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Abstract Static and spherically symmetric wormhole solu-
tions can be reconstructed in the framework of curvature
based Extended Theories of Gravity. In particular, extensions
of the General Relativity, in metric and curvature formalism
give rise to modified gravitational potentials, constituted by
the classical Newtonian potential and Yukawa-like correc-
tions, whose parameters can be, in turn, gauged by the obser-
vations. Such an approach allows to reconstruct the space-
time out of the wormhole throat considering the asymptotic
flatness as a physical property for the related gravitational
field. Such an argument can be applied for a large class of
curvature theories characterising the wormholes through the
parameters of the potentials. According to this procedure,
possible wormhole solutions could be observationally con-
strained. On the other hand, stable and traversable wormholes
could be a direct probe for this class of Extended Theories
of Gravity.

1 Introduction

Wormholes (WHs) are exotic compact objects character-
ized by no horizon and singularities, and endowed with a
traversable bridge, called WH neck, connecting two uni-
verses or two different regions of the same spacetime [1].
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They have been extensively investigated in the literature, and
the papers on such a topic can be distinguished in two cat-
egories: (1) finding/constructing solutions in General Rela-
tivity (GR) or in extended/ alternative theories of gravity [2–
7]; (2) proposing methods to observationally determine their
existence considering reliable fluids or astrophysical probes
capable of making these objects stable and traversable struc-
tures [8–15]. Regarding the last point, the mentioned strate-
gies are all based on analysis in full and strong gravitational
field regimes. However, at the best of our knowledge, there
are no methods to investigate these systems in the weak field
limit and then observe their features as realistic gravitational
fields. Here we develop a possible strategy to reconstruct WH
solutions considering properties of spacetime in the weak
field limit of curvature based Extended Theories of Gravity
[16–19].

In this class of theories, the Ricci curvature scalar R of
the Hilbert-Einstein action is replaced by generic functions of
curvature invariants and auxiliary scalar fields. Quantum and
cosmological motivations for adopting these GR extensions
are discussed in details in Ref. [20]. A straightforward real-
ization of this approach is done by considering f (R) gravity
theories, where GR is just a particular case of a wide class of
models (i.e., f (R) = R). In this context, also WH solutions
can be investigated considering the fact that further degrees
of freedom, related to curvature based Extended Theories
of Gravity, can give rise to effective perfect fluids acting as
sources in their field equations [21–24]. Thanks to these addi-
tional geometrical contributions, WHs could be, eventually,
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stable and traversable depending on the parameters of the
belonging theory.

However, WH solutions depend also on the external gravi-
tational field and its asymptotic behaviour, so an inverse scat-
tering technique could be employed to reconstruct them from
the weak field limit of curvature based Extended Theories of
Gravity. It has been shown that from the Post-Newtonian
(PN) expansion of extended gravity field equations, Yukawa-
like corrections to the standard Newtonian potential naturally
emerge [25–27]. It seems a general feature of several classes
of gravitational models, where the particular case is just rep-
resented by GR, because such corrections are not present.
The parameters of the Yukawa-like corrections can be con-
strained by different sets of data [7,28–30], allowing thus to
reconstruct reliable WH models in agreement with the obser-
vations.

An idea is to describe static and spherically symmet-
ric WHs by Taylor-expanding their metric components in
the weak-field limit in order to control how these solutions
behave asymptotically. Adopting the weak field limit of cur-
vature basedExtended Theories ofGravity, where the param-
eters are gauged by the observations, and comparing them
with the WH expansions, one is able to determine the coeffi-
cients of the WH metric and then reconstruct such solutions
within different gravity frameworks with the aim to obtain
stable and traversable solutions. This is the central argument
on which this paper is based.

An important remark is in order at this point. Theories we
are going to take into account are just a particular class of pos-
sible extensions of GR. Here we are going to consider gravity
models based on the Riemann tensor, and the other curva-
ture invariants, constructed by the Levi-Civita connection of
spacetime metric, in other words gravity formulated in the
so-called metric approach. However, Extended Theories of
Gravity can involve also an affine connection independent of
the metric, the so-called metric-affine gravity (see e.g. [31]),
or a purely affine formulation [32]. Important sub-classes of
metric-affine theories are the Poincaré gauge gravity [33], the
modified teleparallel gravity based on the Weitzenböck con-
nection [34,35], the modified symmetric teleparallel gravity
[36]. All these formulations point out that the debate on the
fundamental variables describing the gravitational field is
still open.

The article is organized as follows: in Sect. 2 we summa-
rize the properties of static and spherically symmetric WHs;
in Sect. 3, the PN expansion in the f (R) gravity framework
is discussed as a valid and general paradigm for all curva-
ture based Extended Theories of Gravity; in Sect. 4 we apply
the above-mentioned strategy to constrain the WH solutions
through the entries of extended gravity models; finally in
Sect. 5 we draw the conclusions.

Fig. 1 Sketch of WH geometry

2 Static and spherically symmetric wormhole solutions

A static and spherically symmetric WH can be described, in
spherical coordinates (t, r, θ, ϕ) and geometrical units G =
c = 1, by the metric [37],

ds2 = −e2χ(r)dt2 + dr2

1 − b(r)/r
+ r2dΩ2, (1)

where dΩ2 = dθ2 + sin2 θdϕ2, and χ(r) and b(r) repre-
sent the redshift and shape functions, respectively. Eq. (1)
describes a two-parameters family of metrics depending on
χ(r), b(r). It represent a class of solutions valid both in GR
and in extended/alternative theories of gravity, which can be
built up to be traversable and stable.

In Fig. 1 a sketch of the WH geometry is displayed.
Referring to this picture, the significant geometrical pro-

prieties of metric (1) can be summarized as follows [37] (see
Fig. 1): (1) the absence of horizons and singularities, which
entails that χ(r) and b(r) are real smooth functions, and
χ(r) is everywhere finite; (2) the condition (1−b(r)/r) ≥ 0
allows to define a finite proper radial distance l [37]; (3)
the flaring outward condition [38–41] requires that b′(r) <

b(r)/r near and on the throat. It defines the minimum radius
such that rmin = b0 and b(rmin) = b0; (4) the asymptotic flat-
ness entails that b(r)/r → 0 and χ(r) → 0 for r → +∞;
(5) the WH traversability depends on the underlying theory
of gravity. It can be achieved by considering some form of
exotic matter [42–44], topological defects [45–47] or alter-
native theories of gravity [48]. It is not satisfied in GR for
standard perfect fluids; (6) the mass M is defined according
to the Arnowitt, Deser, Misner (ADM) formalism. It repre-
sents the total mass of the system contained in the whole

123



Eur. Phys. J. C           (2021) 81:157 Page 3 of 9   157 

spacetime [1]. It is

M ≡ lim
r→+∞m(r) = c2b0

2G
+ 4πc2

∫ ∞

b0

ρ(x)x2dx . (2)

By a rapid inspection of the above requirements, in particu-
lar properties (3) and (4), it is clear that the external gravita-
tional field and the asymptotic conditions play a major role
in defining self-consistent WH solutions. Here we want to
investigate a class of alternative theories of gravity (Extended
Gravity) which can potentially satisfy the above conditions.
The paradigm is that constraining the parameters of gravita-
tional potentials of such models is possible, in principle, to
reconstruct WH solutions.

3 The post-Newtonian expansion and the corrections to
the gravitational potential

We consider the external solution of an isolated compact
object, where gravity is described within Extended Theories
of Gravity. As said above, we mean extensions of GR, where
the GR itself is a particular case of a large class of theories.
The aim is to reconstruct, in this framework, the features of
WH solutions. A straightforward extension of GR is given
by the following action

A =
∫

f (R)
√−g d4x, (3)

where the Lagrangian density f (R) is a generic analytic func-
tion of the Ricci curvature scalar R (for f (R) = R, GR is
restored). Here g is the determinant of the metric tensor gμν ,
and

√−g d4x is the invariant volume.
Minimizing the action (i.e., δA = 0) and computing the

integral (3) in the local inertial frame (see Ref. [20], for
details), we obtain the well known fourth-order field equa-
tions within the f (R) gravity theories

f ′(R)Rμν − 1

2
f (R)gμν − f ′(R);μν

+gμν� f ′(R) = κTμν, (4)

with the trace given by

3� f ′(R) + f ′(R)R − 2 f (R) = κT, (5)

where κ = 8πG/c4, f ′(R) ≡ d f (R)/dR, (·);μ = ∇μ(·)
is the covariant derivative, � ≡ gμν∇μ∇ν is the curved
d’Alembert operator, and Tμν is the stress–energy tensor of

a perfect fluid matter. Equation (4) generate a fourth-order
dynamics in the metric tensor gμν

1.
Since f (R) is an analytic function of R, we can expand

it in Taylor series around R = 0 (corresponding to the
Minkowski Ricci curvature) obtaining [20]

f (R) ≈ f1R + 1

2
f2R

2 + · · · , fn = 1

n!
dn f (R)

dRn

∣∣∣
R=0

. (7)

Let us consider a class of static and spherically symmet-
ric metrics described in geometric units G = c = 1 and
spherical coordinates (t, r, θ, ϕ) as

ds2 = −gtt (r)dt
2 + grr (r)dr

2 + r2(dθ2 + sin2 θdϕ2), (8)

where the unknown functions are gtt (r), grr (r). Then, we
take into account the weak field limit of the metric tensor gμν

with respect to the Minkowski background ημν , i.e., gμν =
ημν + hμν with 1 = |ημν | 
 |hμν |. The PN expansion of
the metric components gμν(r) up to the order O(2) are given
by the following expressions [20]

gtt = −1 + g(2)
t t (r) + g(4)

t t (r), (9)

grr = −1 + g(2)
rr (r), (10)

gθθ = r2, gϕϕ = r2 sin2 θ, (11)

and, at the same order, the Ricci curvature scalar is

R ≈ R(2) + R(4) + · · · . (12)

To find the asymptotic expressions of the functions R(2),
g(2)
t t , g(2)

rr (r), we need three independent equations. There-
fore, considering the t t and rr components of Eq. (4) together
with the trace (5), we respectively have [20]

g(2)
t t,rr + 2

r
g(2)
t t,r −

[
R(2)( f1 + 4 f2) + 8 f2R

(2)
,r

f1

]
= 0, (13)

g(2)
rr,r − f1r R(2) + 8 f2R

(2)
,r − f1rg

(2)
t t,rr

2 f1
= 0, (14)

R(2)
,rr + 2

r
R(2)

,r + f1
6 f2

R(2) = 0. (15)

Here we are considering solutions in vacuum (i.e., Tμν = 0),
but with the presence of matter the extension of the above
solutions can be straightforwardly obtained.

1 The field equations (4) can be recast as

Gμν = 1

f ′(R)

[
T (curv)

μν + Tμν

]
≡ 1

f ′(R)

{
f ′(R);μν − gμν� f ′(R)

+gμν

[ f (R) − f ′(R)R]
2

}
+ Tμν

f ′(R)
, (6)

where we recover the Einstein tensor Gμν and the higher order terms

become part of an effective stress–energy tensor T (curv)
μν , which behaves

as a perfect fluid, see Ref. [23], for more details.
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Solving first Eq. (15) in terms of R(2), then Eq. (13) for
g(2)
t t , and finally Eq. (14) for g(2)

rr , we obtain [20]

R(2) = δ2
e−r/L

r
+ δ3

er/L

2r
, (16)

g(2)
t t = δ0 − δ1

f1r
+ δ2L

2 e
−r/L

3r
+ δ3L

3 e
r/L

6r
, (17)

g(2)
rr = − δ1

f1r
− δ2L

2
(

1 + r

L

) e−r/L

3r

+δ3L
3
(

1 − r

L

) er/L

6r
, (18)

where L = √−6 f2/ f1, δ0, δ1, δ2, δ3 are all constants.
In agreement with whether L is real or complex, we can

have different solutions (see Ref. [20], for details). Assum-
ing L real, which strictly depends on the sign of f1, f2, and
imposing that at infinity Eqs. (16)–(18) must reduce to the
Minkowski metric, we have

gtt (r) = 1 − GM

f1r
+ δ2L2e−r/L

3r
, (19)

grr (r) = 1 + GM

f1r
+ δ2L2(1 + r/L)e−r/L

3r
, (20)

R = δ2
e−r/L

r
. (21)

We can combine the constants f1 and δ2 in one single con-
stant δ and rewrite the metric components gtt and grr as
gravitational potentials Φ and Ψ , i.e., gtt = −1 + Φ and
grr = 1 + Ψ , which respectively leads to [20]

Φ(r) = − 2GM

rc2(δ + 1)
(1 + δe−r/L), (22)

Ψ (r) = Φ(r) − 2GM

rc2(δ + 1)

(
δ
r

L
e−r/L − 2

)
, (23)

where

δ2 = −6GM

L2

(
δ

1 + δ

)
, δ = −δ2 f1L2

6GM
. (24)

Readjusting the parameters in the following way

G → 2G

1 + δ
, α → δ, L → 1

λ
, (25)

the gravitational potential Φ becomes

Φ = −GM

r

(
1 + αe−λr ) , (26)

which is composed by the standard Newtonian potential
ΦN = −GM/r and a Yukawa-like correction ΦY =
αΦNe−r/λ, where α gives the strength of the correction and
λ is the length scale over which such potential acts.

The potential Ψ can be also written as

Ψ (r) = Φ(r) + δΦ(r), (27)

where δΦ(r) is an extra contribution derived from the above
gravitational potential. Clearly Ψ (r) ∼ Φ(r), as soon as the
PN limit of GR is recovered and also it has been showed
that in the weak field limit gives very small contributions,
implying thus that Ψ (r) ∼ Φ(r) [29].

Similar calculations, developed here for f (R) gravity, can
be easily performed for any Extended Theory of Gravity
involving higher-order curvature invariants or scalar-tensor
terms [17,20]. In Table 1, we report several examples of
Extended Theories with the proper corrections and parame-
terizations of gravitational potentials.

4 Constraining wormhole solutions by extended
theories of gravity

The parameters of Yukawa-like corrections ΦY can be obser-
vationally determined considering self-gravitating systems.
In [30], the authors adopted the Fundamental Plane of ellipti-
cal galaxies to fulfil this aim. In the specific case of f (R) the-
ories, the range of parameters f1, f2 (i.e. α and λ) were fixed
by reconstructing models compatible with the Fundamental
Plane of elliptical galaxies. In that case, the goal was show-
ing that gravitational corrections could fit dynamics without
resorting to the dark matter’s existence hypothesis.

A similar procedure can be adopted here to “reconstruct”
WH solutions and their asymptotic behavior in the weak-field
limit. Specifically, we can develop the gravitational potential
Φ in power series of 1/r , together with the Yukawa term,
but avoiding singular expansions at infinity. This procedure
will allow thus to restore the prescriptions for physical WHs
summarized in Sect. 2.

The approach consists in Taylor expanding the WH met-
ric components at spatial infinity, obtaining thus two power
series of 1/r (one for gtt and another one for grr ), where the
coefficients are functions of the redshift and shape functions,
respectively. Then we can match the coefficients of the WH
metric with those of the given extended theory of gravity
to reconstruct the WH solution. A summary of the models,
the modified gravitational potentials, and WH parameters is
reported in Table 1.

4.1 Asymptotic expansion of the modified Newtonian
potential

The expansion of the modified Newtonian potential Φ of
Eq. (26), in power series, means to expand the Yukawa-like
potential. Let us define the variable x = 1/r , converting thus
the limit from r → ∞ to x → 0. The function e−λ/x has a
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Table 1 Summary of different theories of gravity and related modified Newtonian potentials (see Table I in Ref. [30]), and the first two coefficients
of the asymptotic expansion of the Φ potential, see Eq. (32). The first row refers to GR

Theory of gravity Modified Newtonian potential γ1 γ2

R ΦN = −GMx −GM 0

f (R) Φ = ΦN

(
1 + αe− λ

x

)
−GM[1 + αc1(ε, λ)] −GMαc2(ε, λ)

R + α0R2 + α1R�R Φ = ΦN

(
1 + d0e

−1
L0x + d1e

−1
L1x

)
−GM[1 + d0c1(ε, 1/L0) + d1c1(ε, 1/L1)] −GM[d0c2(ε, 1/L0)

d0,1 = 1
6 ∓ a0

2
√

9a2
0+6a1

, +d1c2(ε, 1/L1)]

L0,1 =
√

−3a0 ±
√

9a2
0 + 6a1

R + ∑p
k=0 αk R�k R Φ = ΦN

(
1 + �

p
k=0dke

−1
Lk x

)
−GM

[
1 + ∑p

k=0 dkc1(ε, 1/Lk)
] −GM

∑p
k=0 dkc2(ε, 1/Lk)

dk and LK are functions of ak ,

see Ref. [30], for more details

f (R, Rαβ Rαβ) Φ = ΦN

[
1 + 1

3 e
−mR
x − 4

3 e
−mY
x

]
−GM

[
1 + c1(ε,mR )

3 − 4c1(ε,mY )
3

]
−GM

[
c2(ε,mR )

3 − 4c2(ε,mY )
3

]

Y = Rμν Rμν, m2
Y = 1

fY (0)
,

m2
R = − 1

3 fRR (0)+2 fY (0)

f (R, R2 − 4Rμν Rμν +
Rαβμν Rαβμν)

Φ = ΦN

[
1 + 1

3 e
−m1
x − 4

3 e
−m2
x

]
−GM

[
1 + c1(ε,m1)

3 − 4c1(ε,m2)
3

]
−GM

[
c2(ε,m1)

3 − 4c2(ε,m2)
3

]

Z = Rαβμν Rαβμν, m2
2 = 1

fY (0)+4 fZ (0)
,

m2
1 = − 1

3 fRR (0)+2 fYY (0)+2 fZ (0)

f (R, φ) + ω(φ)φ;αφ;α Φ = ΦN

[
1 + g(ξ, η) e

−mR k̃R
x +

(
1
3 −

g(ξ, η)
)
e

−mR k̃φ
x

]
−GM

[
1 + g(ε, η)c1(ε,mRk̃R) + ( 1

3 −
g(ε, η)

)
c1(ε,mRk̃φ)

] −GM
[
g(ε, η)c2(ε,mRk̃R) + ( 1

3 −
g(ε, η)

)
c2(ε,mRk̃φ)

]

η = mφ

mR
, m2

R = − 1
3 fRR (0,φ0)

m2
φ = − fφφ(0,φ0)

2ω(φ0)
, ξ = 3 fRφ(0,φ0)2

2ω(φ0)
,

g(ξ, η) = 1−η2+ξ+
√

η4+(ξ−1)2−2η2(ξ+1)

6
√

η4+(ξ−1)2−2η2(ξ+1)

k̃2
R,φ = 1−ξ+η2±

√
(1−ξ+η2)2−4η2

2

f (R, Rαβ Rαβ, φ) +
ω(φ)φ;αφ;α

Φ = ΦN

[
1 + g(ξ, η) e

−mR k̃R
x −GM

[
1 + g(ε, η)c1(ε,mRk̃R) −GM

[
g(ε, η)c2(ε,mRk̃R)

+ ( 1
3 − g(ξ, η)

)
e

−mR k̃φ
x − 4

3 e
−mY
x

]
+ ( 1

3 − g(ε, η)
)
c1(ε,mRk̃φ) + ( 1

3 − g(ε, η)
)
c2(ε,mRk̃φ)

η = mφ

mR
, m2

R =
− 1

3 fRR (0,0,φ0)+2 fY (0,0,φ0)
,

− 4
3 c1(ε,mY )

] − 4
3 c2(ε,mY )

]

m2
Y = 1

fY (0,0,φ0)
, m2

φ = − fφφ(0,0,φ0)

2ω(φ0)

ξ = 3 fRφ(0,0,φ0)2

2ω(φ0)
,

g(ξ, η) = 1−η2+ξ+
√

η4+(ξ−1)2−2η2(ξ+1)

6
√

η4+(ξ−1)2−2η2(ξ+1)

k̃2
R,φ = 1−ξ+η2±

√
(1−ξ+η2)2−4η2

2

singular point at x = 0, which can be extended for continuity,
i.e., for x → 0 the function e−λ/x → 0 for all positive values
of λ. If we consider the Taylor expansion of this function
at x = 0, we obtain that the related power series has all
coefficients identically equal to zero. This means that, in such

a point, the function e−λ/x is approximated by the horizontal
straight line y = 0. If we expand this function in terms of the

Laurent series around x = 0, it gives
∑

k
(−1)k

k! λ−k x−k . This
expansion diverges close to x = 0, being therefore physically
not meaningful for our tasks.
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Let us develop a feasible approach combining a correct
mathematical treatment with an admissible physical inter-
pretation. We Taylor-expand the Yukawa term e−λ/x around
x = ε 
 1 up to x2, having thus

e− λ
x = c1(ε, λ) + c2(ε, λ)x + O

[
(x − ε)2

]
, (28)

where

c1(ε, λ) = e− λ
ε (ε − λ)

ε
, c2(ε, λ) = λe− λ

ε

ε2 . (29)

Equation (28) strictly depends on ε, which, in turn, depends
on the sensibility of the chosen observational instruments,
Θ±

obs
2. If the measurements are performed at X = 1/R∞,

with R∞ very far from the WH throat, we can find the value of
ε such that the remainder of the Taylor expansion is included
between Θ−

obs,Θ
+
obs, i.e.,

∣∣∣O
[
(X − ε)2

]∣∣∣ ≡
(

λ

2ε4 e
− λ

ε |2ε − λ|
)

(X − ε)2,

Θ−
obs <

∣∣∣O
[
(X − ε)2

]∣∣∣ < Θ+
obs. (30)

The final Taylor expansion of the Φ potential is

Φ = γ1x + γ2x
2 + O(x3), (31)

where

γ1

GM
= − [1 + αc1(ε, λ)] ,

γ2

GM
= −αc2(ε, λ). (32)

With these considerations in mind, let us discuss the asymp-
totic expansion of the WH metric.

4.2 Asymptotic expansion of the wormhole metric

Let us Taylor-expand the gtt and grr components of the WH
metric (1) around x = 0, which contain the unknown func-
tions χ(x) and b(x), having thus3

gtt ≡ e−2χ(x) = −1 + α1x + α2x
2 + O(x3), (33)

grr ≡ 1

1 − b(x)x
= 1 + β1x + β2x

2 + O
(
x3

)
. (34)

where

α1 = −2χ ′(0), α2 = −2χ ′(0)2 − χ ′′(0), (35)

2 We refer here to the sensibility of the instrument, Θ±
obs, as related

to the error of the measurement process (e.g., δr = ±0.01 Kpc). In
Sect. 4.3.1 we show how to calculate it through an example.
3 We follow the same approach used to determine the asymptotic expan-
sion of the Schwarzschild metric. For example, the radial component
grr (r) = 1/(1 − 2M/r) can be correctly expanded at infinity by using
the variable x = 1/r . We have the function grr (x) = 1/(1 − 2Mx),
and we can expand it in Taylor series around x = 0, having grr (x) =
1 + 2Mx + 4M2x2 + O(x3).

β1 = b(0), β2 = b(0)2 + b′(0). (36)

From these equations, we can easily write the unknown func-
tions and their derivatives evaluated in x = 0 in terms of the
coefficients of their expansions, i.e.,

χ ′(0) = −α1

2
, χ ′′(0) = α1 − α2, (37)

b(0) = β1, b′(0) = β2 − β2
1 , (38)

with

χ ′(0) = dχ(x)

dx

∣∣∣∣
x=0

, χ ′′(0) = d2χ(x)

dx2

∣∣∣∣
x=0

,

b(0) = b(x)|x=0 , b′(0) = db(x)

dx

∣∣∣∣
x=0

.

(39)

The redshift and shape functions are therefore

χ(x) = χ ′(0)x + χ ′′(0)

2
x2, (40)

b(x) = b(0) + b′(0)x . (41)

Now, we can explicitly determine the parameters (37)–(38) to
reconstruct the WH metric (1) by matching them with those of
the Newtonian potential and the Yukawa potential (32) within
a precise gravity framework and, eventually, benchmark them
with the observational data.

4.3 Reconstructing wormhole solutions

We consider the modified theories of gravity reported in Table
I of Ref. [30]. In Table 1 we summarise these theories of grav-
ity together with related modified Newtonian potentials, and
coefficients γ1, γ2 of their asymptotic expansions given in
Eq. (32). By considering Eqs. (35)–(36), we can reconstruct
the WH expansion by matching the coefficients of the two
power series, i.e.,

α1 = γ1, α2 = γ2, β1 = γ1, β2 = γ2. (42)

Substituting them in Eqs. (37)–(38), we reconstruct the WH
redshift and shape functions in Eqs. (40) and (41).

4.3.1 Application of the method to specific examples

As an example, let us consider the globular cluster NGC
4649, also known as M60, because it is located relatively
close to the Earth (∼ 60 millions of light years), it is the
third-brightest giant elliptical galaxy of the Virgo cluster of
galaxies, and it has several other advantageous proprieties,
which permit to be easily detected and studied (see Ref. [49],
for more details). It has an effective radius R∞ = 10.00 Kpc
[49], and it hosts at its center a supermassive black hole of
mass (4.5±1.0)×109 M� (see Ref. [50], for details), which
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Fig. 2 WH metric time gtt (x) and radial grr (x) components, and red-
shift χ(x) and shape b(x) functions plotted in terms of the inverse of the
radial distance x for f (R) (continuous lines) and R + α0R2 + α1R�R
(dashed lines) theories. The WH solution has been reconstructed by
considering the globular cluster NGC 4649, having an effective radius

of R∞ = 10.00 Kpc, ε = 0.111828 Kpc−1 for the expansion of the
Yuakawa potential, and the best fit values for the modified potential
(26) are λ = 1 Kpc−1, and α = 0.01 for f (R) theories, and d0 = 0.56,
d1 = −0.12, L0 = 3.77, L1 = 1.95 for R + α0R2 + α1R�R theories

we clearly assume to be a WH, in lack of data on such exotic
compact objects.

Following the procedure in [30] to constrain the modi-
fied Newtonian potential (26), we use their best fit values,
i.e., R∞ · λ = 10 or λ = 1 Kpc−1, and α = 0.01 (see
Fig. 7 in Ref. [30], for details). To determine the value of
ε, we know that the error in the measurement of the effec-
tive radius (or also distance from the compact object) is
δR∞ = ±0.01 Kpc. Therefore the detection sensibility is
Θ±

obs ≡ e−λ(R∞±δR∞), where Θ−
obs = 4.5×10−5 and Θ+

obs =
4.6 × 10−5. Adopting the inequality (30) with X = 1/R∞,
we find that 0.111781 Kpc−1 � ε � 0.111876 Kpc−1, and
we choose ε = 0.111828 Kpc−1. Now, we can calculate
the coefficients γ1, γ2 by selecting two extended theories of
gravity from Table 1. We consider for simplicity f (R) and
R + α0R2 + α1R�R, choosing α0 = −3 and α1 = −94. In
such hypothesis we obtain the following results:

4 Looking at Table 1, we see that in order to have d0,1 and L0,1 real,
it is easy to impose the following inequalities on the theory parameters
α0, α1, namely α1 ≤ 0 and α0 ≤ −√−2a1/3.

– f (R) theory: the expansion coefficients (32) for α =
0.01, λ = 1 Kpc−1 are γ1 = −1, γ2 = −10−4;

– R + α0R2 + α1R�R theory: the expansion coefficients
(32) for d0 = 0.56, d1 = −0.12, L0 = 3.77, L1 = 1.95
are γ1 = −0.95, γ2 = −0.85.

In Fig. 2, we provide the WH reconstruction by showing
the behaviours of gtt (x), grr (x), χ(x), b(x), which should
be considered valid only for values very close to x = 0,
although they have been all plotted up to r = 2M . This
expansion can be easily extended to a generic order n, giv-
ing more precise results. In addition, such a strategy can be
complemented with other techniques in full and strong grav-
itational field regimes to accurately infer more information
on the WH solutions.

5 Discussion and conclusions

We have developed a strategy to reconstruct WH solutions
through Extended Theories of Gravity (tuned by fitting the
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observational data) in the weak gravitational field limit. The
method is based on a model independent framework employ-
ing a family of static and spherically symmetric metrics (1),
depending upon the two unknown χ(r) (redshft) and b(r)
(shape) functions, see Sect. 2.

In the weak field limit, GR simply reduces to the Newto-
nian theory, but the observations on the rotational curves and
on mass-to-light rations of several galaxies showed a clear
departure from the classical description. Therefore, to solve
such an issue, modified theories of gravity have been pro-
posed, whose true nature can be reconstructed only by the fit
of the data. Such theories solve this observational puzzle by
adding to the Newtonian potential a Yukawa-like correction
(26), whose parameters can be gauged by the data, see Sect. 3

Our method consists in first Taylor-expanding the modi-
fied Newtonian potential (26) around x ≡ 1/r = 0 (or in
weak field limit), where the most delicate part is related to
the expansion of the Yukawa-like correction, which behaves
singularly at x = 0. However, we have developed a new pro-
cedure, based on Taylor expanding such a function around
x = ε 
 1, and determining the value of this parameter
through the current sensibility of the observational instru-
ments, see Sect. 4.2. Then, we Taylor expand also the WH
gtt , grr metric components of Eq. (1) around x = 0, see
Sect. 4.2. Finally, we match the coefficients of the two expres-
sions to reconstruct the WH solution from the modified the-
ories of gravity, see Sect. 4.3. In Table 1 we show differ-
ent theories of gravity with the related modified Newtonian
potentials and coefficients γ1, γ2 of their asymptotic expan-
sion. As an example of our strategy, we show in Fig. 2 the
asymptotic behaviour of the WH metric components, red-
shift, and shape functions for two different modified theories
of gravity, see Sect. 4.3.1 for more details.

The considerations developed in this paper are useful, in
general, to build up a stable and traversable WH solution
within Extended Gravity, because the above procedure per-
mits to impose conditions on the WH behaviour in the weak
field limit ruled by the given theory of gravity. Depending
on the WH model, this last feature can have also important
consequences for selecting the class of (geometric or matter)
fluids used to make the WH stable and traversable and of
course for the related energy conditions. Taking into account
these constraints, it would be possible to rule out solutions not
in agreement with the aforementioned requests and restrict
thus the class of admissible and physical WH solutions.

In summary, we are developing, in this paper and in oth-
ers (see e.g. [15]) a model-independent approach, which can
be advantageous because it allows: (1) to search for WH
observational existence; (2) to reduce the set of WH solu-
tions capable of being compared to observational data; (3) to
impose constraints on extended or modified theories of grav-
ity; (4) to adapt such strategies for investigating also black
holes and other compact objects. In a future paper, we aim

at extending this strategy for rotating and axially symmetric
WH metrics.
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