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Abstract

During surface machining of glass, machining-induced surface
cracks are introduced. The result of a contact between a grain of the
grinding wheel and the glass surface can be described by a crack-
like damage similar to the cracks obtained by hardness indentation
tests.

In the present report, we study the generation of such cracks and
their interaction with residual stresses in the surface region. For
three different loadings (pure tension, indentation, surface stresses)
we report the relevant stress intensity factors.
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1. Local stress intensity factors by Newman and Raju

Cracks generated on glass surfaces during machining are responsible for reduced
strength and lifetimes of mechanically loaded specimens. The same holds for
artificially introduced indentation cracks. The semi-elliptical cross section of such a
surface crack is shown schematically in Fig. 1a. The crack depth is a and the crack
width is denoted as 2c. The parametric angle along the crack front is ¢ and the stress
acting normal on the crack plane is 6. The deepest point of the crack is generally
denoted as point (A) and the intersection points at the surface as (B).

For the computation of local stress intensity factors K(¢) under a tensile stress o, the
well established relation of Newman and Raju [1] may be used. This relation reads
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where E stands for the complete elliptic integral of second kind. Figure 1b shows the
geometric function Y() for several aspect ratios a/c.
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Fig. 1 a) Geometry of a semi-elliptical surface crack normal to the applied stress, b) geometric
function along the crack front for several aspect ratios a/c, dash-dotted line: curve for which Y, =Y3
(represented by squares).

The geometric function at the points (B) and (A), i.e. for ¢=0 and ¢=n, is shown in Fig.
2a. The stress intensity factors at these points are represented in Fig. 2b. For aspect



ratios of a/c<0.82, the stress intensity factor is at (A) higher than at points (B). At
a/c>0.82, the reverse applies, KA<Kp.
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Fig. 2 Local stress intensity factors: a) geometric function at the deepest (A) and the surface points (B)
of a semi-elliptical crack, b) related stress intensity factors K and Kg. Circles indicate Y,=Yp and
Kx=Ks, ¢) surface correction factor A vs. aspect ratio a/c. Dash-dotted line: suggestion by Newman
and Raju [1], eq.(2a), black solid curve: modified description ensuring the behavior for a/c—x,
eq.(2b), red solid curve: description including the theoretically known value for a/c—0, eq.(2c).

Two improvements of the relation eq.(2) from Newman and Raju [1] are suggested.
The linear dependency of the term A

2=1.13-0.09< (2a)



is shown in Fig. 2c as the dash-dotted line. This description, originally derived for
a/c<1, is not practicable for aspect ratios a/c clearly larger than a/c=1 since then the
solution of the semi-elliptical surface crack falls below that of the embedded elliptical
crack in an infinite body, A<1, although the “free-surface effect” for the surface crack
must ensure an increased stress intensity factor. Therefore, we suggest in eq.(2) a
coefficient

A =1+0.13erfc[0.6922] (2b)

as plotted in Fig. 2¢ by the black straight line.

A second small correction is necessary since for a/c—0 the stress intensity factor at
point (A) must tend to the theoretically known limit value 1.1215... (edge crack, [2,3])
instead of 1.13 obtained by Newman and Raju by FE-analysis [1]. Instead of (2b) we
finally suggest

A =1+0.122erfc[0.692] (2¢)

This dependency is represented in Fig. 2c¢ by the red curve. Consequently, the
geometric function for the stress intensity factor reads

2 1/4
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2 Surface cracks under concentrated force

2.1 Surface crack caused during machining

During surface machining of glass machining-induced surface cracks are introduced
accompanied by the generation of residual stresses [4]. Figure 3 shows a crack that has
been created under a strongly localized contact between a grain of a grinding wheel
and the glass surface.

Fig. 3 Geometric data of an indentation crack: Indentation process by a single grain of the grinding
wheel, resulting in a semi-elliptical surface crack of depth a and width 2c.



The result of such a contact may be described by a crack-like damage similar to the
cracks obtained by Vickers indentation tests. Beneath the contact area of indenter and
glass surface, a residual stress zone of depth p remains even after unloading. Plastical-
ly deformed glass and material pressed between the crack flanks act as a wedge and
open the crack. The result is a positive stress intensity factor K>0. If the size of the
residually stressed zone is sufficiently small compared to the crack size, the stresses
distributed over a cross-section of radius p, may be replaced by a single point force P
at the crack mouth that acts perpendicularly on the crack plane.

The stress intensity factor for crack wedged by the force P, Fig. 3, is given by [5,4]

P
Kr =X a3/2 (3)

where 7y, is a material-dependent proportionality coefficient. When a, is the crack
depth from experiments in an inert environment, the relation (3) reads

P
Ki=x—7 4)
4
and, consequently,
a 3/2
Kr = ch(_oj (5)
a

The description by eqgs.(3-5) implicitly assumes a semi-circular crack contour with a
constant stress intensity factor along the crack front. This may be violated especially
for strongly different semi-elliptical cracks as will occur in surfaces with residual
stresses.

2.2 Internal elliptical crack under a central concentrated force

Stress intensity factor solutions for embedded elliptical cracks, Fig. 4a, are known for
the special case of a crack in an infinite body. Numerical results on such cracks subjec-
ted by point forces were reported by Atroshchenko [6] in Figs. 3.16 and 3.18. We
evaluated these data and represent the related stress intensity factors in Figs. 4a and 4b.
Curve fitting resulted in

3/2
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These dependencies are entered in Figs. 4b and 4c as the curves. The difference bet-
ween eqs.(6) and (6a) is less than 2% for a/c>0.3.
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Fig. 4 Stress intensity factors for the embedded elliptical crack, a) geometry with load P normal on the
crack plane, b) K at point (A), ¢) K at point (B).

2.3 Approximation of semi-elliptical cracks by internal elliptical cracks

In order to describe the semi-elliptical surface crack by half of an embedded elliptical
crack needs the “free-surface correction” for point forces. To the knowledge of the
authors, there are no results available in literature. Therefore, we used as an approxi-
mation the correction functions of eq.(2d).



For all a/c
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with the function A(2) given by eq.(2c).
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3 Stress intensity factor for residual stresses at the surface

During machining there is not only a single crack introduced. In reality there is a high
crack density available in the surface region. A detailed investigation on silica glass
was carried out by Suratwala et al. [7] providing a statistical evaluation of crack size
and crack densities for different surface treatments.

Since all these cracks are opened, a global compressive residual stress occurs that is
indicated in Fig. 5 by a surface zone of characteristic size b.

In the following considerations it is assumed that the specimens were not annealed.
Approximating the residual stresses by an erfc-shaped stress distribution below the
specimen surface results in

z
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with the compressive surface stress, G¢<0.
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Fig. 5 Semi-elliptical crack under a continuous compressive surface stress layer G, with thickness b
as defined by eq.(10).

The shielding stress intensity factors for semi-elliptical cracks under an erfc-shaped
stress distribution, eq.(10), is according to [8]
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The coefficients in egs.(12a) and (12b) read:
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B1=-0.37664, B,=2.7314, B;=-1.35521

The shielding stress intensity factors for semi-elliptical cracks in the semi-infinite
body under the stresses of eq.(10), are shown in Fig. 6.
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Fig. 6 Shielding stress intensity factors at the deepest point (A) and the surface points (B) of a semi-
elliptical crack in a semi-infinite body [8].

1.2 14



4. Equilibrium crack under residual stresses

As an application of the equations given in the preceding sections, the equilibrium
crack under stable crack growth conditions (i.e. for a crack with K,=Kg) may be
computed.

The total stress intensity factor during surface grinding by indentation events, Ky, 1S
the sum of the wedging and the shielding stress intensity factors

K :Kind +Kres (13)

total

For the indentation stress intensity factor K;,q4, here eqs.(6) and (7) are used. The initial
crack size ag is now determined from the condition that the total stress intensity factor,
Kioal, €quals the fracture toughness K. =0.75 MPa\/m, 1.e.

Point (A) K, ,(D+K, (A=K, (14a)

res

POlntS (B) Kind (B) + Kres (B) = ch (14b)

The crack dimensions a and c are plotted in Fig. 7a as a function of the residual sur-
face stress. Figure 7b represents the aspect ratio a/c of the crack. From Figs. 7a and 7b
it is obvious that crack extension at the deepest point is stronger for compressive sur-
face stresses larger than about 14 MPa. Finally, Fig. 7c shows the stress intensity
factors reached after indentation in a surface, pre-stressed by the residual stress G, with
a thickness of »=10 pm according to eq.(10). The linearity of the curves trivially
reflects the direct proportionality between K, and G as expressed by eq.(11).

[ 12
N a) alc [ b)
100 L
(um) [
117
90 | [
C b=10 um
80 - P=4x10° N N, Ry P=4x10° N
C N i
. b=10 um N
-||"||,..|,..|...|...| ||"|||||||||||||l||||
20 40 60 80 100 20 40 60 80 100
-0g (MPa) -0g (MPa)



'Kind C C) /
- v
12F V
B /7
(MPavm) [ Kina(B)
- 7
C 7
C Y
L 4
1.0 F y
- Y
- 7
L ./
B e
osf 7 Kina(A)
L T N T T SO N TN Y SO N T N TN N TR SO |
20 40 60 80 100
-0p (MPa)

Fig. 7 Crack generation by an indentation test in a surface under residual stresses, a) crack depth a and
width ¢ as a function of the surface stress value oy, b) aspect ratio a/c of the semi-ellipses, c)
indentation stress intensity factor Kj,q vs. maximum residual stress at the surface (K;.=0.75 MPa\/m).

Exact data depend of course on the accuracy of the “free-surface effect”, underesti-
mated here to be the same as in case of constant stresses on the crack plane [1].
Therefore, the curves in Fig. 7 can only show trends.
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