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RESOLVENT ESTIMATES FOR TIME-HARMONIC MAXWELL’S
EQUATIONS IN THE PARTIALLY ANISOTROPIC CASE

ROBERT SCHIPPA

ABSTRACT. We prove resolvent estimates in LP-spaces for time-harmonic Max-
well’s equations in two spatial dimensions and in three dimensions in the par-
tially anisotropic case. In the two-dimensional case the estimates are sharp.
We consider anisotropic permittivity and permeability, which are both taken
to be time-independent and spatially homogeneous. For the proof we diagonal-
ize time-harmonic Maxwell’s equations to equations involving Half-Laplacians.
We apply these estimates to localize eigenvalues for perturbations by potentials
and to derive a limiting absorption principle in intersections of LP-spaces.

1. INTRODUCTION

Maxwell’s equations describe electro-magnetic waves and consequently the prop-
agation of light. We refer to the physics’ literature for further query (cf. [17, 6]).
Time-dependent Maxwell’s equations in media, in three spatial dimensions, and in
the absence of charges relate electric and magnetic field (£,8) : R x R? — R? x R?
with displacement and magnetizing fields (D,H) : RxR?® — R3 xR3 and the electric
and magnetic current (Jo, Tm) : R x R — R3 x R3:

(1) D =VxHA+ T, V- D=V-B=V-J.=V -In =0,

8158 =-Vx& + Jm
In physical applications, the magnetic current vanishes. Here we consider the more
general case to highlight symmetry between the electric and magnetic field.

In the following we consider the time-harmonic, monochromatic ansatz
@ D(t,z) = e“'D(z), H(t,x)=e“ H(z),

Te(t,x) = et (x), Tm(t,z) = et ],(z)

with w € R.
Furthermore, (1) is supplemented with the material laws

(3) D(t,x) =e&(t,x), B(t,z) = pH(t, x),

where ¢ = diag(e1,e2,¢e3), €, 4 > 0. Requiring ¢ and p to be symmetric and
positive definite is a physically natural assumption. Liess stated already on [18,
p. 63] that the material laws (3) in the general case are physically equivalent to
diagonal and p scalar. We plan to analyze the fully anisotropic case

e = diag(e1,e2,€3), p = diag(p1, 2, 13)
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2 ROBERT SCHIPPA

in forthcoming work [19], where we shall see in detail that we can reduce the analysis
in the general case to scalar u. Material laws with scalar y are frequently used in
optics (cf. [20, Section 2]). Then (1) becomes under (2) and (3)

o () (). men (o 77

In this work we consider Maxwell’s equations in two spatial dimensions and the par-
tially anisotropic case in three dimensions. The time-dependent form of Maxwell’s
equations in two dimensions corresponds to electric and magnetic fields and currents
of the form

Si(t,ac):é’i(t,xl,xg), i:1,2; 53:0;
Bi = Oa 1= 1721 Bg(t,ﬂ?) = 83(tazlax2);
jei(t>$):j€i(tax17x2)v i:132; j63:0;
TImit,2) =0, i=1,2; Tnz(t,2) = Tma(t,z1,22).
(1) simplifies to (cf. [1]):

(5) oD =V H+T.,, V-D=V-J.=0,
8153 :—ng‘i'jm;

where D, €, 7. : R xR? = R%, B.H, T : RxR?2 - R, V| = (05,—0)", and we
suppose (3) with g > 0, and (¢¥/); ; € R**? denoting a symmetric, positive definite
matrix. Note that in the two-dimensional case B, H, and 7, are regarded as scalar
quantities, which are not required to be divergence-free.

We can rewrite (5) under (2) and (3) as

D J Tw 0 —p 10y
P(w, D) ( ) = (Je) , Pw,D)= 0 w p oy |,
" Oog11 — O1€21 Oagr12 — Oi€22 1w

denoting with €;; the components of the inverse of .

In the following let d € {2,3}, m(2) = 3, m(3) = 6, and
LE(R?) = {(f1, fo. f3) € LP(R®)® : O1f1 + Do fo = 0 in S'(R?)},
Lo(R?) = {(f1,---, fo) € LP(R®)® = V- (f1, fa, f3) = V- (f1, f5, f6) = 0 in S'(R)}.

In this paper we are concerned with the resolvent estimates
(1) 1D, H)llg@a)y = [1P(w, D)™ (Jeo, Jmo) |l La(may S #p.q (@)l (Teos Jmo) || g ma)-

However, as will be clear from perceiving P(w, D) as a Fourier multiplier,
P(w, D)~ cannot even be explained in the distributional sense. The remedy will
be to consider w € C\R and derive estimates independent of the distance to the
real axis. Then limits can be explained. This is referred to as limiting absorption
principle. We shall further derive explicit formulae for the resulting limits. To
find the estimates, we diagonalize P(w, D)~!, which leads us to consider resolvent
estimates for the Half-Laplacian.

We digress for a moment to elaborate on LP-L%-estimates for the fractional Lapla-
cian and applications. Let s € (0,d). For w € C\[0,00) we consider the resolvents
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as Fourier multiplier:

_ANS/2 —1p __ 1 f(g) ix.§
) (AP =™ = G [ T =
for f : R? — C in some suitable a priori class, e.g., f € S(R?). In the present
context, resolvent estimates for the Half-Laplacian [|((—A)2 — w)~!||,_, are most
important. There is a huge body of literature on resolvent estimates for the Lapla-
cian (—A — w)™t : LP(RY) — LI(R?). This is due to versatile applications to
uniform Sobolev estimates and unique continuation (cf. [14]), the localization of
eigenvalues for Schrédinger operators with complex potential (cf. [5, 7, 8]), or lim-
iting absorption principles (cf. [11]). Kenig-Ruiz—Sogge [14] showed that uniform
resolvent estimates in w € C\[0, c0) for d > 3 hold if and only if

1 1 2 2d 2d

9 - ——=-and .
) P q dan d+3<p<d+1

By homogeneity and scaling, we find

_1qd(1_1 W\ -
10) 1(=2 =) Mpmg = oG (A= 2T sy € €0, 00)
Thus, it suffices to consider |w| = 1 to discuss boundedness. To the best of the

author’s knowledge, Kwon-Lee [15] showed the currently widest range of resolvent
estimates for the fractional Laplacian outside the uniform boundedness range. To
state the range of admissible LP-L9-estimates, we shall use notations from [15]. Let
I ={(x,y) e R?|0 < z,y < 1}, and let (z,y) = (1 — 2,1 —y) for (x,y) € I%. For
R CIweset R ={(z,9)|(z,y) € R}

For Xi,...,X, € I? [Xi,...,X,] denotes the convex hull. We set (X,Y) =
X, YIVX, Y} and [X,Y) = [X, Y]\{Y}.

Kwon-Lee [15, Proposition 6.1] showed boundedness of the resolvent of the frac-

s

tional Laplacian ((—A)2 — 2)~1 for (1/p,1/q) € Ré with
s s S d—s S
R§ =RE () = {(r.y) € P10 <z —y < SN 0,00
Uniform estimates for the Laplacian are due to Gutiérrez [11]. She showed that
uniform estimates for w € {z € C : |z| =1, z # 1} hold if and only if (1/p,1/q) lies
in the set

d+1~ - d’ d ’ d
Failure outside this range was known before (cf. [14, 2]) due to the connection
to Bochner-Riesz operators with negative index. Clearly, there are more estimates

available outside of (11) if one allows for dependence on w. E.g.,
(12) (A —w) Y p2m 2 ~ dist(w, [0,00)) .

Kwon-Lee [15] analyzed estimates outside the uniform boundedness range in detail
and covered a broad range. Still, estimates with dependence on z can be used to
localize eigenvalues for Schrédinger operators with complex potentials (cf. [5]).
Returning to (1), Cossetti-Mandel analyzed the isotropic case €, u > 0, also in the
spatially inhomogeneous case in [4]. In the isotropic case, iterating (1) and using the
divergence conditions yields Helmholtz equations for D and H. This approach was
carried out in [4]. In the anisotropic case this strategy becomes less straight-forward.
Instead we choose to diagonalize the Fourier multiplier to get into the position to

(11) Ry = Ra(d) = {(z,y) € Ry(d) :
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use resolvent estimates for the fractional Laplacian. A similar diagonalization was
used for the derivation of Strichartz estimates in [21]. Kwon-Lee—Seo [16] previously
used a diagonalization to prove resolvent estimates for the Lamé operator. In three
spatial dimensions we consider pu > 0 and ¢ = diag(e1,e2,£3). Diagonalizing the
symbol to operators involving the Half-Laplacian works in the partially anisotropic
case, i.e.,

(13) #{e1, 62,63} < 2.
It turns out that in the fully anisotropic case
€1 # &2 # €3 # €1,

diagonalizing the multiplier introduces singularities, and this case has to be treated
differently. This will be subject of forthcoming work (cf. [19]).

After finding the resolvent estimates stated below in Theorem 1.1, we shall see
that a limiting absorption principle LP — L9 fails. We will see that a suitable
local result still holds and estimates LP* N LP2 — [9. Furthermore, localization of
eigenvalues for perturbartions is deduced.

For d € {2,3} and (1/p,1/q) € I?, define
d+1,1 1, d+1 dd d-—1
Tog = Vpog(d) = max{0,1 - — (= - =), —— — -, — — ——}.
p,q P,q ) { 2 (p q) 2 p q 2 }
To state resolvent estimates more precisely, we introduce the regions from [15,
p. 1421] specifying the value of v, ,(d):

2 d+1 d—1

= = i —y>— —_—
P=Pd) ={(z,y) €l” : x y= oo > 5 Y< 5 h
2 d—1 d+1
= = 2.0<z-— = —(l-x)<y<—=(1-
T=T@)={(z,y) el : 0<z V<o d+1(1 fv)_y_d_l(l )},
d—1 d+1
= = 1% . —(1- < L
Q=09(d) ={(z,y) € y<d+1( z), y<w<
We set additionally
11 _d-1d-1 , o d+1 d+1 /3 3
H=G3) D=( 2d ° 2d ): = 2d ° 2d ) Pe= 10’10)’
7(d+1 (d—1)2) ,7(d2+4d—1 d—l) Pi(g 3)
N 2d T2d(d+ 1) SV 2dd+1) 7 2d 7 T Y5710
and
Ri =R{(d) = P(d) N RS (d),
R3 =R3(d) = (T(d) NRg (A)\([D, H) U [D', H)),
R3 =R3(d) = Q(d) NRg (d).
Set

1
wi5 (2) = ol 4G P dist(2, 0, 00)) e,
Ky () = |27 G gt (2, R)) 0
Kwon-Lee [15, Conjecture 3, p. 1462] conjectured that

(14) K52 (2) ~pana [ (=A% = 2) 7Y |psg
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in (U?:l RZ%) U (Ré)/ For d = 3 set
R =B, B, P}, H, P\([Po, H) U [Py, H)U[B, B')), Ry =R3\[D, P, P,
R: =R2(d)NRa(d), RZ =R2(A\[D, Py, P.l.

Kwon-Lee [15, Theorem 6.2, p. 1462] verified the conjecture for d = 2 and for d = 3

1 ~1 ~1
in the restricted range in R} U (U?:2 RZ)U(R:Z).
For d = 2 the regions for the Laplacian look as follows:

1
q
1
D/
Rs
1 H 1
2 2
RQ //
D B
~ B
R3 o R
0 1 11
2 p

The dashed line indicates the boundary of Ré , by which the regions for resolvent
estimates of the Laplacian have to be intersected to find the corresponding regions
for the Half-Laplacian.

For d = 3 we have the following regions:

1
q
1
Pl
1 g / 2
D o 3,3
Phe o //
1 H/// //
= 7/
2 / .
/ ~ s
D/ / RQ,’/ , 1
/ =
A . B .13
P // //
* o s,
7 B Rl 7
- // //
Rs - L
0 1 1 2 1 1
3 2 3 P
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Here, the dashed lines further exclude regions close to the diagonal as the conjecture
stated above is unproved in three dimensions.
We prove the following for time-harmonic Maxwell’s equations:

Theorem 1.1. Let 1 < p,q < o0, d € {2,3}, and w € C\R. Let P(w, D) as in (6)
ford =2, and as in (4) for d = 3. Then, P(w, D)~' : L§(R%) — L3(R%) is bounded

if and only if (1/p,1/q) € Ré (d).
1. If d =2, then

(15) ||P(WvD)71||L§(Rd)—>Lg(Rd) ~ Kp,q(w)
is true for (1/p,1/q) € Ré (2).

2. If d = 3 with ¢ satisfying (13), then (15) is true for (1/p,1/q) € I® =

3 ~ 1 ~ 1 /

(Umi RZ () U (R (d))

Contrary to the Laplacian, we cannot include the boundary of Z as Riesz trans-
forms are involved in the proof of the boundedness. It is well-known that the Riesz
transforms are bounded on LP(R?), 1 < p < oo, but neither on L' nor on L>. If the
bound of the resolvent is independent of dist(z, R), we can consider the limit z — 0.

This leads to a (global) limiting absorption principle. However, since 7, , > 0 for p
and ¢ as in Theorem 1.1, we have the following:

Corollary 1.2. There is no global Limiting Absorption Principle for (5) or (1).

We shall introduce the notion of a local LAP for functions with compact fre-
quency support. Roughly speaking, in the local part the resolvent estimates are
equivalent to resolvent estimates for the Laplacian, and uniform estimates LP* — L4
are possible. In the global part the multiplier is smooth, but provides merely the
smoothing of the Half-Laplacian. We use different LP> — L9-estimates for this
region. This gives uniform LP* N LP? — L9-estimates for z in a compact set away
from the origin and a limiting absorption principle in the same spaces.

Theorem 1.3 (Local LAP for Time-Harmonic Maxwell’s equations). Let 1 <

1

P1,P2,q < 00, and let d € {273} If (1/])171/(]) € P(d)7 (1/p2a1/q) € 7?’02 (d)7
then P(w, D)~ : LEY(RY) N LE* (RY) — LE(RY) is bounded uniformly for w € C\R
in a compact set away from the origin. Furthermore, for w € R\O there are limiting
operators Py(w) : LE*(RY) N LE*(R?Y) — LI(RY) such that (D, B) = Py(w)(Je, Jm)
satisfy
(16) P(w7D)(DaB) = (J€7‘]’l'n)
in S’ (RY)™(d),

At last, we use the w-dependent resolvent estimates to localize eigenvalues for
operators P(w, D) + V acting in L?. For this purpose, we consider for ¢ > 0 and

L1 L1
(1/p,1/q) € U, R? U (RZ)" the region, where uniform resolvent estimates are
possible:
Zpot) = (W €C\R ¢ hyy(w) < 1)

(17) 11

= (W €C\R ¢ [ w7 |Sw| T < £}, apg=1-d(> — ).
P q

Describing the regions, we start with observing the symmetry in the real and imag-
inary part. For oy =0, £ < 1, we find Z, ,(¢) = 0. For ¢ > 1, Z, ,(¢) describes
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a cone around the y-axis with aperture getting larger. For ¢, , > 0 the boundaries
become slightly curved. Pictorial representations for ftw > 0 were provided in [15,
Figures 9 (a)-(c)]. For the left half plane, the region is obtained by reflection along
the imaginary axis.

Let C be the constant such that

(18) HP(W,D)71||Lg(Rd)—>Lg(Rd) < C“p,q(z)-

Corollary 1.4. Let d € {2,3}, { > 0. Ford=2let (1/p,1/q) € U?:2 RZ% U (’Ré)/
~ 1 ~
and for d =3, (1/p,1/q) € U?:2 R? URE. Let C > 0 be as in (18). Suppose that
there is t € (0,1) such that
V]l e < 0(CO.
If E € C\R is an eigenvalue of P+ V acting in Li, then E must lie in C\Z, 4(¢).

Proof. The short argument is standard by now (cf. [15, 16]), but contained for
the sake of completeness. Let u € LI(R?) be an eigenfunction of P + V with
eigenvalue E € C\R and suppose that E € Z, ,(¢). By Hélder’s inequality, we find
—(P—FE)ju=(V—-(P—-E+V))u=Vue€ LP. By definition of Z, 4(¢), we find

(P — E)_1||p—>q < Ckpq(E) < CL.
By the triangle and Hdélder’s inequality, we find
I(P—E)"H (P~ E)ully < CUI(P~E+V)ul,+[[Vullp) < CUVI| 2o |ully < tllulg,
which implies u = 0 as t < 1. Hence, E ¢ Z, (). O

We end the introduction with remarks on further applications of the diagonal-
ization: It appears as if the diagonalization can also be applied to time-harmonic
Maxwell’s equations with periodic boundary conditions. We refer to the works
[3, 12] for context. Finally, it would be interesting to investigate LP-L?-Carleman
estimates, which were shown to fail for the Lamé operator in [16].

Outline of the paper. In Section 2 we diagonalize time-harmonic Maxwell’s equa-
tions in Fourier space to reduce the resolvent estimates to estimates for the Half-
Laplacian. We also give examples for lower resolvent bounds in terms of the Half-
Laplacian. In Section 3 we argue how an LAP fails in LP-spaces, but can be salvaged
in intersections of LP-spaces. We also give solution formulae derived from the local
LAP.

2. REDUCTION TO RESOLVENT ESTIMATES FOR THE HALF-LAPLACIAN

Let w € C\R. We diagonalize P(w, D) as in (6) and as in (4) in the partially
anisotropic case. We shall see that the transformation matrices are essentially
Riesz transforms. This allows to bound the resolvents with estimates for the Half-
Laplacian. We will make repeated use of the following multiplier theorem:

Theorem 2.1 ([9, Theorem 6.2.7, p. 446]). Let m : R™\0 — C be a bounded
function that satisfies

(19) 0°m()] < Dl (€ € R™M0)

for |af < [5] +1. Then, m, : LP(R") — LP(R") given by f — (mf) defines a
bounded mapping with

(20) [mpllLe—s e < Cpmax(p, (p— 1)~ (A + [ml|z=),
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where

n

A =max(D,, |a| < L2j +1).

As pointed out in [9], for a zero-homogeneous function

(21)

m(Ag) = ATm(§),

TeR,

m is an LP-multiplier for 1 < p < oco. Differentiating the above display with respect

to Og', we obtain

Aelgem(ae) =

)\iTag‘m(f)

and (19) is satisfied with C, = supjg =y [0%m(0)|.

2.1. Maxwell’s equations in 2d. Let v = (Dj, D, B).

We denote (e71);; =

(€45)i,5- To reduce to estimates for the Half-Laplacian, we diagonalize the symbol:

(22)

w

~

(P(w, D)u)(§) = p(w,§)a(§) =i

§a2e11 — &1€12

~ €22
E =
—€12

denote the adjugate matrix of e~ 1. Let |||

Let

be diagonalized to

(23)

0 —&op!
w Gup~t ) ag).
§ac12 — 1622 w

—€12
€11

g’ = <§7M_1‘§§>7 and ¢’ = 5/”'5”6’ p can

d(w,§) = idiag(w, w — [|€]le, w + [I€]le)-

We align the corresponding eigenvectors as columns to

£228] — €128
e11&5 — €12§]
0

(24) m(§) =

For the inverse matrix we compute

ptEl

£lea1—Ehen

—&pt Gt
Sut o =gt
1 1

T3 0

€221 —€21&)

(25) m~H(€) =

2
55511—51512

2
Ehe1a—Elean

With the above, we have
(26)

M= D=

p(w,€) = m(&)d(w, m™" ().

We observe that (m~1(D)(u)); = 0 by the divergence condition. Moreover, m~1(D)
and m(D) are uniformly bounded from LP — LP for 1 < p < co with a constant only
depending on p, e, 1 as the entries are linear combinations of Riesz transformations
after change of variables.

Therefore, we find

27)  P@ D) urore < s @ D)|pospe + (@, D)l|poos e
with
(25) di(w, D) : IP(R?) = LY(R?), (def)(€) = ——— (€).

CwlE]l
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These are in the scope of the resolvent estimates from [15] yielding
1P D) Mluroza Sl 420 17
x (dist(w, [0, 00)) ™" + dist(w, (—o0,0]) ~779)
< |w|71+2(%7%)+7p'qdist(w,R)*”’M

1
for 1 <p,q < oo, (1/p,1/q) € RE.
To show the necessary part, we shall see that

(29)  [1P(w, D) zrospa ~ (=A)% +w) zoospe + 1((=A)2 — )™l Loos Lo

For this we consider generalized Riesz transforms

(30) R 0l = = F1©).

These satisfy for 1 < p < 0o
(31) [fllr®2) ~pies IRT flloewe) + IR fllere)-

In fact, as already used above, ||R§lf||Lp Spe Iflle for 1 < p < o0 as a
consequence of Theorem 2.1. For the reverse bound, we decompose f = fi + f2 via
a smooth partition of unity such that |&| 2 ||€||e for (&1,&2) € supp(f;). Let x;
be zero homogeneous Fourier multipliers such that f; = x;f. Set ((72’;7l)*1 HE =
”iﬁf(g) By Theorem 2.1,

e\ 1
I(RF) Xifllr Spew lIxifllze-
Consequently,
2 ) 2
1Fllze < Ufillee + [ fallee <D IRE) RS filler Spewe YIRS fillp:
i=1 i=1

With (31) in mind, we show (29) by considering the data
(32) v=(-2R5f 2RSS 0).

Clearly, 1v1 + dovs = 0. We compute

We further compute
— ’ ’ t
P(w,D) v = (R5(d_ +d)f Ri(d_+do)f pld-—do)f)",
and it follows by (31)
1P(w, D)~ ]|z ~ [I(d= + di) fllos + pll(d= = di) fllza ~ lld—fllza + lldsf s

as claimed. Since ||v||L» ~ ||f||Lr, by choosing f suitably, we find

[P(w, D)o —sra 2 max(ld—||ze—ra, |dy Lo sra) ~ |d- | o pa + ldy ] Lo Lo

The proof of Theorem 1.1 for d = 2 is complete.
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2.2. Maxwell’s equations in 3d in the partially anisotropic case. We con-
sider P(w, D) as in (1) with e = diag(e1,€2,e3) and u > 0. Here we consider the
partially anisotropic case a™! = &, # €9 = €3 = b~ ! and suppose that u = 1 with-
out loss of generality, to which we can reduce by linear substitution. The isotropic
case under more general assumptions was considered in [4]. For ¢ € R? we denote

Ilf* = &7 + &3 + &5, 118112 = b&t + agi + agi,

& =&/l £=¢/)€].
We write further
0 & —&
(Vxuf(§) =—ib§u(§), bE)=(-& 0 &
& & 0

Here, the symbol of P(w, D) is given by
(Limss ) = mi@atomo
with
d(¢) = idiag(w,w,w — Vb|[&[l,w + VBIIE]] w0 — [[€]le, @ + [1€]le)-

We find the following corresponding eigenvectors, which are normalized to zero-
homogeneous entries. Eigenvectors to iw are

Ui = (070a03517€é7£é)7

Eigenvectors to iw F iv/b||€|| are given by

o = ( ,—%, %,—(@;)2 (@), E8),

vi= (02— ()" + (6)7), €165, €163).
Eigenvectors to iw F i||€||c are given by

vé = (g% + 53%7 _51521 _51537 07 _537 g?)»

Ué = ( - (ég + 55)7 51523 61533 Oa 7537 52)
Set
m(§) = (v1,...,vg).
We find
mH(E) =
0 0 0 & & &
abé; abéy abés 0 0 0
0  _VolEl & VOlEll & —1/2 £1 &
20elle 2+63  20¢ll- &+€2 2(€2+¢5) 2Er+eR
0 VollEl & _ VOlEl & —1/2 16 €164
2l €2+¢2 2ll€lle £2+¢2 2(e5°+€5%) 2657 +€5%)
a/2 __bhb __bhé 0 __ &l l1€ll-€5
2(634+€3) 2(¢3+€3) 2[[€ll(e5>+€57 2[[¢ll(e57+€57)
—a/2 be1€s b1€s 0 _J&e & l1€1l=€2
2(63+€3) 2(€3+¢€3) 20lEl (€57 +€57)  20El(Er +€5%)
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We observe that the matrix becomes singular for [€2| + |£3] — 0. Therefore,
(+€3)3
(lellliele)=”
trix operations (adding and subtracting the third and fourth, and fifth and sixth
eigenvector, respectively) that

we renormalize vs, ..., vg with a(§) = We compute by elementary ma-

0 0 0O 1 O 0
00 0 0 & &
00 0 0 - : :
detm@l~ ) 0 o o o |~ @b+ &)
0 & —& 0 0 0
0 & & 0 0 0
Let m denote the renormalization, where we replace vs, ..., vg in m with
vz/a(§),...,vs/a(§). m has determinant comparable to 1. By Cramer’s rule, the

entries of ™! are polynomials in the entries of 7. Hence, we do not give the

expressions for m~!. It is enough to check that the Fourier multipliers associated

with the entries in m are all uniformly LP-bounded, for which we use Theorem 2.1.
We turn to the proof that the entries of v;/a(€), i = 3,...,6, are multipliers

bounded in LP for 1 < p < oo.

Entries of vs:

o (v3)2/a(§): We have to show that

&gl & (Hflle)lm
€]l

€13 + &)1 (& +€5)'2
is a multiplier. This is the case because @2&% is a Riesz transform in
2 3
(z2,23) and the second factor ( el )1/2 is zero-homogeneous and smooth
away from the origin, hence, in the scope of Theorem 2.1.
e (v3)3/a(€) is a multiplier by symmetry in & and &3 and the previous con-
siderations.

e (v3)4/a(§): We find

(E+8) v @& lelkye
GHCEEEE el el

to be a Fourier multiplier as it is zero-homogeneous and smooth away from

-(li€ltlile)

the origin.
e (v3)5/a(§): Consider
&i&o 1/22571. &2 ) 1€l \1/2
e + e UM = e g ame G

which is again a Fourier multiplier because the first and third expression
are zero-homogeneous and smooth in R™\0, the second is again a Riesz
transform in two variables.

e (v3)g/a(€) can be handled like the previous case.

Entries of vy/a(§): The entries are Fourier multipliers because they coincide up to
a factor with entries from vs/a(§).
Entries of vs/a(§):
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e (v5/a(&))1: We find
&+&  (lEllel)> _ & +e? il )2,

HENGCETIRE EHREENEE

This is a multiplier because it is a product of two smooth away from the
origin, zero-homogeneous functions.

o (vs/a(§))2: We find

&é 12 & &2 €Nl 172
@+ e VM = e ey e
The first and third factor are zero-homogeneous and smooth away from the
origin; the second is up to a constant a Riesz transform in two variables.
e (v5)3/a(§): This can be handled like (v5)2 because of symmetry in & and

&s-
e (v5)5/a(§): We find

€3 1/2 _ €3 ) €N \1/2,
@+ ey Il = ey (e,
the first factor corresponds to a Riesz transform in two variables; the second
factor is in the scope of Theorem 2.1.
o (v5)6/a(§): The same arguments as for (vs)s/a(§) apply by symmetry.
The entries of vg/a(§) can be handled like the entries of vs/a(£). The proof of
LP-boundedness ofA m is complete. This proves the upper bound for the resolvent.

Below let (R;f)(&) = I\%H f(€). To show the lower bound, we consider the follow-
ing initial data:

0
Joe = _RSf y Jom = 0.
Raf
Note that V - Jo. = 0 and again, the initial data is also physically meaningful as
the magnetic current vanishes.

Let dif&) = (w £ V0|E]) "1 f(€). We compute

(33)
0 0
. 0 ~Rs(d—f +dy f)
(dm_l)(f) (L{Oe) — @ d:_]i <D> = RQ(d—f+d+f)
Jop 2 [ —dyf|’ \B —((R3+R3)(d-f —dyf)
0 RiR2(d_f —dy f)
0 RiR3(d_f —dif).

We shall see that
(34) (D, B)lra 2 lld—f +difllea + l[d-f —dsfllea Z [d=fllza + [|ds fllLa-

This will be the case, if f has frequency support in a conic neighbourhood of the
&3-axis or is spherically symmetric. Indeed, if f has frequency support in a conic
neighbourhood of the £3-axis, then Rj is invertible and ||R2g||» < ||g]/z» by The-
orem 2.1, such that (34) follows from considering the second and fourth component
in (33).

In case of spherical symmetry, we still find

IRsflle ~ [[fllLe,  [1Rsd<fllzr ~ lldsfllze-
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If we can choose g such that the operator norms of d+ are approximated, we find

(D, H)l[rg 2 (ld-llzr—ra + lds || o o) | Fll 2o

Lastly, if f is supported in a conic neighbourhood of the £3-axis, or is spherically
symmetric, we find [|(Jeo, Jmo)|[zz ~ [|f][zr. To see that it suffices to consider the
frequency support of f as such, we recall the examples from [15, Section 5.2], giving
the claimed lower bound for the operator norm of the resolvent of the fractional
Laplacian: a Knapp type example, which can be realized with frequency support
in a conic neighbourhood of the £3-axis [15, p. 1458], and a spherically symmetric
example related with the surface measure on the sphere [15, p. 1459]. This finishes
the proof of Theorem 1.1. O

3. LOCAL AND GLOBAL LAP

Let P(w, D) be as in the previous section. In the following we want to investigate
the limit of
Pw=+i6, D) 'faséd =0, weR\0,
by which we construct solutions to time-harmonic Maxwell’s equations. By scaling
we see that the following estimates are uniform in w, provided it varies in a compact
set away from the origin. We further suppose that w > 0, the case w < 0 can be

treated with the obvious modifications.
We work with the following notions:

Definition 3.1. Let d € {2,3}, 1 < p,qg < 00, w € R\0, and 0 < § < 1/2. We
say that a global LAP holds if P(w +id, D)~!: L — L{ are bounded uniformly in
§ > 0, and there are operators Py (w) : L — Ld such that

(35) P(w=+id, D)™ ' f = Py(w)fasd —0
in §'(RY)™(d),

We say that a local LAP holds if for any 8 € C°(R%), P(w+id, D)~18(D) : L} —
L{ are bounded uniformly in § > 0, and there are operators P{°°(w) : L — L{ such
that
(36) Plw+i6, D)7 B(D)f = PL*(w)f

in §'(R%).

In the following let 0 < |§| < 1/2. By the above diagonalization, it is equivalent
to consider uniform boundedness of
_ f)

€ller + (w + i6)
Hence, by the results of the previous section, the global LAP fails due to the lack
of uniform resolvent estimates for the Half-Laplacian in LP-spaces. This is recorded

in Corollary 1.2.
Regarding the local LAP, we observe that the operator

_ BEO/E©
€ller + (w % i)

A5 (w+i6) : LP(RY) — LYRY),  (d (w +i6) ) (£)

(5 (w £ i8) £) ()



14 ROBERT SCHIPPA

for 5 € C°, 0 < < 1/2is bounded from L — L7 for 1 < p < ¢ < oo by Young’s
inequality, with the obvious limit as § — 0. Thus, we focus on

(37) (ds )(€) := (d—(w £ i8)1)(€) = m

with 0 < 0 < dg < 1, where 5 € C°(R™).
We can be more precise about the limiting operators: For ¢t € R recall Sokhotsky’s
formula, which hold in the sense of distributions:

1
li =v.p.— Fimdp(t
lim -——— = v.p.5 Fimdo(t),
where Jy denotes the delta-distribution at the origin.
Let
loc :
= lim dsf.
RES = Jim,dof
We find

locp ﬂ(g)em§ r i iz€ , £
RS =vp. [ T @i [ e=poaiel - v,

and by the diagonalization formulae, we find that the limiting operators can be
expressed as linear combinations involving possibly generalized Riesz transforms,
RIe, and dy. We recall the LP-L-mapping properties of R!P¢.

We observe that

(R~ RN =2mi [ GO (6)
{llglle=1}
This operator, modulo the bounded operator given by convolution with F~!3 and
linear change of variables & — ¢ such that ||£||cs = ||C]|, is known as restriction-
extension operator (cf. [13, 15]) and is a special case of the Bochner-Riesz operator
of negative index:

- 1 f(6) d+2
B f)(€) = —, 0<a<®Z
EDO = ra—a = e 2
which, for a > 1, is defined by analytic continuation. Hence, for a = 1, it

matches the restriction extension operator. The restriction—extension operator is
well-understood due to the works of Bérjeson [2], Sogge [22], and Gutiérrez [10, 11].
The most recent results for Bochner—Riesz operators of negative index are due to
Kwon-Lee [15]. Gutiérrez showed that B! : LP — L9 is bounded if and only if
(1/p,1/q) € P(d) with

_d+1 <d—1}
d+1 "7 T2a YT g &

She used this to show uniform resolvent estimates for

(—A =271 P - L% 2 e S"\{1} for (1/p,1/q) € R1(d).

P(d) = {(z,y) €[0,1] s 2~y >

By the same argument for ds (cf. [15, Proposition 4.1]) and the diagonalization, the
uniform bounds for P(w £ id, D)~'3(D) : L — L with 1 < p,q < o0, (1/p,1/q) €
P(d) follow.
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We finish the proof of Theorem 1.3: Let 1 < p1,p2,q < 00, w € R\0, § € C
with 8 =1 on {max(||¢]],|¢]le) < 2w} and decompose

J, J, J, S
Ae = Ae 1 — Ae = J J .
() =s@ () +a-m@ ()= h+
By the local LAP, we find uniform bounds for 0 < ¢ < 1/2
|P(w=£id, D)~ NillLg S 1l g

provided that (p—ll, %) € P(d). The estimate

|P(w 8, D) ol La < || Joll 22

follows for 0 < p% — é < é by Theorem 2.1 and properties of the Bessel kernel. The
limiting operators Py (w) were described above: We have

P(w=£i6, D) (Je, Jin) = Pr(w)(Je, Jim)

in S'(R4)™(@),
Let (D, B)f = P(w+id,D)""(Je, Jy) and (D, B)* = Py(w)(Je, Jim). At last, we
show that

(38) P(w,D)(D, B)* = (Je, Jin).
For this purpose, we show that for § — 0 we have
(39) P(w,D)(D, B)5 = (Je, Jm)
in 8'(RY)™, As (D, B)f — (D, B)* in 8'(R%)™@ this would conclude the proof.
To show (39), we return to the diagonalization (26)
p(@,€) = im(€)d(@,E)m™ (§) for w € C.
We find for w € R:
plw, Ep~ (w £ i6,8) = m(€§)d(w, )d(w + 6,6) " 'm 7 (€)
= m(&) (L) xm(a) T 10d(w +i6,6) " )m~1 (€)
= Lin(d)xm(a) + 0p(w £146,&) 7"
Hence,
P(w,D)(D, B)E = (Je, Jm) £ 6P(w +i6, D)~ (Jo, J)
and
1P(w, D)(D, B)§ — (Jey In) | pamay S 8I1(Jes Jn)ll 2 zze — 0.

In particular, (39) holds true in S’(R%)™®. The proof of Theorem 1.3 is complete.
|
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