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We discuss the infrared structure of processes with massive quarks in the initial state. It is well known
that, starting from next-to-next-to-leading order in perturbative QCD, such processes exhibit a violation of
the Bloch-Nordsieck theorem, in that the sum of real and virtual contributions to partonic cross sections
contains uncanceled infrared singularities. The main purpose of this paper is to present a simple physical
argument that elucidates the origin of these singularities and simplifies the derivation of infrared-singular

contributions to heavy-quark initiated cross sections.
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I. INTRODUCTION AND GENERAL
CONSIDERATIONS

The infrared structure of perturbative gauge theories is a
fascinating topic which received significant attention since
the early days of QCD [1,2]. In the 70s, the observation of
factorization of soft and collinear divergences in deep-
inelastic scattering [3,4] paved the way for a new under-
standing of the perturbative structure of gauge theories,
leading to the promotion of the naive parton model [5] to a
well-defined approximation rooted in a fully consistent
quantum theory of strong interactions.

Generalization of these results to the more complicated
case of hadron-hadron collisions [6-9] resulted in a better
understanding on the universal pattern of factorization and
cancellation of long-distance effects in perturbative QCD
calculations. This understanding was eventually distilled
into “theorems” [10-13] that state that (potential) loga-
rithmic sensitivity to long-distance effects is absent in
sufficiently inclusive observables in hard scattering proc-
esses. This remarkable fact is the foundation of modern
collider phenomenology as it allows us to provide first-
principles improvements of the theoretical description of
hadron collisions by refining predictions for partonic
scattering cross sections in QCD perturbation theory.

Given the prominence of these theorems in modern
collider physics, it is useful to inquire about their
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limitations. Such a question, albeit being interesting in
its own right, may also have practical consequences for the
precision physics program at current and future colliders
by, e.g., informing us about ultimate limits in precision that
improvements in perturbative computations alone can
possibly provide.

Indeed, while the aforementioned theorems are very solid
in the case of lepton-lepton or lepton-hadron collisions, the
situation is more delicate in case of hadron-hadron colli-
sions; see, e.g., [11,13]. In fact, it was argued that, at
sufficiently high orders in perturbation theory, combining
real and virtual corrections within the framework of collinear
factorization may be insufficient to get rid of the infrared
sensitivity, even for inclusive observables [14-16].

For processes involving massless partons in the initial
state, our current understanding of the soft-collinear struc-
ture of QCD implies that these issues can only appear at
third or higher orders in QCD perturbation theory.1
However, the situation is very different if one considers
massive quarks in the initial state. In this case, it was
pointed out long ago that starting from second order in
QCD perturbation theory the sum of real and virtual
corrections is not free of infrared singularities. As a
consequence, “standard” perturbative calculations in this
case become insufficient beyond next-to-leading order,
even for the simplest partonic processes [19].

This problem received a lot of attention in the past [20], and
several formal ways of dealing with it have been proposed
[21]. The goal of this paper is to present a derivation of the
divergent contribution to the cross section of a process with

'At third order, they are only relevant for processes involving a
nontrivial color structure [16-18].
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two heavy quarks in the initial state that, in our opinion, is
remarkably simple and physically transparent.

Our argument is inspired by recent work on infrared
subtraction schemes for higher order calculations [22,23]
and, in a nutshell, consists in connecting infrared singular
contributions of a process where infrared finiteness is
guaranteed to infrared singular contributions of a process
initiated by the collision of two massive quarks. In what
follows, we focus on the Drell-Yan process where a virtual
photon is produced in the collision of a quark and an
antiquark. The simplicity of this process allows us to
present our argument with a minimal amount of technical
overhead.

The remainder of this paper is organized as follows. In
Sec. IT A, we show by an explicit computation that there are
no uncanceled infrared singularities at next-to-leading
order (NLO) QCD for the Drell-Yan process with massive
initial-state quarks and comment on the generalization of
this result to arbitrary processes. We also argue that the
absence of infrared singularities in the production process
qq — V + X at NLO QCD can be naturally understood if
the absence of infrared singularities in the decay process
V — g + X is taken for granted. In Sec. II B, we general-
ize this argument to the next-to-next-to-leading order
(NNLO) case and show that at NNLO there is only one
potential source of noncanceling soft singularities. In
Sec. III, we explicitly compute the infrared singular
contribution to the Drell-Yan cross section and comment
on the result. We conclude in Sec. IV. The analytic
continuation of the one-loop integrals required for our
analysis is discussed in the Appendix.

II. DRELL-YAN PROCESS WITH INITIAL-STATE
MASSIVE QUARKS

We begin with the discussion of the infrared structure of
the process

q(p1) +q(p2) = V(py) + X, (2.1)

where ¢, g are massive quarks with p} = p3 = m2 and V is
a virtual photon® with p? = m. Since there are no
massless partons in the initial state of this process, no
collinear renormalization of parton distribution functions is
required. The perturbative expansion of the partonic cross

section for this process reads

do = doy o + doni o + downio + O(a3).  (2.2)

A. Next-to-leading order

We start by considering NLO QCD contributions to the
cross section of the process in Eq. (2.1). We write them as

*Our argument applies verbatim for any (massive) color-
singlet final state V.

dGNLO = dUV + dO'R. (23)

The first term on the rhs of Eq. (2.3) represents UV-
renormalized contributions of one-loop virtual corrections.
It reads [24]

Cag(p) [ 2CF[1 1—v
doy = o { - 2Uln T +1| rdop o +doy g,

(2.4)

where € = (4 — d)/2 and d is the dimensionality of space-
time. Also, Cr = 4/3 is the Casimir invariant of the SU(3)
gauge group of QCD, v = \/1 —m*/(p, - p,)? and doy g,
is finite in the ¢ — 0 limit. The 1/¢ pole in Eq. (2.4) is of
infrared origin; it is well known that it is canceled by a
similar divergence in the real emission contribution dog.
To illustrate this, consider the real emission process3

q(p1) +q(p2) = V(pv) + 9(py) (25)
and write
1 _
dow =35 [ 4PV PIS I Mo(pr.pai . )
X (2)48,(p1 + p2 = pv — py)- (2.6)
where J = p;-p,v is the flux factor, [dpy,|=

d*'py,/((2x)*'2Ey ;) are the phase-space elements of

the virtual photon and the gluon, respectively, T indicates
the sum (average) over final-state (initial-state) colors and
polarizations, and M, is the tree-level scattering amplitude
for the process Eq. (2.5). When the emitted gluon becomes
soft, E, — 0, the matrix element | M| scales as E;?, and
Eq. (2.6) develops a logarithmic singularity. To expose it,
we work in the partonic center-of-mass frame, separate the
integration over the gluon energy, and write

dE, 4V
. g g (d) .
don = | g5 aaar 4 o). 2)

where
(d) oy S :
FS (P12 pvipg) =3 [dpVIESY IMo(p1. paipy. py)P
X (21)*84(p1 +P2= Py =Py)-
(2.8)
To extract infrared divergences from Eq. (2.7), we write

Ene dE, dQY
dop = 9 "9 1im
OR A E!1}+2£ 16713 E;—>()

fin

4
IFS (p1. pas pyi py)) + dotin,

(2.9)

‘We only consider the corrections to the ¢g channel, since the
qg channel is infrared finite.
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where the second contribution is finite and the first one is
divergent. We rewrite it as

Ede dE dQ< ) ( ) div
/0 El+25 1671351 O[Fg (Plspzvapg)] =dog" +---,
(2.10)
where
3)
iy 1 [dQy ()
dﬁfdz 2—2—6 1623 1:11_)0[[7 (1. P2 Pv,Pq)]

(2.11)

and the ellipses in Eq. (2.10) stand for finite terms.

To proceed further, we recall that in the soft limit
scattering amplitudes obey the well-known factorization
formula

Mo(p1. P2 pvs Pg)

a,(0
NQ?“—‘"”JM( )(P17P22P9)M0(P1,P2§Pv)’ (2.12)

where € is the gluon polarization vector and a is its color
index. The tree-level soft current reads

TeO(p1, paipy) = (2.13)

ZTa plﬂ ,

where T¢ is the color charge of particle i. In our case,
T{ =15, and T5 = —1{,, where t{; is the matrix element
of an SU(3) algebra generator in the fundamental
representation.” This immediately allows us to rewrite

Eq. (2.11) as
o = Eiko(p1, p2) x dopo, (2.14)
where
. as(u) Cr [dQy o[ 2(p1-p2)
ElkO p ’p - - _/ - E
(pr-p2) 2z e ) 4x (p1-pg)(p2-py)
m? m2 :|
-t - (2.15)
(P1-pg)?* (P2 py)?

We parametrize momenta in Born kinematics as

P12 =my/2(1,0,0,£p), with g=/1—4m;/mj and

Py = Eg(l, sin®,0,cosf). A straightforward integration
over the gluon emission angle leads to

*For more details on the color notation, see, e.g., [25].

div as(/") 2CF 1 +ﬁ21 1 _ﬂ
pr— 1 d .
dog o X - 2 nfy ny + 1|do1o

(2.16)

The cancellation of soft singularities in the NLO cross
section can be observed upon combining doy from
Eq. (2.4) and dadRiV from Eq. (2.16) and using the relation
between v and 8, v = 2/(1 + %), which implies

1+ p? (1 —ﬂ) 1 (1 —U>
In[ —= ] ==—1In .
25 1+p 20 \1l+vw

We also note that the cancellation of infrared divergences
occurs in a much broader context than what we discuss
here for the Drell-Yan process. Indeed, by considering a
generalization of Eq. (2.4) to 2 — n processes as described
in Ref. [24], and adapting Eq. (2.13) to this case, it is
straightforward to prove the cancellation of infrared diver-
gences for arbitrary processes with massive quarks in the
initial state.

We will now reanalyze the NLO case from a perspective
that will be helpful for deriving the infrared divergent
contribution to the NNLO cross section. To this end, instead
of considering the production process gg — V + X, we start
with its decay counterpart V(py) — q(p;) + g(p,) + X.
We use the optical theorem and obtain the total decay rate of
the above process from the imaginary part of the time-
ordered correlator of two vector currents. Since such
correlator cannot have infrared divergences, we conclude
that the decay rate is free of infrared singularities as well.

Writing the decay rate as the sum of virtual and real-
decay + dadecay

(2.17)

emission contributions, we conclude that do,
infrared finite.

We now want to relate doy, 9 (o their counter-
parts in the production case Eqs (2.4) and (2.6). For virtual
corrections, this relation is obvious. Indeed, one-loop
corrections to the y* — gg vertex are described by a single
form factor F'y that only depends on the invariant mass of
the virtual photon m%,.s Hence, this form factor is identical
for the production (¢g — y*) and decay (y* — ¢g) proc-

esses. We conclude that the infrared structure of the decay
decay

decay . do

rate doy ° and the production cross section doy is the
same. Therefore,

do decay FV(
doy = FV(

) do decay +. and

)dGLO + (2 18)
where the ellipses stand for finite contributions.

To make use of the finite nature of NLO corrections to
the decay as an explanation of why NLO corrections to the

>The dependence of the form factor on quark masses is not
relevant for this discussion.
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production are finite, we need to understand how the real
emission contribution to the decay rate changes when we
move heavy quarks into the initial state and the vector
boson into the final state which is required for calculating
the production cross section. Since we are only interested in
the divergent contribution to the cross section, we require
this crossing in the soft limit. We note that the tree-level soft
current Eq. (2.13) is homogeneous in the hard momenta
D1, (and it does not depend on the momenta of the color
singlet), so it does not change under the replacement
p; — —p;. Moreover, the phase space of the Born process
decouples from the eikonal factor and the gluon phase
space in the soft limit. It follows that

Ao = Eiky(py. pa) X do?® 4+ ... and

dog = Eik(p1, p2) X doo + -+, (2.19)

where ellipses stand for finite contributions and the function

Eik, is defined in Eq. (2.15). Since dadmy + dadecdy
free of infrared divergences, it follows from Egs (2.18)
and (2.19) that

Fy(m3, €) + Eiky(py. p2)

is infrared finite. Without any additional computation, this
ensures that the O(a,) contributions to the cross section of
qq — V + X with massive initial state quarks are finite as
well. In the next section, we generalize this analysis to next-
to-next-to-leading order.

(2.20)

B. Next-to-next-to-leading order contributions
to the production cross section

Consider the NNLO QCD contributions to the cross
section of the production process gg — V + X. In full
analogy to the NLO case discussed in the previous section,
we split doyny o into double-virtual, double-real, and real-
virtual contributions,

dGNNLO = dUVV + dGRR + dGRV' (221)

In this equation, the double-virtual term doyy is propor-
tional to the two-loop form factor for the gg — V process.
The double-real term dogy is proportional to the tree-level
matrix element for the process

q(p1) +G(p2) = V(py) + filpi) + fi(p)),

where (f;.f;) €{(9.9),(¢;.g;)} and g; is a generic
(massive or massless) quark. Finally, the real-virtual con-
tribution dogy is proportional to the one-loop matrix
element for the process

(2.22)

q(p1) +q(p2) = V(pv) +9(py)- (2.23)

In principle, one can study the infrared structure of the
various contributions at this perturbative order by extending
the NLO analysis presented at the beginning of the previous
section to one order higher. However, it is much easier

and more transparent to reuse the connection between the

production and decay processes as was done at the end of

the previous section. For this reason, we consider the

NNLO QCD contributions to the decay process

V — gg + X, which is finite, and write

doiﬁf{iyo = dodec‘ly + dodec‘ly + dadec‘ly (2.24)

We then compare each contribution to its counterpart in the

production case. The results of this comparison can be

summarized as follows:

(a) All infrared singularities of the double-virtual contri-
butions come from the one- and two-loop Vgg form
factors. Since the form factor is the same for the V —
q + g and g + g — V processes, the infrared structure

of do's™ and dovy is identical.

(b) In the double-real contribution, infrared singularities
appear when either one or two final state gluons
become soft, or when a massless final state quark
pair becomes soft. The case of one-gluon emission is
described by the tree-level current Eq. (2.13). The
emission of two soft partons is described by a double-
soft current [26] that is homogeneous in the momenta
of the external hard partons. Similar to the NLO case
described above, this implies that the infrared structure

of dofs® and dogg is identical.

(c) The real-virtual contribution contains both explicit 1 /¢
infrared poles in the gg — V + ¢ one-loop amplitude
and implicit singularities that only appear after inte-
grating over the soft region of the gluon phase space.
As long as the gluon is hard, this integration does not
introduce any divergence and only explicit singular-
ities are relevant. These singularities cancel against
single soft-gluon emission in the double-real contri-
bution along the lines of the NLO case described in the
previous section. As we explained there, this cancel-
lation occurs for both the production and the decay
processes.

The only contribution that we still need to discuss is

a one-loop correction to the emission of a soft gluon.

In this case, we cannot invoke the crossing argument

to conclude that the production and decay processes

share the same infrared structure because the analytic

structure of loop amplitudes is nontrivial and care is
needed to relate the production and decay cases.

Hence, we conclude that the infrared structure of the

production and decay processes is identical, except for

possible contributions that originate from crossing the

V - g+ g+ g one-loop amplitude into the g+ g —

V + g one, in the kinematic configuration where g is soft.

Since the total rate for V — g + g + X is finite, this implies

that the only potential noncanceling infrared singularities in

q + g — V + X at NNLO must be related to this crossing.

Below we show that the analytic continuation from decay
to production kinematics is indeed nontrivial, and that it
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FIG. 1.

leads to an uncanceled 1/e infrared singularity in the
production cross section.’

III. THE ONE-LOOP SOFT CURRENT
AND ITS CROSSING

In this section, we study one-loop corrections to soft-gluon
emission. More precisely, following the discussion in the
previous section, we investigate whether additional infrared
divergences can be generated by crossing the one-loop
decay amplitude M, (py; p;.pa. p,) into the amplitude
M, (p1. P2; pv. p,) that describes the production process.

Similar to the tree-level case Eq. (2.12), the one-loop
amplitude M, also factorizes in the soft limit’

a.(0

Mi(py;p1.pa.py) 2 gret [T, )(Pth?Pg)Ml(PV;Pl,Pz)

+ 275N (p1paspg) Mo(pyiprs pa))-
(3.1)

We stress that M in the above equation is the scattering
amplitude of the decay process and we intend to get the
production amplitude by crossing.

The tree-level current JZ’<0) is given in Eq. (2.13); as
discussed in Secs. IT A, II B, it leads to the same infrared
divergences in the production and decay cases. Hence, we
only need to focus on the second term on the right-hand
side of Eq. (3.1) that describes the one-loop correction to
the soft current.

To compute the one-loop soft current JZ’(I), one needs to
consider the non-Abelian part of the diagrams shown in
Fig. 1, in the limit where both virtual and real gluons are
soft [27]. The result reads

Ja’“)'ﬂ(pl » P25 pg)

e Pl Pi \
:lfb T.TC.<—’_ >g..(€’p;p.’p.)
”Z’ \pi-py, pj-pg)7" e

ij=1
i#j

(1)

= 915 (€. pgi P1. P2)Cad“O*(py, pas py), (3.2)

®We note that similar arguments suggest that other partonic
channels, i.e., ¢gg and gg, are infrared finite.

"In this equation, g, is the bare strong coupling. Since we are
interested in infrared effects, we do not discuss renormalization.

Diagrams contributing to the one-loop soft current. i and j are hard eikonal lines, p, and k are soft; see text for details.

,(.y isa
function that will be specified later. We stress that JZ’(I) is
purely non-Abelian. This feature is expected because in an
Abelian theory the tree-level soft current does not receive
corrections. Since, as we argued at the beginning of this
section, Eq. (3.2) provides the only source of noncanceling
soft singularities for the process gg — V + X with massive
initial particles, we recover the classic result that in the
Abelian (e.g., QED) case the NNLO cross section for the
collision of two massive partons is infrared finite.

We continue with the non-Abelian case. Following the
argument of Sec. II B, we investigate whether Eq. (3.2)
leads to the same infrared structure for the decay and

production processes. Since J*(O# is invariant under
D12 = —D12, any potential difference must come from

the crossing of g<112). It is easy to see that, at NNLO, only the

real part of g(llz>

where f ;. are the SU(3) structure constants and g

contributes to the cross section; for

this reason, we investigate the behavior of ) [gglz)] under

P1o = —pi o transformation.
It is instructive to consider first the case of massless

quarks. For m, = 0, the function g§‘2> reads [27]

. 1 D1 -r (1 fe)
ng (€7pg’plﬂp2)7_l6n_2€_2 F(1—2€)
(=512 — i6) ‘
5 — . 3.3
(—slg — zé)(—szg —id) (3.3)
with s;; = 2p; - p;. This implies
e
Rg1Y (e. pyi—pr.—p2)] = Rlgiy (6. pyi p1p2)). (34)

The argument of Sec. II B then allows us to reproduce the
standard result that for massless quarks the cross section for
the process g+ g — V is free from soft singularities
at NNLO.*

We continue with the case m, # 0. In this case, we

follow Ref. [28] and write ¢!} as

$To remove initial-state collinear singularities, one still needs
to redefine parton distribution functions in the case of massless
particles collisions.
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where M, are defined as

M(e.py:pi1. p2) :/(

Mz(e,Pg;Pl,Pz)—/(

3
1

915 (e.pyi p1.p2) = Z Fi(pg P1s P2)IMi(e, pys 1, p2), (3.5)
dk 1
27)4 [k* + i8] [(k + p,)* + i8] [-2ps - k + 06
dk 1
22)0 (12 + i8] 2py - k+ 2py - py + i0)[—2ps -k + i0)
dk 1

(3.6)

M3(€,Pg;P1,P2) = /(

and f; are rational functions of p;- p;, p; - p,. Since g(112>

has to be computed using eikonal vertices [27], it follows
that

F1(pg=p1,=p2) = =f1(pgi P1> P2),

f23(Pgi=pP1.=p2) = f23(Pgs P11 P2)- (3.7)
The explicit form of f; can be found in Ref. [28], but it is
not needed for our argument.

Using Egs. (3.5)-(3.7), one can show by analytic
continuation of the M; integrals that the function g(llz)
changes in the following way:

—2ier (1)

1
(e py—p1.—p2) = 915 (6. pyip1.p2).  (3.8)

This is worked out explicitly in the Appendix. To proceed

further, we write the (decay) function g<112) as

0

a .
= 2—3E52€ Z [t + - 1€k,
g =2

915 (6. pyi 1. o) (3.9)

with r and t real and i_, = 0; see the Appendix. Using
Egs. (3.8) and (3.9), we can then write the difference
between the real parts of the functions ¢;, required to
describe the production and the decay processes as

R(g\y (€, pys—p1.—pa)] — Rg\y (€. pys p1. )]

€
12 [—27°

x4+ 271 +O(e)].  (3.10)

aS
27 | 814824

Since the real part of g(112) at order O(e") contributes to
divergences of the cross section or decay rate at order 1/e,
the argument presented in Sec. II B implies that the second
line of Eq. (3.10) gives rise to a noncanceling infrared
divergence in the NNLO cross section for the g + g — V
process with massive quarks in the initial state.

27)4 k2 + i8][(k + p,)2 + id)[2py - k+2py - py + i8][=2ps - k+ i)’

|

This noncanceled singularity is controlled by the coef-
ficients r_, and i_;. They can be immediately obtained by
matching Eq. (3.1) to the universal expression for the
infrared poles of one-loop amplitudes [24]. We obtain

1 . 1
r_2:_§7 1= 2_1]_1 ,

with v defined immediately after Eq. (2.4). We work in the
center-of-mass frame of the two quarks and rewrite
Eq. (3.10) as

(3.11)

R [9(112) (€.pg=p1- —Pz)]
ag o | (-
=Ngiy (6. pyi 1. p2)] +5 kg’ KT>7z2+O(e)}
(3.12)

To find the contribution of the last term in Eq. (3.12) to the
cross section, we note that the soft current at one loop is
proportional to the tree-level one, cf. Eq. (3.2). As a
consequence, we can read off the required result directly
from Eq. (2.16) that describes the NLO calculation.’
Therefore, we write the real-virtual contribution to the
decay process as

do decay = Eik,(py, p2) X dadecay (3.13)
where the ellipses stand for finite contributions. The

real-virtual contribution to the production process is given
by

dogy = Eik,(=p1,—p,) x doro

= Eik, (p1, p2) x dopo + A[doRy] + (3.14)

’Note that the additional E‘2€ factor in Eq. (3.12) would glve
rise to an extra factor 1/2 compared to the NLO case. This is
compensated however by the factor of 2 in 20 [ M M;].

054013-6



NONCANCELLATION OF INFRARED SINGULARITIES IN ...

PHYS. REV. D 103, 054013 (2021)

The second term in the rhs of Eq. (3.14) is the additional
divergent contribution to the production cross section
caused by a nontrivial analytic continuation of soft loop
integrals upon crossing. It reads

Aldoly] = [asw)]zchcFﬂz [i1n<1 —y> . 1]

2w € 20 1+

I-v
X ( ) do; LO-
v
Thanks to the argument presented in Sec. II B, we conclude
that the cross section for gg — V + X with massive quarks

in the initial state contains noncanceling infrared diver-
gence given by A[dedY]. Therefore,

(3.15)

donnio = A[deRi\V/] +o

a,(1)]22C,Crr® [ 1 1-v
= —1 1
[ 27 ] € 20" 1+ o

1-—
X <—v>dGLO+,
v

where the ellipses stand for finite contributions to the
NNLO cross section. Equation (3.16) describes the viola-
tion of Bloch-Nordsieck cancellations [29] in the case when
two massive quarks collide. It coincides with the expression
derived in Refs. [19-21].

We now comment on the result Eq. (3.16). First, we
note that in the massless case v — 1 and the divergence
disappears. A simple generalization of this result to the
collision of two quarks with unequal masses shows
that Eq. (3.16) remains valid provided that v =

V1 —=mm3/(p,p,)?. It follows that the divergence in
Eq. (3.16) disappears if only one quark in the initial state is
massive.

Moreover, Eq. (3.15) implies that the noncanceling
infrared divergences in cross sections with massive quarks
in the initial state are power suppressed,

(3.16)

. m4

v
This behavior is compatible with classic arguments about
factorization; see, e.g., Ref. [30] for a review. In fact, a
small mass of the quark in the initial state probes the
sensitivity of the partonic cross section to long-distance
physics. The result Eq. (3.17) then informs us that at the
level of logarithmic sensitivity to long-distance effects,
the partonic cross section is certainly infrared finite. The
noncancellation of infrared divergences at the level of
power corrections, as indicated in Eq. (3.17), simply shows
that an understanding of factorization for higher twist or, in
general, power corrections is required to make calculations
with initial-state massive partons self-consistent.

IV. CONCLUSION

It is well known [19-21] that partonic cross sections
computed with massive quarks in the initial state are not
infrared finite starting from next-to-next-to-leading order in
QCD perturbation theory. We rederived this result in a
manner that we find simple and transparent.

The gist of our approach is the relation between infrared-
divergent contributions to the manifestly finite decay
process V — gg + X and the production process gq —
V + X that can be studied using analytic continuation. We
have explicitly shown that while for the massless case this
analytic continuation is harmless through NNLO, the
situation is different in a massive theory. There the phase
from the analytic continuation of the one-loop soft current
combines with a nontrivial imaginary part in the one-loop
amplitude and gives rise to an observable effect in the cross
section. Our derivation provides a concrete and simple
example of problems that one encounters when an analog
of a quantum mechanical Coulomb phase manifests itself in
massive non-Abelian gauge theories. In fact, it is relatively
easy to show that the offending phase is related to a
particular double-particle massive cut that encapsulates the
long-distance interaction between two incoming massive
partons; see, e.g., [24].

Before concluding, we briefly discuss the phenomeno-
logical implications of the above results. One may argue
that in collider phenomenology one does encounter proc-
esses involving massive initial state quarks, e.g., bb — H
and similar. In fact, impressive machinery has been
developed for dealing with such processes [31,32].
However, in such cases, one always starts with initial state
gluons that subsequently split into a heavy bb pair. It is
important that massive quarks that originate in such a
splitting and participate in the hard scattering process after
that are always off-shell. Hence, the average off-shellness
of initial state quarks that originate from the gluon splitting
g — qg provides a natural infrared cutoff for processes
initiated by massive quarks. For this reason, the infrared
divergence shown in Eq. (3.16) can never appear in a
realistic setup.

Nevertheless, computations with massive quarks in the
initial state can, perhaps, be used to test the sensitivity of
partonic cross sections to infrared energy scales that the
quark masses may represent. For example, one may wonder
to what extent the masses of the colliding quarks affect the
transverse momentum distributions of Z and W bosons at
low p,—a question, that may be quite relevant for the
determination of the W boson mass at the LHC. Our
discussion suggests that, since one starts being sensitive to
the off-shellness of quarks only at O(mj/mY,), it should be
possible to develop a framework where one keeps track of
terms of order p/m, ~ 1" but neglects contributions of

%For work in this direction, see, e.g., Refs. [33].
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order m‘q‘ /m?, and beyond. We leave this investigation, as
well as the study of its potential phenomenological appli-
cations, for the future.
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APPENDIX: ANALYTIC CONTINUATION OF
THE ONE-LOOP INTEGRALS

In this appendix, we explicitly compute the analytic
continuation of the three integrals M; given in Eq. (3.6)
under the p;, — —p;, transformation. We start with
decay kinematics, cf. Fig. 1. Since s;; = 2p; - p;, we find
that under the p;, - —p;, transformation, s;, — —sy,,
S$og = —S24, and 515 — s1,. Therefore, to understand how
the integrals change under analytic continuation, we only
need to study their dependence on sy, 55,

This is most easily achieved if we employ the Feynman-
Schwinger parametrization for the integrals M, ;. To
derive a suitable representation, we start with the identity

] lx]>
A"

Z/EZX )

L AXx] (A1)

the Feynman parameter that is employed for the propagator 1/(—2p, - k + i6), i.e., £ = {3} for M| and M, and X = {4}

for M5. We find

X + xz)—1+2€

M, (e, pg; p1,p2) = =G (e )H/mdx [mz(

- SZg'XZ

i5]l+€’

—1+25
X

M;(e. pgi 1, p2) = —Gale /

I+e
+ xz) - slgxlxz — SipXp — lé]

(x1 + x2)*

M;(e, pyip1. P2) = —Gs(e)

/dx

(A2)

iS5)12+e’
1+ X3) - S19X1X3 — SipX3 — SZgXZ 15]

where the explicit form of the G;(e) is irrelevant in what follows.
It is straightforward to study the dependence of the integrals on s, and s,, using Eq. (A2). We begin with M. By

rescaling x; = x;/(—s,, — i6) for i = 1, 2, we find

2 [ee]
M, (€. py:p1.p2) = —Gl(E)(—Szg—i‘S)_l_kH/ dx

so that the entire dependence on s,, factorizes

Ml(e,Pgml,Pz) & (—Szg -

This implies

M1(€, pg;—pp—l?z) « |SZg

(xl +x2)—1+2€ (A3)
rJo T (mP )t
i(s)—l—Qe — _|s2g|—]—2€eziﬂ'€'
(A4)
I (A5)
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and therefore

Mi(e, pgs—p1.—p2) = =My (€. pyi p1. pr)e 2. (A6)

Furthermore, we note that Eq. (A3) implies that in the soft
limit

M(e, py;p1.p2) ~ Eg*. (A7)

We analyze the integral M, in a similar way. In this case,
it is sufficient to rescale x; — x;/(—s;, — i6) to find

2 (6]
M; (e, pg; Py, p2) _G2(€)(_slg_i5)_2€HA dx;
i=1

x—1+2e
1
[m?(1 —|—x%) + XXy — S1aXp — i) €

(A8)

Hence, the dependence of M, on p; is governed by the
following factor:

M (e, pgi p1. pa) & (=81, — i8)7%. (A9)

Finally, we discuss M;. In this case, we rescale
x; = x;/(=s;, — i6), where we stress that the rescaling is
different for the two variables. We obtain

M;(e, py: pi. pa)
3

o0
= —Gs(e) H dx;
i=1 /0
2
(—sl);l—ié —sz);z—iﬁ) ‘

. (A10
[m?(1 4 x3) + x5 — $12X3 + x2x3 — i8> (A10)

Similarly to what was discussed for M;, Eqgs. (A9) and
(A10) imply

Ms5(e, pyi—pi.—p2) = Mas(e, pyipr. pa)e™  (All)

and

M,5(e, pyipi. pa) ~ Ej. (A12)

Finally, we note that Eq. (3.5) along with Eqs (3.7), (A6),
(A7), (A11), and (A12) implies that

1 —2ier 1 .
90 (€. py—pro—p2) = emg Ve, pyipropy)  (A13)
and
e, p.: — % poe N i ]ek, (Al4
912 e’pg’pl’p2)_2ﬂ_ g Z[rk_’_l 1/(]69 ( )
k==-2

with r; and 1; analytic in E,,. These formulas are used in the
main body of the paper to explain the appearance of
noncanceling infrared divergencies in collisions of two
massive quarks.
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