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Abstract

We discuss a possibility that the parameter space of the two Higgs doublet model is significantly narrowed 
down by considering the synergy between direct searches for additional Higgs bosons at the LHC and its 
luminosity upgraded operation and precision measurements of the Higgs boson properties at future electron-
positron colliders such as the International Linear Collider. We show that, in the case where the coupling 
constants of the discovered Higgs boson are slightly different from the predicted values in the standard 
model, most of the parameter space is explored by the direct searches of extra Higgs bosons, in particular for 
the decays of the extra Higgs bosons into the discovered Higgs boson, and also by the theoretical arguments 
such as perturbative unitarity and vacuum stability. This can be done because there appears an upper limit 
on the mass of the extra Higgs bosons as long as the deviation exists in the Higgs boson coupling. We also 
show that in the alignment limit where all the Higgs boson couplings take the standard model like values 
most of the parameter space cannot be excluded because most of the Higgs to Higgs decays are suppressed 
and also there is no upper limit on the masses from the theoretical arguments.
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1. Introduction

The current observations at the LHC experiments indicate that properties of the discovered 
Higgs boson with the mass of 125 GeV coincide with those predicted in the standard model 
(SM) [1,2]. This, however, does not mean that the Higgs sector in the SM, which plays an essen-
tial role in the electroweak (EW) symmetry breaking, is verified. While the minimal Higgs sector 
is composed of one Higgs doublet field in the SM, there is no principle to determine the structure 
of the Higgs sector. In fact, it is possible to consider a variety of non-minimal Higgs sectors. 
Extended Higgs sectors are often introduced in new physics models which can explain observed 
phenomena beyond the SM, such as neutrino oscillations, dark matter and baryon asymmetry 
of the Universe. In addition, they also appear in some of the new paradigms motivated from a 
theoretical problem in the SM; e.g., the hierarchy problem. Therefore, new physics beyond the 
SM can be revealed by thoroughly testing the Higgs sector.

A definitive probe of extended Higgs sectors would be direct detection of new scalar parti-
cles. At the LHC, especially after the discovery of the 125 GeV Higgs boson, direct searches 
for additional Higgs bosons have been conducted exhaustively in a wide variety of the search 
channels [3–17]. Observations of such new particles have not been reported yet, leading to con-
straints on parameters of extended Higgs models such as masses and coupling constants. The 
2
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direct searches are still one of the key programs at the LHC as well as at the high-luminosity 
LHC (HL-LHC) [18].

In addition to the direct searches, extended Higgs sectors can be explored by measuring vari-
ous properties of the discovered Higgs boson such as cross sections, the width, branching ratios 
and coupling constants. If deviations from the SM are observed, we can extract upper limits on 
the mass scale of the second Higgs boson by taking into account theoretical consistencies. Fur-
thermore, by looking at the pattern of the deviation we can extract the structure of the Higgs 
sector; e.g., the representation of the weak isospin, the number of Higgs fields, and symmetries. 
To this end, precision measurements of the Higgs boson couplings are most important. Although 
the current accuracy of the measurements is not enough, typically order 10 (20) percent level 
for the Higgs boson coupling to weak bosons (third generation fermions) [1,2], it is expected 
to be improved at the HL-LHC [18] and further significantly at future lepton colliders; e.g., the 
International Linear Collider (ILC) [19–22], the Future Circular Collider (FCC-ee) [23] and the 
Circular Electron Positron Collider (CEPC) [24].

It goes without saying that accurate calculations of the Higgs boson couplings are inevitable 
in order to compare theory predictions with the future precision measurements. It has been well 
known that QCD corrections to Higgs boson couplings with quarks or gluons can be quite large. 
For example, QCD corrections to the decay rate of the Higgs boson into gluons at the next-
to-leading order (NLO) are about 70% level [25–27]. Thus, QCD corrections must be included 
for calculations, by which we can discuss the deviation from the SM prediction. On the other 
hand, EW corrections are typically much smaller than QCD ones, but they have a sensitivity to 
the structure of the Higgs sector, particularly non-decoupling nature of extra scalar fields. So 
far, EW corrections to Higgs boson couplings and/or decays have been investigated in models 
with extended Higgs sectors such as those with extra singlets [28–33], doublets [29,32–49] and 
triplets [50–54]. Therefore, calculations with both QCD and EW corrections are quite important 
for the precision measurements in near future, and several numerical tools have been available; 
e.g., H-COUP [55,56], 2HDECAY [57] and Prophecy4f [58].

In this paper, we investigate the impact of the combined study of direct searches for new 
particles at hadron colliders and precision measurements of Higgs boson couplings at future 
lepton colliders. We perform such study including higher-order QCD corrections. We consider 
two Higgs doublet models (THDMs) as a representative extended Higgs model. The models 
are one of the well-motivated extensions of the SM, and some of new physics models contain 
two Higgs doublets, such as the minimal supersymmetric extension of the SM [59–61], models 
for electroweak baryogenesis [62–69], and those for radiative neutrino mass generation [70–73]
and so on. The parameter regions in the THDMs have been explored by direct searches for the 
additional Higgs bosons at the LEP [74–76] and the LHC [3–11,77–85]. The prospect at the 
HL-LHC and the ILC has been studied in Ref. [86]. Furthermore, there are studies which discuss 
the observed data for the discovered Higgs boson at the LHC in the THDMs [81–83,87,88]. The 
signatures of the additional Higgs bosons at the future lepton colliders have been examined in 
Refs. [86,89–92].

The observed Higgs boson couplings are consistent with those in the SM under current experi-
mental and theoretical uncertainties [1,2], so that this fact gives a strong motivation to investigate 
the alignment scenario where the Higgs boson couplings are nearly or exactly SM like. In the 
near alignment region, the decays of the extra Higgs bosons into the discovered Higgs boson 
such as A → Zh and H → hh can be dominant, and at the same time the discovered Higgs bo-
son couplings can deviate from the SM predictions. These decay modes of extra Higgs bosons 
can be well tested at the HL-LHC [93], by which we can set a lower limit on the masses of 
3
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extra Higgs bosons. In addition, we can impose an upper limit on the masses [87,94,95] when 
deviations of the Higgs boson couplings are found at future lepton colliders.

We show that by utilizing the synergy between the direct search for additional Higgs bosons 
and the precision measurement of the Higgs boson couplings a large portion of the parameter 
space can be explored in the near alignment region. We also show that in the alignment limit; 
i.e., all the Higgs boson couplings are exactly same as the SM values, plenty of the parameter 
space still remains even if the mass of the additional Higgs bosons is around the EW scale. This 
is because most of the Higgs to Higgs decays are prohibited and also there is no upper limit on 
masses of additional Higgs bosons.

This paper is organized as follows. In Sec. 2, we define the THDMs and give the Higgs po-
tential, the kinetic terms and the Yukawa interactions. Theoretical constraints from perturbative 
unitarity and vacuum stability are also discussed. Constraints from flavor physics and previous 
colliders are summarized. Sec. 3 is devoted to the discussion for decays of the Higgs bosons. We 
first give the analytic expressions of the decay rates with higher-order QCD corrections and then 
numerically show total widths and branching ratios of the Higgs bosons. In Sec. 4, we show the 
excluded region of the parameter space from the direct searches at the LHC Run-II experiments. 
In Sec. 5, we discuss how the parameter space is widely explored by combining direct searches 
at the HL-LHC and precision measurements of the Higgs boson couplings at future lepton col-
liders. Conclusions are given in Sec. 6. In Appendix, we present the analytic expressions for the 
perturbative unitarity and the vacuum stability conditions (Appendix A) and the decay rates of 
the Higgs bosons at the leading order (LO) (Appendix B).

2. Model

We discuss the THDM, whose Higgs sector is composed of two isospin doublet scalar fields 
�1 and �2. In order to avoid flavor changing neutral currents (FCNCs) at tree level, we impose 
the Z2 symmetry [96] (�1 → +�1, �2 → −�2) which can be softly-broken by a dimensionful 
parameter in the Higgs potential. The most general Higgs potential under the Z2 symmetry is 
given by

V = m2
1|�1|2 + m2

2|�2|2 − (m2
3�

†
1�2 + h.c.)

+ λ1

2
|�1|4 + λ2

2
|�2|4 + λ3|�1|2|�2|2 + λ4|�†

1�2|2 +
[
λ5

2
(�

†
1�2)

2 + h.c.

]
, (1)

where m2
3 is a soft-breaking parameter of the Z2 symmetry. Throughout this paper, we assume 

CP-conservation in the Higgs sector, so that the m2
3 and λ5 parameters are taken to be real. It is 

convenient to define the Higgs basis [97–99] as(
�1
�2

)
= R(β)

(
�

�′
)

, R(θ) =
(

cθ −sθ
sθ cθ

)
, (2)

where

� =
(

G+
v+h′

1+iG0
√

2

)
, �′ =

(
H+

h′
2+iA√

2

)
, (3)

with the rotation angle β being determined by tanβ = v2/v1 (vi ≡ √
2〈�0

i 〉, i = 1, 2). We in-
troduced short-hand notation for trigonometric functions sθ ≡ sin θ and cθ ≡ cos θ . In Eq. (3), 
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� contains the vacuum expectation value (VEV) v ≡
√

v2
1 + v2

2 = (
√

2GF )−1/2 with GF being 

the Fermi constant and the Nambu-Goldstone bosons G± and G0 which are absorbed into the 
longitudinal component of the W± and Z boson, respectively. On the other hand, �′ contains 
the physical charged Higgs boson H± and the CP-odd Higgs boson A. Remaining two states h′

1
and h′

2 are related to the mass eigenstates of the CP-even Higgs bosons via(
h′

1
h′

2

)
= R(α − β)

(
H

h

)
, (4)

where h can be identified as the discovered Higgs boson with the mass of 125 GeV.
The squared masses of the physical Higgs bosons are expressed as follows:

m2
H± = M2 − v2

2
(λ4 + λ5), (5)

m2
A = M2 − v2λ5, (6)

m2
H = M2

11c
2
β−α + M2

22s
2
β−α − M2

12s2(β−α), (7)

m2
h = M2

11s
2
β−α + M2

22c
2
β−α + M2

12s2(β−α), (8)

where M2 ≡ m2
3/(sβcβ) and M2

ij are the elements of the squared mass matrix in the basis of 
(h′

1, h
′
2) given by

M2
11 = v2(λ1c

4
β + λ2s

4
β + 2λ345s

2
βc2

β), (9)

M2
22 = M2 + v2

4
s2

2β(λ1 + λ2 − 2λ345), (10)

M2
12 = v2

2
s2β(−λ1c

2
β + λ2s

2
β + λ345c2β), (11)

with λ345 ≡ λ3 +λ4 +λ5. The mixing angle β −α can also be expressed by these matrix elements 
as

tan 2(β − α) = − 2M2
12

M2
11 − M2

22

. (12)

We can choose the following six variables as the free parameters:

mH , mA, m
H± , M2, tanβ, sβ−α, (13)

where we define 0 < β < π/2 and 0 < β − α < π such that tanβ > 0 and 0 < sβ−α ≤ 1.
The kinetic terms for the Higgs doublets are written in the Higgs basis as

Lkin = |Dμ�1|2 + |Dμ�2|2 = |Dμ�|2 + |Dμ�′|2. (14)

The covariant derivative is defined by Dμ = ∂μ − igI aWa
μ − ig′YBμ, with the SU(2)L generator 

I a (a = 1-3) and the hypercharge Y , from which electric charge Q is derived by Q = I 3 +
Y . In the expression of Dμ, Wa

μ (g) and Bμ (g′) denote the SU(2)L and U(1)Y gauge bosons 
(coupling), respectively. The W± bosons and the neutral gauge bosons are then identified as 
W±

μ = (W 1
μ ∓ iW 2

μ)/
√

2 and (Zμ, Aμ)T = R(θW )(W 3
μ, Bμ)T , respectively, with θW being the 

Weinberg angle. It is clear from Eq. (3) that the masses of the W± and Z bosons are given 
only from the term |Dμ�|2, which also includes the gauge-gauge-scalar type interactions. On 
5
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Table 1
Z2 charge assignments in four types of the Yukawa interactions and the ζf (f = u, d, e) factors appearing in Eq. (16).

QL LL uR dR eR ζu ζd ζe

Type-I + + − − − cotβ cotβ cotβ
Type-II + + − + + cotβ − tanβ − tanβ

Type-X (lepton specific) + + − − + cotβ cotβ − tanβ

Type-Y (flipped) + + − + − cotβ − tanβ cotβ

the other hand, the term |Dμ�′|2, contains the scalar-scalar-gauge type interaction terms such as 
AZh.

Under the Z2 symmetry, the Yukawa interaction terms are expressed as

LY = − YuQ̄L�̃uuR − YdQ̄L�ddR − YeL̄L�eeR + h.c., (15)

where �̃u = iσ2�
∗
u with σ2 being the second Pauli matrix, and �u,d,e denote �1 or �2. We here 

do not explicitly show the flavor indices. Using the Higgs basis Eq. (2), they can be rewritten as

LY = −YuQ̄L(�̃ + ζu�̃
′)uR − YdQ̄L(� + ζd�′) dR − YeL̄L(� + ζe�

′) eR + h.c., (16)

with �̃(′) = iσ2�
(′)∗. The Yukawa matrices Yf are related to the mass matrices for fermions by 

Mf = Yf v/
√

2 which are diagonalized by unitary transformations of the left and the right handed 
fermions. Thanks to the Z2 symmetry, both � and �′ are coupled with a common Yukawa matrix 
Yf , so that FCNCs mediated by the neutral Higgs bosons do not appear at tree level. The ζf

parameters are fixed by specifying the charges of the Z2 symmetry for fermions, in which there 
are four independent choices of the charge assignments [100–102], the so-called Type-I, Type-II, 
Type-X and Type-Y as shown in Table 1.

For the later convenience, we introduce the scaling factors κφ
X which are defined by the ratio 

of the Higgs boson couplings at tree level:

κ
φ
X ≡ gφXX̄

ghSMXX̄

, φ = h,H,A, (17)

where hSM is the Higgs boson in the SM. From the above Lagrangians, the scaling factors can 
be extracted as follows:

κh
V = sβ−α, κH

V = cβ−α, κA
V = 0, (18)

κh
f = sβ−α + cβ−αζf , κH

f = cβ−α − sβ−αζf , κA
f = −2iIf ζf , (19)

where V represents W and Z, and I 3
f = 1/2 (−1/2) for f = u (d, e). For the loop induced 

couplings φγ γ , φZγ and φgg, we define κφ
XY ≡ √

�(φ → XY)/�(φ → XY)SM with �(φ →
XY) being the decay rate of φ → XY and XY = γ γ , Zγ and gg. For the charged Higgs bosons 
H±, their Yukawa couplings are expressed as

LH±
Y =

√
2

v

[
u(muVudζuPL − VudmdζdPR)dH+ − ζeνmePReH+ + h.c.

]
, (20)

where PL (PR) is the projection operator for left- (right-) handed fermions and Vud is the 
Cabibbo-Kobayashi-Maskawa (CKM) matrix element. Here, we also give the scalar trilinear 
couplings λφφ′φ′′ defined by the coefficient of the corresponding Lagrangian term, which are 
relevant to the decay rates discussed in Sec. 3:
6
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λH+H−h = 1

v

[
(2M2 − 2m2

H± − m2
h)sβ−α + 2(M2 − m2

h) cot 2βcβ−α

]
, (21)

λH+H−H = −1

v

[
2(M2 − m2

H ) cot 2βsβ−α + (2m2
H± + m2

H − 2M2)cβ−α

]
, (22)

λH+H−A = 0, (23)

λHhh = −cβ−α

2v

{
4M2 − 2m2

h − m2
H

+ (2m2
h + m2

H − 3M2)[2c2
β−α + sβ−αcβ−α(tanβ − cotβ)]

}
, (24)

where Eq. (23) is followed from the CP-invariance.
Let us discuss the important limits of the parameters in the THDM, the decoupling limit and 

the alignment limit. First, the decoupling limit is realized by taking M → ∞, by which all the 
masses of the additional Higgs bosons become infinity, and only h remains at the EW scale.1 In 
this limit, new physics effects on low energy observables disappear due to the decoupling theo-
rem [99,103]. Second, on the other hand, the alignment limit can be defined by taking sβ−α → 1, 
in which the h′

1 state in � coincides with the mass eigenstate h, and κh
V = κh

f = 1 is satisfied at 
tree level. We note that this limit is automatically realized in the decoupling limit. Here, the im-
portant thing is that if κh

V �= 1 and/or κh
f �= 1 are found at future collider experiments, we cannot 

take the decoupling limit. This provides us a new no-loose theorem [28,87,95], where we can ex-
tract the upper bound on the mass scale of the second Higgs boson.2 Quantitatively, such a bound 
is given by imposing the constraints from perturbative unitarity and vacuum stability as we will 
discuss them below. Notice here that the inverse of the above statement does not hold in general, 
namely, alignment without decoupling can be considered. Such scenario is well motivated by; 
e.g., the successful EW baryogenesis [62–69].

As mentioned above, we take into account the perturbative unitarity and the vacuum stability 
bounds. For the unitarity bound, we impose |ai| ≤ 1/2, where ai are independent eigenvalues of 
the s-wave amplitude matrix for two-body to two-body scattering processes in the high-energy 
limit [94,105–107]. The analytic expressions for ai are given in Appendix A. In this limit, due 
to the equivalence theorem [108], only the contact scalar interaction terms contribute to the s-
wave amplitude, which can be written in terms of the scalar quartic couplings. Thus, the unitarity 
bound gives constraints on the masses of additional Higgs bosons and the mixing angle through 
the relations given in Eqs. (5)–(12), see also Eqs. (A.8)–(A.11). On the other hand, the vacuum 
stability is the requirement that the Higgs potential is bounded from below in any direction with 
large field values. The sufficient and necessary conditions are given in Refs. [109–112]. We give 
a comment on the true vacuum condition. The Higgs potential can have several extrema besides 
the EW true vacuum. In such a case, we need to ensure that the true vacuum is the deepest 
vacuum than all the other ones. In Ref. [113], it has been shown that most of the parameter 
regions with M2 < 0 are excluded by the true vacuum condition. Thus, throughout the paper we 
simply assume M2 to be a positive value in order to satisfy the true vacuum condition.

Before closing this section, we briefly mention constraints from various flavor observables 
which particularly sensitive to the mass of the charged Higgs bosons. The comprehensive studies 
of these constraints in the Z2 symmetric THDMs have been carried out in Refs. [88,114]. In 
Type-II, the B → Xsγ process gives the lower bound of mH± � 800 GeV at 95% confidence 

1 From Eq. (12), tan 2(β − α) goes to zero at M → ∞ which corresponds to β − α → π/2 in our convention. In this 
case, m2

H
and m2

h
are determined only by M2

22 and M2
11, respectively.

2 An original no-loose theorem was discussed for the SM in Ref. [104].
7
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level (CL) almost independently of the value of tanβ for tanβ � 2 [115,116]. On the other hand 
in Type-I, the severe constraint on mH± is given particularly for smaller tanβ; e.g., mH± �
450 GeV for tanβ = 1 [116]. However, above tanβ 
 2, the bound becomes weaker than the 
lower bound from the direct search at LEP; i.e., mH± � 80 GeV [76]. Because the lepton Yukawa 
couplings are irrelevant to the B → Xsγ process, similar bounds given in Type-I and Type-II can 
be obtained in Type-X and Type-Y, respectively. In Type-II, B → τν and Bs → μμ̄ processes 
give an upper limit on tanβ; e.g., tanβ � 20 for mH± = 800 GeV [88]. In Type-X, constraint by 
τ → μνν̄ becomes important for large tanβ [102,117,118]. In the small tanβ region, the neutral 
meson mixing processes B0 − B̄0 give a stronger bounds for mH± compared to the bound from 
B → Xsγ , and these exclude the wide region in all the types of THDMs.

3. Decays of the Higgs bosons

In this section, we give the analytic expressions for the decay rates of the Higgs bosons in-
cluding higher-order corrections in QCD. In addition, some numerical results for the decays of 
the Higgs bosons are shown.

3.1. Running parameters

We give the expressions for the running strong coupling αs(μ) and the running quark masses 
mq(μ) at the scale μ in the MS scheme. In order to compute these variables, we need the co-
efficients of the β function for αs(μ) and those of the anomalous dimension for mq(μ). Their 
formulae at the three-loop level are given by [119,120]

β0 = 11 − 2

3
Nf , β1 = 51 − 19

3
Nf , β2 = 2857 − 5033

9
Nf + 325

27
N2

f , (25)

γ0 = 4, γ1 = 101

3
− 10

9
Nf , γ2 = 2498 −

[
4432

27
+ 320

3
ζ(3)

]
Nf − 280

81
N2

f , (26)

with Nf being the number of active flavors and with ζ(n) indicating the Riemann zeta function. 
The running strong coupling αs at the scale μ is expressed as

αs(μ) = 4π

β0�μ

{
1 − 2β1

β2
0

ln�μ

�μ

+ 4β2
1

β4
0�2

μ

[(
ln�μ − 1

2

)2

+ β2β0

8β2
1

− 5

4

]}
, (27)

where �μ = ln(μ2/�2
QCD), and �QCD is the asymptotic scale parameter [121]. The running quark 

mass at the scale of the pole mass mq is given by [122–125]

mq(mq) = mq

[
1 − 4

3

αs(mq)

π
+ (1.0414Nf − 14.3323)

α2
s (mq)

π2

+ (−0.65269N2
f + 26.9239Nf − 198.7068)

α3
s (mq)

π3

]
. (28)

The running quark mass at the scale μ is expressed as

mq(μ) = mq(mq) × c[αs(μ)/π]
c[αs(mq)/π] , (29)

where the function c(x) is given by [126,127]
8
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c(x) = xγ̄0

{
1 + (γ̄1 − β̄1γ̄0)x + 1

2
[(γ̄1 − β̄1γ̄0)

2 + γ̄2 + β̄2
1 γ̄0 − β̄1γ̄1 − β̄2γ̄0]x2

}
, (30)

with β̄i = βi/β0 and γ̄i = γi/β0.
If the renormalization group (RG) evolution crosses the flavor threshold, we need to take into 

account the matching condition of the running strong coupling [128] and the running quark mass 
[129,130]

α
(Nf −1)
s (μ) = ζ 2

g α
(Nf )
s (μ), (31)

m
(Nf −1)
q (μ) = ζmm

(Nf )
q (μ), (32)

where ζg and ζm are the matching coefficients. We note that the matching coefficients are unity 
up to NLO, and we use ζg = ζm = 1 in the following. For example, the running charm quark 
mass at mh can be evaluated as

mc(mh) = c(5)[αs(mh)/π]
c(5)[αs(mb)/π] × c(4)[αs(mb)/π]

c(4)[αs(mc)/π] × mc(mc). (33)

3.2. QCD corrections to the neutral Higgs decays

In the following, we describe how to include QCD corrections for processes of the neutral 
Higgs bosons φ (= h, H, A) in our calculations. For the decay rates of h, we adopt the formulae 
of incorporating those QCD corrections in H-COUP v2 [56].3

The decay rate into a pair of light quarks (q �= t) including next-to-next-to-leading order 
(NNLO) QCD corrections in the MS scheme is given by [120,131–134]

�(φ → qq̄) = �0(φ → qq̄)(1 + �φ
q ), (34)

where

�φ
q = αs(μ)

π
CF

(
17

4
+ 3

2
ln

μ2

m2
φ

)
+

(
αs(μ)

π

)2

(35.94 − 1.36Nf ) + �
φ
t-loop, (35)

with the color factor CF = 4/3. The last term �φ
t-loop indicates top-quark loop contributions, 

which calculated in the case with mt � mφ and μ = mφ as

�H
t-loop = κH

t

κH
q

(
αs(μ)

π

)2
(

1.57 − 2

3
ln

m2
H

m2
t

+ 1

9
ln2 m2

q(μ)

m2
H

)
, (36)

�A
t-loop = κA

t

κA
q

(
αs(μ)

π

)2
(

3.83 − ln
m2

A

m2
t

+ 1

6
ln2 m2

q(μ)

m2
A

)
. (37)

In the LO decay rate �0, mass parameters arising from Yukawa couplings are replaced by the 
running masses mq(μ). Thereby, large logarithmic corrections induced by the light quark masses 
are resummed [135].

For the top pair, the QCD correction factor �φ
t depends on the CP property of the Higgs 

boson. We obtain the decay rate at the NLO in the on-shell scheme as

3 HCOUP v2 evaluates the decay rates for the 125 GeV Higgs boson with QCD and EW corrections, whereas the decay 
rates for heavy Higgs bosons are not incorporated.
9
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�(φ → t t̄ ) = �0(φ → t t̄ )(1 + �
φ
t ), (38)

where [61,136]

�H
t = αs(μ)

π
CF

[
L(βt )

βt

− 1

16β3
t

(3 + 34β2
t − 13β4

t ) lnρt + 3

8β2
t

(7β2
t − 1)

]
, (39)

�A
t = αs(μ)

π
CF

[
L(βt )

βt

− 1

16β3
t

(19 + 2β2
t + 3β4

t ) lnρt + 3

8
(7 − β2

t )

]
, (40)

with βt = λ1/2(m2
t /m2

φ, m2
t /m2

φ) and ρt = (1 − βt )/(1 + βt ), where the function λ is defined in 
Appendix B. The function L(βt ) is given by

L(βt ) = (1 + β2
t )

[
4Li2(ρt ) + 2Li2(−ρt ) + 3 lnρt ln

2

1 + βt

+ 2 lnρt lnβt

]

− 3βt ln
4

1 − β2
t

− 4βt lnβt , (41)

where Li2 is the dilog function. In the chiral limit βt → 1, we obtain

�
φ
t = αs(μ)

π
CF

(
9

4
+ 3

2
ln

m2
t

m2
φ

)
. (42)

Contributions of the top quark mass in the NLO QCD corrections are significant near the thresh-
old region. On the other hands, dominant contributions in mφ � mt can be the logarithmic 
contribution, ln(m2

t /m2
φ), which appears in the QCD corrections in the MS scheme. In order 

to take into account both of the effects, we use interpolation for the corrections to φ → t t̄ as 
discussed in Ref. [137].

For the decays into an off-shell gauge boson φ → V V ∗ and φ → φV ∗ (V = W, Z), the QCD 
correction can enter in the V ∗ → qq̄ part. This effect can be included by [138]

�(φ → V V ∗ → V qq̄) = �0(φ → V V ∗ → V qq̄)(1 + �QCD), (43)

�(φ → φ′V ∗ → φ′qq̄) = �0(φ → φ′V ∗ → φ′qq̄)(1 + �QCD), (44)

where

�QCD = CF

3αs(μ)

4π
. (45)

The fermion loop contribution to the decay rate of φ → γ γ receives QCD corrections. At the 
NLO, the QCD correction can be implemented by the following replacement of the quark loop 
function Iφ

F (τq) in the MS scheme [27,139]

I
φ
F (τq) → I

φ
F (τq)

[
1 + αs(μ)

π
Cφ

]
, (46)

where Iφ
F (τq) is defined in Appendix B, and the factor Cφ is determined by the scale μ and the 

mass ratio τq ≡ m2
φ/(4m2

q). In our computation, we adopt the analytic expression of Cφ given in 
Ref. [140], in which Cφ is written in terms of the polylog functions, up to the Li4 function. It 
has been known that the factor Cφ becomes the simple form in the large top mass limit, τt → 0, 
as [27,139,141]

CH = −1, CA = 0. (47)
10
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On the other hand, in the large Higgs mass limit or equivalently the massless fermion limit, the 
factor Cφ is common to the case for the CP-even and CP-odd Higgs boson [27]:

ReIφ
F Cφ = − 1

18

[
ln2(4τq) − π2 − 2

3
ln(4τq) + 2 ln

μ2

m2
q

]
, ImI

φ
F Cφ = π

3

[
1

3
ln(4τq) + 2

]
.

(48)

For H/A → Zγ decays, we calculate them at the LO.
For the φ → gg decays, we take into account the decay rate corrected up to NNLO expressed 

as,

�(φ → gg) = �0(φ → gg)

[
1 + αs(μ)

π
E

(1)
φ +

(
αs(μ)

π

)2

E
(2)
φ

]
. (49)

For the NLO QCD corrections to the φ → gg decays, there are contributions from virtual gluon 
loops and those from real emissions of a gluon (φ → ggg) and a gluon splitting into quark pair 
(φ → gqq̄). E(1)

φ in Eq. (49) can be decomposed as [27],

E
(1)
φ = Evirt

φ (mt → ∞) + Ereal
φ (mt → ∞) + �Eφ. (50)

The first and second terms respectively denote the contribution from virtual gluon loops and that 
from real gluon emissions in the large top-quark mass limit. These are expressed by

Evirt
H (mt → ∞) = 11

2
+ 33 − 2Nf

6
ln

μ2

m2
H

, (51)

Evirt
A (mt → ∞) = 6 + 33 − 2Nf

6
ln

μ2

m2
A

, (52)

Ereal
H (mt → ∞) = Ereal

A (mt → ∞) = 73

4
− 7

6
Nf . (53)

The last term �Eφ vanishes in the large top-quark mass limit, which can be decomposed into the 
following three parts:

�Eφ = �Evirt
φ + �E

ggg
φ + Nf �E

gqq̄
φ . (54)

Similar to the φ → γ γ decays, we adopt the analytic expression for the virtual correction �Evirt
φ

given in Ref. [140]. Those for the real emissions �E
ggg
φ and �E

gqq̄
φ are given in Ref. [27], 

which are expressed in the form with a double integral with respect to phase space variables. 
According to Ref. [27], the factor �Eφ is dominantly determined by the contribution from the 
virtual gluon loop �Evirt

φ , so that in our computation we neglect the contributions from �E
ggg
φ

and �E
gqq̄
φ . From Eq. (53), Eφ is given to be about 18 at μ = mφ and Nf = 5, and it gives 

sizable correction to the decay rate; e.g., ∼ 70% for mφ = 100 GeV. For NNLO contributions; 
i.e., E(2)

φ , we incorporate those in the limit with mt � mφ and setting as μ = mφ , which are 
expressed as [142,143]

E
(2)
H = 149533

288
− 363

8
ζ(2) − 495

8
ζ(3) − 19

8
ln

m2
t

2
mH

11
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+ Nf

(
−4157

72
+ 11

2
ζ(2) + 5

4
ζ(3) − 2

3
ln

m2
t

m2
H

)
+ N2

f

(
127

108
− 1

6
ζ(2)

)
, (55)

E
(2)
A = 51959

96
− 363

8
ζ(2) − 495

8
ζ(3) + Nf

(
−473

8
+ 11

2
ζ(2) + 5

4
ζ(3) − ln

m2
t

m2
A

)

+ N2
f

(
251

216
− ζ(2)

6

)
. (56)

3.3. QCD corrections to the charged Higgs decays

The QCD corrections to charged Higgs decays into light quarks are presented in the MS
scheme. The expression can be written in the same way with the neutral Higgs boson decays as

�(H± → qq ′) = �0(H
± → qq ′)(1 + �H±

q ), (57)

where the �H±
q is given by Eq. (35) but without the last term �φ

t-loop. For the decays into quarks 
including the top quark, we apply the QCD correction in the on-shell scheme. It is given in [61,
144]

�(H± → qq ′) = 3GF mH±

4
√

2π
|Vqq ′ |2λ1/2

qq ′

[(
1 − μq − μq ′

){
m2

qζ 2
q

(
1 + CF

αs(μ)

π
�+

qq ′

)

+ m2
q ′ζ 2

q ′

(
1 + CF

αs(μ)

π
�−

qq ′

)}
− 4

√
μqμq ′mqmq ′ζqζq ′

]
, (58)

where μq = m2
q/m2

H± , λqq ′ = (1 − μq − μq ′)2 − 2μqμq ′ . The QCD corrections �+
qq ′ and �−

qq ′
are expressed by

�+
qq ′ = 9

4
+ 3 − 2μq + 2μq ′

4
ln

μq

μq ′
+ ( 3

2 − μq − μq ′)λqq ′ + 5μqμq ′

2λ
1/2
qq ′ (1 − μq − μq ′)

lnxqxq ′ + Bqq ′ ,

(59)

�−
qq ′ = 3 + μq ′ − μq

2
ln

μq

μq ′
+ λqq ′ + 2(1 − μq − μq ′)

2λ
1/2
qq ′

lnxqxq ′ + Bqq ′ , (60)

where xq = 2μq/(1 −μq −μq ′ +λ
1/2
qq ′ ). A function Bqq ′ is given in Ref. [61]. In these expressions 

quark pole masses are used. Similar to φ → t t̄ , we incorporate the corrections with interpolation 
to consider the effect of the top quark mass and the logarithmic corrections due to light down-type 
quark masses.

For the off-shell decays into a neutral Higgs boson and a W boson, H± → φW ∗, the QCD 
correction can be applied as similar to φ → φ′V ∗. It can be written as

�(H± → φW±∗ → φqq ′) = �0(H
± → φW±∗ → φqq ′)(1 + �QCD), (61)

where the QCD correction factor is given in Eq. (45). For loop induced decay processes of the 
charged Higgs bosons, H± → W±V (V = Z, γ ), which have been studied in Refs. [145–150], 
we calculate them at the LO.
12
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3.4. Total decay widths and decay branching ratios

We here discuss total widths and branching ratios for the neutral Higgs bosons and the charged 
Higgs bosons in four types of the THDMs in order for later discussion about direct searches of 
heavy Higgs bosons. We describe the behavior of the total widths and the branching ratios in 
cases with the alignment limit, sβ−α = 1 and without taking the alignment limit, sβ−α = 0.995. 
In the numerical computations, we use the beta version of H-COUP v3 [151], where the QCD 
corrections for the heavy Higgs bosons presented in previous subsections are included. In the 
QCD correction functions Cφ and Evirt

φ , polylog functions appear. We use CHAPLIN [152] for 
the numerical evaluation of such polylog functions. We have confirmed that our numerical results 
for the total widths and the branching ratios are consistent with 2HDMC [153].

We here show the case that masses of the additional Higgs bosons as well as M are degen-
erate; i.e., m� ≡ mH = mA = mH± and M = m�. While the m� is set to be m� = 200 GeV
or 800 GeV, tanβ is scanned in the following range, 0.5 < tanβ < 50. We note that, without 
depending on tanβ , results with m� = 200 GeV for Type-II and Type-X are already excluded 
by the constraint from the flavor physics (also, for Type-I and Type-Y in lower tanβ regions, 
tanβ � 2) [115,116]. Nevertheless, we show them in order to compare results among four types 
of the THDM. For the SM parameters, we use the following values of the MS quark masses for 
the bottom and charm quarks [154] and that for the top quark [155] at a scale of each pole mass;

mb(mb) = 4.18 GeV, mc(mc) = 1.28 GeV, mt (mt ) = 162.3 GeV. (62)

For the mass of the strange quark we use the running mass at μ = 2 GeV [156], ms(2 GeV) =
0.097 GeV. Running quark masses at an arbitrary scale are derived by Eq. (29). In the derivation, 
the running strong coupling is evaluated with the following values of �

Nf

QCD [157],

�6
QCD = 89 MeV, �5

QCD = 210 MeV, �4
QCD = 292 MeV, �3

QCD = 332 MeV,

(63)

for Nf = 6, 5, 4, and 3, respectively. The input value of the CKM matrix elements and the total 
width for the weak gauge bosons as well as the top quark are taken as [154],

Vtb = 0.999172, Vts = 0.3978, Vcb = 0.04053, (64)

�W = 2.085 GeV, �Z = 2.4952 GeV, �t = 1.42 GeV. (65)

The former is relevant for the charged Higgs decays into quarks, H± → tb, H± → ts and H± →
cb. The latter is used in computation of the Higgs boson decays into off-shell particles.

Before we show numerical behaviors of the total widths and the branching ratios, we mention 
the loop induced decays of the charged Higgs bosons. The branching ratio of H± → W±Z can 
be enhanced when the mass difference between H± and A is taken to some extent [146,150]. 
Whereas, in the following numerical results, where the additional Higgs bosons are degener-
ate, the branching ratio of H± → W±Z is at most O(10−4) in the present parameter choices. 
Furthermore, the branching ratio of H± → W±γ is smaller than that of H± → W±Z.

The following numerical results for the total widths and the branching ratios are similar to 
those given in Ref. [87], where the systematic studies have been done. Nevertheless, we here 
show them because there are some developments from the previous study. Main difference from 
Ref. [87] is that we compute the decay processes including higher-order QCD corrections. Also, 
we incorporate the above mentioned decay processes for the charged Higgs bosons, H± → W±Z

and H± → W±γ , in the evaluation of the total width.
13
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Fig. 1. Total widths of h, H , A and H± as a function of tanβ in Type-I, Type-II, Type-X and Type-Y of the THDM from 
the left panels to the right panels. Solid lines and dashed lines show results of m� = M = 200 GeV and m� = M = 800
GeV, respectively. In the top panels, sβ−α is set to be 1. In the middle and bottom panels, sβ−α is set to be 0.995 with 
cβ−α < 0 and cβ−α > 0, respectively.

In Fig. 1, we show the total decay widths for the neutral Higgs bosons and the charged Higgs 
bosons as a function of tanβ in the cases of m� = M = 200 GeV and m� = M = 800 GeV. 
Different values of sβ−α are taken in each panel, namely sβ−α = 1 in the top panels, sβ−α =
0.995 with cβ−α < 0 in the middle panels, and sβ−α = 0.995 with cβ−α > 0 in the bottom panels. 
For the h decays, in the alignment limit sβ−α = 1, the couplings with fermions and weak gauge 
bosons coincide with those in the SM at tree level, so that the total decay width does not depend 
on tanβ . On the contrary, when tanβ increases at sβ−α = 0.995 with cβ−α < 0, the total width 
also increases due to the effect of tanβ enhancement on h → bb̄ (h → τ τ̄ ) in Type-II and Type-
Y (Type-X). For the heavy Higgs bosons H, A and H±, the total widths vary in the both cases of 
sβ−α = 1 and sβ−α �= 1. While those in Type-I monotonically decrease except for H with a mass 
of 800 GeV, there appears the dip at a certain value of tanβ for each additional Higgs boson in 
Type-II, X and Y.

In Fig. 2, we show tanβ dependence of the decay branching ratios for the neutral Higgs bosons 
and the charged Higgs bosons in the alignment limit, sβ−α = 1, with m� = M = 200 GeV. For 
the SM-like Higgs boson decays, there is no tanβ dependence of all the decay modes, since all the 
scaling factors κh

X are unity when sβ−α = 1. We note that, in addition, the squared scaling factors 
of the fermion couplings for H and A are common and simply expressed by ζf parameters; i.e., 
|κH

f |2 = |κA
f |2 = ζ 2

f at sβ−α = 1. In the case with m� = M = 200 GeV, the decay mode into a 
pair of the top quarks does not open for the H(A) decays. Hence, for tanβ > 1, the main decay 
mode of H is H → bb̄ except for Type-X, as similar to the SM-like Higgs boson decays. For 
14
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Fig. 2. Decay branching ratios for h, H , A and H± as a function of tanβ in the case of m� = M = 200 GeV and 
sβ−α = 1. Results for Type-I, Type-II, Type-X and Type-Y of the THDM are shown from the left panels to the right 
panels.

Type-X, the main decay mode is H → τ τ̄ due to the tanβ enhancement for the leptonic decays, 
which also causes H → μμ̄ with about 0.3% for tanβ � 4.

For decays of A, one can see that the behavior of the branching ratios for decays into fermions 
is similar to those of H for all types of the THDM because of |κH

f |2 = |κA
f |2. The difference 

from H decays appears in the decay into gg. Namely, BR(A → gg) is relatively larger than 
BR(H → gg). This mainly comes from the fact that the NLO QCD correction is more significant 
than H → gg, although the expressions at the LO are also different between H and A.

Apart from the neutral Higgs bosons, decays including a top quark exist for the charged Higgs 
bosons. While the decay into tb is the main decay mode for Type-I and Type-Y, the decay into 
τν can be dominant in high tanβ regions for Type-X. For Type-II both of the bottom Yukawa 
and the tau Yukawa coupling are enhanced by tanβ . As a consequence, the branching ratio 
BR(H± → τν) approaches to BR(H± → tb) in high tanβ regions, in which effect of the top 
Yukawa coupling is negligible.
15
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Fig. 3. Decay branching ratios for h, H , A and H± as a function of tanβ in the case of m� = M = 800 GeV and 
sβ−α = 1. Results for Type-I, Type-II, Type-X and Type-Y of the THDM are shown from the left panels to the right 
panels.

In Fig. 3, the branching ratios in the case of sβ−α = 1 and m� = M = 800 GeV are shown 
as a function of tanβ . For h decays, the behavior does not change much from the case with 
m� = M = 200 GeV since the decay rates do not depend on the mass of the additional Higgs 
bosons at tree level. Main difference from Fig. 2 is appearance of the decays into t t̄ in H and A. 
It dominates the branching ratios of H and A for Type-I with any value of tanβ . On the other 
hands, for Type-II, Type-X and Type-Y, H → t t̄ and A → t t̄ can be dominant only for tanβ �
10 since the decay rate is proportional to cot2 β .

Next, we move on cases without taking the alignment limit, sβ−α �= 1. In these cases, the 
branching ratios of fermionic decay modes of H and h vary with a sign of cβ−α . Furthermore, for 
decays of heavy Higgs bosons, additional decay modes, such as H → V V (V = W, Z) H → hh, 
A → Zh and H± → W±h, shall appear. Therefore, their decay patterns can drastically change 
from the case of the alignment limit.
16
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Fig. 4. Decay branching ratios for h, H , A and H± as a function of tanβ in the case of m� = M = 200 GeV and 
sβ−α = 0.995. Solid lines show results of cβ−α < 0 and dotted lines are those of cβ−α > 0. Results for Type-I, Type-II, 
Type-X and Type-Y of the THDM are shown from the left panels to the right panels.

In Fig. 4, we show tanβ dependence of the branching ratios for h, H , A and H± in the case 
with sβ−α = 0.995 and m� = M = 200 GeV. For decays of h and H , predictions in the cases 
with cβ−α < 0 and cβ−α > 0 are separately plotted by solid lines and dotted lines, respectively. 
Regarding the decay of h one can see clear tanβ dependence for all the decay modes. In par-
ticular, the branching ratio for h → bb̄ remarkably increases by tanβ . For the CP-even Higgs 
boson H , the decays into the on-shell weak gauge bosons H → ZZ and H → W+W−, which 
are proportional to m3

H as seen in Eq. (B.4) of Appendix B, can dominate. Whereas, the decay 
into bb̄ (τ τ̄ ) overcomes them for large tanβ in Type-II and Type-Y (Type-X). Similarly, decays 
into a scalar boson and an off-shell vector boson A → hZ∗ and H± → hW±∗ can be sizable in 
Type-I for large tanβ .

In Fig. 5, the branching ratios in the case with sβ−α = 0.995 and m� = M = 800 GeV are 
also shown. While H → t t̄ and A → t t̄ can be the main decay mode as similar to Fig. 3, for 
decays of H , H → hh can be dominant due to the large scalar coupling λHhh. Apart from this, 
17
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Fig. 5. Decay branching ratios for h, H , A and H± as a function of tanβ in the case of m� = M = 800 GeV and 
sβ−α = 0.995. Solid lines show results of cβ−α < 0 and dotted lines are those of cβ−α > 0. Results for Type-I, Type-II, 
Type-X and Type-Y of the THDM are shown from the left panels to the right panels.

one can see that the branching ratio for H → t t̄ and H → hh are close to 0 at tanβ ∼ 10 and 
tanβ ∼ 16, respectively, when cβ−α > 0. This is because the scaling factor κH

t and the scalar 
coupling λHhh vanish at those values of tanβ . We note that the value of λHhh depends on the 
value of M as we can see from Eq. (24). Therefore, the decay width for H → hh can change if 
we consider the non-degenerate case; i.e., m� �= M .

The branching ratios including QCD corrections are discussed in the above paragraphs. On 
the other hands, there are a lots of studies on EW corrections to decays of the SM-like Higgs 
boson [29,32–40,43–46] and additional Higgs bosons [84,158–161]. NLO EW corrections to 
h → f f̄ can be evaluated by utilizing H-COUP v2 [56]. Also, in the program, those to h →
V V ∗ → Vf f̄ are calculated. NLO EW corrections to on-shell two-body decays of H, A and 
H± will be implemented in H-COUP v3 [151]. In 2HDECAY [57], NLO corrections to on-
shell two-body decays of h, H, A, and H± are evaluated. In addition, NLO EW corrections to 
h/H → V (∗)V (∗) → 4f are calculated in Prophecy4f [58].
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Table 2
List of constraints used in this study from direct searches for heavy Higgs bosons at the 13 TeV LHC.

Constrained quantity Applicable mass region Reference

σ(φ) × BR(φ → ττ) 200 < m� < 2000 GeV Fig. 7(a) in [3]
σ(φ(bb)) × BR(φ → ττ) 200 < m� < 2000 GeV Fig. 7(b) in [3]
σ(φ(bb)) × BR(φ → bb) 450 < m� < 1400 GeV Fig. 8 in [4]
σ(φ) × BR(φ → t t) 400 < m� < 5000 GeV Fig. 14 in [5]
σ(H) × BR(H → hh) × BR(h → bb)2 260 < m� < 2000 GeV Fig. 9(a) in [6]
σ(H) × BR(H → WW) 200 < m� < 2000 GeV Fig. 5 in [7]
σ(H) × BR(H → ZZ) 200 < m� < 2000 GeV Fig. 6 in [8]
σ(A) × BR(A → Zh) × BR(h → bb) 200 < m� < 2000 GeV Fig. 6(a) in [9]
σ(A(bb)) × BR(A → Zh) × BR(h → bb) 200 < m� < 2000 GeV Fig. 6(b) in [9]
σ(tH±) × BR(H± → tb) 200 < m� < 2000 GeV Fig. 8 in [10]
σ(tH±) × BR(H± → τν) 200 < m� < 2000 GeV Fig. 8(a) in [11]

4. Direct searches at the LHC

In this section, we present current constraints on the parameter space in the THDMs from 
direct searches for heavy Higgs bosons with the LHC Run-II data.

Let us briefly summarize the procedure how we obtain the constraints on the parameters in the 
THDMs from model-independent analyses for heavy Higgs boson searches at the LHC. First, we 
compute production cross sections of heavy neutral Higgs bosons, φ = H and A, in the THDMs 
for the gluon-fusion process (pp → φ) and for the bottom-quark associated (or bottom-quark 
annihilate) process (pp → φ(bb̄)) at the NNLO in QCD by using Sushi-1.7.0 [162,163]. 
For the charged Higgs boson production pp → tH±, we use the values given at the NLO QCD 
by the Higgs cross section working group (HXSWG) [164], based on Refs. [165–168]. Second, 
we calculate decay branching ratios of the Higgs bosons in the THDMs, including higher-order 
QCD corrections, as described in Sec. 3. Finally, we compute the production cross sections times 
the branching ratios for each parameter point for each search channel at the LHC listed in Table 2, 
and compared with the upper limits at 95% CL with 36 fb−1 data to obtain the constraints. Here, 
as in Sec. 3, we assume the common heavy Higgs boson masses mH = mA = mH± (≡ m�) and 
also M = m�. Because we are interested in the near alignment scenario, we consider the value 
of sβ−α as 1, 0.995, 0.99 and 0.98 both for cβ−α < 0 and cβ−α > 0. We note that we use the 
expected upper limits, not the observed ones, from the LHC analyses in order for the HL-LHC 
projection. Although we use the ATLAS data, listed in Table 2, the similar limits have been 
reported by the CMS experiment [12–17]. We also note that, although new analyses with full 
Run-II data (139 fb−1) are available for some channels; e.g., φ → τ τ̄ [169], we use the upper 
limit with 36 fb−1 data for a fair comparison with the other channels. Similar phenomenological 
studies have been done earlier in; e.g., Refs. [170,171].

4.1. Production cross sections for the additional Higgs bosons

Before we discuss current constraints on the parameter space from direct searches, we present 
production rates for the heavy Higgs bosons at the 13 TeV LHC. Fig. 6 shows cross sections for 
the CP-even heavy Higgs boson H via the gluon fusion process (left two columns) and via the 
bottom-quark associated process (right two columns) on the m�–tanβ plane. We only show the 
cases in the Type-I and Type-II THDMs since the lepton sector is irrelevant for the productions, 
namely the productions in Type-X and Type-Y are same as in Type-I and Type-II, respectively. 
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Fig. 6. Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV LHC on the m�–tanβ plane. 
Panels in two columns from the left (right) show the production via the gluon fusion (the bottom-quark associated) in the 
Type-I and Type-II THDMs, where the value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the top to 
the bottom panels. The cross sections are shown with different colors from blue to red, corresponding to from 10−5 pb 
to 102 pb. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

The value of sβ−α is set to be 1, 0.995, 0.99, and 0.98 with cβ−α < 0 from the top to the bottom 
panels.

For the gluon-fusion process, shown in the left two columns in Fig. 6, the Higgs bosons are 
produced via quark loops. Therefore, the difference of the Yukawa sector between Type-I and 
Type-II in Eq. (19) leads to significantly different dependence on the model parameters. In Type-
I, where the top-quark loop is entirely dominant, the larger tanβ is, the smaller the cross section is 
for a fixed mass. One can also see the threshold enhancement of the top-quark loop at m� ∼ 2mt . 
In Type-II, the top-quark loop is dominant for small tanβ , while the production via the bottom-
quark loop becomes dominant for large tanβ because of the bottom-Yukawa enhancement. The 
sβ−α dependence of the cross sections is very small for small tanβ . In the large tanβ region, 
on the other hand, the cross sections for a fixed mass tend to be larger as sβ−α deviates from 
the alignment limit. The production via the bottom-quark associated process, shown in the right 
two columns in Fig. 6, is entirely subdominant in Type-I, while that becomes dominant for large 
tanβ in Type-II.

In Fig. 7, similar to Fig. 6, but for cβ−α > 0, we show the production rates. In this case, except 
for the b-associate process in Type-II, the cross sections show a peculiar tanβ dependence since 
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Fig. 7. Production cross sections for the CP-even heavy Higgs boson H at the 13 TeV LHC on the m�–tanβ plane. 
Panels in two columns from the left (right) show the production via the gluon fusion (the bottom-quark associated) in the 
Type-I and Type-II THDMs, where the value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α > 0 from the top to 
the bottom panels. The cross sections are shown with different colors from blue to red, corresponding to from 10−5 pb 
to 102 pb.

Fig. 8. Production cross sections for the CP-odd Higgs boson A at the 13 TeV LHC on the m�–tanβ plane. Panels from 
the left to the right show the production via the gluon fusion in the Type-I and Type-II THDMs, and via the bottom-quark 
associated process in the Type-I and Type-II THDMs, respectively.

the top and the bottom Yukawa in Type-I and the top Yukawa in Type-II, given in Eq. (19), 
vanishes for a certain sβ−α and tanβ; e.g., tanβ ∼ 10 for the sβ−α = 0.995 case.

Fig. 8 presents production rates for the CP-odd Higgs boson A. The production processes are 
same as those for H , shown in Figs. 6 and 7, namely the gluon fusion process (left two columns) 
and the bottom-quark associated process (right two columns). Different from the CP-even Higgs 
bosons, the production rates only depend on tanβ because of the Yukawa structure in Eq. (19). 
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Fig. 9. Production cross sections for the charged Higgs boson H± at the 13 TeV LHC on the m�–tanβ plane in the 
Type-I (left) and Type-II (right) THDMs.

The global parameter dependence of the cross sections via the gluon fusion is similar to that for 
H with sβ−α = 1, but the production rate for A is slightly larger than that for H at each point 
on the m�–tanβ plane. The parameter dependence of the cross sections via the bottom-quark 
annihilation is as same as for H with sβ−α = 1.

In Fig. 9, at the LHC charged Higgs bosons H± are mainly produced in association with a top 
quark via gb → tH± for mH± > mt , whose cross sections are shown. Similar to the productions 
for A, the cross section only depends on tanβ . For a fixed mass, in Type-I, the larger tanβ is, 
the smaller the production rate is. In Type-II, on the other hand, up to tanβ ∼ 7, the larger tanβ

is, the smaller the production rate is, similar to the Type-I case. However, for tanβ � 7, the 
production rate becomes larger for larger tanβ due to tanβ enhancement of the bottom-Yukawa 
coupling.

We here mention other heavy Higgs boson productions. Although we assume mH± = mH in 
this study, if the H/A → H±W∓ decay is kinematically allowed, the production via gg → H →
H±W∓ can be comparable with that via gb → tH± [172–175]. Heavy Higgs bosons are also 
produced in electroweak processes such as HA, H±h/H/A, and H+H− [176,177], as well as 
in loop induced processes such as H±W∓ [178] and H+H− [179].

4.2. Constraints from the direct searches

Now, let us turn to discuss constraints on the parameter space in each THDM from direct 
searches for heavy Higgs bosons with the LHC Run-II data.

In Fig. 10, we show exclusion regions at 95% CL on the m�–tanβ plane in the Type-I, Type-
II, Type-X and Type-Y THDMs (from the left to the right panels) via various direct searches for 
heavy Higgs bosons with the 36 fb−1 LHC Run-II data listed in Table 2. The value of sβ−α is 
set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the top to the bottom panels. The shaded 
regions with dotted, solid, and dashed border lines denote the exclusion regions for H , A, and 
H±, respectively.

Each exclusion region is understood by each production rate, shown in Figs. 6–9, times each 
branching ratio, depicted in Figs. 2–5. We highlight several points for A, H and H± in order.

Regarding to the CP-odd Higgs boson A;

• For large tanβ , exclusion regions only appear in the Type-II and the Type-Y THDMs, in 
which the production via the bottom-quark loop as well as the bottom-quark associated pro-
duction becomes dominant.
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Fig. 10. Regions on the m�–tanβ plane excluded at 95% CL in the Type-I, Type-II, Type-X and Type-Y THDMs (from 
the left to the right panels) via direct searches for heavy Higgs bosons with the 36 fb−1 LHC Run-II data. The value of 
sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the top to the bottom panels.

• The A → τ τ̄ channel is significant only for mA < 2mt or for large tanβ in Type-II. We note 
that, although the branching ratio of the A → τ τ̄ decay is even dominant for large tanβ

in Type-X, the production rate is too small to be constrained.4 For mA > 2mt , the A → t t̄

channel becomes relevant in the small tanβ region in all the types.5

• Since the A → Zh decay only occurs for the non-alignment case, the exclusion regions are 
remarkably different between for the alignment case and for the non-alignment case. The 
region of the exclusion from the A → Zh channel becomes larger from sβ−α = 0.995 to 
0.98, since the decay rate for A → Zh is proportional to c2

β−α .

4 Four-τ final states from the pp → HA process in Type-X can be relevant [180].
5 Because there is no specific analysis for the spin-0 resonance in the t t̄ final state in the LHC Run-II, we use the limit 

for Z′ [5], which is valid from the Run-I 8 TeV analysis [181].
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Table 3
95% CL allowed range of tanβ for the case with cβ−α < 0 (cβ−α > 0) from the signal strength of the discovered Higgs 
boson at the LHC [1]. The hyphen denotes no allowed region.

sβ−α Type-I Type-II Type-X Type-Y

0.995 tβ ≥ 0.54 (tβ ≥ 0.54) – (0.57 ≤ tβ ≤ 1.6) 0.43 ≤ tβ ≤ 4.1 (0.42 ≤ tβ ≤ 4.2) – (–)
0.990 tβ ≥ 0.86 (tβ ≥ 0.86) – (–) 0.71 ≤ tβ ≤ 2.0 (0.72 ≤ tβ ≤ 2.5) – (–)
0.980 tβ ≥ 1.3 (tβ ≥ 1.3) – (–) – (–) – (–)

Regarding to the CP-even heavier Higgs boson H ;

• The production rate via the gluon fusion for the heavier CP-even Higgs boson H is smaller 
than that for the A production, as mentioned above. Moreover, in the non-alignment case, the 
fermionic branching ratios of H for low tanβ are smaller than those for A due to the decays 
into a pair of the weak gauge bosons, which are forbidden for A. Therefore, the constraints 
are slightly weaker than the A case, and we do not present the exclusions explicitly for the 
H → τ τ̄ , H(bb̄) → τ τ̄ , H(bb̄) → bb̄ and H → t t̄ channels.

• For mH > 2mW,Z and/or mH > 2mh, the peculiar decay modes for H are H → WW , H →
ZZ and H → hh for the non-alignment case and give rise to the relatively large exclusions. 
The region of the constraint from H → WW is similar to H → ZZ, but smaller, so we do 
not show it explicitly.

• We note that, as mentioned in Sec. 3, the H → hh decay depends on M2. For a non-
degenerate case M �= m�, the exclusion region from the H → hh channel can be different 
that for the degenerate case.

Regarding to the charged Higgs boson H±;

• For the near alignment scenario, in the low tanβ region (tanβ � 5), the H± → tb decay 
is dominant for all the types, therefore the exclusions of the low-mass and low-tanβ region 
from the H± → tb channel are almost same for all the panels.

• In the large tanβ region, the constraint from the H± → τν channel can be significant only 
in Type-II. Although the branching ratio of the H± → τν is even dominant for large tanβ

in Type-X, the constraint is insignificant due to the small production rate.
• We note that, as mentioned in Sec. 2, in Type-II and Type-Y there is an independent constrain 

from flavor observables on the mass of charged Higgs bosons, mH± � 800 GeV.

Fig. 11 shows the same as in Fig. 10, but for the cβ−α > 0 case. The global picture of the 
exclusion regions is same as for the cβ−α < 0 case. A remarkable difference is that the constraints 
for H in the non-alignment case are much weaker for around tanβ ∼ 7 − 10 due to the strong 
suppression of the production rates. Although σ(A → Zh) does not depend on the sign of cβ−α , 
the exclusion regions for cβ−α > 0 in Type-II and Y are smaller than those for cβ−α < 0. This is 
because the analysis includes the h → bb̄ decay, whose branching ratio has a singular behavior 
for cβ−α > 0; see Figs. 4 and 5.

Before closing this section, we briefly discuss the signal strength for the discovered Higgs 
boson measured at the LHC Run-II experiment, which provides independent constraints on the 
parameter space from those given by the direct searches discussed in this section. Measurements 
of the signal strength set constraints on the Higgs boson couplings; i.e., the κ values defined in 
Sec. 2, which can be translated into those on sβ−α and tanβ . In Table 3, we summarize the 95% 
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Fig. 11. Regions on the m�–tanβ plane excluded at 95% CL in the Type-I, Type-II, Type-X and Type-Y THDMs (from 
the left to the right panels) via direct searches for heavy Higgs bosons with the 36 fb−1 LHC Run-II data. The value of 
sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α > 0 from the top to the bottom panels.

CL allowed range of tanβ in the THDMs with fixed values of sβ−α . The κ values are extracted 
from Ref. [1], which are presented in Table 4 as a reference. We see that except for the Type-I 
THDM it gives severe constraints on tanβ , because κb and/or κτ can significantly differ from 
unity in the Type-II, Type-X and Type-Y THDMs even for the approximate alignment case.

5. Combined results of direct searches at the HL-LHC and precision tests at the ILC

Now, let us turn to investigate how the current parameter space in the THDMs discussed in 
the previous section can be explored further in future experiments, especially by direct searches 
for heavy Higgs bosons at the HL-LHC as well as by precision measurements of the Higgs boson 
couplings at the ILC. We note that complementarity for direct searches for heavy Higgs bosons 
between at the LHC and the ILC500 was discussed for the THDMs in Ref. [86].
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Table 4
Summary for the current measurements and expected 1σ accuracies of the κ values. For the current measurements, we 
refer to the values, assuming that the branching ratio of the decay into BSM particles is zero, which are given by the 
ATLAS experiments with 80 fb−1 [1] and the CMS experiments with 137 fb−1 [2]. For the HL-LHC, we refer to the 
expected accuracies given in Ref. [93] using systematic uncertainties at the Run-II experiment. For the ILC250, we refer 
to the expected accuracies given by the ILC with 250 GeV and 2000 fb−1 [20]. For the ILC500, the expected accuracies 
are based on the results of the ILC250 combining the simulations at 

√
s = 350 GeV with 200 fb−1 and those at 

√
s = 500

GeV with 4000 fb−1 [20].

Current (ATLAS, CMS) HL-LHC (ATLAS, CMS) ILC250 ILC500 (1σ [%])

κ
Z

(1.11 ± 0.08,0.96 ± 0.07) (2.6, 2.4) 0.38 0.30

κ
W

(1.05 ± 0.09,−1.11+0.14
−0.09) (3.1, 2.6) 1.8 0.40

κ
b

(1.03+0.19
−0.17,1.18+0.19

−0.27) (6.2, 6.0) 1.8 0.60

κt (1.09+0.15
−0.14,1.01 ± 0.11) (6.3, 5.5) – 6

κc (–, –) (–, –) 2.4 1.2

κτ (1.05+0.16
−0.15,0.94 ± 0.12) (3.7, 2.8) 1.9 0.80

κμ (–, 0.92+0.55
−0.87) (7.7, 6.7) 5.6 5.1

κg (0.99+0.11
−0.10,1.16+0.12

−0.11) (4.2, 4.0) 2.2 0.97

κγ (1.05 ± 0.09,1.01+0.09
−0.14) (3.7, 2.9) 1.1 1.0

κ
Zγ

(–, –) (12.7, –) 16 16

κ
h

(–, –) (–, –) – 27

In order to obtain the sensitivity projection to the HL-LHC with 3000 fb−1 of integrated 
luminosity, we rescale the current expected sensitivity by 

√
3000/36 ∼ 9.1. We also perform a 

further rescaling of the sensitivity from 
√

s = 13 TeV to 
√

s = 14 TeV by taking into account 
the ratio of the signal cross sections, σ(m�)14TeV/σ(m�)13TeV. Here, we assume that signal and 
background increase by the same amount from 13 TeV to 14 TeV, which can be conservative 
particularly for the high-mass region. Detailed projection with systematic uncertainties for the 
φ → τ τ̄ channel was performed in the report for the HL-LHC [93], where one can see the higher 
sensitivity for m� � 1200 GeV.

In addition, from precision measurements of the 125 GeV Higgs boson couplings, we can 
further constrain the parameter space in the THDMs. In Table 4, we summarize the current 
measurements of the κ values at the LHC Run-II and the expected 1σ accuracies of their mea-
surements at the HL-LHC and at the ILC. As we can see, the current uncertainties of the measured 
κ values are not small, 10% and 10–20% level for κV and κf , respectively. However, these un-
certainties can be reduced significantly at those future collider experiments; e.g., κZ is expected 
to be measured with a few percent at the HL-LHC and less than 1% at the ILC. As we explained 
in Sec. 2, if a nonzero deviation in a Higgs boson coupling is confirmed, an upper limit on the 
mass of the additional Higgs bosons can be given because the decoupling limit is no longer re-
alized. In the following discussion, we numerically derive the upper limit on the common mass 
of the additional Higgs bosons m� by imposing the bounds from perturbative unitarity and vac-
uum stability, which are discussed in Sec. 2. We will see that the upper limit appears for the 
non-alignment case sβ−α �= 1, depending on the value of tanβ .

In Fig. 12, we show regions on the m�–tanβ plane expected to be excluded at 95% CL in the 
Type-I, Type-II, Type-X and Type-Y THDMs (from the left to the right panels) via direct searches 
for heavy Higgs bosons at the HL-LHC and via precision measurements of the Higgs boson 
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Fig. 12. Regions on the m�–tanβ plane expected to be excluded at 95% CL in the Type-I, Type-II, Type-X and Type-Y 
THDMs (from the left to the right panels) via direct searches for heavy Higgs bosons at the HL-LHC and via precision 
measurements of the Higgs boson couplings at the ILC. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with 
cβ−α < 0 from the top to the bottom panels.

couplings at the ILC. The search channels we consider are same as for the current constraints in 
Figs. 10 and 11. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with cβ−α < 0 from the 
top to the bottom panels. The shaded regions with solid, dotted, and dashed border lines denote 
the exclusion regions for A, H , and H±, respectively.

The global picture of the exclusion regions from the direct searches is similar to the current 
exclusions, but much wider parameter regions are excluded. Especially, for the non-alignment 
case sβ−α �= 1, the large portion in this parameter space is excluded via the A → Zh and H → hh

channels, which set the lower-mass limit with a given tanβ . We note again that the exclusion 
region from the H → hh channel can be different for the M �= m� case.

Black shaded regions are the regions excluded from the constraints of perturbative unitarity 
and/or vacuum stability. Here, we assume the precision at the ILC250, and the Higgs boson cou-
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plings with weak bosons deviate with 1σ (2σ ) level, which corresponds to black solid (dashed) 
curves, as

κh
V = [0.995,0.99,0.98] ± 0.0038 (0.0076). (66)

For these constraints, we scan the value of M2 with M2 > 0, so that the black shaded region 
indicates that there is no value of M2 which simultaneously satisfies the unitarity and the vacuum 
stability bounds. In the above sense, the black region can be regarded as a conservative excluded 
region. Interestingly, it is seen that a non-zero deviation for the 125 GeV Higgs couplings from 
the SM prediction sets an upper limit of the heavy Higgs masses. For sβ−α = 0.995, the alignment 
limit is included by the 2σ error, so that the dashed curve does not appear.

Details of the behavior of the upper limit from precision measurements on m�, shown in 
Fig. 12, are following, where explicit formulae of the constraints are given in Appendix A. For 
cβ−α < 0, the third condition of the vacuum stability bound given in Eq. (A.7) sets an upper limit 
on M which is slightly smaller than m� almost without depending on the value of tanβ; e.g., 
M � 680, 730 and 780 GeV being excluded for x = −0.1 and m� = 800, 900 and 1000 GeV, 
respectively, where x ≡ π/2 − (β − α). The important point here is that the required value of 
m2

� − M2(> 0) gets larger for a larger value of m�. Whereas, the unitarity bound excludes a 
larger difference between M2 and m2

�, which makes magnitudes of the λ parameters larger, as 
seen in Eqs. (A.8)–(A.11). Therefore, for a fixed value of sβ−α and tanβ we can find a critical 
value of m2

�, above which the solution of the value of M2 to satisfy the both unitarity and vacuum 
stability bounds vanishes. Such an upper limit on m� becomes stronger when the value of tanβ

differs from unity because the λ1 or λ2 parameter becomes significant so that the unitarity bound 
sets more severe constraint on |M2 − m2

�|. We here emphasize that the entire parameter space 
we consider is explored by combining the constraints from the direct searches at the HL-LHC 
and from the precision measurements of the 125 GeV Higgs boson couplings at the ILC.6

Fig. 13 shows the same as in Fig. 12, but for the cβ−α > 0 case. Because of the singular 
behaviors of the production cross section for H and of the branching ratios for h around tanβ ∼
7 − 10, shown in Figs. 7 and 5, a narrow parameter region in the Type-II and the Type-Y models 
remains without any constraints from the direct searches even for low m�. Similar to Fig. 12, 
there appears an upper limit on m� by the constraints of unitarity and vacuum stability in Fig. 13. 
A remarkable difference, however, arises from the vacuum stability bound as compared with the 
case for cβ−α < 0. In this case with a low tanβ region, the condition λ2 > 0 sets an upper limit 
on M2 for a fixed value of m2

� with M2 � m2
�. This upper limit on M2 gets milder when tanβ

becomes larger. When tanβ exceeds a certain value, the upper limit on M2 is almost fixed to be 
m2

� due to the condition λ1 > 0 instead of λ2 > 0. Such a non-trivial tanβ dependence on the 
vacuum stability bound provides two peaks of the upper limit on m� as seen in Fig. 13. As a 
result, some small parameter regions remain uncovered by both the HL-LHC and the ILC250.

We here give a comment on the case, where the degeneracy between the common mass of the 
additional Higgs bosons m� and M is relaxed. In the above analysis, we have set M = m� in the 
analysis of the exclusion region by the direct searches for simplicity. As we have mentioned in 
Sec. 3, the decay width for H → hh depends on the value of M , and the exclusion region for H
might change if we consider the case of M �= m�. We note, however, that most of the parameter 

6 While we study the excluded regions by utilizing the future sensitivity for the hZZ coupling, similar analysis can be 
performed by using an expected accuracy for other Higgs boson couplings. For example, by assuming the central values 
of the hff couplings and the sensitivity at the ILC, we can explore the parameter regions in (sβ−α -tanβ) plane.
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Fig. 13. Regions on the m�–tanβ plane expected to be excluded at 95% CL in the Type-I, Type-II, Type-X and Type-Y 
THDMs (from the left to the right panels) via direct searches for heavy Higgs bosons at the HL-LHC and via precision 
measurements of the Higgs boson couplings at the ILC. The value of sβ−α is set to be 1, 0.995, 0.99 and 0.98 with 
cβ−α > 0 from the top to the bottom panels.

regions excluded by H → hh are also excluded by the A → Zh decay mode, which does not 
depend on the value of M . Therefore, our main conclusion does not change even if we relax the 
degeneracy among m� and M .

Before closing this section, we give a comment on a very near-alignment case such as sβ−α =
0.9999, where the tanβ value in all the types of the THDMs has not been completely constrained 
by the signal strength of the discovered Higgs boson at the LHC [1]. In Fig. 14 we show regions 
on the m�–tanβ plane expected to be excluded at 95% CL via direct searches for heavy Higgs 
bosons at the HL-LHC for sβ−α = 0.9999 with cβ−α < 0 (cβ−α > 0) in the top (bottom) panels. 
The regions in the Type-I, Type-II, Type-X and Type-Y THDMs are shown from the left to the 
right panels, respectively. Different from Figs. 12 and 13, there is no constraint from the ILC 
since the ILC cannot detect the deviation of the Higgs couplings with weak bosons from the 
SM prediction even at the 1σ level if sβ−α > 0.9962; see Eq. (66). The regions excluded by 
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Fig. 14. Regions on the m�–tanβ plane expected to be excluded at 95% CL in the Type-I, Type-II, Type-X and Type-Y 
THDMs (from the left to the right panels) via direct searches for heavy Higgs bosons at the HL-LHC. The value of sβ−α

is set to be 0.9999 with cβ−α < 0 (cβ−α > 0) in the top (bottom) panels.

the HL-LHC are very similar to those in the alignment scenario with sβ−α = 1 due to strong 
suppression of the H → hh and A → Zh decays except for the region of m� < 2mt with low 
tanβ denoted by the red shaded region in the figures. Therefore, in this case there remain large 
parameter regions which cannot be excluded even at the HL-LHC.

To summarize, the entire parameter space in the THDMs can be explored by the synergy 
between the direct searches at the HL-LHC and the precision measurements of the 125 GeV 
Higgs boson couplings at the ILC. In other words, if we observed any deviations for the Higgs 
boson couplings at the ILC, we would be able to find additional Higgs bosons at the HL-LHC, 
or reject a certain type of new physics models. In order to quantify the above statement, we have 
also checked the 5σ discovery sensitivity by naive rescaling. We find that the discovery regions 
are certainly smaller than the 95% CL excluded region shown in Figs. 12 and 13. Consequently, 
for cβ−α < 0, we find that most of the parameter space is covered by the direct searches at the 
HL-LHC and the precision tests at the ILC250. For cβ−α > 0, on the other hand, some parameter 
regions appear, which requires more data and/or more precision to be explored.

6. Conclusions

We have discussed the possibility that a wide region of the parameter space in the four types 
of the THDMs can be explored by the combination of the direct searches for the additional Higgs 
bosons at the LHC and precision measurements of the discovered Higgs boson couplings at future 
lepton colliders. The direct searches give lower limits on the masses of the additional Higgs 
bosons, while the precision measurements set upper limits by using the perturbative unitarity and 
the vacuum stability bounds. Thus, these two searches play an complementary role to explore the 
parameter space. We first have shown that the parameter region excluded by the direct search at 
the LHC Run-II, and then shown that the exclusion expected by using the synergy between the 
direct searches at the HL-LHC and the precision tests assuming the accuracy expected for the 
measurements of the Higgs boson couplings at the ILC with a collision energy of 250 GeV. It 
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has been found that in the nearly alignment scenario most of the parameter space is explored by 
the direct searches of extra Higgs bosons and the precision tests. In the alignment limit where all 
the Higgs boson couplings take the SM-like values, there are parameter regions which cannot be 
excluded due to the suppression of the Higgs to Higgs decays, H → hh and A → Zh, and no 
upper limit on the masses from the theoretical arguments.
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Appendix A. Bounds from unitarity and vacuum stability

The unitarity bound is defined by |ai| ≤ 1/2 as we discuss in Sec. 2, where the independent 
eigenvalues of the s-wave amplitude matrix are given by [94,105–107]

a±
1 = 1

32π

[
3(λ1 + λ2) ±

√
9(λ1 − λ2)2 + 4(2λ3 + λ4)2

]
, (A.1)

a±
2 = 1

32π

[
(λ1 + λ2) ±

√
(λ1 − λ2)2 + 4λ2

4

]
, (A.2)

a±
3 = 1

32π

[
(λ1 + λ2) ±

√
(λ1 − λ2)2 + 4λ2

5

]
, (A.3)

a±
4 = 1

16π
(λ3 + 2λ4 ± 3λ5), (A.4)

a±
5 = 1

16π
(λ3 ± λ4), (A.5)

a±
6 = 1

16π
(λ3 ± λ5). (A.6)
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The vacuum stability bound is given by [109–112]

λ1 > 0, λ2 > 0,
√

λ1λ2 + λ3 + MIN(0, λ4 + λ5, λ4 − λ5) > 0. (A.7)

As we see the above expression, the unitarity and the vacuum stability bounds constrain the 
value of the λ parameters. Thus, it would be convenient to express these parameters in terms of 
the physical parameters as follows:

λ1 = 1

v2

[
(m2

� − M2) tan2 β + m2
h + 2 tanβ(m2

� − m2
h)x

]
+O(x2), (A.8)

λ2 = 1

v2

[
(m2

� − M2) cot2 β + m2
h − 2 cotβ(m2

� − m2
h)x

]
+O(x2), (A.9)

λ3 = 1

v2

[
m2

� + m2
h − M2 − 2 cot 2β(m2

� − m2
h)x

]
+O(x2), (A.10)

λ4 = λ5 = M2 − m2
�

v2 , (A.11)

where m� = mH = mA = mH± , and x ≡ π/2 − (β − α) such that x = 0 corresponds to the 
alignment limit sβ−α = 1.

Appendix B. Decay rates at the leading order

We present the analytic expressions of the decay rates of the Higgs boson at the LO. In order 
to specify the LO formula, the subscript 0 is put in the decay rate, �0.

B.1. Decays of the neutral Higgs bosons

We define φ = h, H or A and H = h or H . The decay rates into a fermion pair are given by

�0(φ → f f̄ ) = √
2GF

mφm2
f

8π
|κφ

f |2Nf
c λφ

(
m2

f

m2
φ

,
m2

f

m2
φ

)
, (B.1)

where Nf
c = 1 (3) for f being a lepton (quark) and

λh,H (x, y) = λ3/2(x, y), λA(x, y) = λ1/2(x, y), (B.2)

with

λ(x, y) = (1 − x − y)2 − 2xy. (B.3)

The decay rates into a pair of on-shell weak bosons (V = W, Z) are given by

�0(φ → V V ) = √
2GF

m3
φ

4πcV

(κ
φ
V )2

(
3m4

V

m4
φ

− m2
V

m2
φ

+ 1

4

)
λ1/2

(
m2

V

m2
φ

,
m2

V

m2
φ

)
, (B.4)

where cV = 1 (2) for V = W (Z). When one of the weak bosons is off-shell, we obtain

�0(φ → WW ∗) = 3m4
WG2

F mφ

16π3 (κ
φ
V )2F

(
mW

mφ

)
, (B.5)

�0(φ → ZZ∗) = m4
ZG2

F mφ

64π3 (κ
φ
V )2F

(
mZ

mφ

)(
7 − 40

3
s2
W + 160

9
s4
W

)
, (B.6)
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where

F(x) = −|1 − x2|
(

47

2
x2 − 13

2
+ 1

x2

)
+ 3(1 − 6x2 + 4x4)| logx|

+ 3(1 − 8x2 + 20x4)√
4x2 − 1

cos−1
(

3x2 − 1

2x3

)
. (B.7)

The loop induced decay rates are given by

�0(φ → γ γ ) =
√

2GF α2
emm3

φ

256π3

∣∣∣∣∣∣κφ
V I

φ
W +

∑
f

κ
φ
f Q2

f N
f
c I

φ
F − λH+H−φ

v
I

φ
S

∣∣∣∣∣∣
2

, (B.8)

�0(φ → Zγ ) =
√

2GF α2
emm3

φ

128π3

(
1 − m2

Z

m2
φ

)3

×
∣∣∣∣∣∣κφ

V J
φ
W +

∑
f

κ
φ
f Qf N

f
c vf J

φ
F − λH+H−φ

v

gZc2W

2
J

φ
S

∣∣∣∣∣∣
2

, (B.9)

�0(φ → gg) =
√

2GF α2
s m

3
φ

128π3

∣∣∣∣∣
∑
q

κφ
q Iφ

q

∣∣∣∣∣
2

, (B.10)

where

I
φ
W = 2m2

W

m2
φ

[
6 + m2

φ

m2
W

+ (12m2
W − 6m2

φ)C0(0,0,m2
φ;mW,mW,mW)

]
, (B.11)

IHF = −8m2
f

m2
H

[
1 +

(
2m2

f − m2
H

2

)
C0(0,0,m2

H;mf ,mf ,mf )

]
, (B.12)

IA
F = −4m2

f C0(0,0,m2
A;mf ,mf ,mf ), (B.13)

I
φ
S = 2v2

m2
φ

[1 + 2m2
H±C0(0,0,m2

φ;mH± ,mH± ,mH±)], (B.14)

J
φ
W = 2m2

W

sWcW (m2
φ − m2

Z)

{[
c2
W

(
5 + m2

φ

2m2
W

)
− s2

W

(
1 + m2

φ

2m2
W

)]

×
[

1 + 2m2
WC0(0,m2

Z,m2
φ;mf ,mf ,mf )

+ m2
Z

m2
φ − m2

Z

[B0(m
2
φ;mW,mW) − B0(m

2
Z;mW,mW)]

]

− 6c2
W(m2

φ − m2
Z)C0(0,m2

Z,m2
φ;mf ,mf ,mf )

+ 2s2
W(m2

φ − m2
Z)C0(0,m2

Z,m2
φ;mf ,mf ,mf )

}
, (B.15)

JH
F = − 8m2

f

s c (m2 − m2 )

[
1 + 1

2
(4m2

f − m2
H + m2

Z)C0(0,m2
Z,m2

H;mf ,mf ,mf )

W W H Z
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+ m2
Z

m2
H − m2

Z

[B0(m
2
H;mf ,mf ) − B0(m

2
Z;mf ,mf )]

]
, (B.16)

JA
F = − 4m2

f

sW cW

C0(0,m2
Z,m2

A;mf ,mf ,mf ), (B.17)

J
φ
S = 2v2

e(m2
φ − m2

Z)

{
1 + 2m2

H±C0(0,m2
Z,m2

φ;mH± ,mH± ,mH±)

+ m2
Z

m2
φ − m2

Z

[
B0(m

2
φ;mH± ,mH±) − B0(m

2
Z;mH±,mH±)

]}
, (B.18)

where C0 and B0 are the Passarino-Veltman functions [182].
The decay rates into a scalar and an on-shell weak boson is given by

�0(φ → φ′V ) = |gφφ′V |2
16π

m3
φ

m2
V

λ3/2

(
m2

V

m2
φ

,
m2

φ′

m2
φ

)
, (B.19)

where the scalar-scalar-gauge couplings are given in Appendix of Ref. [38]. When the weak 
boson is off-shell, the decay rate is given by

�0(φ → φ′W ∗) = 9g2|gφφ′W |2 mφ

128π3 G

(
m2

φ′

m2
φ

,
m2

W

m2
φ

)
, (B.20)

�0(φ → φ′Z∗) = 3g2
Z|gφφ′Z|2 mφ

256π3 G

(
m2

φ′

m2
φ

,
m2

Z

m2
φ

)(
7 − 40

3
s2
W + 160

9
s4
W

)
, (B.21)

where the function G(x, y) is given as

G(x,y) = 1

12y

{
2 (−1 + x)3 − 9

(
−1 + x2

)
y + 6 (−1 + x)y2

+ 6 (1 + x − y)y
√−λ(x, y)

[
tan−1

(−1 + x − y√−λ(x, y)

)
+ tan−1

(−1 + x + y√−λ(x, y)

)]

− 3
[
1 + (x − y)2 − 2y

]
y logx

}
. (B.22)

Finally, the decay rates into two lighter scalar bosons are given by

�0(φ → φ′φ′′) = (1 + δφ′φ′′)
|λφφ′φ′′ |2
16πmφ

λ1/2

(
m2

φ′

m2
φ

,
m2

φ′′

m2
φ

)
. (B.23)

An example of this type of the decay is H → hh.

B.2. Decays of the charged Higgs bosons

Decays of the charged Higgs bosons into two on-shell fermions are given by

�0(H
± → ff ′) = GF mH±

4
√

2π
N

f
c Cf λ1/2

(
m2

f

m2 ,
m2

f ′

m2

)

H± H±
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×
[(

1 − m2
f

m2
H±

− m2
f ′

m2
H±

){
m2

f ζ 2
f + m2

f ′ζ 2
f ′

}
+ 4

m2
f m2

f ′

m2
H±

ζf ζf ′

]
, (B.24)

where a factor Cf is Cf = |Vud |2 (1) for the decay into the up-type quark and the down-type 
quark (the lepton and the neutrino). The decay into an off-shell top quark and an on-shell down-
type quark, H± → t∗qd → W±bqd (qd = d, s, b), is expressed by

�0(H
± → W±bqd) = 3VtbVtqd

256π3mH±
g2 m4

t

v2 ζ 2
uH

(
m2

t

m2
H±

,
m2

W

m2
H±

)
, (B.25)

with

H(x,y) = 1

4x3y

[
2y2 {4(x − 1)y + 3x} logy

+ 2(x − 1)
{
(3x − 1)x3 − 3(x + 1)xy2 + 4y3

}
log

x − 1

x − y

− x(y − 1)
{
(6x − 5)x2 − 4(x − 2)y2 + (3x − 2)xy

}]
, (B.26)

where the mass of down-type quark is neglected.
The on-shell decays into a neutral Higgs boson and a W boson are expressed by

�0(H
± → φW±) = m3

H±

16πm2
W

|gH±φW |2λ 3
2

(
m2

φ

m2
H±

,
m2

W

m2
H±

)
, (B.27)

where the coupling gH±φW for each neutral Higgs boson is given in Appendix of Ref. [38]. The 
decays into a neutral Higgs boson and an off-shell W boson is given by

�0(H
± → φW±∗) = 9

mH±

128π3 g2|gH±φW |2G
(

m2
φ

m2
H±

,
m2

W

m2
H±

)
. (B.28)

For the loop induced decay rates, H± → W±Z and H± → W±γ , the concrete expressions 
of fermion loop contributions and boson loop contributions are given in Refs. [145,183] and 
Refs. [146,183], respectively.
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