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EIGENVALUES OF THE NORMALIZED COMPLEX LAPLACIAN FOR
FINITE ELECTRICAL NETWORKS

ANNA MURANOVA AND ROBERT SCHIPPA

ABSTRACT. The spectrum of the normalized complex Laplacian for electrical
networks is analyzed. We show that eigenvalues lie in a larger region compared
to the case of the real Laplacian. We show the existence of eigenvalues with
negative real part and absolute value greater than 2. An estimate from below for
the first non-vanishing eigenvalue in modulus is provided. We supplement the
estimates with examples, showing sharpness.
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1. INTRODUCTION

The purpose of this note is to analyze the complex Laplacian for a class of
finite weighted graphs. In the following we consider finite electrical networks (cf.
[13, 14, 15]). These consist of finite sets of vertices and edges (V, E), where loops
are excluded. For any edge xy, x,y € V, there are non-negative real numbers Ly,
D,y, R,y satisfying

Ly +Dyy+R,y > 0.
For s € C with Res > 0, we consider the finite weighted graph (V, E) with weights
given by the admittances

(1) P (x,y) =

N
Lyys?>+Ryys+ Dy

Since s will be clear from context, we write p,, for p (x,y) for the sake of brevity.
We set p,y = 0 if xy is not an edge. Then, any electrical network is uniquely
determined by the pair (V,p). Let
p(x) =) Pu-
yev

The admittance in form (1) corresponds to the case of electrical networks with
passive elements (coils, capacitors, and resistors). In this case s corresponds to a
complex frequency (cf. [4, 8, 9]). We consider the normalized complex-weighted
Laplacian:

- 1
2 Apflx) = flx) = ——= ) f(¥)Px-
P() () p(x)yg/()py
Set pyy = Tyy +i0xy, Where Ty, 0y € R and p(x) = 7(x) +io(x). Clearly, 7(x) =

Y, Ty and 6(x) =}, Oy.

Since admittance is positive real function (cf. [4, 13, 15]), i.e., Res > 0, when-
ever pg) > 0 (in particular, pg) has no poles), the normalized complex-weighted
Laplacian is well-defined. For the sake of completeness, we show this in Proposi-

tion 5.



2 ANNA MURANOVA AND ROBERT SCHIPPA

The real Laplacian (L., = D,, = 0 for any x,y) arises in both electrical networks
with resistors and random walks (cf. [7, 10, 12, 16]). The complex Laplacian arises
in AC electrical networks and corresponds to Kirchoft’s law (cf. [8, 11, 14, 15]).
Note that if s € R™, then the resulting Laplacian is still real and corresponds to
some random walk.

For s € R" the resulting Laplacian is a self-adjoint, non-negative operator acting
on a Hilbert space with scalar product depending on p. The real Laplacian is
studied extensively (cf. [3, 6, 10]). In this case, the eigenvalues lie in the interval
[0,2]. In Section 2 we recall among basic facts how 2 is attained as an eigenvalue
for bipartite graphs.

In Section 3 we show the following generalization:

Theorem 1. Let A denote an eigenvalue of (2). Then, we find the following esti-
mate to hold:

il
® 1-a1< ().

Secondly, we show that eigenvalues are additionally confined to the region de-
scribed below:

Theorem 2. Let A, be a normalized complex-weighted Laplacian. Then the fol-
lowing holds:
o All its eigenvalues with positive real part lie in the circle with center at
(1,|Ims|/Res) and radius /1+ (Ims/Res)>.
o All its eigenvalues with negative real part lie in the circle with the center
at (1,—|Ims|/Res) and radius /1+ (Ims/Res)>.
o All its real eigenvalues lie in [0,2].

We shall see that for the linear graph P, a particular choice of weights exhausts
the radii of the circles from the above theorem.

In Section 4 we prove the following bound on the smallest eigenvalue in modu-
lus:

Theorem 3. Let A1 denote the smallest eigenvalue in modulus for the complex
Laplacian Ay, and let D denote the diameter of the underlying graph. Let
1 1
Ci=mn) (————), =) —————
x ;(ny+ny+ny) ;;’LXerRXy+ny
and suppose that
|Tms| max(1,|s|?)
Res Res
Then, we find the following estimate to hold:
C1(Res)?
D-C,-min(1,[s]?)

“4) CiResmin(|s|%,|s|™*) — Gy > 0.

|A1] >

Outline of the paper. In Section 2 we recall basic identities, which are needful
for the proofs in later sections. Furthermore, we record symmetries of the problem.
In Section 3 we prove Theorems 1 and 2. The eigenvalues for the linear graph P4
are computed for a particular choice of weight. In Section 4 we prove Theorem 3.
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2. PRELIMINARIES

We start with the following repetition concerning the real Laplacian:

Proposition 4. Let (V,E) be a finite connected graph with real weights and Kp be
the real Laplacian. Then, we find the following to hold:

1. The eigenvalues lie in the interval [0,2] of Zp, where 0 is a simple eigen-
value.

2. 2 is an eigenvalue if and only if V is bipartite, i.e., there is a partition of
vertices V =V, UV_, V., NV_ = 0 such that for any x € V; x ~ y implies
thaty e V_.

3. V is bipartite if and only if for any eigenvalue A we find 2 — A to be another
eigenvalue.

Recall the following Green’s formula ([14, 15]):
~ 1
) Z Apf(x)g(x)p(x) = 5 Z (Viy ) (Vay8) Py
xeV x,yeVv
where we denote
Vi f=f) - fx).
Applying Green’s formula to g = f (complex conjugate), we get
~ —_— 1
(©) Y M f@fE)p() =5 X [Vaflpy.
xeVv x,yeVv

Note, that the right hand side of the last equation corresponds to the complex power
(cf. [1, 2, 5, 15]). For estimates on the eigenvalues we will need estimates for py,.
These are collected in the following proposition:

Proposition 5. Let p,, be as in (1) with the notations from above. Then, the fol-
lowing holds:

1. If x and y are related, then Re p,, > 0.

2.
7) Pol < L Repy,.
"'~ Res Y
3.
1 max (1, |s|?)
© POl Y TR, Res
y by T Py T Ry
Proof. 1. Note that for any complex number z € C, Rez > 0 if and only if

Re% > (0. We have

1 1
Re p— = L,yRes+R,,+ D,,Re — > 0, whenever Res > 0.
Xy §

Therefore, Re p,, > 0.
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2.
Rep,, 1 1 1
REPxy :|pxy|Re— = 5 (nyRes—i—ny+nyRe>
Pyl P Lys+ Ry + =2 s
1 Res
= —— | LyRes+Ry+ Dy
Liys + Ry + 22 s
1 Res
> 5 ( LyRes+ Ry + Dy
Lyls| + Ry + 7 5]
S 1 (L Res-t R Res Res) Res
= s T T2l T T
ny’S|+ny+% . Y ‘S Y ‘SP |S‘

from which (7) follows.

1
<)

Lys+Ry+22| 7 5 Re (

1 1

v (nyReerRerny%) y ReS(nyJrny%Jfnyﬁ)
1 max (Res, [s[%,1)

< =Y
7 Res (Ly+ Ry + Dy min (g, 1) 5 Res Ly +Roy+ D)

Is|

1
Liys+ Ry + D—)

P ()] =

P
y

<Ylpwl <}
y

y

max (|s]?,1)

_g' Res (Ly + Ry +Dyy)’

where in the last line we have used the fact that either Res < 1 or 1 <
Res < (Res)? < |s|2.
O

Proposition 6. 0 is a simple eigenvalue of the complex Laplacian.

Proof. 1t is clear that f = 1 is an eigenfunction with eigenvalue 0. On the other
hand, for an eigenfunction f with eigenvalue 0, (6) yields

1
0=3 ¥ Vaf PP
x,yeVv

Since Repy, > 0 provided that x and y are related, taking the real part of the
above display we find that |V,,f| = 0 whenever x and y are related. Since the
graph is connected, f = c. The proof is complete. U

Proposition 7. The sum of the all eigenvalue of Laplacian, counted with algebraic
multiplicities, is equal to the number of vertices in the graph, i.e

(€)) Ao+A+ A =n,

where n = |V/|.
Moreover,

(10) maxReA; > o > 1,
i n—1
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and
n

minRe A; < .
i n—1

Proof. The first fact follows from the consideration of the trace of the Laplacian
matrix A. Indeed, since A;; =1,i=1,...,n, we find

Ao+A+--+A,_1 = traceA = n,
where n = |V|.

Further, since A9 = 0, we have

n=ReA +---+ReA,_; < (n—1)maxReA;.
4

and
n=ReA;+---+ReA,_| > (n—1)minReA;.
1
Therefore,
maxReA; > L > 1
i n—1
and

) n
minReA; < ——.
i n—1

Remark 8. Note that if we assume that

0=1[2o] < || <|A2| <--- < Anl,

then from (10) follows that
n

-1

[An—1| >
n
Moreover, from (9) follows that
ImA; +ImA, +---+ImA,_; =0,
and, therefore,
minIlmA; <0 < maxImA,;.
4 l
Next, we show that switching to the dual network conjugates eigenvalues and

eigenvectors:

Proposition 9. If we consider the dual network, i.e., the network with the weights
P eigenvalues (eigenvectors) of its complex Laplacian will be conjugated to the
corresponding eigenvalues (eigenvectors) of the Laplacian of the original network.

Proof. Let Af(x) = ZP f(x). Then

= _ 1 - SO

Af(x) =8pf(x) = f(x) = ==} F(")Py = Dp f(x).

O

The claims about eigenvalues for bipartite graphs in the real case generalize as
follows:

Proposition 10. With the above notations, let Zp be the complex Laplacian of an
electrical network. Suppose that the underlying graph is bipartite. Then for any
eigenvalue A we find 2 — A4 to be another eigenvalue.
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Proof. If V; and V_ are suitable partitions of the graph, and (A, f) is an eigenpair,
then the function g, given by

X) = f(x),x€V+,
8%) {—f(x),xev_,

is the eigenfuction, corresponding to the eigenvalue 2 — A. Indeed, for x € V.,

ZPg(x) Zg ny f me(x)ny

—2f(x) - <f<x> - p(l) Zf(X)ny)
-
=2f(x) = Ap f(x) = (2= A)f(x) = (2= A)g(x).

The case x € V_ can be treated analogously. U
3. EIGENVALUE REGIONS
3.1. Proof of Theorems 1 and 2. Firstly, we show Theorem 1:

Proof of Theorem 1. We choose an eigenfunction f of Zp with |f(y)| <1 for any
y € V and max, |f(x)| = 1. By (7), we find

Pxy
;pwfw‘

\m!
_Z’ 4

sl ZRepxy Isl Rep() _ bl
Res (x)]  Res |p(x)] ~— Res

[1=A[lf()] <

O

Note how (3) generalizes the claim for real s. The eigenvalues of the Laplacian
in the real case lie in the interval [0,2]; hence, the estimate is clearly sharp by
comparison with the real case.

Next, we prove Theorem 2:

Proof of Theorem 2. Let A = u+iw be an eigenvalue of the normalized complex-
weighted Laplacian A, with the eigenfunction f, i.e,

Af(x) = Ap f(x).
Then by Green’s formula we have
(1 Y Alf(x) Z Vas /1 Py-
xeV X)GV

Let us write separately real and imaginary parts of the last equality, assuming
Py = Txy +i0yy and p(x) = 7(x) +ic(x). Note that in this case 7(x) = Y, T, and
o(x) =Y, Cxy.

Then,
lZ|f (u+iw Z\f T(x)+io(x)),

xeV xeV
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and

1 , 1
5 Z \Vay 1 pxy = )

x,yev

Y IV fl (T +ioy).

x,yeV
Therefore, for the real part of (11), we have

1) WL P - w T 0P =5 ¥ Vo fPry,

xeV xeV x,yevV

and for the imaginary part,

13w Y WP +w ¥ 0P = 5 ¥ [Vaflo.

xeVv xeVv x,yev

Multiplying (12) by u and (13) by w and summing the obtained equalities up, we
get

1

9 @A) TP =

xeVv

Z |nyf|2(7xyu+ nyw)-
x,yeVv

Let us estimate the left-hand side, using the obvious inequality

Va2 = 1f ) = F@)1 <2 F 0P+ If()P)-

Moreover, the right-hand side of (14) is positive, this means also the left-hand side
is positive and at least one (Tu + Oyw) is positive.
Let w > 0. Then, we have

1
2

ny

(W +w?) Y f () Pe(x) =

xeV

w)

Z ‘nyf‘zfxy(u"i_

x,yeV TX)/

< X (I OPH @Rt (u+ 22w)

x,yeV xy

< Y (FO)P+ 1F )P By (4 wmax )

x,yevV Y Tyy

Cxy
<2) | (x)]>7(x)(u+wmax —2).
xeV Ty

Therefore,

o
W +w? < 2(u—l—wmaxﬂ),
x~y Txy

1.e.,

2 2
Oyy c
(u—l)z—i-(w—maxxy) Sl—i—(max)cy) .
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Let w < 0. Then, we have

(@ +0) ¥ P =5 L [VafPoglet Zw)

xeV x,yev Xy

< X (OP+ @R T+ 22w)

x,yev xy
. O
< Y (IfO)P+1f () ) Ty (1 +wmin —2)
x,yevV X~y Tyy
o
<2 Z |£(2))?7(x) (u+wmin —2).
x€V X~y Ty
Therefore,
lo;
u? +w? < 2(u+wmin —2),
Xy Tyy
ie.,

2 2
Oy Oy
(u—1)>+ <w—minxy> <1+ <min”> :

Xy Tyy
Let w = 0. Then, we have

1
2 Y 0Pe0) =5 ¥ Voo Prgu

xeV x,yeVv

<2) [f(x)Pelxu.

xeV
Therefore,
u? < 2u,

which means that the real eigenvalues of the normalized complex Laplacian lie in
[0,2].
From (7) follows by squaring

Re? pyy S Re’s
Re? Pxy + Im? [ Re’s+1Im’s
This yields
Im? Pxy < Im? s
Re? [ Re’s’
and hence,
_ Imis < Im Py < Imis )
Res| — Repy, = |Res
The proof is complete. O

3.2. Examples and sharpness of the estimates. With the following example we
illustrate the estimates from above and point out how we cannot scale down the
radii of the circles in Theorem 2 . We consider the linear graph P4 with four vertices
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and edges weighted s, 1/s, s. The complex normalized Laplacian is given by the
matrix

(15) A=| 119

We find for the eigenvalues

1 1+ 257
16 — — .
( ) 1+s2’ ) ) 1+s2
The corresponding eigenvectors are computed as
2 2 2 2
—s s —s —s
-1, —,——,1), (1,1,1,1), (-1,1,-1,1), (1,——,——,1).
( ’1+S271+S27 )7( 9 ) ) )7( ) ) ) )7( 71+s271+s2’ )

In the Figure 1 we have plotted the eigenvalues as red dots for s = 1+ 2i, which
are 0, 2, —1/10—2i/10, 21/10+ 2i/10. The green circles correspond to the esti-
mates from Theorem 2, blue circles correspond to Theorem 1. Note that in this case
there is an eigenvalue with real part larger than 2, and an eigenvalue with negative
real part.

Let s = s1 +is2, 51,52 > 0. We shall show sharpness of Theorem 2 considering

the eigenvalue
2

=1 .
Z +1+s2

For eigenvalues of the complex Laplacian with positive imaginary part w and real
part u we have shown the estimate

Imp,,

Re pxy

Note that in our example the maximum ratio is m = s, /s;. We show that for any
€ > 0 the estimate

(17) (u—1>+(w—m)?> <14+m?—e¢,

(u—1>%+w-—m)?<1+m?, m=max

fails, choosing a sufficiently large value of s;.
Firstly, we compute

(Ltf 1)2 _ ((S2+§2)/2+‘S|4)2 _ (S%—S%—F(S%—FS%)z)z
B EYE - 1+52]? ’
2518 K
_ 2: 192 _72 2

Multiplying (17) with |1 +s2|* we find
2
(3= 3+ (345932 + 2535 — 21+ 522 < 1+ (1 + 2 — ),
S1 Sl
Multiplying the above with s gives
s2(st =554 (sT4+53)2) 2+ 5327 — 1+ 5222 < |1+ 5} (554 (1 —€)s?).

Subtracting 53|14 s2|* on both sides and dividing by 57 yields

(57 =53+ (s1 +52)°)° +4sis3 — 453 |1 +5° < (1 - )1+ 57",
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We consider s, < 1 < 51 such that the highest power of s; dominates. But on
the left-hand side, we find 5§ and on the right-hand side (1 — €)s8$. Therefore, the
inequality (17) fails choosing s; large enough (for fixed s»).

52

FIGURE 1. Location of eigenvalues for s = 1 + 2i

4. ESTIMATE FOR SMALLEST EIGENVALUE IN MODULUS

For the real normalized Laplacian the smallest positive eigenvalue (also called
spectral gap) plays a crucial role finding the mixing properties of the associated
random walk. In the real case, a lower bound is provided by the Cheeger constant
(cf. [6]). Roughly speaking, this measures the connectedness when removing ver-
tices. Evidently, the geometry of the underlying graph plays the crucial role. Here,
we do not know how to generalize the Cheeger constant to the case of complex
weights because eigenspaces of eigenvalues are not necessarily orthogonal. We
can still prove the lower bound depending on the diameter. We start with a lower
bound on Re p,,.

Lemma 11. Let

| 1
Ci=min) (——F——7—), Q=) +——F——F—
! “BI‘;(LWJFRWJFDW)’ 2 §ny+ny+Dx,

Then, we find the following estimate to hold:

_ |Ims|
R
mm e(p( Res ;
(18)

> CyResmin(|s|?, [s| ™) — C,

|Tms| max (1, |s|?)
Res Res

Proof. Let r = py, for brevity. Note that

1 Res
Re(r) = |r|°Re <r> = |r? (Re(s)ny+ny+ny|s|2> .
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Moreover,
xy D Xy
71 = Vs Ryt 22 < Lo+ Ry + 72
< (Liy+ Ry +ny)maX(\SI, 1/[sl)-
Consequently,
1
Re(r) > (Lyy + Ry + Dyy) min(Re s, Re 5 |2)

" (Lyy + Ry + Dyy) > max(|s]?,1/[s[?)
because min(1,Res,Res/|s|?) = min(Res,Res/|s|?), which can be seen by con-
sidering |s| <1 and |s| > 1. Hence,
Res min(1, [s|~2)
Lyy+ Dyy + Ry, max(|s|?, |s|~2)
B Re(s)
Lyy + Ry + Dy

Re(pyy) >
min(|s|?, |s|~*).
Hence, we find by (8)

~ [Ims|
Re( Re(
mm e(p Res Y Re

X

! )] mln(\s\z \s |Ims| Z\

> Re(s) [min Y (——————
= e(s)[mﬁnZ(nyJrnyJery Res &

y

) _ Ims| max(1, |s|?)
= CyResmin(|s|?, |s| ) —C | : )
1Res (sl IsI) >Res Res
O

Thus, for fixed Res, we can find the above quantity to be positive choosing Im s
sufficiently small only depending on Re s and the electrical network. Moreover, for
s = 1 the lower bound is attained. We are ready to prove Theorem 3.

Proof. Let A1 be the smallest eigenvalue in modulus and let f be a corresponding
eigenfunction. We normalize f such that f(xp) = 1 and max|f(x)| = 1. Green’s
formula yields that

lefl (x)p(x) =24 Zfl (x)p(x) =

Indeed, in (5) set f> = 1 and integrate by parts. Hence,

) filx)p(x) =
Therefore, x
Re(p(xo)) +Re (xgofl (¥)p(x)) =0
& Re(p(xg)) + ; Re fi(x)Rep(x ; Im £ (x) Imp (x) = 0,
but

| Y Im(fi () Im(p(x)| < ¥ [Tmp(x)].

XX xX#X0
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Hence, by Lemma 11 and assumption (4),

minRep(x Z |Imp| >0,
XFxq

we find that
Y. Re(fi(x))Rep(x) <0

XF#X0

Since Re(p(x)) > 0, there is x,,+1 such that Re(f; (x,+1)) <O.
Another application of Green’s formula gives

A Z|f(x)‘ Z|f )Py

which implies

%‘ZXJ’ ‘f(x) _f(y)|2pxy

Al =
| L f ()PP ()]
We estimate the numerator from below by finding a path xg, ..., x,11:
5 ‘ Z |f ) ‘szy|
1
5 Z |f(x) ‘ Repyy
1 .
5 Z |f(x) ?minRe p,y

> ¥ [£() — flxe 1) PminRe pyy

> ¥ [Re f(x) — Re f(xc; 1) PminRe pyy
k=0
minRe py, | &

> np)}kX‘(’)Ref(xk) —Ref(XkJr])’z

- minRe p,, > Res C; minD(|s\2, \s\*“).
n

For the denominator we find by (8)

min(1, |s|
<Y o) < ¢RI,

~ Res

This finishes the proof of Theorem 3. (]
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