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ERROR ANALYSIS FOR FULL DISCRETIZATIONS OF QUASILINEAR WAVE-TYPE
EQUATIONS WITH TWO VARIANTS OF THE IMPLICIT MIDPOINT RULE

BERNHARD MAIER

Institute for Applied and Numerical Mathematics, Karlsruhe Institute of Technology,
Englerstr. 2, 76131 Karlsruhe, Germany

ABSTRACT. We study the full discretization of a general class of first- and second-order quasilinear wave-type
problems with the implicit midpoint rule and a linearized variant thereof. Based on a proof by induction, we
prove wellposedness and a rigorous error estimate for both schemes, combining energy techniques, inverse
estimates, and a linearized fixed-point iteration for the analysis of the nonlinear scheme. To confirm the rel-
evance of the general framework, we derive novel error esitmates for the full discretization of two prominent
examples from nonlinear physics: the Westervelt equation and the Maxwell equations with Kerr nonlinearity.

1. INTRODUCTION

We study the full discretization of quasilinear wave-type problems of the form
Aly(1)dry(t) = Ay(t) + F(t,y(t)), t<[0,T],
y(0) =y°,

in a Hilbert space X, where the nonlinear operator A is bounded and locally Lipschitz continuous, whereas
A is linear but unbounded in X . The nonlinear right-hand side F' is assumed to be sufficiently regular. This
is a very general framework, which covers both first- and second-order quasilinear wave-type problems.
For instance, this includes the Westervelt equation and the Maxwell equations with Kerr nonlinearity,
which are important applications in nonlinear acoustics and optics, respectively.

Despite the importance of quasilinear wave-type problems in physics, there are only very few rigorous
convergence results concerning the full discretization of these equations. In particular, up to our knowledge
the discretization of first-order problems was not analyzed before. Based on the method-of-lines and a
conforming discretization in space, the full discretization of second-order quasilinear hyperbolic problems
was studied by the following authors, using different discretizations in time: On the one hand, Ewing
(1980) and Bales & Dougalis (1989) considered linearly implicit two-step schemes. On the other hand,
various linearly implicit single-step schemes were studied by Bales (1986, 1988). Moreover, Makridakis
(1993) analyzed a class of linearly implicit single-step schemes as well as a linearly and a fully implicit two-
step scheme for quasilinear elastic wave equations. More recently, the full discretization of a specific class

of quasilinear wave equations in 1D based on the Fourier spectral method and trigonometric integrators
was studied by Gauckler et al. (2019).

(1.1)
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In the present paper, we also use the method-of-lines for the discretization of quasilinear wave-type
problems of the general form (1.1). The corresponding space discretization was studied by Hochbruck &
Maier (2021), including wellposedness and a rigorous error estimate. We now extend these results to the
full discretization with two variants of the implicit midpoint rule. On the one hand, we study the classical
(fully) implicit midpoint rule, which relies on the solution of nonlinear systems in every time step. On the
other hand, we also analyze a linearized variant thereof, called the linearly impilcit midpoint rule, which
was introduced by Kovacs & Lubich (2018) for the time discretization of quasilinear wave-type problems
on unbounded domains.

Contrary to the linear case, a major difficulty in the analysis of numerical schemes for quasilinear
wave-type problems is that bounds on the numerical approximations in the energy norm in general do not
suffice to ensure wellposedness of the numerical scheme. In particular, in our setting pointwise bounds for
the approximations are crucial to ensure essential properties of the discrete counterpart of the nonlinear
operator A.

Except Gauckler et al. (2019), who resolve this issue for the special case of the Fourier spectral method
by deriving error estimates not only in the energy norm but also in stronger norms and finally using
Sobolev’s embedding, all previously cited results essentially rely on inverse estimates to obtain these
bounds. As a consequence, these results depend on a step-size restriction 7 < Ch® for some o > 0
depending on the spatial dimension and the convergence order of the scheme. Here, 7, h > 0 denote the
time step and the space discretization parameter, respectively.

For the analysis of the linearly implicit midpoint rule, we follow a similar approach. First, we use
that pointwise bounds on previous approximations are sufficient to analyze the next step of the linearized
scheme. Hence, we prove wellposedness of the next step of the scheme and derive an error estimate in the
energy norm. Subsequently, we apply inverse estimates to obtain pointwise bounds for the new approxi-
mations under a step-size restriction. Overall, using these arguments alternately we prove wellposedness
and a rigorous error estimate for the linearly implicit midpoint rule by induction.

The analysis of the fully implicit midpoint rule is more involved, since existence and pointwise bounds
of the next approximation are intertwined here. To resolve this dilemma, we approximate each step of the
nonlinear scheme by a linearized fixed-point iteration. Since the analysis for the linearly implicit midpoint
rule extends to these schemes, we directly obtain wellposedness and error estimates for all iterates. To
conclude, we prove convergence of the iteration and provide a rigorous error estimate for the limit, which
corresponds to the next approximation of the fully implicit midpoint rule.

Up to our knowledge, we present the first rigorous analysis for the full discretization of quasilinear
wave-type equations with a nonlinear single-step scheme. Moreover, we emphasize that our abstract results
yield novel results for prominent applications from physics. To strengthen this point, we briefly derive new
error estimates for the full discretization of the Maxwell equations with Kerr nonlinearity as well as the
Westervelt equation. For preliminary versions of these results with a more detailed discussion, we refer to
the doctoral thesis (Maier, 2020).

Note that the space discretization of these applications was analyzed by Hochbruck & Maier (2021).
Besides, the space discretization of the strongly damped Westervelt equation with continuous and discon-
tinuous finite elements was studied by Nikoli¢ & Wohlmuth (2019) and Antonietti et al. (2020), respec-
tively.

Outline. We present the abstract framework in Section 2 and briefly recapitulate the corresponding
space discretization from Hochbruck & Maier (2021) in Section 3. Based on these sections, we introduce
the full discretization with two variants of the implicit midpoint rule in Section 4. Moreover, we state our
main result, which yields wellposedness and a rigorous error estimate for both schemes within the abstract
framework. We first present the corresponding proof for the linearly implicit midpoint rule in Section 5.
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In Section 6, we extend the analysis also to the fully implicit scheme. Finally, we apply the abstract results
to specific examples in Section 7. First, we focus on the Maxwell equations with Kerr nonlinearity in
Section 7.1. We further study the Westervelt equation in Section 7.2.

Notation. Let X and Y be normed spaces. We denote the space of bounded linear operators mapping
from X to Y by £(X,Y), equipped with the norm

Az Y
||A||L(X,Y) ‘= sup H | )
zex\{0} 17llx

A€ L(X,Y).

We write Bx (R) for the open ball of radius R > 0 in X centered around 0. For the final time 7" > 0 and
the step size 7 > 0, N € N denotes the maximal number of time steps such that N7 < T holds. We then
write ¢, = r7 for r < N. Finally, C' > 0 is a generic constant, which may have different values on any
occurrence.

2. ANALYTICAL SETTING

For Hilbert spaces (X, (- | ) x), (Y (- | )y)s (Za, (- | -) z,)- and (Z, (- | -) ;) with dense and continuous
embeddings Z — Zy — Y < X, the induced norms are denoted by ||-||x, |||lyv> I|llz,. and |||z,
respectively. We further make use of a seminorm |-|y on Y, which satisfies for some constant Cy > 0

€]y < Cyli€lly, £ey.

We now specify the abstract quasilinear wave-type problem (1.1). For specific examples satisfying these
assumptions, we refer to Section 7.

ASSUMPTION 2.1 There exists a radius Ry > 0 such that the operators in (1.1) satisfy
(A) {A(&) | € € By(Ry)} C L(X) is a family of symmetric operators, which are uniformly positive
definite and bounded, i.e., there are constants cy, C'n > 0 with

eallellx < (A©e | ¢)x, IAE)]l2(x) < Ch, ¢ € X, { € By(Ry). (2.1)

(A) Ae L(D(A),X)withY C D(A) C X, where D(A) denotes the domain of A.
(F) F:[0,T] x By(Ry) — X is continuous in time and bounded, i.e., there is a constant Cr > 0
with

[F(t&)|x < Cr, t €[0,T], € € By (Ry).
Note that all our results are also valid for more general bounded domains instead of spheres By (Ry ).

However, we refrain from this generalization for the sake of readability.
Due to (2.1) the operators

A(6) = A(E) 14, F(t,€) = M) F(t,€), t€[0,T], £ € By(Ry).
are well defined. Thus, we can rewrite (1.1) as

Ay(t) = Aly()y(t) + F(t,y(t), t<[0,T], 02

y(0) =", '

which is more convenient for our analysis.

Since there is no wellposedness result which applies to this quite general problem, we now assume
wellposedness. Again, this is justified in Section 7 for the specific examples.
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ASSUMPTION 2.2 Let Ry > 0 such that Assumption 2.1 holds. The quasilinear Cauchy problem (2.2)
has a unique solution y with maximal time of existence ¢*(y°) > 0, which satisfies

y € C*([0,T], X)NC*([0,T],Y) N C*([0,T], Zs) N C([0,T], Z N By (Ry))
for T < t*(y°). Moreover, there exist radii Rp,, R4 > 0 such that
1By(@)]ly < Ra,, A (®)y(O)]y < Ra
hold uniformly in [0, T7].
Moreover, we introduce for £ € By (Ry ) the state-dependent inner product
(@ D) = AEe | ¥)x oY € X, (2.3)

and the induced state-dependent norm [|-|| 5 (¢), which is equivalent to the norm of X due to (2.1).
Finally, note that due to Assumption 2.2 the weak formulation of (1.1) on (X, (- | ) i) is equivalent to
the weak formulation of (2.2) on (X, (- | ),(,)- Hence, it is sufficient to consider (2.2).

3. SPACE DISCRETIZATION

We briefly present the space discretization of (2.2). For further details including wellposedness as well
as a rigorous error analysis, we refer to Hochbruck & Maier (2021).
Based on a finite-dimensional function space V}, we introduce spaces Xj, and Y}, with

Xh = (‘/}u ( ‘ )X) C Xa Yh = (‘/}La ||| Y;L)v (31)

where ||-||y;, corresponds to the norm of Y. Furthermore, ||y, is a seminorm on Y}, corresponding to ||y,
which satisfies for some constant Cy, > 0

|§h‘Yh < CYhthHYh’ &h € Y. (3.2)
For a sufficiently small space discretization parameter i > 0, we have the inverse estimates
1
= [€nllxn < llénllvi < Cvixi (W) [IEnllx &n € Ya, (3.3)
CXh Y (h)

with Cy, x, (h),Cx, v, (h) > 0 which may depend on h.

For the specific examples in Section 7 these constants are specified by Cy, x, (h) ~ h=%, where d € N
is the spatial dimension. For the second constant, we obtain C'x, v, (h) ~ h~" for the Westervelt equation,
whereas for the Maxwell equations Cx, y, (k) is independent of h.

We emphasize that all our results can be generalized to more general nonconforming space discretiza-
tions including the case X, ¢ X, cf. (Maier, 2020). For instance, this includes the space discretization
with isoparametric finite elements. This is relevant as many wellposedness results for quasilinear wave-
type equations are only valid for spatial domains with smooth boundary.

The discrete quasilinear wave-type problem is for discretizations Ay, Ay, and Fj of A, A, and F,
respectively, given by

An(yn(t))Ouyn(t) = Anyn(t) + Fu(t,yn(t)), t€[0,T7,
; (3.4)
yh(o) = yh7

where y2 € Xy, is the discrete initial value.
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ASSUMPTION 3.1 There is Ry, > 0 such that the discrete operators in (3.4) satisfy uniformly in A > 0

(An) {An(&n) | & € By, (Ry,)} C L(X},) is a family of symmetric operators, which are uniformly
positive definite and bounded, i.e., there are constants ¢y, , Cs,, > 0 such that

eanllonlx, < (An(n)en L en)x, > IAnER)Icxn) < Cans  @n € Xn, & € By, (Ry,)  (3.5)

holds. Moreover, there are constants Lf}’; , LX*; > 0 with

AR (en) = Au(Wr)llecxn) < La"len — vnllyi, ©n,¥n € By, (Ry,),
I(An(en) = An(@n)&nllx < LY lon — Ynllx|€nlvn,  ©n ¥ € By, (Ry,), & € Vi
(AR) Ap: Xy — X, is dissipative in X}, i.e., we have
(Anén | &) x, <0, En € X (3.7

(F},) Wehave Fy,: [0,T] x By, (Ry, ) — X, which is continuous in time and bounded in Y}, i.e., there
is a constant C'p,, > 0 such that

‘Fh(t,fh) vy, < OFM te [O,T], & € BY;L(RY;L) (3.8)
holds. Furthermore, F}, is Lipschitz continuous in the second argument, i.e., there is a constant
Lp, > 0 with

| En(t, on) — Fu(t, ¥n)llx, < Lr,llen — ¥nllx,, t € [0,T], on,¥n € By, (Ry,)-

As in the continuous setting, the discrete operators

An(€n) = Mn(&) " A, Fu(t, ) = An(&) ' Fu(t.&),  t€[0,T], & € By, (Ry,), (3.9)
are well defined due to (3.5). Thus, correspondingly to (2.2) we can rewrite (3.4) as

Oun () = A (ODin0) + 3t (0. ¢ € 0.T) (3.10)
yn(0) = yp,

As shown in (Hochbruck & Maier, 2021, Lem. 3.3), the operators from (3.9) are again Lipschitz con-
tinuous, i.e., for Ry, > 0 as in Assumption 3.1 there are constants Ly, ,Lg, > 0 such that for all
©n, ¥y € By, (Ry, ), we have

| (An(en) = An(@n))énllx, < La, An(en)énlvillon — ¥l x., & € Xy, (3.11)
1Fn(t, on) — Fnlt, o)l x, < Lo, llon — ¥ullx,, tel0, 7). (3.12)

Corresponding to (2.3) we introduce for &, € By, (Ry, ) the discrete state-dependent inner product
(- | ) A, () as well as the induced discrete state-dependent norm ||+, (¢,.), which is again equivalent to
the norm of X}, due to (3.5). More precisely, there are constants cp, , Ca, > 0 with

ennllénlli, < 1€nl3, e < Canliénllk, &n € Xh- (3.13)

Moreover, as shown in the following lemma the discrete state-dependent norm is continuous in time, cf.
(Hochbruck & Maier, 2021, Lem. 3.2).

LEMMA 3.2 Let Ry, > 0 be the radius from Assumption 3.1. Moreover, let ﬁa,, > 0 and
zn € CH([0,T],Ya) N C([0, T), By, (Ry;,)),
with [|Opz ||y, < ﬁat. Then, it holds
1€x11An sn ) < € NER N A (o (o) s, €[0,T], & € Xy, (3.14)

Xn

with the constant C’ = %L A CX; Ry,.
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7 -z, y = X

I, Ul | Iy

Yy Xn

FIGURE 1. Overview of the relations of the discrete and continuous function spaces and
the relating operators, cf. (Hochbruck & Maier, 2021, Fig. 1).

Thus, as in the continuous setting the weak form of (3.4) on X}, = (V4, (- | ) ) is identical to the weak
form of (3.10) on (V},, (- | ')Ah(yh)) if the solution y;, of (3.10) is sufficiently regular.

Finally, we use the following operators relating the continuous and the discrete spaces. These relations
are also shown in Figure 1.

(Jr) The reference operator J;, : Y — X}, is linear and bounded with

[Th€llx, < Cll€lly, Eey. (3.15)
(Ir,) The interpolation operator I, : Y — Y}, is bounded with
[1n€llys, < C, lI€]ly €y, < Cr, [y, {eY.
(I1,) The projection IT;, : X — X, satisfies
(en [¥)x = (on [TInY) x on € Xp, Y € X.

Preliminary to the analysis, we state the following assumptions. First, we fix the radii introduced above
for the rest of this paper.

ASSUMPTION 3.3 Let Ry, > 0 be the radius from Assumption 3.1 and ) € By, (Ry; ). Furthermore, let
Ry, Ra,, Ry > 0 be chosen such that Assumption 2.2 and

C]hRy < Ryh
hold. Finally, we set R4, > 0 with

maX{CIhRA, |Ah(y2)y2|yh} < Ry,

Moreover, we assume consistency of the space discretization. To this end, we define the constant
Ca, v, x, (h) > 0 such that

AR(En)Chlyv, < Cayvi i, (W[l x, &n € By, (Ry,,), Cn € X, (3.16)
holds for h > 0 sufficiently small. We further introduce the constant
Chax(h) = max{1, Cy, x, (h),Ca, v, x,(R)}, (3.17)
which in general deteriorates for i — 0. Finally, we define the remainder terms
RA(E) = An(In&) Iy, — TTLA(E), ¢ € By(Ry), (3.18a)
Ra = Apdy, — I A, (3.18b)
Rp(t, &) = Fu(t, In§) — Lp F (L, ), t€[0,7T], § € By (Ry), (3.18c)

to relate the continuous operators and their discrete counterparts.
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ASSUMPTION 3.4 Let Assumption 3.3 be satisfied. Moreover, for 1 — 0 we have

(A1) [[d =Jp)Cllx — 0, (A2) Cinax(M)||Tny° = ypllx — 0,
(A3) Crmax(M)||(In — Jn)Cllx — 0, (A1) Crax(h)[|[Rall|x — 0,
(A5) Crmax(h)[[RA(€)Callx — 0, (A6) Cumax(h) SUP[O,T]HRF('»O”X — 0,

uniformly for (g € Zy, ( € Z,and £ € Z N By (Ry).

Under these assumptions, Hochbruck & Maier (2021) prove wellposedness as well as a rigorous error
estimate for the spatially discrete quasilinear wave-type problem (3.4).

4. FULL DISCRETIZATION

Following the method-of-lines approach, we apply two variants of the implicit midpoint rule with step
size 7 > 0 to the spatially discrete quasilinear wave-type equation (3.10). On the one hand, we consider
the fully implicit midpoint rule

n+1 n
n n mn n J’_
y;LH-l —yr 7_Athl/zthrlm n 7_Sthrl/2’ yh+1/2 _Yn 5 Yn 7 4.1
with the short notation
A2 = A (), Fat = gtz ). (42)

On the other hand, as proposed by Kovacs & Lubich (2018) for quasilinear wave-type problems on
unbounded domains, we also analyze the linearly implicit midpoint rule

n—1

3yy —
yﬁ“ =y + TAZH/Z:UZH/Z + TEZ+1/2, QZH/Q - %7 “4.3)

/2

where based on the notation y,jl = y? we use the approximation yi = y? in the first step. Moreover, we

introduce the abbreviations
1/2 1/2
A’Z-i_ / = -Ah <gz+1/2)7 E’ZJ’_ / = §h (tn+1/27g2+1/2>.

Note that we use the same notation for the approximations obtained by either of the schemes for the sake
of readability, as we state the main results in a unified fashion. Since the technical details of the analysis of
these schemes are well separated in the following two sections, it is always clear from the context which
scheme we refer to.

In our main result, we prove wellposedness as well as a rigorous error estimate for either of the implicit
midpoint rules. This is based on the following step-size restriction: There exist constants g, Cy > 0 such
that the discretization parameters 7, h > 0 satisfy

TCrmax(h)? < Coh®, (4.4)

where Chyax(h) is the constant defined in (3.17).

Although the implicit midpoint rule is in general unconditionally stable when applied to linear problems,
we emphasize that the step-size restriction (4.4) is essential here, as the wellposedness of both schemes
relies on bounds for the iterates in the stronger space Y,. Hence, as stated in Makridakis (1993), this
restriction is not induced by the techniques used for the analysis, but inherent in the problem itself.

We now state our main result, which is proven in Section 5 and Section 6.
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THEOREM 4.1 Let Assumption 3.4 be true, T < t*(y°), and N € N with 7N < T. Then, there exist
hg, 9 > 0 such that for all h < hg and 7 < 7 satisfying the step-size restriction (4.4), both the fully and
the linearly implicit midpoint rule (4.1) and (4.3), respectively, are wellposed and satisfy forn =0,..., N
the error estimate

ly(ta) = yitlx < 11(0d =Jn)y(ta)llx + C(1 + t)e " (IIJhyO = yhllx + sup ||(ZIn — Jn)yllx

sbn

+72<[2up]|\5ty\|l/ + sup [|07ylly + sup |07yl x) 4.5)
7tn

0,tn itn

+  sup [[Ra(y(s1))0y(s2)llx + sup [[Raylx + sup [Re(-, y)llx>,
51,52€(0,tn] [0,t5] [0.t,,]
with a constant C' > 0 independent of 7, h, n and T". The upper bound 7y depends on the constants €¢, Cy
from the step-size restriction (4.4). Furthermore, we have

ly(tn) —ynllx — 0, n=0,...,N, (4.6)
for 7, h — 0 satisfying the step-size restriction (4.4).

In (Hochbruck & Maier, 2021, Sec. 5), a refined framework for the space discretization of quasilinear
wave-type equations with nonlinearities A and F' that are local in space is studied. In this special case,
which is for convenience also briefly presented in Appendix A, we get the following refined version of our
main result.

COROLLARY 4.1 Let (A1)-(A4) of Assumption 3.4 as well as Assumption A.1 be satisfied. Then, the
statements of Theorem 4.1 hold. In particular, the approximations obtained by the linearly or fully implicit
midpoint rule (4.1) or (4.3), respectively, satisfies for n = 0, ..., N the refined estimate

ly(tn) = yillx < 10 =Jn)y(ta) [ x + C(1+t)e " (HJhyO = ynllx + sup [[(In = Jn)yllx

[0t5]

+ 72 (sup [|0ylly + sup |07 ylly + Sup]llaf’yllx) + sup [|(In, — Jn)Oryll x

0,ty 0,tn N sbn

+  sup  [[(Td=1n)A(y(s1))Ory(s2) | x + sup [|Rayl|x + sup [|(Id—In) F(,y) Hx)7

51,52€(0,tn] [0,t] [0,ts]
with a constant C' > 0 independent of 7, h, n and T'.
Proof. The result directly follows from Theorem 4.1 and Lemma A.2. g

REMARK 4.1 For the sake of readability, we only state our results for the time discretization with a constant
step size. However, all results can also be generalized to variable step sizes 7; € [Tmin, Tmax)» ¢ = 1, ..., N,
for 0 < Tmin < Tmax < To fixed. For the linearly implicit midpoint rule (4.3), we then use the extrapola-
tions
HZH/Q:?/Z‘FZ;l(yZ—yZ%)? n=1...,N-L

We conclude this section with a comparison of the two variants of the implicit midpoint rule. In Figure 2,
the dependencies of both schemes are illustrated. On the bottom left of both subfigures, one step of either
of the schemes given in (4.1) and (4.3) is indicated by FIM,,;; and LIM,,, respectively. Previous
steps of both schemes are denoted by the subscripts n and n — 1. The corresponding approximations ¥,
i =n — 1,n,n + 1, are shown on the right. Moreover, the black arrows indicate the usual dependencies
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FIM, ., ~ ot LM, .~ oyt
- , o
B'/ //
—
FIM, ~ Yy LM, . yr
- , =
&I //
FIM,, 41 yptt LIM, ; . yptt
T~ ’
*I
(A) Fully (B) Linearly
implicit implicit mid-
midpoint point rule.
rule.

FIGURE 2. FIM,,;, LIM,, 1 correspond to (4.1), (4.3), respectively and FIM,,, LIM,,
denote (4.1), (4.3) with n replaced by n — 1.

also known from linear problems; e.g., the current step FIM,, ; of the fully implicit midpoint rule depends
on the previous approximation y;’ to provide yZH.

For the fully implicit midpoint rule (4.1), the nonlinearities are evaluated at the implicitly given mid-
point. Thus, as shown in Figure 2a on the left, characteristic properties of FIM,,; also depend on yZH,
which is currently unknown. This is indicated by the dashed blue arrows. In contrast, for the linearly
implicit midpoint rule (4.3) we use the extrapolated approximation of the midpoint to linearize the scheme.
Hence, characteristic properties of LIM,, ;1 do not rely on yﬁ“, but only on ;" and yZﬁl, as indicated by
the dashed green arrows in Figure 2b.

The linearly implicit midpoint rule is appealing with respect to the computational efficiency, as only a
linear system has to be solved in every step, whereas the fully implicit midpoint rule is nonlinear. Moreover,
as illustrated in Figure 2 it is also more convenient for the analysis, since the characteristic properties of
the current step do not depend on the unknown. In particular, proving the existence of a unique solution
of (4.1) in the required spaces is significantly more involved as its counterpart for the linearized scheme
(4.3). Hence, we first focus in Section 5 on the linearly implicit midpoint rule and extend these results in

Section 6 to the fully implicit midpoint rule.

5. ERROR ANALYSIS FOR THE LINEARLY IMPLICIT MIDPOINT RULE

In this section we present the analysis of the linearly implicit midpoint rule (4.3). Usually, the analysis of
fully discrete schemes consists of two steps, where we first show existence of all iterates and subsequently
tackle the error analysis. However, as indicated in Figure 2 this approach is not feasible here as these proofs
are intertwined. More precisely, even for the linearly implicit midpoint rule the wellposedness of the next
step of the scheme relies on bounds on the previous iterates in the Y3 -norm. To resolve this dilemma, we
proceed as follows.
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wh (ED W)

n+1lan

(o))

FIGURE 3. Relations between the main steps for the analysis of the full discretization
with the linearly implicit midpoint rule.

Roadmap for the analysis of the linearly implicit midpoint rule.

(W) Assumption 2.2 implies wellposedness of the continuous quasilinear Cauchy problem (2.2), i.e.,
for all T < t*(y°) the bound ||y||y < Ry holds uniformly on [0, 7.

(W,") Based on the assumption that the first 7 > 0 steps of the linarly implicit midpoint rule (4.3) are well
defined, in Lemma 5.1 we prove existence of range of time steps (0, 7;') such that the next iterate
yIt ! exists and satisfies ||y} ||y, < Ry, . More premsely, we first show that the next iterate /"
is uniquely defined in X, and subsequently introduce 7, as the supremum over all time steps for
which essential bounds in Y}, for the error analysis are satisfied. Finally, we ensure TS’ > 0 using
that Y, is finite dimensional. However, at this point, this is based on a severe step-size restriction.

(E}) Using (W), (W1, and energy technlques we bound the error ] " = Jyy(t,41) — yZH based

on errors of the previous iterates e}, ez in Lemma 5.2. As this is not suitable for the first step of

the linearly implicit midpoint rule due to the different approximation of the midpoint y}ll/ 2 = Y9,
we further provide an alternative estimate in Lemma 5.3. B

(CZ) Based on an inverse estimate, the consistency from Assumption 3.4, and a uniform bound for the
previous errors e} with n < 7, we prove ||y2+1 — Iny(ty+1)|ly, — 0 for 7,h — 0 under the
step-size restriction (4.4). From this we conclude that the current step LIM,, ; is wellposed under

this relaxed step-size restriction and we may proceed with (W,:’H).

Overall, we show Theorem 4.1 for the linearly implicit midpoint rule by induction, as we alternately prove
(W, (E}), and (C}). This is also illustrated in Figure 3, with the blue ellipse indicating the proof by
induction.

Note that the overall structure of this approach is quite similar to the analysis for the space discretization
of quasilinear wave-type problems, cf. (Hochbruck & Maier, 2021, Sec. 4). Moreover, we emphasize that
the analysis of the linearly implicit midpoint rule for nonconforming space discretizations is discussed in
detail in (Maier, 2020, Sec. 7.1.1).

The first step is to show wellposedness of a single step of the linearly implicit midpoint rule.

LEMMA 5.1 Let Assumption 3.3 be satisfied. For 0 < n < N fixed we assume
Iyhlly, < 3Ry, +Cr,Ry),  [AQyilly < 3(Ra,, +Cr,Ra), g/ v, < Ry, 5.
If n > 0, we further assume

Iyl g7~ ?llv,, < Ry, (5.2)
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Then, the linearly implicit midpoint rule (4.3) has a unique solution yZH € Xp. Moreover, there is a
constant 75 > 0 which may depend on the space discretization parameter i such that for all 7 < 77 we
have the bounds

ly 72

1/2 1/2
n+1 |AZ+/:UZ+/

”Yw ”y HYh < RYh,7 |Yh, < Rflh,'

Proof. The proof consists of two parts, where we first prove existence of the next iterate y,’ 1 in X, and
subsequently derive the required bounds in Y7,.

(1) To show existence, we first observe that (4.3) is equivalent to
(0 5A7 )7 =+ 63
which is well defined due to (5.1) and Assumption 3.1. Since AZH/ 2
(X, I ||A n+1/2)), the norm equivalence (3.13) implies

is a dissipative operator in

(1d — A”+1/2) € L(Xn)

for all 7 > 0. Thus, y"+1/ € X}, and hence also yzﬂ € Xj, is uniquely given by (5.3).
(2) To prove the bounds in Y}, we introduce

o = sup{r € [0, 1| y) 2 v, lyi Ive < Ry AT 2972l < Ra,, forall 7 < 7.},

In the remainder of the proof, we show 7/ > 0 using Banach’s fixed-point theorem. However, we
emphasize that this only yields a pessimistic lower bound, which strongly depends on the spatial
discretization parameter h. Nevertheless, this is necessary and sufficient to prove wellposedness.
Since we derive an improved restraint at the end of this section, we do not keep track of the exact
value of the lower bound 7,.(h) > 0 in the following, but use 7, (h) as a monotonically decreasing
generic constant for the sake of readability.

Preliminary to the application of the fixed-point theorem, we define

EY = {& € Xu | |&llvi: 1260 = 97llvi < Ryviiy A7 26nly;, < Ra, }-
In order to prove that this space is non-empty, we first deduce from (3.2), (3.3), and (3.11)
+1/2 +1/2
“An / n|Yh < CYhCYh’Xh( )”( Ay / ‘AZ)thXh + |‘Ahyh|Yh

= (1 + OY;LCY}L,X}L( )LA;L ||y77+1/2 - yh”Xh) |‘Ahyh|Yh'

On the one hand, for n > 0 we obtain from (3.8), (3.9), (4.3), and (5.2) the bound
Iy = vl = 39 = i llx < 5, (Can (R)Cxi i () Ry, + Cxi v, (R)C, ),
which for some constant C'g, 4, (h) > 0 implies
1/2
AT 2y, < (U4 7C (W) AT YRy, (54)

Thus, we have y; € E for 7 < 7,(h). On the other hand, ) € E? follows directly from

yy/? =9 and (5.2).
We introduce the mapping

®": E" — EN, (&) =y + QAZH/QE + %gz+1/2.

Since X, is finite dimensional, there is C'4,, (h) > 0, which might deteriorate for & — 0, such that
[Anllzxn) < Ca,(h). (5.5)

In particular, this yields that ®7 is contractive for 7 < 7,.(h).
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Moreover, due to (3.2), (3.3), (3.5), and (3.8) there exists C 4, o (h) > 0 with

1/2 1/2
LATH200(8,) |y, < [ATTY 2y

vi, +7Ca,0(h)

Thus, (5.4) yields |AZ+1/ 207(¢)|y, < Ra, for T < 7.(h). Since the other bounds necessary for
®7(&),) € ET follow with similar arguments, this yields that ®7 is well defined.

Banach’s fixed-point theorem and (5.3) imply yzﬂ/ 2 e E7, which concludes the proof. O
Preliminary to the derivation of error estimates for a single step of the scheme, we derive an error

recursion for the linearly implicit midpoint rule (4.3). To this end, based on the continuous solution y of
(2.2) we introduce the short notation

7" =y(tn), gz = Y(tnr1/2)s Angie = Agmt/?), Fng12 = F(tny1/2, gy, (5.6)

such that the continuous solution satisfies

T = G T A2l YR+ 7T e + 0 &7

This is a perturbed version of (4.3) with the additional defect 6.

We point out that, contrary to the notation for the fully discrete scheme (4.2), in the short notation (5.6)
for the continuous solution the superscript n 4 1/2 denotes the exact evaluation at ¢,/ instead of the
implicit approximation of the midpoint introduced in (4.1). To take this into account in the error analysis,
we further define the defect

~n+1 ~n
Fn+1/2 % gt (5.8)

Finally, we introduce the short notation
/N\Z+1/2 = A (1,g" T2, le’“” = Ap (L™ +1?), 5}2“/2 = Fn(tprrjo Iy "),

and the discrete errors

n+1 n
e =Jny" —yp, etV Ch TCh ;_ h | (5.9)
Hence, we obtain from (4.3) and (5.7) the error recursion
et =el + Tflzﬂ/zezﬂ/z + TgZLl, (5.10)

with the right-hand side

Gt = (AR = &R R g (R T (A8 4 L)
Ant+1/2y—1 ~n+1/2\(1/~n+1_~n 1/~n+l | ~n ~n+1/2
+ (A THRAG T G -5) = RaB G HT) — Rt o, 5.
(5.11)
In the next lemma, we provide an error estimate for one step of the linearly implicit midpoint rule. For
the proof, we follow the ideas from (Hochbruck et al., 2018, Lem. 5.1), where the time discretization of
quasilinear wave-type equations with algebraically stable Runge—Kutta schemes is studied.
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LEMMA 5.2 If the assumptions of Lemma 5.1 are satisfied for 0 < n < N fixed, then for 7 < 7 the error
of the linearly implicit midpoint rule (4.3) satisfies the bound

+1 c
len™ 15per < e“TlleRlIzn

+ RGP = g P s+ O (I8 = TR,

+  osup [ Ra(y(s1))Oy(s2)l%, + sup [Raylk, + sup [Rp(9)l%,

51,52 €[ty tn41] [tystyn+1] [tn,tn+1]
ot w0tk sw 92l )
[t”]7tﬂ+1] [tnvt'r1+1]
(5.12)
with constants C, C' > 0, which are independent of ), h and 7.
We point out that, as we do not exploit the specific definition of the extrapolated midpoint y h+ /2 , this

result is also valid for different linearized versions of the fully implicit midpoint rule (4.1). Thus, we trace
the constants appearing with the linearization throughout the proof.
Proof of Lemma 5.2.  First, we derive from (5.9) and (5.10)

+1 +1 +1
A A AR A L ARE) F
h

_ n+1/2 ) Fn+1/2 n+1/2 n+1
=27 (eh | ‘Ah ep + gh,LI Ant1/2 .
h

Hence, the dissipativity (3.7) of A and Young’s inequality imply

+1 +1/2 +1

||€77 HAZ+1/2 - ||€ZH%Z+1/2 < THen / ||An+1/2 + THQZ,LI ”%74—1/27 (5.13)

To bound e"+ /2 , we use again (5.10), (3.7), and the Cauchy—Schwarz inequality to prove

+1/22 +1/2 +1/2 | Fn+1/2 n+1/2 +1
|| h |A"+1/2 - (GZ | eh)A7,+1/2 + % (671 | ‘AZ €Z + gZ,LI)T\nJA/z
h h (5.14)
+1/2 1
< e gy e (Ieflizes + 3g8E 5 )-
Hence, together with (5.13), the norm equivalence (3.14), and 7 < 77 < 1 we conclude

lle n+1| 20 < eCr||€h| 2 +3 e’ TTH!JZE”%;H/Z- (5.15)

In the remainder, we provide a bound for the right-hand side gh LI To begin with, (5.11), the triangle
inequality, and A € L£(Y, X) imply

e [ v e PR A A T
+HRa@ A (G =) x, +IRA (GG 7)) Ix (5.16)
HIRF (g2, T x, + 1072y + [ 26m4 |

For the first term, we have with (3.13), (3.11), and Lemma 5.1 the bound

“n+1/2 1/2\ n+1/2 1 ~
(A2 = A2y R e < OF, Ly Ry |n5 "2 =y 72,

||9h LI

Similarly, we derive for the second term with (3.13) and (3.12)

~ 1 -
|F2 = G P gy < CF, Loy |G = g x,
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Thus, due to

[1hg "2 =y 2, < N1In = T2 x, + 0y 2 5|2 — y 2

AZ+1/2
both terms are dominated by the right-hand side of (5.12) with
;1 1
C = %ec C'KhCAh2 (LAhRﬂh + L:;h)
This is also the case for the terms depending on the three remainders Rp, R 4, R, as we have

1
LG gy = / Buy(ty + s7) ds
0

Finally, for the two terms depending on the defects 57! and St/ 2| we obtain with Taylor’s theorem the
bounds

[F67 [ x <O sup 107yl x, 1072y < C7* sup [|0Fylly- (5.17)
[tnvtn+1] [tnvtn+1]
Thus, the result follows from (5.15) and (5.16). O

In order to apply the error estimate from Lemma 5.2 for the error analysis of the linearly implicit mid-
point rule (4.3), we further bound the error term depending on the extrapolated midpoint. More precisely,
for 1 < n < N we obtain with (3.13), (3.15), and Taylor’s theorem

[ Jng "2 — 1215 pire < N Ing" - Unllzrere + Tyt =y~ ”7\2“/2

+ L2yt 3y )

Rt/ (5.18)
A +C7? sup ||8t2y|\y

< 3T ||enlx
[tn—1,tnt1/2]

,,—i— eCT||eh Iz

In particular, if the error terms depending on e; and 6271 are of order 72, then this directly transfers to the

1/2

error of the extrapolated midpoint. This is different for n = 0, as y;~ = Yy, yields

1/2

|| Jniy '/ Iz < 20A,f Co 7' =y + 2| Jn° — yg”p/z

(5.19)
<CA, Cyr sup [|0pylly + 2 2||€h|\Ao,
[to,t1/2]

i.e., this error contribution is at most of order 7.
To overcome this difficulty, we provide an alternative error estimate for the first step. In particular, if
we apply Young’s inequality with modified weights in the previous proof, we obtain for n = 0

H@ﬁll%} < CH@gH%g + CTZ”QFIL,LIH%}IZ/%
instead of (5.15). Based on a similar bound for g}LLI as above and (5.19), we get the following result.

LEMMA 5.3 If the assumptions of Lemma 5.1 are satisfied for 0 < n < N fixed, then for 7 < 7'67 the error
of the linearly implicit midpoint rule (4.3) satisfies

ek, < I, + O (5 = I 21, + 7 (sup |81 + o (9815 + s 0w )

to,t1 to,t1 to,t1/2

+  sup [ Ra(y(s1))0y(s2)l%, + sup [Raylk, + sup |5€F(-7y)ll?xh>,

51,52€[to,t1] [to,t1] [to,t1]

with a constant C' > 0 independent of & and 7.
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Ry,
1
ACr, Ry+ Ry, )
Cr, Ry
1 hrY
(A) Balls for the solutions y and yp, . (B) Balls for the differential operators A and
Ap, applied to the respective solution y and
Yh-

FIGURE 4. Illustration of the different balls centered at the origin with the radii specified
in Assumption 3.3. Additionally, the concept of the proof of Theorem 4.1 is depicted.

Using the preliminary lemmas alternately, we now prove Theorem 4.1 for the linearly implicit midpoint
rule (4.3) by induction. The basic idea for the induction step n ~ 141 is illustrated in Figure 4.

For t € [0,t,+1] the interpolation Iy (blue) of the solution of (2.2) is shown in Figure 4a. Moreover,
for n < 7 the discrete approximations y;’ (green) obtained by (4.3) are depicted. Correspondingly, the
application of the differential operators A and A, to the respective quantities are shown in Figure 4b. Due
to the induction hypothesis, the discrete approximations are bounded by the intermediate radii.

Thus, Lemma 5.1 yields that both yZH and AZH y,?“ exist and are contained in the balls centered at the
origin with radii Ry, and R4, , respectively. To conclude the induction step, we prove that these bounds
are not sharp. More precisely, the error estimates from Lemma 5.2 and Lemma 5.3 together with the
consistency from Assumption 3.4 and the step-size restriction (4.4) imply that the errors indicated by the
red arrows are sufficiently small such that the approximations are also bounded by the intermediate radii.
This finally proves the induction hypothesis for n + 1.

Proof of Theorem 4.1 for the linearly implicit midpoint rule. The proof consists of two parts. In the first
part, we prove by induction that the linearly implicit midpoint rule is wellposed and that the approximations
satisfy forn =0, ..., N the bound

n—1
e e, < Ry + 07 Do e lef %, +Ctn sup (I — Juul,
r=0 stn
+ Ctor® (sup 00| + sup |92y} + sup [0Fyll% ) (520
(0,tx] (0,tn] (0,tn]

+Cta( s [Raly(s2)Or(s2)l, + sup [Ragl, + sup [ Re(0)], ).

51,52€[0,t,] 0,tn] 0,tn]

In the second part, we conclude the rigorous error estimate (4.5).
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1. For n = 0, due to Assumption 3.4 there is a constant h > 0 such that the initial value satisfies

v, < 2(Ry, +C1, Ry), AR (Y

Hy2| Y, < %(Rﬂh + CI;LR-A)v

for all h < h. Hence, with y,ll/ 2 = Y9 € By, (Ry, ) Lemma 5.1 and Lemma 5.3 imply wellposed-
ness as well as (5.20) for the first step.

For the induction step, we assume that the assumptions of Lemma 5.1 and (5.20) are true up to
somen =17 € {0,..., N — 1} arbitrary but fixed. To close the induction argument, we show that
this then transfers ton = 7 + 1.

First, due to Lemma 5.1 we get existence of

1/2 1/2 1/2
yh+ / ayZ—H € BY}L(RY;L)v AZJr / yZJr / € BY}L(RA;L)'
Thus, we obtain from (5.12) and (5.18)

lep !

||An+1 S CTH€h|

%o HOllen %, 1+CT<||(fh—Jh) TR,

+  sup [[Ra(y(s1))0y(s2) %, + sup |Raylk, + sup [|Re(y)l%,

$1,82€ [ty tni1] [ty tn+1] [t tyt1]
—I—T4( sup ||02y|% +  sup ||8§y||§/)>
[ty tns1] [tn—1,tn+1]

Using the induction hypothesis to replace ||e h|

n this yields (5.20) forn = n + 1.
To conclude this part of the proof, we have to show that the step-size restriction (4.4) is sufficient
to ensure that the assumptions of Lemma 5.1 also valid for n = n4-1. Note that we only focus on

the corresponding estimates for )" and A"y here, as the bound for QZH/ ? follows with
similar arguments. For all details, we refer to the proof of (Maier, 2020, Thm. 7.3).
With the discrete Gronwall inequality, (5.20) implies

e 30 < COL+ typa )€ <|e,,||Ao + s = Tyl
N2NE]

+72(sup 9ylly + sup [10Fylly + sup 97ylx) (5.21)
(0,tp] (0,tni] (0,tn4a]

L osup [ Ra(y(s1)0w(sa)lx + sup [Raylx + sup ||ﬂzF<~,y>||X).

51,52€[0,tn41] [0,tm4a] [0,tm41]

Since this bound also holds for ¢, being replaced by 71" in the right-hand side, we get from
Assumption 3.4

Crax(h )||e7]+1||xh -0,

uniformly in 7 for 7, — 0 satisfying the step-size restriction (4.4). Thus, (Hochbruck & Maier,
2021, Lem. 4.6) directly yields the existence of 7y > 0 and hy < h independent of 7 such that

7y, < 3(Ry, +Cr, Ry), ATy )y, < 2(Ra, + C1,Ra)

lly

holds for all 7 < 75 and h < hg satisfying the step-size restriction (4.4).
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2. To prove the error estimate (4.5), we first split the error into

1y(tn) = yillx < 1Ad =Jn)y(tn)llx + llenllx,

where the first term already appears in the right-hand side of (4.5). The bound for the second
term follows from the norm equivalence (3.13) and the bound for the discrete error (5.21). Finally,
Assumption 3.4 yields (4.6). O

6. ERROR ANALYSIS FOR THE FULLY IMPLICIT MIDPOINT RULE

Based on the results obtained in the previous section for the linearized scheme we now focus on the
analysis of the fully implicit midpoint rule (4.1), which is more involved. In particular, a very important
detail in the wellposedness result in Lemma 5.1 is that we only rely on the step size restriction for the
derivation of the bounds, but not for the existence of the next approximation. This allows us to relax the
step size restriction in the overall proof by induction, since the error estimates yield improved bounds.
However, for the fully implicit midpoint rule this approach is not feasible, since existence of the next
approximation is intertwined with the required bounds. Hence, if we apply Banach’s fixed-point theorem
to derive existence and the bounds simultaneously, relaxing the severe step size restriction using the error
estimates is not an option.

To circumvent these analytical difficulties, we approximate the fully implicit scheme using a fixed-
point iteration in every time step. This yields a sequence of linear problems, for which the results from the

previous section are directly applicable. More precisely, for n € {0, ..., N — 1} we consider the sequence
n+1,k .
( i )keNo given by
KA1 +1/2,k n+1/2,k+1 1/2,k

A N -/ At k>0, (6.1)
and y2+170 = QQZH/ ? - y;l. Here, QZH/ ? again denotes the extrapolated midpoint introduced in (4.3).
Moreover, we use the notation

+1/2,k ynH’k +yp +1/2,k +1/2,k +1/2,k +1/2,k
yo = e AT = Ay ), FT = ey ).

Note that if the sequence given by (6.1) has a fixed point, this is the next approximation yZH of the fully
implicit midpoint rule.
Overall, we proceed as follows.

Roadmap for the analysis of the fully implicit midpoint rule.

(W) Assumption 2.2 yields wellposedness of the continuous quasilinear Cauchy problem (2.2), i.e., for
all T < t*(y°) the bound ||y||y < Ry holds uniformly on [0, 7.

W ’k) Based on the assumption that the first > 0 steps of the fully implicit midpoint rule (4.1) are
well defined, we prove in Lemma 6.1 that there exists a range of time steps (0, 7') such that all
approximations y/ " "* of the fixed-point iteration (6.1) exist with ||y """ ||y, < Ry, . To do so,
we apply the corresponding result for the linearly implicit midpoint rule from Lemma 5.1.

(EZ’I“) Using (W), (W;”k), and Lemma 5.2, we bound the errors eZ'H’k = Jhy(tys1) — yZ'H’k of the

fixed-point iteration by the errors of the previous approximations eZH’k_l and ¢} in Lemma 6.2.

(C;L”k) Based on an inverse estimate, the consistency from Assumption 3.4, and convergence of the pre-
vious errors eZ, e"_l, we show in Lemma 6.3 that the step-size restriction (4.4) is sufficient to
ensure improved bounds on all iterates.

(LZ) In Lemma 6.4, we show that (6.1) defines a Cauchy sequence in X} with limit yZH.
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L77
(W) (EP) (W% k( _f;)oo W) ——— (B]) «—— (W)
\_/ W
(o) 0k (o)

FIGURE 5. Relations between the main steps for the analysis of the full discretization
with the fully implicit midpoint rule.

(W,)) Since we further obtain bounds for yZH in Y} under the step-size restriction (4.4), this yields
wellposedness of the next step of the fully implicit midpoint rule.

(E}) Using (W), (W;*), and Lemma 5.2, we bound the error ¢ ™" = Jyy(t,41) — y/ ™" of next step
of the fully implicit midpoint rule based on ¢} in Lemma 6.5.

(C1) As for the linearly implicit midpoint rule, we conclude from an inverse estimate, the consistency
from Assumption 3.4, and a uniform bound for the previous errors e} with n < 7 that the current
step FIM,, ;1 is wellposed under the step-size restriction (4.4) and we may proceed with (W’ .

Overall, we show Theorem 4.1 for the fully implicit midpoint rule by induction, as we alternately apply
(W,h, (Eh, and (C})). To prove (W,"), we approximate each step of the fully implicit midpoint rule by a
fixed-point iteration, for which we again show wellposedness and an error esitmate, using (VV,;7 ’k), (EZ’k),
and (Cﬁ’k). Finally, we conclude convergence of the fixed-point iteration in (L}). This approach is also
illustrated in Figure 5, with the blue ellipse indicating the induction proof for the fully implicit midpoint
rule. The analysis of the fixed-point iteration is characterized by the embedded green ellipse.

Again, we emphasize that the analysis of the fully implicit midpoint rule for nonconforming space
discretizations is presented in detail in (Maier, 2020, Sec. 7.1.2).

Before we start with the analysis, we briefly discuss the relation to Banach’s fixed-point theorem.

REMARK 6.1 With the introduction of the fixed-point iteration, our approach resembles the proof of Ba-
nach’s fixed-point theorem. However, we emphasize that the theorem is not directly applicable here, as it
does not allow for a differentiated treatment of the weaker space X, and the stronger space Y. In par-
ticular, to apply the theorem we would require yZ“’k — yZH’kH to be a contractive self-mapping on
By, (Ry;, ). As shown in the proof of Lemma 5.1, this is only possible under a severe restriction on the
time step, which in this case can not be relaxed afterwards as the fully implicit midpoint rule is a nonlinear

scheme.

We now prove wellposedness of a single step of the fixed-point iteration. Note that we omit £k = 0
here, as in this case the fixed-point iteration coincides with the linearly implicit midpoint rule and hence
Lemma 5.1 is applicable.

LEMMA 6.1 Let Assumption 3.3 be satisfied. For 0 < n < N fixed we assume

+1/2,1
Iy llve < 3(Ry, +CrRy),  [ATylly, < 3(Ra, +Cr.Ra)s  ly7™ > vi < Ry,..
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n+1,k+1

Then, the fixed-point iteration (6.1) has a unique solution y,, € X}, Furthermore, there is a constant
7,/ > 0, which may depend on the space discretization parameter h, such that for all 7 < 7/ we have
o2 v i v, < Ry ARy < Ry 6)
Proof. The result follows from Lemma 5.1 by induction over k& € N, with yZ'H/ >k and yZH’kH instead
of QZ'H/ % and yZH, respectively. g

With the notation

n+1,k n
nLk . g ot n+1,k n+1/2,k _ ©p tep
en = Dyt -y, e =y

we derive as in (5.10) from (5.7) and (6.1) the error equation for the fixed-point iteration

n+l,k+1 _ n n+1/2 n+1/2,k+1 n+1,k+1
h =ep +TA ey, +T79m k>0,
with right-hand side

gn+1,k+1_ (EZH/Q_AZH/Q,k)yZH/Q,kH+§Z+1/2_?Z+1/2,k+(KZ+1/2)—1Hh (AS"HQ—}—%(S”H)

h,FI =
An+1/2y—1 ~n ~n ~n ~n ~n ~n
+ (AR (RA(y T (LG =) —Ra (3@ 7)) — R (g2, 9 “/2))
In the next lemma we provide an error recursion for one step of the fixed-point iteration.

LEMMA 6.2 If the assumptions of Lemma 6.1 are satisfied for 0 < n < N fixed, then for £ € N and
7 < 7, the error of the fixed-point iteration (6.1) satisfies the bound
+1,k+1 +1,k ~
lent R e < T llRlR, + 3CT el IR e + CT(H(I}L —J)i"2,

+ 0 osup [[Ra(y(s1))0ey(s2) 1%, + sup [Raylk, + sup [Rr(L9)I%,

51,52€[ty,tnt1] [tnstn+1] [tn tn+1]
rt( s Jobul s 107IR) ).
[tmtn+1] [tmtTHrl]

with constants C', C' > 0, which are independent of 7, k, h, and 7.

Proof. With similar arguments as in (5.18), we obtain

~n+1/2 n+1/2.k ~n+l n+1.k
[ Tng "% =y y"

g gy + MG gl

‘KZ+1/2 < %”Jh

< %||Jh(217"+1/2 _ Z7n+1 _ gn)szﬂ/z

1y ,n+1.k 1,10 2 2
< Hlef H gpense + Slefligperse + O sup [|07ylly-
: ) tnstnt1]
Thus, using Lemma 5.2 with the same replacements as in the previous proof, i.e., with yZH/ 2k and
yZH’kH instead of yzﬂ/ % and yZH, respectively, yields the result. O

Based on this error estimate, we now improve the wellposedness result from Lemma 6.1 for the fixed-
point iteration for 0 < 1 < N fixed. To do so, we rely on wellposedness and convergence for the previous
steps of the fully implicit midpoint rule. In particular, we assume for some n < 7 that the errors ej; of the
previous approximations obtained by the fully implicit midpoint rule (4.1) satisfy

Crax(h)[lep [ x, — 0 6.3)

uniformly in n for h, 7 — 0 under the step-size restriction (4.4), where Ch,ax(h) is given in (3.17). At the
end of this section, we close this argument in the proof by induction for Theorem 4.1.
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LEMMA 6.3 Let Assumption 3.4 and the assumptions of Lemma 5.1 be satisfied for 0 < n < N fixed.
If (6.3) holds for n € {max{(), n—1}, 77}, then there exist 77, b > 0 such that the fixed-point iteration
(6.1) is wellposed for all h < h{ and 7 < 7 under the step-size restriction (4.4). In particular, for k € N
the iterates satisfy

Iy F v, < 3(Ry, + C1, Ry), ATy < LRy, + Cr, Ra). (6.4)

Proof. Let0 < n < N be fixed. For 7, h} > 0 fixed at the end of this proof, we define " (7, hg) > 0
as the minimal constant such that

(7, hg) = Cllej

2+ (I = T 2B 471 (sup 0B+ sup [oB%)

[tmtTHrl} [tmthrl]

+  osup [|Ra(y(s1))0y(s2) %, + sup [Rayllk, + sup [Re(, y)?q)
51,82 €[ty,tn41] [tysty+1] [tntn+1]

holds for all 7 < 7 and h < h{ under the step-size restriction (4.4). This constant is well defined, since

Assumption 3.4 and (6.3) imply

Crnax(R)E" (g, h]) — 0, (6.5)

for 7y, h{ — 0.
We first prove that all iterates satisfy the error estimate
k
ko ~ i—1
lert Ry < (Cr) IIG ™7 = g PP+ € (b)Y o(Cr) T kEN. (66)
i=1

For k = 1, this bound follows directly from Lemma 5.2, as the fixed-point iteration (6.1) coincides with
the linearly implicit midpoint rule (4.3) with a modified initial value. Moreover, Lemma 6.2 implies

k K
HeZH +1||%*h7+1 < QT”eZH ||%Z+1 _|_5n(7-677h67).

Thus, (6.6) follows with a proof by induction over k € N.
Since C'is in particular independent of h, 7, and 7, we get from (6.6) for 7 < %

n+1,k )2 < (C k Jynt1/2 n+1/22 gn( 0
len ||7\Z+1 <(C7)"IIny -y 10

Due to (5.18), (6.3), (6.5), and the norm equivalence (3.13) the assumptions of (Hochbruck & Maier, 2021,
Lem. 4.6) are satisfied. This proves existence of 7'67 < % and hg > 0 such that (6.4) holds.

Finally, as (6.4) follows for 7 = 0 with similar arguments using Lemma 5.3 instead of Lemma 5.2, this
concludes the proof. g

We now turn towards the analysis of the fully implicit midpoint rule (4.1). To prove wellposedness, we
show that the fixed-point iteration (6.1) is convergent in X;. Moreover, we provide the necessary bounds
for the limit in Y},. This is illustrated in Figure 6, where the interpolation I,y (blue) of the solution of (2.2)
and the last approximation y;’ (green) of the fully implicit midpoint rule are depicted. In Lemma 6.4, we
prove that the iterates of the fixed-point iterations yZH’k (purple) converge to the limit yZH (green), which
is the next approximation of the fully implicit midpoint rule. Subsequently, in Lemma 6.5, we extend the
error estimate for the iterates, indicated by the orange arrow, to an error estimate for the fully implicit
midpoint rule (red). Finally, as indicated by the dashed green line on the right, we might proceed with the
next step of the induction proof for Theorem 4.1.
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]hy(tr]Jrl)

FIGURE 6. Visualization of the fixed-point iteration.

LEMMA 6.4 For 0 < 1 < N fixed let the assumptions of Lemma 6.3 be satisfied. Then, there are
7o/, hg > 0 such that for all h < h( and T < 7, under the step-size restriction (4.4) the sequence defined
by (6.1) converges in X}, to the limit yh lex 1. Moreover, we have

Hyn+1||Yh < RYM |‘AZ+1 n+1‘Yh < RAh (6.7)

Proof. In the first part of the proof, we prove that (6.1) yields a Cauchy sequence in X},. To this end, we
get from (6.1) for k € N
. 1/2,k , ,
y2+1,k+1 _ yzﬂ,k _ EAZJF / (yZH k+1 yZH k)
1/2,k 1/2,k-1 1/2,k 1/2,k 1/2,k—1
= (AT AR (g g

Thus, the weighted inner product with 3/7Jrl Lk yZ'H’k implies due to (3.7) and the Cauchy—Schwarz
inequality

n+1,k+1 n+1,k

+1/2,k +1/2,k—1\ n+1/2.k
Hy — Y h(yg+1/2,k+1) < TH(AZ / —AZ / )yn /

h

41/2, k41
h(yz / )

+ || F R STr}Trl/z,kq||Ah(y;,+1/2,k+1).

With (3.11), (3.12), (3.13), and (6.2), we deduce the existence of constants 7, > 0 and . € (0, 1) such
that

+1,k+1 +1,k +1,k +1,k—1
lyn =y xS ey oz (L, Ray, + Ly )y, ™" —yp x5
1, r n+1,k—1

< eclly, ~Yn x5
< Ek”ynJrl ! yz+170 |Xh7

for all 7 < 7, where we used the same argument iteratively in the last step. Thus, we conclude that

(v ") ren 18 @ Cauchy sequence in Xj,, since for £ > m > 1 we have

n+1,0 n+1, m” | n+1, n+1,0—1 HX 4ot ||yn+1 ,m—+1 n+1,m

lyn ™" =y T TH —yn " x
Selfe T +sc+1)||y”+“ ol
g’ n+11 n+1,0
Sli\l =y -

As X}, is a complete space, the Cauchy sequence converges to the limit y”Jr1 € Xy,
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In the second part of the proof, we focus on (6.7). First, there is kg, which may depend on 7, h, and n
such that

Cy, x, My =y ¥ llx, < 2(Ry, — C1, Ry),
for all kK > kg. Thus, (3.3) and (6.4) yield

11 +1 1k 1,k
lyn " llvi < Cvixs My ™ =y " llx, + i " llve, < Ry, -

Since the second bound in (6.7) follows with similar arguments from (3.11) and (5.5), this concludes the
proof. ]

Moreover, we provide an error bound for a single step of the fully implicit midpoint rule. To do so, we
first derive correspondingly to (5.10) and (5.11) the error recursion

Tn+1/2 n+1/2+7_ n+1

n+1 __
e, =ep+TA, h,FI 3

with the right-hand side
G = (AR = AR G g (R, (A5 1)

FERA T RGP EG ) - Ra (BT ATN) R (g2 7))
(6.8)

LEMMA 6.5 If for 0 < n < N fixed the assumptions of Lemma 6.4 are true, then there exist 7', h] > 0
such that for all h < h} and 7 < 7 under the step-size restriction (4.4) the error of the fully implicit
midpoint rule (4.1) satisfies

ey 12, < Cfnem%g+OT(||<Ih—Jh>W+1/2%mf*( sup 93yl% + sup (92y]3)

tnvthrl] [tmthrl

© osup [Ra)Owl%, + sup [Ragll, + sup ||RF<-,y>|§h,).

[tn,tn+1] tystnt1 ty,tyt1

Proof. We mainly apply the same ideas as in the proof of Lemma 5.2 with gZJ;ll instead of gZLl For the

right-hand side (6.8), this yields
|‘92:;11||K2+1/2 SQ/||J}L§U+1/2 n+1/2||An+1/2+C(||(Ih — Jh) +1/2||X;L+ H677+1/2||Y+ ||15?7+1||
+[ sup [ Ra (@7 2)ylx, + 1RA@" + 57 x, + IIRF(th/z,??"“/Q)IIXh),
tnstn+1
with ¢’ = %e*ClQ. Furthermore, we derive with (3.13), (3.15), (5.8), and (5.14) the bound

1 Tng "2 — "+1/2||Av+1/2 < CAhCIh 167 |y + el zp+orz + Zlli ||A"+1/2

Due to 7 < & < &, this implies

ot lzyeare < (U= 3C) IO (e gy + T = )T 20, + sup [RaG" )00 x,
' tyytnt1
HIRATT 2 + 1R e (2, T + 1672y + (1207 1x,),
which together with (5.15) and (5.17) yields the result. O

We now conclude the main result for the fully implicit midpoint rule (4.1).



ERROR ANALYSIS FOR FULL DISCRETIZATIONS OF QUASILINEAR WAVE-TYPE EQUATIONS 23

Proof of Theorem 4.1 for the fully implicit midpoint rule. ~ As for the linearly implicit midpoint rule at
the end of Section 5, we prove the result by induction, i.e., we alternately use Lemma 6.4 and Lemma 6.5
to prove existence of the next approximation and the error bound (5.20). Finally, we conclude that the
step-size restriction (4.4) is sufficient to ensure that Lemma 6.4 is also applicable for the next step. ]

7. APPLICATION OF THE ABSTRACT RESULT

Finally, we derive more specific bounds for the full discretization of two important classes of applica-
tions which fit into our abstract framework. More precisely, we first study the Maxwell equations with Kerr
nonlinearity and subsequently discuss the full discretization of the Westervelt equation. We point out that
the full discretization of these examples is also discussed in detail in Maier (2020), where Sections 3.3 and
8.2 are devoted to the Maxwell equations and Sections 3.2 and 8.1 to the Westervelt equation, respectively.
Moreover, the corresponding space discretization of these examples is studied in (Hochbruck & Maier,
2021, Sec. 6). Thus, we only briefly discuss the space discretization and focus on the full discretization
here.

7.1. Maxwell equations. We consider the Maxwell equations with Kerr nonlinearity, which state that the
magnetic and electric fields , £: [0, 7] x 2 — R satisfy

HH=—-VxE, onl0,T]xQ,
(A+[EPN)Id+2(E® E)X)0E = Vx H, on[0,T] x Q, (7.1)
j‘f(O) = g‘fo, 8(0) = 80 on Q,
on a finite time interval [0, 7] and a bounded domain 2 C R3, with initial values Hg, Eo: © — R3 and
subject to homogeneous perfectly conducting boundary conditions. Moreover, Vx and ® are the curl
operator and the Kronecker product, respectively, and xy € L (Q2) denotes the nonlinear susceptibility.

As discussed in (Hochbruck & Maier, 2021, Sec. 6.1) and in more detail in (Maier, 2020, Sec. 8.2), the
problem (7.1) fits into the abstract framework (2.2) with the spaces

X = L%(Q)3 x L*(Q)3, Y = H*(Q)3 x {¢ € H*(Q)® | p x v = 0},
Zy=HP(QP x {pc HP(Q)? | o xv =0}, Z=H"Q)?®x {pec HT(Q)?|pxv=0},
for p > 3, equipped with the standard inner products and |-|y = ||-||y. Here, xv is the cross product with
the outer unit normal of €2. For the discretization in space, we use the discontinuous Galerkin finite element

method. In particular, the discrete spaces are given by (3.1) with V;, C L?(Q)° consisting of piecewise
polynomials of degree at most p € N on an exact mesh of €2, and

[-llve = Ml o ()2 x Lo ()2 i, = [l
Hence, the estimates (3.3) and (3.16) hold with constants
CXhVYh (h) =C, OY}nXh(h) = Chi%? CAh,Y}uXh (h) = Chig'

In particular, there exists Cy > 0 such that for all £g > 0 the step-size restriction (4.4) is a direct conse-
quence of

< Ooh%JrEU' (7.2)

Corollary 4.1 then yields the following result, which, up to our knowledge, is the first rigorous error
estimate for the full discretization of the quasilinear Maxwell equations.
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THEOREM 7.1 Let Assumption 3.3 be true, x be sufficiently smooth, and p > 3. In particular, for 7" > 0
let the solution (3, €) of (7.1) satisfy

(3, &) € C3([0,T], X) N C%([0,T],Y) N C([0,T], Z5) N C(]0,T], Z)

Then, there are hg, 79 > 0 such that for all h < hy and 7 < 7 satisfying the step-size restriction (7.2), the
approximations (3}, £}) of both the fully and the linearly implicit midpoint rule (4.1) and (4.3) applied
to (7.1) are well defined forn = 0, ..., N. Moreover, we have the estimate

”g{(tn) - ZHL?(Q)3 + ||8(tn) - 8Z”L"’(QP < C?C,S,x(l =+ tn)eCtn (hp =+ 7'2)a

where C'y¢ ¢ o, C > 0 are constants independent of h, ¢, and T, but Cy¢ ¢ ,, depends on I, &, and ,
including their derivatives.

7.2. Westervelt equation. We further consider the Westervelt equation (Westervelt, 1963), which is a
fundamental model in nonlinear acoustics. It states that on a finite time interval [0,7] and a bounded

domain 2 C R%, d = 1,2, 3, the pressure u: [0, 7] x  — R satisfies
(1 — ku)0u = Au+ K(Opu)? on [0,T] x Q, 13)
u(0) = uyg, Ou(0) = vy on {2, '

with initial values wug, vg : €2 — R and homogeneous Dirichlet boundary conditions. Here, x € R models
the nonlinearity of the medium.
Introducing the spaces

X = H}(Q) x L*(Q), Y = (H*(Q)NHj(Q) x (H* ()N HO(Q)),
Zy = (HP(Q)NHy(Q) x (HP ' () NHQ)), Z=(HT(Q)NHHQ)) x (HP(Q) N Hy(Q)),
for p > 2, equipped with the standard inner products and
€]y = H§v||H2(Q)mHg(Q)> §=(£",6") ey,

the Westervelt equation (7.3) also fits into the abstract framework (2.2). The discrete spaces are given by
(3.1), with V}, € C(2)? being the Lagrangian finite element space of order p, and

1€nllvs, = lInll Lo (@) x Lo ()5 1€ty = 1¥nllL3 () &n = (on,¥n) € Va.
As shown in (Hochbruck & Maier, 2021, Sec. 6.2), this yields the constants

Cx, vy (h) = Ch™Y, Cy, x,(h) = Ch™%, Cap oy xy(h) = Ch™175% .
Thus, there is Cy > 0 such that for all 5 > 0 the step-size restriction (4.4) follows from

T < Coh'i2 o0, (7.4)
The abstract result from Corollary 4.1 then yields the following.
THEOREM 7.2 Let Assumption 3.3 be true, p > 2, and T' > 0. If the solution (u, dyu) of (7.3) satisfies
(u, Opu) =y € C([0,T), Z5) N C([0,T), Z),

then there exist hg, 79 > 0 such that for all h < hg and 7 < 7y satisfying the step-size restriction (7.4), the
approximations (u}, v;') of both the fully and the linearly implicit midpoint rule (4.1) and (4.3) applied to
(7.1) are well defined for n = 0, ..., V. Furthermore, they satisfy

lutn) = will o) + 18eu(t) — il z2i) < Cul(l+8)e (WP +7°),

where C,,, C' > 0 are constants independent of &, ¢, and T, but C,, depends on u including derivatives.
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Note that compared to the analysis in Maier (2020), the introduction of the seminorms ||y and ||y,
allows for a more relaxed constant Cy,.x (k) and thus also for a more relaxed step-size restriction (7.4). In
particular, we obtain that the error estimate stated above is also valid for p = 2, whereas (Maier, 2020,
Thm. 8.2) is restricted to p > 3.
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APPENDIX A. DISCRETIZATION OF LOCAL NONLINEARITIES

For the special case of nonlinearities A and F’ that are local in space, refined bounds for the nonlinear
remainders R and R from (3.18a) and (3.18c¢), respectively, are shown in (Hochbruck & Maier, 2021,
Sec. 5). Since these estimates are also useful for the full discretization considered here, we briefly recall
the assumptions and the estimates.

In the following assumption, we narrow down the abstract framework to the special case of partial
differential equations.

ASSUMPTION A.l1 Let d,d, € N such that X, Y, Z, X}, and Y}, are function spaces consisting of
functions mapping from a bounded domain 2 C R? to R%". Moreover, the following properties hold.

(Af) For £ € By (Ry) we have A(§) € L(Y). Further, A and F' are local in space, i.e., there exist
A QxR — RI>drand f: [0, 7] x Q x R — R such that for all t € [0, 7], £ € By (Ry),
and ¢ € X it holds

(A©)¢) () = A=, &(2))p(2), (F(t,9)(x) = f(t 2,¢(x)), r e

(Iy,) The operator I}, is a nodal interpolation operator, i.e., for some M € N we have

Ing = §js ) Phs Iné(z) = &(a), (€Y, z ey,

with the interpolation points Q7, = {2, ..., 2™} CQ and the basis functions {¢), ..., oM} CY},.
(AnF}p) Fort €0, T] &n € By, (Ry, ), and ¢y, € X, the discrete nonlinearities are given by

&W—ZA T (@ ™M)n (@) O, Fa(t ) = ngw&mw'

This yields the following estimate for the nonlinear remainder terms.

LEMMA A.2 ((Hochbruck & Maier, 2021, Lem. 5.2)) If Assumption 3.1 and Assumption A.1 hold, then
we have fort € [0,T],£ € Y,and ( € By (Ry)

[Ra(OEllx < [1(Id =Tn)AC)E ]l x + Ca,,
[Re(t Ollx < [[(1d =In) F (¢, O x-

(Ih - J}L)§HX7



