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ABSTRACT. In this article we provide a local wellposedness theory for quasilin-
ear Maxwell equations with absorbing boundary conditions in H™ for m > 3.
The Maxwell equations are equipped with instantaneous nonlinear material
laws leading to a quasilinear symmetric hyperbolic first order system. We
consider both linear and nonlinear absorbing boundary conditions. We show
existence and uniqueness of a local solution, provide a blow-up criterion in the
Lipschitz norm, and prove the continuous dependence on the data. In the case
of nonlinear boundary conditions we need a smallness assumption on the tan-
gential trace of the solution. The proof is based on detailed apriori estimates
and the regularity theory for the corresponding linear problem which we also
develop here.

1. Introduction. The Maxwell system is the foundation of electromagnetism and
thus one of the core partial differential equations in physics. For nonlinear instan-
taneous material laws, it can be written as a symmetric hyperbolic system under
natural assumptions. On the full space R?, for such systems a satisfactory local
wellposedness theory in H*(R?) for s > 1+ ¢ is provided by Kato’s work [12]. On
domains G C R? the Maxwell system is characteristic, and with its standard bound-
ary conditions it does not fit into the classes of hyperbolic problems for which one
has a local wellposedness theory in 3. The available results are stated in Sobolev
spaces of much higher order and with weights encoding a loss of derivatives in nor-
mal direction, see [10] or [20]. In the very recent papers [22] and [23] by one of
the authors, an encompassing local wellposedness theory in H™ with m > 3 was
derived for the Maxwell system endowed with perfectly conducting boundaries, and
it has been extended to interface problems in [19].
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In this paper we treat the quasilinear Maxwell system (1.1) with absorbing
boundary conditions which occur if one has a finite, strictly positive conductivity
at the boundary, see [9]. We establish a comprehensive local wellposedness theory
in H™ with m > 3 for linear boundary conditions and also treat nonlinear ones
under a smallness condition (which automatically holds in the linear case). Our
result provides the framework to show global existence and exponential decay of
the solutions if the initial data are small, see the companion paper [16] co-authored
by one of us.

For such boundary conditions, local solutions in H? were already constructed
in [15] under a similar smallness assumption. However, neither uniqueness, nor
blow-up criteria, nor the continuous dependence on data were addressed in this
paper. These results (and ours below) rely on a regularity theory for the linearized
non-autonomous problem. It seems to us that the corresponding estimates in [15]
were not precise enough to show uniqueness of the nonlinear problem and to treat
its wellposedness theory. The crucial problem in this respect is to derive differen-
tiability in normal direction to the boundary, whereas tangential regularity can be
shown in much greater generality, see [18]. In [3] and [14] this difficulty was solved
on the linear level by transforming the system in a non-characteristic one, but the
resulting estimates do not fit to the fixed point argument for the nonlinear system,
as already observed in [15] concerning [14]. We note that [14] deals with a far more
general situation.

In this work we study the Maxwell system

Ob.(E,H)=curlH —o.(E,H)E — Jy, x € G, t > to,

OO (E,H) = —curl E, x € G, t > to,
Hxv=vx((Exv)Exv)+g, reX, t>t, (L)
E(ty) = Ey, H(ty) = H,, x € G,

for an initial time ¢y € R, an open subset G of R?® with a smooth compact boundary
3, and the unit outward normal v. We look for the electric and magnetic fields
(E(t,x), H(t,z)) € U, where U C RS is a fixed open convex set.

The material laws 6 = (6., 0,,) : G x U — RS are differentiable and their deriva-
tive (g, )0 is C™ for some m € N with m > 3, and it is assumed to be symmetric
and positive definite. The latter is a standard assumption already in the linear case
and was also imposed in [15], for instance. It is true for isotropic nonlinearities and
large classes of constitutive relations arising in optics, see e.g. Example 2.1 in [13].
We refer to [2] and [9] for further background. The conductivities o, and ¢ are also
of class C", and ( is symmetric and positive definite. The given current densities
Jo and g and the initial fields Fy and Hy are supposed to belong to H™.

Guided by the basic energy estimate (3.1), we look for solutions

w=(B,H) () C'(TH"(G))

having tangential traces in H™(J x X), where J = (to,T) for some T > 3. The
space of these functions is called G¥;. For such a solution the data and coefficients
have to satisfy the compatibility conditions (2.21). Assuming them, in our main
Theorem 6.4 we show that

(1) the system (1.1) has a unique maximal solution in G¥ with m > 3,
(2) blow-up can be characterized in the Lipschitz-norm,
(3) the solution depends continuously on the data in H™.
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In the case of nonlinear boundary conditions we have to add a smallness as-
sumption on the product %|90g((:, E x v)| for fields with |E x v| < ®. So, either
the boundary condition is close to be linear or the solution has to be uniformly
small (as in [15]). We also deal with non-autonomous linear boundary conditions,
see (2.4), without assuming smallness. The smallness condition is enforced by the
basic energy estimate (3.1) which allows us to bound the tangential traces of the
solution in L?(.J x ¥) by the boundary data in the same norm, but with a constant
which cannot be made small. This behavior reappears on higher regularity levels
and spoils the fixed point argument if the boundary condition is nonlinear. Still the
situation is much better than for perfectly conducting boundaries where one may
lose a derivative at the boundary, cf. [7].

For linear material laws 6 one can treat nonlinear boundary conditions with
bounded ¢ even on an L?-level without a smallness condition, see e.g. [8]. These
results are based on the theory of monotone operators and semigroups. In our
setting it seems to be impossible to argue in this way, also in view of blow-up
examples in #H(curl), see [5].

We follow the strategy of [22] and [23]. One freezes the solutions in the non-
linearities of the system and solves the resulting non-autonomous linear problems
via localization, duality and regularization with precise apriori estimates. Then
local solutions are constructed via a contraction argument. Similar ideas had been
used in [15], though there core parts (like the regularization procedure) were not
worked out. The improved blow-up condition and the continuous dependence on
data require additional significant efforts.

We first rewrite the system (1.1) in the equivalent form of a standard hyperbolic
system in Section 2, where we also collect our notation. Moreover, we describe
the localization procedure. It is crucial for our arguments that in various steps we
can partly decouple the normal direction from the time and tangential ones. To
achieve this, we perform an additional transformation after the localization in order
to keep the form of the boundary condition and the constant coefficient in front of
03. For perfectly conducting boundaries and interfaces this has been discussed in
[21] respectively [19], so that we can focus below on the new boundary conditions.
The compatibility conditions for the linear and nonlinear problems are derived in
(2.20) and (2.21). They differ from those in [22] and [23] in several respects.

In Section 3 we first solve the non-autonomous linear problem in G% with L%~
data and Lipschitz coefficients and derive the basic L?—estimate in Proposition 3.1.
This result is known, see e.g. [3], but it is hard to find complete proofs and we need
more precise information about the constants than given in e.g. [3]. So we sketch the
proof and also obtain a rather general uniqueness statement. The apriori estimates
in G¥ are then proven inductively by combining bounds for normal derivatives
and for those in tangential and time directions. Here and later on we can use the
results in normal direction from [22] and [23] since they do not involve boundary
conditions. (And so we can omit a few very lengthy and intricate proofs.) However,
the absorbing boundary conditions lead to new terms in the tangential bounds
which have to be estimated carefully, since the nonlinear boundary conditions lead
to coefficients at the boundary with less integrability (only L? and not L® in time)
than those in the interior. This fact causes the smallness condition mentioned above.

In Section 4 we then derive the main linear regularity Theorem 4.7 needed for
the nonlinear theory. We again follow the procedure from [22] and employ different
regularization procedures in normal, tangential and time directions which have to
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be intertwined in a careful induction. We again have to deal with new terms at the
boundaries, but also various additional difficulties arise because of the more com-
plicated compatibility conditions due to the time-dependent boundary coefficient
on the linear level.

Based on the linear theory, we can then perform the core fixed point argument
in Theorem 5.3. Relying on the reasoning from [23], we can focus on the smallness
conditions needed to deal with the semilinear boundary conditions. They allow
us to absorb error terms in the crucial estimates. In the last section we derive our
main local wellposedness Theorem 6.4. It is based on auxiliary results preparing the
improved blow-up condition and the continuous dependence on data. Compared to
[23], we have to deal again with additional boundary terms, the new compatibility
conditions and the needed smallness assumptions.

2. Auxiliary results and notation. Let m € N, /m = max{m, 3}, and G C R3
be either an open set with a compact boundary ¥ := 0G of class C"*2 or G =
R = {z € R*|x3 > 0}. Its outer unit normal is v. We write ¢ and C for generic
positive constants, as well as c(a,b,...) or C(a,b,...) if they depend on a,b,....
The range of a map v is denoted by ran(v), and B(x,r) or By(z,r) is the closed
ball in a metric space M with center x and radius r. Let ¢ty € R be the initial time,
where we often take tg = 0 in view of time invariance. To control constants, we
partly fix a time T” > to and let T € (to,T"). For J = (to,T), we set Q = J x R3 |
and I' = J x (R? x {0}) = J x R2. Sometimes J also denotes other open intervals.

We often use the same symbols for spaces of scalar, vector or matrix valued
functions. Sobolev spaces are designated by WP with W*2 = H?*. Spaces on &
are equipped with the surface measure, written as dz. For v > 0 and ¢ € R we set
e_~(t) = e~ 7. We employ time-weighted norms such as

||f||3{:z(9) = ZIaKm le—20% f1Z2(0)»

and denote the respective spaces by the subscript 7.

Let v : G — R? be sufficiently regular. We write tr,, v for the trace of the normal
component v - v on I', and tr; v for the tangential trace v x v on I'. We further
employ its rotated variant tr, v = v X (tr;v) which is the tangential component
trv — (tr, v)v of the full trace trv. Note that the Euclidean norms of tr; v and tr, v
coincide. For vector fields u = (u!,u?) : G — RS and k € {t,7,n} we further set
tr, u = (trg, ul, try u?). It is well known that the mappings

tr, : H(div) = HV3(2)  and  tr,: H(curl) - HTY2(D)?

are continuous, where their maximal domains H(curl) and H(div) in L?(G)? are
endowed with the respective graph norm, see Theorems IX.1.142 in [6]. For suffi-
ciently regular functions w : JxG — R! with 1 € {3,6} we set (trg, w)(t) = try(w(t)),
see also the remarks at the beginning of Section 3. We introduce
G =Gm(IxG) =) JCUTHIG)) and
j:
Gm=GmIxG) =" SIS H I (G)O).
j:
Our solutions have extra trace regularity expressed by the space

m = G x G)={ueG™(J xG)| tr;uec H™(J x £)°},



QUASILINEAR MAXWELL EQUATIONS 159

which is equipped with its canonical norm. In the fixed point argument we also
need the slightly larger one

TR =G x Q) ={uecG™J x Q)| trrucH™(J xX)5}.

We also use the subscript ¥ if G = RY.

To reformulate (1.1) as a standard first order system, we write u = (E,H) =

(u',u?) for the unknowns and introduce the matrices and maps

00 0 0 01 0 -1 0 _J
Ji=10 0 —-1], Job=]10 0 0], Js=[|1 0 0], f:<00>7
01 0 -1 0 0 0 0 O
o _ (0 —=J; _ B _foe O
e G O SIS R YA (O 21)

Bl = (tI‘t 0) s BQ = (0 trt) N B(’LL) = B2 — VUV X C(Blu)Bl

for j € {1,2,3}. Observe that curl = J10; + J20> + J305. With this notation the
Maxwell system (1.1) becomes

3
X (u(t))Opu(t) + ZA;O(’)ju(t) + o(u(t)u(t) = f(t), x€eG, t>to,
Jj=1 2.2
Bu(t))u(t) =g(t), x€X, t=to, 22
u(to) = ug reGq,

where ug := (Ey, Hp). A solution u on an interval J (with tg € J) to this system
belongs to GE(J' x G) for every compact interval J' C J, u(t) takes values in a
closed subset of U for each t € J, and u satisfies (2.2) for ¢ € J.

Let &/ C R% be an open convex set. We write V € U for open subsets V of
U with a compact closure V' C Y. We assume that the coefficient § belongs to
C™(G x U,R%*6) and that

X = 0,0 € CT(G X URSS), o€ C™MG x URYY), (e Cl(TLz, R,

VYV el, ae Ny, |a| <m: sup (0% + [0%]) < oo, sup [0%¢| < oo,
GxV UxV

X6 =nl >0, (2.3)

for some number n > 0, where T3 = {(x,v) |z € X,v € Bi(x)U}. Mainly to
unify notation, here we allow for a larger class of ‘conductivities’ than in (1.1). The
subscript T means that ¢ is tangential in the sense that (vt C v+. Actually we
only need uniform positive definiteness on each set G' x V, respectively £ x V, but
we impose the above condition to simplify the presentation a bit. Below we also
state a variant of these assumptions for linear boundary conditions.

Let u € C:'g with m > 3. We freeze the coefficients in the nonlinearities setting
b= ((B1a), Ag = x(1), D = o(4), and

B(t) = By —v x b(t) By
for t € J. Such coefficients belong to the function spaces
Fm"=F"(JxG)={AcW"®(J x G)**|VaeNg with 1 <|a|] <m:
0“A € L™(J,L*(G))},
F0 = Fm0(@) = {Ae L= (G)"*F |VaeN3 with 1 < |a| <m: 0%A € L*(G)},



160 ROLAND SCHNAUBELT AND MARTIN SPITZ

which are endowed with their natural norms. The corresponding spaces for the
domains €, Ri, Jx X, %, 6Ri, and I' are denoted analogously. For b we need the
space

ER =FIMJ x %) = F" Y (J x ) nH™(J x B)*

whose norm is given by

1] %;guxz:) = [|bllFm-1(sxmy + Bl3m(sxsy  with
[b]?Hm(JXE) = Z HaaszL?(JXE)’

aENG |a|=m

Here, k € N usually is 1, 3, or 6. If we drop J in F™, we refer to the subspace of
maps being constant in time. The subscript 7 > 0 in any of these or other spaces
means that the functions take values in symmetric matrices with lower bound 1 > 0;
whereas cp indicates that the maps are constant outside a compact subset of J x G,
respectively G. (For bounded G the latter subspace is equal to F™ or F™°.) In
Lemma 2.1 and Corollary 2.2 of [23] one can find detailed results concerning the
mapping properties of x and o in these spaces. Several variants of the product rules
in G™, F™ and H™ are shown in Lemma 2.1 of [22] for G (or in Lemma 2.22 of
[21]), which easily extend to the boundary. In the context of FJ}(J x ) new issues
arise for the terms of highest order, which are discussed in the relevant parts of the
proofs.

We also look at the case of linear non-autonomous boundary conditions assuming
that

X €CJMGxURES), oeC™GxURY™), (=beF" (Ry x¥),

sym T

VYV eUu, ac N, |af <m:supgyy (|0%x] + [0%|) < oo, (2.4)

for some number 1 > 0. For time-independent b the above assumption is (almost)
a special case of (2.3), except that one requires H™™ instead of C™—regularity of b.

Let Ag € F"(J x G), D € F™"(J xG), b e F{ZU(J xX), feH™J xqG),
g € H™(J x ¥) with g-v = 0, and vy € H™(G). We then look for a solution
v € G%(J x G) of the linearized problem

3
Ao(t)dpu(t) + > ALOu(t) + D(t)u(t) = f(t), req, t>t,
j=1
B(t)o(t) = g(t), TEY,  t>to, (25)
’U(to) = o, zeqG.

We solve the system (2.5) via localization, proceeding as in [19], [21] and [22]. To
this aim, we cover G with connected open sets Uy, Us, ..., Uy where Uy C G and
Y CU;U---UUy. For eachi € {1,..., N} we fix a C™*2-diffeomorphism ¢; from
U; onto an open subset V; of B(0,1) which maps ¥ NU; onto {y € V; |ys = 0} and
GNU; onto {y € V; |ys > 0} C R? such that all partial derivatives of o; and ¢; "
up to order m+2 are bounded. The resulting composition operators are denoted by

®,: LA(U;) = L2(Vi); v wog;t, @71 LA(Vi) — LA(Uy); v vo ;.
We use the same notation for the induced maps on Sobolev spaces, and also for the
spaces on the domains J x U; or J x V;. The extension by 0 or restrictions of a
function v are also denoted by v.

Let {6;|¢ € {0,1,...,N}} be a smooth partition of unity subordinate to the
sets U;, and o; (resp. w;) be test functions in U; (resp. V;) which are equal to 1 on
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supp 0; (resp. on K; := @;(suppo;)). We can find a constant 7 € (0,1) and an index
z(i) € {1,2,3} with [0,(;)@,3| > 7 for each i, see e.g. Lemma 5.1 of [21], where ¢; 3
is the third component of ;. We assume that z(i) = 3. The other cases are treated
analogously, cf. Section 5 of [21] and Section 3 of [19]. Let i € {1,...,N}.

The usual localization procedure leads to a first order system on Ri with variable
coefficient matrices, see e.g. (2.5) in [22]. For our analysis it is important to keep
the constant matrix A$° and the form of the boundary condition. To this aim,
we multiply the coefficients by z-depending matrices R; defined below. We first
introduce the auxiliary function

O3pi3 , _
Bi = wi®i(Osi,3) + (1 — wy) (7 (i)
10503 3]
for a fixed point y; € V;. The second summand is not important since we mostly
work on K; where we have 3; = ®;03¢; 3. It is easy to check the lower bound

|Bi] > 7. We assume that §; > 7 as the other sign is handled in the same way, cf.
Section 5 of [21] and Section 3 of [19]. We then set

1 0 0 -
Ro=p o I o | om=(fg),
wi®i(O1pi3) wiPi(O2piz) —Pi ’
and define the ‘localized’ coefficients
Af = Ry(wi®i Ao + (1 — wi)nI) R},
i . P 3 co o o 83@1',3 1/, co T
Aj - Rz (wzq)'L(Zk:l Ak ak@l,]) + (1 wl) |83§0i,3| (901 (yi))AB )Rz ’
A = A, (2.6)

. 3 .
Dl = wZRZ(DZDR;T - Z 1 A;BJ(R;‘F)_lR;‘F
j=

for j € {1,2} on R% as in Section 3 of [19] or Section 2 of [22], where partly a
different notation was used. We note that A} belongs to Fg’fcp(J x R3) and D' to
F'(J xR?), and that their norms in these spaces are bounded by a constant times

the analogous norms of Ay and D. The maps A} and A} are contained in the space
N N . 3
FRY) = {Ae PRI e FRRLR): A=) 4w,

and they are dominated in the norm of F™ by a constant only depending on G, the
charts, and w;. We stress that the functions u; are scalar.

To deal with the boundary condition, we set k; = —V;3-v € cmH(EnUy).
Observe that V; 3 = —k;v since Vg, 3 is normal to ¥ and that x; > 0 on XN U;
by the properties of ¢; 3. We further define

0 V3 —U2 0 -1 0

Bo = —U3 0 %1 s BSO = 1 0 0 = Jg,
Vo — O 0 O O

B = (B 0), BP=(0 By,

cf. (2.1). Abusing notation, we identify By with tr, at ¥ and B§° with tr, at OR3.
(where v = —e3). As in (3.12) of [19] or Section 2 of [22], we then compute

co > % 2% - co\ p
Bg® =R; (M‘I’i(fﬂBo) + (1 —w;) |£Z: (i 1(yi))Bo )Rf
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on R? x {0}. For the transformed coefficients, we take further cut-offs @; € C°(V;)
which are equal to 1 on suppw; and define the auxiliary maps

Bi(t) = w;®;(k _lb( t) + (1 —wi)nl,
C'(t) = B§bi(t)®i(k:B1) + ®i(k:Bo)bi(t) B,
wil 0
o (40 0)

We now introduce the localized boundary operators and coefficients

B(8) = R B0 + (1 =) 228 (o (31) B 2.7

3 i, _ co7 co
+ il - >|aj” LT W) + (1= w) B B RY
bi(t) = (RT) 0O R;
on R? x {0}. One can then derive the identity
Bi(t) = BS° + B, (t) BS°. (2.8)

For the reconstruction of the original boundary condition on ¥ from the localized
ones it is crucial to note that Bi(t) = R;®;(x;B(t))RF on w; *({1}). Redefining 7
if necessary, we obtain that b; is contained in FQW,CP(I‘) and bounded in this norm

by a constant times the norm of b in F{ZU(J x X).
Let h € H™(J x G) and v € G™(J x G). We introduce the transformed data

Ué = (R?)_l@i(eivo)a gi = Riq)i(ei"fig)v (2.9)
fi _ fl(h7 U) = Rz <(I)1(91h) + (I)z ( 2321 A;Oajeﬂj)) .

These functions belong to H™(RY), H™(T), and H™(£2), with norms bounded by
a constant times the corresponding norms of vy, g, h, and v, respectively. (In the
existence proof one has to construct a suitable map h for a given f.) Instead of
(2.5), we are now looking at the linear system

(t)0pu(t) —i—ZAZ@v )+ Dit)u(t) = fi(t), z€R3 >t

_ _ (2.10)
B'(t)v(t) =g'(t), x€dRL t>tg,

v(to) = v z €RY,

for i € {1,..., N} with the operators and maps from (2.6), (2.8), and (2.9). Once
we have established apriori estimates and the regularity theory for (2.10), we obtain
the corresponding assertions on G in Theorem 4.7. To that purpose, we also need
the case i = 0 which leads to a much simpler full space problem already treated in
[22], for instance. We put dy = 0; and define the hyperbolic operators

3
L(w) = x(w)0 + Zj:1 A5°0; +o(w)  onJxG,
3
LCO(A(),D) =L = AOat + Z Aqoaj + D on J X G7

L' (Ag, Ay, Ay, AP, D) = Z Ai9; + D' on Q. (2.11)

In the last operator and in (2.10) we often omit the superscript <.
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If w or v in G™ solves one of the above linear or nonlinear Maxwell systems, we
can differentiate the evolution equation and the boundary condition m — 1 times
and then take the time trace at t = ¢ty € .J. The resulting compatibility conditions
on {to} X X are thus a necessary property for any sufficiently regular solution. From
(2.1) of [22] and (2.9) of [23] (see also Lemma 2.31 of [21]) we first recall several
important formulas relating time derivatives of a solution v with its value at the
same time ¢, where we assume conditions (2.4), respectively (2.3) for the nonlinear
boundary condition.

Take a time to € J, an inhomogeneity f € H™(Q2), and initial values ug, vy €
H™(R3). Let p € {0,...,m}. Assume that v € G™({2) solves (2.10) without the
boundary condition. Differentiating the evolution equation in time and dropping
the superscript i, we deduce that this function satisfies

OFv(to) = Smp,a,.p(to,v(to), f), (2.12)
for all p € {0,...,m}, where the term S};‘{fp = Sm,p,A;,D(to, uo, f) is defined by

Sliifo = Uuo,
i : = p—1 .
Shiy = Aolto) 08 f () - L AR - < z )aiA()(to)si;?pl

=1

- Z ( ) Dito) Syt 2 1. (2.13)

An analogous formula is true on G if v fulfills (2.5) and we replace A; by A$° for
je{1,2,3}.
Next, let u € G™(J x G) satisfy (2.2). We then obtain

I u(to) = Sm.px,0(tos ulto), f) (2.14)
forallp € {0,...,m}. Here we inductively define the maps S;}ll,p = S p.x,o (to, o, f)
by

nl
Sm,O = Uo,

3 p—1
n - - co n p— 1 n
Sy = xtuo) ™ [or " ftee) = Aoy, - 3 (7 ) arist,
j=1 =1
p—1
p—1 n
(" )Méswi,p_l_l}, (2.15)
=0
6

J
=Y > > Cp, Dy, - Oy, 1) (ug (S
=1

1<j<py1,.-, Vi ENl1,..0l5=
> vi=p

where C(p,v) = C((p,0,0,0),71,...,7;) is the constant from Lemma 2.1 of [23]
and p>1, k€ {1,2}, 01 = x, 0 = 0, M9 = o(up)..

We have to estimate these maps. Lemma 2.3 of [22] (or Lemma 2.33 of [21])
shows the inequality

[1Sm.p.4,,0(to, to, f)llzem-—»(c) (2.16)

p—1
e(ro,m,m,p) ( D11t e 1-56) + oy )
7=0
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provided that Ay € F}"(J x G), A1, Ay, As € F™(G) and D € F™(J x G) and that
the quantities

Ak (to) | Fr-1.0(Gy, 1D (to) | -0y, 18] Ao (to) l2m—1-i @y, 10 D (to) lgm—-1-i ()

are bounded by rq for k € {0,1,2,3} and j € {1,...,m — 1}. Here one can replace
G by R%. Similarly, Lemma 2.4 of [23] says that

1S m.p,x.0 (to, w0, )| #m-r () (2.17)

p—1
(o, Vo) (D2 107 (ko) lpen1-16) + luollaumn ) )
§=0
if x and o fulfill (2.3), the range of ug is contained in V' € U and the number
in parentheses is less or equal ry. Lemma 2.4 of [23] also provides an analogous

Lipschitz estimate for arguments (ug, f) and (4o, f ).
On the other hand, for g € H™(J x ) and v € GE(J x G) solving (2.5) we can
differentiate the boundary condition in (2.5) up to m — 1 times in time arriving at

B(to)afv(to) = 8{,‘9(250) + v X Z (Z) 8tkb(t0)B18f_kv(to) (218)
k=1

on X for all p € {1,...,m — 1}. Replacing B; by B$° the same equation is true
on OR3 and a function v € G¥ () fulfilling (2.10). Analogously, each solution
u € GE(J x G) of (2.2) satisfies

B(u(to))afu(to) tg t() + Vv X Z ( ) Blu (to)Bla (to) (219)

on X for all p € {1,...,m — 1}. To express the factors 9F¢(Byu)(to), as in (2.15)
we set
2

M=% > > C<m><aylj..-ay,1<><BluO>1_Il<Bls:J,yz>

1<5<py1,.-,v ENl1,..nl;=1
> vi=p

for p > 1. Taking into account (2.12) and (2.14), formulas (2.18) and (2.19) lead to
the equations

B(to)Sir, = d¥g(te) + v x Z ( )ak (to)BLSE 4, (2.20)
B(u(to))Sh = d¥g(te) + v x Z ( >M3 BiSh o s (2.21)
k=1

on ¥ for all p € {0,...,m — 1} respectively, which are called the compatibility
conditions of order m for the systems (2.5), (2.10), respectively (2.2). (For p =0
the sums are omitted.)

Remark 2.1. In the following two sections we develop the regularity theory for the
linear problem (2.10) with coefficients Ay € F"(Q), A1, Ay € FIP(R3), Ag = A,
D € F™(Q), and b € Fj}, (T), where we partly add further smoothness and decay
conditions (as |z| — oo) on the derivatives. In our reasoning, we use results from
Section 3 and 4 of [22] or [21] which only involve the evolution equation Liu = f
but not the boundary condition.
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We observe that there it is also required that the coefficients Ay and D are
constant outside a compact subset of Ri. For unbounded domains G, in the main
Theorem 1.1 of [22] it is thus assumed that Ay and D converge at infinity. However,
these restrictions only enter because of one result cited from another work. They
are needed in the basic linear wellposedness result in L? from [7] to derive deeper
trace results in the context of boundary conditions which are different from ours.
This result is replaced by Proposition 3.1 below, which does not need that Ag and
D are constant outside a compact subset. We can thus use the results of Sections 3
and 4 of [22], provided that they do not involve the boundary condition.

3. Linear apriori estimates. We first state the basic well-posedness result of the
localized linear problem (2.10) on the regularity level m = 0. In particular, the data
f, g and ug belong to L2. If we have a solution u € L?(2), the evolution equation
implies that u is contained in H'(J,H~!(R3)). The initial condition thus makes
sense in ’H‘l(Ri). Moreover, the tangential trace can be extended from regular
functions on € to those u € L*(Q2) with Lu € L?() yielding a distribution tr, u
in H~1/2(T), see e.g. Remark 2.14 of [21]. The boundary condition can thus be
understood as an equation in H~/2(T"). We put Div A = Z?:O 0;4A;.

Proposition 3.1. Let tg = 0, A; = A;‘F € Whe(Q)6%6 Ay > nlI, A3 = AP,
D e L>=(Q)%%6, b = bT € L(1)**3 with Ag,b > nl, uo € L*(R}), f € L*()S,
and g € L*(T)3 with g-v = 0. Then there is a unique solution u € L?(Q2)% of (2.10).
Moreover, u belongs to C(J,L*(R3)°), tr, u to L*(T')S, and they satisfy equation
(3.2) and the estimate

(D)2 gy + v lullZz ) + Il trr ulfz ) (3.1)
< e ([140(0)ll Lo (2 ) ||uo||2L2(R3) + 3 1122 @) + l9lliz @)

for constants ¢ = ¢(n, ||bllso) > 0 and vo(n,7) > 1 and all v > ~o(n,r) with r =
| D — Div A/2||s.

This result is essentially known, see e.g. Proposition 2.1 of [3], so that we only
indicate the main steps of the proof. Since the precise form of the constants is
crucial for us, we fully show the estimate (3.1) for a solution u € G° such that also
dju for j € {0,1,2} and A$°0s;u belong to L*(Q). Set v = e_,u. The equation
Lu = f yields

/Lv-vdxdt:/(e_vf-v—vonw)dxdt.
Q o

Using the symmetry of A;, we next compute

3
/Lvmdwdt:%Z/8j(Ajv'v)dmdt+/(D—%DivA)vmdxdt.
Q /e Q

7=0

The first term on the right-hand side is equal to
;]
2 Jr

Basic vector algebra and the boundary condition in (2.10) then lead to

(Ao(T)v(T) - v(T) — Ap(0)ug - ug) do — % / ASPv - vde dt.

3
8 r

1 1
—f/Agov-vdxdt: f/e_gnY (u - tryu? —u? - tryut) de dt
2 Jr 2 Jr
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= / €_2y ub - trp u? da de
r
= / e_oyul - (g— (btryu') x v)drdt
r
= / e_oy (g try ut + (btryub) - tryut) da dt.
r
The assumptions now imply the basic estimate
e 7Y “U(T)||%2(Ri) +n ||UH%3(Q) +n | trs Ul”%g(r)

< %||A0(0)||Lo<>(m<1) ||u0||i2(Ri) +r ||U||2L3(Q) + ||f'uHL§V(Q) + [lg-tr- ulHLév(F)-

By means of the Cauchy-Schwarz inequality and choosing v > 4r/n, one easily
deduces (3.1) with tr, u! instead of tr, u. The remaining summand can be recovered
from the boundary condition tr; u? = g — (btr; u') x v. We note that for v = 0 we
also obtain the equality

J

$Ao(T)u(T) - u(T) dz + /(btrt ul) - trput d(t, ) (3.2)

3
3 r

= %AQ(O)uo-uodz#—/ﬂ((%DivA—D)u-u—Fu-f) d(¢, x)

R
— / g-tryutd(t, ).
r

The other steps follow a standard procedure going back (at least) to [17], see
also [1] or [4]. Estimate (3.1) and a duality argument yield a solution u of (2.10)
in L?(©). One can also show a variant of (3.1) for the interval J = R without the
terms at times ¢t = T and t = 0, assuming analogous regularity assumptions. One
thus obtains a solution u in L2 (£2) of (2.10) on J = R without an initial condition.
Mollifiers in (t,z1,x2) yield aproximate solutions wu,, where A§°0su, belongs to
L2(9) because of the evolution equation. Using the variant of (3.1) on J = R for
un, we see that this estimate is also valid for solutions in LZY (RxR3) and that tr, u
is an element of L2(T").

As in Theorem 6.11 of [4] one next shows that the solution vanishes on (—o0,0)
if the same is true for f and g. For uy = 0, again by mollification one can now
construct a unique solution u € L2(€) of (2.10) satisfying u € C(J,L*(R%)%),
tr,u € L?(T)% (3.1), and (3.2). This fact also leads to the uniqueness statement
in Proposition 3.1. It thus remains to show that for f = g = 0 the solution u is
contained in C(J, L*(R%)%) and fullfills tr, u € L*(I')%, (3.1), and (3.2). In view
of the estimate one only has to consider compactly supported ug. In this case,
the available full space result and the finite speed of propagation imply that w is
continuous in L?(IR3.) for small times ¢ > 0. The result then follows by mollification.

We next establish higher order apriori estimates for solutions w € G™ of (3.1),
extending the approach of [22]. In the first step we treat the ‘tangential’ derivatives
0%u with o € N§ and a3 = 0. We use the space H[?(Q2) containing those functions
u € L?(2) such that all such derivatives with |a| < m belong to L?(£2), which is
equipped with its natural norm. The space H,’;(Ri) is defined analogously. The
number 7y is taken from Proposition 3.1, whereas d,,~2 isequal to 1 if m € {3,4,...}
and zero if m € {1, 2}.
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Lemma 3.2. Let to =0, T € (0, ) p,n >
max{m,3}. Take coefficients Ay € FJ"(Q), A
F™Q), and b € Ff, (T) satisfying

Zo~>0 €N, and m =
QGFT( )A:A D e

[Aillpay <70 [IDllpm@) <7, [blpa-1ay <7y Blamay < ps
max{||A;(0)]

FRoLO(RY ), 08X HagAO(O)”HﬁHlfJ(Ri)} < 7o,

s (| D(O) pa-vogeg x| 108 DO)lgnorosce2) < o

for all i € {0,1,2}. Choose data ug € HW(RS) f € HIQ), and g € H™(T) with
g v =0. Assume that the solution u of (2.10) belongs to G™(Q). Then it is also
contained in G¥ () and we have

D 0% ullEn @y + v llullfiy oy + b7 wllfg ) (3.3)
|| <m
(X3:0
m—1
< Cta [ ||8J HHm 1-3(R3) + ||“0||7-Lm (R3) + Omap” HBluHL‘X’(F)]
7=0

Cta
el + = (g @) + IulEy @)

for all 5 > ~o, where Ct = c:,%(n,r,Tj), Ciny = €24 (1,0, [blloe), and ¢ =
c(n,m, [|bllos). If b even belongs to b € F™(T')*** with norm less or equal v, then
one can set p =0 in the above inequality.

Proof. Let a € N§ with |a| < m and a3 = 0. We use the differential operator
L = Li(Ag, A1, Az, AS®, D) from (2.11). Let j € {0,1,2}. Exactly as in Lemma 3.2
of [22], elementary calculations yield the equations

[} 3
LO%u = fq, z € Ry, teJ,
0%u(0) = ug q, z € RY,
for the functions

fa=0°f ~ Z 3 ()aﬁA 0 Pou— Y (g>aﬁDaaﬁu,

7=00<B8<a 0<p<e
g, = 0%u(0) = 8(0’a1’a2’0)5m,a0,Ak,D(0,u07 1),

where we used A3 = AS°. Moreover, f, is an element of H™1el(Q) and Ug,o Of
H™-1ol(R3) satisfying

[ fellzz @) < 1l (@) + clm, . T') [[ullam @), (3-4)

||’LL0a‘ Hm—a \(]R3) <c n,m To ( Z ||8k H’;_['m 1— k(RS + ||u0||Hm(R3)>

In particular, 9®u has a tangential trace in % ~/2(T'). On the other hand, we can
apply 0; to try 0% u = (—0% “ug, 0 “uy,0, —0% “us, 0 “uy,0) in HY2(T)
and obtain 0; tr, 0 % u = tr; 0%u for j € {0,1,2}. The boundary condition in
(2.10) thus leads to the equation

BO%u = go 1= 0%g + v X Z (a>6ﬁbtrtao‘_ﬁu1

0<8<L
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on I'. We bound the terms of this sum in L?(T'), at first for b € FZLW(F). We use
the trace theorem in the form

| tr“”%{l/z(an@i) <K ||UH§{§&(R3+) +er! \|83UH%2(R1) (3.5)

for any x > 0, which can easily be derived using the Fourier transform.

Let 2 < |8 < — 1. Then the norm of §°b in L*>°(J, L>(OR3)) is less or equal
[[6]| -1, whereas v := e_, tr; 3* Pul can be estimated in L2(J,H3/2(0R3)) —
L*(J,L>°(0RY)) and thus, after taking squares, by

e [ullden oy +een) ™ Nl < & lulden @) +eT"(€9) ™ lulZm o)

using (3.5) with kK = ey and any € > 0. If | 5] = 1 we argue similarly, invoking the
spaces L>(J,H'(OR3)) < L>°(J, L*(9R3)) for b and L*(J,H'(R3)) for v.

The cases m € {1,2} are thus settled. It remains to consider the case m > 3
and o = 3. We can now only use the L?-norm of b and bound v by its sup-norm
which is dominated by ||ul| Les(J;H2(RY))- We conclude

Hga”%g(r) (3.6)
< Mgl oy +elm, ) [evllullFem o) +T" () Hullg o)) +c(m)p®|| treut |70 ry-

The last term disappears if m € {1,2}.
Since g, - v = 0, Proposition 3.1 shows that tr, 9%u € L?(T") and that

||3au||2cg(g) + 0%l Z 20 < ¢ (e(ro) ||u0,a||i2(R§’r) + % ||fa\|%g(9) + H9a||%g(r))

for a constant ¢ = ¢(7, ||b]|s) and all v > ~o(n,7). We now insert estimates (3.4)
and (3.6). Fixing a small number ¢ = &(n,m,r) > 0, one can absorb the second
term in the right-hand side in (3.6) by the above left-hand side. The assertion
follows.

If b belongs to F™ (I'), then we can always estimate 9Pb in L>(J, L?(9R%)), so
that (3.6) is true without the last term and we can proceed as above. O

The normal derivatives can be treated by means of Proposition 3.3 of [22] which is
independent of the boundary condition. We recall this result, see also Lemma 3.11
of [21] and Remark 2.1. Let the coefficients and data satisfy the assumptions of
Theorem 3.3 below with m = 1 and m replaced by 1, and let u € G'(Q) solve
L(Ag, A1, Az, A3, D)u = f and u(0) = ug. Then there are constants C, =
C1o(n,m0) > 1 and C] = Cy(n,r,T") > 1 with

2
||VU||ég(Q) < eclT((CLo +TCy) [2) H@“Hég(ﬂ) + Hf(o)”%z(]gﬁr) + ||U0||3.[1(R3+)}
=
C/
+ Ry o) (3.7)
for all v > 1.

The full apriori estimate now follows by an induction argument. We note that
for m € {1,2} one can probably reduce the regularity conditions of the coefficients
here. For m = 1 it should be enough to require that they belong to W1 C Fl,
and for m = 2 one seems to need W1 and that the second order derivatives of
the coefficients are contained in L>(J, L*>(R3)). Since we are mostly interested in
the case m > 3 and to ease the presentation, we do not elaborate on these points.
For m = 1, Theorem 1.3 of [3] provides such a result in a setting including more
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boundary regularity. For different boundary conditions and m = 1, one finds related
partial results in Corollary 3.12 in [21] and in the proof of Lemma 4.2 of [13].

Theorem 3.3. Let to = 0, T € (0,7'), p,n > 0, r > 19 > 0, and m € N.
Take coefficients Ay € FJ'(Q), A1, Ay € FR(RY), A3 = AS°, D € F™(Q), and
be F;{hn(l") satisfying

[ Aill pre) <, ||DHF771(Q <7 |bllpa-iey <7 [Blamry < p,

max{[|Ai(O)|l pa-ro@y), 197 A0(O)l3en-1-5 gy} < o,
max{[|D(0)| pa-10s ), | ma N DO) lgym-1-5r2 )} < o
for all i € {0,1,2}. Choose data uy € Hm(Ri)e‘, f e H™(Q)S, and g € H™(T)3

with g -v = 0. Assume that the solution u of (2.10) belongs to G™(2). Then it is
also contained in G2 () and there is a number Yy, = Ym (0,7, T") > v with

[l oy + 7 lullign @) + trr wll3m ) (3.8)

< (Coio +TC) ’"ClT(ZIIEVf Wim-s-s gy + Il sy + 9oy

+ Gmsap? [ Brule ) + 7m||f||;;nm)

for all v > v, where Cp, = Cp(n,7,T") > 1, Crio = Cro(n, 70, |b]|00) = 1, and
Cy = Ci(n,r,T') does not depend on m. If b even belongs to F;*(T')*** with norm
less or equal r, then one can set p = 0 in the above inequality.

Proof. For m = 1 the result follows from (3.7), Proposition 3.1 and Lemma 3.2,
after choosing v (n,r,T') > o large enough. We now assume that m > 2 and that
the assertion has been shown for m — 1, keeping the assumptions on the coefficients.

We take the derivative 0, of (2.10) for p € {0,1,2}. The function d,u then
satisfies

2
L(A;, D)0pu = fp :=0pf — Y _ OpAsOiu— 0,Du on 9,
i=0
Boyu = g, := 0,9 + v x (Opbtryu') onT, (3.9)
9pu(0) = ugp := pug on R3,

where Oyug = Sm,LAj,D(O,uo,f). By straightforward estimates, the functions f,
and uo, belong to H™~! and are bounded by

1fpllagm=1() < Wl ) + elm, r)lullm o),

m—1
ot =1 aty + 107 Lo (OB gy < em70) (30 10O s gas
k=0
+ ol mas.) (3.10)

for j € {0,...,m—2}. See the inequalities before (3.38) in the proof of Theorem 3.4
of [22], or Theorem 3.13 of [21]. As in (3.6) we infer

191131y (3.11)

< lglleg oy +elms ) [evlulzn @) +T" ()l )] +e(m)p’ | treut [T ).
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where the last term vanishes if m = 2 or if b € th(F) We apply the induction
hypothesis to (3.9) and insert (3.10) and (3.11). It follows

2

||UH§;¢—1(Q) +7 Hu”%{gﬁ(ﬂ) + | trT“”%{M(F) + Z Hapunégl*l(g) (3.12)
p=0
m—1
< (Choig+TCh )™ DT [ S0 FO)mo1-s sy + o l3em sy + 191z o
7=0

Ch
+ 6m>2p” ||Blu\|%3c(p)} + £ (Hf||%¢;n(sz) + ||u||é;n(g))a

where we already have absorbed the term c(m,r)ey [[ul3,m (o) by the left-hand
ta,y

side fixing a small ¢ = e(m,n,r) > 0. To control the remaining normal derivative
O u, we apply (3.7) to 95" *u. Since the boundary condition does not enter, we
can directly use (3.42) of [22] (or (3.57) of [21]) yielding

2
105"l ) < (Coao + TCh )T (32 N0yl ) + 1 O
p=0
CI
0 B e ) + = (11 ) + el

) (3.13)

For v > v, and a sufficiently large v, = ’ym(nJ,T ), the inequalities (3.12) and
(3.13) imply (3.8). O

Using the trace theorem and the estimate (3.8) for m = 2, we can get rid of the
extra term in this inequality.

Corollary 3.4. Let the assumptions of Theorem 3.3 be true with m > 3 and r > p.
Using the notation of this theorem, we obtain

[ullEe @) + 7 lel3m (o +||tfru||§¢m ) (3.14)
< (Cpmo+TCp) mclT( Z Haj ”Hm 1-3 (R + ||UOHHm(]R3 + ||9H’Hm(1‘))

+ Cme(m+2)C1T[||UO||H2(R§r) +1£(0 )Hg—tl(Ri) + ||atf(0)||%2(R1) + ||9||$-Lg(r)}

Cm
+ T||f||3—t;n(9)~

Unfortunately, the estimate (3.14) does not fit to the nonlinear fixed point argu-
ment since the constants in front of the data in [...] depend on r and thus on the
size of functions inserted in the fixed point operator, see (5.21).

4. Linear regularity results. We still have to construct solutions of the linear
problem (2.5) in the class G¥'. In view of the localization procedure, we can focus
on the halfspace case (2.10). We start with the L2-solution from Proposition 3.1.
Different regularization techniques in normal, tangential, and time direction have
to be applied. The apriori estimates from the previous section then allow us to pass
to the limit and derive the required smoothness. We can directly use the results
of [22] concerning normal regularity since they do not involve boundary conditions.
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The relevant Lemma 4.1 and Corollary 4.2 of [22] are stated below as Lemma 4.3.
To regularize in spatial tangential variables, we employ the norms

ol ey = / [ €2 o) € ) P g,
ol = IS0 196 B ) dgl

for k € Z, § > 0, and functions v € &’ (Ri) whose Fourier transform Fav in
(z1,22) belongs to L (R3). The space HE (R3) consists of those v with finite
norm ||U||H§ (R2)- For £ € Ny we obtain the standard tangential Sobolev spaces

as defined before. (See Sections 1.7 and 2.4 in [11].) The norm of HEM (R2)
dominates that of Hta s(R%). Conversely, if ||'U||er ,(%3) 1s bounded as 0 — 0, then

v is contained in {5 (R3), see (2.4.4) in [11].

To construct mollifiers, we take a map y € C2°(R?) such that Fox(£) = O(|¢[™1)
as € — 0 and Fox(t€) = 0 for all t € R implies £ = 0. Set x.(x) = e 2x(e 1)
for all z € R? and ¢ > 0. The convolution in spatial tangential variables (z1,z2)
by xe is called J.. We collect the properties of J. in the above norms which follow
from Theorems 2.4.5 and 2.4.6 in [11]. There it was assumed that the coefficient A
belongs to Schwartz’ class. An inspection of the proofs in [11] shows that it suffices
to require the regularity stated below.

Lemma 4.1. Letk € {0,...,m}, § € (0,1), v € H{, '(R2), and A € F™(R3) with
0“A € Lz(Ri) for all o € N3. Then there are constants ¢,C > 0 not depending on
0 and v such that

- &
o1t ag ) < 013 ag / ool (14 5) " de

< Cllolsas

1 62 —1
/O |ATw = Jo(AV) e gy 2 (1 + ?2) de < O vl 2 s,

We also use the analogous results on R? = 8R§_ (dropping the subscript ta) which
are taken from Theorems 2.4.1 and 2.4.2 of [11]. Because of the above lemma, for
some time we have to work with smooth coefficients whose derivatives of arbitrary
order belong to L?. An approximation argument will bring us back to limited
regularity of the coefficients later. The next result provides tangential regularity.

Lemma 4.2. Let n > 0 and m € N. Take Ay € FJ*(Q), A1,Ay € F}(R3),
Az = AP, D € F™(Q), and b € Fj},(T). We further assume that 0%A;, 0D €
L*(Q) and 0°b € L*(T") for all o« € N§, B € N3, and i € {0,1,2}. Choose data
ug € H™(R3), f € HR(Q), and g € H™(T) with g-v = 0. Let u be the solution
of (2.10) from Proposition 3.1. Suppose that u belongs to ﬂ;nzl CI(J, ™I (RY))
and trr u to (\;, H/(J,H™ 7 (IRL.)). Then u is an element of C(J, HI(R3)) and
try u of L*(J, H™(OR3)).

Proof. 1) We first show that w is an element of L°(J,H{(R3)) and tr,u of
L*(J,H™(0R3)). Let £,6 € (0,1) and v > 0. The generic constants below do
not depend on § or v. We let ¢ty = 0 for simplicity.
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Applying the operators L = L(Ag, A1, A2, A, D) and B = BS° — v X bB{° to
J-u, we obtain

2

Liu=J.f +Y [A;,J]0;u+[D,JJu  onQ,
=0

BJ.u = J.g —v x [b, J.]B{°u onT,

(4.1)

where [4;, J.] = AjJ. — J.A; etc. Lemma 4.1 implies the commutator estimate

e 27t 2 —2m—1 6%\ 1
HA J1050(t) |33 ) € (H?) de dt (4.2)

< e (lulZe g ey + 10l q)

for all j € {0,1,2}. The other commutators are treated analogously. In particular,
LJ.uis an element of L2(Q), J.ug of L*(R}), and BJ.u of L?(T). Hence, the apriori
estimate from Proposition 3.1 can be applied to J.u. We first use Lemma 4.1 to
derive

T

R —2vt 2 —2vt 2
Ss = ilelg)e Hu(t)HHg}l(Ri) —|—A e 7 try u(t)”Hg"*l(R?) d¢ (4.3)
2

2) o)

1
< 72'yt( 2 2 72m71(
< esupe " (Jul) By + | Iy (14
T
—|—c/ e 2| tr, u(t)H%mfl(R2)dt
0
2 2m—1 9%\t
—I—c// _'*t||trTJu()HL2Rz)dt€_m (1+ ) de

< e (IlZemn oy + Il oy + / ety + 12 7 ullZa )

52\ -1

By Proposition 3.1 and (4.1) there are constants Cy,7 > 0 such that the term in
brackets [...] is bounded by Cy times

L e—2m—1 (1 4

T
170172 (e +/0 2 ([ Jeg())]|72 w2y + b, T BiPu(t) 172 (g2 ) it
2

1 T
+;/Oe 2“[IIJef(t)IIiz(R1>+||[D,Js}u(t)lliz<n@+)+zH[Aj,Js]ajU(t)lliz(Ri)}dt

Jj=0

for all v > 7. We insert these quantities in (4.3) and interchange d¢ and de.
Combined with Lemma 4.1 and (4.2), it follows

5 < ¢ [ulZ s g + 1160 Wgpor oy + olngagy +7 7 (1P Bepey (44)
+ ||’ZL||L2 J’Hm 1(R3 + ||atfu’||§.[1/"—1(Q))+ ||g||'}-tly"(l“)+ ||tr7u||L?Y(J,H;"’_2(R2)) .

The last summand is bounded by || tr, ul|? We can absorb the term with u in

HPTHT)
the regularized norm by the left-hand side z:hoosing a sufficiently large 7, depending
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on T". As a result, the quantity S is bounded uniformly in § € (0,1). We conclude
that u belongs to L>(J,H{(R3)). Fatou’s lemma further yields

T
e ey = [ €81 [ (0167 Fatir-u)(e O de

6—0

T
< lim inf / / (14 JE12)™ (1 + 18€2) Y [ Faltrr w) (1, €) 2 de i
0 2

i 2
= hgnﬁl(glf || tr- u||L%(J7H?71(R2)).

The right-hand side is finite because of estimate (4.4), and so tr; u belongs to
L2(J, H™(8RY)).

2) Step 1) and Lemma 4.3 below imply that u is an element of H™(£2). To show
u € C(J,HZ(RY)), we fix a € N§ with |a| = m and ay = a3 = 0. Using that
u € H™(2) solves (2.10) and that tr, u € H™(T'), we derive

2
Lo®u=0"f=> Y (g>aﬁAj 0°Pou— > (g) 9° DO Py =: f,,
7=00<B<x 0<B<a
BO%u = 0% + v X Z <a> b try 0% Pul =: ga,
0<B<La

aaU(O) = 8°‘u0.

The function f, is contained in L2(Q), gq in L?(T), and 0%ug in L2(RY), cf. (3.4)
and (3.6). Proposition 3.1 then shows that 9%u belongs to G°(Q), as required. [

The following result summarizes Lemma 4.1 and Corollary 4.2 of [22] (or Lemma
4.1 and Corollary 4.2 of [21]). See also Remark 2.1.

Lemma 4.3. Let the coefficients satisfy the conditions of Lemma 4.2, ug € H™ (Rﬁ_),
feH™Q), and let uw € ;2 C7(J,H™ I (RY)) fulfill L(Ao, Ay, Az, A3, D)u = f
and w(0) = ug. Take k € {1,...,m} and a multi-index o € N§ with |a| = m,
ap =0, and az = k. Suppose that 0%u is contained in G°(SY), respectively L*(12),
for all B € N§ with || = m and B3 < k — 1. Then 0%u is an element of G°(Q)
respectively L?(€2).

J

The next lemma allows us to gain one derivative in time. In the proof one
constructs a solution v to the initial boundary value problem which 0;u formally
satisfies. One then checks that the time integral of v coincides with u. Here and in
the next proposition the compatibility conditions enter in a crucial way.

Lemma 4.4. Let n > 0 and J = (to,T). Take coefficients Ag € F3(2), A1, Ay €
F3(R3), A3 = AS°, D € F3(Q), and b € F};, (T). Choose data ug € H'(R3), f €
HY(Y), and g € HY(T) with g-v = 0. Assume that (ty, Ao, A1, Az, A3, D, b, ug, f, g)
fulfills the compatibility conditions (2.20) of order 1. Let u be the solution of
(2.10) from Proposition 3.1. Assume that u belongs to Gg(J' x R3) whenever
uwe CHJ,L*(R3)) and tr.u € H'(J',L*(OR3)) for every open interval J' C J.
Then u is contained in Gx(Q).

Proof. 1) Without loss of generality we assume J = (0,7). Take r > 0 with

[AillFa) <7, IDllrso) <7y llez ) <1



174 ROLAND SCHNAUBELT AND MARTIN SPITZ

maX{HAi(t)HFZ’O(Ri)ajgﬁié} ||agA0(t)||H2*f(Ri)} <,

max{|[D{)l|p=oms), max 10 D(t) g4z r3 )} < 7

foralli € {0,1,2} andt € J. Let v = v1(n,r,T) > 1 be defined by Theorem 3.3. We
further choose a number Cy = Cy(n,r,T) > 1 dominating the constants in (2.16),
Proposition 3.1, and Theorem 3.3. We finally set

Ry := 627T00(||f\|2c:g(9) + ||f||3{g(9) + ||9||?-[§(r) + Huouil(m))- (4.5)

2) Take an initial time t; € J and assume that u(ty) belongs to H'(R3) with
||u(t0)\|?{1(R3) < R;. Choose a time step
+

0 < Ty < min{1, (6Cor?)~'}.

Following the proof of Lemma 4.5 of [22], we want to construct a function v in
C([to, T7], L*(R3)) satisfying

Lv=20,f - 8tD( /t v(s)ds + u(to)) on

to

t
Bu =g+ v x 8tb(/ Bo(s)ds + Bu(ty))  onT',  (46)

to
v(to) = S1,1,4,,0(to, f,u(to)) =: vo on R3.
Here we define T) = min{to + 7%, T}, J' = (to,T2), @' = J' x R}, IV = J' x 0R3,
and L = L(Ag, A1, A, A3, 0t Ag + D). To solve (4.6), we set
R:= (403(1 + Co) + 6+ 600(1 + Cgr)r2)R1 > Rl,

where ¢, is the norm of the trace operator from H!(R%) to L?(9R2.). Let E be the
closed ball in G%,v (V) with radius R'/? and center 0. Take w € E. We look at the
problem

¢
Lv=0,f - 8tD(/ w(s)ds + u(to)) = fu on
to
t
Bv=0ig+v x 8tb< Bi°w(s)ds + B‘fou(to)> =: gu on I, (4.7
to

v(to) = vo on R3.
Note that the data in the above problem fulfill the assumptions of Proposition 3.1.
(Use (2.16) for vg.) This proposition thus provides a unique solution ®(w) €
GY, () of (4.7). Proposition 3.1 and (2.16) imply that

||‘I’(w)||2c;gw(g/) < Co (||Uo||2Lz(R3+) + ||fw||2Lg(Q/) + ||9w||i3(r/))
<203 (Hf(o)||2L2(R§r) + ||u(t0)|\§{1(R§r)) +3Co (||3tf|\%3(9') + HatgHZLg(r'))
T! t
+ 300T2/t ot [T/ (o) B gas 1 7 w(3) 2o oms ) s

0 to
+lu(to) 172 rs ) + 127 ulto) |72 ors ) | dt
< 2C2(1+ Co)Ry + 3Ry + 3Co(1 + c2)r* Ry Ty + 3Cor? T, ||w||2G% @y SR
Y
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Hence, ® maps F into itself. In a similar way we estimate
1®(w) = (D) gg (o) < Collfu = fullZz oy + 9w = galzz o)
<r?CoTy |Jw — w”%;gw(sz/) < gllw— @Hé%,w(m
for all w,w € E. The contraction mapping principle thus gives a unique function
v € E solving (4.6).
3) In this step we assume that u(to) belongs to H!(R3) with Hu(to)”?;{l(n@i) <

R; and that the tuple (¢o, Ag, A1, Aa, A3, D, b, f, g,u(to)) fulfills the compatibility
conditions (2.20) of order one; i.e., B(to)u(ty) = g(to) on OR3. We use the solution
v € G%(Q) of (4.6) on the time interval J' from part 2) and define

0(t) = u(to) +/ v(s)ds

to

for t € J'. An elementary calculation shows that L(A;, D)0 = f on ' and 9(tg) =
u(to). (See Step II) of the proof of Lemma 4.5 of [22] or Lemma 4.7 of [21].) Using
also (4.6), we compute

B(t)o(t) = Blto)u(to) + (B(t) — Blto))ulto) + / Bgu(s) ds

L eOBRGW — o) x v
— glto) + (b{t) — blt)) BEu(to) x v+ (b(H)BE(5(E) — ult)) x v

+ /t Dyg(s) ds — / (04b() BE5(s) + b(s) By (s)) x vds

=g(t) U

for t € J’. The uniqueness statement in Proposition 3.1 thus yields that v = ©
on J' (where we use the obvious variant of this result with initial time ¢y). We
conclude that v € C*(J',L*(RY)) and tr,u € H'(J', L*(ORY)) as tr, commutes
with integration in time, and hence u belongs to G4(€Q') by the assumption.

4) Let to = 0. By the assumptions and ||u0||§[1(R3) < Ry, step 3) shows that

+

u belongs to G((0,Ty) x R3) with Ty = min{T},T}. If Ty = T, the assertion is
shown. Otherwise, Theorem 3.3 and the definition (4.5) yield the bound

1
||U||2c:g(n) = CO(HfH%:g(Q) + HUOH%WM) + ||9||3-1;(r) + ;Hf”%{g(sz))

< 672’YTR1,

so that ||u(T0)H?_LI(R3+) < Ry. Because u € G solves (2.10), the compatibility

conditions of first order are also valid for the initial value u(Tp) at time Ty, cf.
(2.20). We conclude the proof in finitely many iterations. O

For smooth coefficients we now obtain the desired regularity properties on R

Proposition 4.5. Let n > 0 and m € N. Take Ay € th(Q) with 0z Ag €
FPtmmlhQ), A, 4, € FR(RY), As = AP, D € F™(Q), and b € Fjp, (D).
We assume that 0%A;,0°D € L*(Q) and 9°b € L*(T) for all « € N§, B € N§,
and i € {0,1,2}. Choose data ug € H™(R3)®, f € H™(Q)S, and g € H™(T)? with



176 ROLAND SCHNAUBELT AND MARTIN SPITZ

g -v = 0 such that the tuple (to, A;, D,b,uo, f,g) fulfills the compatibility condi-
tions (2.20) of order m. Then the solution u of (2.10) from Proposition 3.1 belongs
to GZ(Q).

Proof. We proceed as in the proof of Proposition 4.7 of [22], letting to = 0 for
simplicity. The result for m = 1 is a consequence of the three previous lemmas. We
assume that we have shown the assertion for some m € N and that the assumptions
are satisfied for m + 1. Hence the solution u of (2.10) belongs to G¥(€2). With the
notation of the proof of Lemma 4.4, we see that the function v = du fulfills

Lv = Orf — 0 Du =: fy on €,

Bv = 8ig +v x 8;b B{°u =: g, on I, (4.8)

’U(O) = Sm+171’A].’D(0,U0, f) =179 on Ri

Observe that the coefficients and data in (4.8) satisfy the regularity assumptions of
the induction hypothesis. For the compatibility conditions, we note that Lemma 4.6
of [22] (or Lemma 4.8 of [21]) yields

Sm,p,Aj,D(O’ o, fu) = Sm+1,p+1,A]~,D (07 U, f)

for all p € {0,1,...,m — 1} and D := ;A + D. Equations (2.12) and (2.20) thus
imply

B(0)S,,, p.a,,5(0,v0, fu) = B(0)Sm41,p+1,4,,0(0, uo, f) (4.9)
p+1 ptl
=" g(0) + v x kzl ( i >ak (0)BSPOP T 4,(0).

On the other hand, by means of v = d;u we calculate

P
0 gu(0)+v x Y <£) Arb(0)BSeaY*v(0)
k=1
= (9f+1 _|_ U X Z < >8k+1b Bfoaf_ku(O)

+vx Z ( ) 0)BSaP " 1u(0)

prl
= g(0) v x Y (p i )a’“ (0)Bdy ™~ u(0).
k=1

Combined with (4.9), we have established the compatibility condition (2.20) of order
m for (4.8).

The induction hypothesis now shows that d;u belongs to GZ(€2). By Lemma 4.3,
Lemma 4.2, and the fact that tr, commutes with differentiation in time, the map
u is thus contained in GE1(Q). O

Above we have assumed extra smoothness of the coefficients. This assumption
can be removed by an approximation argument. Take Ay € F;”(Q), Ay Ay €
F(R3), A3 = AP, D € F™(Q), and b € FZL,TI(F). Using standard methods,
one constructs functions Ay, € th(Q), A, Ao € Fg?(]RiL D. € F™(Q), and
b. € F{ZW(I‘) for € > 0, which are uniformly bounded in the respective F—space
and tend uniformly to Ag, A1, A, D and b, respectively, as € — 0. Moreover, all
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their partial derivatives are contained in the respective F-space and thus in L2.
The analogous results are true for Ag-(0) and D.(0) with m replaced by m — 1.
(Compare Lemma 2.2 of [22] or Lemma 2.21 of [21].)

We again choose data up € H™(R3), f € H™(Q), and g € H™(T) with g -
v = 0 such that the tuple (0, Ag, A1, Az, Az, D, b, ug, f,g) fulfills the compatibility
conditions (2.20) of order m. To use the approximating coeflicients, one has to
modify the initial value in such a way that (2.20) is still satisfied.

Lemma 4.6. Under the above assumptions, there is a number g > 0 and functions
ug,e i H™(R3) fore € (0,e0] such that the compatibility conditions (2.20) of order
m are satisfied by the tuple (0, Ay, A1 e, Ao e, A3, De,be, w0, f,g). Moreover, the
new initial values ug . tend to ug in Hm(Ri) as e — 0.

Proof. Slightly modifiying the notation in (2.12), (2.13) and (2.20), we set
Si;Lij(UO) = Sm,p,Aj,D(O7 Uo, f) = 85“(0)
for pe {0,...,m — 1} as to = 0 and f remain fixed. We further define
Bi=(—I BPb0)) and  B.:=(—I Bb.(0)).

The compatibility conditions (2.20) can be rewritten as

BASSE® (ug) = 0F g(0) +1/><Z< > 0)Bf°Sh i (uo), (4.10)

P T
co in p co glin
B [sttuo) + (0.3 (7))o, 4(u) | = otat0)
k=1

on 8Ri. Here and below, sums from 1 to 0 or from 0 to —1 are defined as zero.
Here we understand B§° just as matrix and not as a trace operator. Since 9Fb(0) €
H=k=1/2(R?) for all k € {0,...,7m — 1}, the extension result Theorem 2.5.7 in [11]
yields a function b € H™(R3.) such that trops O%b = 0Fb(0) for allk € {0,...,m—1}.
In particular, we can extend 9£b(0) by 95b to a function in H™ ¥ (R3). We write
Shn (ug) for the term [...] in (4.10), where we extend it to a function on R3 as
described above. This term is expanded as

p—1
S (o) = AP%ug + Y Cpp j0%uo + By f, (4.11)
§=0
where A := —A(0)"'A43, the tangential differential operators C,,_; belong to

L(H™I(R3),H™P(R2)) and B, is an element of £L(H™ (), H™ P(R3)). These
mapping properties can be shown using the product rules Lemma 2.1 of [22] (or
Lemma 2.22 of [21]) and the regularity of 85b.

By B, S}q‘f‘p .y Ac and G, ,_j . we denote the variants of the above operators for
Aj <, D. and bE, where we obtain b, as b above. As in the previous paragraph, one
sees that the functions C,, ,_; . are bounded in £(H™ (R3), H™P(R%)) uniformly
in € > 0 by the properties of the coefficients. We further note that 9Fb.(0) converges
to 0Fb(0) as € — 0, since b tends to b in H™(T). Since the extension map from
Theorem 2.5.7 in [11] is continuous, we infer that b, converges to b in H™(R3) as
e — 0. One can thus show that in %™ ?(R?%) the maps Slin_(ug) tend to Sgl‘fp(uo)

N N . m,p,€
and (b — be)B1.SE (uo) to 0 as e — 0.
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We are looking for functions ug . € H™(R3) satisfying
B-ASSE (ug,) = 0P g(0) = BAS S (ug) on ORY..

m,p,€

Let ug, = ug + h for some h € H™(R%). The e-variant of (4.11) yields

p—1
Smpe (W0 + 1) = Syt (o) + AL+ D Cp i cOih.
§=0
We thus have to find a map h € H™(R%) solving
p—1
BLAS ALOYh = B A [S (u) — S, (ug) — 3 oy 03]

Jj=

+ (B - B.)AgShn, (o)
p—1 ]
= BAP S (o) = S, (o) = 3 Cppoyiclih (412)
7=0

+ (0, (b= b) B S, (u0)) |

We first construct functions a? € H™ P(R%) for p € {0,...,m — 1}, € € (0,&0)
and some g > 0, which satisfy the variant of (4.12) where we drop B. and replace
dh by al € H™~I(R3). Moreover, the functions a? tend to 0 in H™ P(RY) as
e—0.

This is done via induction over p. For p = 0, set a? = (0, (b — b.)BS°ug)” in
Hm(Ri). Let the functions a® be constructed for 0 < k < p—1 < m — 1. The
right-hand side of (4.12) without B is equal to A$°v. for maps v., which tend to 0
in H™ P(R%) as e — 0 by the above observations. We now use Lemma 4.9 of [22]
(or Lemma 4.11 of [21]) which does not depend on boundary conditions. It yields
functions a? for £ € (0,e0] and some g9 > 0 such that a? — 0 in H™ P(R3) as
e — 0 and AL APaP = A§°v.. So the maps a? exist.

Again by Theorem 2.5.7 in [11], we can find functions h. € H™(R3) satisfying

trors Bhe = trogs af for p € {0,...,m — 1}. Moreover, he converges to 0 in
Hm(Ri) as € — 0. The maps h. thus satisfy (4.12) and ug . = ug + h. fulfills the
variant of (4.10) for the approximating coefficients. O

Based on the results established so far, we can now derive the desired regularity
result. Recall that we allow for G = R3.

Theorem 4.7. Let T € (0,T"), p,n >0, r > 19 >0, and m € N. Take coefficients
Ay € FM(J x G), D e F™(J x @), A3 = A, and b € Fj7,(J x X). If G =R},
pick Ay, Ay € FIP(R3). Otherwise, let Ay = AS° and Ay = AS°. Assume that the
coefficients satisfy

[Aillrmxay <7 IDllpmxa) <m0 Ibllpa-1uxs) <70 [blamaxs) < ps

maX{HAi(O)HFT;"*lvO(JxGyje{ln.lnaﬁ_l} HagAO(O)HHm,l,j(G)} <o,

maX{||D(O)||Fﬁm—1v0(JxG)7je{lf?fii(n_l} ||3gD(O)||Hm—1—.7(G)} < ro,

for i € {0,1,2}. Choose data ug € H™(G)S, f € H™(J x G)S, and g € H™(J x
¥)3 with g - v = 0 such that the tuple (0, Ao, Ay, Az, A3, D,b,ug, f,g) fulfills the
compatibility conditions (2.20) of order m.
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Then there is a unique solution u € GZ(J x G) of (2.5) and there is a number
Ym = Ym(n, 7, T") > 1 such that

||U||2ng(1xc) + [ 67 ull3m ) (4.13)

< (Crmpo +TCy) mCIT( Z 107 £ (0)|3m—1- i@ + lluoll3m @) + ||9||7-Lm (Tx%)

+ Om>2p’ HBWHQLgo(sz)) + TWHfH%-L;"(JXG)

for all v > ~p, and with constants C; = Ci(n,r,T') > 1 for i € {1,m} and Cp, o =
Crn,0(1,70, [|blloc) = 1. If b even belongs to F,* (J x X)** with norm less or equal
r, then one can set p = 0 in the above inequality. For m > 3 and r > p we further
have the estimate

||U||g;;n(JxG) + | trr“”%{m sz) (4.14)
< (Cmyo + TCry)e™ T ( Z 107 £ (0)[5m—1- i@y + lwoll3m @) + HgHHm(JXE)>

+ Cme(mH)ClT(HUOHHZ(G) + £ O3 6y + 18: £ O Z2(c) + ||9||§-[3(Jx2))

+ Tm||f||§uy(1xc)-

Proof. We only sketch the proof since it is very similar to those of Theorems 4.10
and 1.1 of [22] (or Theorem 4.12 of [21]). We first treat the localized problem (2.10)
on Ri. We take approximating data as in Lemma 4.6 for ¢ = % Proposition 4.5
then provides solutions u,, € G () which are uniformly bounded in this space due
o (3.8) and (3.14). From Banach-Alaoglu we thus obtain a weak* accumulation
point u of (u,) which belongs to G%(Q). We apply (3.1) with the given coefficients
to the difference u,, — u. By means of the uniform convergence of the coefficients,
it follows that the maps u, tend to u in G%(2). Using this fact, one sees that u
satisfies (2.10).

To show that u € GE(12), one first applies 9;" ! to the system (2.10). The result-
ing data satisfy the compatibility conditions (2.20) of order 1 as the given data fulfill
them up to order m. Since 9" 'u € G4(9), as in step 2) of the proof of Lemma 4.2
we can deduce that 9} 'u belongs to C'(J, HL,(R%)). By Lemma 4.3, the function
9" u is an element of G'(J' x R3) provided that 9;* 'u € C1(J', L*(R})) for any
open interval J’ C J. Lemma 4.4 then shows that 9" 'u is contained in G%(Q).
As in the proof of Theorem 4.10 in [22], one now inductively infers that v belongs

to GE(Q).
Finally, one passes to the domain G # Ri by a localization argument. See steps
IV—VT of the proof of Theorem 5.6 in [21] or of Theorem 3.1 in [19]. O

If G is unbounded, the above result imposes decay of the derivatives of Ay and D
as |z| = oco. Actually, if these derivatives are bounded one obtains the same results
much easier. As in [22], we have thus focused on the case treated in the theorem
and describe the easy extension in the next result.

Remark 4.8. Let G be unbounded. As in Remark 1.2 of [22] we can weaken the
regularity assumptions in Theorem 4.7 to Ay, D € W (J x G) and

VaeN; with1<|a|<m: 0%4¢,0°D € L>®(J,L*(G)) + L>=(J x G). (4.15)
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One further has to assume that the corresponding norms of Ay and D are less or
equal r, and 9%Ay(0) and 9*D(0) are bounded in L*(G) + L*>°(G) by rq for all
la| < m — 1. Here one can also replace G by R3. The conditions on b remain
unchanged. Throughout, in new terms involving bounded parts of 0“Aqy and 9% D
these derivatives can easily be estimated by their sup-norms.

5. Local existence and uniqueness. The apriori estimate of Theorem 4.7 does
not allow us to treat the nonlinear absorbing boundary conditions as described in
(2.2) and (2.3) in full generality. The problem arises in the terms with highest
derivatives of b = ((Byi) for a function 4 € G#%(J x G) with range in U. For
simplicity we first look at the problem on T, the case J x ¥ then follows by the lo-
calization procedure described in Section 2 and in [21]. We often use Lemma 2.1 and
Corollary 2.2 in [23] which deal with mapping properties of substitution operators.
This lemma yields the formula
2

By = Y > > > Clam,. ) (5.1)

B,7ENS,Bo=0 1<F<|V] v1,...,7,€ENG\{0} lisenli=1
Bty=c 2=y

j
By, - 0y, L) (Bra) [ [ 07 (Bra,,
i=1

for a € N} with || < m. We take m > 3. This expression can be written as a sum
Smain Of the terms with « = v and j = 1 plus the sum Spe, of the other terms.
The summands in S, can be estimated by the norm in Hl(Ri) of the product

[T_, 8 (Bya);, using the trace theorem. The product rules in Lemma 2.1 in [22]
or Lemma 2.22 of [21] (and localization) lead to the inequality

ISreml|Z2 sy < T llSvemllZoe (rp2(my) < €T (L || E (xq)) = C(R)T,  (5.2)

where [|ifgm(sxq) < R. If |a] < m, one can estimate the full function 0*¢(B11)
in this way.

To treat the term Spmain = 0¢((B11)0*(B14) in the case || = m, we define the
quantities

A= max @Ol (F) = @7 (5.3

for & > 0. Let ||B10(0)[|L(sxs) < R. Assuming also that [|illgm(sxa) < R, we
estimate

[0eC(B1) || Lo (g x5y < [10eC(B1(0)) || oo 55y + TIIOZC(Br) Bidyit| oo ()
< 2(R) + C(R)T|lill s (sxc) < 20(R) + C(R)T.
‘We derive
Hsmain||2L2(J><E) < ¢o(20(R)* + C(R)T?) ||Blﬁ||3{m(sz)~

It thus follows
Y 10°¢Bid)l[F2(sxxy < C(T + 20(R)?). (5.4)
la]=m
We further take maps © and v with ranges in ¢/ and satisfying || B19(0)|| o~ (sxx) < R,
||17HGT£(JX@) < R, and analogously for v. In a similar way we estimate

1(C(B1@) = C(B10) Brvll3 o o) < C(T + 2(R)?) . — ]

(5.5)

2
m—1 -
GZ,'V
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The constant C' depends on R, ¢, and a time 77 > T'. In the fixed point argument,
one part of the resulting right-hand sides can be made small choosing a small time
interval (0,7") depending on the radius R. For the other one we will have to assume
that z(%) is small, which either means that we are close to a linear boundary con-
dition or that we deal with electric fields having uniformly small tangential traces
initially. In the linear case, where { does not depend on the state u, the number
z(R) is even 0. Here we actually allow for time depending coefficients b = ¢ in
E7" (J x %), see (2.4). This case is much easier to treat since for linear boundary
conditions with such coefficients we can use our main linear estimate (4.13) with
p =0, i.e., without an additional boundary term involving w on the right-hand side.
Inequalities like (5.4) and (5.5) are used several times below.

Exactly as in Remark 2.5 of [23], for unbounded G in our proofs we will make a
simplifying assumption on the coefficients xy and o in order to avoid certain easier
terms in the calculations.

Remark 5.1. Let G be unbounded, m > 3, 4 € @m(J x G), and x and o be
given by (2.3) or (2.4). As noted in Remark 4.8, for our linear results we can admit
coefficients Ag = x (@) and D = o (1) belonging to the space described in (4.15). The
additional bounded terms can easily be estimated in each computation. Without
loss of generality, in the proofs we will therefore exclude such terms by imposing
extra decay on the space derivatives of x and o as |z| — oco. More precisely, for all
multiindices a € N} with ay = ... =ag =0and 1 < |a| <m, R >0,V € U, and
v e L>(J,L*(G)) with range in V and [|v|| Lo (s,12(c)) < R we require that

(0*X)(v), (8%0) (v) € L=(J, L*(G)),
1(0°X) ()l Lo (g,22(q)) + [1(0%0) (V)| Lo (s, L2y (@) < Cs (5.6)

where C = C(x,0,m, R, V). With this assumption, Lemma 2.1 of [23] yields that
x(@) and o(4) are contained in F™(J x G).

We start with the uniqueness of solutions to (2.2).

Lemma 5.2. Let t1 > to in R and J = (to,t1). Assume that either (2.3) or
(2.4) is valid. Let uy,us € G%(J x G) solve (2.2) with inhomogeneity f, boundary
value g, and initial value ug at initial time to. If assumption (2.3) is satisfied,
we require that zo(R1)*Rs < (2Co) ™" where F1 > maxjeq1,2y || B1u;|| Lo (yxx), Fa =
minje gy 2y || Biujl| oo (sxx), and Co is taken from (5.7) and depends on the norm of
uy and ug in WH*(J x G) and on the lower bound n of x and ¢. Then uy = us.

Proof. We focus on the assumption (2.3) of a nonlinear boundary condition, and
indicate the necessary changes for the linear one from (2.4) at the end of the proof.
Let Ty € J be the supremum of all ¢t € J such that u; = up on [tg,t]. The two
functions coincide on [tg, Tp] by their continuity.

We suppose that Ty < t;. We take a time 77 € (Tp,t1) and set J' = (Tp,T7).
We fix a compact set V' C U containing the ranges of u; and us on J’. The maps
up and ug in G%(J' x G) both solve (2.2) on J’ with the same initial value u;(7p),
inhomogeneities f and g, and the operators L; = L(x(u;), A®, AS®, AS°, o(u;)) and
Bl = B(u;) for j = 1, respectively j = 2. Without loss of generality we assume
that || Biug|| pe(sxs) = minjeqr 2y [[Biujl o (sxx). The difference uy; — uy fulfills

Ly(uy — uz) = (x(u2) — x(u1))0us + (o(u2) — o(u1))us =: f1 on J' x G,
Bi(u1 —up) = ((((Biuz) — ((Byu1))Biug) x v =1 g1 on J x X,
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(u1 — UQ)(T(]) =0 on G.

Lemma 2.1 of [23] and Sobolev’s embedding theorem yield that x(u;) and o(u;)
are elements of F3(J x (), and ((u;) of F§/(J x X). Moreover, x(u1) and ((u) are
symmetric and bounded from below by n > 0. Let r (resp. R) be the maximum of
the norms of u; and ug in WH*°(J x G) (resp. in G3,(J x G)). Then the Lipschitz
norms of x(u;) and o(u;) and the sup-norm of {(u;) are bounded by a constant
depending on r. Proposition 3.1 now provides constants Cy = Cp(n,r) and v =
~v(n,r) such that

[ur — U2||2G%,W(foc) < Co (||f1||%g(wxc;) + ||91||2L,2Y(fo2))' (5.7)
The Lipschitz estimates on x and o from Corollary 2.22 in [23] imply
Hfl”i?y(J’xG) < c(n, R)Y(T" = Tp) lur — U2Hég(J'xG) . (5.8)
Recalling the definition of %; in the statement and of z in (5.3), we next derive
||91H%3(foz) < 20(R1)*Rs || trr (ur — u2)||2L3(J'xG) : (5.9)

By the assumption on &;, we can choose 7" > Tj so small that (5.7), (5.8), and
(5.9) imply that w; = ug on [Ty, T”] and thus on [tg, T']. This result contradicts the
definition of Ty, and hence u; = us on J.
Under assumption (2.4) we have the boundary conditions
BUj = (B2 — UV X bBl)'LLj =g

and hence B(u; — uz) = 0. So the above argument can be used with g; := 0 and
thus without any assumption on ®;. O

We next construct local in time solutions of (2.2) using Banach’s fixed point
theorem and our linear result Theorem 4.7. Special care in the treatment of the
constants is required to close the argument, and we need the structure of the esti-
mate (3.8) here. For the data we define the quantity

k—1
di () = lluol3x(ay + D107 F ()15 + 1 15eraway + 19130k ey (5-10)
=0

Moreover, Cg is the norm of the Sobolev embedding H?(G) — Cy(G). We note
that below the number Cj only depends on a radius r3 > d3(J)/? instead of r, as
an inspection of the proof shows.

Theorem 5.3. Lettyg e R, T >0, J = (to,to+71), and m € N withm > 3. Assume
that either (2.3) or (2.4) is valid. Choose data ug € H™(G)®, f € H™(J x G)Y,
and g € H™(J x )3 with g-v = 0 such that the tuple (to, X, o, C, o, f,g) fulfills the
compatibility conditions (2.21) of order m. Pick a radius r > 0 satisfying

dm(J) <72
Take a number k > 0 with
dist({ug(x) |z € G}, 0U) > k.
If (2.3) is valid, we take K > 0 with
2(F) < min {1(CnoC) ™12, (2Co) 72} (5.11)

and assume that || Biug| gy < k. The constants Co, Cp, 0, and C depending on
X, 0, ¢, m, v, k, and T are given by Lemma 5.2, (5.17), (5.4), and (5.5).
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Then there is a time T = 7(x, 0,(,m,T,r, Kk, k) > 0 such that the nonlinear initial
boundary value problem (2.2) with data f, g, and ug has a solution u on [to,to+ 7]
which belongs to GZ((to,to + 7) X G). It is unique among those solutions with

||Bl’U||L°°((t0,t0+‘r)><Z) < K.

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4) at
the appropriate points. Without loss of generality we assume ¢y = 0 and, if G is
unbounded, that x and o satisfy (5.6), cf. Remark 5.1. Moreover, the quantities
d(J) can be chosen to be positive since u = 0 is the unique solution of (2.2) for
(ug, f,g9) = 0 by Lemma 5.2.

Let 7 € (0,7] and R > 0. We introduce J, = (0,7) and

V.. = {y €U | dist(y, 0U) > k} N B(0,Csr).
Note that ran(ug) is contained in the compact set V,;. Our fixed point space is
E(R,7) = {v € GE(J; x O) |l0llag roxa) < R 10— w0l (ro i) < 5/2,
dlv(0) = Sm.j,o(0,ug, f) for 0 <j <m—1}
endowed with the metric induced by the norm of G%~!(J, x G). We have
ran(v) C V,, := Vi, + B(0,x/2) CU (5.12)

for v € E(R,7). Lemma 5.4 and a localization provide a function w € G (J, x G)
satisfying the initial conditions in F(R, 7). Using Lemma 5.4 and the estimates on
Sm.jx.o from Lemma 2.4 in [23], one obtains a constant C5 4 = Cs5.4(x, 0,m, T, 7, K)
such that ||w||ég < C54r. Take R > Cx 4r. Since

w(t) —ug = /0 dsw(s)ds,

we can bound [|w — uol| ey «g) < CsRT. As a result, E(R,7) is non-empty, if
we choose R > C5 41 and 7 € (0,%/(2CsR)]. To show completeness of E(R,T), we
take a Cauchy sequence (u,,) in E(R, 7). It then has a limit v in G~ (J, x G) <
L>(J; x G), which satisfies the initial condition and the L>*-bound of E(R,T).
Moreover, the m-th order derivatives of u, have weak* limits in L*°(J,, L*(G)),
respectively weak limits in L?(J,, L?(0G)). These limits are the corresponding
derivatives of u which thus belongs to G%(.J, x G) with norm less or equal R.

2) Let 4 € E(R,7). Take n > 0 from (2.3). Then Ay := x(@) is contained
in F*(J- x G), b= ((B14) in Ff}, (J- x ), and D = o(a) in F™(J; x G) by
Lemma 2.1 of [23], Remark 5.1, Sobolev’s embedding, and the remarks before (5.4).
The tuple (0, x(a), A5°, AS°, AS®, o(4), (@), uo, f, g) satisfies the linear compatibility
conditions (2.20) due to the formula

Sm,p,x(ﬁ),A;O,d(ﬁ) (07 Uo, f) = Sm,p,x,a(oa Uo, f) (513)

from Lemma 2.6 of [23], the initial conditions in E(R, 7), and formula (5.1). Theo-
rem 4.7 yields a solution v € G¥(J, x G) of the system (2.5) with the coefficients
Ap, D, b and the data ug, f, g. In this way one defines a mapping ®: @ — u from
E(R,7) to GE(J, x G). We want to prove that & is a strict contraction on E(R,T)
for a suitable radius R and a sufficiently small time step 7.

To this aim, take numbers 7 € (0,7 with 7 < x/(2CsR) and R > C5 4r which
will be fixed below. Let & € E(R, 7). Because of (5.12), the map ((@) is bounded
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by a constant ¢(V,,). Using Lemma 2.1 of [23], one finds radii ro = ro(x, o, {, m, 7, )
and Ry = Ry(x,0,(,m, R,k,T) such that

max{||x (@) (0)[| p-r0(cy, | _max [0 (@)(0)]lzm-1-1(c)} < 7o,

1<i<
max{|[o(@)(0)|| pm-1.0(), 1<Ilriax ||8§0’('EL>(O)||HW1—Z71(G)} < 7o, (5.14)
Ix(@)|[Fmrxays llo(@)pmxay, 1C@)Ipm-—1rxq) < Ri- (5.15)

(See step II) of the proof of Theorem 3.3 in [23].) Moreover, the relations (5.4) and
(5.12) imply the bound

S 10°C(Bri) 3wy < CC R 1) (7 + 20(R)?). (5.16)

|a]=m

Let the constant

CYm,O = Cm,O(X7 g, Cv T, K) = Cm,O(n(Xa C)u TO(Xa g, Cﬂ m,r, ’i)7 C(VH)) (517)

be given by Theorem 4.7. The radius R = R(x,0,(,m,r, k,T) for E(R,T) is now
defined as

R := max 32C o1, Csar +15¢. 5.18
{vac. J (5.13)

Let v = Ym(x,0,(, Ty, k) and Cp, = Cp(x,0,(,T,r, k) be the constants from
Theorem 4.7 with n(x, ¢) and Ri(x,0,(,m, R, k,T). Lemma 2.1 in [22] (or Lemma
2.22 in [21]) yield product rules and Corollary 2.2 in [23] Lipschitz bounds of compo-
sition operators. We write Cy 1 [29] for the maximum of the constants in Lemma 2.1
in [22] and Cy 4 |25 for that of Corollary 2.2 in [23] applied to our material laws
and with the numbers m and R and the set V,,. We finally introduce the exponent
v =7(x,0,(,m,T,r k) and the time step 7 = 7(x,0,(,m, T, r, k,K) by

+ = max {vm, c,,;}ocm}, (5.19)
. K ln2 Cm 0 =/ A ~2 2 ~\2 1
= T 011 4 (T
remmin T, am o A [16C O (R + CET(T + 20(R))]
(16C,.00) ", [32R20m70022.17[22]022.2)[23}]‘1}. (5.20)

3) With the definitions and notations of step 2), Theorem 4.7, (5.16), and
Sobolev’s embedding yield

12(@)1Zg (s, xa) < €77 ||‘I’(ﬁ)H2Gm LT %G)
< (Cinp + TCy)etmOr+2)7 (Z 10 £O)Bin-1-s¢6) + Iuoll3en )

_ N Con or
+ ||9||3¢;n(J,xz) +C(1 + 20(r*)) | B1®(@ )||Loo(J xz)) + 7627 I1£113

H (T, xG)
< 2Cm0-2(r? + T(r + 20()) 2 Brolli = ) + 2720 (Br®(@) (s, ) )
< 8Cymo <r2 + O(7 + 20(R)%) (R + 72C2|9 () |2 (JTXC;))). (5.21)
Employing (5.11) and R > 1, we thus obtain

1@(@)lZg s, <) < 16Cmo(r? +Tlr + 20(7)2)?)
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2
< % + 16C,, oC &7 + 16C,, cC2(F)* < R?.

Step IIT) of the proof of Theorem 3.3 in [23] shows that the map ®(i) satisfies the

initial and sup-norm conditions in E(R,7) which are the same as in the fixed-point

space used in [23]. Hence, ® maps F(R, 7) into itself.

In the case (2.4) with linear boundary conditions, we can apply Theorem 4.7
with p = 0, so that in the third line of (5.21) the term with pre-factor C disap-
pears. Hence, (5.21) is even true with the smaller right-hand side 8C,, o7? and the
invariance is valid without a condition on k.

Take @,0 € E(R,7). Set u = ®(4) and v = ®(d). As above, we look at the
linear system (2.5) with coefficients Ag = x(@), D = o(4), and b = ((B14). The
difference v — u solves this system with initial value 0 and inhomogeneities

f= (@) = x(@)0w + (o(@) =0 (d))v,  §=Bo(((B1a) = ((B19)) B

We can thus use Theorem 4.7 as in (5.21) with (0, f, §) instead of (ug, f,g).
Lemma 2.1 in [22] (or Lemma 2.22 in [21]), Corollary 2.2 in [23], (5.5), and (5.20)
then yield

N AN (12 2T o ~\ (12
12(0) = ®(@)[En-1, ) < €7 NO) = D) [En-1;. )
1. — ~ PO
< 1 |6 — uHég_l(JTxG) +4Cm oC (1 + 2(R)?) |6 — U‘|2Gg—1(J,xG)
3. .
<7 10— UHZGQ—l(JTxG) : (5.22)

(Compare step IV) of the proof of Theorem 3.3 in [23].) Together with Lemma 5.2,
the result is proven under assumption (2.3).

In the case (2.4) with linear boundary conditions, we simply have § = 0 and we
can use Theorem 4.7 with p = 0. As a result, estimate (5.22) holds with factor }
instead of % without a condition on k. O

We add a lemma used in the proof of Theorem 5.3.

Lemma 5.4. Let m € N and k € {0,...,m — 1}. Take maps hy in H™ *(R3).
Then there is a function u € G™(R xR3.) such that 9fu(0) = hy, for all k, the trace
of u on OR3. belongs to H™(R x OR3), and

”U”Gm(RxRﬁr) + ”aguHL?(R,HmH/?—j(Ri)) + |l trors UH?—L’"(RX@Rﬁr)

m—1
<c Z ||hk||H'rH(R1)7 (5.23)
k=0
for all 5 €{0,...,m} and a constant ¢ = ¢(m).
Proof. Let k € {0,...,m — 1}. Take g, € S(R?). Fix a map ¢ € C°(R) which
equals 1 in (—3, 1) and vanishes on R\ (—2,2). We define the function v by

m—1 tk
olt.a) = FH(e(@+ -0 Y gy ) @), (ha) € R,
k=0 ’

where F and the hat denote the spatial Fourier transform. Observe that we apply
F~! to a function in S(R*). The dominated convergence theorem yields

O v(0) = gr



186 ROLAND SCHNAUBELT AND MARTIN SPITZ

for all k. To show (5.23) for v and g, we take j € {0,...,m} and compute

1820113 00 (R 33 m3y) = sup / (14 [€]2)™ 7 |F(8fv) (¢, €)|* d€

g0sup/ (1+ )

! (01 + 1) 203 5 )| ae

teR k!
m—1
<CZigﬂg/3<l+|5\2>m-ﬂ‘-k|gk<§>|2\az[ L JeP) o)L+ (62 b)) de

<o Z / (AR Hgu(€) s 03 (6)s4) e

m—1

/ (L 16" 41O a6 = C 3 laelfn-scoy

So the ﬁrst estimate in (5.23) has been shown.

For the second one we proceed similarly, now abbreviating ¢; . := (s ~ 1(s)s*)(®
for each I € {0,...,m}. We then derive

107012 g pem 1735 oy = / / (A g2y | F (@] o) (¢, € dé dt

Z/ (IR 36 [ 1L I 200 1+ 162 v

=0
1

/\m |2ds/ (L4 €)™ [u(e >|2dg<c§jugk|\ym

Denotlng (z1,22) by ' and (&1,&) by &', we finally compute

m—1 k

_ R

Oyo(t,a’,0) = 9P FH (w((1+] - [)1/2) i =)0
k=

—5 [ a;n(w«u|£|2>1/2t>§gk<£>ﬁ) a6 de’.
™ JRr2 m R 5—0 k'

The spatial Fourier transform on R? of 9/"v(¢,’,0) is thus given by

m N 1 m 2\1/2 milA tk
FO ot 0)(€) = <= [ o (s(1+162)0 3 n(©) ) dea
k=0 ’

We next fix a time t € R\ {0}. Since 1 vanishes on the complement of (—2,2), the
integrand above vanishes if |£5]| > 2/|¢|. This fact yields the estimate

For |2<02[/1+\f|

90O Va1 + 1620 ds |

| /\

2/|t|
/ 1 dé, / L4 €)™ (30 ()2 [ (1 + [€2)/20) e
—0 2/t

1

k(1 2\1/24Y12
e 3 fosirr o Pl a g s,
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Since k < m, at least one derivative falls onto ¥ in ¥, x = O (t — Y(t)t*). As ¢
is constant on (—1/2,1/2), the function t,, , vanishes on this interval, and hence

the map s — W belongs to C°(R). We infer

107", 0) s = / [ 1F@r e, on ()P ag ai
|w m—1
m, k m—k -
<c Z “as / P MG AE < C Y grllm ey
k=0
Also employmg the trace theorem, we obtain (5.23) for the functions v and g;. The
assertion now follows by approximation. O

We assume that the conditions of Theorem 5.3 concerning the data are valid and
that the inhomogeneities f and g belong to the spaces H™((to,T) x G) respectively
H™((to, T) x X), for all T > 0. For the assumption (5.11) we take the quantity
dm((to,to + 1)) unless something else is specified. We then define the mazimal
existence time by

T+ - T+(m7 Lo, Uo, f7 g)
:=sup{7 > to |3 unique G -solution u, of (2.2) on [to, 7]} (5.24)

The interval (tg,T4) =: Jmax is called the mazimal interval of existence. These
notions are modified in a straightforward way if the inhomogeneities are given only
on a bounded interval (o, T7). Theorem 5.3 shows that T > to. (If there were two
solutions, one can shrink 7 to use the uniqueness assertion in Theorem 5.3.) Since
we have included uniqueness in (5.24), we can define a mazimal solution u of (2.2)
on Jmax by setting u(t) = u,(t) for t € Jnax and any 7 € (¢,7). The function u
thus belongs to G¥((to,T) x G) for all T < T,. In the next result we also state
the basic blow-up condition. To show it, assume that T < co and conditions (a)-
(c) were wrong. Theorem 5.3 would thus allow us to extend u beyond T using
Theorem 5.3, which is impossible.

Proposition 5.5. Let tg € R and m € N with m > 3. Assume that either (2.3) or
(2.4) is valid. Choose data (uo, f,g) such that ug € H™(G)8, f € H™((to,T) x G)°,
g € H™((to,T) x )3 for all T > ty, g-v = 0, and the tuple (to,x,c,(, uo, f,9)
fulfills the compatibility conditions (2.21) of order m. If assumption (2.3) is valid,
we require condition (5.11) and that ||Biug|/pe(xy < K. Let u be the mazimal
solution of (2.2) on Jmax tntroduced above. If Ty < oo, then one of the following
blow-up properties

(a) liminf, ~7, dist({u(t,z)|x € G},0U) =0,

(b) limg s, [[u(®)]gem @) = o0,

(¢) limsup, 7, [|[Biu(t)||L=(z) = K for any K satisfying (5.11),
occurs, where the last item is removed if (2.4) is satisfied. In (c), we assume
that (a) and (b) do not occur and define the constants in (5.11) for the quantities
k= dist({u(t,z) |z € G,t € (to,T4)},0U) > 0 and r* = d,,,(Ty — 6, Ty + ) for
some 0 € (0,Ty —to) and with |lug|lym ) replaced by liminfy ~7, [[u(t)|lzm(q)-

6. Local wellposedness. In this section we improve the blow-up criterion of
Proposition 5.5 and show the continuous dependence on the data. For various
quasilinear hyperbolic systems, one has established such criteria in terms of Lips-
chitz norms. (See Section 4 of [23] for references.) These results rely on Moser-type
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estimates as stated in Lemma 4.2 of [23]. They will imply in particular that the
maximal existence time is independent of m > 3 in the case of linear boundary
conditions. The next proposition is the key step in this direction, where we recall
the definition of di(J) in (5.10). Since we have to localize again, we recall the
abbreviations O = J x R3 and I' = J x 9R3..

Proposition 6.1. Let m € N with m > 3 and to € R. Assume that either (2.3)

r (2.4) is valid. Choose data ug € H™(G)®, f € H™((to,T) x G))°, and g €
Hm((to, T) x )3 with g-v = 0 for T > to such that the tuple (to,X,o,(, ug, f,9)
fulfills the compatibility conditions (2.21) of order m. Let u be the mazimal solution
of (2.2) provided by Proposition 5.5 on Jymax = (to,Ty). We introduce the quantity

w(T) = sup fu(®)wr.=)
tG(to,T)

for every T € (to, Ty). We further take r > 0 with dpy(Jmax) < 12 We set T* = Ty
if Ty < oo and pick any T* > tg if Ty = oco. Take wy > 0 and a compact subset Uy
of U such that w(T) < wg and ranu(t) C Uy for allt € [to,T) and some T € (o, T™).
If (2.3) is true, we also assume that (5.11) is valid for ® and that

2(F)* < 1/(2Cn), (6.1)
where & = || Biul| Lo (1o, 7)xx) and C = C'm(x, o,¢,m,r,wo, U, T* — tg) is defined

as MaxXy<k<m Z|a\:k Ch,a with Cy,o appearing in (6.5).
Then there exists a constant C = C(x,o,(,m,r,wo, Uy, T* —to) such that

Hu”?}g((to,T)xG) < Cdp((to,T)).

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4) at the
appropriate point. Without loss of generality we assume ty = 0 and that, if G
is unbounded, the nonlinearities x and o satisfy (5.6), cf. Remark 5.1. We fix a
number 77 € (0,7*) such that w(T”") < wp and ranu(t) C U, for all t € [0,T"].
Let T € (0,7'] and set J = (0,7). We have to work with the localized nonlinear
problem on G = R3 and coefficents A1, Ay € F/F(R}) and A3 = A$°. The full
space case has already been treated in Proposition 7.20 in [21]. We do not repeat
the localization procedure itself, cf. Section 2. Using

o =x(w)(f ~olwu =" _ A05u),

we obtain a constant ¢ = ¢(x, o, 7, wg, U, T*) such that
[ullwree @) < [|0¢ull Lo (o) +w(T) < c.

We put L(u) = L(x(u), A1, Az, A3, 0(u)). Let a € N§ with |a| < m. In view of
differentiated versions of (2.2), we define

fa=0"F= (g)w (u) ;0% Bu—z 3 ()aﬁAaaa Py

0<B<a j=10<B<

-y (g) 880 ()9 Pu,

0<pB<a

goa=0"g+vx Y (6>aﬂg BS°u)9* P B§°u,

0<B<ax
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As u solves (2.2), the function v = 9%u satisfies the system

L(u)v = fao, zeR3, te (0,7),

(6.2)
v(0) = 8(0’“1""2’0‘3)Sm7a0,x7a(0,uo, f), ze€ Ri.
If additionally ag = 0, it is a solution of the boundary value problem
L(u)v = fa, reR3,  te(0,T),
B(u)v = ga, T € aRi, te(0,7), (6.3)

'U(O) = 8(0,&1,az,az)vaao,Xp.(O,Uo, f)7 WS Ri

Here we used that 9/u(0) = Sy, ;..o (0,u0, f) for all j € {0,...,m} by (2.14).
Let || <m — 1. Step I) of the proof of Proposition 4.4 of [23] shows that

[ fallzz) < [1fllgiei@) + cllullyien @)
[for b @) + I1far (0)lp2rs ) < cdjarj+1(T) + cllullpganien o)

with a constant ¢ = ¢(x, o, m, r,wp,U;). These estimates follow from the Moser-type
Lemma 4.2 of [23] which is actually true for ue H™(Q2), cf. Lemma 7.19 of [21].

As in (5.4), we reduce most terms in g, to those appearing in f, by means of
the trace theorem. The main ones then lead to a summand involving z(%). So we
arrive at

lgallzzwy < lgllaerry + ¢ (lullre @) + 2(F) 1BT°0%ul L2(r)),

9 1320y < M9l () + € (lullagany + 2(F) Z I1Bi°0%ul L2(ry)
[Bl=la’|+1
where ¢ = ¢(x, 0,(,m, r,wo,U;). Under assumption (2.4), for linear boundary con-
ditions g, is defined with b instead of ((B{°u) so that g, does not contain highest
order derivatives of u. The above estimates are thus true without the summands
involving z(%), which then also do not appear below. Hence, the result is valid
without conditions on % in this case.
2) We next show that there are constants Cy = Cy(x, o, , m, r,wo, Uy, T*) with

10U Zo(q) + Bagoll0 1) trr ufa ) < Crdi(J) (6.4)

for all & € N§ with |a| = kand k € {0,...,m}. Proposition 3.1 yields the case k = 0
as in the proof of Proposition 4.4 of [23]. Solet (6.4) be true for all j € {0, ..., k—1}
and some k € {1,...,m}. Take a € N§ with |a| = k. We first show that there is a
constant Cy o = Cia(X,0,(, m,r,wo,Us, T*) with

1000y + Basol| 02 tr, ul| 72 p (6.5)
T
<Ca {dk('])ﬂLZ/O [Haﬁu(S)Hiz(Ri)+56302(E)2HBfoaﬁU(S)Hiz(ami)]ds}
|B|=Fk

for each o € N} with |a| = k. This claim is shown via induction over as.
So let g = 0. Since 9“u solves (6.3), Proposition 3.1, the bounds on f, and g4,
and estimate (2.17) yield a constant ¢ = ¢(x, o, , k, r,wo, Uy, T*) such that

10%ulZg (< € (dn(T) + ullFper o) + 2R D 1B°0 ullZar))-
|81=k

The derivatives of u of order up to k—1 can be bounded by the induction hypothesis
(6.4). So we have shown (6.5) for k and ag = 0.
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In another induction assume that (6.5) is true for k and all ag € {0,...,1 — 1}
and some [ € {1,...,k}. Set @’ = a — es3. The function * u then satisfies the
initial value problem (6.2) without a boundary condition, where « is replaced by
o'. Estimate (3.7) applied with v = 1 thus yields

2
07wl < €T IV ulZg 0y < ¢ (3010507 ullZoay + | far O)]2s,
j=0

+ |90z G, o (0, f, uo) 3 gy + 1ol ()

where ¢ = ¢(x, 0,(, k,r,wo, Uy, T*). We then employ the induction hypothesis (6.5)
for ag =1 —1 to the terms Hﬁjaaluﬂéo(m, the bounds for f,/, and estimate (2.17)
to infer that

2
07wl < e(de () + lulZeiq)) +e( D Crarse, ) [dr(0)
3=0

T
3 [ 0P g #5002 R B0 (5 g )]
Using the induction hypothesis (6.4) for £ — 1 once again, we conclude that (6.5) is
true for all a3 = [, and thus for all ag < k.
We now sum in (6.5) over all o € N§ with |a| = k. Assumption (6.1) then allows
to absorb the boundary terms in the left-hand side. Afterwards, we use Gronwall’s
inequality to obtain a constant Cy =Cy(x, o, (, m,r,wo, U, T*) such that

S (10%ulZogey + Bago |09 tr w2, 1)) < Cre(). (6.6)
la|=k
We have thus shown (6.4). The assertion now follows by induction. O

The blow-up criterion for (2.2) will be established in the local wellposedness The-
orem 6.4 below. Before, we provide auxiliary results needed to show the continuous
dependence on data, starting with an approximation lemma in lowest order. Its
proof is omitted since it is a minor modification of that of Lemma 5.1 in [23].

Lemma 6.2. Let J C R be an open interval and ty € J. Take coefficients Ag n, Ao €
F3(Q), A, Ay € F3(RY), A3 = AP, D,,D € F3(Q), and by,b € F%m(l") for
all n € N such that (Aon)n, (Dn)n respectively (bn), are bounded in W1>°(Q)
respectively WH°°(T') and converge to Ag, D respectively b uniformly. Let B; = Bj°
for j € {1,2} and G = R3.. Choose ug € L*(RY), f € L*(2), and g€ L*(T") with
g-v=0. Let up,u € GL(Q) solve the linear Mazwell system (2.5) with the above
coefficients and data. Then (uy), tends to u in G%(€).

The next result is the core of the proof of continuous dependence. It improves
the norm in which solutions converge by one regularity level, provided one has
appropriate apriori information.

Lemma 6.3. Let J C R be an open bounded interval, to € J, and m € N with
m > 3. Assume that either (2.3) or (2.4) is valid. Choose data ug,up,, € H™(G),
fofn € H™(J x G), and g,g, € H™(J x B) with g-v =0 and g, - v = 0 for all
n € N such that

luo,n — vollmcy — 0, |[fu = fllmixa)y — 0, llgn — gllamsxoq) — 0,
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asn — oco. We further assume that (2.2) with data (to, uo n, fn,gn) and (to, uo, f,g)
have GE(J x G)-solutions u, and u for all n € N, that there is a compact subset
Uy of U with ranu(t) CU; for allt € J, that (un)n is bounded in GZ(J x G), and
that (up)n converges to u in G~ ' (J x G). If (2.3) is valid, we require that

2(R)* < 1/(2C) (6.7)

for a fized number & > || Biu| pr), where Cpn = ém(x,a,g,r,ul,T’) appears in
(6.17), |J| < T', and r only depends on dy(J), |lullapxa) and Q. Then the
solutions u, converge to u in GZ(J x G).

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
and indicate the necessary changes for the linear one under hypothesis (2.4) at the
appropriate point. Without loss of generality we take tg = 0, J = (0,7) and that, if
G is unbounded, the nonlinearities x and o satisfy (5.6), cf. Remark 5.1. Moreover,
T is less or equal than a fixed time T” < co. As in Proposition 6.1 we have to work
with the localized nonlinear problem on G = R and coefficients Ay, A> € F/F(RY)
and As = A5°. We do not repeat the localization procedure itself, cf. Section 2.

Throughout, we let o € N3 with |a| < m and n € N U {oc}, where we put
Uso = u etc. Due to our assumptions, we can fix a number r > 0 that only depends
on dm(J), |ullep(sxe), and 2 and that dominates the quantities dy, (J) for the
data (wo,n, fn,gn) and the norms of u, in GF () and L>(N) as well as A; and
As in F™(Q). Here and in the next statement we may omit n < ng for some
no € N. Let x = dist(Uy,0U) > 0 and U] = U; + B(0,x/2). Then we obtain
R > || Biun || (ry and ranu,(t) C U] for all ¢t € J and n € N. There is another
radius R = R(x, 0, ¢, m,r,U;) dominating the functions x(u,) and o(u,) in F™(Q)
and ¢(B%u,) in F7(T).

Let L,, and B, be the differential and boundary operator from (2.5) with coeffi-
cients Ag = x(un) and D = o(u,) respectively b = ((B°uy,). We use the modified
inhomogeneities

2
fam=0F— (g)aﬁan)ataaﬁun—z 3 (g)aﬁAjajaaﬂun

0<B<La j=10<8<La
— Z <a>860(un)8a_’8un,
0<B<La IB
« - co
Jan = 0%+ v x Z (B)aﬁC(B(foun)aa BBl Unp,s
0<B<a

where we assume that oz = 0 when considering g, here and below. Exploiting
that A3 and Bj° are constant, we see that the function v = 0“u,, solves the linear
initial boundary value problem

3
LnU:fa,na $€R+, teJd,
Bnv = gan, z e aRi’ ted, (68)
U(O) = 8(070(17a2’a3)5m,ao,x,a(07 U, n, fn)a HARS Ria

if a3 = 0. We further introduce the auxiliary map

ha(t) = Z Z Z Z ||(8yzj --~ayzl89(571772773)‘91')(1‘71(75))

i=10<j<m 0<v<a,70=0 l1,...,[;=1
[y|=m—j
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— By, -+ By, O, () | oo mr
3

+ D > Y 1@y, -0y, 00 D) (B un (1))

0<j<m 0<y<a’,70=0 l;-sl=1
lv|=m—j

= Dy, -+ 0y, O D) (BFu(t)) | Lov (023 )

where t € J,n €N, 0 = x, 0 = 0, 3 = x~1, and o/ € N} with |a/| = m. Observe
that the functions h,, tend to 0 uniformly as n — co.

Using the calculus results Lemma 2.1 of [22] (or Lemma 2.22 of [21]) and Corol-
lary 2.2 of [23], one can show that all maps f, ., and g, are bounded in L?(f2)
respectively L?(T") by a constant ¢ = ¢(x, o, (,m,r, Uy, T"). If |a| < m — 1, then we
have analogous bounds in H!(2), G°(Q2) respectively, H*(T'). We further derive the
inequalities

||foz,n_ foc’oonitk(ﬂ) < C{an_ f”?—tm(ﬂ) + Hun_ u| é‘m*l(ﬂ) —+ 5\a|(mfk)||hn|‘go

' « 2
+/0 > 10%(un(s) —u(s)) |72y, s

&eNg,|a|=m
1 fam— fawollZoy < ¢ (Ifn = FlEm-1(q) + ltn — ullm-1() (6.9)

Hga,n_ goc,oo||'2;-[k(9) < C[”gn_ gH’?{M(F) + Hun_ u”émfl(ﬂ) + 5\a|(mfk)||hn||go

T -
[ 10 )~ o)) g

GENA |a|=m

T -
+ 2(7)? / ST BP0 (un(s) — ()2 oms ) ds

AENS,|a|=m

for k € {0,1} and |a| < m—1, using also (5.4) and (5.5). Here the first and the last
estimate are also true for || = m in the case k = 0. For linear boundary conditions
under assumption (2.4), in g, ,, we replace 9°C(B{°u,) by b, so that highest order
derivatives of u do not appear in g, . For this reason, the last summand and hence
z(R) disappear in the above estimate and the calculations below. So the conclusions
will be true without restriction on %.

2) We first treat tangential derivatives with ag = 0. We set
W, = 0010208 (0, U0, fr)-

To decompose 0“u,, = wy, + z,, we use the solution w,, € GOE () of the linear system

Lyv = fa,00 zeR3, tedJ,
Bu = go.00s z€dRY, tel, (6.10)
v(0) = W, 00, x € Ri,

with fixed data, and z, € G%(Q) of the linear problem
3
an:fa,n_fa,ooa xERJr, teJ,
Bpv = Ja,n — Ja,oc0; z € OR? s teJ, (6.11)

v(0) = wo,, — Wo,00, T € Ri,
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with data tending to 0 as we show below. These solutions exist due to Proposi-
tion 3.1, and we have wo, = 0%u by uniqueness and (6.8). By our assumptions, the
coefficients x(un), o(u,) and ((B$°u,) converge uniformly to x(u), o(u) respec-
tively ¢(B$°u). In view of the estimates in step 1), Lemma 6.2 shows

|wn — 0%ullgo, @) = [lwn — wWeollgo () — 0, n — 0o. (6.12)

Let v = v(x,0,(,m,r,Uy,T") > 1 be the parameter v,(n, R) from Proposition 3.1.
We now apply this result to (6.11). By means of (6.9), we thus obtain

Gm-1() + I hnll (6.13)

22 o) < e|di () + llun —ul

T
DY 00 0n(5) = w6 g+ 2710 B 6) = o) oy ) 1]
for a constant ¢ = ¢(x, o, (, m,r,Uy, T"), where we sum over all multi-indices & € N§
and o € N} with |al,|a’| = m and a3 = 0, and the quantity d?,(.J) is defined as
in (5.10) for ugn — uo, fn — f and g, — g. We write I,(T) for the above sum of
integrals. Since 0% (u, — u) = w, — 0%u + z, by uniqueness again, estimates (6.12)
and (6.13) imply the bound

10% (un (t) — () 72z ) + 107 trr (un — W)[|Z2(r) < Gan +eln(T)  (6.14)

for all ¢ € J and numbers a,,, tending to 0 as n — oo.
We want to extend the above estimate to the general case ag < m; i.e., we have
to show the claim

t
10° (un (£) = u(t)) | Z2(z3) < @am + Cma Y /O 10° (tn(5) — u(5)) |72 (py ) ds

aleNé
lo|=m
+2(7)*Crma Y, 107 B (un — u) |22 r (6.15)
B'eNS
|B'[=m
for null sequences (aq,n)n, & constant CA’mva = Am@(x, o,¢,r,Uy, T'), and all t € J
and o € N§ with |a| = m.
We show this claim by an induction over [ = a3 € {0,...,m}. Let the inequality
t
0% (un(t) — u(t))”iz(Ri) < aix,n + Cma Z /0 0% (un(s) — u(S))H%z(]Ri) ds
o/ |=m

+2(®) O Y 107 B (un —w)lTery  (6:16)
|B'|=m

be true for null sequences (al, ), and all ¢ € J and a € N§ with ag =1 — 1 for

some [ € {1,...,m}, where we sum over o’ € N§ and 3’ € N3.
The case | = 0 was settled in (6.14). To show the claim for a3 = [, one needs
a version of Proposition 3.3 in [22] (i.e., our estimate (3.7)) which can be applied
to the differences u — u,,. Unfortunately, this result does not apply directly since it
only involves a fixed operator. However, the arguments in its proof can be extended
to the case of data and coefficients that converge as in our situation. This has been
carried out in steps IIT)-V) of the proof of Lemma 7.22 in [21], see also step III)
of Lemma 5.2 in [23]. In this reasoning the boundary conditions do not enter. The
boundary terms in the right-hand side of (6.15) only appear since they are needed
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for the pure tangential case [ = 0. They are then carried on when invoking the
induction hypothesis. So (6.16) follows from estimate (7.150) of [21]. We have thus
shown (6.15).

Next, we sum in (6.15) over all a € N§ with |a] = m and a3z > 1 and in (6.14)
over all @ € N§ with |a| = m and a3 = 0. Combining the resulting inequalities, we
arrive at

S 0 ) Dy DD 107 e — ) gy
a€Ng,|a|=m BENS,|B|l=m
t
A o’ 2
CotCu X[ )~ sy ds (617

o’ €N, |/ |=m

+2(7)?Cr D 107 B (un — )Ty,
BIENG, |8 |=m

where a,, = ZaeNg la|=m Ga,n and C,, = C’m(x,a,c,r,bﬁ,T’) is given by Cn =
ZaENé,\od:m Cm,a~

One can then use the smallness assumption (6.7) on z(%) to absorb the boundary
terms on the right-hand side by the left-hand side. Finally, Gronwall’s inequality
implies that 0% (u, —u) and 9° tr, (u, —u) tend to 0 in G°(Q) respectively L?(I') as

n— 00, with |a|=|8|=m. The lower order derivatives converge by assumption. [J

We finally establish the full local wellposedness theorem. For times to < T we
introduce the data space

My o.cm(to, T) = {(iio, f,3) € H™(G) x H™((to, T) x G) x H™((to,T) x ¥ |
(x,0,¢, to, f,g,ao) is compatible of order m, §-v = 0}
and endow it with its natural norm.

Theorem 6.4. Let meN with m>3 and to €R. Assume that either (2.3) or (2.4)
is valid. Choose data ug € H™(G), f € H™((to,T) x G)), and g € H™(((to,T) x X)
with g-v =0 for all T > ty such that ran(ug) CU and the tuple (x, o, (, to, uo, f,9)
fulfills the compatibility conditions (2.21) of order m. If assumption (2.3) is true,
we pick & > 0 satisfying (5.11) and we require || Biugl|p(x) < K/4.

Then the mazximal existence times Ty (k,to, uo, f,g) from (5.24) do not depend
onk e {3,...,m} if (2.4) is true. Moreover, the following assertions hold.

(1) There exists a unique mazimal solution u of (2.2) which belongs to the func-
tion space G ((to,T) x G) for all T < T4.

(2) If Ty < oo, then

(a) the solution u leaves every compact subset of U, or

(b) lim sup; »p, [Vu(t)| o (qy = oo, or

(¢) condition (c) from Proposition 5.5 occurs or (6.1) fails as T — T..
If (2.4) is valid, the last condition can be dropped.

(3) Let T € (to,T4). Fiz T' € (T,T4). If assumption (2.3) is true, let (6.7) hold
on (to, T") and assume that ||Biul||pee (1o, 17)xx) < K/4 and that (6.21) is valid for
k. (The constants in these conditions depend on r from (6.19), (T' —to), and k =
£ dist(Uy, 0U) for a compact subset Uy C U with ran(u(t)) C Uy for all t € [to,T"].)
Then there is a number § > 0 such that for all data (io, f,§) € My o.c.m(to,T)



QUASILINEAR MAXWELL EQUATIONS 195

fulfilling
l[tio — wollam () < 0, If = Fllam (toryxay < 6 1§ = gllam ((to,7)x5) < 6

the maximal existence time satisfies Ty (m, to, f.,q. o) > T. Let u(-; to, 1, J) be the
corresponding mazimal solution of (2.2). The flow map

v BMX,U,C,,,L(to,T')((u07f?g)va) — Gg((t07T) X G)7 (ﬂ‘Oa f7§) = U(';’ﬂ,o,f,g),

is continuous. Moreover, there is a constant C = C(x,0,(,m,r,T" — to, k) with

1 (0,1, f1, 1) — U (iio,2, f27§2)||gg‘1((t07T)><G) (6.18)
m—1 o o
< Clliio,y — G0 2llam(cy + C Y 107 fi(to) — & falto) lrm-i-1(c)
=0

+C |y = Fallam-1(oryx ) + C 131 = Gallem—1 (o) x )

for all (o 5, f;,3;) € Bu, o, (00,7 (0, £..9), ).

Proof. Assertions (1) and (2) follow from Propositions 5.5 and 6.1.

1) To show (3), let to < T < T’ < T4 be as in the statement and J' = (t,T").
Again, we focus on assumptions (2.3) concerning nonlinear boundary conditions,
and indicate the necessary changes for the linear one under hypothesis (2.4) at
the appropriate point. Let C§ be the norm of the embedding of H™(J' x G) in
G™Y(J' x @) and Cg of H2(G) into Cy(G). We take a radius r > 0 such that

wollagm @y + 1 fllam-1(rxa) + 1 llam <y + 1glmm <z < r/(mCs),

lullgm sy < (6.19)
Let Uy € U and & > 4||Biul|peo(,,17)xx) be given as in the statement. Using
Lemma 2.1 of [23] and (5.4), one finds a radius ¥ = 7#(x, 0, ¢, m,r, K, Uy ) larger than
the norms of f(u) in F"™((to,1") x G), of ((Biu) in Fj/((to,1") x ), of O(u(to))
in Fm~19(@) and that of 8/0(u)(ty) in H™ 179(G) for j € {1,...,m — 1} and
6 € {x,0}. We fix a number x < 3 dist(U,dU) and set

V. = {y € U| dist(y,dU) > k} N B(0,2Csr) and V. =V, + B(0,x/2) CU.

We take R = R(x,0,(,m,4r,k,T") > 4r of (5.18) in the proof of Theorem 5.3.

Choose a number 7' € (to, T') and data (o, f,§) € My o.c.m(J') such that g
maps into V,, and the data satisfy the bounds (6.19) with 2r instead of r. Let
J = (to,T). We assume that a solution & € GE(J x @) of (2.2) exists for these
data with norm less or equal R in this space and taking values in V.. Let & > &
bound the supnorm of B;d on (t07T) x . Then there exists a constant C' =
é(x, o,C,m,2r, R, V., T’) and a time step 7 = 7(x, 0, ¢, m, 2r, R, V., R, T") such that
the difference of v and @ is controlled by

m—1
i = ulEn1 5y < C|lli0 = o llFm1cy + D 107 F(to) = & F(to) 3m—s-1()
j=0
+ ”f - f||§{7n—1(j><G) + ||§ - g”iynfl(sz) s (620)

where J = (to,to + 7) and we assume that

7, 2(k)* < (6CC(R))™! (6.21)
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with C = C(R) from (5.4) and (5.5) and C introduced below. To show this claim,
we note that @ — u solves the linear problem (2.5) with coefficients Ay = x(u),
D = o(u) and b = {(Bju), as well as data 1y — uo,

o ==+ (x(u) = x(@)0hit + (o(w) — o (@),
¥ =9—g+ Bo(((Biu) — ((B1@)) By .
We now apply the apriori estimate (4.13) in Theorem 4.7 to this problem, using

(5.4) and the bounds on the coefficients stated after (6.19). Inequality (4.13) yields
constants ¢ = ¢(m,n,r, 7, T') and vy = yo(m,n,r,7,T") such that

m—1
it = sy < o —tolms iy + D 107 0(t0)Bemssoy 1l )
, p

= N ~ . 1
+ s OC) (7420 @B =) gy + Il o)

where G := J x G and v > . To treat the extra term in the case m > 4, we
first note that 29(%)? < c(r) because of (6.19). As in (5.21) we additionally use
Sobolev’s embedding to estimate

1Bua=0)l2 1ymy < 20 — w03 sy + 272000 — )| 5,

< C(Hﬂo - uOH?_lm,—l(G) + 7A'||’ll - u||2G7an1(ij)).

The functions ¢ and v can be controlled by means of (5.5) and the calculus results
Lemma 2.1 of [22] (see also Lemma 2.22 of [21]) as well as Lemma 2.1 and Corol-
lary 2.2 of [23]. We then obtain a constant C' = C(x,0,¢(,m,2r,R,V,,,T') such
that

& — ul

m—1
2012”,;1(@) < C(”’ao = o|[3m-1(c) + ZO 107 f (o) = 0] f(to)|IFm—i-1(c)
J:

A 1
2 - 2 N 2
+ Hf - f”q.gynfl(@) + Hg - g”yfy"”(jxil) + ;Hu - UHG?*I(@)

+C(R)(7 + 2(R)*) & — uf

2

GEIN(IxaG) )

for v > 70. Fixing a large ~, condition (6.21) implies (6.20). In a linear boundary
condition we only have ) = g— ¢ and thus the term with C'(R) is not present above,

so that we do not need assumption (6.21) in this case. This fact allows to omit the
restrictions on K below if we work under assumption (2.4).

2) We take as a time step 7 the minimum of 7 in step 1), of K/(2CsR), and
of 7(x,0,¢,m,T',2r, k, k) from (5.20). There is an index N € N with ¢y + (N —
Dr < T <ty+ Ntr. Weset t, =tg+kr for ke {l,...,N—1}. Ifto+ N7 <
T, we put ty = tg + N7; else we take any ty from (T,7"). Next, we choose a
radius 6 > 0 which is less than 7/(4mC%), %/(4Cs), and x/Cs. Let (io, f,§) €
Bty ¢ o) (W05 f59),00) =t Bar(do). These data thus satisfy the bounds (6.19)
with a right-hand side dg + r/(mC%) < 2r/(mCg). We also have ||Biig||pe(x) <
Csdo + k/4 < K/2 as well as |lug — @/~ (c) < Csdp so that the range of g is
contained in V.

As a result, Theorem 5.3 yields a solution & € G¥((to,t1) X G) of (2.2) with
data (ﬁo,f, g) instead of (ug, f,g). The proof of this theorem also shows that
@ is bounded by R in G¥((to,t1) x G) and thus ¥ maps By (dp) into the ball in



QUASILINEAR MAXWELL EQUATIONS 197

G¥ ((to,t1) x G) with center 0 and radius R. Moreover, both || Byu|| e ((zy,¢,)xx) and
| B1@t|| oo ((to,¢1)x 5y are smaller than & by the choice of 7. It follows that estimate

(6.20) is true for @ instead of @, with time step 7 and constant C’, because &
satisfies (6.21).

Next take a sequence (uo,n, fn,gn)n i Bar,, .. (to,17) (20, f,9),00) which con-
verges to (ug, f,¢g) in this space. Since

m—1 . .
ijo 167 fa(to) — 8L f (to) 1 3m—i-1(cy < MCsllfn = Fl3m((to.ryxcy) — O
as n — 0o, estimate (6.20) yields the limit
||\Ij(u0,n7 fnagn) - \I](u(h f7g)HGg_1((t0,t1)><G) — 0.

Lemma 6.3 thus shows that (U(uo.n, fn, gn))n tends to U(f, g,up) in GZ((to,t1) X
G). We conclude that ¥ is continuous in (uo, f,g). Using (6.19) and the choice
of k, we then find a number & € (0,dy] such that for all data (i, f,§) in the
ball By, .. (to,77) (10, f;9),61) the solution W (i, 1, g) exists on [tg, 1] and satis-
fies (6.20) on (tg,t1) and

19 (iio, £, @)l ap ((to,tr)x )
< || W(iio, £,3,) — U(uo, £, 9)lcg (to.1)xc) + 12 (W0, 1 9) | Gm ((to.t) xG) < 274
[Brai(t1) || (s) < K/2,
dist(ran U (o, f, §)(t), 0U) > &
for all t € [to,t1]. In particular, ¥(do, 1, J)(t1) satisfies the assumptions of Theo-
rem 5.3 with the same parameters as used before.

3) We can iterate the above argument up to time ty > T, arriving at a final
radius 0 := dy for the data (cf. the proof of Theorem 5.3 in [23]). In particular, the
final existence time Ty (m, to, @i, f, §) is larger than T if (@ig, f, §) belongs to B (8).
Next fix two tuples (o ;, fj, g;) from this ball. Replacing u by ¥ (a2, f, J2) in step
I), we deduce from (6.20) that

H‘I’(ﬂo,h fla gl) - \11(11072, f~2a 52)||2G72”71((t0,T)><G) (622)

< &(lfa,
+Z |<9Jf1 (to) 5ff2(fo)||3¢m—jfl(c))v

where C' = C(x, 0,¢,m,2r, R, V,.,T"). This estimate implies (6.18).
Finally, take a sequence (%o n; fn, Gn)n in Bar(d) with limit (G 1, fl,gl) in this
ball. Inequality (6.22) shows that the solutions ¥ (g, fn, Gr) tend to (g 1, f1, a1)

in GE!((to, T) x G) as n — oo. Lemma 6.3 thus shows that this convergence takes
place in GE((to,T) x G). So also part (3) is established. O

@ T Ifi— f2||g-1m—1((t0,T)xG) + 1191 — §2||3¢m—1((t0,T)xz)

Remark 6.5. Reversing time and adapting coefficients, data and smallness as-
sumptions accordingly, we can transfer the results of Theorem 6.4 to the negative
time direction, cf. Remark 3.3 in [21].

Acknowledgments. We thank the referees for helpful comments leading to an
improvement of the presentation.
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