1. Half-cell setup of LIBs. a) Sandwich structure of a LIB cell.
The anode is a solid lithium metal. b) The porous structure of the cathode
is smeared.
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∂cs
∂t

¼ ∇ ⋅ ðDs∇csÞ (1)

where cs is the lithium concentration and Ds is the correspond-
ing diffusion coefficient of active material. In addition, the active
material secondary particles are assumed to be spheres such that
spherical coordinates are of advantage. Moreover, the transport is
modeled as spherically symmetric, such that Equation (1) can be
rewritten as

∂cs
∂t

¼ 1
y2

∂
∂y

�
y2Ds

∂cs
∂y

�
(2)

Note that the dimension y is the radial coordinate inside the
spherical secondary particles.

Conservation of Electronic Charge in the Solid Phase: In the
porous electrode, electronic charge is carried by the solid phase.
The microscale electronic current density is described using
Ohm’s law as

~is ¼ �κeons ∇ξφs (3)

where κeons is the electronic conductivity and φs is the electronic
potential of the solid phase. Note that the subscript ξ refers to
the microscale. Due to conservation of charge, the continuity
equation reads

∇ξ ⋅~is ¼ ∇ξ ⋅ ð�κeons ∇ξφsÞ ¼ 0 (4)

The macroscopic form of Equation (4) is

∇ ⋅ ð�κeons,eff∇φsÞ ⋅�ase j̄seF ¼ 0 (5)

where, κeons,eff is the effective electronic conductivity, φs is the mac-
roscopic electronic potential, and ase is the specific surface area
between the solid and the electrolyte phase. Electronic charge is
produced due to electrochemical reactions at the interface
between active material and electrolyte. This is accounted for
by the reaction term jseF which represents the current density
induced by lithium flux jse at the interface between solid and elec-
trolyte phase, where F is the Faraday constant. Rearranging
Equation (5) and assuming transport in x-direction only leads to

∂
∂x

�
�κeons,eff

∂φs

∂x

�
¼ asejseF (6)

which is the macroscopic continuity equation representing the
electronic charge conservation in the solid phase.

Conservation of Ionic Charge in the Electrolyte Phase: Ionic
charge is carried by the electrolyte phase. Using the concentrated
solution theory on binary electrolytes,[30] the ionic current density
can be written as

~ie ¼ �κione ∇ξφe � κionD ∇ξ ln ce (7)

where κione is the ionic conductivity, φe is the ionic potential, and
ce is the salt concentration of the electrolyte or, in short, the
lithium concentration of the electrolyte phase. Moreover, the
diffusional conductivity is

κionD ¼ νκione RT
F

�
sþ
nνþ

þ t0þ
zþνþ

� s0ce
nc0

��
1þ ∂ ln f �

∂ ln ce

�
(8)

where sþ, s0, and νþ are stoichiometric coefficients of the cations
in the solute, zþ is the charge number of the cations, t0þ is the
transference number of the cations with respect to the solvent, n
is the number of moles of a species, and c0 is the concentration of
the solvent. In case of LiPF6, which is the electrolyte salt used in
this work, the reaction equation is LiPF6⇔Liþ þ PF�6

[31] and,
therefore, the parameters are sþ ¼ �1, s0 ¼ 0, n ¼ 1, νþ ¼ 1,
ν ¼ 2, and zþ ¼ 1. Note that ν ¼ νþ þ ν�, where ν� ¼ 1 is
the stoichiometric coefficient of the anions. Equation (8) can
therefore be simplified as

κionD ¼ 2κione RT
F

ðt0þ � 1Þ
�
1þ ∂ ln f �

∂ ln ce

�
(9)

Due to conservation of charge, the microscale continuity equa-
tion reads

∇ξ ⋅~ie ¼ ∇ξ ⋅ ð�κione ∇ξφeÞ þ ∇ξ ⋅ ð�κionD ∇ξ ln ceÞ ¼ 0 (10)

The macroscopic form of Equation (10) is

∇ ⋅ ð�κione,eff∇φeÞ þ ∇ ⋅ ð�κionD;eff∇ ln ceÞ þ asejseF ¼ 0 (11)

where the effective ionic conductivity is κione,eff and the effective
diffusional conductivity is

κionD;eff ¼
2κione,effRT

F
ðt0þ � 1Þ

�
1þ ∂ ln f �

∂ ln ce

�
(12)

Moreover, the macroscopic ionic potential and the macro-
scopic concentration of lithium in the electrolyte phase are φe

and ce, respectively. Rearranging Equation (11) and assuming
transport in x-direction only yields the macroscopic continuity
equation representing conservation of ionic charge in the electro-
lyte phase as

∂
∂x

�
�κione,eff

∂φe

∂x
� κionD;eff

∂ ln ce
∂x

�
¼ �ase jseF (13)

Conservation of Mass in the Electrolyte Phase: Following the
above assumed concentrated solution theory in binary electro-
lytes,[30] the flux density of cations is

~jþ ¼ �νþDe

�
1� d ln c0

d ln ce

�
∇ξce þ

~iet0þ
zþF

þ cþ~v0 (14)

where De is the diffusion coefficient of the electrolyte and~v0 is
the velocity of the solvent. It is assumed that d ln c0=d ln ce � 0
and ~v0 ¼ 0.[16,24] In this article, and commonly accepted, t0þ
is treated as concentration independent, which was observed
by experiments.[32] However, note that in the study by
Landesfiend et al.,[33] it was indicated that this may not be
correct. The corresponding continuity equation reads
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∂cþ
∂t

¼ �∇ξ ⋅~jþ

¼ ∇ξ ⋅ ðνþDe∇ξceÞ
(15)

Using electroneutrality, which implies that ce ¼ cþ=νþ ¼
c�=ν� or cþ ¼ ceνþ, yields

∂ce
∂t

¼ ∇ξ ⋅ ðDe∇ξceÞ (16)

The macroscopic form of Equation (16) is

ϕe
∂ce
∂t

¼ ∇ ⋅ ðDe;eff∇ceÞ � aseð1� t0þÞjse (17)

where ϕe is the volume fraction of the electrolyte phase. Recall
that the reaction term jse represents the lithium flux density at the
interface between the solid and electrolyte phase. Note that it is
expected that the anions are not taking part in the electrochemi-
cal reaction which is accounted for by the term ð1� t0þÞ.[31]
Assuming transport in x-direction only, Equation (17) becomes

ϕe
∂ce
∂t

¼ ∂
∂x

�
De;eff

∂ce
∂x

�
� aseð1� t0þÞjse (18)

which represents the macroscopic continuity equation describ-
ing mass conservation of the electrolyte phase.

Reaction Kinetics: The electrochemical reaction at the interface
of electrolyte and active material is described by a Butler–Volmer-
type equation,[15,30,31] which, in case of a lithium-ion cell, can be
written as

jse ¼ �jðη, ce, cs;surf Þ

¼ � i0
F

⋅
�
exp

�ð1� αÞF
RT

η

�
� exp

�
� αF
RT

η

��
¼ �k0c1�α

e ðcs;max � cs;surf Þ1�αcαs;surf

⋅
�
exp

�ð1� αÞF
RT

η

�
� exp

�
� αF
RT

η

��
(19)

where i0 is the exchange current density, k0 is the effective
reaction rate constant,[31] and α or ð1� αÞ are symmetry factors
representing the favouring of cathodic or anodic reaction,
respectively. Typically, α is set to 0.5.[30] In addition, cs;max is the
maximum concentration in the solid phase and cs;surf is the con-
centration at the particle surface. Here

η ¼ ðφs � φeÞ � Eeqðcs;surf Þ (20)

is the overpotential indicating whether the potential difference
between solid and electrolyte is above or below the equilibrium
potential Eeqðcs;surf Þ. The latter is a function of the concentration
at the surface of the particle.

2.1.2. Volume-Averaging Method

As it was shown in various studies,[34,35] the macroscopic forms
used in the cell models, i.e., Equation (6), (13), and (18), can be
derived by applying the volume-averaging method. In the

following, the volume averaging method will be recalled briefly.
A more detailed description can be found in the study by
Birkholz.[36]

Cathode structures are considered as porous and heteroge-
neous materials. In particular, the heterogeneities of the material
are considered to be small and homogeneously distributed—in a
statistical sense—with respect to the overall dimensions of the
system. Obviously, the geometrical structure and the transport
processes of the microscale determine the macroscopic
transport properties. However, it can be expected that spatially
resolved simulations of transport processes on the small hetero-
geneities level are computationally expensive, if possible at all.
Instead, the idea is to subsume information of the microscale
and solve the transport equations on the smeared macroscale.
Typically, a representative volume element (RVE) is defined
where its dimensions are sufficiently large to encompass all
microscopic phenomena and sufficiently small compared with
the system geometry. Inside the RVEs, microscopic equations
are transformed to macroscopic ones using volume-averaging
methods.[37–41]

The structure on the left-hand side of Figure 2 represents a
porous and statistically homogeneous material. On the right-
hand side of Figure 2, the magnified region stands for the
RVE. The macro- and the microscale is described by the ~x-
and the ~ξ-coordinate vector, respectively, where the RVE is
defined in terms of~ξ. Inside the RVE, the total volume V is occu-
pied by the α and β phase such that V ¼ Vα þ Vβ.

Consider a general transport problem in the α phase described
by the continuity equation as

∂pα
∂t

þ ∇ξ ⋅~Fα ¼ f α (21)

where pα ≡ pαð~x þ~ξ, tÞ is the potential, ~Fα ≡~Fαð~x þ~ξ, tÞ is the
flux vector, and f α ≡ f αð~x þ~ξ, tÞ is the source term of this
particular phase. The continuity equation must hold for every
spatial point ~ξ and time t of the RVE which, in turn, is located
at a spatial point ~x.

In order to upscale the microscale problem onto the macro-
scale, Equation (21) is averaged over the volume of the RVE.
Using volume-averaging theorems,[37–41] the macroscopic conti-
nuity equation from Equation (21) can be represented by

ϕα
∂p̄α
∂t

þ ∇ ⋅ ð�κα;eff∇p̄αÞ � aαβ f αβ ¼ ϕα f α (22)

where, ϕα is the volume fraction, p̄α is the macroscopic potential,
κα;eff is the effective conductivity, and f α is the average source
term of the α phase. Moreover, aαβ is the specific surface area

Figure 2. Volume-average sketch.

www.advancedsciencenews.com www.entechnol.de

Energy Technol. 2021, 9, 2000910 2000910 (4 of 21) © 2021 The Authors. Energy Technology published by Wiley-VCH GmbH

http://www.advancedsciencenews.com
http://www.entechnol.de


and f αβ is the average surface flux density between α and β phase.
Analogously, volume averaging the β phase yields

ϕβ

∂p̄β
∂t

þ ∇ ⋅ ð�κβ;eff∇p̄βÞ þ aαβ f αβ ¼ ϕβ f β (23)

where ϕβ is the volume fraction, p̄β is the macroscopic potential,
κβ;eff is the effective conductivity, and f β is the average source
term of the β phase. Comparing Equation (22) and (23) with
the macroscopic continuity Equation (6), (13), and (18), some
analogies can be found. Under the assumption that the α and
β phase is regarded as the solid and electrolyte phase, respec-
tively, p̄α can be identified as the macroscopic electronic potential
φs and p̄β is the macroscopic ionic potential φe or the macro-
scopic concentration ce. ϕα and ϕβ are the respective volume
fractions of the solid and electrolyte phases. f αβ is the average
surface flux between solid and electrolyte phase calculated by
the Butler–Volmer Equation (19). f α and f β represent the average
generation of species inside the solid and the electrolyte phase,
respectively. Finally, κα;eff and κβ;eff are the effective electronic
conductivity of the solid phase and the effective ionic conductiv-
ity or diffusivity of the electrolyte phase.

2.1.3. Classical Half-Cell Model

In this section, the classical half-cell model is presented as it was
implemented in this work using COMSOL Multiphysics.[42]

Using the software’s equation-based modeling module, partial
differential equations (PDEs) can be entered directly. In Figure 3,
the implemented PDEs are summarized, which are the
previously presented macroscopic continuity equations. A more
detailed derivation of the BCs can be found in a study by
Birkholz.[36]

The transport is considered in through-thickness direction of
the cell only such that transport in the lateral directions is
neglected and only 1D transport is considered. Figure 3 shows
two model levels. Each of the levels contains 1D domains. These
are, on the one hand, the separator and positive electrode
domain, i.e., cathode, on the cell level. The separator and positive
electrode is denoted by the superscript “sep” and “pos”, respec-
tively. Note that the conservation of charge in the solid phase is
omitted in the separator part, as there is no solid phase present.
On the other hand, the 1D particle domain can be found on the
secondary particle level.

On the top level, the cell level, the macroscopic continuity
equations, i.e., Equation (6), (13), and (18), are defined for the
respective cell quantities of interest. These cell properties of

Figure 3. Mathematical model of the classical half-cell setup.
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interest are the electronic potential in the solid phase φs, the ionic
potential in the electrolyte phase φe, and the concentration in the
electrolyte phase ce, respectively. On the secondary particle level,
the mass conservation in the solid phase, i.e., Equation (2), is
present. The cell property of interest is the concentration of lith-
ium in the solid phase cs.

Boundary Conditions: In addition to the PDEs, the BCs are also
shown in Figure 3. In the special case presented here, the anode
is modeled as a lithium metal by formulating BCs. This assump-
tion leads to different BCs as compared with the full-cell model,
see various studies.[16,20] Furthermore, galvanostatic discharge
conditions are considered; thus, a constant electric current is
applied. In case of galvanostatic charging processes, the sign
of the applied current density has to be reversed.

Electronic Charge in the Solid Phase: The electronic current den-
sity must be zero at the separator–cathode interface such that

�κeon;poss;eff
∂φs

∂x

����
x¼Lsep

¼ 0 (24)

Moreover, due to galvanostatic BCs, the electronic current
density at the cathode–current collector interface is set as

�κeon;poss;eff
∂φs

∂x

����
x¼Ltot

¼ iapp (25)

where iapp is the applied current density. Note that the total cell
length is the sum of the separator and the positive electrode
length, i.e., Ltot ¼ Lsep þ Lpos.

Concentration in the Solid Phase: Due to electrochemical reac-
tions at the active material surfaces, lithium flux enters or leaves
the surface of the active material particles.[18,20] The surface flux
is set as

�Ds
∂cs
∂y

����
y¼Rsec

¼ �jse (26)

where Rsec is the radius of the active material particles and
jse is calculated by the Butler-Volmer-type flux density from
Equation (19).

Ionic Current and Potential in the Electrolyte Phase: No ionic
current is allowed at the cathode–current collector interface,
which is guaranteed by setting

�κion;pose;eff
∂φe

∂x
� κion;posD;eff

∂ ln ce
∂x

����
x¼Ltot

¼ 0 (27)

Also, continuity of ionic current at the separator–cathode
interface is represented by

�κion;sepe;eff
∂φe

∂x
� κion;sepD;eff

∂ ln ce
∂x

����
x¼Lsep

¼ �κion;pose;eff
∂φe

∂x
� κion;posD;eff

∂ ln ce
∂x

����
x¼Lsep

(28)

Applying galvanostatic BCs at the anode–separator interface
leads to

�κion;sepe;eff
∂φe

∂x
� κion;sepD;eff

∂ ln ce
∂x

����
x¼0

¼ iapp (29)

Concerning the ionic potential, only the potential difference
matters; thus, φe is arbitrarily set to zero at the anode side,[18,20]

which is expressed via

φejx¼0 ¼ 0 (30)

Concentration in the Electrolyte Phase: The BC for the flux in
the electrolyte phase at the anode–separator interface can be
written as

�Dsep
e;eff

∂ce
∂x

����
x¼0

¼ iapp
F

ð1� t0þÞ (31)

The BC in Equation (31) is commonly used to replace the
anode in a half-cell model.[15,18,20] In addition, the flux at the
cathode–current collector interface is

�Dpos
e;eff

∂ce
∂x

����
x¼Ltot

¼ 0 (32)

In the study by Birkholz,[36] it was shown that,
mathematically, this implies that the cell’s temporal change of
volume-average concentration in the electrolyte phase vanishes.
In other words, the change of cations due to electrochemical
reactions at the cathode must be compensated by lithium flux
from the lithium metal anode. Finally, continuity of flux at
the separator–cathode interface is given by

�Dsep
e;eff

∂ce
∂x

����
x¼Lsep

¼ �Dpos
e;eff

∂ce
∂x

����
x¼Lsep

(33)

Cell Quantities: The classical half-cell model is used to evaluate
cell performance. To this end, typically, cell quantities like state
of charge (SOC), specific capacity, cell voltage, and alike are com-
puted and discussed.

Specific Capacity: The total capacity, or ampere-hour capacity,
or electric capacity, of the cell can refer to either the negative or
positive electrodes. It is calculated via the initial and maximum
lithium concentration in the solid phase of the respective elec-
trode. In case of the half-cell model used in this work, the total
capacity of the positive electrode is given as

Q tot ¼ Vposðcs;max � cs;initÞF
¼ AcellLposϕsðcs;max � cs;initÞF

(34)

where Vpos, Acell, Lpos, and ϕs are the volume, cross-section area,
length, and solid volume fraction of the positive electrode. cs;init
and cs;max are the initial and maximum allowable concentration
of the active material, respectively. The specific capacity is
commonly used in the battery community. For this purpose,
total capacity is related to mass of the active material, i.e.,
mAM, which brings
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Qspec ¼
Q tot

mAM
¼ AcellLposϕsðcs;max � cs;initÞF

AcellLposϕsρAM

¼ ðcs;max � cs;initÞF
ρAM

(35)

where ρAM is the density of the active material.
Cell Voltage: The cell voltage is defined as the voltage drop

between the positive and negative electrode–current collector
interfaces. As mentioned earlier, the anode potential is assumed
to be zero. Thus, the cell voltage is equal to the potential at the
cathode–current collector interface:

Ucell ¼ φsðLtotÞ (36)

State of Charge and Depth of Discharge: Typically, the cell
voltage is drawn versus the so-called state of charge (SOC) or
depth of discharge (DOD) of the cell. SOC is defined as the
releasable capacity relative to its maximum allowable, whereas
DOD is defined as the released capacity relative to its maximum
allowable.[43,44] In case of a full-cell setup, the SOC or DOD
can be related to the capacities of either the positive or the
negative electrode. As for the half-cell model in this article,
the state parameters are defined using the positive electrode
capacity. As the electrode capacity is directly related to the
amount of lithium stored inside the active material, the DOD
can be calculated as

DODðtÞ ¼ cs;avgðtÞ � cs;init
cs;max � cs;init

(37)

where

cs;avgðtÞ ¼
1

Lpos

Z
Lpos

Lsep

3
R3
sec

Z
Rsec

0
y2csðtÞdydx (38)

is the cell’s volume-averaged lithium concentration of the solid
phase at time t. During discharge, as the lithium concentration
increases in the positive electrode, the value of Equation (37)
increases from 0 to 1, representing an initial concentration state
and a maximum concentration state where, ideally, all sites of the
active material crystal structure are filled with lithium.[31]

In other words, the cell’s DOD increases while, by the same time,
its SOC decreases from 1 to 0. Therefore, the cell’s SOC and
DOD are related via

SOC ¼ 1� DOD (39)

Calculating the nC Current: In the battery community, it is
common to use the concept of C rate. The C rate represents
an electrical current, where a C rate of 1 corresponds to a current
that is needed to charge or discharge the LIB within 1 h. Higher
C rates stand for higher currents whereas lower C rates mean
lower currents. In reality, the value of the C rate is highly depen-
dent on the structure, geometry, electrochemistry, etc., such that,
usually, experiments are needed, to find the electric current rep-
resenting a C rate of 1.

In the framework of the half-cell model, as presented above,
the 1C current can easily be obtained as

i1Capp ¼ ðcs;max � cs;initÞ
LposRsecaseF
3 ⋅ 3600

(40)

Generally, the nC current is

inCapp ¼ nðcs;max � cs;initÞ
LposRsecaseF
3 ⋅ 3600

(41)

2.2. Hierarchically Structured Half-Cell

As mentioned in Section 1, the performance of LIBs can be
increased by so-called hierarchically structured cathodes where,
by postprocessing the initial active material, the porosity of
secondary particles is increased. See Figure 4 for a structural
comparison between classical and hierarchically structured cath-
odes. As a result, the rate capability and cycle stability can be
improved.[7–10] To simulate such structures, in the following,
the previously presented half-cell model is extended for hierar-
chically structured cathodes. Therefore, this model is called
hierarchically structured half-cell model.

In Figure 5a, the sketch of the hierarchically structured half-
cell is presented. Similar to the classical half-cell setup from
Section 2.1, on the left-hand side, the anode is a lithium metal
and, on the right-hand side, the positive electrode is a porous
composite structure which is composed of the active material
secondary particles and the filler material. The latter is a carbon
black-binder mixture. Also, a separator is placed between the
anode and positive electrode. However, in the hierarchically
structured electrode case, the active material secondary
particles—which are built up by smaller primary particles—show
a distinct porosity. Both the separator and composite electrode
structure—including the secondary particle pores—are filled
with liquid electrolyte.

While the secondary particles in the classical half-cell model
are solid, the secondary particles in the hierarchically structured
half-cell model are porous and filled with electrolyte. This adds
extra transport paths inside the secondary particles, namely, the
ionic charge and lithium ion transport through the electrolyte
phase as well as the electronic charge transport via the primary
particle network. To model this extra transport region, the idea is
to extend the classical half-cell model[16,18–20] by an additional
level, as shown in Figure 5b. As a result, the hierarchically struc-
tured half-cell model comprises the cell, the secondary particle,
and the primary particle levels. In this model, the secondary par-
ticle level acts as a transport region for the species generated on
the primary particle level only to reach the cell level. Following
the classical half-cell model, the porous electrode theory,[14,30]

see also Section 2.1, is applied to the hierarchical structured
half-cell model as well.

On the cell level, electronic and ionic transport is carried by
the electrolyte and the solid phase, respectively, where, similar
to the classical half-cell model, the solid phase accounts for
the nanostructured active material and the filler material. On the
secondary particle level, ionic and electronic transport is via the
electrolyte and the primary particles, respectively, where the lat-
ter is identified as the solid phase on this level. Finally, the inter-
calation process of lithium inside the solid phase is modeled on
the primary particle level.
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A crucial difference between the classical and the hierar-
chically structured half-cell model is shown in Figure 6. As
for the classical half-cell model in Figure 6a, during the discharg-
ing process shown here, lithium ions Liþ and electrons e� are
transported via the cell level. Electrochemical reactions take place
at the surfaces between secondary particles and electrolyte such
that lithium is intercalated into the particles and moves through
the material via diffusion. Regarding the hierarchically struc-
tured half-cell model in Figure 6b, similar to the classical half-
cell model, Liþ and e� are transported through the cell level
to the secondary particle surfaces as well. However, the reactants
enter the secondary particle without reaction and are transported
further inside the secondary particles. Finally, electrochemical
reactions occur at the interfacial area between primary particles
and electrolyte inside secondary particles only. Here, lithium is
intercalated into the primary particles and moves through the
material via diffusion.

A model for porous secondary particles was also presented in
the study Lueth et al.[29] In our atricle, however, the electrochem-
ical reactions are only between primary particles and the
surrounding electrolyte within the secondary particle, and
electrochemical reactions between secondary particle and electro-
lyte are neglected. Moreover, transport of lithium inside the
secondary particles is only via the internal electrolyte phase
and is intercalated via electrochemical reactions into the addi-
tionally introduced primary particle level.

2.2.1. Macroscale Equations

In this section, the mathematical formulation of the hierar-
chically structured half-cell model is presented. For a more
detailed insight into the derivations, the reader is referred to

the study by Birkholz[36] The electronic and ionic charge trans-
port, as well as cationic flux, has to be accounted for on both
the cell and the secondary particle level. Therefore, in total,
six continuity equations have to be defined and solved.
Similar to Section 2.1.1, microscopic transport equations are
defined for the respective phases and volume-average theorems
are used to convert them to macroscopic forms. In addition, on
the primary particle level, the lithium transport is modeled by
Fickian-type diffusion. A summarized version of the presented
PDEs is shown in Figure 7. In the following, the superscript
“sec” and “prim” refers to the considered level, i.e., secondary
particle or primary particle level. If no superscript is given,
the properties refer to the cell level.

Primary Particle Level: On the primary particle level, similar
to the particle level of the half-cell model, lithium moves due
to diffusion. Spherical symmetry is assumed for the primary
particles.

Conservation of Mass in the Solid Phase: The transport process
inside the primary particles is taken as 1D Fickian diffusion by

∂cprims

∂t
¼ 1

z2
∂
∂z

�
z2Ds

∂cprims

∂z

�
(42)

Here, the concentration of lithium is cprims and the diffusivity
in the solid phase is Ds. The dimension z is introduced as the
radial coordinate inside the primary particle.

Secondary Particle Level: On the secondary particle level, the
derivation of the macroscale forms of the conservation equations
is quite similar to the derivations in Section 2.1.1. As can be
observed by experiments,[10] hierarchically structured secondary
particles are of spherical shape. Therefore, spherical symmetry is

Figure 4. Scanning electron microscope (SEM) micrographs of classical (top) and hierarchically structured material (bottom). Secondary particles (left),
primary particles (middle), and electrode cross section (right). Reproduced with permissison.[10] Copyright 2018, IOP Publishing.
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used. Thus, the derived macroscale equations are converted into
spherical symmetric forms.

Conservation of Charge in the Solid Phase: Similar to
Equation (6), the macroscopic form of the conservation of charge
in the solid phase of a secondary particle is

∇ ⋅
�
�keon;secs;eff ∇φsec

s

�
� asecse jsecse F ¼ 0 (43)

where keon;secs;eff is the effective electronic conductivity of the solid
phase, φsec

s is the macroscopic electronic potential, and asecse is the
specific interfacial area of the primary particle surfaces and the
electrolyte inside the secondary particles. Themacroscopic surface
flux of the secondary particles jsecse is calculated using the Butler–
Volmer relation, see Equation (55). Conversion to the spherical
coordinate system, and using spherical symmetry, yields

1
y2

∂
∂y

�
�y2keon;secs;eff

∂φsec
s

∂y

�
¼ asecse j

sec
se F (44)

Here, the dimension y is the radial coordinate inside the sec-
ondary particle.

Conservation of Charge in the Electrolyte Phase: Analogous to
Equation (13), the macroscopic form of the conservation of
charge in the electrolyte phase of a secondary particle is

∇ ⋅
�
�κeon;secs;eff ∇φsec

s � κion;secD;eff ∇ ln csece

�
þ asecse j

sec
se F ¼ 0 (45)

where κeon;secs;eff and κion;secD;eff is the effective ionic and diffusional con-
ductivity of the electrolyte phase, respectively, φsec

s is the macro-
scopic ionic potential, and csece is the macroscopic electrolyte
concentration inside the secondary particles. The spherical sym-
metric version of Equation (45) is

(a) (b)

Figure 6. Comparison between transport and electrochemical processes of the two models. a) Classical half-cell model. b) Hierarchically structured
half-cell model.

(a)

(b)

Figure 5. Hierarchically structured half-cell setup of LIBs. a) Sandwich
structure of aN LIB cell. The anode is a solid lithiummetal and the cathode
has porous active materials, i.e., secondary particles. b) The porous
structureS of both the cathode and the secondary particles are smeared.
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1
y2

∂
∂y

�
�y2κeon;secs;eff

∂φsec
s

∂y
� y2κion;secD;eff

∂ ln csece

∂y

�
¼ �asecse j

sec
se F (46)

Conservation of Mass in the Electrolyte Phase: We adapt the mac-
roscopic form of the conservation of mass in the electrolyte phase
from Equation (18) as

ϕsec
e

∂csece

∂t
¼ ∇ ⋅ ðDsec

e;eff∇c
sec
e Þ � asecse ð1� t0þÞjsecse (47)

where Dsec
e;eff is the effective diffusivity of the electrolyte phase.

Converting Equation (47) to the spherical coordinate system
and using spherical symmetry yields

Figure 7. Mathematical model of the hierarchically structured half-cell setup.
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ϕsec
e

∂csece

∂t
¼ 1

y2
∂
∂y

�
y2Dsec

e;eff
∂csece

∂y

�
� asecse ð1� t0þÞjsecse (48)

Cell Level: In Section 2.1.2, it was pointed out that the classical
half-cell model can be derived using the mathematical frame-
work of volume-averaging theorems.[37–41] In the following,
the same approach is used to consistently introduce macroscopic
continuity equations for the cell level of the hierarchically
structured half-cell model.

Conservation of Charge in the Solid Phase: The microscopic con-
tinuity equation regarding the conservation of electronic charge
on the cell level is taken from Equation (4). Using the volume-
average approach via Equation (22) brings

∇ ⋅ ð�κeons;eff∇φsÞ ¼ ϕs īs;sec (49)

where κα;eff ≡ κeons;eff is the effective electronic conductivity and
p̄α ≡ φs is the macroscopic electronic potential. In contrast to
the classical half-cell model, the electrochemical reaction at
the interface between the secondary particle surfaces and the sur-
rounding electrolyte, i.e., the surface term in Equation (22), is
neglected in this work. Rather, the production of electronic
charges on the cell level is due to electrochemical reactions from
within the secondary particles on the surface area of the primary
particles. This is expressed as the volume-averaged source term
being identified as ϕα f α ≡ ϕs īs;sec, where ϕs is the volume
fraction of secondary particles without internal porosity and
īs;sec is the volume-averaged production term of electronic
charges inside the secondary particles.

By assuming transport in x-direction only, Equation (49)
converts to

∂
∂x

�
�κeons;eff

∂φs

∂x

�
¼ ϕs īs;sec (50)

Conservation of Charge in the Electrolyte Phase: The microscopic
continuity equation regarding conservation of ionic charge is
identical to Equation (10). Using the volume-average approach,
by applying Equation (23), yields

∇ ⋅
�
�κione;eff∇φe � κionD;eff∇ ln ce

�
¼ ϕs īe;sec (51)

Compared with Equation (23), the role of effective conductiv-
ity, κβ,eff , is taken by the effective ionic conductivity, κione;eff , and the
effective diffusional conductivity, κionD;eff , on the cell level.
Moreover, the macroscopic potential, p̄β, is either the macro-
scopic ionic potential, φe, or, ce, the macroscopic concentration
of lithium of the electrolyte phase. Equation (51) is defined by the
volume-averaged production term of ionic charges from within
the secondary particles īe;sec. Note that accounting for an addi-
tional reaction term on the surfaces of the secondary particles
would lead to double counting as all reaction processes are cov-
ered inside the secondary particle level already. This is in consis-
tent analogy to the classical half-cell model where no additional
reaction term is included at the interface between the separator
and cathode. Transport is in x-direction only, which renders
Equation (51) as

∂
∂x

�
�κione;eff

∂φe

∂x
� κionD;eff

∂ ln ce
∂x

�
¼ ϕs īe;sec (52)

Conservation of Mass in the Electrolyte Phase: The derivation of
the macroscopic continuity equation regarding mass conserva-
tion of the electrolyte phase starts with the microscopic form
provided by Equation (16). Using volume averaging from
Equation (23) results in

ϕe
∂ce
∂t

¼ ∇ ⋅ ðDe;eff∇ceÞ þ ϕs je;sec (53)

where, compared with Equation (23), ϕβ ≡ ϕe is the volume frac-
tion, p̄β ≡ ce is the macroscopic concentration, and κβ,eff ≡ De;eff
is the effective diffusivity on cell level. The electrochemical
reaction on the surfaces between the secondary particles and
the electrolyte is neglected. Instead, the production of cations
je;sec is governed by electrochemical reaction from within the sec-
ondary particles.

Considering transport in x-direction only in Equation (53)
yields

ϕe
∂ce
∂t

¼ ∂
∂x

�
De;eff

∂ce
∂x

�
þ ϕs je;sec (54)

Reaction Kinetics: Similar to Section 2.1.1, the electrochemical
reaction at the interface between primary particles and electrolyte
is described by a Butler–Volmer-type equation on the secondary
particle level. In case of the hierarchically structured half-cell
model, it reads

jsecse ¼ �j
�
ηsec, csece , csecs;surf

�
¼ � isec0

F
⋅
�
exp

�ð1� αÞF
RT

ηsec
�
� exp

�
� αF
RT

ηsec
��

¼ �k0ðcsece Þ1�αðcs;max � csecs;surf Þ1�αðcsecs;surf Þα

⋅

(
exp

�ð1� αÞF
RT

ηsec
�
� exp

�
� αF
RT

ηsec
��

(55)

where, compared with Equation (19), isec0 is the exchange current
density on secondary particle level and csecs;surf is the lithium
concentration at the primary particle surfaces. Moreover, ηsec

refers to the overpotential at the surface of a primary particle
inside a secondary particle by

ηsec ¼ ðφsec
s � φsec

e Þ � Eeqðcsecs;surf Þ (56)

where the equilibrium potential, Eeqðcsecs;surf Þ, is a function
of csecs;surf .

2.2.2. Hierarchically Structured Half-Cell Model

As shown in Figure 7, the hierarchically structured half-cell
model is divided into three levels, each of which contains 1D
domains.

Boundary Conditions: Similar to the half-cell model from
Section 2.1.3, the anode is modeled as a lithium metal. Again, gal-
vanostatic charge or discharge is considered; thus, the applied cur-
rent is assumed to be constant. In the following, respective BCs
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are presented, where in the study of Birkholz[36] more detailed
derivations can be found.

Electronic Charge and Potential in the Solid Phase: No electronic
current is allowed at the separator–cathode interface by setting

�κeon;poss;eff
∂φs

∂x

����
x¼Lsep

¼ 0 (57)

and a constant current density is applied at the cathode–current
collector side by

�κeon;poss;eff
∂φs

∂x

����
x¼Ltot

¼ iapp (58)

The electronic potential in the solid phase is continuous
between secondary particle and the cell level, which is realized
by setting a Dirichlet BC

φsec
s jy¼Rsec

¼ φs (59)

As a next step, concerning the right-hand side of
Equation (50), the volume-averaged source term īs,sec can be
expressed by volume-averaged integration of Equation (44) as

īs;sec ¼
3

R3
sec

Z
Rsec

0
y2asecse j

sec
se Fdy (60)

It can be shown that Equation (60) can be reformulated as

īs;sec ¼
3

Rsec
īsecs;surf (61)

where īsecs;surf is the electronic current density at the surface of
the secondary particles. Using Equation (61), the right-hand side
of Equation (50) becomes

ϕs īs;sec ¼ ϕs
3

Rsec|fflfflffl{zfflfflffl}
ase

īsecs;surf ¼ ase īsecs;surf (62)

where, in case of equal-sized and detached spherical secondary
particles,[45] ϕs3=Rsec is identified as specific surface area
between secondary particle and electrolyte ase.

Concentration in the Solid Phase: Electrochemical reaction at
the surfaces of the primary particles is accounted for by setting

�Ds
∂cprims

∂z

����
z¼Rprim

¼ �jsecse (63)

where Rprim is the primary particle radius and jsecse is the Butler–
Volmer-type reaction term from Equation (55).

Ionic Current and Potential in the Electrolyte Phase: No ionic
current is allowed to enter or leave the cathode–current collector
interface such that

�κion;pose;eff
∂φe

∂x
φe � κion;posD;eff

∂ ln ce
∂x

����
x¼Ltot

¼ 0 (64)

Also, continuity of ionic current at the separator–cathode
interface is represented by

�κion;sepe;eff
∂φe

∂x
� κion;sepD;eff

∂ ln ce
∂x

����
x¼Lsep

¼ �κion;pose;eff
∂φe

∂x
� κion;posD;eff

∂ ln ce
∂x

����
x¼Lsep

(65)

Finally, the total ionic current density at the anode–separator
interface is set to as the applied current density by

�κion;sepe;eff
∂φe

∂x
� κion;sepD;eff

∂ ln ce
∂x

����
x¼0

¼ iapp (66)

The ionic potential φe is arbitrarily set to zero at the anode
side,[18,20] which is expressed via

φejx¼0 ¼ 0 (67)

Continuity of the ionic potential between secondary particle
and the cell level is expressed via the Dirichlet BC

φsec
s jy¼Rsec

¼ φe (68)

Analogous to before, the volume-averaged source term on the
right-hand side of Equation (52) is tackled by expressing īe;sec via
volume-averaged integration of Equation (46) as

īe;sec ¼
3

Rsec
īsece;surf ¼ � 3

R3
sec

Z
Rsec

0
y2asecse j

sec
se Fdy (69)

where īsece;surf is the ionic current density at the surfaces of the
secondary particles. The right-hand side of Equation (52) is
rewritten as

ϕs īs;sec ¼ ϕs
3

Rsec|fflfflffl{zfflfflffl}
ase

īsece;surf ¼ ase īsece;surf (70)

Concentration in the Electrolyte Phase: Continuity of mass flux
between separator and cathode region and zero mass flux at the
cathode–current collector side is implied by

� Dsep
e;eff

∂ce
∂x

����
x¼Lsep

¼� Dpos
e;eff

∂ce
∂x

����
x¼Lsep

and�Dpos
e;eff

∂ce
∂x

����
x¼Ltot

¼ 0

(71)

Mass flux at the anode–separator interface is

�Dsep
e;eff

∂ce
∂x

����
x¼0

¼ iapp
F

ð1� t0þÞ (72)

Notably, Equation (72) is the same as for the classical half-cell
model.[15,18,20] To satisfy continuity of concentration, the concen-
tration between secondary particle surface and the cell level is
prescribed as Dirichlet BC

csece jy¼Rsec
¼ ce (73)

As a final step, the volume-averaged source term on the
right-hand side of Equation (53) is dealt with by volume-averaged
integration of Equation (48), which results in
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je;sec ¼
3

Rsec
jsece;surf ¼

3
R3
sec

Z
Rsec

0
y2ϕsec

e
∂csece

∂t
dy

þ 3
R3
sec

Z
Rsec

0
y2asecse ð1� t0þÞjsecse dy

(74)

where jsece;surf is the mass flux density at the secondary particle sur-
faces, which renders the corresponding term in Equation (53) as

ϕs je;sec ¼ ϕs
3

Rsec|fflfflffl{zfflfflffl}
ase

jsece;surf ¼ ase j
sec
e;surf (75)

Cell Quantities: Analogous to the classical half-cell model from
Section 2.1.3, the evaluation of the cell performance is done by
computing the appropriate cell quantities. The cell voltage and
SOC or DOD is computed in a similar fashion. However, in
Equation (37), the cell’s volume-averaged lithium concentration
of the solid phase at time t is calculated as

cs;avgðtÞ ¼
1

Lpos

Z
Lpos

Lsep

3
R3
sec

Z
Rsec

0
y2

3
R3
prim

Z
Rprim

0
z2cprims ðtÞdz dy dx

(76)

Specific Capacity: Specific capacity is calculated by first evalu-
ating the total capacity as

Q tot ¼ Vpos
s ðcs;max � cs;initÞF

¼ AcellLposϕsϕ
sec
s ðcs;max � cs;initÞF

(77)

where Vpos
s is the volume of the solid phase inside the positive

electrode, and cs;init and cs;max is the initial and maximum allow-
able concentration of the active material, respectively. The former
can be calculated using the positive electrode’s cross-section area
Acell, thickness Lpos, volume fraction of secondary particles ϕs,
and volume fraction of the secondary particles’ solid phase ϕsec

s .
Then, the specific capacity is

Qspec ¼
Q tot

mAM
¼ AcellLposϕsϕ

sec
s ðcs;max � cs;initÞF

AcellLposϕsϕ
sec
s ρAM

¼ ðcs;max � cs;initÞF
ρAM

(78)

where ρAM is the density of the underlying active material.
Calculating the nC Current: The 1C current is

iapp ¼ ðcs;max � cs;initÞ
LposRsecaseRprimasecse F

9 ⋅ 3600
(79)

and the nC current is

inCapp ¼ nðcs;max � cs;initÞ
LposRsecaseRprimasecse F

9 ⋅ 3600
(80)

3. Validation of the Hierarchically Structured
Half-Cell Model

The following section aims at validating the previously presented
hierarchically structured half-cell model. To this end, geometry,

structure, and material properties from the study by Wagner
et al.[11] were imported into the model and the simulation results
were compared to measurements by the same literature.

3.1. Geometry, Structure, and Transport Properties

In the study by Wagner et al.,[11] both classical and hierarchically
structured electrodes were prepared and electrochemically
characterized. Moreover, the morphology of hierarchically struc-
tured electrodes was varied in terms of primary particle sizes,
inner porosity, and secondary particle size. In addition, statistical
image analysis based on synchrotron tomography was used to
investigate the structural properties of the electrodes.

Concerning classical electrodes, dense pristine powder
(p-NMC) was used, where LiNi1=3Mn1=3Co1=3O2 (NMC) was
the active material. The hierarchically structured electrodes were
prepared using nanostructured powder (n-NMC), which was
obtained by grinding, spray drying, and calcinating the p-NMC
powder. See the study by Wagner et al.[11] for a more detailed
description of the process. In both cases, slurries were produced
by adding conductive filler material to the powders. The conduc-
tive filler material comprised polyvinylidene difluoride (PVDF)
binder, carbon black, and graphite. Finally, the electrodes were
produced by casting the slurries onto an aluminium foil. In
Table 1 and 2, the geometry and structure properties of the

Table 1. Geometry properties of the classical and hierarchically structured
half-cells taken from the study by Wagner et al.[11]

Parameter p-NMC n-NMC-F850 n-NMC-F900

Lsep ½m� 260 � 10�6 260 � 10�6 260 � 10�6

Lpos ½m� 50 � 10�6 76 � 10�6 71 � 10�6

Table 2. Structure properties of the classical and hierarchically structured
half-cells taken from the study by Dreizler et al.[11]

Parameter p-NMC n-NMC-F850 n-NMC-F900

Cell level

ϕsep
e ½–�a) 0.50 0.50 0.50

ϕpos
e ½–� 0.54 0.57 0.58

ϕpos
s ½–� 0.28 0.32 0.30

ϕpos
f ½–� 0.18 0.11 0.12

asec ½molm�3�b) 2.00� 105 2.31 � 105 2.05 � 105

Secondary particle level

ϕsec
e ½–� 0.00 0.46 0.38

ϕsec
s ½–� 1.00 0.54 0.62

Rsec ½m� 4.20 � 10�6 4.15 � 10�6 4.40 � 10�6

asecse ½molm�3�b) – 9.00 � 106 7.75 � 106

Primary particle level

Rprim ½m� – 0.18 � 10�6 0.24 � 10�6

a)Assumed; b)Calculated using Equation (81).
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resulting electrodes are summarized. Note that the specific sur-
face area is computed as a ¼ 3ϕ=r,[45] where—depending on
model level—the respective value is calculated by

ase ¼
3ϕpos

s

Rsec
or asecse ¼ 3ϕsec

s

Rprim
(81)

respectively. In the presented models, it is assumed that the par-
ticles are equal sized and detached. On the one hand, as shown in
the right part of Figure 4, this assumption appears to be valid as
the solid secondary particle and, especially, the porous secondary
particles show spherical shape and are barely overlapping.
On the other hand, in case of the lower-middle part of this
figure, this assumption might not be applicable to the
primary particles inside the secondary particles as their shape
tends to deviate from spheres and overlaps are visible.
However, as a starting point in this article, Equation (81) is used
to compute both specific surface areas. To additionally account
for overlapping primary particles, a more elaborate model can be
found in the study by Mistry et al.[46]

In this article, the classical electrode setup named p-NMC is
compared with hierarchically structured electrodes denoted by
n-NMC, which are based on the same material. Moreover, the
secondary particle’s radii are comparable among all electrodes.
In addition, the nanostructured secondary particles were treated
with different calcination temperatures of 850° and 900°,
which led to larger primary particle sizes and lower porosities
in case of the higher temperature. To distinguish between those
two, the n-NMC electrodes are denoted by n-NMC-F850 and
n-NMC-F900.

In this article, effective transport properties are calculated
using the bulk material property multiplied by an effective trans-
port parameter k̂eff . This parameter is a correction factor which
incorporates the morphology of the transport paths of the
corresponding conducting phase. On the one hand, it can be cal-
culated using the resistor network (RN) method for both the solid
and pore networks.[47,48] On the other hand, the statistically
derived so-called M-factor accounts for volume fraction, tortuos-
ity, and constrictivity of the transport phase.[48,49]

One prominent way of calculating effective transport param-
eters is the Bruggeman relation,[50,51] which is a function of the
volume fraction of the transport phase and the Bruggeman coef-
ficient brugg in the form of k̂eff ¼ ϕbrugg. In the following, this
type of relation shall be used to compute the effective transport
parameter of the total pore phase of the electrode. In addition to
that, as a simple model assumption, the electronic and ionic
transport carried by the filler phase and electrolyte phase, respec-
tively, is modeled by splitting the aforementioned Bruggeman-
based effective transport parameter of the total pore phase
according to the volume fractions. This way, both phases can
be regarded as smeared homogeneously over the pore phase.
Recall from before that the filler phase comprises binder, carbon
black, and graphite. In this article, the filler phase is equipped
with an effective electronic conductivity resulting from all three
components. To additionally account for electrode composition
and the carbon black binder-phase morphology, a more sophis-
ticated modeling approach can be chosen.[46]

It should be noted, that the classical Bruggeman relation is
restricted to a conducting transport phase which is obstructed

by nonoverlapping and equal-sized spheres. In the study by
Birkholz et al.,[48] it was found that a Bruggeman-type correlation
can be used to compute effective transport parameters of the pore
phase of a sphere assembly with polydisperse size distribution.
A Bruggeman coefficient of 1.342 was found to achieve the best
approximation. Using the volume fractions of filler and electro-
lyte phase from Table 2, the volume fraction of the pore phase is
calculated as

ϕpos
pore ¼ ϕpos

e þ ϕpos
f (82)

which is used to calculate the effective transport property of the
pore phase as

k̂poseeff ;pore ¼ ϕpos 1.342
pore (83)

In the framework of the cell models presented in this article,
electronic and ionic transport is via the filler and electrolyte
phase, respectively. Using the additive split of the pore phase
from Equation (82), the effective electronic and ionic transport
properties are calculated by the volumetric share of the filler
and electrolyte phase as

k̂eon;poseff ¼ ϕpos 1.342
pore ⋅

�
ϕpos
f

ϕpos
pore

�
and

k̂ion;poseff ¼ ϕpos 1.342
pore ⋅

�
ϕpos
e

ϕpos
pore

� (84)

respectively.
In case of the separator, in this investigation, its porosity was

assumed as 0.5, which is in the range of the typical characteristics
of commercial separators, and its Bruggerman transport
coefficient was taken as 3.0, which is within the range reported
in literature.[52] Finally, effective transport parameters on the sec-
ondary particle level are taken as the M-factors presented in the
study by Wagner et al.[11] The effective transport parameters are
shown in Table 3.

3.2. Electrochemistry and Material Parameters

From the study by Wagner et al.,[11] the equilibrium potential
curves, i.e., open-circuit voltage curves (OCV), were taken as
the ones measured at a C rate of C=20, see Figure 8.

Table 3. Transport properties of classical and hierarchically structured
electrodes taken from the study by Dreizler et al.[11]

Parameter p-NMC n-NMC-F850 n-NMC-F900

Cell level

k̂ion;poseff ½–�a) 0.48 0.50 0.51

k̂eon;poseff ½–�a) 0.16 0.10 0.11

Secondary particle level

k̂ion;seceff ½–� – 0.33 0.10

k̂eon;seceff ½–� – 0.20 0.46

a)Calculated using Equation (84).
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The models, as presented here, need information on the
minimum and maximum allowable lithium concentration inside
the active material. Those quantities are computed as follows.
During the discharging process, lithium is intercalated into
the active material starting from an initial DOD, DODinit.
Arriving at the maximum capacity, the final maximum DOD
is reached, DODmax. The initial andmaximumDOD is computed
by assuming the maximum capacity of NMC being around
Qmax

spec ¼ 275mAhg�1.[53] In the study by Wagner et al.,[11] it
was found that the reversibly accessible capacity in case of p-
NCM is 158mAh g�1 and in case of n-NCM-F900 is
Q tot

spec ¼ 161mAhg�1. We take the same capacity of
161mAh g�1 for n-NCM-F850. Therefore, assuming that the cell
is discharged until the maximum theoretical capacity of NMC is
reached, which resembles DODmax ¼ 1, the initial DOD is calcu-
lated as

DODinit ¼ Qmax
spec �Q tot

spec

Qmax
spec

(85)

which is 0.41 and 0.43 in cases of n-NCM-F850/n-NMC-F900
and p-NCM, respectively. Subsequently, the maximum and min-
imum concentration in the solid phase is computed by

cs;max ¼ DODmax
Qmax

specρNMC

F
and

cs;init ¼ DODinit
Qmax

specρNMC

F

(86)

respectively, where the NMC density of ρNMC ¼ 4580 kgm�3[54]

was used.
In literature, values of NMC lithium diffusion coefficients

can vary from 1 � 10�15 m2 s�1 to 1 � 10�13 m2 s�1[55–59] and
the electronic conductivity can vary from 2.2 � 10�4Sm�1 to
5.2 � 10�6Sm�1.[58,60] In addition, in various studies,[55,61] elec-
tronic conductivity was measured as a function of temperature
and lithiation state of NMC. Here, the lithiation state is depicted
by γ in LiγNi1=3Mn1=3Co1=3O2, where—theoretically—γ ¼ 1
refers to a fully lithiated state and γ ¼ 0 to a fully delithiated state.

In Figure 9, the electronic conductivity of NMC is plotted over
the lithiation state at 30°, where the experimental values from the
study by Amin et al.[55] were approximated by the fit function.

lgðκeonNMCÞ ¼ �2.988γ10.95 � 2.629γ þ 0.624 (87)

It can be observed that the value of conductivity ranges from
� 1 � 10�0 to � 1 � 10�5 Sm�1 for lithiation states from
γ ¼ 0.25 to γ ¼ 1, respectively. In the present article, we choose
to take material parameters from the study by Tsai et al.[56]

because a complete and, thus, more likely consistent set of dif-
fusion coefficient, electronic conductivity, and reaction rate con-
stant for NMC was published there. For their measurements,
electronic conductivity from the study by Amin[55] was assumed.

The kinetic reaction rate constant is often a fitting parameter.[62]

However, in this article, we choose the effective reaction rate k0 as
1.0 � 10�10 mol�1 m2.5=s. We justify the choice by considering
the Butler–Volmer-type reaction equation from Equation (19)
and (55). Exemplarily, we use Equation (19) as

� i0
F

¼ �k0c1�α
e ðcs;max � cs;surf Þ1�αcαs;surf

k0 ¼
i0
F

1
c1�α
e ðcs;max � cs;surf Þ1�αcαs;surf

k0 ¼
7.2
F

1
10000.5ð46994� 35000Þ0.5469940.5 � 1.0.10�10

(88)

where the mean lithium concentration in the solid phase of
� 35 000molm�3 is used for cs;surf , which is around the mean
value of concentration states expected in this investigation.
About 1000molm�3 in the electrolyte phase is used for ce and
α is set as 0.5. The exchange current density of i0 ¼ 7.2 Am�2

was taken from measurements in the study by Tsai et al.[56]

The LP30 electrolyte (1 M LiPF6 v/v: 1:1 DMC:EC) was used,
where the concentration-dependent material parameters were
taken from the study by Landesfiend et al.[33] The initial concen-
tration is 1000molm�3. In accordance with Section 2.1.1, t0þ is
set to a constant value of 0.23, which is the average value of t0þ
for the concentration ce between the assumed extreme values 0
and 3000molm�3.

Figure 9. Electronic conductivity of NMC over lithiation. Experimental val-
ues taken from the study by Amin et al.[55] and fitted by Equation (87).

Figure 8. OCV curves. Experimental values taken from the study by
Wagner et al.[11]
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3.3. Results and Discussion

The earlier-described material, geometry, and structural param-
eters were imported into the classical and hierarchically struc-
tured half-cell model from Section 2.1 and 2.2, respectively.
In the following, discharging currents corresponding to different
C rates were applied in each model, where the C rates range from
rather low to rather large values. As in a study byWagner et al.,[11]

C rates of C ¼ 1=20, 1=10, 1=5, 1=2, 1, 2, 3, 5, 7, 10 were used,
which ultimately aim at revealing the rate capability of the under-
lying cell composition.

The comparison of experiments and simulation results is
shown in Figure 10. Recall that the original electrode structure
is modeled using the classical half-cell model and is denoted by
p-NCM. Moreover, electrodes built up by nanostructured second-
ary particles are modeled by means of the hierarchically
structured half-cell model and are referred to as n-NCM-F850
and n-NCM-F900. The experimental values in Figure 10 were
obtained by taking the mean value of the corresponding
measurements in the study by Wagner et al.[11] Notably,
n-NCM-F850 and n-NCM-F900 show better rate capabilities as
compared with p-NCM. Clearly, the same behavior is shown
in Figure 10, where the simulation results also predict better per-
formance for the nanostructured particle electrodes. Especially
for rather high C rates of 7C and 10C, the hierarchically struc-
tured half-cell model results are very close to the measured val-
ues. While the simulations estimate around 70 and 50mAhg�1

retained specific capacity for the given C rates, experiments
measure a little bit higher values of around 75 and 55mAh g�1.
Note that in case of the classical half-cell model, the simulated
value is a little bit lower in case of 10C than the measurements.
The simulation predicts �30mAh g�1, whereas experiments
found �25mAhg�1. Moreover, in case of both the classical
and hierarchically structured half-cell model, the retained spe-
cific capacity only decreases slowly for C rates between 1=20C
and 3C. Apparently, the simulation curves show a distinct drop
between 3C and 7C, whereas the experimental curves decrease
steadily from low C rates to higher C rates.

Given that the results clearly show a qualitatively good agree-
ment with experiments, the proposed hierarchically structured
half-cell model can be regarded as validated in a sense that it

allows for investigations to predict the influence of geometry,
structure, and material on electrochemical performance.
Moreover, as is shown in the following, the model offers detailed
information on how those parameters affect the cell quantities.
For instance, this drop behavior from before can be understood
by investigating the cathode depth of discharge distribution (dod)
dod. In Figure 11, dod is plotted over the normalized cathode
position for both the classical and hierarchically structured
half-cell model. The dod is calculated similar to Equation (37).
However, cs;avgðtÞ is not evaluated for the whole cell; rather,
the average concentration is computed at every point x along
the cathode by

dodðt, xÞ ¼ csðt, xÞ � cs;init
cs;max � cs;init

(89)

where

csðt, xÞ ¼
3

R3
sec

Z
Rsec

0
y2csðt, xÞdy (90)

in case of the classical half-cell model, and

csðt, xÞ ¼
3

R3
sec

Z
Rsec

0
y2

3
R3
prim

Z
Rprim

0
z2cprims ðt, xÞ dz dy (91)

in case of the hierarchically structured half-cell model, respec-
tively. t is set as the end time of the simulation, which is deter-
mined by the cutoff voltage 3V. The cathode positions
ðx � LsepÞ=Ltot ¼ 0 refer to the separator–cathode interface and
ðx � LsepÞ=Ltot ¼ 1 to the cathode–current collector interface,
respectively. In addition, in Figure 11a–c, the dod is shown
for different C rates, namely 3C, 5C, and 7C.

It can be observed that in case of 3C, the distribution is
constant over the cathode thickness. This applies for both the
p-NMC and n-NMC-F850 as well as n-NMC-F900. However,
while dod is almost 1 in case of n-NMC-F850/n-NMC-F900,
the dod is lower in case of p-NMC. At 5C, all curves show
decreasing behavior toward the cathode–current collector inter-
face. In case of n-NMC-F850 and n-NMC-F900, a small gradient
is visible in the first half of the cathode whereas in the second
half the gradient is more pronounced. In case of
p-NMC, the decreasing behavior can be observed directly at

Figure 10. Rate capabilities of p-NCM, n-NCM-F850, and n-NCM-F900. Comparison between simulation results (solid lines) and experiments from the
study by Wagner et al.[11] (dashed lines).
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the separator–cathode interface. Overall, the dod values of the
hierarchically structured half-cells are constantly larger than
0.75 whereas the classical half-cell model ranges around 0.45.
Finally, at 7C, the dod of n-NMC-F850 and n-NMC-F900
looks similar to the one of p-NMC at 5C. The gradient is visible
right at the separator–cathode interface and the curve flattens
toward the cathode–current collector interface. Moreover, the
dod level is around the same value as well. The distribution
in case of p-NMC is almost constant over the cathode region
and is around 0.25.

In Figure 12, additional to the cathode position, the radial
position of the secondary particle is shown. Here, y=Rsec ¼ 1
refers to the secondary particle surfaces, whereas y=Rsec ¼ 0 is

the center. Again, the dod is shown for the distinct C rates of
3C, 5C, and 7C, respectively. The dod along the radial position
is calculated as

dodsecðt, yÞ ¼ csecs ðt, yÞ � cs;init
cs;max � cs;init

(92)

where

csecs ðt, yÞ ¼ csðt, yÞ (93)

in case of the classical half-cell model, and

csecs ðt, yÞ ¼ 3
R3
prim

Z
Rprim

0
z2cprims ðt, yÞdz (94)

(a)

(b)

(c)

Figure 11. DOD along cell. a) 3 C. b) 5 C. c) 7 C.

(a)

(b)

(c)

Figure 12. DOD along cell and secondary particle direction. a) 3 C. b) 5 C.
c) 7 C.
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in case of the hierarchically structured half-cell model, respec-
tively. In general, the curves corresponding to n-NCM-F850
and n-NCM-F900 show less pronounced gradients as compared
with the p-NCM curves. At 3C, it can be observed that the
surfaces of the secondary particles in both the classical and
hierarchically structured half-cell model show high states of
discharge at around 1.0. However, from surface to the center
of the secondary particles they decrease more drastically in case
of p-NMC as compared with n-NMC-F850 and n-NMC-F900,
where the latter two of these remain quite stable at a high level.
At a higher C rate of 5C, the differences in dod in the secondary
particles become more visible. While n-NMC-F850 and n-NCM-
F900 show a rather constant evolution, for p-NCM, a clear gradi-
ent can be observed. In addition, following the observations
made for Figure 11, the dods at the secondary particle surfaces
along the cathode direction decline from the separator–cathode
interface to the cathode–current collector interface. An interest-
ing observation can be made for the case of 7C. Again, the gra-
dients in the dods inside the secondary particles for p-NCM are
more pronounced than in the cases of n-NMC-F850 and n-NMC-
F900. However, in case of p-NMC, the DOD at the secondary
particle surface is actually higher at the separator–cathode inter-
faces than in the cases of n-NMC-F850 and n-NCM-F900.
Nonetheless, due to the rather large gradient in the radial direc-
tion of the secondary particles, the average concentration and the
resulting dod value decreases.

From the above observations, the superior performance of
hierarchically structured electrodes as compared with classical
electrodes can be reproduced by means of the presented models.
For instance, the hierarchically structured half-cell model can be
used to estimate sensitivity of geometry, structural, and material
parameters.

4. Parameter Study

In the following, the influence of diffusion coefficient and
electronic conductivity on the rate capability is investigated.
This is done for both the classical and the hierarchically
structured half-cell model. The electrode structures p-NMC
and n-NMC-F900 are compared with each other as they show
similar structural properties. When not mentioned otherwise,
for both cases, the geometry, structure, transport, and material
parameters from Table 1 2, 3, and 4 were used. The same ranges
of C rates from above were used and the specific capacity at the
end of the simulation was evaluated, which was at the cut-off
voltage of 3V. The results are shown in Figure 13.

In Figure 13a, for both models, the diffusion coefficient Ds
was varied as 1 � 10�15, 1 � 10�14, and 1 � 10�13 m2 s�1,
which is between the extreme ranges found in literature. At
the same time, in case of the hierarchically structured half-cell
model, the electronic conductivity keon;sec inside the secondary
particles was kept constant at the value of 1 � 10�3 Sm�1.
Compared to literature, it is a rather high value and by
Figure 9, this corresponds to a lithiation state of around γ ¼ 0.9.

On the one hand, it can be observed that in case of the hier-
archically structured half-cell model (dashed lines), variations of
diffusion coefficients do not seem to influence the performance.
The simulated curves are almost identical for every case. This can

be explained by the rather small radii of primary particles of
Rprim ¼ 0.24 � 10�6 m, where the diffusion paths seem to be
short enough to not have an effect on rate capability. On the other
hand, in case of the classical half-cell model (solid lines), for the
largest diffusion coefficient, the results tend toward the hierar-
chically structured half-cell solution. Moreover, decreasing the
diffusion coefficient leads to a rather drastic decrease in rate
capability.

As for Figure 13b, the results of a constant diffusion coeffi-
cient of 1 � 10�14 m2 s�1 assumed for both models can be seen,
whereas the electronic conductivity of the active material was
varied between 1 � 10�5, 1 � 10�4, and 1 � 10�3 Sm�1 in case
of the hierarchically structured half-cell model. The conductivity
values corresponded to a lithiation state of γ ¼ 0.9, 0.95, and 1.0.

In the classical half-cell model, the electrochemical reactions
take place at the surface of the dense secondary particles and,
thus, electronic conductivity inside the secondary particles has
no influence. On the other hand, the influence of electronic con-
ductivity is clearly visible in case of the hierarchically structured
half-cell model. For the largest two conductivity values of
1 � 10�4 and 1 � 10�3 Sm�1, the performance is almost iden-
tical. However, in case of the lowest conductivity of
1 � 10�5 Sm�1, the rate capability drops rather drastically.

From the investigation above, several observations can be
made. Due to the sensitivity to the diffusion coefficient, we
deduce that for the classical half-cell model, the rate-limiting fac-
tor is the diffusion of lithium into the solid active material parti-
cle. As for the hierarchically structured half-cell model, sensitivity
to the diffusion coefficient could not be observed, see also the
study by Lueth et al.[29] Rather, electronic conductivity of the
active material has a strong effect on the rate capability.
On the one hand, this can be explained by assuming that lithium
diffusion via the electrolyte phase of the secondary particle pores
is favored. Here, the diffusion coefficients are orders of magni-
tudes higher than in the solid phase.[27,59] On the other hand, in
hierarchically structured cathodes, the electrochemical reactions

Table 4. Material properties.

Parameter p-NMC n-NMC-F850 n-NMC-F900 Ref.

T ½K� 298 –

ρNMC ½kgm�3� 4580 [54]

DODmax ½–� 1.00 –

DODinit ½–� 0.43 0.41 0.41 Equation (85)

cs;init ½molm�3� 19994 19481 Equation (86)

cs;max ½molm�3� 46994 46994 Equation (86)

c̄s;init ½molm�3� 1000 [33]

Ds ½m2 s�1� 1.00 � 10�14 [56]

κeons ½Sm�1� 100 [63]

κeon;secs ½Sm�1� Equation (87) [56,55]

k0 ½mol�1m2.5 s�1� 1.0 � 10�10 In accordance
with the study
by Tsai et al.[56]

α ½–� 0.5 [30]

t0þ ½–� 0.23 [33]
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take place at the active surface areas within the porous secondary
particles. This means that electrons have to be available inside.
Therefore, low electronic conductivity of active material, if it is
the only electronic transport path, leads to a lower performance,
which was also observed in various studies.[27,29] Thus, electronic
conductivity becomes rate limiting.

In the study by Dees et al.,[27] it was pointed out that in case of
low (effective) electronic conductivity, poor interprimary particle
contact may become more problematic. In fact, this can explain
the observations in Figure 14, where the two cathode structures
n-NMC-F850 and n-NCM-F900 are compared with each other.
Experiments in Figure 10 show that for higher C rates, the
two curves diverge from each other. Notably, however,
n-NCM-F900 performs a little better than n-NCM-F850 even
though the latter shows more preferable structural properties
in terms of a higher specific surface area of primary particles
for electrochemical reactions inside the secondary particles
and smaller primary as well as secondary particles leading to
shorter diffusion paths. Simulation results in Figure 14 could
explain the reason behind this effect. Here, the rate performan-
ces for the two structures were calculated using the geometry,

structure, transport, and material parameters from before in
Table 1–4. However, the secondary particles’ electronic conduc-
tivity was set to the lowest value of 1 � 10�5 Sm�1 and the dif-
fusion coefficient was set to the lowest value of 1 � 10�15 m2 s�1

for all cases. This low value of electronic conductivity could be
justified as a first simple measure to account for additional resis-
tance effects such as contact resistances between primary par-
ticles beyond the purely geometrical effects considered so far.
The results show a clear difference in performance, where
n-NMC-F900 achieved better rate capability than n-NMC-F850.
By comparing the effective transport parameters from Table 3
of the solid phase for both cases, it can be seen that the value
of k̂eon;seceff ¼ 0.46 in case of n-NMC-F900 is more than twice as
large as it is in case of n-NMC-F850, which is 0.20. As was
pointed out before, effective transport parameters reflect the
quality of transport paths which, ultimately, characterizes the
connectivity of primary particles. Adding to the fact that
electronic transport is predominantly via the primary particle
network of the secondary particles,[64] the combination of low
electronic conductivity and poor connectivity of primary particles
may lead to low electrochemical performance. Therefore, in view
of the above observations, the rate-limiting factor is the effective
electronic conductivity of the primary particle network inside the
porous secondary particles.

5. Summary and Conclusion

In the present article, a model for half-cells with hierarchically
structured cathodes was proposed which is a consistent exten-
sion of the classical Newman-type half-cell model by means of
mathematical volume-average theorems. Both classical and hier-
archically structured half-cell models were applied to real-world
electrode structures taken from literature. In doing so, the
hierarchically structured half-cell model was validated qualita-
tively by comparing simulated and measured electrochemical
performance. The model was able to predict the experimentally
observed superior rate capability. In addition, it allowed for
discussing the local lithium concentration distribution of the
solid phase along electrode and secondary particle direction.

(a) (b)

Figure 13. Comparison of sensitivity against diffusion coefficient and electronic conductivity of the classical and hierarchically structured half-cell model.
The solid lines represent the classical half-cell model and the dashed lines represent the hierarchically structured half-cell model. a) Variation of diffusion
coefficient. b) Variation of electronic conductivity.

Figure 14. Simulation results based on real electrode structure using low
electronic conductivity.
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It was shown that nanostructured secondary particles differ from
classical ones by having a more homogeneous concentration
distribution for higher C rates. This way, available active material
capacity could be better exploited leading to a higher perfor-
mance. Finally, parametric investigations confirmed that the
rate-limiting factor of classical cathodes is the active material
diffusion coefficient whereas the results pointed toward the
combination of electronic conductivity and primary particle con-
nectivity of hierarchically structured cathodes.
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