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Abstract

The microstructural evolution in solids is driven by different factors,
such as entropy density, the chemical potential and mechanical energy.
The mechanical energy density propagates along with the propagation
of the mechanical wave, which has a great influence on the rapid solid-
state phase transformation, such as the martensitic transformation. In
order to determine the mechanical contribution to the driving force dur-
ing the microstructural evolution, it is therefore indispensable to simu-
late the mechanical wave propagation within a multiphase and multigrain
system. With the introduction of an order parameter for each phase,
the phase-field method is an efficient and robust numerical analysis tool,
which obviates the complexity of tracking the interfaces among different
phases. In this paper, the phase-field method is extended to simulate the
mechanical wave propagation by coupling it with the high-order discon-
tinuous Galerkin method. The jump condition at the sharp interface is
derived for mechanical waves with strong and weak discontinuities. Based
on the jump condition, the interpolation scheme for the stiffness matrix
and the density is formulated with order parameters, so as to derive the
driving force for the microstructural evolution. Numerical validations are
carried out to verify the jump condition, the interpolation scheme and the
accuracy and convergence of this simulation scheme.

Keywords: Phase-field method, High-order discontinuous Galerkin method, Mechan-
ical wave propagation, Jump condition

1 Introduction

The macroscopic material properties are determined by the microstructural morphol-
ogy of the materials ?2. In order to gain an insight into the mechanism of material
properties, it is thus indispensable to study the material from the microstructural
point of view.



In a multiphase system, the microstructural evolution is driven by configurational
forces, which are contributed by different factors, such as entropy density, the chem-
ical potential, mechanical energy and others BE] - The evolution process was initially
described by the moving free boundary problems with a sharp interface, where the
interface thickness was equal to zero. Partial differential equations were utilised to
describe the physical mechanisms within the single-phase domains, while boundary
conditions were imposed on the interfaces ISl The difference of material properties
leads to the jump of energy densities across the sharp interfaces. As a result, it is not
practical to track the sharp interfaces when the growing geometry of grains/phases
is complicated @ In the phase-field method, the order parameter ¢, represents the
volume fraction of the a phase, which varies smoothly but steeply across the diffuse
interfaces with finite thickness. The free energy of a multiphase/multigrain system
can be expressed by various physical fields, together with the order parameters. Thus,
the process of phase transition can be explicitly expressed as the evolution of order
parameters, which is formulated by the variational derivation of free energy with re-
spect to the order parameters, according to the free energy minimization. Therefore,
with the introduction of order parameters, one of the most important advantages of
the phase-field method is that it can successfully obviate the great effort necessary for
tracking the interfaces among different phases/grains 81101 The phase-field method
has been developed into an efficient and robust numerical analysis tool to study the
process of microstructural evolution, such as solidification, grain growth, the lithiation
of Si electrodes, film growth, as well as precipitation and crack propagationm’wj.

For the modelling of mechanical processes, homogenisation approaches are mostly
used in the phase-field community 17 1 evitas and Warren B¥! extended the expression
for the anisotropic gradient energy by introducing the interface stresses with the help
of geometric nonlinearity. Javanbakht and Levitas™®? studied the phase transforma-
tion processes under the conditions of high pressure and a large shear. Ma et al. 20
found that the thermomechanical process significantly influences the microstructural
evolution of the TiB/Ti matrix composite through the recrystallisation in the beta
phase field. However, using homogenisation approaches leads to interfacial excess en-
ergy contributions that distort the balance equations at the interfaces [2108] Only in
the most recent approaches are the mechanical balance equations at the interfaces used
to calculate the effective material properties in the transition areas 22251 " 1¢ has been
shown that these models fulfil the mechanical jump conditions and represent the con-
figuration forces during phase transformations in multiphase systems with solids 23
Furthermore, these approaches have already been extended for the mapping of chemo-
mechanically coupled phase transformation processes 126‘2”7 as well as plastification
mechanisms 28| and allow the modelling of relevant transformation processes in steels
in industrial applications 91 With an improved stress and strain formulation prior
to and after a crack initiation, Borden et al. B2 broadened the application scope of the
phase-field method to the simulation of a crack initiation and propagation in ductile
materials.

For the purpose of simulating the rapid solid-state phase transformation, such
as the martensitic transformation, it is indispensable to take the dynamic mechanical
energy into consideration B3] To simulate the ultrasonic wave propagation in polycrys-
talline metal with columnar structures, Nakahata et al. 24 coupled the finite element
method (FEM) with the phase-field method. Borden et al. B extended the phase-field
method from a quasi-static brittle fracture to the dynamic cases. Henry and Levine 5]
and Henry B7 studied the dynamic instabilities of fracture with the phase-field model,
under different loading conditions. Henry 8! discussed the limitation of the phase-field
method in modelling crack propagation with a wedge of high fracture energy. However,
regarding the substitution of the sharp interface within the multiphase/multigrain sys-
tem by the diffuse interface in the phase-field method, a detailed parameter study and
convergence analysis are still missing. The parameter study and convergence analysis



should be the fundamental work and should provide guidelines for the further devel-
opment of the phase-field method, in simulating the microstructural evolution under
dynamic mechanical conditions. In this paper, the high-order discontinuous Galerkin
method (DGM), which has been successfully applied in the simulation of the propaga-
tion of wavesB¥2l ig coupled with the phase-field method to investigate elastic wave
propagation in a polycrystalline structure. Currently, the research scope is limited to
the simulation of infinitesimal deformation. Wave propagation with finite deformation
will be formulated and studied in the future.

The remaining part of this paper is organised as follows: In Section[2] the numerical
methods adopted in this paper, i.e. the phase-field method and the high-order DGM,
are briefly introduced to provide the basic evolution formula. Then, considering the
mechanical wave with both strong and weak discontinuities, the jump condition at the
sharp interface is investigated in Section which is followed by an interpolation scheme
for the stiffness matrix and the density at the diffuse interface. In Section [B] several
1D numerical examples are illustrated and analysed to validate the accuracy of the
numerical methods presented in Section [2| the jump condition at the sharp interface
derived in Section [3|and the efficiency of the interpolation scheme introduced in Section
Suggestions regarding the simulation parameters are provided to obtain accurate
numerical results. Moreover, two 2D numerical examples with regular and irregular
diffuse interfaces are simulated and analysed to verify the application efficiency. In
Section [6] conclusions are drawn.

2 Numerical methods

In this paper, the phase-field method is coupled with the high-order DGM to simulate
the mechanical wave propagation within the multiphase/multigrain system, which will
be briefly introduced in the following parts of this section.

For the symbols and equations in this paper, the following conventions apply: (1)
the scalar variables are written as regular uppercase/lowercase letters, (2) the bold
lowercase letters represent vectors, (3) the bold uppercase letters denote matrices and
(4) for the lowercase Latin subscripts/superscripts in the equations, the index notation
and the Einstein summation convention apply, if no further instructions are given.

2.1 Parametrisation of phases in the phase-field method

In a multiphase system, where the total number of phases is defined as N, the free
energy F is calculated as:

F= / Fae (6.98) + faldre,v) + ()] AV (1)
\%

where the N-tuple ¢ = (¢1, ¢2, ..., ¢n), and ¢o (o = 1,2, ..., N) is the order parameter
for the a phase. The N-tuple V¢ = (V¢1, Vo, ..., Vo) contains the gradients of each
element in the N-tuple ¢, and V is the gradient operator. fs.(¢, V¢) denotes the grain
boundary contributions, dependent on the order parameters and their gradients [2823]
V is the volume of the concerned domain, and fq(¢,e,v) represents the dynamic
mechanical energy density derived according to the N-tuple ¢, the infinitesimal elastic
strain matrix € and the material particle velocity vector v. f(...) denotes the additional
energy densities contributed by factors such as heat, the chemical potential and/or
others.

In this paper, only the dynamic mechanical contribution f4(¢,e,v) with infinitesi-
mal elastic strain is considered and derived in detail. The dynamic mechanical contri-
bution with finite strain will be formulated and analysed in future research work. It is
worth mentioning that in this paper, the reference configuration is used for geometrical



computing, since infinitesimal elastic strain is under consideration. For the situation
with finite strain, the calculation based on the reference configuration will be retained
through the combination with the Piola-Kirchhoff stress 24

In the phase-field method, the order parameter ¢q (2, t) is used to parametrise the
phase, which physically represents its volume fraction at the location & = (x1, z2, x3)"
and the time ¢, with (z1, z2, xg)T defining the material particle position in the Carte-
sian coordinate system, constructed by the base unit vectors {ei,ez2,es}. Therefore,
the order parameters satisfy the following constraint:

Z¢a($,t) =1 (O < ¢C¥(x7t) < 1) (2)

With order parameters, the parametrisation of a multiphase system can be visually
demonstrated as Figure [I] Specifically, ¢o = 1 in the regions with a single o phase,
and ¢o = 0 within the grains containing a single S (o # () phase. Between the
phases a and [, there is an interface with finite thickness. In contrast to systems
with sharp interfaces, where the volume fraction of a phase is either 1 or 0, the order
parameters are diffused and change continuously across the finite-thickness interfaces
in the phase-field method, as illustrated on the right side of Figure Here, Eq. is
always satisfied in the whole simulation domain.
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Figure 1: A volume fraction in a multiphase system

With order parameters, the dynamic mechanical energy density fi(¢,e,v) is cal-
culated as the interpolation of phase-dependent contributions:

faldev) =) fi(e™,0")h"(9) 3)

where f3(e%,v“) is the dynamic mechanical energy density of the o phase, and h*(¢)
is an interpolation function determined by ¢ and constructed with the purpose of
interpolating the dynamic mechanical energy density fg(e®,v*) across the diffuse
interfaces. Similar to the order parameter ¢o, h®(¢) satisfies ##:

S h¥¢)=1 (0<h(¢)<1) (4)



With diffused volume fractions and energy densities, the process of the phase
transition can be explicitly described by the evolution of the order parameters as
follows B3l

- 1 & §F OF
dalz,t) = N Bzgia Mag (m - %) (5)

where ¢ (2,1) = O¢a (x, 1)/t is the first-order time derivation of the order parameter
¢a, Map represents the mobility for the o — g interface B4l and the operator §/ddq is
expressed as:

o9 g 0
560 0da IV a

where V- denotes the divergence operator.

(6)

2.2 High-order DGM

The DGM has been proven to be an efficient numerical tool in simulating wave propa-
gation B¥#2l 1 this paper, the high-order formulation of DGM is therefore embedded
into the phase-field method to study the influence of mechanical wave propagation
upon the process of phase transformation. According to Leveque B3l the local govern-
ing equations for mechanical wave propagation can be expressed as:

wi(x,t) = Clyujp(x,t) + si(x,t) (7)

where u;(z,t) (i = 1,2, ...,9) represents the i-th element in the vector u = (011, 022, 033,
023,013,012, V1, U2, 7_)3)T. The first six elements in u are the Cauchy stress variables
in the Voigt notation, while the last three elements are the velocity variables. The
subscripts {1, 2,3} of the elements in u denote the directions {e1, ez, es}, respectively;
wj, (2, t) is the first-order derivation of u;(x,t) with respect to  (k =1,2,3). s;(z,t)
denotes the source term corresponding to u;(z,t), CF. represents the element in the
i-th row and the j-th column of the matrix C*, and C* is the coefficient matrix which
defines the relationship between u;(z,t) and wu;(z,¢). In this paper, the simulated
material is supposed to be isotropic within a single-phase domain. Thus, the matrix
C"* is expressed as:



0 000 0 0 Kii O 0
0 000 0 0 Ku O 0
0 000 0 0 Ksi O 0
0 000 0 0 0 0 0
¢c'=]l0 000 0 0 0 0 Kss
0 000 0 0 0 Keg O
R 000 0 O O 0 0
0 000 0 R 0 0 0
0 000 R O O 0 O
00000 0 0 Ki 0
0 0000 0 0 Ksp 0
00000 0 0 Ksp 0
0000 00 0 0 Ku
c’=|o 0 00 0O 0 0 0 (8)
0 000 0 0 Kegs O 0
00 000OR O 0 0
0 R 00 0O 0 O 0 0
000 R O O O 0 0
00 0 0 0 0 O 0 Kis
00 0 0 0 0 O 0 Ko
00 0 0 0 0 O 0 K
00 0 0 00 0 Ku O
c =0 0 0 0 0 0 Kss 0 O
00 0 0 0 0 O 0 0
00 0 0RO O 0 0
00 0 R 0 O0 O 0 0
00 R O 0 0 O 0 0

where K;; (1,5 = 1,2,...,6) forms the effective stiffness matrix K, which defines the
relationship between the elastic stresses and strains in the Voigt notation:

K11 K12 Kiz 0 0

Ko Koz Koz 0 0

K31 K32 Kzz 0 0
0 0 0 Kyy 0
0 0 0 0 Kss 0
0 0 0 0 0 Kes

K= (9)

oo oo

In Eq. (8)), the reciprocal of the effective density R is determined by the densities of
the simulated materials. As introduced in Section the sharp interfaces among the
different phases/grains are substituted by diffuse interfaces in the phase-field method,
and the order parameter ¢, represents the volume fraction of the o phase. In Eq.
7 the material property parameters, i.e. the effective stiffness matrix K and the
reciprocal of the effective density R, thus are given in the interpolated form. This
means they are formulated by the Lamé parameters A and p, the density p and the
order parameter ¢, which will be derived in detail in Sections [3| and @

It can be observed that the first six equations in the series of Eq. are actually
the dynamic constitutive equations with stress-velocity formulations, while the last
three are the dynamic governing equations expressed by velocity and stress. Since
velocity is the first-order derivation of displacement with respect to time t, Eq.
is exactly equivalent to the traditional constitutive equations and governing equations
with the displacement-stress expression.



In this paper, the high-order DGM is embedded into the multifunctional numerical
analysis software PACE3D (Parallel Algorithms for Crystal Evolution in 3D. In
this software, the simulated domain is discretised with an equidistant grid, as illus-
trated in Figure

Figure 2: Spatial discretisation in PACE3D

Each cell k is assigned with a variable vector «”, and its element u{ (z, t) is spatially
approximated by a linear combination of a series of orthogonal polynomials. This
results in the following:

ui (z,t) = ai;(t)p; (z) (10)
where a7} (t) represents the unknowns for uf (x,t) at time ¢. The orthogonal polynomial
basis p;(z) forms the spatially approximating space p = (p;(z), j = 1,2,...,n), which
satisfies the following requirement:

1 (j1=1J2)

pi, (@)pj, () AV, = ] ) 11
| @@ {0 oo ()
where Vj; is the volume for the cell k. With the highest polynomial degree equal to g,
the number of bases in space p, i.e. n, is calculated as:

1 2
A )(qﬂg )(a+3) (12)

For the source term sj (z,t¢) within the cell &, it is also approximated through a

linear combination of the bases in p, which results in:

K

si (x,t) = by (t)p; (x) (13)
where b7;(t) is calculated according to the Taylor series of the input source function.
For the cell k, the weak form of Eq. can be written as:

/ i (, Opi(@) Vi, = Ok / W (@, pu () AV, + / @@ AV, (14)

Eq. shows that the elements in the coefficient matrix C"** are considered as
constants within the cell k. According to the product rule of the derivation and the
divergence theorem, the first term on the right-hand side of Eq. can be expressed
as:

IPACE3D is developed by the research group of Prof. Dr. rer. nat. Britta Nestler, at the
Karlsruhe Institute of Technology and the Karlsruhe University of Applied Sciences.



Czﬂ]k/ uff (2, () dVe =CFF | uff(x, t)pi(x)€x S~

K Sk

ijk / 'LL; (.’E, t)phk (.’IJ) dV,Q

K

(15)

where S, denotes the surface of the cell s, and & = (&1,&2,£3)T is the outward unit
normal vector of the surface S,. In order to calculate the interaction or the numerical
flux between adjacent cells, the Riemann solver is used with an upwind scheme 1391,
Therefore, the first term on the right-hand side of Eq. can be written as:

K K 1 K K ! K
Cijk/ uj (z,t)pi()€k dSk 25/ T35 (Chm — D) T it (, t)pi () dSw+
Sk ) Sk (16)
2 / T35 (Cm + Dy Ty ur ™ (@, )pr(z) S

where the symbol kg, in wrsr (x,t) refers to the cell which shares the surface S, with
the cell k. T* represents the matrix transforming the local variables u°* to the global
variables 4", i.e. uf = Ti‘j"'uf”. With the base unit vectors {£,7,¢} = {(&1,&2,63)7,

(n1,m2,m3)", (C1,€2,C3)"} constructing the local Cartesian coordinate system, T is
expressed as follows:

T =

&6 mm GG 2n1C1 261¢1 2&1m 0 0 O
&& M2 (2l 21n2(2 282(2 26212 0o 0 O
&8 mans (33 213(3 2€3(3 28373 0o 0 0
&6 mamz (203 MG+ n3le £203+E&C Cnz+&n 0 0 0
&€& mnz ¢ M+ 3¢ &1+ &G &ims+&m 00 0
&1& mmn2 Gl ml+nG LG +E&EG Sine+E&Em 0 000

0 0 0 0 0 0 & m G

O 0 O O O 0 52 2 CQ

0 0 0 0 0 0 fg 3 Cg

(17)

T'S* denotes the inverse matrix of T5%. The matrix D** is determined by the eigen-
values and right eigenvectors of the matrix C**:

Dy = GiFHENG Y (18)
where the Einstein summation convention does not apply to the superscript k. H** =

diag(|h1|, |2, ..., |he|), where |h;| (i = 1,2,...,9) is the absolute value of the i-th
eigenvalue of the matrix C** and satisfies the following:

hiy <hi, (i1 <id2) (19)

The matrix G** = (g1, g2, ...,g9), with the column vector g; (i = 1,2,...,9) being the
eigenvector of the matrix C** corresponding to the eigenvalue h;. In Eq. , it is
worth noticing that the following equation remains valid when & = ey:

Ciif = Dif = T (Ci — Din) Ty (20)

By substituting Egs. and into Eq. , the following formula can be
obtained:



. K 1 < K K 4 < K
/ U; (51:, t)pl (fl:) dV"”v :5 / ngh (Cj:fb - DjvlfL)Tw;S;fvu'r (fl:, t)pl (fl:) dS"”v+

K K

1 K K / c
3 / T3 (Cm + D) T ur™ (2, t)pr(2) dSe— (1)

K

crF / uff (z, )pr k() AV, + / 5 (x, t)pi(x) AV,

3 K

According to Egs. 7 and (13), as well as the forward finite difference
approximation, Eq. can be written as:

1 ’
af(t + At) =af(t) + At (5 / T5r (Ch — Dk )T afy (t)ps (2)pi (x) dSw+
Sk

/S TSr(OFk + DS TLor ars™ (t)ps(x)pi(x) dSk— (22)

N | =

cr / o (V)P (@) 1,k (x) AV + bl (t))

3

where At denotes the timestep for the temporal discretisation.

In this paper, three different boundary conditions are considered, namely free,
nonreflective and de-dimension boundary conditions. The first two adapt the formula
in Kaser and Dumbser B¥. Supposing that the surface S, is a free boundary, the
numerical flux in Eq. for the surface S, is calculated as:

K K 1 K K / K
Cz‘jk/ uj (,t)pi(2)Ek dS, =§/ T35 (Chm — D) Tt (@, £)pi () d.S,+
L 1 Lt (23)
5 [ T+ DN T @ Opi@) 05,

L

where N = diag(—1,1,1,1,—1,—1,1,1,1). If the surface S, is a nonreflective bound-
ary, Eq. becomes:

ot [ @ nn@eas. = 5 [ IO - DRI @ On@ s, (20

It is noticed that Eq. sets the inward and outward flux as opposite values,
for the stress elements which are supposed to be zero at the free boundary. While
Eq. fixes the inward flux at the noneflective boundary as zero. As for the de-
dimension boundary, it is introduced when investigating some phenomena with 1D or
2D numerical examples on the 3D software platform, i.e. PACE3D. At this time, the
inward flux is exactly the same as the outward flux. Thus, assuming that the surface
S, is a de-dimension boundary, Eq. becomes:

K K 1 K K 4 K
it | uf(e, t)pi(x)ée dS, =5 / TS (Chy — Dy ) Tooiuf (2, )pi () dS,+
S, S,

1 K K ! K
3 [ TCm s DT @ op @ s, (o)

L

- / TS Cph T (2, t)pu(e) S,
S

L



3 Jump condition at the sharp interface

In this section, the jump condition at the sharp interface between two different phases
is investigated, on the basis of which the interpolation of the material parameters
within the corresponding diffuse interface can be derived in the phase-field method.
For the interface generated by more than two phases, the jump condition and the
interpolation scheme presented in this paper can be extended, similar to the method
proposed by Schneider et al. 231

The geometrical description of the physical domain is given as in Figure [5] Qa
denotes the open domain with a single o phase, which means that Q, N T = 0, if
T'o represents the boundary of Q. Aag =T'a NT'5 \ Pag represents the open domain
shared by the boundaries of the a and [ phases, i.e. the sharp interface between
these phases, and P,g is the boundary of Ang. Qap = Qo U Qs U Aap denotes the
open domain including the o and 8 phases, and I'ag = I'a UT'g \ Aap represents the
boundary of Qqz.

FAZ

]
Figure 3: Geometrical description of the physical domain

In order to study the jump condition at the interface A.g, it is split into two
symmetric parts, A? and A3, as demonstrated in Figure The coordinate variable
x has identical values at the symmetric points, which are respectively located at the
surfaces A and AG. However, the material properties at the surface A? take the
values from the o phase, while the material properties at the surface A assume the
values from the 8 phase. Thus, in the domain Qo = Qo U A2, only the o phase is
present. The jump of an arbitrary variable z(z,t), at the interface Ang, is defined as:

[2(z, )] e? = 2% (2, 1) — 228 (2, 1) (26)

where z& (z,t) denotes the z field at the surface AZ.

For the elastic wave propagation within continua, the displacement fields w =
(w1, w2, wg)T of material particles are continuous within the whole simulated domain
), according to the continuity condition. In this paper, two different elastic wave types
are studied, i.e. elastic waves with strong and weak discontinuities ™. The definition
of the elastic wave with strong discontinuity is given as:

Definition 1. Ve > 0, 35; > 0,Vx € Q: Hx *.’l)o”g < 6 = |w2‘($,t) 7wi(mo,t)| <
e (1=1,2,3; o €Q; t >0).

10



Aap

Figure 4: Splitting the interface A,p into A2 and AG

On the basis of Definition [1| and with further constraints, the elastic wave with weak
discontinuity is defined as follows:

Definition 2. Ve > 0, 351,']', 02i >0

(1) V$GQQ,||$—$0H2<51U = Qui@.t) % <eg,
J xz=x(
(2) Vit > 0, |t—to| < 62 —> |2wslmt) _ Owile.t) | <e Gi=123zm ¢
=to
Qa, t,to > 0).
Here, || - ||2 refers to the Euclidean norm, which calculates the length of a vector.

Deﬁnitionensures the continuity of the displacement fields w over the whole domain
€2, while Definition [2] shows that both the first-order spatial and temporal derivations
of the displacement fields are continuous within a single-phase domain €. This means
that the waveforms of the strains, stresses and velocities are continuous within a single-
phase domain €,. For brevity, the elastic wave with strong discontinuity is referred
to as Type I wave in this paper, while the elastic wave with weak discontinuity is
described as Type II wave. Figurerespectively illustrates an example for Type I and
Type II waves, which are used for numerical analysis in this paper.

The base unit vectors (£,1,¢)” construct the local Cartesian coordinate system at
the interface Anpg, with € normal to the interface Ang, as shown in Figure [4] Hence,
the local stresses and strains can be expressed as follows:

{

where 5 = (0¢¢, 0¢¢,0¢n)T and &2 = (0w, 0cc, one)” respectively represent the nor-
mal and tangential components in the local stress vector, while & = (ege, e, en)”
and &2 = (g, €cc,en¢)” denote the corresponding normal and tangential components
in the local strain vector. o and € are the global stress and strain fields in the Voigt
notation. The local base unit vectors (£,7,¢)” define the transformation matrices M,
and M. as follows:

= .57 =M,o

=@, =M.e @17)

™m QR

11



Velocity waveform Velocity waveform

Umax [

=3

Velocity v
Velocity v

Time t Time t

(a) An example of a velocity waveform for (b) An example of a velocity waveform for
a Type I wave a Type II wave

Figure 5: The examples for the Type I and Type II waves (¢, and ¢,
respectively represent the beginning and the end of the incident wave)

&1&1 &8 &8s 26283 2¢1&3 26182
11 &2C2 &3Cs §2(3+ &3¢ &G+ 863G &1G2 + &G
M. — E&im o Some &anz Semz+ &M Sz +E&m Sime 4+ Sem

mmnr  M2n2 N3N3 2m2m3 2n1m3 2112

¢t C2G2 (3(3 2G2(3 2¢1¢3 2¢1¢2

m¢ m2C2 M3Cs M2Qz+m3Cz MG+ 3¢t mle +n2G (28)
161 §282 &3&s §283 &1&3 &1&2

261C1 2&C2  283(3 &3+ L3 +E&0G &1+ &0
M. — 26im 2&m2 263m3 Eamz +E&3m2 &imz +E&m Sime + Eam
mmn 1272 7373 72M3 mns mnin2
GG G (3G (2G3 G1¢s G162
2mGr 2m2Ce 2m3¢3 2@z + M3l Mm@z +n3Ct MmGe + n2Q1

where & = (£1,62,&)7, 9 = (n1,m2,m3)" and ¢ = (¢1,¢2,¢3)T. It can be seen that
M, = MT and M. = MZ.

Similar to the static mechanics 223 for both elastic wave types, i.e. Type I and
Type II waves, the following equilibrium equations hold true at the interface Ang:

W (@, ) = w'? (2, 1) (292)
@) (1) = (31)"F (2,1) (29b)
()M (@, t) = B (z,1) (29¢)

VMo () = 0P (2, 8) (29d)

where the subscript ¢ = 1,2,3 denotes the i-th element in the corresponding vector.
Eqgs. and are automatically satisfied, according to the requirements of the
material continuity and the force balance at the interface Ang. Then, based on Eq.
, the following conclusions can be drawn:

12



ow (z,8)  dw' (z,t)

e~ = e~ 30
8:52 i) ( a)
B [e3

owe (z,t)  ow.” (x,t) (30b)
03 - T3
B (3
ow® (z,t)  ow.” (x,t) (300)
ot N ot
where T = (ﬁ,fg,ig)T = Qz denotes the material particle position in the local
Cartesian coordinate system, and the transformation matrix @ is expressed as:
&1 & &
Q=|m m m (31)
ST

Thus, Eq. (29¢)) can be obtained through Egs. (30a) and (30b]), while Eq. (29d) can

be obtained through Eq. (30c]).
According to Egs. (26]) and , the jump condition at the interface Anp can be
described as:

[w(z, )]** = (32a)
6"z, )] =0 (32b)
B, )] =0 (32¢)
[o(z,t)]*** = (32d)

At the interface Ang, the jump of other mechanical fields, i.e. strains &', stresses 6
and momentums 1% = pv, is determined by the jump of the stiffness matrix and the
density.

Through Definitions [I] and [2] it can be observed that the displacement fields w for
both Type I and Type II waves are continuous within the whole simulated domain,
which can also be ensured by the continuous requirement of continua mechanics. How-
ever, it is worth pointing out that the following proposition is only true for the Type
IT wave:

Proposition 1. Ve > 0,314, d24,93; > 0,VE € Qap :

(1) llz —zoll2 < 61s = [0} (,t) — T} (x0, 1) <&,

(2) ||z —zoll2 < 620 = [} (z,1) — & (o, 1)] <,
(3) ||Z —1130”2 < 03y = \vi(m,t) —’Ui(mo,t” <e¢g, (’L = 1,273; o € Aaﬁ; t> 0),

Proposition [1] states the continuity of the stress fields !, strain fields &2 and
velocity fields v across the interface Ang. For the Type II wave, Proposition [I| can
be proven straightforwardly, according to Definition [2] and Eqs. (29b), (29¢) and
. While the continuity stated by Proposition [1|cannot be ensured for the Type I
wave, due to the discontinuity of the first-order spatial or temporal derivation of the
displacement fields w within a single-phase domain Q., although Eqgs. (295),
and hold true.
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4 Interpolation of material parameters

In order to obviate the effort necessary for tracking interfaces, the sharp interface Ayg,
between the o and 8 phases, is approximated in PACE3D through a diffuse interface
with the order parameter ¢., which represents the volume fraction of the o phase
in the cell k. Therefore, the material stiffness matrix K and the density p can be
interpolated with the order parameters ¢, which form the effective stiffness matrix K
and the reciprocal of the effective density R in Eq. . This interpolation leads to
a diffusion of the jump of the strains &*, stresses > and momentums ¥ = pv at the
interface Aqg, as well as the dynamic mechanical energy density f4(¢,€,v), since:

fd(¢,5,'v):fs(¢75)+fv(¢7v) (33)
where f.(¢,€) and f,(¢,v) are the elastic strain energy density and the kinetic energy
density, respectively.

4.1 Interpolation of the stiffness matrix

According to Egs. (32b)) and , it can be concluded that during the mechanical
wave propagation, the jump condition for the elastic stresses and strains at the inter-
face Aqp is exactly the same as for the static case 23] Therefore, the interpolation
scheme for the effective stiffness matrix K, proposed by Schneider et al. 23 is adopted
and briefly reviewed in this section.

Supposing the simulated material is isotropic within each a phase, the strain energy

8
density fEA o at the surface A2, is calculated as:

~ B B B
Ragte = 1anm (34)

A8 1 a8
= =g 9t i

feo = by

where the symmetric matrix K* = M, K°M T is the transformed stiffness matrix,

determining the relationship between the stresses & and strains € for the a phase.

After diffusing the sharp interface Anp and introducing the concept of the order
parameter @, the strain energy density f. is calculated as:

fo = FER @)+ FIN(9) = L3TENC (9) + S5EN () (3)

s
where 6% ~ ﬁAg, & ~ &4 and &~ fEA“ when 0 < h%(¢) < 1, since a thin diffuse
interface is used to approximate the sharp interface. The influence of the diffuse
interface width will be studied in Section

Since only the sharp interface between two different phases is considered, the fol-
lowing equations can be obtained in accordance with Eqs. and :

s =1—da (36a)
h(¢) =1-h"(9) (36D)
According to Eqgs. @ and (36a)), the driving force in Eq. can be simplified to:
N
1 ( 0F  OF ) 0OF
P (Finz @)
N P 0pa  O¢p dpa

Based on Egs. , @, , (36b) and , the driving force contributed by the

strain energy density f. therefore is calculated as 231,
ofe  Ofe v Ofe _( o 5) Oh®(¢)

Sba  Oba  OVPa Do

€ €

(38)
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where g represents the strain potential for the « phase, which is calculated as fol-
lows 231

1. FEPUe 1 10~ 1 _on-
oo = Lavar _gtegie = _Lgiegte | Liraze (39)
2 2 2
The 6 x 6 stiffness matrix K is discretised into four 3 x 3 sub-matrices as follows:
~la lla 712 ~a
- ~ o K K 5
a,(! :KQEQ — (‘&'Qa) = <f{v2lo¢ I?22a> (2.‘204) (40)
Thus, Eq. can be rewritten as:
e 1 ~ o~
we (%) = 551' K€} (41)
where £ = ('*,8%*)T, and
6% = (&5 = K& (42)

with K@ expressed as:

. _ I’Z—ua ! I?lla ’I“('v12a
K" = (I?Ql(a(f{'u)a)/ K220 _(f("Qla)(I?lla)/I?lQa) (43)

Egs. and show that the strain potential ¢%(8%) is expressed by &' and &2,
which respectively satisfy the jump condition in Egs. (32b) and (32c), and that the
stiffness matrix K is symmetric. Therefore, the function ®(£, ¢) can be constructed
as:

D(E 8) = o2 B (9) + L @F (9) = JERLB)E; (44)

where £ =& = &°, when 0 < h*(¢) < 1. K(¢) is interpolated as:

Kij(¢) = K3h(¢) + K2h" (¢) (45)

Supposing & = K(¢)g, the following equations can be derived according to Egs.

(8. @1, 2, @) and @E):

of _ 0P(€ ¢)
% = a¢a (463)

G =5"h"(¢) +3°h’(¢) (46b)

According to Eqgs. , and (46)), it can be concluded that the jump of the
variables fsAaﬁ, E")*# and (62)*=#, which are related to the strain-energy-induced
driving force, has been smoothly diffused with the function A%(¢).

Similar to the stiffness matrix IA{’“7 the 6 x 6 stiffness matrix K is discretised into
four 3 x 3 sub-matrices as follows:

5! ,’C‘ll Elz gl
0 £)6)

Therefore, the relationship between the local effective stress fields & = (£*,5%)7 and
the local effective strain fields & = (—5*,€%)” can be derived as:

gl B _(,’C‘ll)’ _(”C‘n)’,’c‘m 5!

52— _”C‘Ql(”c‘u)/ ”C‘QQ _ ”C‘Ql(ﬁu)/ﬁlz g2 (48)
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which can be simplified to:

F(z,t) = K&(z, 1) (49)
Now Eq. is transformed into the global Cartesian coordinate system:

o(z,t) = Ke(z,t) = M KM_e(x, t) (50)

where o(z,t) and e(z,t) are the effective stress and strain fields, respectively, in the
Voigt notation. K is the effective stiffness matrix in Eq. @D

It should be mentioned that the effective stiffness matrix K is exactly the same as
the material stiffness matrix K, when the interpolation function h®(¢) = 1. With
Schneider et al. [231, the advantages of this interpolation scheme can be concluded as
follows: (1) the interpolation scheme satisfies the mechanical jump condition, (2) the
contribution of the elastic driving force is exactly equal to the elastic contribution of
the Gibbs-Thomson equation, (3) both the interface width and the surface energy are
stable at equilibrium and (4) the stress fields for the different phases are calculated at
the diffuse interface, which is necessary to calculate the plastic strain fields according
to the yield criterion.

4.2 Interpolation of density

In this section, the reciprocal of the effective density, i.e. R in Eq. , will be briefly
derived, similar to the effective stiffness matrix K.

8
At the surface A2, the kinetic energy density f,ﬁ\ @ is calculated as:

A1 AB——a A8 1 AP AR
fv = §Ui M”’UJ = §’Ui ¢Z (51)
where M® = diag(p¥, p%, p3) = diag(p®, p*, p), since the simulated material is sup-
posed to be isotropic within a single-phase domain. ¢A§ = ﬂ%Ag denotes the
momentum fields at the surface AZ.
After diffusing the sharp interface Ang, the kinetic energy density is assembled as:
Qo 1 a4 Y aja 1 08
fo = FID7(9) + [I07 (@) = ol Mifh®(9) + Sv) Mipwfh?(9)  (52)
6

where v ~ vAg, P~ ,¢,A§ and f& = fé\“, when 0 < h*(¢) < 1. Thus, the driving

force contributed by the kinetic energy density f, is derived as:

5 _ Ofe Ofo (e o\ Oh%(B)
- -V - fv - fv

5pa  Oda IV o Opa

It should be mentioned that it is not necessary to introduce a new function ¢; for

this kinetic energy contribution, because all variables in v satisfy the jump condi-

tion as demonstrated in Eq. (32d), which is not the case for the variables in .

Correspondingly, the function ®(v, ) is constructed as:

(53)

D(v,9) = [L @ ($) + FL@)H*($) = LM (B)v; (54

where v = v = v#, when 0 < h%(¢) < 1. M(¢) is the effective density matrix, which
is interpolated as:

AN L i
Mij(¢) = Mi;h*(8) + Mi;h™ (9) (55)
Supposing ¥ = M (¢)v, the following equations can be derived according to Egs.

). € and G-
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5fo _ 0P(v,¢)
Son e (56a)

Y =9 (@) + ¥ h°(¢) (56b)

Thus, it can be concluded that the jump of the variables f:,\aﬁ and 9«8 which are
related to the driving force induced by the kinetic energy, has been smoothly diffused
with the function h*(¢).

It can be observed that the effective density matrix M is a diagonal matrix, with
Mi1 = Maz = Mssz. Furthermore, the values of the diagonal elements in the matrix
M are equal to p* when h*(¢) = 1. According to Eq. , the reciprocal of the
effective density, R in Eq. , therefore is calculated as:

1
R @)+ P @) o

5 Numerical validations

In this section, the numerical methods introduced in Section 2} the jump condition at
the sharp interface derived in Section [3} the numerical accuracy of the interpolation
scheme presented in Section E| and the application efficiency in the multiphase system
are investigated on the basis of the code developed on the platform of PACE3D. The
polynomial degree ¢ in Eq. is fixed as 3, in all the numerical examples.

5.1 Validation 1: jump condition at the sharp interface

According to Eq. , two numerical examples are established, as illustrated in Figure
@ The first one, namely Example 1, is a 1pum x 200pm x 1um beam and discretised into
200 cells, while the second one, Example 2, is 1um x 100um x 20um and discretised
into 2000 cells. For both examples, the cell size is 1um X 1pum X 1pym. The origin
of the Cartesian coordinate system is located at the left-bottom-back corner of the
beam, such that the simulated domains for the two examples are [(0,0,0), (1,200,1)]
and [(0,0,0), (1,100, 20)], respectively. In order to validate the jump condition derived
in Section [3] the simulated domains are divided into two equally dimensioned phases,
i.e. phases a and 3, through sharp interfaces, as shown in Figure[] In each example,
the two different waveforms in Figure [5| are applied as incident waves at the left-side
surface x2 = 0, which is defined as a free boundary. In both examples, the surfaces on
the right side are designed as nonreflective boundaries, while the other four surfaces
in each example are de-dimension boundaries.

Incident wave :l
a Shar, I lum

l;lrﬂ\

(a) Example 1

Incident wave 20um
a
N

Lum 100m

(b) Example 2
Figure 6: Numerical examples with a sharp interface

Based on Eq. (32)) and the geometrical symmetry of the two examples, two different
incident waves, i.e. 022 and 12, are applied and studied for each example with each
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wave type. However, it should be pointed out that the stresses o22 and o12 in Example
1 are normal components to the sharp interface, while they are tangential components
in Example 2. In order to gain an insight into the jump condition at the sharp interfaces
with quasi-1D examples, the material properties and incident waves for the a and g8
phases are specially designed, as illustrated in Table [[] It is observed that the first
Lamé parameter A is fixed as 0, that the second Lamé parameter p, the density p and
the stress amplitude |o|max of the incident waves are not equal for the o and g8 phases,
and that the propagation velocities of the elastic wave, however, are equal for the a
and [ phases, which are calculated as:

)\oc 2 @ . o

7: 2 yg = ‘;— (58)
where Vg and V§ are the respective P-wave (primary wave) and S-wave (secondary
wave) velocities for the a phase.

Vg =

04 Analytical solution 2r Analytical solution
Numerical results Numerical results
0.5 F l
§ 0 Y f ,5.? i
E El
> £ 25t
< 04 £ ?
a 2 0
s , , , , . ‘ ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
@ (um) 22 (um)
(a) Stress field 022 at t = 20.40ns (b) Strain field €22 at t = 20.40ns
. Analytical solution
30 Numerical results = 025 Analytical solution
o Numerical results
@ 23 g
T =
3 16 £ 016
<16 F S
= ¥
& 2
z0r = o
E g 0.07
| z / !
5 L L L . = 2002 s s s s
0 50 100 150 200 0 50 100 150 200
@ (um) @3 (pm)
(c) Velocity field vo at t = 20.40ns (d) Momentum field 2 at ¢t = 20.40ns

120 Analytical solution
Numerical results

cement (105-047m)

0 50 100 150 200
x5 (um)

(e) Displacement field w2 at t = 20.40ns

Figure 7: Mechanical fields for the Type I P-wave in Example 1 with a sharp
interface

The frequency of the incident stress waves is 200M H z, and the timestep At is set
to 0.01ns. To avoid tediousness, only some numerical results of displacement, stress,
strain, velocity and momentum waveforms are selected as representatives for Examples
1 and 2 and are illustrated in Figures [J{I0] which also provide the visual comparison

18



Table 1: Material properties and incident waves for the o and 8 phases

Phase | A(GPa) p(GPa) p(kg/m3) Ve(m/s) Vs(m/s)

[0 [max (1000 Pa)

Example 1

Example 2

o 0 134.9 7880 5851.37  4137.55 1
B 0 67.45 3940 9851.37  4137.55 -

1
0.5

between the numerical results and the analytical solution. For every waveform of each
numerical example, the La-norm relative error is additionally calculated and presented
in Table

Analytical solution Analytical solution
Numerical results Numerical results
< 05} _ 5t
£ ]
= )
g o 2 0
7 £
Z z
@ -0.5 | @ 5
1 -10
0 50 100 150 200 0 50 100 150 200
25 (i) 2 (jim)
(a) Stress field 012 at t = 25.40ns (b) Strain field 12 at t = 25.40ns
4 Analytical solution = 034 Analytical solution
Numerical results N Numerical results
— 30 L
= = 017
S5t 2
z g
) g 0
= <
a5t =
% E 0.17
= -30 g
3
45 L L L . = 034 s s s s
0 50 100 150 200 0 50 100 150 200
@ (um) @ (pm)
(c) Velocity field vy at t = 25.40ns (d) Momentum field ¢ at ¢t = 25.40ns

55 . .
Analytical solution

Numerical results

40 +

ont (10E-047m)

25 |

0 50 100 150 200
@3 (pm)

(e) Displacement field w1 at t = 25.40ns

Figure 8: Mechanical fields for the Type II S-wave in Example 1 with a sharp
interface

From Figures the following conclusions can be drawn: (1) In both examples,
the numerical results for all mechanical fields agree well with the analytical solution,
although there are small fluctuations for the Type I wave, which are due to the strong
discontinuity property. (2) The jump conditions for both wave types, described by
Eqgs. and , are validated through both examples, while the jump conditions
described by Egs. and are validated through Example 1 and Example
2, respectively. (3) Despite the jump condition specified by Eq. , the continuity
property stated in Proposition [I] cannot be ensured for the Type I wave, which can be
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Figure 9: Mechanical fields for the Type I P-wave in Example 2 with a sharp
interface

Table 2: Ls-norm relative error for each waveform in Examples 1 and 2 (%)
Example 1 2

P-wave S-wave P-wave S-wave
I IT 1 I1 I 11 I I
Time (ns) 20.40 18.30 27.50 25.40 11.00 11.00 15.00 15.00
Displacement | 2.33 5.82 3.15 804 3.18 637 432 893
Stress 4.05 050 660 146 154 037 795 0.55
Strain 244 046 628 126 1.564 037 795 0.55
Velocity 1.79 080 572 158 122 093 744 1.09
Momentum 245 0.75 481 1.69 122 093 744 1.09

Type

concluded from Figures [7] and [0}

From Table [2] it can be concluded that the numerical errors of the stress, strain,
velocity and momentum fields are greater for the Type I wave than for the Type II
wave, which is due to the strong discontinuity at the beginning and the end of the
Type I wave. However, the numerical errors of the displacement fields are greater for
the Type II wave, since the analytical solutions for the Type I and Type II waves are
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Figure 10: Mechanical fields for the Type II S-wave in Example 2 with a sharp

interface

linear and cosinoidal functions, respectively, both of which are continuous over the
whole domain. The values from the same numerical example show that the numerical

errors of the S-wave are greater than those of the P-wave, because the length of the
S-wave is shorter.

——Type I P-wave
——Type II P-wave

AZ ——Type I S-wave
§ ——Type II S-wave
S
s

10 20 30 40
Time (ns)

(a) The error in Example 1

Error (%) -

——Type I P-wave
——Type II P-wave
——Type I S-wave
——Type II S-wave

0 20 30 40 50
Time (ns)

(b) The error in Example 2

Figure 11: The error of the total mechanical energy in the whole simulated
domain



Then, the surfaces on the right side of both examples are changed into free bound-
aries. For a period of 50ns after the end of loading, the total mechanical energy of
the whole simulated domain is compared with the corresponding analytical solution,
and the error is presented in Figure For all cases, it is observed that the maximum
error is less than 3%. Moreover, the error for the cases with a Type I wave generally
converges to 1%, while it is almost zero for the cases with a Type 11 wave.

5.2 Validation 2: interpolation scheme

In this subsection, the sharp interfaces in Examples 1 and 2 are approximated through
diffuse interfaces, as illustrated in Figure

In order to study the influence of the wavelength upon the interpolation scheme
introduced in Section [4] the length in the z2 direction is designed differently for Ex-
ample 3 in Figure [12a] which is in accordance with the frequencies of the incident
waves, as listed in Table [3} The lengths in the 1 and x3 directions are kept as 1um.
The material properties for the o and 8 phases and the stress amplitude |o|max of the
incident wave remain the same as in Example 1.

Incident wave . 3
a Diffuse interface Ix3

N
X

X2

(a) Example 3

Incident wave Diffuse interface X3
a

X2

(b) Example 4

Figure 12: Numerical examples with a diffuse interface

Table 3: Lengths in the x5 direction, for the different incident-wave frequencies
in Example 3
Frequency (M Hz) | 200 100 50 20 10
P-wave | 150 200 300 800 1500
S-wave | 150 200 300 600 1000

23 (um)

For the frequency with the value of 50M H z, the numerical results of the waveforms
induced by the Type II P-wave and the Type I S-wave are visually presented and com-
pared with the analytical sharp-interface solution in Figures and respectively,
both of which include the reflected and transmitted stress and velocity waveforms, as
well as the strain and momentum waveforms at the diffuse interface. It is observed that
the numerical results of all waveforms generally agree well with the analytical sharp-
interface solution. The lengths of the reflected waves become longer for both wave
types, since the sharp interface with infinitesimal thickness is approximated through
a diffuse interface with finite thickness. As a consequence, the amplitudes of the re-
flected Type II sinusoidal wave become smaller according to the conservation law of
energy, which is not the case for the reflected Type I square wave, since the duration
of its peak value lasts longer. With the interpolation scheme presented in Section
the values of the strain and momentum waveforms located within the diffuse interface
vary gradually, similar to the volume fraction curves in Figure [T which coincides with
the conclusion in Schneider et al. 23
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Figure 13: Mechanical fields for the Type II P-wave in Example 3, with a
frequency of 50M Hz and a diffuse interface
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Figure 14: Mechanical fields for the Type I S-wave in Example 3, with a
frequency of 50M Hz and a diffuse interface

Since the numerical errors of the reflected waveforms are induced by approximating
the sharp interface with infinitesimal thickness with the diffuse interface with finite
thickness, the errors of the reflected and transmitted wavelength and stress amplitude
are plotted against the ratio between the incident wavelength and the diffuse interface
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length, as demonstrated in Figure It can be concluded that the errors of the
transmitted waveforms are negligible, since most of them are less than 5%. The errors
of the reflected wavelength decrease dramatically, when increasing the ratio. The
errors of the reflected wavelength are larger for the Type I wave than for the Type II
wave, which is due to the strong discontinuity property. The errors of the reflected
stress amplitude are greater for the Type II sinusoidal wave than for the Type I square
wave, especially when the ratio is less than 20, because the duration of the peak value
lasts longer in the Type I square wave. In Figure[I5D] it is important to note that the
numerical errors of the stress amplitude are selected as representative, since the strain,
velocity and momentum waveforms can be derived according to the stress waveform.

100 g Reflected Type I wave ——
Reflected Type I wave ——

Reflected Type IT wave —— 56
80 Transmitted Type I wave
Transmitted Type II wave

Reflected Type IT wave ——
Transmitted Type I wave
Transmitted Type II wave

Error (%)
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0 Po— T ,
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(b) Numerical errors of the stress

(a) Numerical errors of the wavelength amplitude

Figure 15: The influence of the ratio between the incident wavelength and the
diffuse interface length upon the numerical errors of the wavelength and the
stress amplitude
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Figure 16: Mechanical fields for the Type II P-wave in Example 4, with a
frequency of 200M H z and a diffuse interface
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For Example 4 in Figure the parameters for the material property and the
incident wave remain the same as for Example 2. To get a better insight into the
mechanical fields across the diffuse interface, the geometrical dimensions are changed
into 1pm x 100pum x 30pm.

For the Type II P-wave and the Type I S-wave with a frequency of 200M H z,
the stress and momentum fields across the diffuse interface and the strain and velocity
fields over the whole simulated domain are illustrated in Figures and where they
are compared with the analytical sharp-interface solution. The following observations
are made: (1) With the interpolation scheme introduced in Section [4] the values of the
stress and the momentum fields vary gradually across the diffuse interface, similar to
the volume fraction curves in Figure[I] which again coincides with the conclusion made
in Schneider et al. 23, (2) The strain and velocity fields agree well with the analytical
sharp-interface solution, whose La-norm relative errors are the same as those in Table
Thus, it can be concluded that the interpolation scheme derived in Section [ prevents
an increase of numerical error, which is usually caused by approximating the sharp
interface with infinitesimal thickness with the diffuse interface with finite thickness in
Example 4, i.e. the case where a wave propagates parallel to the interface.
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Figure 17: Mechanical fields for the Type I S-wave in Example 4, with a
frequency of 200M H z and a diffuse interface

As the examples in Subsection the surfaces on the right side of Examples 3
and 4 are reset as free boundaries. After the end of loading, the error of total mechan-
ical energy within 50ns is presented in Figure by comparing with the analytical
solution. It is observed that the maximum error is less than 2% for Example 3 and
less than 3% for Example 4. The errors for almost all Type I wave cases converge to
the values around or below 1%, while the errors for all Type II wave cases are almost
Z€ro.

Based on the analysis of the numerical results in Subsections [5.1] and [5.2] it is
therefore suggested that the ratio between the minimum wavelength and the maximum
diffuse interface length should be greater than 30 in a multiphase system.
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Figure 18: The error of the total mechanical energy in the whole simulated
domain

5.3 Validation 3: 2D simulation with two phases

2005m 2004m.

100um 100m

Incident wave | Incident wave [

(a) Example 5a (b) Example 5b

2004m

100m

Incident wave W

(c) Example 5¢

Figure 19: A 2D numerical example with two different phases

As illustrated in Figure[I9] a 2D numerical example, i.e. Example 5, with different
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phase information is simulated and analysed. The dimension of Example 5 is 1um x
200um x 100m, which is designed as a single-phase (« phase) domain in Example 5a,
while it is equally discretised into two phases, o and 3, through a sharp interface in
Example 5b and a diffuse interface in Example 5c. The material properties for these
two phases are listed in Table ] The Type I wave in Figure b} with a frequency of
50M H z and a stress amplitude of 100M Pa, is loaded at the bottom surface of the cell
[(0,100,0), (1,101, 1)]. The surfaces normal to the z1 direction are set as de-dimension
boundaries, the bottom surface is set as a free boundary and the remaining surfaces
are set as nonreflective boundaries.

Table 4: Material properties for the different phases in Subsections and

Phase | A(GPa) w(GPa) p(kg/m3) Vp(m/s) Vs(m/s)
o 105 82.4 5910 6756.58 3733.96
B 26.25 20.6 7880 2925.69 1616.85
ol 52.5 41.2 6304 4625.92 2556.47

Table 5: Properties of the mechanical fields, with respect to the sharp
interface between the o and [ phases
Property | o33 €33 092 €22 w2 1o
Normal v v

Tangential v v v Y
Continuous | v v v

50 100 50 150
Model Sb (unit: 100MPa)

100
Model Sb (unit: 10E-04)

0

100 150 100
Model Sc (unit: 100MPa) Model Sc (unit: 10£-04)

(x2 pm) (xy pm)

(a) Stress field o33 (b) Strain field e33

Figure 20: Comparison of the stress field o33 and the strain field €33

When time ¢ = 12.50ns, the numerical results of several selected stress, strain, ve-
locity and momentum fields are taken from three different examples and are compared
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in Figures With respect to the sharp interface between the o and 8 phases, the
directional properties and continuity of these mechanical fields are listed in Table [5}

100 0.2 100

' . 0.4
50 100 150

Model 5a (unit: 100MPa)

0.8

100
Model Sa (unit: 10£-04)

o)

100 100
Model 5b (unit: 100MPa) Model 5b (unit: 10E-04)

-

100 100 150
Model Sc (unit: 100MPa) Model S (unit: 10£-04)

(g pm) (xy pm)

(a) Stress field 022 (b) Strain field e22

Figure 21: Comparison of the stress field 092 and the strain field eg9

Additionally, the analytical solutions for different region boundaries are plotted in
Figure together with the white-coloured horizontal line denoting the interface.
The boundaries of four different wave regions, as derived by Fungm:l7 are plotted in
the top image of Figure [20a] Within this single-phase domain, the P-wave generated
by the incident wave exists in all four regions, while the S-wave generated by the
incident wave only occupies Region II. When the wave front of the P-wave intersects
with the free boundary, the intersection points can additionally be analysed as new
wave sources, which generate both P- and S-waves. The P-wave, generated by the
new wave sources, disturbs all four regions, while the newly generated S-wave on the
left propagates through the Regions II and III, and the newly generated S-wave on
the right occupies the Regions IT and IV. When the simulated domain is discretised
into two equally dimensioned areas by means of a sharp interface, as shown in Figure
four more new regions are generated by the transmission and reflection of the P-
wave at the sharp interface, as illustrated in the middle image of Figure [20a] Through
the calculation with the incident angle, the refraction angle and the reflection angle,
the transmitted P-wave exists in the Regions V and VI, while the reflected P-wave
is present in the Regions VII and VIII. Moreover, the new S-wave is also generated,
due to the intersection of the P-wave and the material interface. The transmitted S-
wave occupies Region VI, while the reflected S-wave disturbs Region VII. It is worth
mentioning that more new regions will be generated, when the S-wave in Regions II,
IIT and IV intersects with the sharp interface. Therefore, when time ¢ = 12.50ns, there
are mainly eight regions, as shown in Figure According to the numerical results
demonstrated in Figure[I4] when the sharp interface is replaced by the diffuse interface
as illustrated in it can be predicted that (1) the wave fronts not yet intersecting
with the interface and the wave fronts of the transmitted waves can be observed, (2)
that the wave fronts of the reflected waves are diffused by the diffuse interface and (3)
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Figure 22: Comparison of the velocity field v and the momentum field ),

that the mechanical fields, which are discontinuous at the sharp interface, are diffused
with the order parameters ¢, and ¢g3.

In Figures it is observed that almost all four/eight wave regions can be
clearly distinguished in Examples 5a and 5b, except those whose values do not jump
wide enough to demonstrate the wave fronts. In addition, the wave fronts in Exam-
ple 5c agree well with the prediction at the end of the previous paragraph. For the
numerical results from Example 5b, the mechanical fields o33, €22 and vy are contin-
uous across the sharp interface, as listed in Table [5] while the jump of all remaining
mechanical fields, i.e. 33, 022 and ., is clearly observed. For the numerical results
from Example 5¢, all mechanical fields which are continuous at the sharp interface are
retained as continuous, while the discontinuous fields are successfully diffused by the
order parameters ¢, and ¢g.

5.4 Multiphase system

A numerical multiphase example with diffuse interfaces is established, as shown in
Figure 23] where the geometrical dimension, the boundary condition and the loading
condition are equal to Example 5 in Figure [19] except that the loading period in this
multiphase system is set to ¢ > 0. For the convenience of analysing the numerical
results, several areas demarcated by phase interfaces are labelled with Roman numer-
als, which will be referred to as Area I, II ..., to distinguish them from the regions in
Figure[20a] as shown in Figure[23] The material properties for the different phases are
listed in Table[d It is worth noticing that the propagation velocities for the o phase
are highest, while they are lowest for the § phase.

At time t = 3.50ns, 10.00ns,20.00ns and 30.00ns, the numerical results for the
stress field o33, the strain field €23, the velocity field vs and the momentum field 2
are respectively presented in Figure In Figure the Regions I-IV, described
in Figure 20a] are clearly observed. However, the mechanical wave propagates faster

29



200um

iE-

100pum

Incident wave }
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Figure 24: Mechanical fields in the numerical multiphase example with diffuse
interfaces

towards the left than towards the right, since the propagation velocities in Area I,
which is filled with the « phase, are the highest among the three different phases.
Similarly, the mechanical wave in Figure propagates faster in the upper-left and
upper-right directions, which is due to the existence of the Areas I and II. In Figure
24c] it is observed that the mechanical wave on the lower-left side propagates slower
after reaching Area III. On the right side, the mechanical wave going from the middle
towards the upper-right direction propagates slower than the one going from the top
towards the upper side and the one going from the bottom towards the right side,
which is because of Areas IV and V. However, the wave front passing through Area
VI propagates further than its surroundings, due to the highest propagation velocities
of the a phase. The phenomenon of diffraction is clearly observed at the top of Area
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VII, since some parts of the mechanical wave bypass Area VII through Areas VIII
and IX. In Figure [24d] the mechanical field becomes more complicated, due to the
different propagation velocities of the different phases and the reflection/transmission
at the interfaces. However, within Area X and the lower left of Area V, two clusters of
the mechanical wave are still observed. The former is mainly caused by the diffraction
phenomenon around Area XI, while the latter is mainly due to the wave transmission
and reflection from its surrounding areas.

In this multiphase system, the diffuse interfaces between the different phases are
generated as curves with finite thickness. This means that the normal vectors of the
interfaces may be oriented in any direction. Therefore, according to the jump condition
in Eq. and the material properties in Table [4] there are discontinuities within
the entire stress field o33, strain field €23 and momentum field ¥ of the corresponding
sharp-interface system. From Figure it can be concluded that the interpolation
scheme derived in Section[dhas successfully diffused the jumps of the mechanical fields.

6 Conclusions

In order to investigate the influence of the mechanical wave upon the process of
the microstructural evolution, high-order DGM is embedded into the multifunctional
numerical analysis software PACE3D. In PACE3D, the free energy is calculated by
stress, strain, velocity, momentum and other fields, together with the order parameter
¢a(z,t), which represents the volume fraction of the o phase at the location x and
the time ¢. Thus, the evolution of the a phase is characterised by the evolution of
the order parameter ¢., whose driving force is formulated by the derivation of free
energy with respect to the order parameter ¢, and the gradient of the order parameter
V¢o. Thus, the effort necessary for tracking the interfaces among different phases is
obviated. In order to obtain the driving force, the free energy at the sharp interface
should be correctly interpolated with the N-tuple ¢, which replaces the sharp interface
with a diffuse interface.

In this paper, the jump condition and continuity property of mechanical fields are
therefore investigated at the sharp interface, with regard to the mechanical waves with
strong discontinuity (Type I wave) and weak discontinuity (Type II wave). Based on
the observed jump condition, the interpolation scheme for the stiffness matrix and
the density at the diffuse interface is derived. With the interpolation scheme and the
Type I and Type II incident waves, several numerical examples are carried out. By
comparing the numerical results and the analytical solutions, the following conclusions
are drawn: (1) Generally, the numerical results for the mechanical wave propagation,
the transmission and the reflection agree well with the analytical solutions. (2) The
numerical results from the examples with a sharp interface exactly verify the jump
conditions described by Eq. . (3) With the interpolation scheme, the jump of
the discontinuous mechanical fields is correctly diffused in the examples with a diffuse
interface. (4) It is suggested that the ratio between the minimum wavelength and the
maximum diffuse interface length should be greater than 30 in a multiphase system.
(5) According to the analysis of the numerical results in the multiphase system, it is
verified that the simulation scheme presented in this paper is accurate and efficient,
and ready for the application to microstructural evolution by providing the formula of
the driving force contributed by the mechanical wave.

However, it is worth pointing out that the current simulation scheme is derived
on the basis of the assumption of an infinitesimal deformation. The formula for the
finite deformation should be further developed and verified in the future, in order to
extend the application scope. Then, the driving forces will be calculated with the
sharp interface limit, to simulate phase transformation under the mechanical wave
propagation.
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