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Abstract

Poisson processes in the space of (d — 1)-dimensional totally geodesic subspaces
(hyperplanes) in a d-dimensional hyperbolic space of constant curvature —1 are stud-
ied. The k-dimensional Hausdorff measure of their k-skeleton is considered. Explicit
formulas for first- and second-order quantities restricted to bounded observation win-
dows are obtained. The central limit problem for the k-dimensional Hausdorff measure
of the k-skeleton is approached in two different set-ups: (i) for a fixed window and
growing intensities, and (ii) for fixed intensity and growing spherical windows. While
in case (i) the central limit theorem is valid for all d > 2, it is shown that in case (ii)
the central limit theorem holds for d € {2, 3} and failsifd > 4andk =d — 1 or
if d > 7 and for general k. Also rates of convergence are studied and multivariate
central limit theorems are obtained. Moreover, the situation in which the intensity and
the spherical window are growing simultaneously is discussed. In the background are
the Malliavin—Stein method for normal approximation and the combinatorial moment
structure of Poisson U-statistics as well as tools from hyperbolic integral geometry.
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1 Introduction

Random tessellations in Euclidean space R¢ form a class of mathematical objects
that have been under intensive investigation in stochastic geometry during the last
decades. In addition to intrinsic mathematical curiosity, a major reason for continuing
interest in random tessellations is that they provide highly relevant models for practical
applications, for example, in telecommunication or materials science [19,48,49,57].
One of the principal random tessellation models in Euclidean space is induced by a
Poisson process of hyperplanes. In RY with d > 2 and in the stationary and isotropic
case, the construction of a Poisson hyperplane tessellation can be described as follows.
Fix a parameter ¢ > 0 and consider a stationary Poisson point process on the real line
with intensity 7. To each point p; of the Poisson process we attach independently
of each other and independently of the underlying Poisson process a random vector
u; which is uniformly distributed on the unit sphere S?~! of R“. Then to each pair
(pi,u;i) € R x S9! we associate the hyperplane H; which has u; as a (Euclidean)
unit normal vector and passes through the point p;u; with (signed) distance p; from
the origin. We call the random collection of all such hyperplanes a (stationary and
isotropic) Poisson hyperplane process in R? with intensity 7. The random hyperplanes
H; almost surely divide the space R¢ into countably many random convex polytopes.
The collection of all these polytopes is a (stationary and isotropic) Poisson hyperplane
tessellation in R with intensity 7. We remark that the intensity parameter ¢, roughly
speaking, controls the expected surface content of the Poisson hyperplane tessellation
per unit volume. More precisely, t = EH] (ZNJo, 119), where Z = U;’il H; is the
random union set induced by the Poisson hyperplane process and H¢~! stands for the
(d — 1)-dimensional Hausdorff measure.

For Poisson hyperplane tessellations many first- and second-order quantities are
explicitly available for a broad class of functionals and also a comprehensive central
limit theory has been developed over the last 15 years, cf. [21,23,36,58,66] and [64,
Chapter 10] as well as the many references cited therein. In the literature, central
limit theorems for functionals of Poisson hyperplanes have been considered in two
different set-ups. In a first setting the tessellation is restricted to a fixed (usually convex)
observation window and the asymptotic behaviour is explored when the intensity ¢ of
the underlying Poisson process is increased. Alternatively, the intensity is kept fixed,
while the size of the observation window is increased. By a simple scaling relation
both set-ups are equivalent when homogeneous functionals (such as intrinsic volumes,
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positive powers of intrinsic volumes or integrals with respect to support measures) of
the tessellation are considered, see [36, Corollary 6.2].

While the spherical analogues of Poisson hyperplane tessellations, namely Pois-
son great hypersphere tessellations, were investigated, for example, in [2,24-26,44],
only few results seem to be available for such tessellations in standard spaces of con-
stant negative curvature, see [6,55,62,70]. The spherical space of constant positive
curvature is distinguished by its compactness, which in turn implies that Poisson great
hypersphere tessellations almost surely consist of only finitely many spherical random
polytopes. In contrast, Poisson hyperplane tessellations in a standard space of con-
stant negative curvature display a number of striking new phenomena that cannot be
observed in their Euclidean or spherical counterparts. It is the purpose of the present
paper to initiate a systematic study of intersection processes of Poisson hyperplane
tessellations in the d-dimensional hyperbolic space H¢ and to uncover some of the
anticipated and remarkable new phenomena. We confine ourselves to the study of
the total volume (in the appropriate dimension) of the intersection processes induced
by Poisson hyperplanes in a (hyperbolic convex) test set. We explicitly identify the
expectation and the covariance structure of these functionals by making recourse to
general formulas for and structural properties of Poisson U-statistics and to Crofton-
type formulas from hyperbolic integral geometry. In addition and more importantly, we
study probabilistic limit theorems for these functionals in the two asymptotic regimes
described above for the Euclidean set-up. While the central limit theorems for growing
intensity and fixed observation window are a direct consequence of general central
limit theorems for Poisson U-statistics [36,58,66,67], it will turn out that the limit
theory in the other regime, that is, when the intensity is kept fixed and the size of the
observation window is increased, is fundamentally different. We will prove that here
a central limit theorem in fact holds in space dimensions d = 2 and d = 3. On the
other hand, we will show that a central limit theorem fails for all space dimensions
d > 4 if the total (d — 1)-volume of the union of all hyperplanes is considered. For
the total volume of intersection processes of arbitrary order this will be proved for
technical reasons only for dimensions d > 7. We emphasize that this remarkable and
surprising new feature is a consequence of the negative curvature of the underlying
space and has no counterpart in the Euclidean or spherical set-up. Another interesting
and unexpected feature is observed in this regime for the asymptotic covariance matrix
of the vector of k-volumes of the k-skeletons, k = 0, ..., d — 1. This matrix turns out
to have full rank for d = 2, but it has rank one in dimension d > 3. In addition, we
will study the situation in which the intensity and the size of the observation window
are increased simultaneously. In this case it will turn out that in all situations where
the central limit theorem fails for fixed intensity, the Gaussian fluctuations are in fact
preserved as soon as the intensity tends to infinity, independently of the behaviour of
the size of the observation window (as long as it is bounded from below).

As anticipated above, the proofs of our results concerning first- and second-order
properties of the total volume of intersection processes rely on general formulas for
U-statistics of Poisson point processes as presented in [35] and on tools from hyper-
bolic integral geometry as developed in [11,18,61,68]. The central limit theorems we
consider will be of quantitative nature, that is, we will provide explicit bounds on the
quality (speed) of normal approximation measured in terms of both the Wasserstein
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and the Kolmogorov distance. Their proofs are based on general normal approxima-
tion bounds that have been derived in [15,58,67] using the Malliavin—Stein technique
on Poisson spaces (see collection [51] for a representative overview concerning this
method). This directly implies the central limit theorem for fixed windows and growing
intensities. On the other hand, for fixed intensity and when the window is a hyperbolic
ball B, of radius r around a fixed point in H¢, crucial building blocks of these bounds
are Crofton-type integrals of the form

/ HY(H N B, i (dH),
Ap(d.k)

where Ay, (d, k) denotes the space of k-dimensional totally geodesic subspaces of H¢
and py is the suitably normalized invariant measure on Aj(d, k) (all terms will be
explained in detail below). While in the Euclidean case the asymptotic behaviour of
such integrals, as r — 00, is quite straightforward, this is not the case in the hyperbolic
set-up. In contrast to the Euclidean case, it will turn out that their behaviour crucially
depends on whether /(k — 1) is less than, greater than or equal to d — 1 (see Lemma 8).
In essence, the latter is an effect of the negative curvature, which in turn causes an
exponential growth of volume of linearly expanding balls in H?. To show that a
central limit theorem fails in higher space dimensions is arguably the most technical
part of this paper. We do this by showing that the fourth cumulant of the centred and
normalized total volume of the intersection processes does not converge to 0, which
in turn is the fourth cumulant of a standard Gaussian distribution. However, to bring
this in contradiction with a central limit theorem we need to argue that the fourth
power of the total volume is uniformly integrable, which in turn will be established by
consideration of their fifths moments. This requires a fine analysis of combinatorial
moment formulas for U-statistics of Poisson processes. In essence and in contrast to
the lower dimensional cases d = 2 and d = 3, the failure of the central limit theorem
for space dimensions d > 4 is due to the fact that in these dimensions the contribution
of single hyperplanes is asymptotically not negligible anymore.

We emphasize that the present paper contributes to a recent and active line of cur-
rent mathematical research in stochastic geometry on models in non-Euclidean spaces.
As concrete examples we mention here the studies about spherical convex hulls and
convex hulls on half-spheres in [5,28,38]. Central limit theorems for the volume of
random convex hulls in spherical space, hyperbolic spaces and Minkowski geome-
tries were obtained in [7], asymptotic normality of very general so-called stabilizing
functionals of Poisson point processes on manifolds was considered in [54]. Again
more specifically, the papers [9,17,47,50] study various aspects of random geometric
graphs in hyperbolic spaces, including central limit theorems for a number of param-
eters. Random tessellations of the unit sphere by great hyperspheres are the content of
[2,24,25,44], while so-called random splitting tessellations in spherical spaces were
introduced and investigated in [14,26]. The paper [12] is concerned with properties of
Poisson-Voronoi tessellations on general Riemannian manifolds. Finally, the geom-
etry of random fields on the sphere is studied in the monograph [39] and invariant
random fields on spaces with a group action are described in [40]. In a similar vein, it
is pointed out in [37] that a systematic study of the invariance properties of probability
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distributions under a general group action is missing. The book [37] therefore explores
Markov processes whose distributions are invariant under the action of a Lie group.

The remaining parts of this paper are structured as follows. In the next section we for-
mally define Poisson hyperplane tessellations in H¢ and present our main results. We
start in Sect. 2.1 with expectations and continue in Sect. 2.2 with second-order charac-
teristics associated with the total volume of intersections processes. Our limit theorems
will be discussed in Sect. 2.3. The necessary background material on hyperbolic geom-
etry and hyperbolic integral geometry is collected in Sect. 3.1, the background material
on Poisson U-statistics is the content of Sects. 3.2 and 3.3. All remaining sections are
devoted to the proofs of our results. In Sect. 4 we present the proofs for first- and
second-order parameters and also carry out a detailed covariance analysis, which is
needed for our multivariate central limit theory. Our results on generalizations of the
K-function and the pair-correlation function are established in Sect. 5. All univariate
limit theorems are proved in Sect. 6, while the arguments for the multivariate central
limit theorems are provided in the final Sect. 7.

2 Main results
2.1 First-order quantities

We denote by H, ford > 2, the d-dimensional hyperbolic space of constant curvature
—1, which is endowed with the hyperbolic metric dj (-, - ). We refer to Sect. 3.1 below
for further background material on hyperbolic geometry and for a description of the
conformal ball model for H?. Let p € H¢ be an arbitrary (fixed) point, also referred
to as the origin. For » > 0 we denote by B, = {x € H? : d;(x, p) < r} the closed
hyperbolic ball around p with radius 7. A set K C H is called a hyperbolic convex
body, provided that K is non-empty, compact and if with each pair of points x, y € K
the (unique) geodesic connecting x and y is contained in K. The space of hyperbolic
convex bodies is denoted by ICZ. Recall that fork € {0, 1, ...,d — 1} a k-dimensional
totally geodesic subspace of H¢ is called a k-plane and especially (d — 1)-planes
are called hyperplanes. The space of k-planes in H¢ is denoted by Aj(d, k). The
space Ay (d, k) carries a measure g, which is invariant under isometries of HY (see
Sect. 3.1 for the present normalization of this measure). For s > 0 we denote by H*
the s-dimensional Hausdorff measure with respect to the intrinsic metric of HY as a
Riemannian manifold. Finally, we write w; = 27%/%>/I'(k/2), k € N, for the surface
area of the k-dimensional unit ball in the Euclidean space R¥.

For ¢t > 0, let n; be a Poisson process on the space Ay (d, d — 1) of hyperplanes in
H¢ with intensity measure ¢ uq_1. We refer to 7, as a (hyperbolic) Poisson hyperplane
process with intensity 7. It induces a Poisson hyperplane tessellation in HY, i.e., a
subdivision of H into (possibly unbounded) hyperbolic cells (generalized polyhedra),
see Fig. 1. Fori € {0, ...,d — 1} we consider the intersection process ft(') of order
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Fig.1 Two realizations of a Poisson hyperplane tessellation in H?2 of different intensities represented in the
conformal disc model

d — i of the Poisson hyperplane process 1, given by

~ 1 . .
t(l) = m Z 8Hlﬂ---an—i 1{d1m(H1 n...N Hd—i) = l},
C(Hy....Hy el

where n;j’;’. is the set of (d — i)-tuples of different hyperplanes supported by 7;, §.)
denotes the Dirac measure and dim(-) stands for the dimension of the set in the
argument. In this paper we are interested in random variables of the form

Fy, = / H(ENW) & (dE)

1 :
:m Z HH, N...NHj_iNW)
(Hi,....Ha-pen] 7

x H{dim(H, N ...N Hy_i) = i}, 1

where W ¢ H? is a (fixed) Borel set in H? . In other words, F. ‘gf,)t measures the total

i-volume (i.e., the i-dimensional Hausdorff measure) of the intersection process gt(")
within W. For example,

A=Y i nwy = (| How)

Hen,; Hen,

is the total surface content of the union of all hyperplanes of  within W. On the other
hand,

FO _ 1 > MHIN...OHgNW # %, dim(H; N...N Hy) =0}
W’I_E 1N... gl # ¢, dm(H; N ... 1) =

(H,... Hpen!
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is the total number of vertices in W of the Poisson hyperplane tessellation, i.e., the total
number of intersection points induced by the hyperplanes of 7;. In the Euclidean case
these random variables have received particular attention in the literature, see e.g.
[20,21,27,29,30,36,42,58,64] and the references cited therein. As in the Euclidean
case, we will start by investigating the expectation of F v(ll/)r

Theorem 1 (Expectation) If W C H is a Borel set, t > 0andi € {0,1,...,d — 1},
then

d—i  d—i
. . t
]EF‘E:/)[ — wl+1 (C!)d+1> ~ Hd(W)
T wg41 \ wd (d —1i)!

Remark 1 In comparison with the Euclidean and spherical case we observe that pre-
cisely the same formula holds in these spaces. This is not surprising, since the proof of
Theorem 1 is based only on the multivariate Mecke formula for Poisson processes and
arecursive application of Crofton’s formula from integral geometry, see Sect. 4. Since
the latter holds for any standard space of constant curvature k € {—1, 0, 1} with the
same constant (cf. [11,61]), independently of the curvature «, the result of Theorem 1
holds simultaneously for all standard spaces of constant curvature k € {—1,0, 1}.
In other words this means that the expectation EF v({,)t is not an appropriate quantity
to ‘feel” or to ‘detect’ the curvature of the underlying space. For this we will use
second-order characteristics.

2.2 Second-order quantities

In a next step, we describe the covariance structure of the functionals F‘%)t, i €
{0,1,...,d — 1}, introduced in (1). The following explicit representation for the
covariances will be derived from the Fock space representation of Poisson U-statistics.

Theorem 2 (Covariances) Let W C H? be a Borel set, let t > 0, and let i, j €
{0,1,...,d — 1}. Then

(COV(F&?V F‘EJ?[)

min{d—i,d—j}
= ). Cijnd fz”’_’_’_"/ HYME N W)? pa—n(dE)
n=1 An(d.d—n)
with
Ciiind = 1 ! @it1 Wj+1 way1 )
BT g g (d— i =)V (d — j—n)! \ oy '

Remark 2 Since Theorem 2 follows from the general Fock space representation of

Poisson U-statistics, the formula for (COV(F‘E‘?[, F‘(Vj’)[) is formally the same for all

@ Springer



F.Herold et al.

spaces of constant curvature k € {—1, 0, 1}. However, the curvature properties of the
underlying space are hidden in the integral-geometric expression

T (W) = / HYNE N W)? i (dE),
Ap(d k)

fork € {0, ...,d—1}.Infact,ifk € {—1, O} and if we replace W by aball B, of radius
r around an arbitrary fixed point, we can consider the asymptotic behaviour of Ji (B;),
as r — 00, which is quite different in these two cases (note that in spherical spaces
with constant curvature ¥ = 1 the range of r is bounded). While in the Euclidean case
k = 0, Jr(B,) behaves like a constant multiple of r4tk for all choices of &, in the
hyperbolic case k = —1 we will show that J;(B,) behaves like a constant multiple
of e¥=Dr if 2k — 1 < d, like a constant multiple of red=Dr if 2k — 1 = d and like
a constant multiple of e2&k=Dr if2k — 1 > d, see Lemma 8 below. This also means
that only in the case where 2k — 1 < d, the value Ji (B,) grows with r like a constant
multiple of the volume of B,. In this sense we can say that second-order properties of
the functionals F v(‘l,)[ are sensitive to the curvature of the underlying space. In Euclidean
space, cross-sectional measures such as the Crofton-type integrals J; (W) have been
studied intensively, in particular since they naturally arise in the context of stereological
problems or in the investigation of geometric inequalities (see [64, Section 8.6] for
further details). In the present study, it follows from Theorem 2 that the quantities
Ja—n(B;),forn =1,...,d — i, determine the asymptotic behaviour of the variances
Var(F gr)’ ;)» as r — 00. We will show in Sect. 4.4 that the dominating contribution
comes from J;_1(B,). Since the distinction 2(d — 1) — 1 < d,2(d—-1)—1 =d,
2(d — 1) — 1 > d precisely corresponds to the cases d = 2,d = 3,d > 4, we already
see one reason for the dependence of our results on the dimension of the hyperbolic
space. In order to establish the normal approximation bounds of Theorem 5, which
are based on the general bound provided in (14), we have to deal with further integrals
of Crofton-type, as described in Sect. 6.2.

Continuing the discussion of second-order properties of Poisson hyperplane tessel-
lations in H“, we now introduce and describe the K-function and the pair-correlation
function of the i-dimensional Hausdorff measure restricted to the i-skeleton of the
tessellation. In the Euclidean case these two functions have turned out to be essential
tools in the second-order analysis of stationary random measures (see the original
paper [60] and the recent monograph [4] as well as the references cited therein). To
be precise, fori € {0, 1,...,d — 1} and fixed ¢ > 0, we first consider the i-skeleton
of the Poisson hyperplane tessellation in H with intensity #, which is defined as the
random closed set

skel; := U HnNn...0NH;_;.

(Hi,... Hy-i)en !
dim(H|N...NHy_;)=i

The i-dimensional Hausdorff measure on skel; is denoted by M;. It is a stationary
random measure on H?, that is, its distribution is invariant under isometries of H¢.
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Its intensity is defined by 4; = EF 1(;,):’ where B C H is an arbitrary Borel set with
HA (B) = 1. It follows from Theorem 1 that

s, = @il (@d+ d=i yd-i @)
" wasr \ oy d—i)

The K-function of the random measure M; is defined by

1
Ki(r) == _2E/ f {0 < dp(x, y) = r}Mi(dy)M;(dx), r>0. (3)
)\'i HY JB
Writing this definition in the form

1
MKi() = - B fB M; (B(y, I\ () Mi (d).

where B(y,r) is a closed hyperbolic ball with centre y and radius r, justifies the
(common) interpretation of the K-function as the mean H!-measure of the i-skeleton
skel; within a ball of radius r centred at the typical point of M; (see also [45, p. 316]
for a similar description in the point process case). In point process theory (which
concerns the case i = 0), the K-function is a popular device for the analysis and
distinction of spatial correlations in point patterns. Since it includes the radius as a
parameter, the K-function provides cumulative information across a range of spatial
scales (see [4]). Here we consider also correlations in mass distributions concentrated
on lower-dimensional structures.

The condition dj, (x, y) > 0 is usually omitted in the definition of the K-function
of a diffuse stationary random measure, since in this case it has no effect. For i €
{1,...,d — 1}, the proof of the following more general Theorem 3 will show that
K;(r) remains indeed unchanged if we drop the condition dj (x, y) > 0. For i = 0,
however, the random measure M; is a stationary point process in H? and then the
restriction dj, (x, y) > 0is common. The term which has to be added if this restriction
is removed is just A, ! see the comments below. The proof of Theorem 3 will also
show that the summands corresponding to indices n € {0, ...,d — 1} in (4) are not
affected by the restriction, but the summand with n = d will be zero.

If we define K; (B, r) as in (3), but for a general measurable set B C H, it follows
from the stationarity of 7, that the measure K; (-, r) is isometry invariant and hence
a constant multiple of (- ), provided it is locally finite. In Theorem 3, this will be
shown and the constant will be determined by calculating K; (B, r) for ameasurable set
B c HY with HY(B) = 1. We will also see that the map r — K;(r) is differentiable,
which allows us to consider the pair-correlation function

1 dK;

_— — (1), r > 0.
wq sinh?~1(r) dr ")

gi(r) =

Roughly speaking it describes the probability of finding a point on the i-skeleton at
geodesic distance r from another point belonging to skel;. In contrast to the cumu-
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lative K-function, which contains contributions for all interpoint distances less than
or equal to some r, the pair-correlation function basically contains contributions only
from interpoint distances equal to some given r. In statistical physics, pair-correlation
functions are a common tool, for instance, in the analysis of the spatial distribution of
(random) heterogeneous materials, of disordered particle packings [3] or of hyperuni-
formity in point patterns and random measures [31,32,43,69].

More generally and in analogy to the covariances considered in Theorem 2, we
will consider the mixed K-function K;; fori, j € {0,...,d — 1}. Forr > 0 and a
measurable set B C H¢ with H?(B) = 1 it is defined by

1
Ki,(r):—ﬂ*:f /11{0<dh<x,y)Sr}M,-(dei(dx)
Aidj o Jud JB
1 . .
=—JE// 140 < di(x, ) < r} HI (dy) H (d).
Aikj o Jskel; JskelnB

Similarly as in the special case of the classical K-function, we can rewrite the definition
in the form

1
A Ky (r) = ;EfBMi(B(y, M\ ) M; (@),
J

which suggests the interpretation of the mixed K-function as describing the random
measure M; as seen from a typical point of M}, in the sense of Palm distributions.
We retrieve the ordinary K-function by the special choice j = i. The new mixed
K-function allows to explore correlations between mass distributions concentrated on
structures of different dimensions, including the interaction between a point process
(obtained for i = 0) and diffuse random measures (obtained for j > 0).

The mixed pair-correlation function g;; is then defined in the obvious way by
differentiation of K;;, namely,

1 dKl'j
wq sinh?=1(r) dr

gij(r) = (r), r>0.

As in the case of the K-function, the condition that 0 < dj(x, y) can be omitted if
i>lorj>1.

Theorem 3 (Mixed K-function and mixed pair-correlation function) If i,j €
{0,1,...,d =1}, t > 0andr > 0, then

m(d,i,j)

d— . d— . B 1 n r
Ky = 3 m(? ) (4T enan (a1 / sinh?~"=1(s) s,
n n Wd—n+1 \Wd+1 1t 0

n=0
m(d,i,j)

o d—i\(d—j\ @ ((wa \"' 1
gl](r)_1+ Z nV( n )( n )U)d—n+l(wd+l> (lSiIlh(r))n’ (4)

n=1

where m(d, i, j) == min{d —i,d — j,d — 1}.
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In (4) we restrict the summation to n < d — 1 in order to avoid an undefined
expression which arises for i = j = 0 and n = d. Alternatively, for n = d the
factor wy_, = wp is wp = 2/I"(0) = 0 and the product with the infinite integral can
be defined to be zero. However, if we remove the restriction dj (x, y) > 0, then for

i = j = 0 and an arbitrary Borel set B C H¢ with H¢(B) = 1 we get the additional
contribution

1
Koo i= =B [ [ 10 =ditroy) =) 1y WO
)‘0 skely JskelgpNB

_ ;_%E [Hskelo 1 B) | = )%E [F] =25

This is consistent with (4) if the summation is extended up to n = d and the product

wo [y sinh9=?=1(s) ds is (properly) interpreted as H?~¢(B¢~) = 1 (see the proof of
Theorem 3).

In the special case d = 2 and for i = j we thus obtain

4 1 11
= 1 —_— d - l - )
s =1+ 2 G M s =1+ ahe
and for d = 3 and again i = j we get
=14y 30
SO = T o Sinh() T 7242 sinh2(r)
=142 4 3
r)= - ,
81 ¢ sinh(r) | 7212 sinh’(r)
11
14—
&) =1+ Sho

see Fig. 2.

120 -

100 -

60 [~ \
40| \

20

Fig. 2 Left panel: The pair-correlation functions gq (solid curve) and g; (dashed curve) for d = 2 and

t = 1. Right panel: The pair-correlation functions gg (solid curve), g (dashed curve) and g, (dotted curve)
ford =3andr =1
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Remark 3 An inspection of the proof shows that Theorem 3 is based only on Crofton’s
formula and Lemma 4, which in turn is also based on Crofton’s formula. However,
since the latter holds for any space of constant curvature « € {—1, 0, 1} with the same
constant (cf. [11,61]), independently of the curvature «, Theorem 3 remains valid also
in spherical and Euclidean spaces of curvature k = 1 and x = 0, respectively. Namely,
defining the modified sine function

sn,(r):=13r k=0,

sinh(r) :x =—1,

we obtain
m(d,i,j) . . n
d— d— _ 1 r
K=Y n!< ’)( ’)“’d“w”l ”< @d -) f snd="=1(s) ds
e n n Wd—n+1 \@d+1 1t 0
and

"ML d— i\ (d -\ o we \"' 1
e E D))
81 ; n n ) @d—n+1 \@d+1 ( sn,e (r))"

forr > 0ifk € {—1,0}and0 <r <mifxk =1.Fori = j =d — 1 and k = 1 these
formulas have been proved in [26, Section 6.2] based on a different normalization.
Moreover, for k = 0 the formula for go(r) appears as the identity (3.15) in [22], while
g4—1(r) can be found in [65, Section 7]. As already explained in [23], for general
i €{0,1,...,d — 1} it can in principle be deduced from an explicit formula for the
second-order moments of the total volume of intersection processes, see [41, p. 164].

2.3 Limit theorems

Our next result is a central limit theorem for F' v(",) ;» for a fixed hyperbolic convex body
W, when the intensity parameter ¢ tends to infinity. We will measure the distance
between (the laws of) two random variables by the Wasserstein and the Kolmogorov
distance. For their definitions we refer to Sect. 3.2 below.

Theorem 4 (CLT, growing intensity) Letd > 2,i € {0, 1,...,d — 1} andlet W € K¢
be a fixed hyperbolic convex body with non-empty interior. Let N be a standard Gaus-
sian random variable, andletd( -, -) denote either the Wasserstein or the Kolmogorov
distance. Then there exists a constant ¢ € (0, 00) such that

(@) (@)
FW,t - IEFW t

——, N | <ct
,/Varo(",Tt

—1)2

forallt > 1.
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As already explained in the introduction, the central limit problem for F v(",)t can also
be approached in another set-up, which in the Euclidean case is equivalent to the one
just discussed, but turns out to be fundamentally different in hyperbolic space. More
precisely, we turn now to the case, where the intensity ¢ is fixed, while the size of the
observation window is increased. We do this only in the case of spherical windows in
H. In other words, we choose for W the hyperbolic ball B, (around the origin p) and

write F,(lt) instead of F' gr) ; in this case. Our next result is a central limit theorem for

F ,(lt) for dimension d = 2 in part (a) and for d = 3 in part (b). Moreover, it turns out
that a central limit theorem for F, ,(lt) is no longer valid in any space dimension d > 4,
see part (c). We emphasize that this surprising phenomenon is in sharp contrast to the
Euclidean case [21,36,58] and is an effect of the negative curvature.

In the following, it should be understood that whenever we impose an assumption
r > 1, the lower bound 1 could be replaced by any other fixed positive number.

Theorem 5 (CLT, growing spherical window) Lett > 1, let N be a standard Gaussian
random variable, and let d( -, -) denote either the Wasserstein or the Kolmogorov
distance.

(a) If d = 2, then there is a constant c; € (0, 00) only depending on t such that

F —EF o

\/ VarF, ,(’t)

1—i
N <cr e

fori €{0,1}andr > 1.
(b) Ifd = 3, then there is a constant c3 € (0, 00) only depending on t such that

4 Fr(lt)_]EFr(lt)N <{C3r‘1 i =2,

,/VarFr(,iz) ’ esr™/% 11 €0, 1),

forr > 1.
© Ifd >4andi =d —1orifd >T7andi € {0,1,...,d — 1}, then the random

variable (Fr(f,) — EFr(f,) )/ VarFr(f,) does not satisfy a central limit theorem for
r — 00.

Remark4 (i) The restriction imposed on the parameters d, i in Theorem 5 (c) is the
result of a number of technical obstacles one needs to overcome in its proof. We
strongly believe that a central limit theorem in fact fails for alld > 4 and all choices
ofi € {0,1,...,d — 1}. However, we have to leave this as an open problem for
future work. For some remarks about the potential limiting distribution in Theorem
5 (c) we refer to Remark 12.
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(i1) Itis instructive to rewrite the normal approximation bounds in Theorem 5 (a) and
(b) as follows. Ford =2 and i € {0, 1} we have that

F') —EF) . log!= H2(B,)

—.7 N S C2 —’ r Z
,/VarFr(f,) % 7—lz(Br)

and for d = 3 we have, again forr > 1,

d

@) @) N
F'J —EF 3 1 )
r,t r,t N| < 63 log H3(B;)

- = 1 ]
/VarF,(f[) ——log'H3(Br) 11 €{0,1}.

Here ¢;, ¢3 € (0, 00) are again constants only depending on 7. This means that in
dimension d = 2 the speed of convergence is the same as in the Euclidean case (up
to the logarithmic factor for i = 0). Moreover, it shows that d = 3 is the critical
dimension for the central limit theorem, which only holds in this case with a rate
of convergence which is very much slowed down.

Theorem 4 shows that for fixed radius r and increasing intensity ¢ a central limit
theorem for Fr('t) withi € {0, 1,...,d — 1} holds. On the other hand, according to
Theorem 5 (c) the central limit theorem breaks down for dimensions d > 4 (if the total
surface area is considered) or d > 7 (for generali € {0, 1, ..., d — 1}) if the intensity
t stays fixed and r — oo. Against this background the question arises whether in these
cases the central limit behaviour can be preserved if the intensity ¢ and the radius r
tend to infinity simultaneously. In fact, the following result states that this is indeed
the case. More precisely, it says that, independently of the behaviour of r, the central
limit theorem holds as soon as t — oo (and r is bounded from below by 1).

Theorem 6 (CLT for simultaneous growth of intensity and window) Let d > 4 and
i=d—-1ord>7andi € {0,1,...,d — 1}. Also, let N be a standard Gaussian
random variable. Then there is a constant ¢ € (0, 00) such that

i) i)
d Fr(,lt_EFr(,lt N < &

JVarF® Vi

forallr > 1 andt > 1, where d(-, -) denotes either the Wasserstein or the Kol-
mogorov distance.

Remark 5 In dimensions d = 2 and d = 3 we also have normal approximation bounds
that simultaneously involve the two parameters ¢ and r. In fact, for d = 2 the bounds
(36) and (40) below show that

@) @)
w’l\[ SCt*l/Zrlfiefr/Z

\/ VarFr(f,)
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holds forallz > 1, > 1 and i € {0, 1}. Similarly, for d = 3 the estimates (42), (46)
and (47) prove that

RS {/ =2

— > —1/2,—1/2 .
/VarFr(f,) t r 11 e{0,1},

forallt > 1 and r > 1. In both cases, d( -, -) stands for either the Wasserstein or the
Kolmogorov distance. This way we recover Theorem 4 for d = 2 and d = 3 in the
special case where W = B, with r fixed and we recover Theorem 5 (a) and (b) by
fixing ¢.

Finally, let us turn to the multivariate set-up. To compare the distance between the
distributions of (the laws of) two random vectors we use what is known as the d;-
and the dz-distance; for their definition we refer to Sect. 3.3 below. We approach the
multivariate central limit theorem by considering, as above, two different settings. To
handle the central limit problem for a fixed window W Iij and growing intensities
we define for # > 0 the d-dimensional random vector

(0) 0) (i) (i) d—1) (d—1)
F L FW,t B IE:FW,t FW,t B IEFW,t FW,t B EFW,t
W, -= (d—1/2 v T d—i—ljz (12
Moreover, for i, j € {0, 1,...,d — 1} we introduce the asymptotic covariances and

the asymptotic covariance matrix of the random vector Fy, ;, as t — oo, by

(l) (i) () ()
Ti,j — lim Cov Wt EFWt FW,t B EFW,t T (‘c /)d_l
W D d=i—172 °~ 4d—j-1/2 ’ W W )iizo®

The existence of the limit and the precise value of rW / follows from (18) below. It is
easy to see that Ty has rank one, as in Euclidean space.

In view of Theorem 5, for fixed intensity ¢ > 0 and a sequence of growing spherical
windows, taking W = B, for r > 0 we put

0) 0 (1 1
Fr(.t _]EFr(,t) Fr,t)_]EFr(,t) d _ 2
o2 ’ o2 =%
_— FO_Er® FV_EFD D _EF® 3
r,t -— re’ ) \/78’ s \/;e, —
FO_EF© FU-Y_gpd-D
er(zr’ 2) oo er'(d=2) d = 4’
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co\d—1
and define the asymptotic covariance matrix Xy = (a[ll’] ) of the random vector

i, j=0
F,: asr — oo, ford > 2 by
(@) (i) ) )
: Fr,t 7]EFr,t Fr,t 7]EFr,t .
rll>ngoCOV< ez /2 vd =2,
. @) (i) ) )
LJ . . Fr.t _]EFr,I Fr,t _]EFr,t . —
o, = rl;n&(Cov( T e :d =3,
(@) (i) ) )
: Fr.t _EFr.I Fr,r _EFr,r .
rll>nolo (Cov( ST @D td > 4.

The covariance matrices X; are explicitly given by (20) for d = 2, (28) ford = 3
and (29) for d > 4 below. Moreover, in Sect. 4.5 we determine convergence rates.
In particular, we will show that X has full rank (is positive definite) and X; has
rank one for d > 3. We remark that this is in sharp contrast to the corresponding
result in Euclidean spaces, where the asymptotic covariance matrix has rank one for
all d > 2, see [21, Theorem 5.1 (ii)]. Note that the dependence of these limits on
the fixed intensity ¢ > 0 is not made explicit by our notation, but this dependence is
shown in Lemmas 20, 21 and 23.

In order to state the multivariate central limit theorem, we use the d> and the d3
distance for random vectors (see Sect. 3.3 for explicit definitions).

Theorem 7 (Multivariate CLT)

(@) Letd =2 and W € lCz. Let Nty, be a d-dimensional centred Gaussian random
vector with covariance matrix Ty. Then there exists a constant ¢ € (0, 00) such
that

d3(Fw., Nry) <ct™'/?
forallt > 1.

(b) Fixt > 1 and letd = 2. Let Nx, be a 2-dimensional centred Gaussian random
vector with covariance matrix Xy. Then there exists a constant ¢y € (0, 00) such
that

dj(Fr s Nx,) <care”’/?
forallr > 1and j € {2, 3}.

(¢) Fixt > 1 and letd = 3. Let Nx, be a 3-dimensional centred Gaussian random
vector with covariance matrix X3. Then there exists a constant c¢3 € (0, 00) such
that

d3(Fr ;. Nxy) < c3r™'/?

forallr > 1.
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Remark 6 After having seen that in the univariate case the central limit theorem for
d > 4 can be preserved by a simultaneous growth of the intensity 7 and the radius r,
the question arises whether such a phenomenon also holds in the multivariate set-up.
This is in fact the case, but we decided not to present the details for brevity.

3 Background material and preparations
3.1 More hyperbolic geometry
Recall that by H? we denote the hyperbolic space of dimension d. For concreteness

we may take as a specific model for H? the d-dimensional open Euclidean open unit
ball Bgl;co together with the Poincaré metric dj, given by

20x =yl d
coshdy(x,y) =1+ ue , X,y € B&?°,
(= Ix 121 = [I¥11Ze0) e
where || - |leuc Stands for the usual Euclidean norm. This is known as the conformal

ball model for Hd, see [56, Chapter 4.5]. However, it should be emphasized that
our arguments are independent of the special choice of a model for a simply con-
nected, geodesically complete space of constant negative curvature x = —1. We write
B(z,r) = {x € H : dj(x,z) < r} for the hyperbolic ball with centre z € H¢ and
radius » > 0 and put B, = B(p, r), where p is a fixed reference point. In this paper
the s-dimensional Hausdorff measure 7*, s > 0, is understood with respect to the
metric space (H9, dy).

For later reference we need a formula for the surface area of a hyperbolic ball
B(z, r). Itis given by

HA DB (z, 7)) = wg sinh? L (r),

where wy = dig = 2?2/ (d/2) is the surface area of a d-dimensional unit ball in
the Euclidean space R and kg is its volume. Moreover, the volume of a hyperbolic
ball of radius r is given by

HY(B(z, 1)) = wg /Or sinh?~1(s) ds. (5)

We refer to Sections 3.3 and 3.4 and especially to formulas (3.25) and (3.26) in the
monograph [13]. For the special case d = 2, we get HZ(B(z, r)) = 2w (cosh(r) — 1).
Here, cosh and sinh are the hyperbolic cosine and sine, which are given by

X —Xx X _ ,—X

cosh(x) = % and sinh(x) = %, x € R,
respectively. We will frequently make use of the fact that cosh(x), sinh(x) € ®(e"),
as x — 0o, where @ (-) stands for the usual Landau symbol. Additionally we will
use the following inequalities.
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Lemma 1 The function sinh satisfies the inequalities
(a) sinh(x) > 3 forx > 0.1, (b) sinh(x) > x forx > 0.
Proof (a) By the definition of the hyperbolic sine function, we get

2 sinh
%gx) = — e 31— ) > 2 forx > 0.1,
e

since exp(2x) > (1 — Zexp(—3))_1 for x > 0.1.
(b) This follows from the definition of sinh by basic calculus.
O

Let 7 (H?) denote the isometry group of H¢, and let 1 (H?, p) denote the subgroup
of isometries which fix p. The isometry group acts transitively on H¢, that is, H¢
is a homogeneous space which additionally satisfies the axiom of free mobility (see
[63, II1.6 and IV.1] for a discussion from the viewpoint of Riemannian geometry). A
detailed description of the isometry goup I (H¢) is provided in [56, Chapters 3-6].
In the hyperboloid model, isometries are obtained as restrictions of positive Lorentz
transformations [56, Theorem 3.2.3], in the conformal ball model and in the upper half-
space model, isometries are described as Mobius transformations (see [56, Theorems
4.5.2 and 4.6.2]), and in the projective disc model (also Klein—Beltrami model) the
description is in terms of projective transformations (see [56, Theorems 6.1.2 and
6.1.3]). A classification of Mobius transformations is given in [56, Section 4.7], the
structure of the isometry group as a topological group is analyzed in [56, Section 5.2].
For an alternative approach to hyperbolic space and its isometry group, see also [8], a
more elementary treatment in the special case of the hyperbolic plane is provided in
the textbook [1].

We denote by G, (d, k) the compact space of k-dimensional totally geodesic sub-
spaces containing the origin p. In the conformal ball model, all elements of G, (d, k)
arise as follows. If p coincides with the centre o of Bg’l;:; , then an element of G, (d, k)
is the intersection of Béﬂ;‘g with a k-dimensional Euclidean linear subspace of R4, If
otherwise p # o, then an element of G (d, k) is the intersection of Bgi;g with a k-
dimensional Euclidean sphere in R? through p which is orthogonal to the boundary
of ngé’ , cf. [56, Theorem 4.5.3]. Up to a scaling factor, Gj,(d, k) carries a regular
Borel measure v; which is invariant under 7 (H¢, p). Since Gj,(d, k) is compact we
can normalize vy such that vy (Gp(d, k)) = 1. Recall that A, (d, k) is the space of
k-dimensional (hyperbolic) planes in H¢. In the conformal ball model all elements
of Aj(d, k) can be represented as intersections with Bgljg of either k-dimensional
Euclidean linear subspace of R? or k-dimensional Euclidean spheres in R? that are
orthogonal to the boundary of Bgu’g . Sometimes it is more convenient to use the pro-
jective disc model of hyperbolic space, in which hyperbolic k-planes are precisely the
non-empty intersections of the open Euclidean unit ball ngé’ with Euclidean k-planes
of RY (see [56, Theorem 6.1.4]). On A, (d, k) there exists a unique (up to scaling)
I (H%)-invariant measure. In contrast to Gy, (d, k), the larger space Ay (d, k) is not
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compact. Each k-plane H € Aj(d, k) is uniquely determined by its orthogonal sub-
space L, passing through the origin p and the intersection point {x} = H N Lg_.
Using these facts, Santalé [61, Equation (17.41)] (see also [68, Proposition 2.1.6],
[18, Equation (9)]) provides a useful representation of an isometry invariant mea-
sure on Ay (d, k), which we use here with a different normalization. For a Borel set
B C Ap(d, k), itis given by

i (B) = f / cosh (dy (x. p)) L{H(L, x) € BYH'™*(dx) va_x(dL). (6)
Gu(d.d—k) JL

where H (L, x) is the k-plane orthogonal to L passing through x.

Remark 7 The current normalization of the measure ;. differs from the normalization
of the measure d L used in [61] by the constant wg - - - wg—k+1/(@k - - - w1). This also
affects the constants in the formulas from hyperbolic integral geometry taken from
[61]. The reason for the present normalization is to simplify a comparison of our
results to corresponding results in Euclidean and spherical space.

According to [61, Equation (14.69)] the measure uy satisfies the following Crofton-
type formula. In fact, the discussion in [11, Section 7] allows us to state the result
not only for sets bounded by smooth submanifolds (as in [61]), but for much more
general sets, which include arbitrary convex sets as a very special case. The following
lemma holds for H?T'—*-measurable sets W  H¢ which are Hausdorff (d + i — k)-
rectifiable. Following [11, Definition 5.13], we say thataset W C H? is ¢-rectifiable if
Cis an integer with O < £ < d and W is the image of some bounded subset of R¢ under
a Lipschitz map from R¢ to H¢. A set W c H? is Hausdorff ¢-rectifiable provided
that HK(W) < oo and if there exist £-rectifiable subsets By, By, ... of H? such that
HE (W\Ui>1 B;) = 0.Clearly, any Borel set W which is contained in an £-dimensional
plane is Hausdorff ¢-rectifiable if it satisfies H*(W) < oo. Note that Hausdorff £-
rectifiability is an extremely general concept which describes sets having dimension £
and satisfying just some very mild regularity condition. In particular, finite unions of
¢-dimensional C'-submanifolds are included as special cases (see [46, Chapter 3] for
a gentle introduction to rectifiability). Moreover, by Federer’s structure theorem every
set with finite £-dimensional Hausdorff measure can be decomposed into a Hausdorff
{-rectifiable part and a purely unrectifiable part. The latter is “invisible from an integral-
geometric point of view” (see Frank Morgan’s comment on the structure theorem) and
considered to be rather exotic.

Lemma2 LetO<i<k<d-—1,andlet W C H9 be a Borel set which is Hausdorff
(d +i — k)-rectifiable. Then

W +1 Wij+1
W1 Od—k+i+1

/ H (W A E) u(dE) = HHE (w), ™
Ap(d,k)

Remark 8 Strictly speaking the case k = i is not covered by [11]. Although the frame-
work in [11] should extend to this marginal case, we prefer to provide an elementary
direct argument for the case k = i. In this case, the left side of (7) defines an isometry
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invariant Borel measure on H¢. Therefore, in order to confirm (7) in this case, it is
sufficient to show that the equality holds for W = B,, r > 0. Since equality holds for
r = 0 and in view of (5), it is sufficient to show that wy sinh?~! (r) is the derivative
with respect to r of the function defined by

hr) s = / H* (B, A E) j (dE)
Ajp(d k)

cosh(r)
ro dke1 . arcosh(cosh(l)) i
= WEWJ—_k sinh (1) cosh” (¢) sinh*~ " (s) ds dt,
0 0

where we used (6) and (19) for the equality. The differential of /4 can be determined
by basic rules of calculus. Using that arcosh(cosh(r)/ cosh(r)) = 0, we thus obtain

r k=1
W (r) = wxwg—k / sinh® %=1 (1) sinh(r) ( cosh?(r) — cosh(1)) 2 cosh(r) dt.
0
The substitution sinh(¢) = sinh(r) - x leads to
/ Yok 2\ d—1 - rd—1
h'(r) :a)ka)d_k/ x4 (l —Xx ) 2 dx sinh®” " (r) = wg sinh®™ ' (r).
0

The second equality is obtained by first transforming the integral into a Beta integral
(by the substitution x> = s) and by expressing the Beta function in terms of a ratio of
Gamma function values.

Remark 9 Although both sides of (2) define measures with respect to their dependence
on a Borel set W C H¢, for k i the equality in (2) in general does not extend from
(d + i — k)-rectifiable sets to general Borel sets. This is due to deep classical results
in the structure theory of geometric measure theory, see [16, p. 2] or [46, Chapter 3]
for an introduction and [16, Theorem 3.3.13] for the general treatment. In fact, in the
Euclidean setting, fori = 0,k € {1,...,d — 1} and for a general Borel set W C RY,
the right side of (2) is always as large as the left side with equality if and only if W is
(d — k)-rectifiable.

In what follows we use the convention that dim(@) = —1. The counterpart of the
following lemma in Euclidean space is well known and intuitively clear. In hyperbolic
space the lemma states that for almost all (with respect to the product measure ) ;)
n-tuples of hyperplanes (withn € {1, ..., d}) the intersection of these hyperplanes is
a (d — n)-plane or the empty set. Note that the latter cannot occur in Euclidean space.

Lemma3 Fixd >2andletn € {1,...,d}. Thendim(H;N...N H,) € {—1,d —n}
holds for W _,-almost all (Hy, ..., H,) € Ap(d,d — 1)".

Proof We apply induction over n > 1. For n = 1 there is nothing to show. For
ne€{2,...,d} wehave

W {(Hy - Hym)EAR(d, d—1D)" "1 cdim(Hy N ... 0 Hy—y) ¢ (=1, d—(n—1)}})=0
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by the induction hypothesis. Let us introduce the abbreviation Ly := HyN...N Hy
for Hy, ..., H, € Ap(d,d — 1) and k € {1, ..., d}. Using this notation, we have

wh ((Hy, ..., Hy) € Ap(d,d —1)" - d&im(Hy N...NHy) ¢ {—1,d — n}})

-/ dim(La—y) # (~1,d = )} s @CH, .. Hy)).
Ap(d,d—1)"

Clearly,

Hdim(Lg—p) ¢ {=1.d —n}}
< Hdim(Lg—p) ¢ {=1.d —n}, dim(Lg—n-1)) =d — (n — D)}
+ Hdim(Lg—-1)) ¢ {—1.d — (n — D}}. ®)

By the induction hypothesis and Fubini’s theorem we get
/ Hdim(La 1) ¢ (=1.d = (1= D)} i @(Hr. .. Hp) =0,
Ap(d,d—1)"

which covers the case of the second indicator function on the right-hand side of (8).
To deal with the contribution from first indicator function on the right-hand side of
(8), we write c(Hy, ..., H,—1) for an arbitrary point chosen on H; N ... N H,_1 (in
a measurable way). Then, again by Fubini’s theorem,

Wi ((Hy, ..., Hy) € Ap(d,d — 1)" 2 dim(Lg—p) ¢ {—1,d — n},
dim(Lg——1)) =d — (n — 1)})

5/ / 1{HiN...NH,_1 CH,, HiN...N Hy_1 = #}
A;,(d,dfl)"—l Ap(d,d—1)

X fa—1(dHy) 1"V (d(Hy, ..., Hyo1))
S/ / I{C(Hlv'-'an—l)EHn}

Ah(d,d—l)”*1 Ap(d,d—1)

X a—1(dHy) 1"~V d(Hy, ..., Hy1))

:/ IOMZ':%(d(Hlﬂ"'an—l)):0'
Ap(d,d—1)"~

This completes the proof. O

We will frequently make use of the following transformation formula. The corre-
sponding fact is well known in Euclidean integral geometry. The subsequent argument
follows the same strategy, but is based on the Crofton formula in hyperbolic space
and Lemma 3. In the following, we write A (d,d — l)il_k to denote the set of all
(Hi, ..., Hy_p) € Ap(d, d — 1)@ % which have non-empty intersection.
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Lemma4 Let k € {0,...,d — 1}, and let f : Ap(d,k) — R be a non-negative
measurable function. Then

/ L FHIO N Hpog) pg T d(H - Hag)
Ap(d,d—1)5~

=c(d, k) J(E) pi(dE) €)
An(d k)

with

d—k
c(d. k) = Wk+1 (wd+1>

Wd+1 wq

Proof Note that by Lemma 3, for MZ:If-almost all (Hy, ..., Hj—x) € Ap(d,d— 1)55”‘
we have Hy N ... N Hy_; € A(d, k), hence the integral on the left side of (9) is well
defined.

Let B be a (Borel) measurable subset of A, (d, k). Then we define a locally finite
Borel measure on Ay (d, k) by

i (B) == py Y (A(H, ..., Hag) € Ap(d,d = DI - Hy0 .0 Hyy € BY).
The isometry invariance of p,_1 implies that i, is isometry invariant and hence a
multiple of . To determine the constant, let W € ICZ be a fixed convex body. Then,

by a (d — k)-fold application of the Crofton formula (7) with the choice k = d — 1
and (successively) i = k,k+ 1,...,d — 1 there, we get

/ HY(E N W) 1 (dE)
Ap(d k)

=/ OO H W) T @ Ha)
Apd,d-1)5"

o d—k
_ (1—[ ®d+1 %) HAW) = Dkl <%) H(W).

ix @4 Oit2 Wd+1 \ @d

On the other hand, applying directly the Crofton formula with i = k, we get
/ HNE N W) ui(dE) = HY(W).
Ap(d,k)
A comparison shows that 7, = c(d, k) ux which proves the assertion of the lemma. O

3.2 Poisson U-statistics

Let (X, X') be a measurable space, which is endowed with a o -finite measure u. Let
n be a Poisson process on X with intensity measure u (we refer to [35] for a formal
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construction). Further, fix m € N and let 2 : X”* — R be a non-negative, measurable
and symmetric function, which is integrable with respect to u”, the m-fold product
measure of u. By a Poisson U-statistic (of order m and with kernel #) we understand
a random variable of the form

Y = Z B(X1, . Xm)s

m

(K15 Xm) €N

where 1"} is the collection of all m-tuples of distinct points of 1, see [35]. Functionals of
this type have received considerable attention in the literature, especially in connection
with applications in stochastic geometry, see, for example, [15,27,33,34,36,51,58,
66,67]. In the following, we will frequently use the following consequence of the
multivariate Mecke equation for Poisson functionals [35, Theorem 4.4]. Namely, the
expectation E%/ of the Poisson U-statistic % is given by

E% =E Z (XD, .oy X)) = / RQxts o xm) WA (X1, 2y X))
(1 Xm) €N .
(10)
In the present paper we need a formula for the centred moments of the Poisson
U-statistics % as well as a bound for the Wasserstein and the Kolmogorov distance
of a normalized version of %/ and a standard Gaussian random variable. To state
such results, we need some more notation. Following [35, Chapter 12], for an integer
n € Nwelet [T, and [T} be the set of partitions and sub-partitions of [n] := {1, ..., n},
respectively. We recall that by a sub-partition of {1, ..., n} we understand a family
of non-empty disjoint subsets (called blocks) of {1, ..., n} and that a sub-partition o
is called a partition if UJEU J ={l,...,n}. For o € IT} we let |o| be the number
of blocks of o and ||o| = IUJGU J| be the number of elements of | J,;., J. In
particular, a partition o € [T, satisfies |o|| = n. For £ € Nand ny,...,n; € N, let
n:=np+...+ ny and define

Ji={jeNim+...4+n_1<j<ni+...+n;}, ief{l,..., ¢},

and m := {J; : i € {l1,...,£}}. Next, we introduce two classes of sub-partitions of
[n] by

I*(ny,...,ng) :={o el :[JNJ|<lforall J €oand J € r},
nZy(ny,....ne) :={o € [T*(ny,...,ng) : |J| = 2forall J € o}.

In the same way the two classes of partitions I1(ny, ..., n¢) and I[T>2(ny, ..., ng) of
[n] are defined (just by omitting the upper indeX in the above definition). From now on
we assume that n; = ... = ny = m € N and define, for o € IT*(m, ..., m) (where
here and below m appears £ times),

[o]:={i € [€] : there exists ablock J € o suchthat J N {m(i — 1)+ 1, ..., mi}# 0}
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Fig.3 Left panel: Sub-partition from /7 fg (4, 4, 4). Right panel: Example of a sub-partition not belonging
to I'If'i (4,4, 4). In fact, the block indicated by the dashed curve contradicts condition (i), the block indicated
by the dotted curve contradicts condition (ii) and since no element from the last row is contained in any
block also condition (iii) is violated

as well as
H;E(m, ....,m):={o € H;z(m, ...,m): o] = [£]}.

The sub-partitions o € I1Z%5(m, ..., m) of [m{] are easy to visualize as diagrams
(cf. [52, Chapter 4]). In such a diagram the m ¢ elements of [m{] are arranged in an
array of £ rows and m columns, where 1, ..., m form the first row, m + 1,...,2m
the second etc. The blocks of ¢ are indicated by closed curves, where the elements
enclosed by a curve are meant to belong to the same block. Then the condition that
o € I1Z%5(m, ..., m) can be expressed by the following three requirements:

(i) all blocks of o have at least two elements,
(ii) each block of o contains at most one element from each row,
(iii) in each row there is at least one element that belongs to some block of o.

For an example and a counterexample we refer to Fig. 3.

For two functions g; : X — R and g X% — R with £, £, € N, we denote
by g1 ® g2 : X182 5 R their usual tensor product. We are now in the position to
rephrase the following formula for the centred moments of the Poisson U-statistic %
(see [35, Proposition 12.13]):

E(% —E%)¢] = Z /XW o (h®Y), dymeHel=lol 11
) (+|o|—|lo

oellZs(m,...m

where 7®¢ is the £-fold tensor product of # with itself and (h®%), : X"tHlol=loll . R
stands for the function that arises from ~2®¢ by replacing all variables that are in the
same block of o by a new, common variable. Here, we implicitly assume that the
function £ is such that all integrals that appear on the right-hand side are well-defined.
This formula will turn out to be a crucial tool in the proof of Theorem 5(c).

3.3 Normal approximation bounds

In this section, we continue to use the notation and the set-up of the preceding section.
But since we turn to normal approximation bounds for Poisson U-statistics, some
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further notation is required. Foru, v € {1, ..., m} we let IT$5"(u, u, v, v) be the class
of partitions in I7T>2 (u, u, v, v) whose diagram is connected, Wthh means that the rows
of the diagram cannot be divided into two subsets, each defining a separate diagram
(cf. [52, page 47]). More formally, there are no sets A, B C [4] with AU B = [4],
A N B = @ and such that each block either consists of elements from rows in A or
of elements from rows in B, see Fig. 4 for an example and a counterexample. We can
now introduce the quantities

M) = ) (hy ® hy @ hy ® hy)o dp!”!, (12)

con Xl”‘
GEH>2 (u,u,v,v)

where

m ~ ~ _ ~ ~
hu(xlv---,xu):(u>/ ~ h(xls'-~7xuaxls--~vxm—u)ﬂm u(d(xl’n-vxm—u))
(13)

for u € {1,...,m} (again, we implicitly assume that % is such that the integrals
appearing in (12) are well-defined). To measure the distance between two real-valued
random variables X, Y (or, more precisely, their laws), the Kolmogorov distance

dg (X, Y) :=sup|P(X <s) —P(Y <s)|
seR

and the Wasserstein distance

dw(X,Y) = sup [E@(X)—Ep(Y)]
peLip(1)

are used, where Lip(1) denotes the space of Lipschitz functions ¢ : R — R with
a Lipschitz constant less than or equal to one. It is well known that convergence
with respect to the Kolmogorov or the Wasserstein distance implies convergence in
distribution. We are now in the position to rephrase a quantitative central limit theorem
for Poisson U-statistics. Namely, [58, Theorem 4.7] and [67, Therorem 4.2] state that
there exists a constant ¢,, € (0, c0), depending only on m (the order of the Poisson
U-statistic), such that

U —EU v Mun(h)
d <—W ) =Cm Z Var(%) (14)

=1

where d( -, -) stands for either the Wasserstein or the Kolmogorov distance. Here,
one can choose ¢,, = 2m’/? for the Wasserstein distance and ¢,, = 19m> for the
Kolmogorov distance.
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) GG

S

Fig. 4 Left panel: Partition from 17§°2“ (2, 2,3, 3). Right panel: Example of a partition not belonging to
I iozn (2,2, 3,3). In fact, the diagram is not connected as indicated by the dashed line

Finally, we turn to a multivariate normal approximation for Poisson U-statistics.
For integers p € Nand m, ..., m, € N, and foreachi € {1, ..., p}, let

% = Z h(i)(-xly---v-xmi)

m;
(xl,‘..,xm,.)en#’

be a Poisson U-statistic of order m; based on a kernel function /) : X" — R
satisfying the same assumptions as above. We form the p-dimensional random vector
U = (%, ..., %) and our goal is to compare U with a p-dimensional Gaussian
random vector N. To do this, we use the so-called d>- and d3-distance, which are
defined as

d>(U,N) := sup |Ep(U) — Ep(N)|
heC?

d3(U,N) := sup |Ep(U) — Ep(N)|,
heC3

respectively. Here, C? is the space of functions ¢ : R” — R which are twice partially
continuously differentiable and satisfy

X) — Vox)—-V
lp(x) — (y)] < and s Ve(x) — Vo (y)llop -1
XF#Yy ”x - y” xXF#y ”x - )’||
where || - || denotes the Euclidean norm in R? and || - |lop stands for the operator

norm. Moreover, C? is the space of functions ¢ : R? — R which are thrice partially
continuously differentiable and satisfy

Pox)

82
¢ <1 and max  sup |————
8x,~3xj8xk

Ox;0x; !~ I<i<j<k=p yeRrr

max  sup
I<i<j<p xeRrr

‘51.

@ Springer



Does a central limit theorem hold for the k-skeleton...

Moreover, similarly to the quantities M,, ,,(h) introduced in (12), fori, j € {1, ..., p},
uefl,...,myandv € {l,...,m;} we define
M@ 5Dy := Y / (D @ 1D @ h @ h), dpl,

JTEHC"“(u u,v,v)

where h,(j) and hf,j ) are given by (13). This allows us to state the following multi-
variate normal approximation bound from [66, Theorem 6.3] (see also [59, Equation
(5.1)]). Namely, if N is a centred Gaussian random vector with covariance matrix
Y= (ai,j)ffizl, then

1 p
d3(U—EU,N) =< > ”Zl |oi.j — Cov (%, U))|
,j=

<Z\/W+l) 3 sz

i,j=1u=1v=1

x| My (hD, hD). (15)

If the covariance matrix X is positive definite then also

p
d(U—EU,N) <|Z Mlop Zlloy” Y loi.j — Cov(Z, %))
i,j=1

+£ ‘/_uz RS lop (Z VVar(Z) + 1)

oD 3D 3 SN AT (16)

i,j=lu=1v=1

where again || - ||op stands for the operator norm. We remark that although the bound
for d,(U — EU, N) is not explicitly stated in the literature, it directly follows from
[53, Theorem 3.3] together with the computations in [66, Chapters 5 and 6] for the
d3-distance.

4 Proofs I: Expectations and variances

4.1 Representation as a Poisson U-statistic

We recall that n;, for r > 0, is a Poisson hyperplane process in H? with intensity
measure ¢uy—1. Moreover, for a Borel set W ¢ H¢ andi € {0,1,...,d — 1} we
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recall from (1) the definition of the functional F ‘E‘l})t. To shorten our notation we put

FOH, ... Hyy)
@ H (HiN .. N Hyy N W) s dim(H) N .. N Hy) =,

0 : otherwise,

which allows us to rewrite Fv(‘i) , as

Fi) = 3 FOH, ..., Hy—p).

(H, ..o Ha—p)en} 7

In other words, F év)z is a Poisson U-statistic of order d — i and with kernel f@). It is
well known (see [33-36,58]) that Poisson U-statistics admit a Fock space representa-
tion having only a finite number of terms. This leads to the variance and covariance
representations

d—i
Var(Fy),) =Y 2247071 1012, (17

n=1

where the functions fn(i) cAp(d,d — 1)" — [0, co0) are given by

(i) d—i M) 7 7
LV (Hy oo Hy) = - fY(Hy, ... Hy Hy, oo Hy—jop)
n Ap (d,d—l)d*’*”
X W4\ (HY - Haion),
recall (13), and we write || - ||, for the norm in the L2-space L2(,u’gl_ 1) with respect
to the n-fold product measure of py—1. Similarly, for i, j € {0,1,...,d — 1} the
covariance Cov(F ‘E‘l/)t’ FY z) can be represented as
' ] min{d—i,d—j}
Cov(Fy, Fyy = Y =i g0y, (18)
n=1

where (-, -), denotes the standard scalar product in L2(u271).

4.2 Expectations: Proof of Theorem 1
Theorem 1 is a consequence of the transformation formula in Lemma 4 and the Crofton
formula in Lemma 2 with k = i there. Recall that the constant c(d, i) used below is

defined in Lemma 4. Since the intensity measure of 7, is uy—1 and using (10) with
m=d—iand i = t‘l_’pcgzll, we obtain

EFy), =1 / FOH, L Has) pT Ay - Hasp)
Ap(d,d—1)d=i
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pd—i _ .
= : ,/ CHI(Hy N .. N Hyei NW) pd7id(Hy, ... Ha—p)
d =D Ja,@.da—1?
pd—i ‘
=C(d,i)—./ H'(ENW) u;i(dE)
d—=0D"Ja,@.i
a0 g
_C(’Z)(d—i)! (W)
d—i  ,d—i
; t
_ @iyl (wd+1> 1w,
Wd+1 wq (d—1)!
and the proof is complete. O

Remark 10 The measure W +— EF v(é) , 18 isometry invariant. One could argue that it

must be a constant multiple of H4, if one knows that it is also locally finite. Theorem 1
shows that this is indeed the case and also yields the constant.

4.3 Variances: Proof of Theorem 2

To investigate the variance of F’ ‘5[’,) , we use the representation as a Poisson U-statistic,

especially (17). We start by simplifying the kernel functions f,,(i).

Lemma5 Letn €{l,...,d—i}.Let W C H4 be abounded Borelset. IfH1, ..., H, €
Ap(d,d — 1) are n hyperplanes satisfying dim(Hy N ...N H,) = d — n, then

fn(i)(Hlv""H") :c(i,n,d)Hd_n(Hl NnN...NH,NW)

with

cli,n,d):=

d—i n—i
(“,")  win (wd+1>d "
(d - i)! Wd—n+1 wq

Proof We use the definition of fn(i), the transformation formula in Lemma 4 and the

Crofton formula (7) (in the general form indicated before the statement of Lemma 2).
Putting Ly, := H; N ... N Hy, this gives

d—i\"" .
< ) f9OHy, ..., Hy)
n

1 / . ~ -
- H (Ly—n VHL O .0 Hyimy N W)
d =D Ja,@.d—1t-— " o
X pg=d(H L Ha i)
_cld,i+n)

CER )H"(Ld_nmwnE)um(dE)
— ) n(d,i+n

_cld,i+n) wiil i1
(d—1)! Oitnt1 @a—n+1

HI (Lyg—p N W)
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1 Wj+1 (wd+1

d—n—i
= , HI(Hy N ... N H, N W).
(d =) Oanp1 ) "

wWd

Here we used that since Ly, is (d — n)-dimensional, the intersection L;_, N W is a
Hausdorff (d — n)-rectifiable set. O

For the variances and covariances, we need the L%-norms and the scalar products
of these functions.

Corollary 1 Let W C H? be a bounded Borel set. If n € {1, ..., min{d —i,d — j}},
then

(FO, N, =cd,n.i, j) HI(E N W)? pgn(dE).
An(d,d—n)

Especially, the choice W = B, for some r > 0 yields
. r
D = i, ) on f cosh? =" s) sinh™ ! () HY " (L (s) 0 B,)? ds,
0

where c(d,n,i, j) = c(d,d —n)c(i,n,d)c(j,n,d) and Ly_,(s) for s € [0, r]
is an arbitrary (d — n)-dimensional totally geodesic subspace which satisfies
dp(La—n(s), p) = s.

Proof The first claim is a direct consequence of the previous lemma and the transfor-
mation formula from Lemma 4.

The second claim follows by combining the previous result with (6) and by an
application of [13, Proposition 3.1 and Equations (3.15), (3.22)] in an n-dimensional
plane L, € G;,(d, n) through the fixed origin p. O

Proof of Theorem 2 This is now a direct consequence of (17) and Corollary 1. O

4.4 Variance: asymptotic behaviour

In this section we look at the variance of Fr(lt) = Fy © , in the asymptotic regime, as
r — 00. We divide our analysis into the three d1fferent cases d=2,d=3andd > 4.
Before, we start with a number of preprations.

4.4.1 Preliminaries
The following lemma will be repeatedly applied below.
Lemmaé6 Ifr > 0and0 < s <r, then

cosh(r)
cosh(s)

0< arcosh( ) —(r —s) <log(2).
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Proof We start by proving the lower bound which is equivalent to cosh(r) —
cosh(s) cosh(r — s) > 0. By definition of cosh, sinh and since 0 < s < r we have

cosh(r) — cosh(s) cosh(r — s) = sinh(s) sinh(r —s) > 0.
This yields the lower bound. Next, we turn to the upper bound. We use the logarithmic

representation arcosh(x) = log(x ++/x2 — 1) of the arcosh-function and the fact that
cosh(r)/cosh(s) > 1 forr > s > 0. Then we get

arcosh (cosh(r)) —(r—y)

cosh(s)
_1 cosh(r) cosh?(r) PR I,
=08 cosh(s) coshz(s) e

e" cosh(s) €2 cosh?(s) e

S +e ) \/e2s(er + e—r)2 eZs)
= log + —

e* cosh(r) \/ezs cosh?(r) €2 )
= log + —

er(es +e—s) le(es +e—s)2 - le

= log

1+ e 2r 625(62;’ LD pe2r g2 _ 9 _ e—ZS)
1+ e—2s e2r(e2s +2 4 e—Zs)

= log

1+ e 2r 14 e — o25=2r _ p—4s
1 +672s 1 +2672s +672372r

<log(2),

where the last inequality holds because both terms in the argument of the log function
are bounded from above by 1 for s € [0, r]. O

Moreover, we frequently apply the following upper and lower bounds for 7! (L; (s)N
B,). As before, let L;(s) denote an arbitrary measurable choice of an i-dimensional
totally geodesic subspace satisfying d,(L;(s), p) = s,i € {l,...,d — 1}. The fol-
lowing lemma concerns the case i € {2,...,d — 1}.

Lemma7 Ifi €{2,...,d —1}and 0 <s <, then
i Wi (r—s)(i—1)
H'(Li(s) N By) < ﬁe .
P —

If, in addition, 0 <s <r — 1/2 then

Wi

(r—s)(i—1) i .
—63(i_1)(i — 1)3 < H'(Li(s) N By).
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Proof We start by noting that L; (s) N B, is an i-dimensional hyperbolic ball of radius
arcosh (igfﬂgg) fori € {1,...,d — 1}, see [56, Theorem 3.5.3]. Thus we get

cosh(r)
cosh(s)

) arcosh( )
H'(L;(s) N B,) = w; f sinh’_l(u) du (19)
0
fori € {1,...,d — 1}. Hence, using Lemma 6 and fori € {2,...,d — 1} we get

. r—s+log(2) )
HI(Li(s) N B,) < w; / sinh’ = (u) du
0

) —s+log(2
w; /’ s+log( )eu(i—l) i
0

— 2i—l1

<_ w.i 2i=1,(r=9)(i=1)
2013 — 1)
wj :

= - ! e(r—s)(z—l)'
i—1

On the other hand, Lemma 6 and Lemma 1 imply that

H!(Li(s) N B,) Za)if B sinh’ ~'(u) du
0

r—s . 1/2 )
= w (/ sinh’ ' (u) du + / sinh’ =1 (u) du)
1/2 0

r—s u\i—1 1/2
¢ i—1
> w; - du + u' " du
12 \e 0

_ i (r—s)i—1) _ (i—l)/z) 1o
SEDi 1) (e ¢ T
Wi .
L e(r—s)(t—l)7

> -
T e3=D(G —1)

where we used that s < r — 1/2 to obtain the equality in the third line. The last
inequality is due to

1 wj wj 1 1

T T wmi =%\ mma ) =0

20 B/ (G — 1) P2 eO/DE=DG —1)
The positivity of the last term holds for i > 2, since 2! < ¢©/2G=1 jmplies that

2 < i—. 1 B/
1

which is equivalent to the desired inequality. O

We will need later the following lemma.
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Lemma8 Letr > 1. Fork € {0,1,...,d — 1} and0 < s <r, let Li(s) € Ay(d, k)
be a k-dimensional totally geodesic subspace such that dy(Li(s), p) = s. Then for
any | € N there exist constants ¢, C > 0, depending only on k,l and d, such that

.
cgk,l,d,r) < wd,k/ cosh®(s) sinh?~'=% (s) H* (L (s) N B,)' ds
0

= / HE(H N B ui(dH) < C gk, 1, d,r)
Ay (d k)

with

expr(d—1)) :ltk—1)<d—-1,
gk, l,d,r)y={rexp(r(d—1)) :l(k—1)=d—1,
exp(rlik—1)) :ltk—1)>d—1.

Proof The asserted equality of the two integral expressions is clear from the argument
for the second claim in Corollary 1.

For k = 0 the integral is just the volume of a geodesic ball of radius » which can
be bounded from above and below by a positive constant times exp(r(d — 1)).

In the following, we repeatedly use that the intersection Li(s) N B, is a k-
dimensional hyperbolic ball of radius arcosh(cosh(r)/ cosh(s)). The constants ¢ and
C used in the calculations below only depend on k, [, d and may vary from line to line.
Suppose that k > 2. The substitution # = r — s and an application of Lemma 6 yield

/ cosh¥ (s) sinh® 1% (s) H* (L (s) N B,)! ds
0

= / cosh*(r — u) sinh® ' *(r — ) H*(Li(r — u) N B,) du
0

osh(r

r . o di aFCOSh(C;:}:(,(',)M))
= cosh®(r — u) sinh r—u) | w
0 0

r u+log(2) !
< C/ ek(r—u) e(d—l—k)(r—u) 2—(k—l)/ e(k—l)s ds du
0 0

r 1
< C/ Ld=D =) < ! e(u+log(2))(k—1)> du
0

sinhk_l(s) ds | du

k—1
< Cer(dfl) /r eu(l(kfl)f(dfl)) du
0

< Cg(k,l.d,r).

To obtain the lower bound, we first show for # > 0.2 that

u u u
/ sinh*~' (s) > / sinh* ! (s) ds > / e*=D6=3) g
0 0.1 0

1
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o—3k=1)

k—1
QO-1(k=1)

>

- k-1
0.1(k—1)

> ¢ 673(k71)ie(k71)(u70.1)'
k—1 20

v

(e(k—l)u _ eO.l(k—l))

e 3k=D) (e(k—l)(u—O.l) . 1)

Now we substitute again u = r — s. An application of Lemma 1 and the lower bound
from Lemma 6 then yield

/ cosh® (s) sinh® =1 =*(s) H* (L (s) N B,) ds
0

= / cosh* (r — u) sinh® ' *(r — ) H*(Li(r — u) N B,) du
0

cosh(r) )

r arCOSh( cosh(r—u)
= / coshk(r —u) sinhd_l_k(r —u) wkf sinhk_l(s) ds | du
0 0

r—0.1 u !
> C/ ekr=w) pd=1-k)(r—u=3) (f sinhk_l(s) ds) du
0 0

r—0.1
> Cer(d—l)/ g—ud=1) JU=1)@=0.1) 7,
0.2

r—0.1
— cer(dfl)/ eu(l(kfl)f(dfl)) du
0.2

>cg(k,l,d,r).
For k = 1, the proof is almost the same except that we simply use that
Jo sinh*~!(s)ds = a fora > 0. O

4.4.2 The planarcased = 2

Although we present a very detailed covariance analysis in Sect. 4.5 we will separately
investigate the asymptotic behaviour of the variances in Lemmas 9—11. In fact while
the results of Sect. 4.5 are necessary for the multivariate central limit theorems, the
variance analysis we carry out here is already sufficient for the unvariate cases. In this
and the following two sections, ¢; will denote a positive constant only depending on
the dimension and a counting parameter i € Ny. If it additionally depends on another
parameter n € Ny, we indicate this by writing, for instance, ¢; , or ¢;(n). The value
of this constant may change from occasion to occasion.

Lemma9 Let' d =21 € {0,1}y andt > to > 0. Then there are constants
cD(2,19), CD(2, 19) € (0, 00) such that for all r > 1,

D2, 1) 7% ¢ < Var(F)) < D2, 10) 77 .
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Proof Fori € {0, 1} and n = 1, Corollary 1 and Lemma 8 yield
cie <"1 =c [0 " cosh(s) HI(Ly(s) N B)? ds < G o'
Similarly, for i = 0 and n = 2 we obtain
15213 = co / ' sinh($)H (L1 (s) N B,)? ds = ¢ / ' sinh(s)ds
= co(c(:)osh(r) — 1). '
From (17) we now deduce that
c(t> + 1) <c1’e + ct’e < Var(Fr(g)) <cife + e’ < C(t* + ).

Using that t > #9 > 0, the assertion follows for i = 0. The case i = 1 is obtained in
the same way, but requires bounds for only one summand in (17). O

4.4.3 The spatial cased = 3

Lemma 10 Lgt d =31 € {0,1,2} andt > ty > 0. Then there are constants
D3, 19), CD (3, 19) € (0, 00) such that for all r > 1,

D3, 1) P72 re? < Var(Fr(ft)) <CD3, 1) P Y re?.

Proof Corollary 1 and Lemma 8 imply the upper bound

3—i
i 6—2i— )2 5-2i )2 5-2i . 2
Var(F\')) = Y 82l fO012 = 272 fO1F < e 027 re
n=2

It remains to determine the asymptotic behaviour in r of the terms || fz(i) ||% and || f3(i) ||§.

Corollary 1 and Lemma 8 yield
e <13 <Cie¥  and e <AV < Cie

To deduce the lower bound, it is sufficient to derive a lower bound for the term || fl(i) ||%.

But
VaI(Fr(’l[)) > t5_2i ”f](l)”% > ¢ t5—2i r€2r.
This completes the proof. O
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4.4.4 The higher dimensional case d > 4

Lemma 11 Letd > 4, i'e {0,1,...,d — 1}, and t > ty > O. Then there are positive
constants ¢ (d, 1p), CD(d, 19) € (0, 00) such that for all r > 1,

C(i)(d, tO) t2(d—i)—l le(d—Z) S Var(F,(’lt)) S C(l)(d, t()) t2(d—i)—1 le(d—Z).
Proof Combining Corollary 1 with Lemma 8, we obtain

' d—i _ . min{d—2, d—i} ‘
Var(Fi ) — 30 24T g2 < N 2D ed —n,2,d, ).
n=d—1 n=1

Forn =1 <min{d —2, d—i},wehave g(d —1,2,d,r) < C; exp(r2(d —2)), since
2d—-2)—(d-1)=d-3>0.1f2(d—n—-1)—(d—-1)=d—1-2n > 0, then
gd—n,2,d,r) < g(d—1,2,d, r).Forthe remaining cases, we use thatexp(r (d — 1))
is of lower than exp(2r(d — 2)) for d > 4. Moreover, as in the case d = 3 it follows
that || f;f 1 ||¢21—1 and || ;l) ”31 are of order at most ¢~V This yields the upper bound.
The lower bound is again derived by just taking into account || fl(l) ||% and, in addition,

by applying the lower bound g(d — 1,2,d,r) > ¢; exp(r2(d — 2)) from Lemma 8.
O

4.5 Covariance analysis

In this section we prepare the proof of Theorem 7 by an asymptotic analysis of the
covariance structure of the random vector F, ; in dimensions d = 2 and d = 3.

4.5.1 The planarcased = 2

The following lemma describes the rate of convergence, as r — o0, of the suitably

scaled covariances to the asymptotic covariance matrix Xy = (0;1‘] )?; i oford =2.

Lemma 12 Letd =2 andt > ty > 0. There is a positive constant cqoy (2, tg) € (0, 00)
such that if r > 1, then

R —ERY) EY ~EEY)
er/2 ’ er/2

O’é’j — (COV(
3—i—j 2 —r - -
SCCOV(29 tO)t r-e ala.] e {07 1}

Moreover,
2 ((4)2 L) 82
5= <t (@) ra+z) 2 a) 20)
g
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and a = 4 -G with Catalan’s constant G ~ 0.915965594. In particular, X5 is positive
definite with det(X) = %t3a.

Proof Since F, ; is a vector of Poisson U-statistics the covariance representation (18)
shows that, for i, j € {0, 1},

0 O ) 0 min{2—i,2—j)
FO —EFY FY —EFY B i )
(COV( L er/2 ! . o er/2 " =e r E t 1—J nn,< n(l)’ - >n
n=1

and it remains to compute the scalar products. Using (19) and Corollary 1 we get

r

h
cosh(s) arcosh” <cos (r)) ds

cosh(s)

h
:c(2,1,i,j)-2-4/ L(r) ds
0 cosh(r — s)

r —2r
R ()] r—s s—r 2 s l+e
= /0 (e + ¢°7") arcosh <e (—1 s Ty )) ds

with ¢\ = 4.¢(i,1,2)c(j, 1,2). We have ¢(0, 1,2) = 2/z and ¢(1, 1,2) = 1, and
hence

2\? 4\? 2 8
00 —a(2) <(4) e gooros 2ot
T T T T

O, f9, =c(2,1,i,j)-2~4f0

r

cosh(r —s) arcosh? (

Furthermore, again by Corollary 1
-

D 159), = e2,2,1, ) -2f sinh(s)ds = S/ (" + e —2)
0

with ¢/ = (2/7)c(i, 2, 2)¢(j, 2, 2). In particular, ¢"? = 1/(27).
In the following, we use that

1 —2r
arcosh (es (%)) < arcosh (¢*) <5 +log(2). (@3]
e

For (i, j) € {(0, 1), (1,0), (1, 1)} we then deduce from the dominated convergence
theorem that

ij ) 3—i—j [ 2 2 l+e™
oy) = lim ¢t _’_1/ (e +e " )arcosh? (e [ ———— | | ds
r—00 0 1 4 e2(s—1)

= cil’])t3_’_f / e arcosh?(e*) ds =: cil’])t3_’_1 -a
0
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and, in addition we have

0,0 0.0),3

— 2 (0,0
0, =€) .

ca+2t7c,

Since a = 4 - G by the following Remark 11, we obtain the specific values of 02”
for i, j € {0, 1}, and hence the determinant of the asymptotic covariance matrix X»
given in (20).

Next we prove the asserted rates of convergence. For (i, j) € {(0, 1), (1,0), (1, 1)},
we get

i i ) )
i _ ¢ Fi) —EF F)-EF}
) ov o2 ) o2
r —2r
D smieg )3 s —2rts of s 1te
= |e)"t a—ct /0 (e +e ) arcosh (e <l LIy ds
i [T 1+
< cg"])t3_’_// e* (arcoshz(es) — arcosh? (e“ (72 . ))) ds (22)
0 1+e (s=r)
r —2r
(.),3—i—j —2r+s 2 f 1+e
+c)t /0 e arcosh (e <1 apeToay ds (23)
4l 3=imi /OO e~* arcosh?(¢*) ds (24)
: .
p

Applying (21) to the expression in (24) we get
oo [e )
/ e* arcosh?(e®) ds < / e (log(2) 4+ 5)* ds < cre™". (25)
r r

Using (21) for the expression in (23) we obtain

r 1+e—2r r
/ e 2t arcosh? (es (—2)> ds < / e 2 arcosh? (¢') ds
0 1+ e26=7) 0

.
< / e~ (s 4+ log(2))* ds
0

<crie . (26)

Finally, we treat the expression in (22). An application of the mean value theorem in
the first and (21) in the second to last step yields

r ] ] ' 1 —2r
/ e [ arcosh?(e*) — arcosh? ( e dte ™ ds
0 1+ e2(s—r)

r l —27‘ d
- / o | (o5 — o te max — (arcosh?(z)) | ds
0 1 4 e26=7) e (L5 ) '] dz
1+4e2 ’

(s—r)
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r 2(s—r) _ ,—2r 2 h(e’
< / e - f : arcosh(e®) ds
0 1 + e~ (es+672r+x>2 _

146267

_ [r S (ezs B 1) 2 arcosh(e®) ds
0 Ve — 1 4 e26=2r) _ o—4(r—s)

% 1) 2 arcosh(e®)

1 T
=== @

r
_Z’f ve?s — 1 arcosh(e®) ds
0

.
< cefzr/‘ e’ (s +log(2)) ds
0

<cre . 27

e2s —

Thus, a combination of (25), (26) and (27) yields the result for (i, j) € {(0, 1), (1, 0),
(1, D}. Finally, if (i, j) = (0,0) we obtain the result by additionally taking into
account that

|c§0’0)(1 +e ¥ —2e77) — c§0’0)| <ce .

This completes the proof. O

Remark 11 The relation a = 4G can be confirmed by Maple. It is not clear to us how
Maple verifies this relation. Since we could not find the current integral representation
of the Catalan constant in one of the lists available to us, we provide a short derivation.
We first use the substitution ¢+ = exp(— arcosh(e®)) or ¢ = %(z‘_1 + t) and then

expand (1 + ¢2)~2 into a Taylor series under the integral sign. This leads to
o0 I R
a= / e arcosh®(e®) ds = 2/ ﬁ(lnt)2 dt
0 o (I+19)
1 ©©
- 2/ Z(—l)’(i + D2 (1 =) (nt)? dt.
0 i=0
By the substitution t = e¢” we obtain

. 2
/ n)’dt = ———.
0 (21 —|— 1)’;

Hence we can interchange summation and integration to get

1
<Z< D! i+ D Z( D! i+ D5 +3)3)

11 oo 1 1 oo
=4<§G+§§(—l) m_i(_G+l)+§;(_l) m)
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=4 1G—|—1G+1 1—4G
2 2 2 2) 7

4.5.2 The spatial cased = 3

Now we turn to the case d = 3 and again describes the rate of convergence, as
r — 00, of the suitably scaled covariances to the asymptotic covariance matrix X; =
( O‘i 1./')d—1

d /i, j=0

Lemma 13 Letd = 3 andt > ty > 0. There exists a positive constant ccoy(3, tg) €
(0, 00) such that

i i ) )
ol _ Cov Fr(lt) - IEFr(lt) Fr,]t — ]EFr,jt
3 Jrer Jrer

< ceoyBit0) 277 i je{0,1,2),

forr > 1. The matrix X3 has rank one and is explicitly given by

2 2
.5 nmt4 w3
, [ B0 =m0
2 2
Y3 =21 7;_6t4 7;_4[3 2”_2t2 . (28)

Proof Fori, j € {0, 1,2}, the covariance formula for Poisson U-statistics yields that

(@) (@) ) ) min{3—i,3—j}
Foi —EF: Fi —EELYN ) o 6—i—j—n 1, (D) ()
Cov ﬁe’ s \/}Ter =r e E t n(fn s o n

n=1
As in the planar case d = 2 we compute the scalar products. We let L, (s) be a 2-

dimensional subspace in H? having distance s > 0 from the origin p. For n = 1
Corollary 1 and Equation (19) yield

(fl(i), fl(j)h =wic(3, 1,1, j)/ cosh?(s) H>(Ly(s) N B,)? ds
0

. 2
r arcosh ( zg;zxg )

=w§w1c(3,1,i,j)/ cosh?(s) / sinh(u) du | ds

0 0

r h 2
= wlwic(3, l,i,j)/ cosh?(s) (COS 0 _ 1) ds
0 cosh(s)

r
= wiwic(3, 1,1, j)f (cosh(r) — cosh(s))? ds
0

1
= w%wlc(& 1,1, j)z (r + 2r COShz(}") — 3sinh(r) Cosh(r)).
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In addition, using Lemma 4 and Lemma 8, we obtain
(f(l), f(])> < CeZI’ and (f(l), f(])) < C€2r.

Since ¢(3,2) = 1,¢(0,1,3) =x/16,c¢(1,1,3) = /4 and c(2, 1,3) = 1, we obtain
c(3,1,0,0) = 72/28,¢(3,1,0,1) = 72/25, ¢(3,1,0,2) = n/2* ¢(3,1,1,1) =
7224, ¢(3,1,1,2) = /2% and ¢(3, 1,2, 2) = 1. Moreover, we have
. 1
03” = lim £~/ a)za)]c(3 I, j)E rle? (r + 27 cosh?(r) — 3 sinh(r) cosh(r))

r—00
=7 wwic(, 1,1, j)Z
=" 27%¢(3, 1,1, j).

Therefore we conclude that the asymptotic covariance matrix X3 is given by (28).
Clearly, X5 has rank one. Moreover, we obtain

- ) ) _ )
oo i —EFY EY —EF
Jrer T rer
< 57 426, 1,0, )| 1/2 = e (7 + 2r cosh () — 3sinh(r) cosh(r)|

min{3—i,3—}

+r—le—2r Z t6_i_j_nn!<fn(i)afn(j)>n

n=2
< ceov(3, 10) ts_i_j re

1
)

where we used that |1/2 — r~'e™" (r + 2r cosh?(r) — 3 sinh(r) cosh(r))| is bounded
from above by a constant multiple of r~! as r — oo. This completes the proof. O

4.5.3 Thecased > 4

In order to describe explicitly the limit covariance matrix X' (d) for d > 4 we need the
following lemma.

Lemma 14 Fora > 0,

R VG
/0 cosh (x)dx——r(é)

Proof Substituting first # = ¢* and then tan(z) = u, and using (tan(x) + D71 =

cosz(x), we get
00 00 uotfl
/ cosh™(x) dx =2“ / ———du
0 1 W+ D*
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/2 | |
= 2"‘/ sin®” ' (z) cos® ' () dz =: 1.
/4

The trigonometric identity 2 sin & cos @ = sin(2«) and the substitution y = 2z yield

_VE )

/2 | /2 |
I :2/ sin®” " (2z) dz =/ sin®~ d ~ )
o : (22) A (y) dy ) I“(“T“)

/4

For the last equality we use the substitution sin(y) = ¢ to transform the integral into a
Beta integral which can be expressed as a ratio of Gamma functions. This completes
the argument. O

Depending on the dimension, we will bound the speed of convergence by means
of the function

e’ td =4,
hd,ry=3re ? .d=5,
e~ d

Lemma 15 Letd > 4 and t > ty > 0. There exists a positive constant ccov(d, ty) €
(0, 00) such that

RO “EED ED ERY
er(d—Z) ? er(d—Z)

oi’j — (Cov(
2d—1—i—j .
< Ceov(d, t9) t hd,r), i,jel{0,...,d—1},
forr > 1. The matrix X4 has rank one and its entries are explicitly given by

Wd—19d
44=2(d —3)(d - 2)’

ol = 24710 i 1 d) e, 1, d) i,jef0,....d—1},

(29)
where the constants c(i, 1,d), c(j, 1, d) are introduced in Lemma 5.
Proof Recall that
o FO RO FD BED
O\ " o@2r 7 Jador
min{d—i,d—j}
— o~ 2d=Dr Z g2d=i=i=nyy( @ n(j)>n (30)
MY,
n=1
forr > 1.Inafirst step, we bound from above the summands withn € {2, ..., min{d —

i,d — j}}. Lemma 8 implies that

e_Z(d_Z)r <f(l)7 VI(J)>VL E ce—z(d_Z)r g(d —n, 27 d5 r)

n
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with some constant ¢, not depending on r. For 2(d —n — 1) < d — 1 we obtain from
Lemma 8§ that

ce_z(d_z)rg(d —n,2,d,r) < ce UV =D < 0 or(=dtD) < p(a p).
Note that 2(d —n — 1) = d — 1 implies that d is odd, hence d > 5, and therefore
ce_z(d_z)’g(d —n,2,d,r) < ce T2V pord=D) < 0y " (=A< L p(d, r).
For2(d —n—1) >d — 1 we get
cefz(dfz)’g(d —n,2,d, ) < ¢l C2HD 2rld=n=D) o (24D < Lpig ),
since n > 2.
Now we examine the remaining term corresponding ton = 1in (30). By Corollary 1
and (19) we get

e—2(d—2)r (fl(l)s 1(])>1

cd,1,i, o [ B B
- % / cosh®™! () H'™ ! (La-1(s) N B,)? ds
0
2
cosh(r)
d,1,i,]j r arcosh( gohes)
= %/ cosh?™!(s) wd—l/ ( )sinhd_z(u) dul ds
e - 0 0

cd, i, orol_, [T,
= I /Ocosh (s)

cosh(r) ) 2

arcosh(cmh(q) d-2 (_1)k d—2

o (d—2-2k)

X /0 E Y= ( L )e“ du | ds
k=0

cd, i, oty (7,
= T 4d—22d—or /OCOSh ()

d—2 cosh(r) 2

d—2 arcosh( S
X Z(—l)k< >/ ( h())eu(d_z_”‘) du | ds
k=0 k 0

The quadratic term in brackets in (31) is given by

€19

cosh(r)

d — 2 d — 2 aIC()Sh(cosh(s))
kit / ui(d=2-2k) 4
Z b ( ki ) ( ka ) 0 ‘ “

(k1.k2)€0,....d—2}2

cosh(r)

arcosh(cosh(s))
X / "2 d=2=2k2) gy,
0

@ Springer



F.Herold et al.

Next, we provide and upper bound for the summands obtained for (ki, k2) €
{0,...,d—2}>\{(0, 0)}. Without loss of generality we assume k> > 1. Then we get

cosh(r)

r arcosh(cosh(s)>
e—2(d—2)r/ COShd_l(S)/ eul(a'—2—2k1) dlxll
0 0

cosh(r) )

arcosh(cmh(s)
X
0

r r—s+log(2)
ce—2r(d—2)/ es(d—l) / eul(d—2—2k1) du,
0 0

r—s-+log(2)
X / e"2d=2=2k2) g1y ds
0

euz(d—2—2k2) du2 dS

IA

IA

,
Ce—2r(d—2)[ es(d—l) e(r—s)(d—Z) e(r—s)(d—4) ds
0

IA

-
o / S g5 < chid, 1) G2
0
for d > 5. For d = 4 the third line is
r
ce / I — s + log(2)) ds
0
-
- ce*”/ (r —s+1log(2)e' ds < ch(4,r).
0

Therefore we can concentrate on the summand corresponding to £ = 0 in (31). In the
following we will make use of the representation arcosh(x) = log(x 4+ +v/x2 — 1) of
the arcosh-function in order to evaluate the inner integral. Then we get

2
r arcosh( zz:{:z;; )
coshfz(dfz)(r)/ cosh?~1(s) / &MU gy | ds
0 0
2d—2 2 - ’
_ cosh—2( _z)(r) rcoshd_l(s) cosh(r) n coshz(r) 1 1| oas
d-2) 0 cosh(s) cosh=(s)

d-2 2
r 2 d-2
(d—2)*2/ cosh™@=3) (5) (1+ 1 cosh (s)) _(cosh(s)) ds. (33)
0

B cosh?(r) cosh(r)

For r — oo this expression converges to a constant. To get the correct rate stated in
the lemma we observe that

i i () ()
i,j_(c Fr(lt)_EFr(lt) Fr,]t _EFr,]t
% VN " o@2 7 gw@d
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< U;,j _ 2d=2r t2a’—1—i—j<f1(i)’ 1(j)>1

min{d—i,d—j} )
+e—2(d—2)r Z t2d—l—j—nn!<.fn(l)’ fn(]))n

n=2

We have already shown that the second summand satisfies the asserted upper bound.
It follows from (32) that it remains to consider

2
r arcosh < L:"sﬂ(") )

ij ,3 d—1 cosh(s) w(d—2)
;) — — cosh s e du ds

d T @2 fo (s) (/0

2
o r arcosh(zzz:f;;)
<oy’ — %/ cosh?~1(s) / &MU qu | ds
44-2 cosh>@=2(r) Jo 0

cosh(r) )

r d—1 arCOSh( cosh(s)
cosh® ™" (s)
0 0

1 1

— u(d—2)
44-2 cosh2@=D (p)  (2rd=2) e du | ds,

+8

(34)
where we set

.. 2
j cd, 1,1, j) wyw;_,
4d—2

B = (21

For the second summand, observe that

! ! —2r(d-2) —2r\—2(d—2)
192 o@D ()~ @D | =€ (1 —(I+e™) )
—2r(d-1)

<ce

Since by (33) the integral in the second summand of (34) is of the order e?d=2) the
second summand is at most of the order g e~ %".

It remains to show the decay of the first summand in (34). This is done by using
the same steps as in (33) and by splitting up the limit covariance UI;’/ .Lemma 14 and
basic calculus show that the asserted entries of the asymptotic covariance matrix can
be written in the form

. B 00
oy = @ 2)2/ cosh™“=3(s) ds.
- 0
Then we get
2

L r arcosh(iﬁim'x)

ol — b / cosh?™1(s) / ety | ds
d 4d=2 Coshz(d_z)(r) 0 0
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<IhLi+ 1,
where
B *© —(d=3) —(d-3r
I] —W cosh (S) dSSC,BE .
and
B : —d—
L= m A cosh™ 3)(s)

2 =2 d—2 :
« 2a 14 [ coshz(s) B (cosh(s)) s,
cosh“(r) cosh(r)

It remains to provide an upper bound for /. For this we expand the square and use
the triangle inequality to get I» < I3 + I4, where

.
L<§B / cosh™ @3 (s)
0
d-2

2li+e cosh?(s) (cosh(s))d_2+(cosh(s))z(d_z) J
i ~ cosh?(r) cosh(r) cosh(r) s

-
< c,B/ o—s(d=3) (e(s—r)(d—Z) +e(s—r)(2d—4)) ds
0

r r
<cB e =2 / e’ ds+cp e T2d—4) / Sl gg < cBh,r),
0 0

with some constant c. Here we also used that

cosh(s) e’ +e* - 2e'

= < =2, 0<s<r. (35)
cosh(r) e’ +e T’ e’

In order to provide an upper bound for 14, we use the mean value theorem and the
inequality 1 — /1 —x < x, for x € [0, 1], to get

2(d-2)
22d=2) _ (1 T x) < 2(d — 2)224=5y.

Hence we obtain

> 2(d-2)

-

h

lay<p / cosh~@3(5) [22@-2 _ |14 [1 -8 2(s) Js
0 cosh”(r)
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.
< cﬂ/ cosh~@=3) () 2 WO <cBe / S gg < c B, 1),
0

cosh2 (r)

where also (35) was used. This concludes the proof. O

5 Proofs Il: Mixed K-function and mixed pair-correlation function

Letr > 0,i,j €{0,...,d —1}and let B C H? be measurable with Hd(B) =1.
Then

Kij(r) = LEf / 1{0 < dy(x, ) < r}yH! (dy) H' (dx).
A kel; Jskel ;,NB

Already at this point we see that the condition 0 < dj,(x, y) can be omitted if i > 1
or j > 1. Requiring that x € skel; and y € skel; means that there exist

—i d—j
(H]a R Hd*i) € 77;1,;; and (G17 ) Gd*]) € r)[ﬁé]

suchthat x € H1N...N Hy_; and y € Gy N...N Gy4—;. However, some of the
hyperplanes of the first (d — i)-tuple may coincide with some of the hyperplanes of
the second (d — j)-tuple. Letn € {0, 1, ..., min{d — i, d — j}} denote the number of
common hyperplanes. Then we obtain the representation

1 min{d—i,d—j}
Kij () = S a@i j,mE 3 /
A,j)\.j o 2d—i—j—n Y HIN...NHg—;
n= (Hi,. Ha-i,G 1,0, Ga—j—n) €Ny 4 -

< / 1{0 < dy(r. y) < r} 7 (dy) 7 (dx)
HiN..NH,NGN...G4—j—nNB

with the combinatorial coefficient given by

1

Wb = == =

Note that if » = 0 we interpret the second integral as an integral over the set G;N...N
G4—jNBandifn = d— j we understand that the integral ranges over H1N...NH;_ ;N
B.Moreover, ifi = j = 0, then the summand obtained for n = d is zero, since almost
surely x,y € Hy N...N Hy and dy(x, y) > 0 cannot be satisfied simultaneously.
Hence the summation can be restricted to n < m(d, i, j) in the following.

An application of (10) leads to

m(d.i.j)
Kij(r) = X Z a(d,i, j,ﬂ)lZd_l_]_n
n=0
X
Ap(d,d—1)3==n /lqlm...mﬁd,, /;11n...mH,mGlm...cd,j,,,ms
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. . i i
x {0 < dy(x. y) < r}H/ (dy) H' (dx) py " T d(Hy Hy-i, Gi, ..., Ga—j—n))
m(d,i,j)
=i Y e | / L |
AiAj = And.d—1)" JAyd.d—D4 = J Ay, d—nd ="

x 1{0 < di(x, y) < r}H/ (dy) H (dx)

/1;1 N...NHy—; -/;f] N..NH,NGN...Gg—j—nNB

x w4 d(Gr, Ga—jon)) HGZ"(d(Hpg. .. . Hy—i)) pg_1(d(Hy, ... Hy)),

where we have used Fubini’s theorem to split the integration over Ay, (d, d—1)2¢ /™"

into four groups of the form Ay, (d, d —1)" x Ap(d,d — 1)~ x Ay(d, d — Hd=i=,
The first group of hyperplanes comprises the n common hyperplanes Hy, ..., H,,
while the second and the third group is associated with the (d — i — n)-tuple
Hyi1, ..., Hy—; and the (d — j — n)-tuple G1, ..., G4—j—,, respectively. We now
apply Lemma 4 successively to each of the three outer integrals. Together with Fubini’s
theorem this gives

1 m(d,i,j)
Y. i, j,mp,i, j,n)tz‘i"‘f‘”f / f
)\i)tj ot Ap(d.d—n) JA(d,i+n) JA,(d,j+n)

x f / 110 < dyCx. ) < ) H(dy) H () i on (@G) pisn @F) 11— (dE)
ENF JBNENG

Kij(r) =

1 m(d,i,j)
= > a(d,i,j,n)ﬂ(d,i,j,n)tz‘i_l_’_”f / f
Aikj s Ap(d,d—n) J Ay, j+n) JBNENG

x / / 110 < dy(x. ) < ) H () fisn(dF) H (dY) e 1n(dG) 1tg—n(dE),
Ap(d,i+n) JENF

where 8(d, i, j,n) :=c(d,d —n)c(d,i +n)c(d, j + n).
For the two innermost integrals we get

/ f 1{0 < dp(x, y) < r}H (dx) pitn(dF)
Apd,i+n) JENF
=/ H(x € ENF:0<dy(x,y) <r}) pin(dF)
Ap(d,i+n)

_ / H(E 0 (B(y, P\ N F) tin(dF).
Ap(d,i+n)

Since y € E, the intersection E N (B(y, r)\{y}) has dimension d — n and we can
apply Crofton’s formula to conclude that

f / 1{0 < dy(x, y) < ryH' (dx) pipn(dF)
Ap(d,i+n) JENF

Wi+ 10;
— MHd—n(E N B(y, r)).
Wi4n+1Wd—n+1
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Here we also used that H~"(EN(B(y, )\{y})) = H " (ENB(y, r)),sinced —n >
1. Moreover, since y € E the value of HI(EN B(y, r)) is independent of the choice
of E and y, and is given by the (d — n)-dimensional Hausdorff measure

,
HIT(BI™) = wq_p / sinh? ™" (s) ds
0

of a (d — n)-dimensional geodesic ball B;j_" of radius r. We thus arrive at

m(d,i,j) _
Kij)=—— Y ald.i, j.mB(d.i, j,n)—dHLHL_gyd=n pd=—n)2d—i=j-n
- )‘i)‘j o Wj4p4+1Dd—n+1
<[ / | 1@ 0 W6 )
Ap(d,d—n) Ay, j+n) JBNENG
1 m(d.i.J) Wj410; o
= 3" @i jomp. i, jon)—HEELgydon pdomy 2d—izj=n
Aihjo = Oj 4n+19d —n+1

x / / HI(BOENG) tj4n(dG) pta_n(dE).
Ap(d,d—n) JAp(d, j+n)

The two remaining integrals can be evaluated by using twice the Crofton formula.
Indeed, noting that for py_,-almost all E € Ap(d,d — n) the set B N E is either
empty or has dimension d — n we find that

f / H/ (BN ENG)ujn(dG) pta—n(dE)
Ap(d,d—n) JAp(d,j+n)

, i
= T / HI (B N E) ptg—n(dE)
Wjtn+1Wd—n+1 J Ap(d,d—n)
WIH1Wj+1
— #H‘iw).
Wjtn+10d—n+1

Since H?(B) = 1 we finally conclude that
y

1 m(d,i,j)
Kijn=1— 3 ai, j,mp(di,jn
PR n=0
2 . .
~ Wy @Pit1@)+1 t2d—i—j—an—n(Bd—n)
r
O 1 D410
1 m(d,i,j)
= a(d7isjsn)ﬁ(d3isjsn)
)\,l‘)\.j nzz(:)

2 r
Wy Pi+1Wj+1 i v d—n—
X — atl ! I i ”/ sinh? ™"~ (s) ds.
Wy 1 Pi4n+10 j+n+1 0
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Simplification of the constant by means of the constants given in (2) and Lemma 4
completes the proof for the mixed K-function K;;. The formula for the mixed pair-
correlation function follows by differentiation. This completes the proof of Theorem 3.

O

6 Proofs lll: Univariate limit theorems
6.1 The case of growing intensity: Proof of Theorem 4

The central limit theorem is in this case a direct consequence of the central limit
theorem for general Poisson U-statistics stated as Corollary 4.3 in [67] (see also [15]).
]

6.2 The case of growing windows: Proof of Theorem 5

Our strategy in the proof of Theorem 5 (a) and (b) can be summarized as follows.
The normal approximation bound (14) for general U-statistics of Poisson processes is
given by a sum involving terms of the type M, ,, which are defined in (12) and (13)
and which in turn are given as sums of integrals over partitions o € 155" (u, u, v, v).
In applying these normal approximation bounds to the Euclidean counterparts of the
functionals Fr(l,) it was possible to extract a common scaling factor from each of the
integrals in M, , and to treat the number of terms, that is, the number of elements of
T1S%"(u, u, v, v) as a constant, see [36,58]. In the hyperbolic set-up this is no longer
possible and each integral in the definition of M,, ,, needs a separate treatment. In fact,
it will turn out that these integrals exhibit different asymptotic behaviours as functions
of r, as r — oo. For the analysis, we have to determine explicitly the partitions
in 17202“ (u, u, v, v) and for each such partition we have to provide a bound for the
resulting integral. Since u = tu —1, we can bound the dependence with respect to the
intensity # > 1by t“ witha < 4(d —i) —2(u+v) +|o|foreacho € TS5 (u, u, v, v).

To show that a central limit theorem fails in higher space dimensions d > 4 is the
most technical part in the proof of Theorem 5. We do this by showing that the fourth
cumulant of the centred and normalized total volume Fr('t) is bounded away from 0 by
an absolute and strictly positive constant and hence does not converge to 0. The latter
in turn is the fourth cumulant of a standard Gaussian random variable. However, in
view of the well known expression of the fourth cumulant in terms of the first four
centred moments this approach can only work if we can ensure that the sequence of
random variables

(Ff,’? —EF? )“

JVar(FD)

is uniformly integrable. We will prove that this is indeed the case by showing that
their fifths moments are uniformly bounded. This requires a very careful analysis of
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o1 o1 a2 T3 o5 o2 o3 o4
o o e e ce ' om ! om ' Owe
o o Y ) Y ) ce , Oom , om , OO
o) Oe | €0 . Om ce . O | Oe | mO
O O.: ® O :.l o e :O.: l.: me

Fig.5 Left panel: Illustration of the partition in /7T CO"( 1,1, 1, 1). Middle panel: Illustration of the partitions
in IT C0“(1 1,2, 2). Right panel: Illustration of the partitions in g 992,2,2,2)

the combinatorial formula (11) for the centred moments of U-statistics of Poisson
processes.

The representation of a U-statistic will be as in Sect. 4.1. In the following computa-
tions, ¢ will be a positive constant only depending on the dimension and whose value
may change from occasion to occasion.

6.2.1 The planar case d = 2: Proof of Theorem 5 (a)

As indicated above, we will use the bound (14) in combination with (12) and (13). We
distinguish the cases i = 0 and i = 1. In the following, we can assume that r, t > 1.

For i = 1, which corresponds to the total edge length in B,, it is enough to bound
M 1 (f1). For this we note that IT €2'(1, 1, 1, 1) only consists of the trivial partition
o1 = {1,2,3,4}, see Fig. 5 (left panel) Thus, using Lemma 8, we have that

My () = cz/ HU(H OB un(@dH) < cte'.
Ap(2,1)

Together with the lower variance bound from Lemma 9 this yields

) )
FY —EF F
P L I e Lo (36)

< D <
/Var(F(l)) tctV(@2,1)e"

Here we used that the exponent of 7 is givenby 42 — 1) —2(1+ 1)+ 1 = 1.

Next, we deal with the case i = 0, which corresponds to the total vertex count in
B, In this situation, we need to bound the terms M 1(f(0)) M;, z(f(o)) M>. z(f(o))
For M1 1(f©) we can argue as in the case i = 1, since IT (1,1, 1, 1) only consists
of the single partition o7, see Fig. 5 (left panel). This allows us to conclude that

My (fO) = ctsf H'(H N B)* pi(dH) <cte’,
Ap(2,1)

where we used that the exponent of ¢ is given by 42 — 0) —2(1 + 1) + 1 = 5.

To deal with M »(f ©)) we observe that, up to renumbering of the elements,
11 Con(1 1, 2, 2) consists of precisely three partitions o1, o2 and o3, which are illus-
trated in Fig. 5 (middle panel). For o] we obtain, using Crofton’s formula and Lemma 8,
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f H'(H, N B,)?> HO(Hy N Hy N B,)? 3 (d(Hy, Ha))
Ap(2,1)2
= / H'(Hy N B.)?> H(Hy N Hy N B,) n3(d(Hy, Hy))
A;,(2,1)2

_ cf H(Hy O B i (dHY) < e 37
Ap(2,1)

Moreover, for the partition o, we compute, using twice that HY(H N B,) < 2r for
each H € A (2, 1) and again Crofton’s formula,

/ - H'(H, N B,) H' (H, N B,) HO(Hy N Hy N By)? wi(d(Hy, Hp))
Ap(2,1)
<472 / HOCH, 0 Hy 0 B) i3 (d(Hy, Ho) < cr? e (38)
An(2,1)2
and for partition o3 we get
/ H'(H, N B,)H'(H, N B,) H'(H; N H3 N B,)
A;,(2,])3

x H'(Hy N H3 N B,) w3 (d(Hy, Ha, H3))

<2 f H(Hy 0 B,) H (Hs () B,) HO(Ha () H 0 By) 1 (d (o, H))
Ah(Z,l)2

< 4r2/ HY(H3 N B,)> ni(dH3) < crie’. (39)
Ap(2,1)

This yields that My > (f©) < c£° (" +2r%€") < ct> r?e” (recall that r, ¢t > 1). Here
we used that the exponent of ¢ is given by 4(2 — 0) — 2(2 4+ 1) + max{2, 3} = 5.

Now we deal with the term M> > ( f ), which involves a summation over partitions
in [155'(2, 2, 2, 2). Up to renumbering of the elements, there are precisely four such
partitions o1, 02, 03 and o4, which are illustrated in Fig. 5 (right panel). For o1 we
compute

/ HO(Hi 0 Hy 0 By)* ui(d(Hy, H)
Ap2,1)?
= [ 00 B i )
Ap(2,1)?
=C/ H'(Hy N By) pi(dHy) < ce’,
Ap(2,1)
where we used Crofton’s formula and Lemma 8. Similarly, for o5 and o3 we get
[ HOH 0 Hy 0 B RO 0 B 0 B A, )
Ap(2,1)3
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= / HO(Hy N Hy N B,) HO(Hy N Hy N B,) w3 (d(Hy, Ha, H3))
Ah(2,1)3

=c/ HY(H) (B pi(dHy) < e,
Ap(2,1)

and, additionally using that HO(Hl N Hy N B,) < 1 for M%-almost all (Hy, Hy) €
An(2,1)%,

/ 3 HO(H, N H, N B,)?> HY(H, N H3 N B,) H'(H, N H3 N B,)
Ap(2,1)°
x ui(d(Hy, Ha, H3))

< / HOCHy 0 H 0By HO(Hy () Hy 0 By) i (d(Hy, Ha, H))
Ap(2,1)

_ c/ HY(Hs 0 B i (dHs) < c e
Ap(2,1)

Finally, we deal with o4. Using once more that H(H; N H, N B,) < 1 for p13-almost
all (Hy, H») € Ap(2, 1) and also that H!(H N B,) < 2r foreach H € Aj(2, 1), and
again Crofton’s formula together with Lemma 8, we obtain

/ ) HO(H, N H, N B,) H*(H, N H3 N B,) H*(H3 N Hy N B,)
Ap(2,1)
x HO(Hy N Hy N B,) w{(d(Hy, Hy, Ha, Hy))

<c / (3 0 By) O (H3 0 Hy 0 By) H' (Hy O Br) 1 (d(H3, Ha))
Ap(2,1)
gcr/ H' (Hy N B,)? ui(dHy) < cre’.
Ap(2,1)

Altogether, this yields that Mz’z(f(o)) <ctt " +e" +e"+re")<c t* re”, where
the exponent of 7 follows from 4 - 2 — 2 - 4 4+ max{2, 3,4} = 4.

Combining the bounds for M 1(f©), M1 2(f©) and My ,(f©) with the lower
variance bound provided by Lemma 9 we deduce from (14) that

M N e+ Viirter + vidre” ct™ V2 pemr/2

) <c (40)
3,.(0)
,/Var(Fr(g) P Der
This completes the proof of Theorem 5(a). O

6.2.2 The spatial case d = 3: Proof of Theorem 5(b)
The following lemma will be used repeatedly in deriving upper bounds for integrals.

For H € Aj(3,2) we write L1(H) for an arbitrary 1-dimensional subspace in H
which satisfies dj,(H, p) = d,(L1(H), p).
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Lemma16 Letd =3 anda,b > 0. Ifr > 1, then

Ia,b) == / H2(H 0 B,)* H' (L1 (H) N B) ua(dH)
Ap(3,2)

exp(2r) :0<a<?2,
< c {rttlexp2r) 1a =2,
rbexplar)  ia>2,

where ¢ = c(a, b) is a constant depending only on a and b.

Proof We use the definition (6) of the measure py, Lemma 7 and the argument in the
proof of Lemma 8 to get

.
I(a,b) < c/ X" — 5 +log2)b ds.
0
If0 <a < 2, then
r
I(a,b) < Clef S (5 + log )b ds < ce?.
0
This also shows that I(2, b) < ce* rP*!. Fora > 2, we get
r
I(a,b) < ce‘"/ STV — 5+ 10g2)b ds < crbe?,
0

which completes the argument. O

For d = 3 we need to distinguish the cases i = 2,i = 1 andi = 0. If i = 2 there
is only one partition o7 (compare with the left panel of Fig. 5) and we obtain

/ H2(H O B pa(dH) < g2, 4,3,r) < c e, @1)
Ap(3,2)

This proves that M1 1 (f @)y < cre* and together with the lower variance bound from
Lemma 10 and (14) this yields

(2) (2)
i —EF; Vet <o 12t

N|<c————
/Var(Fr(?t) tc9@3, 1e“r

To deal with the case i = 1, we need to bound M1 1 (f "), M1 »(fV) and Moo (f V).
As in the case d = 2, to bound Ml,l(f(l)) we can argue as for i = 2 to obtain
M (f(l)) < ¢’ e*. Next, we consider M1,2(f(1)), which requires an analysis of

d (42)
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the integrals resulting from the three partitions o1, o2 and 03 shown in the middle
panel of Fig. 5. For o1 we compute

/A MR 0B H 0 B 0 B 3, Hy)
1n(3,2)

< [ 0B HILAGH) 0 By 0 o 0B )
Ap(3,2)2

<cI@3,1) <cre¥, (43)

where we used the Crofton formula and Lemma 16. Arguing similarly for the partition
07 from the middle panel of Fig. 5 we obtain

/A . H2(H), N B,) H*(Ha N B,) H'(H1 N Ha N B,)* u3(d(Hy, Ha))
1n(3,2)

< c/ H2(Hy 0 By H2(Hy O B,) H (L1 (H)) 1 By)
Ap(3,2)2
x H'(L\(Ha) N B,) u3(d(Hy, Ha))

<cl(1,1)* <ceV, (44)

and for 03 we get

/ H2(H, N B,) H*(H> N B,) H' (H; N Hy N B,)
An(3,2)3
x H'(Hy N H3 N B,) u3(d(Hy, Ha, H3))
5/ H2(Hy O B,) H2(Hy 0 B,) H' (L1 (Hy) N By)
Ah(3,2)3
x H'(Hy N H3 N B,) 13 (d(Hy, Ha, H3))
e[ OB R 0B, HLACH) 0 B) i H)
An(3,2)

<cl(1,2)g(2,2,3,r) <cre. (45)

We thus conclude that Ml,z(f(l)) <ct (re¥ +e* +re¥) <crore*.
Finally, we deal with M> >(f (1)) for which an analysis of the four partitions o7, 02,
03 and o4 shown in the right panel of Fig. 5 is necessary. For o1 we have

/A 5 T (LN H2 0 B 3 (d . H))
VACH

< / . HY(Hy N Hy 0 B HY (L1 (Hy) N B)? u3(d(Hy, Ha)) < c1(1,3) < ce?,
Ap(3,2)
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where we also used Crofton’s formula. We continue with o7 and get, by similar argu-
ments,

/ . H'(H, N Hy N B,)? H'(H N H3 N B,)? u3(d(Hy, Ha, H3))
Ap(3,2)

5/ HU(Ly(Hy) A B2 H (Hy A Hy O B,
Ah(3,2)3
x H'(Hy N H3 N B,) n3(d(Hy, Ha, H3))
= cf HY(L1(Hy) N B,)? H>(Hy N B,)? pa(dHy)
Ap(3,2)

<cl2,2)<crie”.

Moreover, for o3 and o4 we have the bounds

f H'(H, N H, N B.)>H'(H N H3N B,)H' (H, N H3 N By)
A;,(3,2)3
x w3(d(Hy, Ha, H))
o[ HILAH) 0 B I H 0 Ha 0B i, Hy H)
Ap(3,2)°

<cH (B 1(0,3) <ce¥

and

/ H'(H, N H, N B,)H'(H, N H3 N B,) H'(H3 N Hs N B,)
Ap(3,2)4
x H'(Hy N Hy N By) u3(d(Hy, Hy, Ha, Hy))
5[ HU(Ly(Hy) 0 B> 1Y (Hy 0 Hy 0 By)
Ap(3,2)*
x H'(Hs N Hy N B) u5(d(Hy, Hy, H, Ha))
—c [ ML) 0 B R Hs 0 B 1 He)
Ap(2,3)2

<c1(0,2)g(2,2,3,r) <cre¥.

Altogether this gives My »(f (V) < ct* (e? + r3e® + ¥ 4 re*) < ct*re* . The

estimates for Ml,l(f(l)), Ml,z(f(l)) and Mz,z(f(l)) together with Lemma 10 and
(14) show that

F,(,lt) - EFr(,ll) - VA 4 ViSretr + rhretr -

N c ct™ V212, (46)
’ 3.(1) 2
/Var(Fr(ﬁlt)) t>cV@3, De”r
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Fig.6 Illustration of the o1 oo o3
partition in 175"2“(], 1,3,3) ‘ ‘
) e e e
O 3 [ 3 O
ocoem  eOE K eEm [
Cem eOm OmROD
I I

Finally, we need to treat the case of F,(S), which requires to find upper bounds
for the terms M, , (f©) with (u, v) € {(1, 1), (1,2), (1, 3), (2,2), (2,3), (3,3)}. We
have M ; (f(o)) < ct? e from (41). To treat Mlyz(f(o)) we need to consider the
partitions o1, 02 and o3 shown in the middle panel of Fig. 5 and to obtain upper bounds
for the three integrals which are already treated in (43), (44) and (45). This implies
that M1 »(f©) < ct?re* . Next, we deal with My 3(f©), which can be expressed
as a sum over the three partitions o1, o» and o3 shown in Fig. 6. For o1, using that
HO(Hy N Hy N H3 N B,) < 1 for u3-almost all (Hy, Ha, H3) € Ax(3,2)*, we have
that

/ H*(Hy N B,)* HO(Hy N Hy N H3 N B,)? 13 (d(Hy, Ha, H3))
Ah(3,2)3
= / HP(H 0 B)? HO(Hy 0 Hy 0 Hy 0 By) 3 (d(Hy Hy, H3))
A (3,2)°

- c/ HA(H) 0 B pa(dHy) < cg(2.3.3.7) < eV,
Ap(3,2)
where we also used Crofton’s formula and Lemma 8. Similarly, for o, we obtain

f H2(HY O By) H? (Ha 0 By) HO(Hy 0 Hy O H3 0 By)? 13(d(Hy, H, Hy)
A (3,2)-

=f 3Hz(H] N B,) H*(H, N B,) H(H, N H> N H3 N By)
Ap(3,2)

X u3(d(Hy, Hy, H3))
<cH3BHIA, 1) <ce™,

and for o3 we have that
/ H*(H, N B,) H*(H, N B,) H'(H; N H3 N Hy N B,)
An(3.2)*
x HO(Hy N Hy N Hy 0 B,) p3(d(Hy, Ha, H3, Hy))
< / H>(H, N B,) H>(H, N B,) H*(H; N H3 N Hy N By)
Ap(3,2)%

x u3(d(Hy, Hy, H3, Hy))
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o1 092 o3 o4 o5 g6
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eE O  OmEGe OmEO O@A .  OOA 1 OOA
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Fig. 7 Tllustration of the partition in IT 202“ 2,2,3,3)
_ 3 2 2 2r 4r
=cH’(B)) H*(H N By)" ua(dHy) <ce” g(2,2,3,7r) <cre™.

Ap(3,2)

This proves that M1 3(f©) < ct® (e¥ + e +re) < ctdre.

The next term is M> > (f (0)). However, up to a constant, this term is the same as
Maa(f (M), which was already bounded above. This yields that M 5 (f Oy < 18 e
and it remains to consider Mz,g(f(o)) and M3,3(f(0)).

In order to deal with M5 3(f(©), up to renumbering of the elements precisely the
12 partitions o7, ..., 012 in IT$%'(2, 2, 3, 3) have to be considered, see Fig. 7. Using
that HO(Hy N H, N H3N B,) < 1 for p3-almost all (Hy, Ha, H3) € Aj(3,2)* we find
for o that

/ HYCHY O Hy 0B HO(Hy 0 Ho 0 Ha 0 B,)? 13(d(Hy, Ho, Hy)
An(3,2)°

= / H(H 0 Hy 0B HO(Hy 0 Ho 0 H3 0 Br) g3 (d(Hy, Ho, Hy)).
Ap(3,2)°
Applying now Crofton’s formula, we obtain the upper bound
o[ MmO W, H) < el <l
Ap(3,2)2

The same arguments also lead to bounds for the remaining partitions o3, ..., 012. As
for o1, the first step is always to bound the 0-dimensional Hausdorff measure H°(-)
of the intersection of the three planes corresponding to the last row of the partition
by 1, which is a valid estimate for u%—almost all triples of planes. For this reason we
systematically skip this first step in our following computations and only show how
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to deal with the integral of the three remaining terms

H! (intersection of the 2 planes corresponding to the first row)
x H! (intersection of the 2 planes corresponding to the second row)

x ‘HO(intersection of the 3 planes corresponding to the third row).

For o, we get

/A a2 H'(Hy N Hy N B M (Hy N H3 N B YR (Hy N Hy N H3 N By)
i G,
x u3(d(Hy, Hy, H3))
< C/Ah@ . HY (L1 (H1) N B)? HO(H) N Hy N H3 N B,) 113 (d(Hy, Ha, H))
SCI(l,é) <ce¥,

for o3 we get

/ H'(H, N H, N B,)H'(H N H3 N B,)
Ap(3,2)*
x HO(H) N Hy N Hy 0 By) pu3(d(Hy, Hy, H3, Hy))
< cf CHAHL N Ha 0B (L (Hi) 0 B R Ly (H) 0 By)
A (3,2)-

x W3(d(Hy, Ha, H3))
<cI(1,1)1(0,1) <ce*,

for o4 we get
f M CHy 0 Ha 0B, HO(H 0 Hy 0 Ha 0 By) id(d(Hy, Ha, H, Hy))
Ap(3,2)
< c/ i HY(L1(Hy) N By) HY(L1(H2) N By) H2(Hi N B,) 13(d(Hy, Hy))
Ap(3,2)
<cI(1,1)1(0,1) <ce',
for o5 we get
/ HY(Hy N Hy N B,)H'(Hy N HyN B,) H'(H, N Hy N Hs N B,)
Ah(3,2)4
X u3(d(Hy, Ha, Hs, Hy))
< c/ HACH 0 Hy 0 By H (L (Hs) 1 B)? i (H, Ha, H)
An(3,2)

< cH*(B,)1(0,2) < ce¥,
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for og we get

/ 4H1(H1 N H, N B,) H' (Hy N H3 N B,YH°(H> N H3 N Hy N B,)
AnG3.2)

X ,ué(d(Hl, H>, H3, Hy))
< c/ ; H'(Hy N Hy N By) M (L1 (H3) N By)? u3(d(Hy, Ha, Hy)).
An(3,2)

which is the same as for o5 and thus bounded by e*". For o7 we have
/A Gy H'(Hy N Ha N B,)?> H(H, N H3 N Hy N B,) 153(d(Hy, Ha, H3, Hy))
ACH
= C/Ah(3 o HY(L1(Hy) N By) H'(L1(Ha) N B,) H2(Hy N B,) u3(d(Hy, Hy))
<cl(, l’)I(O, 1) <ce*,
for og we have

/ 4H1(H1 N Hy N By)H'(H3 N Hy N B,) HO(H> N H3 N Hy N By)
An(3,2)

x (4(d(Hy, Hy, Hs, Hy))
< / CHACHy 1 Ha 0B, M H 0 Ha 0 B) id(dCHy, Ha, H, Hy))
An(3.2)
=cH(B)? < ce”,
for o9 we have
/ HY(H, N Hy N B,)H (H3 N Hy N B,)HO(Hy N Hy N Hy N By)
A;,(E),Z)4
x 13(d(Hy, Hy, H3, Hy))
< / O Hy 0By HY (Hs 0 Hy 0 By) 15 (d(Hy, o, H, Ha))
An(3.2)
=cH}(B,)? <ceV.
Next, for o109 we get
f H'(H; N Hy N B,) H' (H; N Hy N B,)H°(H3 N Hy N Hs N B,)
Ah(3,2)5

X 13 (d(Hy, Hy, H3, Hy, Hs))

< cf HY(H, A Hy 1 B,) HY(Ly(H3) N By) H2(H3 1 By)
An(3,2)3
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X 13 (d(Hy, Ha, H3))
<cH3(By)I(1,1) <ce,

for 011 we get

f H'(Hy N H, N B,) H'(H3 N Hy N B,)
Ay (3,2)3
x HO(Hs N Hy N Hs 0 By) u3(d(Hy, Hy, H3, Hy, Hs))

= c/ R CHCO Hy 0 By) W (Hs 0 Ha 0 By)? 15 (d(Hy, Ho, Hs, Ha))
Ap(3,2)

<cH(B) RN (Li(H3) 0 By) M (H3 0 Hy 0 By) 13 (d(Hs, Ha))
Ap(3,2)

= cH(B,) HY(L1(H3) N By) H*(H3 N B,) ua(d Hs)
Ap(3,2)

<cH(B)I(1,1) <ce*

and for o1, we get

/ H'(Hy N H, N B,) H'(H3 N Hy N B,)
Ah(3,2)5
x H°(Hy N H3 N Hs N B,) u3(d(Hy, Ha, H3, Hy, Hs))
<cH(By) H*(H3 N B,) H'(L1(H3) N B,) jt2(d H3)

An(3.2)

<ce?I(1,1) <ceé*.

Altogether this yields that M 3(f©) < ct” 2e* +10e*) < 17 .

Finally, we deal with the term M3 3(f©)). This requires to consider the partitions in
I15'(3, 3, 3, 3). Up to renumbering of the elements there are precisely 11 partitions
o1, ..., 011 of this type and they are shown in Fig. 8. The analysis of the resulting
integrals works the same way as above. Especially, we use once again systematically
that HO(H; N Hy N H3 N B,) < 1 for p3-almost all (Hy, Hz, H3) € A(3,2)* and
apply this to the term corresponding to the last row of each of the partitions. This
leaves us with integrals over

HO (intersection of the 3 planes corresponding to the first row)
x ‘HO(intersection of the 3 planes corresponding to the second row)

x HO(intersection of the 3 planes corresponding to the third row),
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Fig. 8 Illustration of the partition in IT 202“ (3,3,3,3)

which in turn can be bounded using Crofton’s formula, Lemma 8 and Lemma 16. For
o this yields

/ . HO(H) N Hy N H3 N B,)? 13 (d(Hy, Ha, H3))
Ap(3,2)

= f HO(Hi N Hy N H3 N B,) n3(d(Hy, Ha, H3)) = ¢ H>(B,) < ce™,
Ap(3,2)3
for o, and o3 we obtain

f HO(Hy N Hy N H3 N B,)>HY(Hy N Hy N Hy N By)
An(3,2)4
x 13(d(Hy, Hy, H3, Hy))
=/ HO(H, N H, N H3 N B,) H*(H; N H> N Hy N B,)
An(3,2)4
x 13(d(Hy, Hy, H3, Hy))

=c/ H'(H\ N Hy N B)? p3(d(Hy, Hy) < cI(1,1) < ce”,
Ap(3,2)2
for o4 we obtain

/ HO(H, N H, N H3 N B,)> HY(H, N Hy N Hs N By)
A;,(3,2)5
x 13(d(Hy, Hy, H3, Hy, Hs))

=/ SHO(H] N H, N H3N B,) HY(H, N Hy N Hs N B,)
An(3.2)}
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X u3(d(Hy, Hy, H3, Hy, Hs))

= c/ H2(H; N B,)? na(dHy) < cg(2,2,3,r) < cre”,
Ap(3,2)
for o5 we have

f HO(H; N Hy N Hy N B,)HY(H N Hy N Hy N By)
A5 (3,2)5
x H(H\ N H3 N Hs N B,) u3(d(Hy, Ha, H3, Ha, Hs))

< cf H>(Hy N B,) H' (L1(Hy) N B)? pa(dHy) < ¢ I(1,2) < ce™,
Ap(3,2)

for o we have

/ HO(H, N Hy N H3 N B,) HO(H, N Hy N Hy N By)
A2
x HO(Hy N Hy 0 Hy 0 By) p3(d(H,, Hy, Ha, Hy))

< / JHOHL O Hy 0 Hy 0 By HO(Hy 0 Hy 0 Hy 0 Br) p3 (d(Hy. Hy, H3. Hy)
Ap(3,2)

= c/ H'(Hy N Hy 0 By)? p3(d(Hy, Hp)) < ce”
Ap(3,2)2
by the same argument as for o7 and o3. For 07 we have

/ HO(H, N Hy N H3 N B,) H(H1 N Hy N Hy N B,)
A (3,2)3
x H(H\ N Hy N Hs N\ B,) u3(d(Hy, Hy, Ha, Hy, Hs))

=c / HY(Hy N Hy N B,)? jua(d(Hy, Ha))
An(3,2)2

<c / HY(Hy 0 Hy 0 By H (Ly(Hy) 0 By y3(d(Hy. )
A;,(3,2)2
<clI(1,2) <cé*,
for og we obtain
/ H(H\ N Hy N H3 N B;)> H*(Hy N Hy N Hs 0 B,) 43 (d(Hy, Hy, Hy, Hy, Hs))
Ap(3.2)°

= / HOCHY O Ho 0 Hy 0 By) HO(Hy O Hy 0 Hs 0 By) i3 (d(Hy, Ho, Hs, Ha, Hs))
Ap(3,2)

_ c/ HE(Hy 0 B, ua(dHy) < ¢ 8(2,2.3,7) < cre¥,
Ap(3,2)
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for o9 we get

/ HO(H, N Hy N Hy N B.)H*(Hy N Hy N Hy N By)
An(3.2)5
x H°(Hi N H3 N Hs N B,) 13(d(Hy, Ha, H3, Hy, Hs))

< cf MU0 Hy 0 By R (Hy 0 H 0 B) i (d(Hy, Ha, Hy)
An(3,2)

= c/ HA(H N B,)? puo(dHy) < cg(2,2,3,r) < cre”,
An(3,2)
for o1 we obtain

/ HO(H, N H, N H3 N B,) H(H; N Hy N Hy N B,)
Ap(3,2)0
x H'(Hy N Hs N He N\ B,) u$(d(Hy, ..., H))
<c / CHOCHy ) Ha 0 H 0 By) H2(Ha 0 B) i(d(Hy, Ha, H, Hy)
Ap(3,2)

=cH(B,)*> <ce*

and, finally, for o1; we have

/ HO(H, N Hy N H3 N B,) H(H; N Hy N Hs N B,)
Ah(3,2)6
x HO(Hs N Hy N Hg N B,) p$(d(Hy., ..., Hg))
:c/ HY'(Hy N H3N B,)H'(H N Hy N B,) H' (H3 N Hy N B,)
An(3,2)3
x w3 (d(Hy, Hs, Hy))
< c/ CHNLACHY) 0 By MY (H3 0 Hy O Br) i (d(H . Hs, Ha))
An(3,2)
=cH3>(B,) 1(0,2) <ce*.
We thus conclude that M3,3(f(0)) <1966 +3re? +2¢%) < ct%e* . An appli-

cation of the upper bounds for M, , (@) with (u, v) € {(1, 1), (1,2), (1, 3), (2,2),
(2, 3), (3, 3)} and the lower bound for the variance from Lemma 10 in (14) shows that

(0) (0) /294 /79, ar
Fr,t _E’Fr,t 3194 +3 retr —1/2 .—1/2
d B SEON N|=<c e (. D)y <ct r (47)
y/ Var(F, ’
and the proof of Theorem 5 (b) is complete. O
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g9 &

Fig. 9 Left panel: The two types of (sub-)partitions in [7¥5(1, 1, 1, 1, 1). Right panel: Example of a sub-
partition o from /13% (4, 4,4, 4, 4) with m(0) =3

O = N =
BwWw o= NN

6.2.3 The higher dimensional cases d > 4: Proof of Theorem 5 (c)

In order to show that ford > 4andi =d —1 andford >7andi € {0,...,d—1}non
of the centred and normalized functionals F, ,(’l) converges in distribution to a Gaussian
random variable, as r — oo, we will argue that the fourth cumulant

4 — (@) (@)

: ; F.', —EF,
cumy :=E <;:(_lz)/) -3, Fr(lt) = u
Var(F\))

does not converge to zero, which is the value of the fourth cumulant of a standard
Gaussian random variable. We start with the following crucial, but rather technical
result, which is based on the formula (11) for the centred moments of a Poisson
U-statistic.

Lemma17 Letd > 4,i € {0,1,....,d =1} andt >ty > 0. Ifd € {4,5,6} and

i=d—1orifd =7, then
— S
supE(;?:(;?) < 00.
r>1 ’

Proof We start by explaining our method by considering the case i = d — 1. In this
situation

5 d-1 d—1)\5 d-1 d—1)\5

g ( Fd—n _E(Fr(,t ' —EFSY) - E(FG " —EFS)

vt = @Dysp ¢ 5r(d—2) ’
(Var(F,; ")) €

where we used the variance bound from Lemma 11, which is available since ¢ > ¢,
and r > 1. For the centred fifth moment, (11) implies that

(R4~ — BRI

N e d=1)y®5 5—lo|+llo]|
= E -lol |IGH/ _— ((f( )) )U dﬂd,] .
oell5(1,1,1,1,1) Ap(d,d—1)
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The set IT25(1, 1, 1, 1, 1) consists only of two types of sub-partitions of {1, 2, 3, 4, 5},
which are actually partitions, see Fig. 9. The first type only consists of one partition,
namely the trivial partition, only containing the single block {1, 2, 3, 4, 5}. The second
type contains (;) = 10 partitions having precisely two blocks, one of size 2 and the
other of type 3. Since the integrals corresponding to these partitions all yield the same
contribution, we can restrict our computations to {{1, 2, 3}, {4, 5}}, for example. Thus,

d—1 d—1)\5 _
E(FG " —EESV) =1 / HYNH 0 By g1 (dH)
Ap(d,d—1)

1o [ HI=V(Hy 0 B 1O~y 0 B 3 By, H).
Ap(d,d—1)2
By Lemma 8 we have
/ H*NH N B, pg-1(dH) <cgd—1,5.d.r) <ce ™,
Ap(d,d—1)

since 5(d —2) — (d — 1) =4d — 9 > 0. Again by Lemma 8 we obtain

/ HO= 1 (Hy 0 B HO (o 0 B2 a2 (d(Hy. Hy))
Ap(d,d—1)?
<cgld-1,3,d,r)gd—1,2,d,r) < ce3rd=2)2rd=2) — (o Sr(d=2)

since d > 3. Thus we get

5 S5rd—2) | ,5r(d—2)
i e +e
supE (F,(l,) <csup P =c < oo.

r>1 r>1

This proves the claim fori =d — 1.

Now we fix i € {0, 1, ...,d — 2} arbitrarily and assume that d > 7. Furthermore,
we fix an arbitrary partition o € ITX%5(d —i,d —i,d —i,d —i,d —i). We denote by
m(o) € {2, 3,4, 5} the size of the maximal block of ¢ and represent o as a diagram.
The elements of this diagram are labelled ap 4. Here, p € {1, ..., 5} represents the
row number and g € {1, ...,d — i} stands for the column number. Without loss of
generality we can and will assume that the maximal block of o sits in the left upper
corner of the diagram of o, that is, the maximal block is of the form {a; 1, ..., @m(0),1}-
Toeachrow p € {1, ..., 5} we associate two numbers b(p) and c(p) in the following
way. By b(p) we denote the number of elements of row p in position

(pog) e ({l,....,m@@)} x{2,....d —ihU({m(o) +1,...,5} x {1,....,d —i})
which are contained in a block of o that has at least one element in a row below p, and
we let ¢(p) be the number of elements in position (p, g) (with the same restrictions as

above) in row p not contained in any block of ¢ that has at least one element in a row
below p, see Fig. 9 for an example. Note that 5(5) = 0,c¢(5) =d —iifm(c) < 5, and
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c(p)=d—i—>b(p)—1if pe{l,...,m(o)}. Our task is to show that the integral
(in symbolic notation)

j::/”'/((f(i))@)g

:/.../f(i)(ngGlﬁ""Gb(l)’Kl""’KC(l))
x fOC)FPC) P FOC ) pa-1@Hy)

is bounded by a constant multiple of e3@=2r which is the order of (Var(F, ,(lt) )2, We
first integrate with respect to the hyperplanes K7, ..., K¢(1y, which do not appear in
any of the arguments of the other four functions f¢)(...). By Crofton’s formula this
givescHd’l’b(])(BrﬂHl NG1N...NGp1)). Now wereplace HiNGN...NGy(1) by
a(d —1—b(1))-dimensional subspace Ly_1_(1)(s1) having distance s1 = d;,(Hy, p)
from p. This leads to

HAITTPOB NHI NG N...NGyay) < HTTPDB N Ly pa)(s1)). (48)

Then Gy, ..., Gpa) are active integration variables for rows below the first row.
Repeating the same argument for p = 2, ..., m(o), we arrive at (again in symbolic
notation)

I < c/~-~/Hd’l’b(”(Br N La—1-b)(s1)) - -~
X delib(m(a)) (BN Ld—l—h(m(a))(sl))
x fOC o fOC) pamr(dHy) ...,

where @ (...) appears 5 — m (o) times. From now on we distinguish the following
two cases:

(a) there is no block that contains precisely two elements from the rows below m (o),
(b) there exists a block that contains precisely two elements from the rows below
m(o).

We start by treating case (a). If m(o) = 2, then all blocks of ¢ have two elements.
In particular, no element of row p > 3 can be in a (2-element) block with another
element in a block below. Hence, we have ¢c(p) = d — i for p > 3. If m(o) = 3,
then an element of row p = 4 cannot be in a common block with an element of row
5 due to assumption (a). Hence c(4) = ¢(5) = d — i. This shows that c(p) =d — i
for p € {m(o) +1,...,5}. We can thus carry out the 5 — m (o) integrals involving
the functions £@(...), which by Crofton’s formula and Lemma 8 leads to the upper
bound

Hd(Br)S—m(a) < ce(S—m(U))(d—l)r. (49)
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The only remaining integral in . is

7= / cosh?™ () HIT1P D (B, N Ly—1—p1y(5)) - - - HETITTPMON B O Ly 1 pim(oyy (5)) ds.
0
To proceed, we define for p € {1, ..., m(o)} the function
er=)d=2=b(p)) .4 _1_ b(p) > 2,

e Ly 54 1log?) id—1—b(p) =1,
1 1d —1—b(p) =0.

gpls) i =

Then, Lemma 6, (19) and Lemma 7 imply that

.
F < "D o with = / cosh?™1(s) g1(s) - -- 8m(o)(s) ds.
0

(50)
We let
Zor :={pefl,...,m(o)}:d —1—b(p) € {0, 1}},
Zi={pe{l,...,m(0)}:d—1—->b(p) =1}.
Then
A < Ce—r(d—Z)\Zm\—rZ'ﬁi"ﬂpéZm b(p) /r(r — s +1log(2)\ 711 &°E g, (51)
0

where the exponent E is given by

m(o)

E:=({d-1)—(d-2)(m()—|Zol) + Z b(p).
p=1,p¢Zo

If E < 0 the integral in (51) is bounded by a constant times rlZ11 In view of (49) and
(50) we conclude that

7 < ¢ ¢S—m@Nd=r gn(@)d-2)r ,~d=D|Zotlr=r o ez b(p) 121 (52)
In order to bound .# from above by a constant times ¢>@~2)" | we use the decomposition
eS(d—Z)r — e(S—m(a))(d—l)r em(a)(d—Z)r e—(S—m(a))r. (53)
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A comparison of the exponents in (52) and (53) shows thatif £ < 0, then itis sufficient
to prove that

m(o) .
>5—m(o) :if |Z;] =0,

d—=D|Zal+ > bp) p
Dl e Zon >5—m(o) :if|Z;] > 0.

If |Zo1] > O, then (d — 2)|Zp1| = 4 > 5 —m(o) ford > 6. If |Zp;| = 0, then
also |Z1| = 0, and in this case it is sufficient to show that Z;’ffl) b(p) =5 —m(o).
To see this, note that, for any m(c) € {2, ..., 5}, under condition (a) we know that
for 5 — m(o) of the positions (p,q) € {1,...,m(0)} x {2,...,d — i} there has
to be a block containing the element at (p, ¢) and exactly one element at (p’, q') €
{m@)+1,...,5} x{1,...,d — i}, since each row has to be visited by some block.
But this implies the required inequality.

Next, suppose that E = 0. Then the integral in (51) is bounded by a polynomial in
r of degree at most |Z;| 4+ 1 and another comparison of exponents in (52) and (53)
implies that in this case we need to prove that

m(o)

d =21 Zo| + Z b(p) >5—m(o). (54)
p=1,p¢Zo

Using the assumption that £ = 0, we see that in this case

m(o)

(d—2)|Zo1l + Z b(p) =m(o)(d—2)—(d~-1).
p=1,p¢Zo1

This shows that the inequality in (54) is equivalent to (d — 1)(m (o) — 1) > 5, which
is always satisfied for d > 7.

Finally, we suppose that E > 0 in which case a comparison of the exponents in
(52) and (53) shows that we have to verify that

m(o)
(d—=2)|Zo1l + Z b(p) —(d—1) +(d —2)(m(o) — | Zo1l)
p=L.p¢Zoy
m(o)
- Y. b =5-m@).
p=1.p¢Zo

After simplification, this is equivalent to (d — 1)(m(c) — 1) > 5, which holds for
d > 6. This completes the argument in case (a) ford > 7.

We turn now to case (b), where we have to distinguish the sub-cases m (o) = 2 and
m(o) = 3. We start with the case m (o) = 2. Then, arguing as at the beginning of the
proof for case (a), we have

S <c S szd(Br)
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with

r I . T .
/f:/amﬁ%ﬂ¢+MPW&H%A%UMMWFFMW&O%A%MMMS

0

for j € {1,2}, where b(i) = b(i) fori € {1,2,4} and b3) = b(3) — 1 > 0.
Moreover, without loss of generality, we can assume that (1) > 1. Similarly to (50),

for j € {1, 2} we get

.
I <P with Ji/j:=/ cosh?™1(s) g2j—1(s) g2 (s) ds.
0

For j € {1, 2} we let

Z{ = 1{p e 2j - 1.2j} :d — 1 = b(p) € (0. 1}},
Zl={pef2j—1,2j}:d—1—b(p)=1}.

Then

—r(d=2)12},1-r ¥ - b(p)

r .
Hj<ce PRy, / (r —s +1log(2) #1! i ds,
0

where the exponents E;, j € {1, 2}, are given by

. 2] -
Ej=d-1)—-@-2Q-1Z4h+ Y,  bp).

p=2j—1,p¢Z},

(55)

We will show that .#] is bounded by a constant multiple of e ™" and _#; by a constant.

Then we can conclude that

I <V g 7y < celdDrMd=2r o < S

We first consider .. For E1 < 0 the integral in (55) is bounded by a constant multiple

1 .. .
of r1%1l. Therefore it is sufficient to compare the exponents and to show that

2 1
>1 :1Z,]1 =0,
d—2)|Z |+ E b 1
( ) Zoll . (p){>1 :|Z{|>O.
1’:1s[7¢z()1

Since (1) > 1 and d > 4, this is satisfied.
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Next, suppose that £y = 0. In this case, the integral in (55) is bounded by a
polynomial in » and we have to show the inequality

2
d—=21Zyl+ > bp)>1 (56)
p=1,p¢Z},
Using the assumption that £ = 0, we get
2
d=2IZyl+ > b(p)=—d—-1)+2d—-2)=d-3.
p=1.p¢Zy,

Hence (56) is true for d > 5.
Finally, we suppose that E1 > 0. Then we have to show that

2
(d—2)|Zy | + Z b(p)—(@d—1+(d—-2)2—|Zol’)
p=1.p¢Z},
2
- > b=l
p=1.p¢Z},

After simplifications this is equivalent to d > 4.
Now we prove that %> is bounded by a constant. For E; < 0, a comparison of the
exponents in (55) shows that we need that

4

- >0 :|Z3=0

d—2)|Z¢| + b(p)y~ e

d—2IZ51+ Y 2 P20 1220,

I’=3s1’¢201
which is trivially satisfied.
For E> = 0 the required inequality is
4
d-21Z51+ > b(p) >0,
p=3,p¢Z3,

which is equivalent to —(d — 1) +2(d — 2) > 0, that is, to d > 4.
Finally, if £, > 0 then we have to verify that

4
d —2)|Z5| + Z b(p) —(@d—1)+(d—2)2~|Zn|?)
p=3.p¢Z},
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4

- Z b(p) > 0.

p=3,p¢Z¢,

Again simplification yields that this is equivalent to d > 3.

Now we turn to the case m (o) = 3. Then we have
g <c f3f4
with

3
r .
I3 = / cosh? ! (s) | |'Hd_l_b(')(3r N Lg—1-pi)(s)) ds,
0

i=1
r 5 -
Iy ;:/ cosh?™" (&) [ [H* PO (B, N Ly_y_j () ds.
0 =4
where 0 < h(4) :=b(@4) —1 <d —i —1 <d — 1and b(5) = 0. We will prove that

< ce3=Dr and 7y < ¢ @D which in turn proves that . < ¢ e>d=2r,
As in the proof of case (a) (and for m (o) = 3 there), we obtain

S <D s with %::f cosh?"1(s)g1(s)g2(s)g3(s) ds.
0

We show that J#3 < c. For this, we proceed as before and obtain

—r(d=2)|Z3,|-r ¥} b r
H3 <ce P s ey (P)/ (r — 5 +log(2)) 211 e*53 s,
0
where
Z3 =1{pell,....3}):d —1—b(p) € {0, 1}},
Z3:={pe{l,....3:d—1—-b(p)=1)
and
3
Ey:=@d-1)—d-D3—1Z0+ Y. bp).
p=1.p¢Z3,

If E5 < 0, then

3
3 3, =T b(p)
P2 = @=21Z301, " B pezy PP
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provided that
@z Y b |F0 =0
o1 P50 23 =0,
p=L1,p¢Zy

This is obviously true, since |Zgl| > |Z%| and d > 4. Hence, if E3 < 0, then %3 < c.
If E5 > 0, then 273 < c follows provided that

3
d-2)IZg1+ > b(p)—E3=0.
p=1.p¢Z3,

The latter is equivalent to (d — 2)3 — (d — 1) > 0, that is, to 2d > 5. Thus we have
shown that .#3 < ce*@=2 n order to show that % < ce* @2 we distinguish
several cases.

If b(4) < d — 3, then

r -
Iy < c/ 5@=1D) ,(r=5)(d=2-b(#)) ,(r=5)(d=2) j¢
0

- r -
< Ce(Z(d—Z)—h(4))r/ S (—dH3+bA) g < ¢ e2d=2r
0

If b(4) = d — 3, then

(2(d—2)—d+3)r 2d-2)r

Iy <ce r=cre’@ D <ce

sinced — 1 <2(d —2) ford > 4.
Ifb(4) =d — 2, then

-
Iy < c/ AU — 5 +10g(2)e" @2 gg < ¢ @D,
0
If 5(4) = d — 1, then
j4 < C/r es(d—l)e(r—s)(d—2) ds < Cer(d—l)'
0

2(d—-2)r

Thus in all cases we have .94 < ce , which completes the proof. O

Proof of Theorem 5 (c) Letd and i be as in the statement of Theorem 5 (c), and suppose

P

to the contrary that F,(lt) converges in distribution, as r — 00, to a standard Gaussian

random variable N. As a consequence of Lemma 17, the family of random variables
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((F") )*),~, is uniformly integrable, which implies that E(F')* — EN* = 3, as
r — oo. Thus, we would also have that

4
cum4=]E<;7E® -3 EN*-3=0, (57)

as r — 00. On the other hand, from [67, page 112] we know that

M (f?)
—(i)Z =< cumy .
(Var(F,7))

In addition, we have the following lower bound for My 1(f ©):

M1 (fO) = crta—t=+1 / HVHL 0 B g ()
Ap(d,d—1)

= Cg(d - 1947 ds r) > Ce4r(d72)7

since 4(d — 2) — (d — 1) > 0, which follows from our assumption that d > 4, and
sincei <d —1andt > 1. In combination with Lemma 11 we thus find that

My (f9D) c M2
cumy > : - > — =
(Var(F))2 ~ ¢D(d, 1) e¥d=2)

c >0,

which is a contradiction to (57). Consequently, the family of random variables

e

(F))_, cannot satisfy a central limit theorem as r — co. O
L r>1

Remark 12 Letd > 4andi =d—1ord > 7andi € {0, 1,...,d—1}.Forsuchd and
i the proof of Theorem 5 (c) in combination with [10, Corollary 4.7.19], a corollary of

the Eberlein-Smulian theorem, shows that there exists a subsequence Fr(k’ ?, such that

Fr(]:?t converges in distribution and in L* to some limiting random variable X, say.
Especially this implies that EX = 0, EX?> = 1 and EX" < oo for m € {3,4}. In
particular, this rules out for X the classical «-stable distributions for any 0 < o < 2
and, since we have shown that cumy4(X) > 0, also a Gaussian distribution. We leave
the determination of the distribution of the limiting random variable X as a challenging
open problem for future research.

6.3 The case of simultaneous growth of intensity and window: Proof of Theorem 6

According to Lemma 17 we have that, for any fixed r > 1,

5 — (i) (i)
: - F' —FEF
Sup E (?U) coo,  where RO o Lt ZEBS

= VVar(F)
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and where d and i are as in the statement of Theorem 6. Then, taking + = 1, by
Holder’s inequality it follows that

_\ 4 5\ Y
supE <;7:(?) <sup|E (B@ < 00. (58)
r>1 ’ r>1 ’
Next, we recall the definition of the integrals My, ,(h), u,v € {1,..., m}, from

(12) that are associated with a general Poisson U-statistic of order m € N with kernel
function /. In order to emphasize the role of the measure these integrals are taken with,
we will write M, ,,(h; ) in what follows. By definition of the integrated kernels in
(13) we have that

My (f D5 tpg1) < 947D M (PP g ) (59)

for any r > 1 and any fixed r > 1. In fact, fu(i) and fv(” contribute twice the factor
14~ and twice the factor 1~ =" by (13), respectively, and the integral in (12) leads
to an additional factor ¢/°!. By the choice u = v = 1 we maximize the resulting
exponent and see that their product is bounded by r*@~=D+1 Indeed, ifu = v = 1
we necessarily have that || = 1 since o has to be connected. On the other hand, if
u+ v > 3then |o| < u + v and hence

2d—i—uw)+2d—-i—v)+|o|<2(d—i—u)+2(d—-i—-v)+u+v
=4d—-i—-1)—(wu+v)+4
<4d-i-1+1

Now, we apply the normal approximation bound (14) to the Poisson U-statistic
F,(l,) . Together with (59) and the lower and the upper variance bound from Lemma 11
this yields

) .) di '
Fr(,lt - IE:Fr(,lt N <e . \/Mu,u(f(l)§ fihg—1)

JVarE® st Var(EL)

S 2OV My O )

d

<c

— 2(d—i)—1 1
u,v=1 ! @0 Var(Fr(,?)
d—i -
_c Z VMo (fD 5 pa1)
- 0)
\/;u,vzl Var(Fr,ll)

for any + > 1 and r > 1. Note that the expression in the sum has now become a
function of the parameter r only. We can now apply for any u, v € {I,...,d — i} the
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estimate

M O g —\ 4
VMoo (f i b D _ /E(/F:(f/i) 3
Var(F,'})

from the discussion after [67, Corollary 4.3] (see also [34, Proposition 3.8]). This
leads to the bound

0 0 Z 7
d LEF”N < (DY _3< S [g(FD)
VarF") 7 R " R4 "
ot

However, in view of (58) the last expression is bounded by ¢/+/7 for all > 1 and
r > 1. This completes the proof of Theorem 6. O

7 Proofs IV: Multivariate limit theorems
7.1 The case of growing intensity: Proof of Theorem 7 (a)

This is a direct consequence of [36, Theorem 5.2]. O

7.2 The case of growing windows: Proof of Theorem 7 (b) and (c)

7.2.1 The planar case d = 2: Proof of Theorem 7 (b)

Our goal is to use (15). The first term in (15) is bounded by a constant multiple of
r2e~" by Lemma 12. To evaluate the second term we have to combine the lower
variance bound from Lemma 9 with upper bounds for the terms M L1, M 1.2 and M 5.
In the proof of Theorem 5 (a) we have already shown that My 1 (f @, f @) < ce" for
i €{0,1}and My, (f©@, f©@) < cre’, which implies that

My PO ey <ce™ e =ce,

Mz,z(e_r/zf(o), e POy <cre e =cre.
Finally, up to a constant factor an upper bound for My 2(e™"/> @, =7/ £ for
i €{0, 1}, is given by
My (e "2 £ O e77/2 £ O which is equal to

e_erl,z(f(O)) <ce (e +2%e) <crie .

Thus we conclude from (15) that

d3(Fr s, Nx,) < crre 4 e P4 22 f ey < cre” /2
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Since the covariance matrix X, is invertible, ||2']2_l ||0p||4‘72||(1){,2 and ||272_1 ||0p||3/2272||Op
are positive and finite constants only depending on ¢. Together with (16) this also
implies that

dy(Fr s, N5,) <cre /2.
and completes the proof of Theorem 7 (b). O
7.2.2 The spatial case d = 3: Proof of Theorem 7 (c)

Our goal is again to use the normal approximation bound (15). By Lemma 13 the first
term in (15) is bounded from above by a constant multiple of »~!. Next, it remains to
provide upper bounds for the terms

M, for (u,v)e{(,1),(,2),(,3),(2,2),(2,3),3,3)}

As in the planar case d = 2 all integrals which are involved have already been treated
in the proof of the univariate limit theorem. Thus, using the bounds derived in the
proof of Theorem 5 (b) we can complete the proof in dimension d = 3. O
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