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IMPROVED RESOLVENT ESTIMATES FOR CONSTANT-COEFFICIENT
ELLIPTIC OPERATORS IN THREE DIMENSIONS

ROBERT SCHIPPA

ABSTRACT. We prove new LP-L9-estimates for solutions to elliptic differential operators with constant
coefficients in R3. We use the estimates for the decay of the Fourier transform of particular surfaces
in R3 with vanishing Gaussian curvature due to Erdés—Salmhofer to derive new Fourier restriction—
extension estimates. These allow for constructing distributional solutions in LI(R3) for LP-data via
limiting absorption by well-known means.

1. INTRODUCTION

The purpose of this note is to show new LP-L9-estimates for solutions to elliptic differential equations
in R3. Let
p(«f) = Z an€”
aENf’,,
la|<N
be a multi-variate polynomial in R? with real coefficients and suppose that a,, # 0 for some a € N with
|| = N. We consider partial differential operators

(1) P(D) =p(=iVy) = > aa(-i)0°

la|<N

such that for u € §'(R?) we have

By ellipticity we mean that

pN(E) = D aa* #0
la|=N
for £ # 0. We assume py(§) > 0 for the sake of definiteness. In the following we prove existence of
solutions u € L9(R?) such that

P(D)u = f
for f € LP(R?) in a certain range of p and ¢, which satisfy the estimate

lullLasy S Ifllze(ws)-

The properties of the vanishing set of p(§) play a key role for constructing solutions: Gutiérrez [§]
constructed solutions for p(¢) = |£* — 1. In most previous works on elliptic operators was assumed that
Yo = {p(§) = 0} is a smooth manifold with non-vanishing Gaussian curvature K # 0. In this case the
analysis of Gutiérrez applies. Recently, Castéras—Foldes [3] analyzed fourth-order Schrédinger operators
(in dimensions d > 2) with smooth characteristic surface, and estimates depending on the number of
non-vanishing principal curvatures were proved. A wider range was covered in [14], where also surfaces
with conic singularities were treated. Presently, we consider the effect of vanishing Gaussian curvature
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2 ROBERT SCHIPPA

in a generic case, which was described by Erdés—Salmhofer [6]. The idea of constructing solutions is to

consider approximates
NP €1 (€)
0O = oy [ ey i

for 0 # 0 and show uniform bounds

(2) lusllarsy S N fllze(ms)
for fixed P(D).
Then we shall find distributional limits u € L(R?), which satisfy
P(D)u = f in S'(R?)
and
llullzarsy S 1 fllorgs)-
This is referred to as limiting absorption principle. We shall still assume that Vp(§) # 0 for £ € X.
This is a generic assumption for polynomials. In this case Sokhotsky’s formula yields for solutions as

described above
1 e 1 (9
o) = G [ p 2 0
G4

o 62'93.5 ¢ L’U. . I 2y f o
= g fl O+ e [ e

This points out a close connection to Fourier restriction. The most basic LP-L9-results rely on the decay
of the Fourier transform of the surface measure. This in term is caused by the curvature of the surface.
If K # 0, the estimate

s(€)] = | /S e tdr| < (6))

is classical (cf. [13, 15]). Corresponding LP-L?-estimates for solutions were proved in [14].

In this note we consider vanishing total curvature in a generic sense. For constructing solutions as laid
out above, we also have to consider level sets 3, = {p(§) = a} for |a|] < §y. We recall the assumptions
in Erdds—Salmhofer:

Let I be a compact interval and let D = e~!(I). Suppose that 3, is a two-dimensional submanifold for
each a € I. Let f € C2°(D) and define

3) fialz) = / €€ 1(€)doa (€)

the Fourier transform of the surface carried measure fdo,.
Let Cy = diam(D), C; = ||p||cs(p)- The following assumptions have to be met:
Assumption 1:

(4) Cy = min [Vp(§)[ > 0,

which means that (X,).cs is a regular foliation of D.

Let K : D — R be the Gaussian curvature of the foliation, i.e., for £ € ¥, C D, K (&) denotes the
curvature of 3, at .
The crucial assumption is that the vanishing set of the Gaussian curvature is a submanifold, which
intersects (X, )qer transversally:
Assumtion 2: Let C ={{ € D: K(¢) = 0}. Then

Cs = min({[Vp(§) x VE(§)] - £ €C}) > 0.
With VK non-vanishing on C, it is a two-dimensional submanifold by the regular value theorem. Since

p and K are smooth, we find that
r,=CnNnX%,
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is a finite union of disjoint regular curves on ¥, for each a € I.
Let
Vp(§) X VE(§)

) = 96« VE©)
be the unit vectorfield tangent to I',. Denote the normal map v : D — S? by
V()
v(€) = .
= o)

Recall that the Gaussian curvature is given by the Jacobian of the normal map restricted to each surface,
v, —S% K(&) = detV/(€).
We further require the following regularity assumption on the Gauss map.
Assumption 3: The number of preimages of v : ¥, — S? is finite, i.e.,
Cy =sup sup card{p € &, : v(p) = w} < .
acl weS?
On the curves T',, exactly one of the principal curvatures vanish. We define a (local) unit vectorfield
Z € TY, along I', in the tangent plane of ¥,. Z can be extended to a neighbourhood of I', as the
direction of the principal curvature that is small and vanishes on I';. We assume that Z is transversal
to 'y, up to finitely many points (called tangential points) and the angle between Z and T', increases
linearly:
Assumption 4: There exist positive constants C5, Cg such that for any a € I the set of tangential
points

To=1{6 €Ty : Z(§) x w(§) = 0},
is finite with cardinality N, = |T,| < Cs. For all £ € T,

1Z(§) x w(é)] = Cs - da(E),

where d,(€) is defined as follows:
If N, =0, then dg(¢) = 1. If N, # 0, and T, = {&, ..., ")}, then

do(§) =min({|¢ =P - j=1,...,Na}), a€l, peX,.
Define
Do(w) = min{|v(Y¥) x w|: 1<j < N,}, we S

if Ny 20 and D,(w) =11if N, =0.
Under the above assumptions, Erdds—Salmhofer [6, Theorem 2.1] proved the following dispersive
estimate for the Fourier transform of the surface measure p,:

(5) a(6)] < C(6)~ 1
3

with C' = C(Cy,...,Cs, || fllc2(py). This morally corresponds to a decay from 3 principal curvatures
bounded from below in modulus and thus improves the previous result for one non-vanishing principal
curvature (cf. [14, Theorem 1.3]). In this article we record its consequence for solutions to elliptic
differential operators. As argued in [6, Remark 1, p. 268], the above assumptions are generic for surfaces
in R3. Thus, we say that the results apply to generic elliptic operators in R3.

In the first step, we derive a Fourier restriction—extension theorem for surfaces X, by following along
the lines of the preceding work [14]. We prove strong bounds

() A N GEGH G P

within a pentagonal region. Here § € C2° localizes to a suitable neighbourhood of {K = 0} in

(E“)ae[—éo,ég]' Away from {K = 0}, [14, Theorem 1.3] provides better estimates for d = 3, k = 2.
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On part of the boundary of the pentagonal region, we show weak bounds

@ I ], €40 (OB F € nmeo) 5 Illre
(8) | /RS %65, (€)B(E) F() | pages) S I1f | Lo o),
and lastly, restricted weak bounds

(9) I /]R3 €555, (§)BE) F(€)dE | Loo @3y S 11 fll o (e3)

at its inner endpoints. We refer to Figure 2 for a diagram. For X,Y € [0,1]? we write [X,Y] = {Z :
IAe[0,1]: Z=AX 4+ (1 — A\)Y} and correspondingly (X,Y), (X,Y], etc.

Proposition 1.1. Let p: R® — R be an elliptic polynomial with 6y > 0 such that for ¥, = {p(¢) = a},
—d0 < a < &y Assumptions 1-4 are satisfied in a neighbourhood of K = 0 in X,. Then, we find (6) to

hold for (%, %) € [0,1)2 provided that
p~ 100 ¢q 100 p q = 7
Let 79 7 61 3 3
= (— — = —,07 ! = —, ), I = 1,* :
(10’70)’ (10 ) (70 10) ( 10)

Furthermore, we find (7) to hold for (1/p,1/q) € (B',C’], (8) for (1/p,1/q) € (B,C], and (9) for
(1/p,1/q) € {B, B'}.

In the second step we foliate a neighbourhood U of ¥ with level sets of p to show bounds ||Asflre <

[f1|r(s) for
B e B (€)
(10) asfa) = [ S e

independent of §. Here, p,q are as in Proposition 1.1 and |p(§)| < dp for £ € supp (81) with ¥y C
supp (51). Away from the singular set, estimates for

e By(8)
(1) Bof(a) = | St e
with 81 + B2 = 1 follow from Young’s inequality and properties of the Bessel potential. The estimate of
|| Bs|lr—re« depends on the order of the elliptic operator.
The method of proof is well-known and detailed in [14]; see also [11, 9] and references therein. We
shall be brief. It turns out that one can follow along the lines of [14] very closely, substituting & = 2

2
non-vanishing principal curvatures. We prove the following;:

Theorem 1.2. Let p : R® — R be an elliptic polynomial of degree N > 2. Let 1 < p1,pa,q < 00
and f € LPY(R3) N LP2(R3). Suppose that there is g > 0 such that Assumptions 1-4 are satisfied for
(Za)ae[—s0,00]- Then, there is u € LY(R?) satisfying

P(D)u=f
in the distributional sense and the estimate

HUHL‘I(R3) < ||f||LPmLP2(JR3)
provided that

pp 100 ¢ 100 p1 g 7
and for N <3
2y (1 _
Ogi_lgg’ (17i)¢ {(0’3)7 (3v1)}f07"N 2,
P2 q 3 q p2 {(0,1)} for N = 3.
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2. THE FOURIER RESTRICTION-EXTENSION ESTIMATE

The purpose of this section is to prove Proposition 1.1. We shall follow the argument of [14, Section 4].
In the first step, we localize to a small neighbourhood of the vanishing set { K = 0}, which by assumptions
is a two-dimensional manifold in D. In the complementary set, by compactness, we can apply [14,
Theorem 1.3], which gives uniform LP-L%-estimates in a broader range. Thus, it is enough to suppose
that Assumptions 1-4 are valid in a neighbourhood of {K = 0}. The proof follows [14, Section 4]
closely. In the first step, by finite decomposition and rotations, we change to parametric representation
of ¥, = {(&,4(¢)) : & € B(0,c)}. We show bounds T : LP(R?) — L4(R3) for

Tf(e) = [ 6 = w(EDe N

The following decay estimate, which is (5), is central.

‘/ei(m'-§/+r3¢(£'))ﬁ(§/)d5/

Applying the TT* argument (cf. [16, 7, 10]), we find the following Strichartz estimate:

< (14 |z3) 1.

(12) H / i@ € eav(€)) g(eh) f(e)de!

S I llzz, (B0.0)-

14
LS (B9

We recall the following lemma to decompose the delta distribution:

Lemma 2.1 ([4, Lemma 2.1]). There is a smooth function ¢ satisfying supp(¢) C {t : [t| ~ 1} such that
for all f € S(RY),

6(& ~ N N =2 [ 6260~ €M)
JEZ RR3
By this, we can write
Tf(a) =32 [ 62160~ v N f@d = YV To .
jez YR? jez

As pointed out in [4], the contribution of j < 0 is easier to estimate.
The contribution of j > 0, i.e., close to the singularity, is estimated by Strichartz and kernel estimates:

Lemma 2.2 (cf. [14, Lemma 4.3]). Let ¢ > 1!, Then, we find the following estimate to hold:

=i
T2 fll2e(R?) S 272 || fll 2 me).-
This estimate does not admit summation. For this purpose, we interpolate with the kernel estimate:

Lemma 2.3 (cf. [14, Lemma 4.4]). Let

Ks(w) = [ eeaero == e

Then Ks is supported in {(z',z3) : |z3| ~ 071}, and we find the following estimates to hold:
[Ks(2)] S 0™ (L+dlal)™, if 2’| > clas],
|Ks(@)| S 6%, if |2'] < clsl.

The last ingredient to show (restricted) weak endpoint estimates is Bourgain’s summation argument
(cf. [1, 2] and [12, Lemma 2.3] for an elementary proof):
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Q=

No[—=

1 O 1
2 p

FIGURE 1. Pentagonal region, within which strong LP-L?-Fourier restriction extension
estimates hold.

Lemma 2.4. Let €1,e2 > 0, 1 < p1,p2 <00, 1 < q1,q2 < 00. For every j € Z let T} be a linear
operator, which satisfies

IT5(F)llay < M2 £l
IT5 (g < M227%[| f s

_ e 1 _ 6 , 1-6 1_ 6 | 1-6 ; .
Then, for 6,q and p; defined by 0 = Efaz Rl e and = T, the following hold:
(13) 1Y S T5(Hllgioe < CMMy™)| fllpi1,
J
07,71—0 . —
(14) 1D Ti(Hllg < CMIM™ | fllp if a1 = a2 = g,
J
07,71—0 : _
(15) 1> T5(Hllgoo < CMIM= | fll, if p1 = po.
J
We interpolate the bounds
. J 14
2N To-i fllLarsy S 2% £l 2 (r3), 3 < g < oo,

and o
2| To-i flleomey S 27 4 1 fll ey
as above together with duality to find restricted weak endpoint bounds
T fllLace®sy S 1fllra(rs)
for (1/p,1/q) € {B, B}, weak bounds

ITfllzaee S fllzes T fllza S (1fllze
for (1/p,1/q) € (B’,C"], respectively, (1/p,1/q) € (B,C], and strong bounds in the interior of the
pentagon conv(A, B,C,C’, B") with A = (1,0),

(L9 A (L r_ (81 3 g 3.
a (10’70)’ N (10’0)’ B = (70’10)’ ¢ =1 10)'
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Real interpolation of the weak bounds at B and B’ gives strong bounds on (B, B’). This finishes the
proof of Proposition 1.1. O

3. LP-L9-ESTIMATES FOR SOLUTIONS TO ELLIPTIC DIFFERENTIAL OPERATORS

In this section we prove Theorem 1.2 relying on Proposition 1.1. The argument parallels [14, Sec-
tion 5.2] very closely, to avoid repitition we shall be brief. Let A5 and B; be as in (10) and (11). We start
with the more difficult estimate of As. We show boundedness of As : LP(R?) — L%(R3) independently
of § with p, ¢ as in Proposition 1.1. For this it is enough to show restricted weak type bounds

145 Laooe S || fllLro 1
for (1/po,1/q0) = (61/70,3/10) and the bounds

[Asfllze < N fllLen

for (1/p,1/q) € ((61/70,3/10),(1,3/10)] as strong bounds for As with p,q as in Proposition 1.1 are
recovered by interpolation and duality. As Vp(§) # 0 for £ € supp(f1) by construction, we can change
to generalized polar coordinates. Let £ = £(p, ¢), where p and ¢ are complementary coordinates.

Write
_ [ e'*E@9) B(¢(p, ) h(p, 0) f (€(p, @)
Asf () _/ p(§) +15 §)ds = / /dq p+id ’

where h denotes the Jacobian. We can suppose that [0%h| <, 1 choosing supp(f) small enough. The
expression is estimated as in [14, Subsection 5.2] by suitable decompositions in Fourier space and crucially
depending on the Fourier restriction estimates for Proposition 1.1; see [11] for p(&) = |£]|*. We write

1w 9
p(§) +i6  pA§) +62  pE) +6°
As in [14], 3(D) is estimated by Minkowski’s inequality and Fourier restriction—extension estimates,
in the present context from Proposition 1.1. The only difference in the estimate of 2(D) is that [14,
Lemma 5.1] is applied for k = 2 according to the dispersive estimate (5). For details we refer to [14,
Section 4]. This finishes the proof of the estimate for As.
For the estimate of Bs, we carry out a further decomposition in Fourier space: By ellipticity, there is
R > 1 such that

— R(E) - 3(0).

Pl 2 [€1Y
provided that |§| 2 R. Let 62(5) = ﬂgl(g) + 522(5) with 521,622 € (C°° and ﬂQQ(g) = 0 for |§| § R,
Ba2(§) = 1 for €] > 2R.
We can estimate
1Bs(B21(D) )lle S IflLv
for any 1 < p < ¢ < oo by Young’s inequality uniform in §. This gives no additional assumptions on p
and g. We estimate the contribution of B35 by properties of the Bessel kernel (cf. [5, Theorem 30])

|Bs(B22(D) ) La(rs) S [1822(D) fl Lo (ms)

for 1 <p,g <ocand 0 < zla — % < % with the endpoints excluded for N < 3. For N > 4 this estimate
holds true for 1 < p < g < co. This corresponds to the second assumption on p and ¢ in Theorem 1.2.
Lastly, we give the standard argument for constructing solutions: For > 0, consider the approximate
solutions us € LI(R3)

o fO
#5(6) = p(&) +id°

By the above, we have uniform bounds

lusllarsy S I fllzer s)nLrs (m3)-
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By the Banach—Alaoglu-Bourbaki theorem, we find a weak limit us — w, which satisfies the same bound.
We observe that

)
P(Dyus = f —i—n .
Dhus =1 =iy 18!
Since 5
7~ . e q < p 2
||P(D) +25fHL ~ 6||f||L 1NLP2,
we find that P(D)us — f in L(R3). Since P(D)us — P(D)u in S'(R?), this shows that
P(D)u=f
in §’(R3). The proof is complete. O
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