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ON QUASILINEAR MAXWELL EQUATIONS IN TWO
DIMENSIONS

ROBERT SCHIPPA* AND ROLAND SCHNAUBELT

ABSTRACT. New sharp Strichartz estimates for the Maxwell system in two
dimensions with rough permittivity and non-trivial charges are proved. We use
the FBI transform to carry out the analysis in phase space. For this purpose,
the Maxwell equations are conjugated to a system of half-wave equations with
rough coefficients, for which Strichartz estimates are similarly derived as in
previous work by Tataru on scalar wave equations with rough coefficients. We
use the estimates to improve the local well-posedness theory for quasilinear
Maxwell equations in two dimensions.

1. INTRODUCTION AND MAIN RESULTS

The Maxwell equations in three spatial dimensions govern the propagation of
electromagnetic fields. We refer to the physics literature with its many excellent
accounts (e.g. [10, 20]) for explaining the role of electric and magnetic fields (E, B) :
R x R® — R3? x R? and displacement and magnetizing fields (D, H) : R x R —
R3 x R3. The electric charges p, : R x R® — R act as sources of the displacement
field. In the following space-time coordinates are denoted by x = (zg, z1,...,2Zn) =
(t,2') € R x R™ and the dual variables in Fourier space by & = (&,&1,...,&,) =
(1,) e R x R™

In the absence of currents, the Maxwell system in media is given by

8,:D=V><H, V'D:Pe;
(1) B=-VxE, V-B=J0,
E(Oa'):E()v B(Oa):BO

These equations have to be supplemented with material laws linking, e.g., F with
D and H with B. We consider the constitutive relations

D(z) =e(z)E(x), €:RxR3 = R3>*3
@) B(z) = p(x)H(z), p:R xR — R3>*3

which are linear, pointwise, and instantaneous. The coefficient ¢ is referred to as
permittivity and p as permeability. We aim to describe dispersive properties of
electromagnetic fields in possibly anisotropic and inhomogeneous media, so that we
allow for x-dependent and matrix-valued coefficients. In the following we consider
w = 1 for simplicity. The relations (2) with constant p are frequently used to model
phenomena in optics (cf. [28]). We remark that our arguments extend to a variable
permeability provided it satisfies the same ellipticity and regularity assumptions
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2 ROBERT SCHIPPA AND ROLAND SCHNAUBELT

as €. Below p denotes a regularity parameter, which is no longer related to the
permeability.

We first focus on rough permittivity € with coefficients in C*° for 0 < s < 2 as an
intermediate step to quasilinear Maxwell equations, where e = ¢(E). A prominent
example is the Kerr nonlinearity given by

(3) e=¢(E) = (1+|E]*).

In this paper the Maxwell system in two spatial dimensions is considered, which
can be derived taking E to be perpendicular to media interfaces (cf. [4, 25]). Ac-
tually, if €3 = e3; = 0 for j € {1,2}, if Ey, By = Hy, and p, in (1) only depend
on (z,y) € R?, and if the components Eys, Ho; and Hyy vanish, then the solutions
(E, H) to (1) have the same properties. Hence, the resulting Maxwell system in two
spatial dimensions is given by

atD:VJ_Ha V'D:pev
(4) OH=-V xE,
D(0,-) =Dy, H(0,-)= H,.

In the above display we have D, E : RxR? — R? and H, p. : RxR? — R, and we set
V.1 = (02,—01)t. We suppose that ¢ is a matrix-valued function ¢ : R x R? — R2*2
such that for some constants Aj, Ao > 0 and all ¢ € R? and z € R x R? we have

2
(5) MfEP < Y0 V(@) < MaleP, €Y(x) = ().

i,5=1
Throughout the paper we shall use sum convention and sum over indices appearing

twice, e.g.,
2

@) = Y e ()6
ij=1
Using the matrix
Oy 0 —0y

(6) P(z,D) = 0 Oy 1))

—Oa(e11°) + O1(g21+) Oi(e227) — Dale12:) Ok
with rough symbols, the PDEs in (4) can be rewritten as
(7) P(z,D)(Dy,D2,H) =0, V-D=p,,

where we set

5_1(x) = (Eij(‘r)>i7j=172'
Let P(xz,D)(D1,D2,H) = (91,92, h), where J = —(g1,¢2) is the electric current
and h has no physical meaning. Then the electric charges in (7) are given by

(8) pelt) =V - Dy + / V- (g1, 92)ds.

There is a large body of literature for Maxwell equations on smooth space-times,
investigating more fundamental decay properties in higher dimensions (cf. [24, 26]).
In these works, local energy decay is proved, from which Strichartz estimates can
be derived.

Note that well-posedness of (7) with e = £(E) in Sobolev spaces H*(R?) with
s > 2 can be established by the energy method for hyperbolic systems (cf. [2, 3, 22]).
We revisit the argument in the last section and show how Strichartz estimates
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yield improvements. For a detailed account on local well-posedness results for the
Maxwell system on spatial domains in R? with nonlinear material laws, we refer
to the PhD thesis [34] by M. Spitz. In [35] Spitz showed local well-posedness of
the Maxwell equations with perfectly conducting boundary conditions in H3(G) for
domains G C R3. This approach neglects dispersive effects.

We are not aware of works on Maxwell equations with rough coefficients in the
anisotropic case taking advantage of dispersion. In the isotropic case, i.e., e(x) =
e(r)lzx3 with e : R x R® — R and e € C?, the second author derived global-in-
time Strichartz estimates from local energy decay, jointly with P. D’Ancona [7].
Local-in-time estimates for smooth scalar coefficients were treated in [9].

We remark that in the constant-coefficient case, Liess [21] (see also [23]) showed
decay estimates by Fourier analytic methods. Liess inferred that in three spatial
dimensions, the time-decay of (D, H) only resembles the time-decay of the three-
dimensional wave equation provided that € has less than three eigenvalues. Oth-
erwise, the time-decay corresponds to the one of solutions to the two-dimensional
wave equations. This indicates that in three spatial dimensions additional hypothe-
ses are necessary to obtain the range of the three-dimensional wave equation. This
will be subject of future work.

In the present paper, we analyze the dispersive properties of the Maxwell system
on R? for rough pointwise material laws in the anisotropic case. We derive Strichartz
estimates linking Maxwell equations to half-wave equations. The connection is
established by analysis in phase space.

To relate our problem to the scalar wave equation, let H satisfy (4) and & be
time-independent. Differentiating the equation, we infer

(9) 8t2H = 82(61182}[) — 81(81282[{) — 62(52181}[) + 81(62281H) =: Asle'

Hence, H solves a wave equation with rough coefficients, for which Strichartz esti-
mates are known (cf. [37, 38, 39]). However, we aim to derive Strichartz estimates
directly for the first-order system (4), as taking additional derivatives typically gives
rise to loss in regularity.

To put our results into perspective, we review Strichartz estimates for wave
equations. For u : R x R™ — C let

lullzz, oo, = (/R (/ \u(xo,x')|ng;f>p/quo)1/p.

We will frequently omit to indicate space and time integration in LP L9-norms and
set LP = LPLP. Keel and Tao [17] established the sharp range for solutions to the
wave equation with constant coefficients in Euclidean space. Let

u:RxR" =R, Ou=0, u(0)=up, u0)=u.
Then the estimate
(10) lullrpae < lluollme + [lu ][ e

holds provided that

1 1 1
2§P7Q§00a p=ni{z——-]—

n—1 n—1
< )
q ~ 2
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Tupels (p, p, g, n) satisfying these relations will be called Strichartz pairs. If
2 n-—1 n—1

p q 2
then (p, p, q,n) will be referred to as sharp Strichartz pair. Also note that the sharp
Strichartz pairs imply the other ones by Sobolev’s embedding.

An important question is the generalization to variable metrics, i.e., g = g(z).
On the one hand, it is known (cf. [15, 16, 27, 29]) that solutions to the variable-
coeflicient wave equation

9

Og@yu = ﬁigijaju =0,
with uniformly hyperbolic g € C* have the same dispersive properties, at least
locally in time, from which Strichartz estimates (10) can be derived.

In view of non-smooth coeflicients, Smith and Sogge [31] pointed out that for
merely Holder-continuous metrics g € C* with 0 < s < 2 Strichartz estimates (10)
fail. On the other hand, Smith [30] showed that Strichartz estimates remain valid
for C2-coefficients. In a series of papers [37, 38, 39] Tataru then recovered Strichartz
estimates (10) for wave equations with C2-coefficients; see also the preceding paper
[1] by Bahouri and Chemin and the related work by Klainerman [18]. Tataru derived
corresponding sharp estimates with additional derivative loss for C*-coefficients as
a minor variation of the C%-case in [38]. Smith and Tataru proved sharpness in [32].

We show the following theorems for the Maxwell system on R?. To state the
results, let

(IDI*£1E) = 117 (&), (D" f)1&) = [€']"F(E).
For the sake of simplicity, we suppose the fields to be smooth and understand
the Strichartz estimates as a priori estimates. This makes no difference for the
application to quasilinear equations.

Theorem 1.1. Let ¢ : R x R? — R?*2 be a matriz-valued function with coefficients
in C? satisfying (5). Let u = (D1, Dy, H) : R x R?Z — R3 with 0Dy + 02Dy = p,,
and P as in (6). Then, we find the following estimate to hold:

_ _ _1
(11) DI ullLrre S pllullez + p~ | Pullzz +[|1D]72 pel| 2
provided that the right hand-side is finite, (p,p, q,2) is a Strichartz pair, and
07e]| e < .
The space C* = C*(R™) for s > 0 is equipped with its standard norm. For
vectors the norms are given by |lu|lx = |luil|x + [|uz|lx + ||usl|x. The additional

parameter p is crucial to control the size of coefficients when dealing with quasilinear
problems.

Note that (11) implies the estimate with |||D’|~ 2 pe||r2 on the right-hand side.
Moreover, if |||D|~2pellr2 ~ |||D|2D||12, the estimate for the displacement field
D = (Dy,D5) in (11) already follows from Sobolev’s embedding. Hence, the
Strichartz estimates are most relevant for charges possessing the additional regular-
ity ||D]"2pell2 < |ID||Lz, since in this case our results point out that the Maxwell
system with C?-coefficients exhibits the same dispersive properties as scalar wave
equations. This includes the important charge-free case, of course. Furthermore,
we note that already in the constant-coefficient case, the Strichartz estimates for
the wave equation

1 1 1
(D, H) || o 0,7:00) S (Do, Ho)llzre (s = 2(5 - 6) - ;))
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fail in general: Consider a Strichartz pair (s, p,q,2) a Strichartz pair, ¢ = elaya,
e >0, Dy = Vg for oo € H**! and Hy = 0: Then, (D, H) = (Dy,0) is a stationary
solution, but there are pg € H*T! such that Dy ¢ LI(R?) for p # oo.

Truncating the frequencies of €;; appropriately and using the above theorem, as
in [38] we can show Strichartz estimates for C*-coeflicients if we allow for a loss of
derivatives compared to (11).

Theorem 1.2. Let e : R xR? — R2*2 be a matriz-valued function with coefficients
in C%, 0 < s < 2, satisfying (5). Let u = (D1,D9,H) : R x R? — R3 with
01Dy 4+ 02Ds = pe. Then, we obtain the estimate
—p—gc — _1l_ga
(12) DI~ 2 ullors S pllullze +p7 [Pull - + 11DI727 2 pe| 2
provided that the right hand-side is finite, (p,p, q,2) is a Strichartz pair,
2—s
o= ,
2+ s

and [l ¢ < it

The conclusion of Theorem 1.1 remains true with small modifications if the sec-
ond derivatives of the coefficients belong to L'L>°. The motivation for this setup
is the quasilinear case ¢ = ¢(E), as discussed below. For (7) we prove the following
variant of Theorem 1.1.

Theorem 1.3. Let € : R x R? = R2X2 be o matriz-valued function with Lipschitz
coefficients, satisfying (5) and 8% € L'L>®. Let u = (D1,D3,H) : R x R? — R3
with 81Dy + 02D = pe, and (p, p,q,2) be a Strichartz pair. Then,
1 1
D'~ ullLeo,rsnay S p# lull ez + p” " [|P(2, D)ull 1 g2
1 _1 1 _1
+T2|||D'[72 pe(0) || L2rey + T2 || D'| "2 0pellrrre,
whenever the right-hand side is finite, provided that > 1, and

T)|02e]| 1o < 2.

(13)

Observe that p.(0) = V- Dy and d¢p. = 01(Pu)1+02(Pu)s due to (8). Compared
o (11), above one thus takes the L2, norm into sum and integral apearing in (8).
This happens when passing to L°L?- and L'L?-norms on the right-hand side of
(13), see Paragraph 3.4.2. These norms are better suited for the application to
quasilinear problems than the L?-norms appearing on the right-hand side of (11).

But for these applications one still needs a version for coefficients with less reg-
ularity. To state it, let (S))yeoz denote a homogeneous Littlewood—Paley decom-
position in space-time, and (S})xez one in the spatial variables only. To avoid
problems when summing norms on Littlewood—Paley blocks, the regularity of solu-
tions is measured in homogeneous Besov-type spaces Bg’qr with norms

el Gpar = D N [S3ull Lo 1o,
A

and the usual modification for r = co. For the coefficients, following [40, 39] we use
the microlocalizable scale of spaces X'® given by

[0l s = supy A*[|Sxvllr e,

The X'®-regularity is an adequate substitute for the C*-regularity of the coefficients
in our setting. For these regularities we prove the following Strichartz estimate.
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Theorem 1.4. Let ¢ € X°, 0 < s < 2, and u, (p,p,q,2) and o be as in the
assumptions of Theorem 1.2. Then, we find the following estimate to hold:

G 1 -1 —c
(14) D177 P ull gpace S p¥ [[ull o 2 + = #" ||| D77 Pul| pr 2
1 _1l_go 1 _1l_go
+TZ||DI727 % pel|[ o2 + T2 [|[D]72 77 Orpel| 12>

for all u compactly supported in [0,T), and p, T satisfying
T |lell%es S u**e.

Estimates involving the norm of P(z, D)u in L' LY follow as in [38, 39]. We
sketch the proof for the next result with C? coefficients.

Theorem 1.5. Let ¢ € C? and (p,p,q,2) be a Strichartz pair. Then, we have
(15) DI ullprra S pllullze + g I fillze + 1IDIP foll o o + 11D 2 pellz2

whenever
P(@,Dyu=fi+fs and  |0ello < p'.

One can establish versions for C*-coefficients with 0 < s < 2, cf. [38, Theorem 4],
and for X®-coefficients, cf. [39, Corollary 1.6], using arguments from these papers.

On a finite time interval, the homogeneous problem (4) can easily be treated by
the above results if 9;¢ € L'L®°, since a standard energy estimate yields

(16) lullpoo e S eMPelereoe |fu(0) | L2 gra)-

As in [38, Corollary 5], we can also prove estimates with two different Strichartz
pairs. We provide such a result on a finite time interval (0,7, fixing p and T,
and we further suppose that the solutions are charge-free and ¢ is isotropic. These
limitations stem from the use of duality in the proof. Perhaps the latter assumptions
can be weakened by modifying the proof of Theorem 1.5 to treat inhomogeneous
terms (D')?f € L¥ L7 . This is not pursued presently.

Corollary 1.6. Let ¢ = elayo € C°, 1 < s <2, P(x,D)u = f, dyus + Gous = 0,
and (p,p,q,2), (p,D,q,2) be Strichartz pairs. Then, we find the following estimate
to hold:

(17) (D)= 2 ul| ogo,ripe) S [w(O)lz2 + IKDYFE fll o o)

The proof relies on a now standard application of the Christ—Kiselev lemma,
[6]. However, as the time-dependent generators of the Maxwell system are not
self-adjoint in L2, additional considerations are necessary.

To study quasilinear equations, we use a similar result in the context of Theo-
rem 1.4, cf. Corollary 1.7 in [39]. The quantity ||0.€||L2r~ can be controlled for
coefficients e = £(F) arising in a bootstrap argument.

Corollary 1.7. Assume that ||Opellp2p~ S 1 and for some § € [1,2), suppose that
llellxs S 1. Let (p,p,q,2) be a Strichartz pair. Then the solution u to

P(z,D)u = f, O1u1 + Oous = pe,
{ u(0) = ug
satisfies
(D"~ %ull Lro,7509) St lluoll2 @2y + 1 fllLr0,1:22)

_1l_a _1l_gao
+ (D) 27 pe(0) [ L2 + (D) ™27 Depell L (0,752
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2—-35
245"

fora>p+ S and o =o(3) =

For the proof of Theorem 1.1 we shall make use of the FBI transform, conjugat-
ing the problem to phase space. Roughly speaking, we can diagonalize (4) to two
non-degenerate half-wave equations and one degenerate half-wave equation. The
degenerate component can be estimated using the divergence of (D1, Ds) in such a
way that wave Strichartz estimates for (D1, D2, H) hold true. During the conjuga-
tion procedure, we encounter pseudo-differential operators with rough symbols. For
these we give expansions of composites, which resemble the smooth case. However,
we have to be careful with L2-estimates, since we cannot spare several derivatives
in the spatial variables. In our opinion the diagonalization procedure is the main
novelty of the paper. It quantifies the hyperbolic degeneracy of the Maxwell system
through the the electric charges and allows to recover wave Strichartz estimates
in the charge-free case. The method of proof possibly extends to other first-order
systems like Dirac equations with variable coefficients (cf. [5]).

The second key ingredient in the proof of Theorems 1.1 and 1.3 is the following
result for the half-wave equation, which we derive varying Tataru’s arguments and
using his results for the wave equation [38, 39]. We write

o) = ) = (20 )

—821(1') 511(1’)

which is € up to determinant, and let £ 1 denote these coefficients with Fourier

A2

support truncated to frequencies {|€] < Az }.

Proposition 1.8. Let A € 280, X > 1, and n > 2. Assume e = £ (x) satisfies € €
C?, |02¢||l L=~ < 1, and (5). Let Q(x, D) denote the pseudo-differential operator with

symbol
1/2

q(2.€) = ~&o + (€7, (1)&i¢;)
Moreever, let u decay rapidly outside the unit cube and (p,p,q,n) be a Strichartz
pair. Then, we find the estimates
(18) APNSxullzere S NISaullz> + 1Q(z, D) Sxul| L2
to hold with an implicit constant uniform in . For Lipschitz coefficients € with
102¢|| prp < 1, we obtain
(19) A8y ullora S IShullpee 2 + [|Q(z, D) Shul| 2.

At last, we apply the Strichartz estimates to the local well-posedness theory of
the system

Orur = Oaus, u(0) = ug € H*(R*R)?,
(20) Orug = —01us, O1uy + Dauz = 0,
Oyuz = (e (wur) — D1 (™ (u)uz),

where e (u) = ¢¥(Ju1]® + |uz|?), ¥ : R>o — R>g is smooth, monotone increasing,
and 1(0) = 1. Observe that the Kerr nonlinearity as given in (3) is covered. One
can apply our methods also to matrix-valued £(F) under symmetry constraints
providing energy bounds. We remark that one can transform (20) into a system of
wave equations taking second derivatives in time. Although it might be possible in
principle to apply the previously known Strichartz estimates for wave equations, this
approach surely finds its limitations when anistropic material laws are considered.
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By local well-posedness, we mean existence, uniqueness, and continuous depen-
dence of the solutions in H® locally in time. We refer to the recent lecture notes by
Ifrim and Tataru [14] for explaining the notion of local well-posedness for quasilin-
ear equations in detail. Energy methods, neglecting dispersive properties of (20),
give local well-posedness for s > 2 as noted above. For the scalar quasilinear wave
equation on R?, in [39] Tataru proved local well-posedness in H* for s > 11/6. We
establish the analogous result for the Maxwell system on R2.

Theorem 1.9. (20) is locally well-posed for s > 11/6.

Finally, we show that the derivative loss for Strichartz estimates is sharp for
permittivity coefficients in C*® for 1 < s < 2. For this purpose, we elaborate on the
connection with wave equations with rough coefficients as showed in (9) and use
the time-independent counterexamples of Smith and Tataru [32]. Hence, although
the improvement in Theorem 1.9 seems little over the energy method, it appears to
be the limit of proving well-posedness in H® with Strichartz estimates for general
coefficients 0,6 € L'L>. It could still be possible to make further improvements
by the arguments of Smith and Tataru [32], see also Klainerman-Rodnianski [19],
in the context of quasilinear wave equations. In these works was exploited that the
metrical tensor solves a quasilinear wave equation itself. We note that on R3 and
for isotropic material laws as above, our methods should give an improvement of
the regularity level in the local wellposedness theory by % from s > g to s > 16—3, in
accordance with [39].

Outline of the paper. In Section 2 we recall properties of pseudo-differential
operators with rough symbols and of the FBI transform. In Section 3 we first
localize the functions in space and frequency and then carry out the conjugation
procedure, reducing Theorems 1.1 and 1.3 to dyadic estimates for the half-wave
equation. In Section 4 we prove these crucial dyadic estimates stated in Proposition
1.8, following the arguments in [38, 39]. In Section 5 we treat weaker Strichartz
estimates, assuming less regularity of the coefficients, as formulated in Theorem 1.2,
Theorem 1.4, and Corollary 1.7. Here we also sketch the proof of Theorem 1.5. In
Section 6 we improve the local well-posedness for quasilinear Maxwell equations as
stated in Theorem 1.9. In Section 7 we elaborate on the link to wave equations and
show sharpness of the derivative loss for permittivity coefficients in C*® for 1 < s < 2.

2. PSEUDO-DIFFERENTIAL OPERATORS WITH ROUGH SYMBOLS AND PROPERTIES
OF THE FBI TRANSFORM

This section is devoted to preliminaries regarding the encountered pseudo-dif-
ferential operators and the FBI transform. As in Tataru’s works [37, 38, 39], we
make use of the latter to find suitable conjugates of pseudo-differential operators
in phase space. In these references, the key application was to use the conjugate of
the rough wave operator as weight in phase space to derive Strichartz estimates. In
the present paper, rough symbols additionally come up when conjugating Maxwell
equations to a diagonal system of scalar half-wave equations. Thus, we have to
analyze the L2-boundedness and compositions of rough symbols. The monograph
[40] contains many results for symbols which are not smooth in the spatial variables.
Here we state the results in the form needed in the present context, and we shall
revisit some of the arguments as these will be used in later sections.
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2.1. The FBI transform. We first recall basic facts about the FBI transform (cf.
8, 37]). For A\ € 2%, the FBI transform of an integrable function f : R™ — C is
defined by

3m

T)\f(Z) = Om/\ 4

/ eié(zfy)zf(y)dy, z=x —i¢ € T*R™ = R?*™,

m 3

Cp=2"%g""1,

We have the isometric mapping property Ty : L?(R™) — L (T*R™), where ®(z) =
e’ Tt is natural to write z = z — 1€ since Ty f is in fact holomorphic. The
connection with the Fourier transform is emphasized by writing

Thf(z) = Cm/\%e%g/ e~ 2V N0 f(y)qy,
An inversion formula for the FBI transform is given by the adjoint in L32:
T;F(y) = Cp A5 /R e 2 G §(2)F(2)dade.
We recall the following identities for conjugating symbols with the FBI transform.

In the following we consider symbols a(x,&) € C3CS° compactly supported in &.
More specifically, we shall assume

a(z,€) =0 for £ ¢ B(0,2).
Let ax(z,&) = a(z,&/A) denote the scaled symbol supported at frequencies < A,
and Ay = Ax(x, D) be the corresponding pseudo-differential operator.
As in [37, 38], the idea is to find an ‘approximate conjugate’ Ay of Ay such that
T,\A)\(y7 D) ~ A)\T)\.

We record the basic identities

Taw)(:) = (& + =5 (0~ NDTS,
D

T35 £)() = €+ 5 (50— AT,

yielding the formal asymptotics
000a(x,6) 1

aTTBI anyalara (0 = A0 Th.

T\Ax(x,D) = Y (9 — A"
a,B

We recall error bounds for the truncated approximations

" o 090fa(r.6) 1 ;
B= D O ey (0%~

lol+[B]<s

For s <1, we have
a = a,
and for 1 < s < 2,
s 1 1 1 2 = .
(21) a3 = a+ —5a:(0c = M) + 1 ag(7 0, — Af) = a+ £(9a)(d —iXE),
—iA A A

where 8 = $(9,+i0¢) and = (0, —i0¢). We will not need higher approximations
because for coefficients in C? the Strichartz estimates for the Euclidean (half-)wave
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equation hold true, which are known to be optimal (cf. [17]). To prove Theorem
1.1, it will be enough to use the first-order approximation from the previous display.
Consider the remainder

(22) fa = TanAx — alTh.
In [37, 38] the following approximation result was proved.
Theorem 2.1 ([38, Theorem 5, p. 393]). Suppose that a € CZC. Then,
||R§\,a||L2~>L§, S/ /\78/23
1@ = MBSl S AV2502,
To prove our main results, we use the following multiplier theorem for 7).

Proposition 2.2. Let 1 < p,q < 00, a € C3CX°(R™ x R™) with a(z,§) = 0 for
¢ ¢ B(0,2), and

sip Y |Dga(e, )y < C.

zeR™ 0<|a|<m+1
Then, we find the following estimate to hold:

1TXa(z, ) Txfllre, re, S Cllfllez, o

Proof. We start with the special case b € L°(R™), ¢ € C°(R™), a(x, &) = b(x)c(§).
It can be treated by a straight-forward kernel estimate. We first compute

T5 (b(2)c(€)Tx f (y)
=2\ /RM e*%@*y)%%zb(x)c(g)/me 2 =) £y \dy dude

(23) :C?””/ / e O o e Ny )€ dard f (y' )y
m Rm
:Cﬁl)\s%/ / 3 ((@—y)* (wfy/)g)b(x)dm/ MW (Ve f(y ) dy'

LC2NF [ Ba(y,y)eNy — o) f(y)dy -

Note that

—z? _m
Baly)| < Pl [ e dn A s,

m

and further,
Ay —y NI < Cn(A+ Ay —y[)"N  for any N € N.

Write y = (y1,%,) € R x R™~1 and likewise for 3. Two successive applications of
Young’s inequality imply

W[ Ny = ) 6 s,
SN [ @ A - i)

N
S O e A Pt )
for large N. The two estimates for B) and ¢ yield
T3 (b(z)c(€)Trf 2z, e, S lIblllclen | fllre, Lo, -

N
2

_N
(L4 Ayr =y D™= f (W1, w)dy ||z, 1o,
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We turn to the case of general a(z,§) according to the assumptions. Let 5 €
C*(R™) with g =1 for {|¢| < 2} and supp(B) C B(0,3). The main reduction is
an expansion into the rapidly converging Fourier series

0(@§) = 5O Y Manle), anle)= [ Ml de e =B
kezm [=m,m]”
(cf. [40]). Hence,
IT5a(z, )T fllg e, S D 1T (@r(2)Be(€)Taf |l L, Lo, -
kezm
Integration by parts yields
(@) Se L+ IKD™C D0 IDgalz, )l
0< o<t
Take ¢ =m + 1 so that >, cpm (14 |k|) 7 S 1. In this case, in (23) we estimate
the kernel B)y(y,y’) by

IBr(y,y')| Sm (1+ [k[)7“A™ % sup Z IID?a(:vw)IIL; Sm (L+[k))7fCA 7,
T 0<]al<e

and find ¢(A(y —y')) = B(k + Ay — ¢/)). Taking absolute values, we infer

T5 (@ (2) B () Ta ) (y) S Call + []) A" / Bk + My —y) F)ldy'.
Since
[ / B+ A=y DIF @)Y |z, e, = |l / BAC =y @)dY ||z, o,
we can finish the proof by
DTS @n(@)e ™ BENT S lleore Sm D (L+ k) Clf Lrre Sm Cllf Lo ra.

kezm kezm
O

2.2. Properties of rough symbols. In this subsection compositions of pseudo-
differential operators are recalled and their L?-boundedness is quantified. The the-
ory for smooth symbols is vast (cf. [13, 33, 40]). For instance, the LP-boundedness
of symbols a € 5?76, 0 <6 < 1, is well-known, see [40, Section 0.11]. Here we give a
proof which quantifies in particular the L2-boundedness of symbols a € C$C°, see
[40, Chapter 2]. The argument is detailed as it becomes important in later sections.

Lemma 2.3. Let 1 < p,q < o0, and a € CECEP(R™ x R™) with a(z,&) = 0 for
¢ ¢ B(0,2). Suppose that

s S [Dga(a )y < C
zER™ 0<|a|<m+1
Then, we find the following estimate to hold:
la(z, D) fllora S C|lfllLeps-

Proof. We first consider the special case of separated variables a(z, &) = b(z)c(£).
Holder’s and Young’s inequality give

la(z, D) fllzrra = [[6(z)e(D) fllzr e < bl Lo @m)lle(D) £l o La

<16l zos @y el L @y | f Il e Lo (R -
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Integrating by parts to estimate ||¢|| 1 yields |[b]| Lo ®m)l[¢]lzr < C.
In the general case, we write

alw D)f = (2m) " [ el (i = 2m) " [ e*ale )BOF©de

for B € C2° with support in [—m,7]™ and 8(§) = 1 on B(0,2). We expand
a(z,£)B(€) into the Fourier series in £

a(z,§)BE) = BE) Y ar(x)e™,

kezm

m

with ay(z) = f[ﬂT A e a(x, &)dE.
We shall estimate every single term ay,(z)e?*¢3(¢) via the above argument and
then sum over k using decay from the regularity in £&. We have

/ an(2)eE B(€)e™ f(€)de = ar(x)(BD)f) (x + k).

We find [ax(z)] < [la(z,-)]zy, and [B(D)f(- + F)llLrre < |[fllLrre by Young’s
inequality and translation invariance. This estimate does not decay in k sufficiently.
For decay in k, we integrate by parts in & obtaining

jar(@)] Se L+ kD)™ Y IDgalz, )|
0<|al<t

For £ = m + 1 this is summable in k € Z™, and we estimate

la(z, D) fllrrre < > llakl| Lo @l fll Lo e

kezm

S Z (14 (&)= sup ( Z ||D?a(%')HL§)Hf||LPLq
kezm TER™ o< |al<mt1

SOl fllprra. O

We turn to compound symbols. As we shall see in Section 3, it suffices to prove
dyadic estimates’

)\_pHSAUHLPL‘I < ||S,\UHL2 + ||P>\S)\U,||Lz7

where Sy localizes to frequencies of size A € 2N and P* denotes the operator

O 0 —0y
Pz, D) = ) 0 ) . O . o0
—a(e1r )+ 01(e3r ) Oi(ens ) — Dalets ) Oy

Az

For the components of the permittivity, €,° means that the frequencies are trun-

ij
cated to size at most A2. Recall the symbol classes for m e R, 0 <d < p <1t
s = {a € CX(R™ xR™) : |0507 a(w,€)| < (AP},

Hence, the pseudo-differential operators we encounter are smooth in x and the

considered symbols are in S7",. Boundedness P(z,D) : H*(RY) — H*"™(R?) is
)

proved in [40, Prop. 0.5E]. Using Lemma 2.3, we will show that the estimates are
independent of the dyadic frequency A when considering Littlewood—Paley pieces.

Here we suppose that we are in the charge-free case for simplicity of exposition.
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We recall compositions of pseudo-differential operators. Below we denote
Oy =03} ...0pm and  Dg = 8a/(i|a‘) for « € Ny
Proposition 2.4 ([40, Proposition 0.3C]). Given P(z,§) € OPSs , Q(z,§) €
OPSZ%Q, suppose that
0 <dy < p <1 with p=min(py, pa).

Then, (P o Q)(xz,D) € OPS;’E“’” with § = max(d1,0d3), and P(x, D) o Q(x, D)
satisfies the asymptotic expansion
1 CM
(Po@Q ZaDgpa Q)(z,D) + R,
where R : 8’ — C is a smoothing operator.
When applying this formal expansion in Section 3, we can verify with Lemma
2.3 that the operators coming up in the expansion satisfy acceptable L2-bounds.

We revisit the proof of Theorem 2.4 to find an explicit form of the remainder R,
after truncating the series expansion. We shall derive

(24) (PoQ)w, D)= 3 L(DEP9Q)(x, D) + Rx(x, D)
lo]<N

with a remainder Ry for which we can infer L2-bounds decaying in A. We remark
that the estimates almost follow from [40, Proposition 0.5E] and Proposition 2.4.
However, the encountered symbols have to be appropriately localized in frequency
(see the end of the section), and we thus elect to give more details on the expansion
and the error bounds.

We turn to the details. The distribution kernel of (P o Q)(z, D) is given by

I(z,y) = / 19 (P o Q) (z, ).

Here and below, the oscillatory integrals are understood in the sense of distributions
(cf. [12, Section VIL.8]). For this purpose let p € C° with p = 1 in a neighbourhood
of 0, set ps(&) = p(0€), and read

Iay) = lim, [ ps(€)e'* (P o Q)(a, )

Furthermore,
(PoQ)(z,&) = (2m)™ / / elle=2m+E=29I P n)Q(z, &)dndz
()" / / N0 Pla, Xi)Q(2, A didz,

where 7 = Aij and € = AE. This integral is regarded as
(PoQ)(x,§) =
()" lim //p5 (2, )t EAVAC) pa Ay + €)Q(x — 2/, AE)d dny,
271' 6—0

where
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The phase is stationary at (z/,n') = 0. We take a smooth cutoff p = ps around the
origin. The possibility to choose the cutoff size §' > § is used later.
The contribution away from the origin is smoothing:

R, ) = Jim, // e AT (1 — 5o 2))ps (o, 2')
X P(z, A +€)Q(x — 2/, \)d=dn .

Indeed, in Section 4 we shall see that for the expressions coming up in our analysis,
we can show bounds O2(A~") for any N, independent of 4.
For the main contribution, we use Taylor’s formula for

f' 2 =p(n', 2 )P(a, Ao + ©)Q(x — 2/, A)

at the origin, namely

s =3 DOy e S Rt 2
|| < ’ |8|=k+1

(Here we can omit pg if 0 is small enough compared to 4'.)
We turn to the first expression. If derivatives act on p(z’,n’) and we evaluate at
the origin, then the contribution will vanish. For o € NZ™ we write in the following

a =5 U with & = (Y11, -, Y1m, Y215 - - - » Y2m)-
We are left with

~ ~ /;Z/ai7 Z// Z//
//(8;;/113)(1,)\(77, +€))83/2 (I’ — Z/, AE))|(7]’,Z’)=O (77 a| ) e ;<( 5T )’A( »7 )>dZId7]/

Since (cf. [33, Section 3.1, p. 100])

27T // 7,] Z a Z%((z/,n/),A(z/,n/))dZ/dn/ — )\—m {A ‘0‘ 17"{11\7 =72,

0, else,

the Taylor polynomial yields the asserted asymptotic expansion.
We turn to the Taylor remainder estimate. We use the integral representation

Rs(n,2') |ﬁ'/ t)PI=198 f(t(n, 2'))dt.

Write 97 = 85,1 85,2. By choosing ¢’ < A1, derivatives acting on ps: = p yield addi-
tional negative powers in A, which makes the resulting expressions better behaved.
We thus suppose in the following that the derivatives do not act on p. We analyze
the expression

[[ sttt W@ Py N + )0 Q)w ~ 1700
x et (&) A (VB (1)B2 4 dny
- C/ / Pty t2) (00 P (@, Aty + €))(02Q) (w — t2/, \) (901 ")) (/) 2y

Next, we integrate by parts in z’. The derivatives can act on Q or (/)2 or on p.
The latter yields lower-order terms as argued above. We have to use the product
rule. The derivatives acting on 2z’ will be denoted with the multiindex Bsup < f1,
which is supposed to be understood componentwise. We can further suppose that
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Bsub < B2 because the contribution vanishes otherwise. Hence, we can continue the
above display by
(25)
= X G [ A @ P N + €)@ Q) e — 1,00
Bsup<min(B1,82)
x M) (2B =Bewr dn/ 42’ + Lot

- > Cy / / ptn' t2') (00 P) (x, Mty +€))(95 727 Q) (z — t2/, XE)
Bsub<min(f1,82)
ei)\<z',n'>
A‘[}27ﬁsub|
= X [[ st @ A +€)
Bsub<min(B1,B2)
x (B PP Q) (1 — 2/, AE)eNE ) diy/ dz' + Lot

X 85,273“"’( )dn'dz' + l.o.t.

In Section 3, L?-bounds for instances of this expression are a consequence of
Lemma 2.3, possibly after choosing the cutoff p differently.

We give a first application, which will be useful in Section 3. Let (S} )xeomo denote
an inhomogeneous Littlewood-Paley decomposition in R > S’ﬁ\ denote projections
with mildly enlarged support, and suppose that (¢¥/) € C! satisfies (5). For A > 1
let D. and i denote the pseudo-differential operators given by

A 1 iz’ &) frel /
PN&) = g [ Neln fENE.
i N — 1 iz’ &) 1 £ Nde'
51 = g [ ey 1€
where [€[lcz) = €]lc@) = (Eij/\%&gj)lm (summing over 4,5 € {1,...,n}) and

Z<j>\ , are the coefficients with smoothly truncated frequencies at Az. In Section 3
2

we shall see that choosing A = A(e) > 1 preserves ellipticity of (5i<j>\ 1 )i

3

The following lemma shows that these operators essentially respect frequency
localization as a consequence of the asymptotic expansion by Proposition 2.4.

Lemma 2.5. Let A\, € 28, N € N, and 1 < min(\, ) < max(\,p). Then, we
find the following estimate to hold:

(26) 15/, D55 fllzz Sv AV )NS5l e
1 IV
(27) 1875 SASllze S AV 1) =N 153 S 2

Proof. We shall focus on the first estimate, as the proof of the second is similar.
Firstly, suppose that 1 < A < u. We argue that (26) follows from the expansion
in the Kohn-Nirenberg theorem. Note that D.S% has the symbol ||£||.(z)ax(§") and
S, has the symbol a,,(¢'). This means that all terms in the asymptotic expansion
vanish because the supports in £ of the two symbols are disjoint. Furthermore, the
estimate for the Taylor remainder follows from the representation (25). In fact, any

2We refer to Subsection 3.2 for details.



16 ROBERT SCHIPPA AND ROLAND SCHNAUBELT
derivative acting on P gives a factor x4~ !, whereas derivatives acting on @) only lose
factors A'/2. We turn to the estimate of the remainder

>\

// ECRONIC "’>>pa<n’,z')(l—p&(n',z’>>a<3<n’+é>)A||£||5<$,zf>a<é>dz’dn'.

We suppose that 0 < § < & < A~! with &' fixed. The phase 5((2',7), A(z',n'))
is non-stationary away from the origin. Consequently, we can integrate by parts in
(2’,n'). This gives factors (A|(z’,n')|)~! per integration by parts. When a derivative
acts on ps or ps, this gives factors of ¢ or &', respectively, and when it acts on

a(%(n’ + é)), this gives factors %, which are all favourable. More care is required
when derivatives 9,/ act on ||€ |c(z—»)- Since € is regularized and we can only

estimate |||D]e ||z~ < 1, additional derivatives in 2’ give powers of A2. We thus
obtain sufficient decay to apply Lemma 2.3 and conclude (26).

We turn to the proof for 1 < u < A. Following along the above lines, we estimate
the remainder

ex [ [ DAL @yl st )
x a (M< 0+ )Mo al€)dz'di,

where supp(a) C B(0,2) and @ =1 on B(0,1). Integration by parts in (2/,7n’) yields
e powers of (|(z n')|X\)~! from the non-stationary phase,
e powers of 2 from derivatives acting on a( (' + f))

e powers of )\2 from derivatives acting on HfHe(x_Zl).
We observe that due to the support of (1 — ps (2',7')) that |(2/,n')| = (6')~!. Since

8" < AL, every integration by parts gives a factor of (A|(z/, 7)) 2.
The estimate for the Taylor remainder becomes more involved, too. Still, taking

derivatives of P as in (25) yields

_ - 1 - _ At + €
((95/1+ﬁ2 Bsub P)(x, )‘(”7/ + &) = (;)|31+52 5-wb|(a€ﬂl+ﬁ2 ﬁsuba)( ( 77Iu+ f))
In the derivatives 85,1+’827’85“5Q we only lose A . Choosing p = A/C with

C a large, but fixed constant, the proof is complete. Alternatively, one can argue
by taking adjoints (cf. [40, Prop. 0.3B]). O

[B1+B2—Bsubl
2

We end the section with discussing variants, which will be useful later on. Con-
sider the region

{I60] S 1(&1,8) ~ A} = AN C R
Let SS\,T denote the smooth frequency projection to Ay and Ay a mildly enlarged
region and S;T the corresponding frequency projection. Let ST, be the smooth

frequency projection to frequencies {|£o| > A}. By the same argument as above,
we see

ST A0 DS, lr2sre Seon AN

Together with the above estimates, we see that DES’AJf and isg,rf are still
essentially frequency localized in Fourier space in Ay. More precisely, we find the
following estimate to hold:

11 = S5 )OF DS, Flle S A NIIS5 £l
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and likewise for %'
£

3. REDUCTION TO DYADIC ESTIMATES FOR THE HALF-WAVE EQUATION

In this section, we show that Theorems 1.1 and 1.3 follow from dyadic estimates
for the half-wave equation, given in Proposition 1.8. The key point is to diagonalize
the principal symbol, which is carried out first. Furthermore, by commutator and
microlocal estimates, we localize in phase space to a region close to the characteristic
surface. This is crucial to use the ellipticity of e. We require that ¢ € C'' as assumed
in Theorems 1.1 and 1.3. Observe that ¢ inherits the assumptions on & (up to
constants) of these theorems.

3.1. Diagonalizing the principal symbol. Firstly, we carry out the diagonal-
ization of the principal symbol. To obtain a better approximation, we consider the
operators directly. We remark that diagonalizing the symbol combined with the ar-
guments from [37] allows to prove Strichartz estimates for coefficients in C! or with
derivative in LP L. However, since the estimates obtained in [37] are not sharp in
terms of derivative loss, the corresponding estimates for first-order systems proved
this way are not sharp either. Nonetheless, this observation can be useful as it saves
error estimates for compounds of pseudo-differential operators. The error analysis
is carried out in Paragraph 3.3 in the present context. For more complicated first
order systems this might not be easily possible. Here, we carry out the detailed
computations in our special case
_ (et (@) e(2)
e(x) = (512(33) £22( >

x)

For P as in (6) we find P = Op(p(x,&)) with

io 0 —i&2
p(x,§) = 0 €0 i1
—i§2€11($) + i§1512($) i51522($) - i§2512($) (1)
(28)
0 0 0
n 0 0 0],
(=011 + O1€12)(x) (01622 — Daci12)(z) O

where the first matrix is the principal symbol p(z,£). As the operator associated
with the second matrix is bounded in L? for ¢ € C*, it will be neglected. Let
~ ~id EQQ(!E) —512(£E)
Ex) = (Y(x)) =
(@) = @) = (20 el
denote the adjugate matrix of e7', i.e., ¢ up to determinant. We compute the
eigenvalues of p to be iy, i(&o — ||€||z), and (& + [|€']|¢). Denote

(29) d(z,§) = diag(io, (o — [1€]l), i(S0 + [1€']]2)),

and set £ = &;/||¢'||z for j € {1,2}. The corresponding eigenvectors we align as

—&lean(z) +&en(r) & =&
(30) m(z,§) = | &lee(z) —&enlw) =5 &
0 1 1
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The inverse matrix is computed to

_ * _ * 0
1 2
(31) mfl(x,f) _ 5;811(90);5;512(90) —fffzz(I);rE;Ew(iv) % ’
—&5e1n () +E€Terz(x) Elean(x)—E3e1a(z) 1
2 2 2

and hence
m(z, §)d(x, m™ (z, &) = p(z, £).
By the arguments from [37] and Proposition 2.2 this decomposition gives (non-
sharp) Strichartz estimates for ¢ € C*. To prove the sharp result for ¢ € C?, we
diagonalize P with pseudo-differential operators. Until the end of this subsection,
we suppose that e € C>°. After having reduced to dyadic estimates, we shall see
that we can truncate frequencies of €. This will allow to work with smooth symbols.
Of course, we have to show bounds independent of the dyadic frequency range.
We now turn to the corresponding operators, starting with

(32) D(x, D) = diag(0y, 0y — iDg, 0y + iDg)

induced by d(z,£). To the eigenvectors in m we associate the operator

65(31(522')*82(812')) 5232 ﬁaz

(33) M(z,D) = | =(D2(e117) — Di(e127) 701 550
0 1 1
and to the inverse matrix m~! we relate
i1 - i0y - 0
(34) N, D) = | Hoetponil o lentizaete by
i(€1102—€1201) 1 i(e1202—€2201 1 1
2 D: 2 D: 2

Here (g;5-) denotes the multiplication operator induced by ¢;;. Note that M and
N are bounded in L?. We compute

(35)

(MDA )1y = —55 101 (222)0:01 — B (£12-)0401 + DaDu(e12-)P — aQat(sw.)al]Dié,
(MDA )13 = — 1;5 101 (222-)0,0s — a(212-)0,Ds + Oy (212-)D5 — a2at(522-)al]Dié,
(MDA) 15 = — géagpg,

(MDA )a; = —55 102(£11-)0,01 — D1 (19-)0001 + D1 Dy (e12)01 — alat(gu-)az)]Dié,
(MDA )z = —;é 102(c11)9:0s — By (£12-)0,D5 + D1 By(£22-)0h — alat(sm-)az]Dig,
(MPA)zs = 501D,

(MDN)s1 = D((e12)0: — (211)02) 71—

€

(MDN)32 = De((e227)01 — (512')5’2)%,

(MDN)33 == 615-
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In Subsection 3.3 we shall see that the difference MDN — P is bounded in L? with
suitable frequency localization.

3.2. Reductions for C2-coefficients. Next, we carry out the reductions for v and
€;; needed for the proof of Theorem 1.1, that is

e localization to a cube of size 1 and to high frequencies,
reduction to dyadic estimates,

truncating frequencies of the coefficients,

reduction to half-wave equations.

Before these steps, by scaling we can assume that |0%2¢¥| < 1 and p = 1.

3.2.1. Localization to a cube of size 1 and to high frequencies. We first show that
it is sufficient to establish (11) for inhomogeneous norms. Let s(§) be a symbol
supported in {1/2 < |¢| < 2} such that

D s(277¢) =1, £eR\{0}.
J
For A € 2o let Sy = S(D/)) denote the Littlewood—Paley multiplier, which local-
izes to frequencies of size A and So =1 — 3,5 Si. Write u = Sou + (1 — So)u.
Sobolev’s embedding and the Hardy-Littlewood-Sobolev inequality yield

D17 Soullrra S 1Soullrz < llullze-
For the contribution of (1 — Sp)u in (11) we observe that
Ok (g45(1 — So)u) = O(es5u) — Ok (g4 Sou)
and
10k (£i5Sou) L2 S [l€i;OnSoull L2 + [[(Okei;) Soul L2
S llgijllizeel1Soull 2 + [10kes;]l Lo | Soul| L2
S lleijller [[Soul| Lo
Hence, ||P(1 = So)ullz> S [[PullL2 + [leij[[or 1l 22
This means that low frequencies can always be estimated by the Hardy-Little-

wood-Sobolev inequality and Sobolev’s embedding, so that we can assume that u
has only large frequencies. It suffices to prove

—p _1
(1 +1DP) F ull ora S llullz2 + [[Pull 2 + (D)2 pell 2
Take a smooth partition of unity
1= > x(@), xi(@) =x(z—3j), supp(x) < B(0,2),
jezn+1

and let p; = 01(x;ju1) + O2(x;u2). By considering commutators, we first note

>~ (Inullde + 1POGUIE: ) S lluls + [ Puls.

J
On the other hand, since p,q > 2 we have

—p —e
(36) 1L+ D) Fulfore S YN0+ D) Z xgullioa.
J
To prove the latter estimate, we write

(L+[DP)"5u =" x;(2)(L + |D*)~ & xu(z)u.
7.k
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If |j — k| > 100, for the distributional kernel of y;(14|D|?)~% x4 we find the bound

(27)°|G(x,y)| = | / e (@) (y) (1 + |€[2) S de]
Sy (U= k) V(e —y))

since |z—y| > |j—k| > 1. Hence, we can estimate x;(14|D|?)~ % yxu for [j—k| > 10n
using Young’s inequality and obtain

I+ D) 2 ulltors S lullze +11 Y2 xk(+ DI~ xgulispa.
J,k:|7—k|<10n
Let Xj = >_|4—j|<10n Xk- Due to the pointwise bound
- . _ . 1/2
D GAHIDP) TP xu S (D I% (L + D) xuf) ?
J J

and Minkowski’s inequality for p,q > 2, we conclude the proof of (36). It remains
to show

_1 _1
(37) Y D)2 pjllEe S (D)2 pellfe + llullZ.-
J
This fact is a consequence of the inequality > X031z < [[vl3-1/2 which is
dual to
Jul?, 3 < 3 Iul, .
j

The above estimate follows by interpolation from its elementary variants in L? and
H'.

This concludes the reduction to compact support, and we suppose in the following
that u is supported in the unit cube.

3.2.2. Reduction to dyadic estimates. Here we shall see that it is enough to prove
(38) A7||Sxullpore S ISxullzz + [ PSxull + A% [|Sape| 2
for A > 1. To reduce to the above display, we have to show the commutator estimate
Y P SN ullze S llullZ.-
A=21>1
Set S,\~= 2ljl<2 Sij‘ as a mildly enlarged version of Sy, and write [P,S\] =
[P, S)]Sx — SAP(1 — Sy). We need the inequalities
I[P, Sx]vllL2 < llvll 2,
ISAP(1 = Sx)ulrz S A flul 2

for some § > 0. Since the commutator

[a}c(i‘:ij'), S)\}U = 8k(5ij5,\v) — S,\ak(éij’v) = Bk[aij, S)\]‘U

has the kernel K (z,y) = Ox(cij(x) — €i5(y))3(A(@ — y))A" 1, the L:-boundedness
follows from e € C2. For the second term note that only frequencies of ¢;; of size A
and higher matter as

30k (i (1 — Sa)u) = Sah (e (1 — Sy)u).
‘We thus find

>y, & > _
1930k (g5 (1 = S )u)llz2 S Al e lull 2 S A7 el llull L2,
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due to the standard estimate

SUp N egMre < lleisllce-

Observe that Syu is no supported in the unit cube anymore. Instead it is rapidly
decreasing, which suffices for the arguments in Section 4, cf. (55).

3.2.3. Truncating the coefficients of P at frequency Az. We check that it is enough
to prove (38) when the coefficients have Fourier transform supported in {|¢] < Az}.
We stress that the uniform ellipticity for e after Fourier truncation will still be

1 1
crucial. For that purpose, we observe that ||€Z-Zj)‘2 lr= < )‘71”51'27')\2 |lc2, and thus
1 1
<Az >A2 _
g5 &by = ey — e &6 > (M = OATH|IE]1P > S A1)
for sufficiently large A > 1.
The error term coming from frequency truncation in (38) is estimated by

A% < >A% A%
10k(e35" " Sxu)ll e S 10k (5" oo [Sxullz + €7 OwSaull L

> 1
S leisllor1Saullz + Mieg™ oo lISaull oz,

which is bounded by the first term on the right-hand side of (38). In the following

1 1
we write ajf = E?jm . Consequently, it is enough to prove
_ _1
(39) AP|Sxullpore S Sxull e + [PASxull e + A7 2 [[Sxpel 2,
with the operator
8,5 0 _82
PA fr 0 8t 81

)

—O(edy )+ Ou(edy ) Duledy ) — daledy )

whose coefficients are truncated at frequency A2. If there is no possibility of con-
fusion, the frequency projection of the coefficients will be implicit in the following,
and we write P instead of P*.

3.2.4. Reduction to half-wave equations. We shall consider the two refined regions
{I&o] > [(&1,&2)|} and {|&o| < [(&1,&2)|}. As noticed above, the first region is
away from the characteristic surface. To deal with it, we first apply Theorem 2.1
obtaining

P(x,D _1
175 (52800 ) — ol TSyl £ Al

Suppose that u has frequencies in {|&o| > |(£1,£2)|}. By Theorem 2.1, the same is
true for vy = ThS\u up to an acceptable error A2 [ISxu||z2. For such vy it is easy
to see that

loallzz < [lp(2, vallrz
because
p(z,€) = m(z,&)d(x,&)m ™ (x,€) and  |dii| Z |&] 2 1.
Using also the L2-mapping properties of T and the triangle inequality, we deduce

ISxullzz = lloallzs, S A2 [1Sxullze + A7 P(e, D)Sxull 2.
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Sobolev’s embedding thus yields
A7P||S\ul|pere S )\_”)\%“’HS,\uHLz S ISaullzz + || Pz, D)Sxul| 2.

So (39) is true if the frequencies of u are confined to {|&o| > [(&1,&2)|}-

We turn to the main contribution coming from {|{| < |(€1,&2)|} where the
characteristic surfaces are contained. In the following we assume that the space-
time Fourier transform of u is supported in this region. We first prove

— _1
APNSawllLere S [ISxwlze + [DSxwllz2 + A7 [[Sxpell >
_1
S [1Sxullzz + [DSywllz + A7 2 (|Sxpel L2,

where w = SyN S\u and as above

10y 0 0
D=|0 10— Ds 0
0 0 i0¢ + Dz

The estimates of the second and third component of Syw are a consequence of
Proposition 1.8 to be established in Section 4. Here the charge p. does not enter. For
the first component, as in Subsection 3.3 below one shows that the product alﬁs \

has the symbol i€} s, (£) up to an error bounded by cA™Y2||S\u| 2. Combined with
Theorem 2.1, we deduce

I Tawy — [m ™ (2, &) TaSaulill 2 S A~ [ Sxullre.
By 01u1 + O2us = p. and Theorem 2.1, we find
Ilm ™" (2, &) TaSxul |z,
< Nl Sapelln + ITa( 501 Svs + 35-BuSaua) = i€ Tyas — i€ Tyaal

SATYSapellLe + A7 Saul| 2

Recall that the ultimate estimate for the first term is a consequence of Lemma 2.3
and the previous frequency localization {|¢'| ~ [¢]}.

Hence, using Sobolev’s embedding and the L2-mapping properties of the FBI-
transform, the contribution of Syw; can be estimated by

APlISwnlrze € AFEP|Sywn|zs = N2 | Tawnl g, < [1Sxullze + A~ [Sapelle,
which gives the estimate for w;. So far, we have proved that
AN Sxul| e < [1Sxullze + DSAN Saul 2 + A7 %[|Sxpell 2
For (38), we yet have to show that
(40) AP|SaullLrre S ATPISANSaullLora + [|Saull 2,

(41) IDSAN Sxul|r2 < [|SAMSADSIN Sxul 12 + ||Saul| 12,

and (42) below. We start with the proof of (41). Let @ = DS\N'Syu. We can as
well consider @ = S\DS\NSyu as D and A respect frequency localization up to
negligible errors.

Theorem 2.1 and calculations as in the next subsection yield

T m(z, €)TaSad — Sx\MSaib e < A2 || Said|| 2.
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By the triangle inequality we infer
1832 = | Tim™ (@, T TS m (e, ) TrSai | 12
S I Txm(a, ©)TASxd || 2
S 1SN MSExD g2 + A~ 2| Saib| 2,

where A~2||Syw]|| 2 can be absorbed into the left hand-side for A large enough.
For the proof of (40), we write in a similar way

S\NSyu = Tym ™ (z, €)TaSau + ESyu
with || E|z2—2 < A~ 2. Proposition 2.2 and Sobolev’s embedding then imply
A Syullirze S AAITEm ™ (o, ) TrSaull o
SAPISNSul Lore + AF | ESyul| 2
SATPSAN SaullLera + || Sxul| 2.

3.3. Estimates of the error terms. The purpose of this paragraph is to prove
(42) IMDN'S, , — PS}llzomse 1,

where S _ was introduced at the end of Section 2 and M, D, NV in (32)—(34). We
show the estimate for C'-coefficients ¢ which are Fourier truncated at frequencies
AZ2. This will make the estimate applicable for our proofs of Theorems 1.1 and 1.3.
For the sake of brevity, we write S} for S _ in the following.

Proposition 3.1. Let e € C* and suppose that (5) is satisfied. With the notations
from the previous sections, we find (42) to hold.

Proof. We use Lemma 2.5 to include frequency projections between M, D, and N3
We prove (42) componentwise. In detail we shall analyze (MDA )11, (MDN )13,
and (MDN)3; as the claim follows for the other components by the same means.

Estimate for (MDN)11: Firstly, suppose that £ is time-independent. (Later we
see that the argument extends to time-dependent £.) We shall show

1 - i = 1 -
||D*553(3i(6;% (')@)S’AESS — S\ l2msre SATL
The above display implies |[(MDN)1155 — 8:54||22— 2 S 1. In the proof come up
error terms such that

1. 1 1
||§5§((31€§1%)')515/AKSIA||L2—>L2 Sy
which are straightforward. Thus, it is enough to analyze
1
D:

This we break into three symbols

1 S ee.n ia
(6)7 (EA%é.lfJ X(S))’ ||f||§ )\(5)

—dy
€l

L -1
84(67, 9,0;)85 13- 5.

3Strictly speaking, we should always enlarge the frequency projection a little bit when applying
Lemma 2.5. This is not recorded to lighten the notation.
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We compute the expansion of the first and second symbol

SINGEEDY é(DgYH;H) (£, 66500() + B,

1<|a|<N’

)

with || Ry |22 Sne A~ for some N > 1 depending on N', cf. (25).
Denote the operators in the expansion by E%*. We find from collecting powers

of A\, namely A5 A2 for factors with derivatives in  and A~1~1el for those with
derivatives in &, that

||

1B o s Sa A
Consequently, the error is bounded in L?. Together with D%.Sﬁ\ it allows us to
estimate the L?-operator norm by %, which is acceptable.

The leading-order symbol in (43) is given by ||&||z* ~ij1 &&jax(§). It is homoge-
neous of degree 1. We calculate the composite with 1 S’ Like in the previous

computation, we can estimate the lower-order terms in L2 by + 5- The leading-order
term is given by

”5”25 151530'/\(6) C~l)\(§)

Consequently,
—i%&@i&z%+%ﬁ&wMH%M%m§Y9
Finally, for time—dependent g, we compute as above
S,\at S,\—SAD S\ + 02 (A1),
and in the same venue,

I5: 5' SAGHNL SA SA||L2—>L2 S L

Estimate for (./\/IDN) 13: We have to prove
1
[(MDN),,5% — P13Sill2— 2 = ||—582D,§Sf\ + 3254l pere S 1.

First note that i
||_7D~825;/¢D551\”L2%L2 Sn (v )TN
I

for p < A or u > A because of the estimates
_ 1,5
18, DS\ |22 Snv (v A)™Y  and 15205 llp2 w2 S s
€
see Lemma 2.5. Hence, it is enough to show

The first operator is composed of the two operators with symbols

p(@,§) = ———(i€2)ax(§) and q(x,&) = [[][zax(§).

G\ DzS5 + 9284|122 S 1.

||§||s
We find

(PoQ)(x, D) = Op(—igar(€) + 3.~ Op(Dgp(z,€)054(x,) + Ry

1<]al<NY
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with || Ry |22 Sn A™Y. The operators E< in the sum over a can be bounded
by Collecting powers of A and exploiting homogeneity, where one obtains A~/ from
Dgp and AP from Dg¢q. In total, we find the inequality ||E®||p2p2 S A=
and conclude the L?-boundedness of 215\04 <n £ The proof is complete since

Op(ifaax(€)) = 0254
Estimate for (MDN'),,: Below we show

I[(MDN),, + () ) = 0u(edy )] SAllpere S 1.

First, ((92e11) — (01€12))(+) is bounded in L?. As above the contribution of SLDLESS\
can be neglected for A < p or p < )\ It remains to verify

||_ 611 82 SA +€ aQSAHL2_>L2 < 1

1
since the terms containing €75 can be estimated in the same venue.
The first operator we perceive as composition of the operators associated with
the symbols

el (E), €M (—ia)an(©), ”g—lnéam.

For the composite of the first and second symbol, we find

I CRUA{ENEDY iOP(Dg( HENENE i62)ax(€)) + R

1<]al<NY

with || Ry |22 < AN, The operators E® satisfy

la|—1 3— \a|

A=A"2

| E*|| 2o r2 Sa ATIINTS

The error in L2 — L? is thus bounded by A. Since || - D: SA||L2_,L2 < ., this gives

~

an L?-bounded contribution.
Next, we compute the composite C' of

AL/2

(511 (i€2)[[¢llzax(§)) and D-
g
We find
1/2 1 1
C=¢e}, (2)0,85 + Z ] —Op(D¢ (511 z§2|§\5a>\ (max(f)) + Ry,
1<|a|<N’ €
where |Ry||z2—r2 Snv A™N. The error estimate
> B s S
1<|a| <N’

is routine by now. The proof is complete. O

3.4. Reductions for 9% € L'L>°. As in Subsection 3.2 we carry out the following
steps to reduce Theorem 1.3 to the dyadic estimates
(44) A7PSaullprne S ||Saullpeorz + ||PSxullpz + )f%HS,\peHLz

for A > 1, where the Fourier support of & contained in {|¢| < A'/?} and u essentially
supported in the unit cube and its space-time Fourier transform is supported in

{I€| < (€1, &2)[}- These steps are
e reduction to the case p =1,
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reduction to a cube of size 1 and to large frequencies,
estimate away from the characteristic surface,
reduction to dyadic estimates,

truncating the coefficients at frequency A2,

At this point, we can use the estimate from Section 3.3 to complete the reduction
from Theorem 1.3 to Proposition 1.8.

3.4.1. Reduction to the case p = 1. For this we can follow the argument from [39,
Section 3] closely. We omit the details.

3.4.2. Reduction to a cube of size 1 and to large frequencies. If u =1, then we can
choose T' =1 by rescaling. It is enough to show
(D) ull e 0,1500) S lull ooz + |1 P(2, D)ul|prpe
+ (D) "2 pe ()| 2y + (D)~ Dupellre
because the Hardy-Littlewood-Sobolev and Bernstein’s inequality yield
I1D'172Sgull Lo (0,1:09) S 1Soulleere S llullpoor

for the low frequencies. For high frequencies, inequalites (45) and (13) with 4 =1
are equivalent. We next reduce (45) to the estimate

_ _1
(46) DI~ ullzr(0,2iL9) < llullze + 1P, D)ull Lz + [[(D) ™2 pell 2

Indeed, if one applies this inequality to solutions u of the homogenous problem with
a cut-off in time, one obtains

1D |~ ull oo 120y S Mlallz + (D) ™2 pell 2 S N(0) ]2 ey + (D) ™2 pe (0) | 2y
using also the basic energy estimate. Combined with Duhamel’s formula and
Minkowski’s inequality, this estimate implies (45). Regarding the role of the charge,
we observe that for free solutions (uj,us,us) we have dp. = 0. However, a free
solution emanating from Pu(s) gives charges d;p. by (8). Since we use Duhamel’s
formula in the proof, the additional term ||| D’|~28ype]| 1112 appears.

Inequality (46) respects the finite speed of propagation and, as in Paragraph 3.2.1,
we can decompose u in components supported in cubes of sidelength 1. These
estimates sum up to (46).

3.4.3. Estimate away from the characteristic surface. Next, we argue that it is
enough to prove the stronger estimate

(47) DI ullrre S Nlullzz + [P (2, D)ul| L2 + [[|D]72 pel| L2

Apparently, for u having space-time Fourier transform in the region {|7]| < [¢'|},
(47) implies (46). But for {|¢'| < |7|}, P is an elliptic operator with Lipschitz
coefficients of order 1, which gains one derivative (cf. Paragraph 3.2.4), and (46)
follows from Sobolev’s embedding.

3.4.4. Reduction to a dyadic estimate. We replace (47) by the stronger estimate
_ 1

(48) DI ullzrre S llullpz + [1P(2, D)ullprrz + [1D]72 pel 22

with 1 < r < 2, to use a result from [39]. We now show that (48) follows from

(49)  APlISxullzrra S I1Shullez + [ P(e, D)Sxullrrz + A2 [[Sxpel| 2
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By Littlewood—-Paley theory, here one only has to prove the commutator bound
> WP S\ullfepe S llullze.
Ae2o

We rewrite P in non-divergence form, where the error terms are easily estimated in
L2. Tt thus suffices to prove

>l S\djulltpe S llullZe,

A>1
which is [39, Equ. (3.8)]. At last, similar as in Paragraph 3.4.2 the inequality (49)
is replaced by
(50) ATPS\ullpere S ||Saul|peere + |PSaullpire + A2 1SxpellLe-

3.4.5. Truncating the coefficients at frequencies A2, Finally, the Fourier coefficients
of £ are truncated to the region {|¢] < A/}, For A > 0, let
(51) Uy =3 Sin.
Jj=0
1
We estimate the contribution of U, y1/2645 =: 6%6)‘2
the summand || PSyul|112, we compute

in P, with ¢ < 1. To pass to

1 1 1
Hak(EZ-ZjC/\Z) S)\u)HLle < ||(8k6i2jc>\2 )SAuHLle + ||€1_ch>\2 8kS,\uHL1L2

1 1
5 ||aw€56)\2 ||L1Loo ||S/\UHL°°L2 + )\HE%—CA2 ||L1Loo ||S)\’LL||LO0L2
S 1Saullpee r2
by means of the assumptions on €. Hence, (50) is a consequence of
(52) )\_pHS)\UHLqu < ||S,\UHL<>OL2 + ||P/\S)\u||L1L2 + )\_% 1SxpellLz,

where P* denotes P with Fourier-truncated e, where we often drop the superscript.
By L?-wellposedness, the energy inequality and the estimate away from the char-
acteristic surface, similar as above we see that it is enough to prove

_ _1
APNSaullere S 1Saullpeere + [P Sxullz2 + A7 2| Sxapell 2,

which is (44). As in the second part of Paragraph 3.2.4 and using Proposition 3.1,
we can now reduce Theorem 1.3 to (19) as stated in Proposition 1.8.

4. PROOF OF THE HALF-WAVE ESTIMATE

This section is devoted to the proof of Proposition 1.8. We follow the strategy
of [38, 39] to establish the estimates

(53) AP\ Svull e S 1ISxullzz + [|Q(z, D)Sxul Lz,
(54) A PSxullprra S [1Saullpeerz + |Q(x, D)Sxul| L2,
where

Q(z,D) = Op(q(z,9)), q(x,&) =& — (67, &¢,)"°.

1
A2
Furthermore, as pointed out in the previous section, we can suppose that u has
space-time Fourier transform in {|&| < |(£1,&2)]} and is essentially supported in
the unit cube. For estimate (53), we suppose that ||0%€||p~ < 1 and for (54) we
suppose that [|02&| p1p~ < 1. We start with the proof of (53).
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4.1. Proof for C?-coefficients.

4.1.1. Reduction to a neighborhood of the characteristic surface. Let vy = T)S\u.
The map v, is concentrated in the region

U={lz[<2, - <[¢{[<4}

=

More precisely, we find
(55) loallLz ey S €™M Saull 2,

see [38, p. 397]. Hence, it suffices to obtain estimates for vy in U.
For such vy, Theorem 2.1 with s = 2 yields

(56) o €Ly, (A\g+2(99)(0 —irE))ux € L
(57) ATV —Mux € Ly, ATV — M) (A + 2(9) (9 — iA))vx € L,
cf. [38, Eq. (23), (24)] and (21). In the above display f € L2 means that f is
uniformly bounded in A in terms of the right-hand side of (53).
We take the second estimate from (56) and the first from (57) to infer
AZquy € L3,

using that i(0; — A§) = 9 — ¢A¢ by holomorphy. Consequently, we can suppose
that vy is supported in a small neighbourhood of K = {¢ = 0}. Away from the
characteristic set, the gain of Az s enough to conclude the reduced estimate by
Sobolev’s embedding.

As observed in [38], we can replace ¢ by a Cl-multiple of it using the bound

q(0 —iX)vy € L3,
see [38, Eq. (26)]. It is precisely this computation by which in [38] a wave symbol
like p(z,£) = &2 — €¥(x)&;€; can be replaced by one of the form
q(x,'f) = 50 - t(x,f’),
where t is 1-homogeneous in &’. This achieved by factorizing p into the symbols of
two half-wave equations and considering separated neighborhoods of K NU. In the
present context we can thus adopt the arguments and use several results from [38].
For the sake of completeness, we sketch this reasoning in the following. Since vy

is holomorphic, estimate (56) yields that

[i(q20¢ — ge0s) + Mg — i€ - qu — € - ge)]on € L,

(20 + qe0c) + Mg — € - g¢ —i§ - qu)Jur € L.
see [38, p. 398]. For w = ®'/%v) we deduce

(58) [(420¢ — 40s) — iMg — & - qe)lw € L?
(59) (0205 + qe0e) + Mg — i€ - go]w € L.
The first equation is an ODE along the Hamiltonian flow, which is used to derive

estimates on the cone; the second equation is an ODE along the gradient curves,
which is needed to obtain estimates away from the cone.
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4.1.2. Estimates on the cone. The first bounds in (56) and (57) translate to w as
weL? A zdwe L2
The trace theorem then implies
A iw e LXK NU).
Starting from (57), we also find

A2 0¢](420¢ — qe0s) — iN(q — e - ©)]w € L2,

Note that the scalar function ¢ — g¢ - £ vanishes for 1-homogeneous ¢. Again by the
trace theorem we obtain

A" THyw := A7 (g0 — qedy)w € L2 (K N U)

Only these L? estimates for w and H,w are used later on, cf. [38, Eq. (30), (31)].

4.1.3. Estimates away from the cone. To simplify the analysis, we replace ¢ by the
distance function r to K which solves the eikonal equation

|Veer|=1, r=0 in K.

r is a C'-function, which yields a C!-diffeomorphism K NU x (—¢,¢) — U, where
U is a neighborhood of K NU. It is the inverse of

Vi ,q4(2o, o)
[V eq(wo, o)l
which is a local diffeomorphism from K NU x [—¢, €] onto a neighborhood of K, see
[38, Eq. (32)].
As seen on p. 400 of [38], the quotient r/q is Lipschitz so that we can replace ¢

by r in (59). We introduce C2-coordinates on K NU, denoted by ¢. Hence ((,r)
are new coordinates in U near K. In these coordinates, equation (59) becomes

Jw = [0 + Ar — irg(Q)(&(C) +rre(Q)))]w = f € L%

Here we consider &, z, r, and 7¢ as functions of ¢ € KNU, which is partly suppressed
below. We split this into the homogeneous and inhomogeneous problems

(‘TO’&J’T) - (I,f) = (Io,fg) +r

Jwy = f € L?, w; =0 on K,
Jwy == f € L2, wy =w on K,

cf. [38, Eq. (34), (35)]. In [38, Eq. (36)] it was shown that

1
Az w2 SIS Nlze,

and hence wy € L2.

Below we use the transformation dzdé = h(r, ¢)drd(, where h is strictly positive,
h(0,{) = 1 and d¢ denotes the Lebesgue measure on K N U. The function wy =
(1— %)wg solves Jwy = (&%)wg € L? and @y = 0 on K. Hence, Wy can be
estimated as w;. Corresponding to w = (w; + w9) + %’LU27 we split Syu = w1 + uo;
ie,us =T% (B2 Fws). The above estimate yields [|u1]/z2 = O(A~!/2), and thus the
claim for uy follows from Sobolev’s embedding. Passing to %u@ normalizes h in the
following computations.
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4.1.4. Reduction to oscillatory integral estimates. It remains to analyze us. Using
the ODE for ws, we can write

ua(y) = Cn)\3<"4+1)/e_%(y_$_”r_i(§+”5))2€_%(5"_”5)26_%TQei/\(TT“”5+%T2T”5)w(C)d’rdC

1

= AT [ b O,
K

see [38, Eq. (38)], where

[(ra +ire) - (y — )]
rg +2r2 +ir, e

wely —x) = (y — z)? — a(C) = c(rg +2r2 4+ irwrg)_l/Z.

As noted on p. 402 of [38], the coefficients of the quadratic form w are continuous
in z and smooth in ¢, and we have Rw > 0.
Because of Paragraph 4.1.2, it suffices to show

(60) IVawllzoza S ATV (lwll 2 ) + [ Hgwl 22 x0))
for all w supported in K NU, where
3(n+1)

Viw=A"1 / 6“‘5(3’_”)6_%“’C(y_x)Zw(C)dC.
K

The oscillatory integral estimate (60) is proved in Theorem 6 of [38] for symbols ¢
which are 1-homogeneous in £ and have the form

(61) q(axﬁ) =& — t(l’,f/)

using C'-equivalence, which is precisely the present concern (see (63)). We state
this theorem. It involves the Hamilton flow (x¢,&;) for ¢ starting at (z,£), i.e.,

6t$t - qa?('rtvé.t)a 33(0) =z,
8i&gt = q{(ztaft% 6(0) = 5

Proposition 4.1. Let V) as above and b(x,&) be a smooth compactly supported
function, which vanishes near the origin and is 1 in {1/4 < |£| < 4}. Let L denote
the pseudo-differential operator along the Hamilton flow given by

’ bl d .
Lw(x £ ) / (& w(xt ét) t
(()ne has L - (Hq + 1) .) Then,

[Vab(x, €)L|| 2 sy ora S APTH2.

~

(62)

We will not revisit in detail the technical complex interpolation argument from
[38, p. 402-408], which is in fact carried out for phase functions as in (61). The
final ingredient to finish the proof is to estimate the kernel H? of the operator

Zt = V,\th(Sq(N):OaVA*,

where F* denotes the translation by ¢ along the Hamilton flow. Such kernel bounds
are provided by Theorem 7 of [38] which we recall here.

Proposition 4.2. The kernels H' satisfy

n—1

|H (y,§)| S v e MIo—s0=0%(1 4 Ny — g|)~ 7.

To derive this result, the Hamilton flow has to be analyzed.
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4.1.5. The regularity of the Hamilton flow. We revisit the proof of the regularity of
the Hamilton flow. We note that the Fourier truncation yields

- o] —
1028 < cad T

la > 2.
A word of clarification regarding the following estimates: Seemingly, the half wave

symbol
(63) q(z,€) = & — (87, (x)&&)"?

1
A2
is less regular than the wave symbol

p(z,€) = & — &7, (2)&¢;.

1
A2
For the following estimates, however, it suffices to estimate the Hamilton flow in a
small neighborhood N of K NU for times ¢ € [0,1]. In this region we have |¢/| ~ 1
and |§o| S 1. It follows that in this range of (§y,{’) the Hamilton flow for H, satisfies
the same estimates as for H,. This is again reflected through the C'-equivalence of
p and ¢. In fact,

| Hpwl|L2(xnvy = [[Hyw|| 2 (kv -
We record Lemmas 9 and 10 of [38] that estimate the flow and give an expansion.

Lemma 4.3. In N, the Hamilton flow generated by q from (63) satisfies
02| < cat(1+ VA1 ol > 1,
086] < ca(l+ VNI o] > 1.
Lemma 4.4. For the Hamilton flow in N we have the representation
vy =z +tge +t2g(t, 2, €),
& =+ th(t,,§),
where g and h are bounded by
08 h(t,2, )], 108 9(t, 2, 6)] < ca(l+ VN1 ol > 1.

By the above, the kernel estimate in Proposition 4.2 can be shown by (non)-
stationary phase arguments. For the details we refer to [38, p. 412-415]. This
finishes the proof of (53) and thus of Theorem 1.1.

4.2. Proof for L'L>® - coefficients. Next, we show that the estimates remain
true if the assumption ¢ € C? is replaced by 0%2c € L'L>*. We start with error
estimates for conjugating with the FBI transform taken from Theorem 2.3 of [39].

Theorem 4.5. Let A > 1 and 8% € L'L>. Set a(z,§) = (é?l/Q(x)Eifj)lms)\(f).
Then, we find the following estimates to hold:
@2 Ry allpoor2srz S AT3/4,

”(I)l/QR)\,a||L°°L2HL;0L2,E,(K) SATIA

(On K one uses its surface measure d¢.) We turn to the proof of (54) with the
notation given there. We again use the FBI transform and write
w= @1/2T)\S>\u, Shu = T;\*I)l/zw.

As in the previous subsection, w is essentially supported in U, see (55). Recalling
(21) and (22), we have

(Mg +2(8¢)(8 — ixe))d 2w = &71/2g
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with

qg= @1/2()\R,\)QSAU + T)\Q(JJ, D)S)\u)
The error estimates from Theorem 4.5 allow us to bound g in terms of the right-hand
side of (54). This is stated in the next result which is Lemma 3.1 of [39].

Lemma 4.6. With the above notation we have
lgllze S A4 Sxullpre +1Q

||9|K||L}EOL2,€, S )‘1/4||SAU||L°°L2 +1Q

x

(.13, D)Sku”[ﬁa

(x, D)S)\’LLHLz.

4.2.1. Gradient and Hamilton flow equations. Asin (58) and (59), we find the equa-
tions

(64) [(20¢ — qe0x) —iAN(q — & - q¢)]w = —ig,
(65) [(qe0x + qe0c) + Mg — i€ - q)]w = g,

see [39, Eq. (3.15), (3.16)]. Again, the first equation is an ODE along the Hamilton
flow of ¢, while the second is an ODE along the gradient curves of g. Moreover, (64)
is used to derive estimates on the cone K, and (65) off the cone. The L' L>°-bound
on d2¢ is needed for the analysis of the Hamilton flow. We first sketch the estimate
away from K, which works for Lipschitz coefficients.

Taking the inner product with gw of (65) and integrating by parts, we obtain

1
Mlgull3 = 5 {((IVa* + ¢Ag)w, w) + R{qu, g).
The boundedness of U and Vq and the inequality |Aq| < A'/2 yield

A2 qullz S llwll2 + A7 g]l2

Away from the cone, i.e., |g| > ¢, this inequality gains half of a derivative allowing
us to prove Strichartz estimates by Sobolev’s embedding as before. In the following
we thus suppose that w and g are supported in a neighborhood N of K N U.

4.2.2. Gradient flow decomposition. We use the gradient flow equation to decom-
pose w into two parts,
w = w1 + wa,
where w; solves the inhomogeneous and the homogenous equations
(66) (420 + qe0¢) + Mg — g, - §)Jwr = —ig, wi|gx =0,
(67) (0202 + 4e0¢) + Mg — ige - w2 =0,  wa|x =w.
We split Syu correspondingly, i.e.,
u; = T ?b(x, §)w;,

where b is a smooth cut-off for N. The estimate for wy follows as on p. 431 of [39].

To estimate ws, we have to analyze the regularity of the gradient flow. Let (x, &)
be initial data on K NU = {g =0} NU. The flow (x4,&) is given by (62). Due to

the support of w, it is enough to analyze the regularity of the gradient flow in U.
Here we have the same estimates as in Theorem 3.2 in [39].

Theorem 4.7. For q(xz,£) given by (61), the following estimates hold on U :
\6§6§xt| < cayﬁ)\la‘;lec‘”ﬁﬁ“', la| + 18] > 0,

laj=1
0202 (& — )] < caph 7 e wp VAl
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The proof from [39] for the symbol p works also for ¢ since in U the derivatives
of ¢ and p satisfy the same bounds.

4.2.3. Reduction to oscillatory integral estimate. In the next result uy is expressed
in terms of trace of w on the cone.

Proposition 4.8. Assume q is of the form (61). Then, we have
Ug = Ail/szw‘K,

where V) is the integral operator

3(n+1)

Vaiw=\" 3 / M@ Gz, y, Ewdade
K

with G satisfying
la]
090£ G,y §)] < caph ¥ e NV,

The proof of the corresponding Theorem 3.3 in [39] is based on the estimates
from the previous lemma. Hence, the argument can be transfered to the half-wave
symbol, as long as the estimates for the gradient flow apply. This is guaranteed by
the support condition of ws. The estimate for us is thus reduced to the oscillatory
integral bound

Vawllzoe < 34 Hywll s 2, o)

~

for w supported in K NU.
Such an estimate is proved in Theorem 3.4 of [39]. The analysis from [39] applies
due to the Lipschitz equivalence of p and ¢ on U. We record this result.

Theorem 4.9. Let a(x,£) be a smooth compactly supported function, which is 0
near § =0 and 1 in {1/4 < || <4, || < 4}. Then,

IVaa(z, )L 2(knfzo=op)—srrrs S AT,

where L is the transport operator along the Hamilton flow given by

wmwﬂz{Q if 20 < 0,

w(xe, &), if w0 = 0,20 > 0.

The above estimate is a consequence of the regularity of the Hamilton flow. As
proved in [39, p. 434-436], the estimates for C? coefficients stated in Lemma 4.3
and 4.4 remain valid. As pointed out above, these estimates are a consequence
of estimates for the derivatives, which are equivalent for the wave and half-wave
symbol in a suitable neighbourhood of the cone away from the origin. This finishes
the proof of (54) and thus of Theorem 1.3.

5. ESTIMATES FOR LESS REGULAR COEFFICIENTS

In this section we first prove the weaker estimates stated in Theorems 1.2 and 1.4
for € without a second derivative. Since the results are clear for s = 0 by Sobolov’s
embedding, we assume that s € (0,2).

Proof of Theorem 1.2. We follow the argument from [38]. By rescaling we can as-
sume that [e||s < 1 and g = 1. Note this transfers to &, up to a constant.
As in Paragraph 3.2.1, the low frequencies are estimated by Sobolev’s embedding.
Here we need that [|0(€;;S0u) || -+ < ||u|| L2, which is true since 1 — o < s. Hence
we will suppose that the Fourier transform of w vanishes near the origin. We can
then localize u to a cube of sidelength 1. Indeed, take a smooth partition of unity
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(Xj)jezs, localizing to cubes with sidelength 1. Compared to Paragraph 3.2.1, the
inequality

_1_a
S (xgull?s + 1Pz, DY )3 -« + (D)) 2% pj22)

J
1

S lullZs + 1Pz, Dyullf - + (D)% pe|7

needs a bit more care. The estimate for the first term is clear. The summands in
the second look like

Oi(erx;ju) = x;0i(erw) + (05 x;)eru.

Here the second term on the right-hand side can be estimated in L?. For the first
one we note that

S xiolld-e < loll3--
J

follows by duality and interpolation from || Y XU H%k
The third term can be estimated as previously.
We next claim that (12) is a consequence of the dyadic estimate

S 32 luglly;e for k € {0,1}.

~

(68)  ATPATE|[Swullers S [[Saullre + | PASyull -0 + A2 F|[Sypel z2,

where P? is the operator P after Fourier-truncation of gij at v = A7+ . To recover
(12) from the above display, it suffices to establish

> I(PASx = SaPyully o < llull7e-
Ae2MNo

Observe that also the frequencies of P*S\u are localized to )\, since the coefficients
are truncated at v < \. Taking out 0, we thus have to show

_ <
>N (e Sy — Saeig)ulla S llull3s-
Ae2No

which follows from

< 11—
e, Salvll S ATl e,

_ >
D NS EG V)T S Il
Ae2No
for some § > 0. These estimates can be proved as on p. 417 of [38] using 1 — o < s.
Finally, since the frequencies of P*Syu are located at ), inequality (68) becomes
— o _ga 1
AP|Sxullpera S AF[[Sxullzz +A7F[PASyullp2 4+ A7 7 [[Sxpel 2
This is a special case of (11) with p := A\?/2. Because the Fourier transform of the
coefficients Eisj” of P* are supported in {|¢| < v = )\ﬁ}, we find

- B y
10762, Nl S 11075 Il S V2 lleijlles S A% [l]l¢e S A%

~ ~

(Note that (éi<jy) = (65’-1/)_1 enters the statement of Theorem 1.1 for P*.) There-

fore, Theorem 1.1 with p = A?/? yields (68), and Theorem 1.2 is proven. |

Next, we turn to the proof of Theorem 1.4.
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Proof of Theorem 1.4. To show Theorem 1.4, we note that the proof of Theorem
1.3 yields moreover the estimate

— 1 1
DI ull o o,riLay S pollullpoe 2 4 7" || P(2, D)ul| 1 z2
1 — —
T2 (Y AT HISwPellFoe 2 + D0 AT S38epell 7 r)

A>1 A>1

Nl=

By rescaling we can suppose that 7 =1 and [|e[|3. < p?T*. We have to transfer
the condition on ¢ to €. For this we characterize X'® by differences as for usual Besov
spaces, cf. Theorems 2.36 and 2.37 of [2]. Then one can proceed as for e € C*. After
reducing the claim to dyadic estimate and truncating the coefficients at frequency
/ﬁ)\ﬂ%, we will infer the estimates from Theorem 1.3.

We start with a first frequency localization. The low frequencies A < max{1, ,u_%}
are estimated by Sobolev’s embedding as above. For A > max{1, ,u_%}, we truncate
eij at frequencies A/16 and let P* denote P with these coefficients &;. We claim
that it suffices to prove the dyadic estimates

el _ 1
(69) NPT NISNul pore S i (Sl pee o + AT ([P Sy e
_1l_ga _1l_go
+ AT [ShpellLoere + AT ([SAOkpe | 1 L2
Indeed, this inequality implies (14) provided that
DI~ (SxP — PXSx)ullfi g2 S 02l Sxullfee -
holds. Factoring out the derivatives, we thus have to show

(70) 1(Sxeis — ety Sa)ulltipe S PN VISxu]F 1.

Because u is compactly supported in time, it suffices to take compactly supported
€;5. Then, we know that

.
leijliine ST, legllas Spe

(using also the boundedness of ¢;;), which gives
I1Sxejll Lz S min(ps A%, 1).

As1—0=2s/(2+ s), we infer

leisllprr = > A7 ISaesjll iz

A
245
S, Z )\1*0 + Z /\lfcr‘ukas S L.
A§H2;;s )\2;1,2;;5

At this point, (70) follows from inequality (4.4) of [39].
2
Next, we further restrict the Fourier support of s?j to /ﬁ/\ﬁ. This is possible
since we can control the error in the second term in (69) by means of

1,7k ex)Sullpire S M'Uu%/\?is EijllLrpoe || Sxullpeor2

1. _2 \—
SA(p2 A7) 77| 2
< pA?||Saul| Lo e,

102 (U
m

SAUHL&LQ
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where the ultimate inequality follows from the A*-bound for ¢ and U, was defined
in (51). To apply Theorem 1.3, we also note that

2—s  2(2—s)
”83(55“%>\2155?j)“[*%°° ST AT lggllae S (’u)\o)z7
where pA\° > 1. Now, (69) is a consequence of Theorem 1.3. 0

Finally, we discuss how the inhomogeneous estimates given in Theorem 1.5 can
be deduced from Theorem 1.1 and the analysis in [38].

Proof of Theorem 1.5. By rescaling it is enough to consider the case
p=1,  [0ele < 1.

Then we can modify the arguments in the proof of Theorem 1.1 to reduce the desired
inequality to v with support in a cube of size 1, to localize it to a dyadic estimate at
frequency A = 1 and for the region {|&] < |¢’|}, and to truncate the coeflicients at
frequency Az. Since the diagonalization P = MDN essentially respects frequency
localization and LP-properties, we finally reduce to the inequality

— r3 rs _1
(71)  APUSwullzere S ISxullzz + 1 llze + NI Lo o + A7 2 (1Sxpell e,

where D(z, D)S)\u = ff‘ + f~2/\ The degenerate component of D is handled as in
Paragraph 3.2.4. We sketch the reduction to the above display. Using Proposi-
tion 3.1, we can write up to error terms of order Op2(A~N):*

PSy = MDNS, + E\

with ||Ex||2_z2 < 1. Let v denote the original function and SN Syv = Syu. We
let MS\DSANS\v = f + f2 + ¢* with ||g* 22 < [|Sav|| g2 This requires

M= +gt M= ]
Multiplication with A gives (cf. Proposition 2.4)
R+ER =N +Ng*,  Jo +Efs = Nf3,
where we have
IEMzemze SATY and (B3|l pw o o per S AT

by Lemma 2.3. Hence, the equations for ff‘ and fg)‘ can be solved in L? and L”'Lq'7
respectively, by the Neumann series, yielding the estimates

1A e S 1M ze + 1Sxvllees 12 N o S 1F3 Lo o
We abbreviate f; = f} in the following.
As before, let

vy =TS, ©=2,3, and q(z,§) =& — (5:2 (Tf)ﬁiﬁj)l/2~

An application of Theorem 2.1 shows that (cf. [38, p. 418])
vy € L, (A +2(99)(0 — iX)Jox — Ta fa € L.
Now set

w = <I>1/2f0>\, g= <I>1/2T>\f2.

we suppress frequency localization and slightly enlarged variants between the pseudo-
differential operators to lighten the notation.
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The properties of the ODE along the Hamilton flow yield
AN Vi e IHKNU), A Y4Huw-g)e LX(KNU).

As above, we use the ODE along the gradient flow of ¢ to decompose w = w; + wa,
where

(020 + qe02) + Mg — & - qe)lwr = f,  wi|, =0,

[(¢20z + qed¢) + Mg — i€ - gz]wa =0, w2|K = w.
The function ws can further be decomposed into “good” and “bad” parts,

wy = w§ + wh,
whose traces on the cone K N U satisfy
)\71/4qu§ el? qug =g.

The map wj can be treated as wy in Paragraph 4.1.4. In a similar way w$ can
be controlled by g, and thus fs, as indicated on p. 419 of [38]. Analogously, we
decompose wy as

wy = wd +w?,
and solve
(q0z + qeOe + Mg — igqe - £))w] € L?, w‘f|K =0,

respectively,

(420 + 40 + Mg —ige - E))ut =g, wi| =0.

Again, w{ can be treated as in Paragraph 4.1.4. For the estimate of w® we refer

to [38, pp. 419-422]. The argument applies due to the Lipschitz equivalence of
wave and half-wave symbol in the phase space region of interest, which was already
discussed above. 0

We next point out how homogeneous Strichartz estimates yield inhomogeneous
Strichartz estimates. For this we invoke the following consequence of the Christ—
Kiselev lemma (cf. [6]).

Lemma 5.1 ([11, Lemma 8.1]). Let X and Y be Banach spaces and for all s,t € R
let K(s,t) : X =Y be an operator-valued kernel from X to Y. Suppose we have
the estimate

I [ K08 6) sl e < Alflarie.x)
for some A >0 and 1 <p<q<oo, and f € LP(R; X). Then, we have

[ K(s,t)f(s)ds| Lo, y) < CpgAlf | Lr®,x)-

s<t

We are ready for the proof of Corollary 1.6.

Proof of Corollary 1.6. By well-posedness in L? for C''-coefficients, let (U(t, 5))s.ser
denote the propagator of P in L2. U(t, s)ug denotes the solution at time ¢ to

Pu =0,
u(s) = ug € L.
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We let Pu(t) = (0:13x3 — A(t))u(t) so that A(t) denotes the time-dependent gen-
erator. The full solution is given by Duhamel’s formula

u(t) = U(t, 0)uo + /0 U, 5)f(s)ds.

Let 7 : L? — LP([0,T),L%), Tf = (D')"P~2U(t,0)f. The estimates from
Theorem 1.2 applied to homogeneous solutions for ¢ € C*, 1 < s < 2, yield
[T wollze 0,150y Sp U, 0)uolle Syjieyi g [[w(0)]] 2
Indeed, the full derivatives can be replaced by the purely spatial derivatives as a
consequence of microlocal estimates since the coefficients of P belong to C', and

the energy estimate holds true because ||0z¢||pip= <1 |lellcr. We aim to estimate
the Duhamel term

led

(Dy-r~% /0 Ut ) f(s)ds = (D'y~"=3U(t,0) /0 U(0, 5) f(s)ds.

By invoking Lemma 5.1, it suffices to estimate

T
(72) ||<D'>*"*%U(t,0)/O U(0,5)f(s)ds|ors S I(D")*E fl o par-

To prove boundedness of (72), we use the 7T *-argument with duality with re-
spect to L?. Note that

T*F:/O U(s,0)*((D")~P~% f(s))ds.

Hence, to derive estimates for fOT U(0,s)f(s)ds, it suffices to show

I{D")P=3U(0,4)*gll oo, r509) S NgllL2(re)-

Since L2-duality respects divergence-free vector fields, (uy,us) is divergence-free,
and so is (f1, f2), we can suppose that (g1, g2) is divergence-free.
We compute the time-dependent generator for U(0,¢)* by

O (U(0,t)" u, v) = 0¢{u, U(0, t)v) = (u, —U(0,t) A(t)v) = —(A(t)*U(0,t)*u,v)
in the general case ¢ = (Eij)iyjzlg. We thus find for the full operator
-0 0 1109 — 1201
P =| 0 -0 —e220 +e1202| =-P'+F
0 —O4 —0
with |E||r2r2 S 1 for Lipschitz coefficients. Hence, it suffices to prove estimates

for Pt. These are a consequence of the proof of Theorem 1.2. The only difference
happens in the diagonalization: Transposing (29)-(31) yields

(m_l)t(xvg)d(xvg)mt(xvg) = pt(xvg)'

Note
—&ean(z) + EGera(z) Erern(z) — EGenn(z) 0O
mt($7£) = fg _ff 1],
-& & 1

and analogously for the operators in (32)—(34). The estimate for P! corresponding
of Theorem 1.2 is

55— _1_go
KDY P~ 2 ullpors St lullze + [P ullpz + (1D 7272 pf| 2

with pf = V- (671a), @ = (u1,u2), and the adjugate -1 = ¢ - det(e 1) of e~ 1.
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Consequently, for U(0,t)*uo we find

(D)7~ 5U(0, ) uol| prra S 1U(0, ) uoll 2 + |[(P* — E)U(0, ) uo| 2
H[D|727EV - (ETU(0,8) uo) | 12

< luollzz + 11D 727 pt| 2,

which follows from the energy estimate in L2. For low frequencies, the energy
estimate also allow to dominate the second term in the last line by the first. For
high frequencies, we can take advantage that @ is divergence free, that p*(t) =
V - (67 p), and that ¢ is isotropic. It follows

_1l_ga a1~
185, (1D 17272V - € @)l e2 Sjefgn u(0)] L2

We have proved for divergence-free (f1, f2) that

t
||<D/>7p7§/0 Ult,s)f(s)ds| oo, rinay S KDY= fll o 0. paty

where (p, p, q,2), (p,D, G, 2) are Strichartz pairs. Note that the case p = p = 2 cannot
be covered by Lemma 5.1, but p = 2 is not wave-admissible in two dimensions
anyway. We finish the proof by Duhamel’s formula and the triangle inequality. O

In the following we derive Strichartz estimates only with spatial derivatives for
|0z€ll L2 < 1. This will become useful in the quasilinear case where we shall con-
trol ||Varul|page and have ||0.(e(u))| L2 Sjulpee Vartllr2re St Varullpape.
Also note that

0zell L2 S llel 2

by Sobolev’s embedding for s > % Actually, this condition is only needed in
our proof of the microlocal estimate, for which we use the following commutator
estimate for the FBI transform, also due to Tataru [37]. Let X = L2L* and

X'={ueX:0,ue X}

Theorem 5.2 ([37, Theorem 2]). Assume that a € X*C. Then,

[N

[Rxallerzsrz = ITaAx — aT)||poor2 s r2 Snanxlccoo AT

We can now show Corollary 1.7.

Proof of Corollary 1.7. Let S&7 denote the smooth frequency localization to re-
gions {|¢] ~ A A || < A}. In the following we derive a favorable estimate of
||<D’>_p_%S§<TuHLqu for A > 1, (p,p,q,2) a Strichartz pair, and p # co. As
symbol at unit frequencies we consider

o 0 —&2
0 o & ] s0(§)
—e11(x)ée +ea1(x)&1 e22(2)é1 —e2(x)éa &

p(xaf) =1

with sg € C2°(B(0,2)), so =1 for 1 ~ || ~ |&] > |¢'] such that ST = so(£/N).
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By Holder’s inequality and Sobolev embedding, we find
(D" "~ STl pora S APTFSE Ul
= A5 Tsp (@, )T Tp(, €)Th S5 2
SN F |p(@, ) TASE T ull 2
SATF | Rapllpe poms 2 1S5 e g2

o

12 T T
+)\ 2 p (||P($,D)S§< UHLZ + ||815||L2Loo||5§< ’LLHLooLz).

Since [|Rxpllzer2 502 Sjosell 2,00 A~2 by Theorem 5.2, the first term is acceptable.
The third term comes from recovering divergence form and is clearly admissible.
Also note that we omitted an error term from localizing 75 S5 7w to {|§] ~ 1, €] <
1} as this gains arbitrarily many derivatives. We turn to the second term. For this
purpose let P*(x, D) denote P with coefficients frequency truncated at A\. The
coefficients of P* have Lipschitz norm < Az. Note that

1P(2, D)SxTul 2 < [P (2, D)S5Tull 2 + || PR (@, D)SK Tl 2
S 1P, D)SSETull L2 + [|0we | p2 oo [lul| oo -
Moreover, a kernel estimate yields
IPASSETull 2 < 1S57 P ull 2 + | [PA, S5 Tull 2
SIS Pl e + A% ful| 2
SIS Pullzz + 1S5 PR ul| 2 + A% Ju .
For the first term we use Bernstein’s inequality in time
IS Pullz2 S A2 (S5 Pul| a2

and note that it is still summable in A due to the additional factor A\~ 7 and since
we only want to estimate [|(D')"“ul[Lrrs for a > p+ 2 in Corollary 1.7. Likewise,
the third term can be summed. For the second term we note

IS5 PR 12 < (|0 p2 poe [l oo -

This handles the part with spatial frequencies much smaller than temporal ones.
For the dyadic frequency blocks {|7| ~ [¢'| ~ A} we can use Theorem 1.4 with
P* to recover the dyadic estimate (69):

N E S ulirn S ISaullie s + AP Sy Sull e
FATETE S 0e(O) 2 + AT F 1S4 Dupel 112
S lull o + A7 IS3Pull 11y
+ATITE IS4 pe (02 + A S50l o

We used the same commutator considerations as in the proof of Theorem 1.4 and
the fundamental theorem of calculus together with Minkowski’s inequality. By the
energy estimate, we conclude for a > p + %

IKD") ™ ull o o,7520) S lluoll 2 + [[Pull i 22

1_o

_1l_a _1
+ D)2 pe(0)l 2 + (D) "2 " P Oppell a2,
and the proof is complete. O
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6. LOCAL WELL-POSEDNESS FOR A 2D QUASILINEAR MAXWELL SYSTEM

This section is devoted to the proof of Theorem 1.9. Recall that the system under
consideration is given by
8tu1 = 82U3, U(O) =Ug € HS(RQ;R)S,
(73) Oiug = —0Oqus, O1uy + Ooug = 0,
Opuz = Da(e M (w)ur) — A1 (e~ (w)uz),
where e 71 (u) = ¥(|u1|*+ |uz|?) and 1 : R>g — Rxq is smooth, monotone increasing
and satisfies ¢¥(0) = 1. We denote @ = (u1,usg).

Without using dispersive properties, energy methods yield local well-posedness
in H*(R?) for s > 2. To improve on this by Strichartz estimates, we follow the
arguments from Ifrim-Tataru [14]. Let A = supgcp< ||u(t')|r= and B(t) =
IVaru(t)|re. In the following we take local existence of smooth solutions for
granted, which follows by classical arguments, e.g., parabolic regularization. We
focus on proving estimates in rough norms. The argument consists of three steps:

1) We derive energy estimates
(74) B (u(t)) < o PO B2 (u(0)),

for smooth solutions u, where E*(u) ~4 |u||gs and s > 0.
2) We show L?-Lipschitz bounds for differences of solutions v = u! — u?

(75) lo(®)l7e S e s BE v (0)] .,
where u! and u? solve (73) and

A= sup [[u'()|lp + sup [[u*(¥)| Lo,
0<t/ <t Tt ’

B(t) = ||Varu' (t)llzes + [Voru? ()] zss-

3) We conclude the proof of Theorem 1.9, using frequency envelopes. These
were introduced by Tao in the context of wave maps [36] and turned out as
very useful to treat quasilinear evolution equations.

We start with energy estimates.

Proposition 6.1. Let s > 0. Then, we find (74) to hold. Let s > 11/6. For
ug € H®, there is a time T = T (||uo|| =) such that T is lower semicontinuous and

sup u()|[ = < lluollae-
t€[0,T)

Proof. We consider energy norms

lullZe = (D) u, C(u){D")*u) = |[ullf-,
where we define the smooth map C' in (78) below. We rewrite (73) as
(76) ou = A (u)0;u,

with the coefficient matrices

0 0 0
Al (u) = 0 0 -1,
=2¢'(|a[*)uiue  —2¢'([af*)us —P([al*) 0
0 0 1
A% (u) = 0 0 0
20" ([al*)ut +(1al?)  2¢'(|[al*)uue 0
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For the time derivative we find
(77) = e = (D) (A (w)dju), C(w){D")*u) + ((D')*u, C(u)(D')* (A’ (u)d;u))
+ (D), O (u) (Opu)(D') "),
at time ¢, which is suppressed. Because of (76), the last term is estimated by
[(D")*u, C(u)(9u)(D')*u)| < c(A)Bllull3-.
The first term in (77) can be expressed as
(D) (A (w)du), C(u) (D))
= (A (w)((D")*05u) + ({(D')* A (u) — A’ (u)(D")*)d;u, C(u){D')*u)
= (A’ (w)((D")*0ju), C(u)(D")*u) + I1.
Paraproduct/Moser estimates yield
IT < [|[({D")* A (u) = A7 (u)(D")*)dull 2 | C(w){D") ull L2 Sa BllullF-.
Integrating by parts, the other summand becomes
(A (u)(D")*dju, C(u){D") u) 2
= —{(D')*u, 9;(A; (u)*C(u)(D')*u)) 12
= —{(D")u, A7 (u)"C(u)(D')*dju) 2 + Oa(Bllul 7).

The second summand in (77) can be treated analogously. We seek to cancel the
highest-order terms. This gives the condition

Al (u)*C(u) = C(u)* A (u).
Solving the system of equations and setting Cs3 = 1, we find
w + 27#/ . u% le s UTUQ 0

(u

(78) Clu)=| 2¢'-wus +2¢'-u3 0
0 0 1
We thus conclude J
e e Sa B()|Ju()]|%e,

and Grgnwall’s lemma implies (74). To check that

2
Es>

lullrs ~a [lul

it is enough to show that C' is uniformly elliptic. This follows from Young’s inequal-
ity in the computation

<<§1> <¢+2¢/'U% 20" - ugus ) <§1>>

&)\ 20 uue Y+ 29wl ) \&
> (20 D) — 4w (58 L (g oy g
=y ¢f

The second claim of the proposition is a consequence of Sobolev’s embedding for
s > 2 . To improve on this, we use Strichartz estimates and show

(79) IVaerullpao,rny S [luoll s

for s > 11/6. To bootstrap, we require that ||V u|[rso,m,;r) < K for a fixed
number K > 0 and a maximally defined time 7y, > 0. Take T € (0,7p) with
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||aw€||L2(O’T;Loo) SA T1/4K S 1 and ||8$5||L1(0,T;L°°) SA T%K S 1. We thus have
uniform constants in the energy inequality (74) and in the Strichartz estimate

(80) (D)~ “wllo(0,709) S llwollzz + 1 P(2, D)wll 112,

for a > p+i from Corollary 1.7 with § = 1, if O;w; +02ws = 0. For low frequencies,
Bernstein’s inequality and (74) yield

1S5, Vartl| s Sa T3 [luoll2

For high frequencies, we define the auxiliary function v = (D’)u satisfying dyv; +
Oovy = 0. Similar as above, a fixed time estimate gives

®1) 1P (@, u, D)o(t)||2 = [[[P(2,u, D), (D) Ju(®)]| 2 Sa [IVul®)l|zzs lu®)] -,

where P(z,u, D) has coefficients e(u)~!. For the Strichartz pair (3/4,4,00,2), in-
equality (80) implies

195, Varullparee S (D) 5l pagee S llvollnz + [|[P(z, u, D)vl| g2,

~

since s > 1+ p+ % = 4 by our assumption. By virtue of (81) and (74), we

conclude
||S/21vw’uHL4L°° Salluollas + ||Vz’u||L1L;°,||UHL°°HS
S ol + T3 Varul| s s [[ull e o
S Mol e + T3 | Varul| o pos [luol| 1+

on [0,T] also using the equivalence ||u(t)||gs ~a ||u(t)||ms. Starting with a suf-
ficiently large K, we can now fix a small 73 = T1(||uo|lg=) € (0,Tp) such that
IVarull s, mine) S lluollms < K. O

We turn to the L2-bound for differences.

Proposition 6.2. Let u' and u? be two solutions to (73) with finite A and B, and
set v =u' —u?. Then, we find (75) to hold. Moreover, if s > 11/6, there is a time
T = T(||u*(0)| ) such that T is lower semicontinuous and

(82) sup [[o(t)]|L2 Sjjui ) 0(0)]I22-
t€[0,T]

Proof. We observe that v solves the equation
O = Al (uh)dv + [A (u') — A'(u?)]0r1u® + [A®(u') — A% (u?)] D0
= A (uh);v + B (ut, u?) (v, 0ju?).
To prove the claim, we work with the equivalent norm
[ol3.01 = (v, C(ut)v)
with C from the previous proof. For fixed ¢, we calculate

%%Hv\\%,ul = (A7 (u")dv, C(u')v) + (v, C(u') A (u")Dj0)
+ (B (ut, u?) (v, 8ju2), C(u')v) + (v, C(u")B? (u*, u?) (v, 8ju2))

+0a(Bllv]I3),
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where the error accounts for the contribution of the time derivative of C(u'). Fur-
thermore,

(B (u', u?) (v, 0ju?), C(u')v)| < B (u',u?)(v, 8ju?) |2 [|C(u)v]l2 Sa Blvll3-
The key estimate
(A7 (w050, Cu')o) + (v, C(ul) AT (u)0v)| Sa Bllvll3
is carried out as in the proof of Proposition 6.1, employing our choice of C'. Estimate

(79) now implies (82). O

In the third step, we show continuous dependence by means of the frequency
envelope argument detailed in Ifrim—Tataru [14]. The envelopes represent the dyad-
ically localized Sobolev energy. We use the following tailored version, where Py is
the standard Littlewood—Paley projector at frequency 2%.

Definition 6.3. (cx)r>0 € 22 is called a frequency envelope for a function u in H*
if we have the following properties.
a) Energy bound:
| Pew| s < ck.
b) Slowly varying: There is § > 0 such that for all j,k € N
Ch < g=dli=kl,
Cj
The envelopes are called sharp if they also ||ul|%. ~ Y, ¢} for a family of functions.

As noted in [14] such envelopes always exist. The idea is to show that for a solu-
tion not only the H*-norm is propagated, but also the frequency envelope for a time
depending on the control parameters. This allows to infer continuous dependence.
We give the details.

Regularization. Let ug € H*(R?) and (ck)r>0 be a sharp frequency envelope for
ug in H®. The regularized initial data uj = P<jug for n € N have the following
properties.

i) Uniform bounds:
| Prug e S ek,
ii) High frequency bounds:
[ug |l o+ S 27" cn,
iii) Difference bounds:

g =l e S 27",

iv) Limit as n — oo:
uo = lim wug in H®.
n—oo
The regularized initial data give rise to a family of smooth solutions.

Uniform bounds: Propositions 6.1 and 6.2 now yield a time interval of length
T = T(|lug|| =) on which the solutions exist, and also L?-bounds their differences:

i) High frequency bounds:

lu™loqo,1,m5+0) S 2 en,
ii) Difference bounds:

[u" = u™ | oo, p2) S 27 en.
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Interpolation implies

[ — u™||oo,r), mrmy S a2 T

for m > 0. By the L?-bound, we have
lu —u™llcqo,ry,L2) S 277"

This gives convergence in L? since

oo

u—u" = Z(ujH —u?).

j=n
The frequency localization of the summands at 277! and the error bound show that
1/2
v —u"llcqor),me) S €50 = (Zcf) / )
jzn
which gives convergence in C([0,T], H?). We can now show Theorem 1.9.

Proof of Theorem 1.9. Consider a sequence of initial data
11
uop — uo in H°(R?), s> 5
Propositions 6.1 and 6.2 show that the solutions u;, with inital values ug ;. exist on
a common time interval [0,7] with T = T'(||uo||zz+) and that uy coverges to u in
C([0,T), L?). For the solutions u} and u™ with regularized initial data uf};, and u™,
we have ug , — ug in H® and hence

up —u™ in C([0,T], H®)
as k — oo by the above reasoning. We then derive
lur — ulleqo,r,me) S vk —w"lleqor),me) + lu"™ — ulloqo, 1,129
+ lluk — ukllcqo,m, o)
S lug = ulleqory e + con + Sy

The convergence wugr — wug in H® allows us to choose a sequence of frequency
envelopes ¢* — ¢ in 2. We can thus take n uniformly in % such that the second
and third term become arbitrarily small, and then let k¥ — co. |

7. SHARPNESS OF DERIVATIVE LOSS

Next, we connect the Maxwell system with a wave equation to infer the sharpness
of derivative loss in Theorem 1.4 for permittivity coefficients € € C*® with 1 < s <
2. For this purpose, we recall the counterexamples in Smith—-Tataru [32]. Smith
and Tataru constructed time-independent C*-metrics g for 0 < s < 2 and solutions
u to the corresponding wave equations which exhaust an derivative loss analogous
to that proved in Theorem 1.4. They treated the second-order hyperbolic operator

Q(t,x,0;,0,) = 0f — 0:9" (t,7)0;
on [0,1] x R® with g% € C® for n > 2 and 0 < s < 2, and the Strichartz estimates
lull e 0,100y S Null oo 0,500y + 10l oo 015507 -1y + [1QUII L1 (0,110 -1y,
where (p, p, q,n) is a Strichartz pair and

_2-s o2 140

/ +0-
= — o= =
p=r p’ 2+s’ 2+s 2
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In [32] it is proved that p’ cannot be lowered. For 2/3 < s < 2, the authors at first
look at the equation

(83) Q/\(y7 at7 6:137 a’y) = 8152 - QA(y)ai - Ay7
with (z,y) € R x R*™! and g(y) = 1 + A27|y|%. Later gy is replaced by ga(y) =
14+A27=29g(\°|y|) for a smooth a > 0 supported in [0, 2) with a(r) = 72 for r € [0, 1].
The C*® norm of g, is uniformly bounded in A.
We consider smooth solutions to Maxwell equations in two spatial dimensions
oD =V.H, 01Dy + 02 D2 = pe,
8,5H =-VxFE= ('92E1 — 81E2,

with the rough permittivity ) given by

_ 1 0
5,\1(95,9) = (0 1+)\2"y2)

with A > 2. Corresponding to the Strichartz estimate above, we look at

®5) (D H)llzrre S D, H) oo v + [1P(Ds H)l| Lo +lpell, _o-i-2

with P as in (6), omitting the time interval (0,1). We want to show that this
estimate can only hold for all w if v > p+ %, cf. Theorem 1.4.
The field H from (84) solves the wave equation

OPH = (14 \9y?)0?H + 92H =: A H.

(84)

As in [32] we choose

1 —
O H) = H0) = s [ AR N e
for the function
(87) WMt 2,y) = AR 5N =3y

with 0 # 8 € C°(R) satisfying suppf C [1,2] and 8 > 0. As noted in [32],
the function H? is essentially supported in K% = {|t — 2| < A7t(logA)~2,|y| <
A9 (log A)~ 1.

To solve (84), we set

t
(88) DMty x,y) = / VL HN(s,2,)ds + CNx,y) + eV (. y)
0

with C* and ¥ to be determined.
Below we choose C* with support in

KR = {lz] < A" (log \) 2, [y < A™°(log )1},
In view of the second line of (84), we compute

t
O H +V x (' D*) = 0, H (t, x,y) — / AE;IHA(s,x,y)ds +V x (5 1C™).
0

Inserting the equation
OFHY — A_1H* = —IN* H
A

from [32], we obtain

t )\20’ t
OLHM (t, x,y) —/ Aeng’\(sﬂr,y)ds = 0,H0,z,y) — T/ H*(s,x,y)ds.
0 0
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Because of (86) and (87), we can calculate the time integral. Compared to (89) it
gives a lower-order term on the right-hand side (85) as A — oco. (Here we use that
20 < 1 since s > 2/3.) Hence, we seek V x (5 'C*) ~ 0,H*(0,z,y). We set

xT
€ =0, CBwy) =) [ a0 i
—00
with ¢ localized to B(0,1/2), which contains the essential support of 9; H*(0, z,y)
for A > 1. Due to (86) and (87), one can check that also the term
r(z,y) =V x (e,'C*) — 0,H(0)
gives a lower-order term. Using (5) and (6) in [32], we have
I [oa 2 A0 (log A) =21,
(89) ||H)\(t)||H“f(]R2) < /\’Y—(l+5)/2(10g /\)2'7—3/2.
If we can also prove that
A
(90) 12,

letting A — oo we see that the validity of (85) implies v > p+ 2. This remains true

Sz and [ DMla S 1 HMmos

o
p

if we modify 1+ A27|y|? to ga(y) in 5}1, since H* decays fast enough outside K.
(See p. 202 in [32].)
To make the charge as small as possible, in view of (88) we solve approximately

(91) OLCY + 0503 = —(0F + 0a(1 + N*7y*) L)yt = —A g

For this purpose, we solve (91) in B(0,1) with Dirichlet boundary conditions. Let
¥} denote the solution in B(0,1). Let x : [0,00) — [0,1] be a smooth, monotone
decreasing function with x(r) = 1 for r € [0,2] and x(r) = 0 for r > 3. We set
(@) = X1, 9) )0, ).

We can now show (90). We treat D* by estimating the contributions of the
terms in (88) separately: From (87) follows that the contribution of fot V. H\ds
is acceptable because the anti-derivative in t cancels the derivative loss. The same
argument bounds the contribution of C*, so that ||C*|| g+ < ||[H?||g~. By elliptic
regularity, we thus obtain the bound ||| g1 < [|CMlar < ||[HM| g~ since the
coeflicients in AE~;1 are uniformly bounded in C*. Here we need the additional
assumption 1 < s < 2, which is not necessary in [32].

Lastly, we compute for the charge

pr =V .-D* :V-CA+A5;1¢N
Hence, we find p} = 0 in B(0,1/2) and B(0,3/4)¢. In B(0,3/4)\B(0,1/2), we find
pe = 2(exV) (Vi) + (9295 1) (02000 x + Lott..

Since ||| g-+1 S |HM |+ and gyt € C* with s > 1, only the second summand
in the display is problematic. First we handle v — % — % < 0, in which case the
estimate

2 e 3= < IHA v
is straight-forward. For v— 1 — 2 > 0, observe that ||g;1|\ce(K§) < N20= (22008 We
refer to [32] for the true coefficient gy with ||§;1Hce(3(0’1)) < H9>T1||09(K§)~ Suppose
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that 0 <y < p+ 2. Hence, [|92g5 || -1

ROBERT SCHIPPA AND ROLAND SCHNAUBELT

o
c’T27p

<A Witha:20_(%_,y+%)5_

Furthermore,

||(529§1)(52¢3)X||H%%7 S H529§1||Cw7%7% 10295 1|2 + ||521/13||wa

SAATE (log A) ™2 + || Hal|so,

o 1 _o
P 2 p

and it remains to check o < v, which follows from (1 — &)y > 20 — 3. The latter
inequality holds as v > 0, 0 < %, and o < % because of s > 1. O
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