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Abstract

This thesis deals with the mathematical theory and numerical approximation of the
Landau-Lifshitz—Gilbert equation coupled to the Maxwell equations without artificial
boundary conditions.

As a starting point, the physical equations are stated on the unbounded three di-
mensional space and reformulated in a mathematically precise way to a coupled partial
differential — boundary integral system.

We derive a weak form of the whole coupled system, state the relation to the strong
form and show uniqueness of the Maxwell part of the solution. A numerical algorithm is
proposed based on the tangent plane scheme for the LLG part and using a finite element
and boundary element coupling as spatial discretization and the backward Euler method
and Convolution Quadrature as time discretization for the interior Maxwell part and the
boundary, respectively. Under minimal assumptions on the regularity of solutions, we
present well-posedness and convergence of the numerical algorithm.

For the pure Maxwell equations without the coupling to the LLG equation, we are
able to show stronger results than in the coupled case. We derive a weak form for the
Maxwell transmission problem and demonstrate existence and uniqueness of the weak
solutions as well as equivalence with a strong solution. The proposed algorithm of finite-
element /boundary-element coupling via Convolution Quadrature converges with only
minimal assumptions on the regularity of the input data.

Again for the full Maxwell-LL.G system, we show a-priori error bounds in the situation
of a sufficiently regular solution. This is done by a combination of the known linearly im-
plicit backward difference formula time discretizations with higher order non-conforming
finite element space discretizations for the LLG equation and the leapfrog and Convolu-
tion Quadrature time discretization with higher order discontinuous Galerkin elements
and continuous boundary elements for the boundary integral formulation of Maxwell’s
equations. The precise method of coupling allows us to solve the system at the cost of the
individual parts, with the same convergence rates under the same regularity assumptions
and the same CFL conditions as for an uncoupled examination.

Numerical experiments illustrate and expand on the theoretical results and demon-
strate the applicability of the methods.

For the formulation of the boundary integral equations, the study of the Laplace
transform is inevitable. We collect and extend the properties of the Laplace transform
from literature. In the suitable functional analytic setting, we give extensive proofs in a
self contained way of all the required properties.
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1. Introduction

1.1. Motivation

The understanding of magnetization dynamics is overly important for various current
technical developments: Magnetization phenomena occur, e.g., in magnetic sensors, gen-
erators, electric motors or magnetic storage devices. In a magnetic storage device, for
example the magnet stripe of a common credit card, a hard drive disk of a personal com-
puter or a magnetic tape storage (used for long time storage in data in archives [124] [136],
or big data centers (e.g. in the project CASTOR at CERN [50])) the encoding of the
data is achieved via the direction of the magnetization.

Perpendicular recording

11| = Recording layer
«= Additional layer

Figure 1.1.1.: Perpendicular recording: Writing head on a hard disk from [49].

Figure depicts how a magnetic storage device is working: The electromagnet
(“writing head”) introduces a magnetic field and therefore the magnetization in the
actual storage cell in the recording layer gets aligned to the intended direction. Whether
the magnetization is pointing upwards or downwards, the block encodes a ”1” or a 07,
so each cell corresponds to one bit.

For the practical relevance, several aspects come into place: The smaller each of the
tiny cells can be chosen (without influencing the neighboring bits during the writing
process), the higher is the storage capacity of the device. The time it takes to align
a bit is directly related to the writing speed. Further aspects comprise the energy
efficiency of the writing process, the possibility and speed of reading the data and the
manufacturing costs (e.g. due to the used materials). For the long time safety of the data
it is important how stable the writing procedure is, especially with respect to exterior
impacts like external (earth) magnetic fields or physical effects like hits or heat.

Effects like these can be simulated with the algorithms and models considered in this
thesis, but also with reduced models, see e.g. [55, 1411 [64].

In the development of even smaller, faster and more efficient devices, also cutting
edge writing techniques are explored: The control of magnetization by optical means
[31], especially using circularly polarized light seems to be a promising ansatz [147]. In
this emerging field of research, femtosecond laser pulses are used to switch the magne-
tization of ferromagnetic materials in order to improve the speed, density, and stability
of magnetic hard drives, with possible implications for the field of spintronics [75].

To cover all those physical aspects, it is essential to consider the coupling to the full
Maxwell system, like we do it in this thesis in contrast to earlier approaches (e.g. [63, [104]
105]), which deal with a quasi static approximation of Maxwell’s equations. Yet another
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application that is being considered is the production of radiation from a magnetic
material. The interest comes from the observation that one can build THz emitters in
this way, which are otherwise hard to achieve [129]. Such THz emitters are important
for a broad range of technical applications ranging from chemistry and medicine to
physics and material sciences [120] [I50]: information and communications technology,
spectroscopy and imaging, nondestructive evaluation (material and circuitry diagnosis),
security (detection of drugs and explosives), global environmental monitoring, ultrafast
computing and astrophysics. Despite all that, the THz region of the electromagnetic
spectrum is still an comparatively unexplored region due to the lack of strong and
broadband THz emission sources and sensitive detectors.

Altogether, scientific research and industrial application require a deep understanding
of the physical ongoings in the technical devices and further this is demanded for different
materials, different shapes (of parts) of the devices and their respective arrangement. A
very helpful approach for this understanding is the numerical simulation for visualization
and for computing concrete figures (that otherwise would have to be measured in a
physical experiment).

This dissertation considers the analysis of algorithms for the Maxwell-Landau-Lifshitz—
Gilbert system in two complementary attempts: We propose algorithms that, almost
independent of the regularity of the solution, give reliable approximations. On the other
hand, if the problem is good-natured in a way (the solution is regular enough), we show
that the approximation and exact solution only differ by an a-prioiri known tolerance,
and that we can predict how the error reduces in terms of the discretization parameters.

1.2. Physical Derivation

In this section we want to introduce the Maxwell-Landau-Lifshitz—Gilbert system from
a physical point of view. This section is based on [141], [121I] and [106].

1.2.1. The Landau-Lifshitz—Gilbert equation

Micromagnetism describes the study of magnetic phenomena on a length scale from a few
nanometers up to several micrometers. The scale is large enough to consider continuous
quantities above the atomic structures but small enough to observe magnetic structures
like domain walls or vortices. We consider the situation of a ferromagnetic body whose
volume is described by the three dimensional domain Q C R®. The physical quantity
of magnetization is described in every point z € Q (and at time ¢t € R) by a three
dimensional vector M (t,z) € R3 that represents the magnetic moment per unit volume.
As long as the temperature stays constant and sufficiently low, the absolute value of the
magnetization remains constant (see [I41]), i.e.

|M|:Ms>0,

where Mg is called saturation magnetization.

Static micromagnetics

Following the micromagnetic theory, the magnetization always aligns itself such that a
state of minimum energy is reached. This means that the final state is a minimizer of
the so-called total magnetic Gibbs free energy, which comprises many individual energy
contributions. For simplicity however, we consider only a simplified model in this thesis,
we refer to [I41] for a more detailed presentation and to Section for the extensibility
of the mathematical results to cover further physical effects.
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Due to quantum mechanical effects, neighboring magnetic moments strive to be aligned
in the same direction. Therefore, the exchange energy includes the term

A
Eun(M) = Mg/g VM de

which penalizes unequal directions in the magnetic field. Here A > 0 denotes the ex-
change stiffness constant.

If an external magnetic field H is applied, the magnetization aligns with it. Accord-
ingly, Zeeman’s energy penalizes deviations of the magnetization from this direction,
ie.

gze(M) :—/Q/LH'MCL%'.

For simplicity we assume in this section that the magnetic permeability p € R is scalar
and constant, see Section [7.2] for a discussion.
Taken together, for the energy E(M) = Eex (M )+E,e (M), we consider the minimization
problem
min E(M).
|M|=Mg
If we define the effective magnetic field as

o€ 24

- 2D AM 4 uH
oM~ azot T

,UHeff =

the corresponding Euler Lagrange equations can be derived as

mX Hgg =0 1in Q,
OpM =0 on 0N.

Therefore a minimizer of the energy is aligned parallel to the effective field.

Dynamic micromagnetics

We will now study the physical equations that deal with how the magnetization aligns
itself from an unstable initial state to the final static state.

In [103], the physicists Lew Dawidowitsch Landau (1908-1968) and Jewgeni Michailow-
itsch Lifschitz (1915-1985) proposed the phenomenological model

A
8tM = —'70M X Heff — VMLM X (M X Heﬁ)v (11)
S

with damping parameter A > 0 and the (rescaled) gyromagnetic ratio 9. This de-
scribes the motion as a damped precision, i.e. the magnetization rotates around while
simultaneously being damped towards the effective field.
In [69], Thomas Lewis Gilbert (born 1922) proposed to add a different damping term,
resulting in
M = —~oM x Heg — M&M X O M (1.2)
S

with the (dimensionless) Gilbert damping parameter o > 0. Up to rescaling of the

constants, the equations (1.1)) and (1.2)) are equivalent, see Section We restate
(1.2)) as the Landau-Lifshitz—Gilbert (LLG) equation

ao

70
M= M X Hog — —200
% el T T a2) M

1+a2

M x (M x Heg). (1.3)

This equation is equipped with initial data M(0) = M° and we use the boundary
condition from the static case 9, M = 0, see [133] for a justification.
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Taking the scalar product with M in (1.3)), we obtain
| M* =20,M - M =0, (1.4)

i.e. the modulus of the magnetization stays constant, |M| = Mg is contained in the LLG
equation as long as this is fulfilled for the initial data.

1.2.2. The Maxwell equations

In [I17], James Clerk Maxwell (1831-1879) collected a set of partly experimentally known

laws and put them together in a coherent set of differential equations: Maxwell’s equa-

tions. They describe the phenomena of classical electrodynamics and therefore form the

theoretical basis of optics and electrical engineering. The four Maxwell equations read:
Gauss’s law: The charge p is the source of the electric displacement field D.

V.-D =p. (1.5)

Gauss’s magnetic law: The magnetic flux density B has no sources: Magnetic mono-
poles do not exist.
V-B=0. (1.6)

Faraday’s law: Changes in magnetic flux density lead to an electric vortex field F.
GtB =-V XxE. (17)

Amperes law: Electric currents J,, including the displacement current 9, D, lead to a
magnetic vortex field H.
Je+0:D =V x H. (1.8)
Simplification

With the conservation law of the electric charge,
8tp +V-J. =0, (19)

we see that Gauss’s law ((1.5)) and Gauss’s magnetic law (1.6) are true at any time, as
far as they are satisfied at a particular time point tg, i.e.

(V-B)(to) =0 and (V- D)(to) = plto)
imply
(V-B)(t) =0 and (V-D)(t) = p(t)

for any time t by taking the divergence in (1.8) and (1.7]), respectively, and noting that
the divergence of the curl is always zero.

Constitutive equations

In the case of linear materials, the magnetic flux density and the magnetic field, and the
electric displacement field and the electric field, respectively are linked by the constitutive
relations

D=¢E and B=u(H+ M) (1.10)

with the electric and magnetic permeabilities €, € R3*3 (uniformly positive definite
and symmetric matrices).
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In vacuum, the permeabilities are positive constants, i.e. it holds € = ggld, p = pold
with Id the 3 x 3 unit matrix and the magnetic and electric vacuum permeabilitiees
€0, po € Ry

In the case of a conductive material, Ohm’s law says

Je=cE+J

for the conductivity o € R®*3 and the applied current J.

Body surrounded by vacuum

The above equations hold in the full space, i.e. in the whole R?. We consider the situation
of a bounded body surrounded by vacuum, e.g. the magnet, the magnetic storage device,
the generator. We assume that the volume of the body defines the domain Q C R3.
Therefore, electric current, the conductivity and charge are supported inside of €2 and in
the exterior domain R?\ €, the electric and magnetic permeabilites are positive scalars.
Furthermore, we assume that at starting time ¢t = 0 electric and magnetic field are
supported inside of €2, i.e.

H(0,z) = E(0,z) =0 for all z € R3\ Q. (1.11)

This corresponds to the situation, when at the beginning of the experiment everything
is at rest in the exterior domain, compare Section

Transmission conditions

The above setting can be translated to a coupled problem with interface conditions on
012, also see [121], Section 1.2.2] and Remark On the boundary of the magnetic
body €2, with possibly jumping material parameters e*, u* inside and €=, p~ outside,
Maxwell’s equations do not hold in classical form: As either ¢E or E are not continuous
over the boundary (except E = 0), V - (¢E) or V x E are not defined in the classical
sense. To have the respective differential operators well-defined at least in a weak sense,
we require
nxEt=nxE~ and n-(utH")=n-(u H),

where n is the exterior normal vector on the boundary of 2. For the remaining boundary
conditions, we have to take the equations and into account. Again with some
formal arguments, considering the equations on an arbitrary domain covering a part of
the boundary, integrating over the respective domain, we obtain by Stokes’ theorem

nx(H"—H )=Js and n-(u " H"—p H”) = ps,

with the surface current density Jg and the surface charge density pgs. In most instances,
(except having strongly growing singularities towards the boundary), those are negligible
and we can assume that Jg =0 and pg = 0.

Altogether, after a suitable non-dimensionalization (see [I41), Section 3.1] for the de-
tails, defining m = M /Mg which yields |m| = 1), we obtain the following system.

1.3. The Maxwell-Landau—Lifshitz—Gilbert System

Let © C R3 not necessarily convex be a bounded, connected, open and Lipschitz domain
with connected, piecewise smooth boundary I" (or a finite collection of such domains).
By S? we denote the unit sphere in R, and by 7' > 0 we denote the final time. We denote
the space-time cylinders by Qp := (0,T) x Q, Q7 := (0,T) x Q and I'r := [0,T] x I".
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We will often refer to € as the interior domain, and to Q° as the exterior domain. We
seek a magnetization
m:[0,T] x Q — S?

and electric and magnetic fields
E,H:[0,T] x R® » R?

that satisfy the Maxwell-Landau-Lifshitz-Gilbert (MLLG) equations: in the interior
domain

Om = —m X Heg — am X (m X Heg) in Qr, (1.12a)
e =V x H — (O’E + J) in Qp, (112b)
wotH = =V X E — uoym in Qp, (1.12¢)
with Heg = ﬁ(C’eAm + H) and in the exterior domain
0B =V x H in Q7 (1.12d)
o0 H = —V x E in Q7 (1.12¢)

with the boundary condition for the magnetization
Oym=0 on I7, (1.12f)
the transmission conditions (for n being the outward pointing normal vector to 0f2)
B xn=E>xnand H™ xn=H"" xn on Iy, (1.12g)
and the initial conditions
m(0) =m°®, E(0)=E’ H(0)=H" inQ, (1.12h)
and
E(0)=0, H0)=0 inQ" (1.12i)

The applied current density J : [0, 7] x 2 — R3, the electric and magnetic permeability
matrices e, it :  — R3*3 and the conductivity of the ferromagnetic domain o : Q — R3*3
are considered given data. The damping parameter o and the exchange constant C, are
positive constants. Outside of the domain ), the material parameters are assumed to
be scalar and constant:

w=po, €=¢&g, o=0.

We assume the given initial data satisfies
|m°| =1, div(uH° +pm®) =0 and div(eE®) = p(0) in Q,

therefore implies |m(t,-)] = 1 for all 0 < ¢t < T and yields div(pH (t) +
um(t)) = 0 and div(eE(t)) = p(t) in Q and div(H) = div(E) = 0 in Q° for all time
0 <t <T. The transmission condition and consistency with the exterior initial data
demand y7E° = 4pH? = 0.
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1.4. Literature Overview

The LLG equation serves as an important practical tool and as a valid model for
micromagnetic phenomena occurring in, e.g., magnetic sensors, recording heads, and
magneto-resistive storage devices [69, 103, 132]. Classical results concerning existence
and non-uniqueness of solutions can be found in [I7, [I53]. In a ferro-magnetic material,
magnetization is created or affected by external electro-magnetic fields. It is therefore
necessary to augment the LLG equations with the Maxwell system, see e.g. [55], 100} [153].
Existence, regularity and local uniqueness for the MLLG equations are studied in [54] [47].

While in many applications, the quasi-static approximation of the Maxwell system,
i.e. the eddy-current equations yield sufficiently accurate results, recent breakthroughs
in ultrafast magnetism will require the full Maxwell system to be modeled correctly
131, 147, 129].

Numerical approximation methods are known for many variants of simpler versions of
the MLLG system, i.e. for the LLG, ELLG (eddy-current LLG) equations [14} 16, [15,
29, 130, 5], 104, [105] (the list is not exhaustive), and even with the full Maxwell system
on bounded domains [24] [25].

There is a rich literature on numerical methods for the Landau-Lifshitz(—Gilbert)
equations, for the numerical literature up to 2007 we refer to the review [55]. Linear finite
element discretizations in space and linearly implicit backward Euler in time for the LLG
equation are proposed in [14] [15] and, using a discrete energy inequality and compactness
arguments, the convergence without rates towards nonsmooth weak solutions is proved.
Convergence of this type was previously shown in [30] for fully implicit methods that
are based on the Landau-Lifshitz equation. In [I6], convergence without rates towards
weak solutions is shown for a method (formally) of “almost” second order in time, for
the LLG equation with a more general type of the effective magnetic field.

For the ELLG system, originating from the seminal work [I4], the recent works [104],
105] consider a similar numeric integrator for a bounded domain. While the numerical in-
tegrator of [105] treats LLG and eddy current simultaneously per time step, [104] adapts
an idea of [25] and decouples the time-steps for LLG and the eddy current equation. The
recent work [63] considers a finite element/boundary element coupling discretization for
the full space ELLG system and even derives strong error estimates additionally to the
weak convergence of the approximations.

In this thesis we study the full MLLG equations on the whole R3. In Chapter |3, we
build on the tangent plane scheme introduced in [14] to propose a numerical algorithm
which couples finite elements in the magnetic domain with Convolution Quadrature
boundary elements for the unbounded exterior domain. This is inspired by [25] and the
work [99], which derives a coupling based on Convolution Quadrature in the exterior
domain for the Maxwell equations.

The heart of Chapter [3]is to show that Convolution Quadrature coupled to the non-
linear LLG equations can be reformulated in a weak sense with minimal assumptions
on the regularity of the data. This inspires a numerical algorithm which is shown to
converge towards a weak solution in a weak sense.

In Chapter 4] we concentrate on the Maxwell equations on the whole three-dimensional
space without the coupling to the LLG equation.

As in [99], we use the discretization via finite element/boundary element coupling
which has the advantage that there are minimal restrictions on the shape of the interior
domain (especially convexity is not needed). Other methods such as nonlocal bound-
ary conditions on balls [76], [77], local absorbing boundary conditions [61], [78], perfectly
matched layers [32], need particular geometries, e.g., because waves may leave and re-
enter a non-convex domain. The inclusion of a non-convex domain in a larger convex
domain is computationally undesirable in situations such as a cavity or an antenna-like
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structure or a far-spread non-connected collection of small domains.

With the reformulation of Chapter 2], this leads to transparent boundary conditions,
which yield the restriction of the solution to the domain and which are integral equa-
tions in space and time. The coercivity of the arising Calderon operator for Maxwell’s
equations is proven in [99]: The continuous-time and discrete-time coercivity is obtained
from the Laplace-domain coercivity using the (operator valued) Herglotz theorem [81]
from [27] and the properties of Convolution Quadrature [113, 114 [116] (see also [119],
where Convolution Quadrature is analyzed in the time-domain in a variational setting).

In Chapter [ we remove the quite extensive regularity assumptions posed on the exact
solution from [99] and show existence of a unique weak solution of the reformulated
system. As a byproduct, we obtain a numerical algorithm which converges weakly to
the weak solution.

In Chapter [5] we show that the algorithms also exhibit strong convergence behavior
with a-priori known higher order error rates in the case of sufficiently regular solutions
for the full MLLG system. Furthermore, these methods satisfy an energy inequality irre-
spective of the solution regularity, which is an important robustness factor, see Chapter 3

This is based on recent higher order convergence results for the LLG equations from [4]
and the Maxwell system from [99]. In [99], second order in time and first order in space
results for the full space Maxwell system are considered. Based on linearly implicit BDF-
methods [5l 6, 57], [4] supplies up to 5-th order in time and arbitrary order in space
convergence methods for the LLG equation. Up to this work, so far only first order
schemes or higher order schemes without rigorous convergence proof were considered
in the literature: A first-order error bound for a linearly implicit time discretization
of the Landau-Lifshitz equation was proved in [52] and for the eddy current Maxwell-
LLG system in [53]. Optimal-order error bounds for linearly implicit time discretizations
based on the backward Euler and Crank—Nicolson methods combined with finite element
full discretizations for a different version of the Landau—Lifshitz equation were obtained
under sufficient regularity assumptions in [67] and [I§], respectively. In contrast to
[14] (15, 16, 30], these methods do not satisfy an energy inequality irrespective of the
solution regularity.

Numerical discretizations for the coupled system of the LLG equation with the eddy
current approximation of the Maxwell equations are studied in [63], with first-order error
bounds in space and time under sufficient regularity assumptions.

There are several methods for the LLG equations that are of formal order 2 in time
(though only of order 1 in space), e.g., [130, 16, 58], but none of them comes with an
error analysis. Fully implicit BDF time discretizations for LLG equations have been
used successfully in the computational physics literature [148], though without giving
any error analysis.

We summarize with the classification of this thesis in the most closely related literature
context in Table [[L4l

weak convergence convergence with rates
LLG Alouges in [14] Akrivis et al. in [4] (higher order)
full space Maxwell Chapter @ Kovécs & Lubich in [99] (higher order)
bounded domain MLLG | Banas et al. in [25]
full space ELLG Feischl & Tran in [63] Feischl & Tran in [63] (first order)
full space MLLG Chapter @ Chapter El (higher order)

Table 1.4.1.: Overview of the results of the dissertation in the literature context.
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1.5. Contributions and Outline of the Dissertation

In Chapter 2] the system on the unbounded domain is rewritten into a coupled interior
— boundary integral system. At first, this is done in a formal, motivating way and
thereafter the precise dependency between the solutions of the two systems is investigated
(similar formal derivations may be found, e.g. in [99, 22]; rigorous results which do
not depend on additional regularity assumptions seem to be unavailable in literature;
related considerations can be found in [149, 143]). This includes the precise definitions of
solutions to the respective systems and the study of the time harmonic systems combined
with the properties of the Laplace transform.

For the numerical treatment of the LLG equation, there are typically two approaches:

1) Weak convergence: Under low regularity assumptions on the input data (initial
data, external fields), we show the existence of a weak solution and the weak convergence
of subsequences towards the solution(s).

2) Convergence with rates: Under the assumption of sufficiently smooth solutions, we
show the convergence with rates of the approximations.

We proceed in a similar way in this thesis:

In Chapter [3] the weak convergence of the MLLG system is treated. We use the corre-
sponding results for the MLLG system on bounded domains (cf. [25]) and combine them
with the new results from the boundary integral Maxwell system from Chapter 4l Suit-
able notions of solutions are introduced, that especially guarantee the well-definedness of
traces and the boundary integral operator. Equivalence between the solution that arises
from the boundary integral formulation and the weak solution one actually obtains
convergence towards is shown. Therefore the projection property of the time harmonic
Calderon operator together with careful applications of the Laplace transform properties
are employed. Furthermore uniqueness of the system is discussed. We propose an algo-
rithm (based on [25] and [99]) and show boundedness of the approximations. Therefore
weakly convergent subsequences can be extracted and their limit functions are identified
as weak solutions of the MLLG system.

In Chapter [4] we propose a similar program as in Chapter [3|for the full space Maxwell
system without the coupling to the LLG equation, i.e. we consider a weak convergence
version of [99]. In comparison to Chapter |3 we are able to introduce stronger notions
of solutions. We propose a non-symmetric algorithm with favorable properties in com-
parison to the symmetric approach. The weak convergence of the approximations is
shown for the whole sequence (and not only subsequences) and to a solution that can
be extended to the infinite time interval [0, c0).

In Chapter |5] we combine and extend the convergence results with rates for the LLG
equation from [4] with the results for the boundary integral Maxwell system from [99] to
obtain convergence with rates for the coupled MLLG system. Despite the coupling, the
precise method allows us to solve the system at the cost of the individual parts. Further-
more the same convergence rates are obtained under the same regularity assumptions
and the same CFL conditions as in the uncoupled case. Also a discrete energy inequality
remains true independently of the solution regularity.

The proposed algorithms are implemented in FEniCS [8] and Bempp [145] and nu-
merical results that confirm the theoretical findings can be found in Chapter [6]

For the relations between the different notions of solutions of the MLLG system, the
study of the (vector valued) Laplace transform is inevitable. The required properties are
derived in a suitable functional analytic setting in Chapter [B] in the Appendix. In the
literature, similar results without proof can be found in [I15], a few results in a more
general setting in [19] and for the setting with vector valued distributions, see [143].

We conclude the thesis with an outlook in Chapter
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1.6. Notation

Before turning to the main part of the dissertation, we give a few notes on the used
notation and a list of symbols in this section.

For a function f : R — R,z — f(z) (and also more generally for other functions)
we write f(z) for simplicity, although we consider the mapping (z — f(z)) and not the
evaluation at = € R. Especially when dealing with the Laplace transform L, it is more
convenient to write £(f(z)) (also for more complex examples) instead of L(z — f(x)) .

For a function F depending on space and time, we write (for a time point ¢) E(t) in
place of the space-dependent function E(t,-) : x — E(t, z).

When dealing with Convolution Quadrature, we do not consistently distinguish be-
tween a sequence and the evaluation of a (time dependent) function on the time grid
points. Given a step size 7 > 0 and sequence (¢?);en,, we write (for t; = i) ¢(t;) instead
of ¢ and vice versa.

Norms in function spaces are denoted by || - || and the absolute value (of finite dimen-
sional vectors) by | - |.

List of Symbols

Reformulation and function spaces

YT tangential trace operator
S(s), D(s) time harmonic electric single and double layer potentials
B(s), B(0;)  time harmonic and time domain Calderon operator
LP(D) Lebesgue spaces for p € [0, 00] on domain D
H*(D) space of k-times weakly differentiable functions in L?(D)
H(curl, Q) space of functions with existing curl in L?(D)
H (0, curl,Qp) space of functions with existing time derivative and curl in space in
12(D)
H(curl, Q7)  space of functions with existing curl in space in L?(D)
H@*([O, 7)) spaces of k times weakly differentiable functions in L?(D) with vanish-
ing initial condition, respectively
HEo([0,T])  spaces of k times weakly differentiable functions in L?(D) with vanish-
ing end condition, respectively

C>*(D) space of infinitely differentiable functions
Hr trace space
A ! integration in time operator
L, L7t (inverse) Laplace transform
B, inverse Laplace transform of B(s)s™™
[ ]x Hilbert space scalar product on Hilbert space X
[, L?(D) scalar product for domain D
(-,)r anti symmetric pairing on Hp
[, Hilbert space scalar product on Hp

[ -r L?(I') scalar product
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Weak convergence for the MLLG system

© trace variable for pgyrH
Y trace variable for —yrFE
7, h  time step size and mesh width
SY(Tn) P'-FEM space of globally continuous and piecewise affine functions
Su  interpolation onto S*(7y,)
K,  discrete, nodewise tangent space

Xn Nédélec’s H (curl, Q)-conforming ansatz space
Y interpolation onto A},

piY L2-projection onto X},

Weak convergence for the pure Maxwell system

Y, approximation space of piecewise constant functions
I% interpolation onto )

Convergence with rates for the MLLG system

P(m) continuous orthogonal projection onto the tangent plane at m
T (m) continuous tangent space at m
Sy Lagrange finite element space of continuous, piecewise polynomial func-
tions of degree r
Ry, Ritz projection onto Sj,
Trn(m) discrete tangent space at m
Pu(m) L*(Q)-projection onto the discrete tangent space at m
W, discontinuous Galerkin space of elementwise polynomial functions of

degree r

I}V finite element interpolation onto S}

vy boundary element space of continuous, piecewise polynomial functions
of degree r

I,‘{’ boundary element interpolation onto ¥},

mpy time derivative approximation at t,
mp normalized extrapolation at t,

Numerics
E(Vy,) Coefficient vector of E}, in the basis of V),
1029 Vector of basis functions of V,
X, N1 first order Nédélec space
Y, NO piecewise constant space
SY T, R), SY(T, R3), S1 space of (vector valued) linear elements
V,?T, RT Raviart—Thomas space
V,JLV ¢ NC Nédélec space
VEWGE R G Rao-Wilton-Glisson space (scaled RT space)
V;? NC SNC scaled Nédélec space
BRT,BNC, BRWG,BSNC' spaces of barycentrically refined grid functions
VB ¢ BC Buffa—Christiansen space
V,?BC, RBC rotated Buffa—Christiansen space
P|pi=0 sequence with the j-th entry set to zero
(B(J7) ) approximated Convolution Quadrature operator
psrsE Ds weak form of F'

Fps_nrs strong form of F'
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The Laplace transform

Scalar valued Laplace transform and differential operators

L,L1
F,F !
LZ[0,00)
LZ[0, 00)
H(oo)
H
Bo)f
HE 0, o0)
0, 00)
(0, 00)
Hum(00)
Hm
Axb
B(o) f

H{[0,T]
H::LO [07 T]

(inverse) Laplace transform

(inverse) Fourier transform

e~ “tweighted L?[0,00) spaces for ¢ € R

union of L2[0, c0) spaces

Hardy space on {Rs > o¢} for op € R

union of H(op) spaces

Laplace differential operator on [0, 00) defined as L=1(B(s)L(f)(s))
exponentially weighted spaces with zero condition at ¢ = 0 for ¢ € R
union of H{[0,00) spaces

smooth and compactly supported functions on (0, c0)

space of analytic and by s™ bounded functions on {Rs > o¢}

union of H,,(00p) spaces

convolution between functions A and b

Laplace differential operator on [0,7] defined for suitable m € N as
O L™H(B(s)sT™L(f)(s))

space of m-times differentiable functions with initial condition zero
space of m-times differentiable functions with end condition zero

Vector valued Laplace transform and differential operators

L, L1 vector valued (inverse) Laplace transform
F,F! vector valued (inverse) Fourier transform
X, [, ]x Hilbert space and Hilbert space scalar product
L(X) space of linear, bounded operators X — X
L?(]0,00),X)  Hilbert space valued e~“-weighted L?[0, c0) space
L%([0,00),X)  union of L2([0,00), X) spaces
H (oo, X) Hilbert space valued Hardy space on {}ts > oo}
H(X) union of H (o, X) spaces
B(oy) f Laplace differential operator on [0, 00) defined as £L~1(B(s)L(f)(s))
H".([0,00), X)  exponentially weighted spaces with homogeneous initial condition
H"([0,00), X) union of H{(]0,00), X) spaces
Hm(oo) space of analytic and by s bounded operators X — X on {Rs > o¢}
Hom union of H,,(0g) spaces
Axb convolution of operator family A(t) € L(X) with b(t) € X
LL([0,00),X)  exponentially weighted L([0,00), X) space
L°([0,00), X)  exponentially weighted L>°(]0,00), X) space
B(oy) f Laplace differential operator on [0,7] defined for suitable m € N as
O L™H(B(s)sTL(f)(s))
Hy"([0,T], X) space of m-times differentiable functions with initial condition zero
Ho([0,T], X) space of m-times differentiable functions with end condition zero



2. Reformulation and Function Spaces

In this chapter, we reformulate the Maxwell-LLG system into a system that has
advantageous properties concerning numerical approximation and analytic considera-
tions. Related studies for the acoustic wave equation can be found in [143] [T0I] and for
the Maxwell equations in [149] and [143, Appendix A]. We start with a formal derivation
in Section introduce the relevant function spaces and operators in Section and
Section [2.3] and consider precise arguments in Section

2.1. Reformulation of the System

Let us recall the Maxwell-LLG system ((1.12]). The interior problem reads as :

Om = —m X Heg — am X (m X Heg) in Qp,
e E =V xH—(cE+J) in Qp,
MatH =-VxFE-— /u?tm in QT,
with Heg = 1+%(C’EAm + H), while the exterior problem reads as
el E =V x H in Q7,
,u()atH =-VxFE in ﬁ;’

coupled by the transmission conditions
ArE™ = Ap B and  ypH™ = 4pH®™*  on [0,7] x T,

where the tangential trace operator is given by vpru = u X n for the outward pointing
normal vector n. Note that the notation E™  E*' means that the function (or the limit
to the boundary) from the inside or the outside, respectively, is taken, but n always
points from the interior domain to the exterior domain. The initial data and boundary
condition for the LLG equation stay the same as in (1.12).

While the interior Maxwell equations remains unchanged, we present different versions
of the LLG equation in Subsection and in Subsection the exterior Maxwell
equations are rewritten into an integral equation on the boundary. At the end of the
section, using this coupled formulation, the whole Maxwell-LLG system is rewritten.
Most of the analysis is presented in a fairly formal way, while rigorous arguments can
be found in Section 2.4

2.1.1. Reformulation of the LLG equation

In this section we present the different versions of the LLG equation. We start with the
formulation arising from the physical modeling, the so-called Landau—Lifshitz form

om = — m X heg — m X (m X heg), (2.1)

1+ a2 1+ a?

with heg = C.Am + H. By scalar product with m, we obtain dym -m = 0, i.e. 9|m/|? =
20;m - m = 0, so the absolute value of the magnetization stays constant. Due to the
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property of the initial condition |mg(x)| = 1, we obtain |m(¢,z)| = 1 for all time and
space points.
Application of m x (-) to (2.1) and using the vector identity for a,b,c € R?

ax(bxc)=(a-c)b—(a-b)c (2.2)

gives together with |m| =1 that

1
14+ a?

m X oym = — mX(theﬁ)+1f m X heg.

o2
Multiplying this outcome with o and subtracting it from ([2.1)), yields the Gilbert form
Oym — am X Oym = —m X heg. (2.3)

The Gilbert form will be used in the definition of the weak solution of the MLLG system
in Chapter

In Chapter[5]and for the approximation of the LLG equation, the following alternative
form plays a crucial role. By applying m x - to , again with the vector identity
and |m| = 1 we obtain

adym +m X Oym = heg — (M - heg)m. (2.4)

Under the condition |m| = 1, all of the versions (2.1]), and are equivalent. For
the Landau-Lifshitz and the Gilbert form, |m| = 1 already follows, if the initial data
fulfills |m°| = 1. Similar considerations and a more detailed proof of the equivalence can
be found in [I41, Proposition 3.1.1] and [72, Lemma 1.2.1], respectively.

2.1.2. Reformulation of the exterior Maxwell equations

In this section we present the reformulation of the exterior Maxwell equations to a
boundary integral equation in a formal way.

As the Maxwell equations are formulated on the whole space R3, we are not able
to apply a standard finite element discretization to discretize the problem in space.
Similarly to [99, Section 2 and 4.2], we transform the interior—exterior Maxwell equations
with the transmission conditions into a boundary integral equation on the boundary I
coupled to the Maxwell equations in Q.

We start with a formal derivation and return to the precise smoothness requirements
later in Section 2.4l All identities below can be shown to hold true in a reasonable
sense for functions that are smooth enough and the functions and there derivatives are
integrable enough.

As the reformulation is independent of what happens in the interior, we only consider
the exterior problem, where we assume to have given boundary values ypE™, ~yp H™mt
from inside. The problem is considered on the time interval [0,00) instead of [0, 7.
Given the exterior part E, H : [0,00) x Q° — R? of a solution of (1.12),

0 E -~V xH=0 in (0,00) x Q,
podtH +V x E=0  in (0,00) x Q°,
E0)=0 inQ,
HO0)=0 in©Q°
ypE = ~yp BTt in [0,00) x I,
yrH = ~ypH™ in [0,00) x I,



2. Reformulation and Function Spaces 15

we differentiate the first equation in time and eliminate the magnetic field variable H
by inserting the second equation. We therefore obtain the second order problem

cop0d?E+V x (Vx E)=0  in (0,00) x Q°,
E0)=0 in©Q°
HEW0)=0  inQ°
yrE = yp BTt in [0,00) x I,

t .
/ yr(V x E)(r,-) dr = —,uonTHmt(t, ) in [0, 00) x I
0

The next step is to apply the Laplace transform £ to this system. We set U := L(E),
where £ is the Laplace transform given by

V(s) :=L(v)(s) := /Ooo v(t)e 5 dt, for s € C.

For suitable functions, the Laplace transform L is invertible by the inverse Laplace
transform defined for any € > 0 as

e+i00
LV = Qim / T eW(sds = v(t),  for t e 0,00).

One can show that the definition of the inverse Laplace transform does not depend on
the parameter € > 0 (cf. Lemma .

With the properties of the Laplace transform from Example we have for a
function v with v(0) = 0 that £L(0v)(s) = sL(v)(s), i.e. derivative in time on v transforms
to multiplication with s of V. Similarly, £( 3 v(r) dr)(s) = (1/s)£(v)(s), i.e. integration
of v over time corresponds to a multiplication with 1/s of V.. We set

(07 B) ( /E )dr = L (i(m)@)) (®).

With the differential properties of the Laplace transform and the initial conditions for
E, we obtain L(0?F)(s) = s2L(F)(s) and the equation for U = LFE reads
coptos’U(s) + Vx VxU(s)=0  inQ° fors e C,
L) 0)=0  inQ
LU (0) =0 in Q°,
yrU(s) = L(ypE™)(s) in I" for s € C,

1 .
EWT(V x U(s)) = —poL(yr H™)(s) in I" for s € C.
We fix s € C and look at the corresponding time-harmonic equation for U, i.e.

copos?U+VxVxU=0 inQF,
U =Ar  inl, (2.5)
wU = An in I

with the Neumann trace operator yyU := s‘lfYT(V x U) and the abbreviations Ap =
L(yrE™) and Ay = L(—poyrH™). This problem can be solved analytically. There is a
representation formula for the solution U which will hold under a compatibility condition
on the traces Ap and Ay. Conversely, this compatibility condition is equivalent to the
solvability of the problem. To state the result, we introduce the following operators: For
x € R3\ I', the electric single layer potential is given by

1
(S(s) = s/ G(s,x —y)p(y)dy — s~ l_— v G(s,z — y)divre(y)dy
€oto r
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and the electric double layer potential, for z € R3\ I', by
(D)) =V x [ Gls.a=y)e(w) dy.

see [46] for more details, where the fundamental solution G(s, 2) is given for z € R3\{0},
as

G eiS\/‘m‘d
(s,2) = TM
We use the Calderon operator B(s), cf. [99, Section 3],
1 [ (iy/Boge) 'V (s) K(s)
Bls) = po ( ~K(s)  —iyogV(s) (26)

with the boundary integral operators (cf. [46, Equation (30)] for the identities)

V(s) = ivmozof{yr o S(s)} = (iv/mogo) " {rn o D(s)},
K(s) ={yroD(s)} = {ynvoS(s)},

where { - } denotes the average

2.7)

’YTUmt + ,yTuext

frrul = 5
With these operators, we are able to rephrase ([2.5).

The result [46, Theorem 8] shows that U is a solution to (2.5)) (that fulfills the Silver—
Miiller radiation condition (see (2.18) for the definition)) if and only if

B(s) (:’XTV ) = 2;0 (_ij> (2.8a)

U = 8(s)(—An) + D(s)(—Ar). (2.8b)

and

Equation corresponds to a compatibility condition for the traces Ap, Ay and in
the case this compatibility condition is fulfilled, we may represent the solution of
with equation . Conversely, every solution of can be represented by its traces
with and its traces fulfill the compatibility condition .

With this result, the time harmonic problem is solved, we can replace the exterior
problem by the compatibility condition and to get back to a problem in space and time,
we apply the inverse Laplace transform.

Applying the inverse Laplace transform to , and inserting Ay = L(yrE™), Ay =
L(—poyrH™), we obtain that (E, H) is the exterior part of a solution of if and
only if

E = 8(0)(uorr H™) + D) (—yrE™)  in (0,00) x O,

1 _
H=-—0;'VxE in (0,00) x Q°,
Ho (2.9)
Hint 1 Eint
B@y (" ) = —( T in [0, 00) x T.
-kt 2po \ proyr H™

Here S(0;), D(0:), B(0;) are defined via

B(0y)u := L7YB(s)Lu) := L7 (s = B(s)L(u)(s)).
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Note that the first two formulas in are representation formulas for the exterior
solution and the last one is a compatibility condition for 47 E™ and yrH™. Consis-
tency with the exterior solution of demands yr E™(0, ) = 70 E(0,7) = 0 and
ArH™ (0, 2) = yp H™*(0,2) = 0 for all x € T

The derivation so far showed how we can replace the exterior equations by the compat-
ibility condition for the boundary functions and how we obtain the new system. Before
restating the full MLLG system, we consider the operator B(d;) in more detail. The
following questions may be posed.

1) How can we define B(0;) without deeper knowledge of the Laplace transform, and
for which classes of functions is it defined?

2) The Laplace transform as well as the inverse Laplace transform act on functions
that are defined on the whole positive line or an unbounded complex line, respectively.
So the obtained boundary integral equation is now on the bounded set I" in space, but
in time, the integration is performed at least over the whole unbounded line R, which
still poses problems in numerical approximations. How can we come back to a problem
that is posed on the finite time interval [0, 777

The answers to these questions will be given in the following:

Step 1: The properties of the Laplace transform (Lemma show for a family of
analytic and suitably bounded operators A(s) and functions ¢

L7 (A(s)£6) = £\ (A(s)) * &, (2.10)

where * denotes convolution
t t
(C # w)(t) = / C(r)w(t —r) dr = / C(t — ryw(r) dr.
0 0

Step 2: As we only have ||B(s)|| < Cs? (cf. Lemma [2.13), we cannot conclude that
L7Y(B(s)) exists. However for m > 3,

Bun(t) = £ (B(s)s™™)(t) = — /:eroe“smB(s)ds

271 Je—ioo

exists for all ¢ > 0 and is a continuous and bounded function on [0, 7] (cf. Lemma [B.66).
For m € N and ¢ € C™([0, 00), H%) with ¢(0) = d;(0) = --- = 9" 1$(0) = 0 we have

L™ L(6)(5)) = "o,
Step 3: Altogether, it holds for m € N, m > 3,

(B(9)9)(t) = L7HB(s)L(#)(5))(t)
= L7H(B(s)sT"s™L(9)())(1)

= (L7Y(B(s)s™™) + L7HL(D)(5)5™) ) (#)

= | Bam@ro)t—r) ar
= B0 6(0) + 0% [ Bu(rop (6t — 1) dr
= : m—1 —r r
=9, /O Bn(r)a"(6(t — 7)) d
— =g /0 Bun(r)(t — ) dr,

which states

B(0,)6 = 0" (B * 9). (2.11)
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From this formula we can see that B(0;)¢(t) only depends on ¢(t) for 0 < ¢ < ¢, which
is also known as Causality. This is why we can drop the unbounded time interval [0, co)
and deal with [0,7]. Furthermore the above formula shows that we can define B(0;)¢
even for functions ¢ € L?([0,T1]), at least as long as By, * ¢ is m times differentiable in
time. With this, we obtain the final formulation of the MLLG system. As in Chapter [B]
we define the convolution operator B(d;) following[2.11)as B(d;) - = 07*(Bm * - ), as long
as we work on finite time intervals. In the following, m € N, m > 3 shall be fixed. As
in Section we show that the definition does not depend on the choice of m € N.
Hopefully, the reader might not get confused because of the naming of the variable m,
as it stays on the one hand for the magnetization m : [0, 7] x Q — R3 and on the other
hand for the natural number m € N in the definition of the Calderon operator.
We summarize the reformulation in the following subsection.

2.1.3. The resulting system
The coupled Maxwell-Landau-Lifshitz—Gilbert equation (1.12)) is rewritten into the fol-

lowing system only in the interior domain 2 and on its boundary I'. Find the functions
m, E and H : [0,T] x  — R3 which satisfy the following coupled system: in the interior
domain

om —am x Om = —m x (CcAm+ H) in Qr, (2.12a)
elE -V xH= —(J+0FE) in Qr, (2.12b)
wotH +V x E = — uoym in Qr, (2.12¢)

coupled to the boundary integral equations

poyrH\ 1 (pg'yrE
B(at)<_’)/TE> = 2( v H on [0,7T] x 09, (2.12d)

and where m satisfies the boundary condition as before
Opm =0 on [0, 7] x 02, (2.12¢)
and with the same initial conditions for the problems in 2 as in (1.12))

m(0) =m°®, E0)=E° H(0)=H" inQ. (2.12f)

2.2. Function Spaces

In this section we introduce all the needed function spaces. We recall that Q C R3 is a
Lipschitz domain, and T" > 0.

2.2.1. Lebesgue and Sobolev spaces

We shortly repeat the definitions of the most important function spaces required in the
following. Let D C R™ and m,n € N. We define the Lebesgue spaces for p € [1, 00| as

LP(D) := LP(D,C™) := {v: D — C™ | v measurable and / lo(x)P do < oo},
D

together with the norm

(Jp lo(@)|P dz)'/P,  for p e [1,00)

vl ze(py = { .

ess sup,cplv(z)|, for p = o0
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For p = 2, the L?(2)-space is a Hilbert space together with the scalar product
[u, ] r2(py = /Dﬁ(x) ~v(z) da.

We conterminously write || - ||z2, || - ||p, [, -]z2 or [-,-]p for the L?(D)-norms and L?(D)-
products, if the domain or p = 2 are clear from the context. For k € N we define the
space of k-times weakly differentiable functions H*(D) via

H"(D) = {v € L*(D)|0%v € L*(D) for all multiindices |a|; < k}.

This is a Hilbert space with respect to the scalar product

[w,vlgrpy = Y, [05u,050]12(p)
a€NY,|af1 <k
and the induced norm Hv||12qk(D) = [v,v]grpy. For the Maxwell equations in three

dimensions (so m = n = 3), the natural space contains functions with weak curl, we
define
H(cwrl, Q) = {v e L*(Q)|V x v € L}*(Q)},

which is a Hilbert space with the scalar product

[uvv]H(curl,Q) - [U,’U]LZ(Q) + [v X u,V x ’U]Lz(Q)
and the induced norm HDH%I(CM] ) = [0, V] i (curl,0)- For space and time dependent func-

tions, we may consider Q7 C R* as four dimensional domain and the above definitions
cover, e.g. the definition of the spaces L?(Qr) and H'(Qr). We define the anisotropic
Hilbert spaces for k,l € Ny

H*(Qr) := {v € L*(Qr) | 9]v, v € L*(Qr) for all 0 < i < k and all |afy <1}
and
Hl,curl(QT) = H (8, curl, Qr) = {v c L2(QT) } O,V XU € L2(QT)}7
HOU(Qp) = H(curl, Q) = {v € L2(Q7) |V x v € L2(Qr)}.

Again, those spaces are Hilbert spaces with their standard norms and inner products. For
k € Nand ¢ € H*([0,T]), the traces ¢(0),...,* 1(0) and ¢(T),...,d* Y(T) are well
defined, so we may define the spaces with vanishing initial condition or end condition,
respectively, as

Hy ([0,T]) == {p € H*([0,T)) | (0) = -+ = 9f ""(0) = 0}

and
HEo([0,T]) == {p € H*([0,T]) | @(T) = -+ = 9f p(T) = 0}.

As closed subspaces of the Hilbert space H*([0,T]), those are Hilbert spaces, too. In
Subsection [2.2:4] the definitions will be generalized to Hilbert space valued functions
¢ :]0,7] — X for a Hilbert space X.

For s € (0,1) we define the interpolation spaces H*(D) := {L?(D), H'(D)} as enclo-
sure of C*°(D) (space of infinitely differentiable functions) with respect to the norm

o
iz, = [ nE (= vliao) + ol d

Similarly on the boundary 9D, denoting H'(9D) the functions with existing surface
gradient in L?(0D), we define by interpolation H/2(0D) := {L*(Dd), H" (0D)}1/9. As
dual space with respect to the [ -, -]gp-product, we denote H~'/2(dD) := (H'/?(dD))’.
Those spaces are Hilbert spaces and the trace operator v : L*(D) — H~Y2(9D) is
continuous. We refer to [I37, Section 2.3] for an overview and the references given
therein for the details.
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2.2.2. Hilbert spaces

In this section we collect properties of Hilbert spaces as needed in the following chapters
based on [154]. Let K € {R,C}.

Definition 2.1. A K-vector space X with a scalar product [-,-]x : X x X — K is called
Hilbert space if X is complete with respect to the norm || - |x = ([, -]x)"/2.

Lemma 2.2 (Fréchet—Riesz representation theorem). We denote the dual space of X
by X', i.e. the space of linear, continuous mappings X — K, endowed with the usual
supremum norm || - ||x:. For every ' € X' there exists exactly one y € X such that
' (x) = [z,y]x for all x € X and it holds ||z’ x = ||yl x-

Lemma 2.3. If X is a separable Hilbert space, there exists a orthonormal basis B
satisfying for each x € X

T = Z[l‘,e]xe and ||$”%( = Z |[e,x]x|2.

ecB ecB

Definition 2.4. For a sequence (vp)nen C X we say v, converges weakly to v € Hp
with respect to a pairing (-, ) x,

vp — v w.rt. (4 x,

if and only if
(Un,u)x — (v,u)x for all u € X.

The following Lemma will be central in the subsequent chapters.

Lemma 2.5. Let X be an Hilbert space. Let (vy)nen C X be a bounded sequence in X .
Then there ezists a subsequence (nj)jen C N and a limit function v € X such that vy,
converges weakly to v with respect to the Hilbert space product, i.e.

Vp; v wrt. [y, for j — oo.

. sub .
We also write v, — v in that case.

2.2.3. The trace space for boundary integral formulation

For the boundary integral formulation and the positivity of the Calderon operator, we
require a particular trace space from [99, Section 2.1], for more details we refer to
[46, [43], [44], 45]. We keep the formal definition short and focus on the properties.

We recall the definition of the tangential trace on the boundary I" for w € C(2) as
Yrw = w X n,

where n is the outward pointing normal vector on I. Note that this definition can be
extended continuously to H (curl, ) via the formula

[V x v,w]g — [v,V x w]g :/F(w xn)-v do.

The actual image space Hp of yp : H(curl, Q) — Hp is introduced in the following, for
a more detailed overview we refer to [46, Section 2.2]. If 2 has smooth boundary, we
introduce the differential surface operator divy using local charts and transformations,
see, e.g., [123, Section 2.5.2] or [121] Section 3.4]. In the case of piecewise smooth
boundary, the definition is more involved, yielding a piecewise definition inside and with
distributional jumps across the smooth boundary segments, see [46, Section 2.2]. In both
cases the following properties hold true, where we refer to [123], Section 5.4.1] and [121],
Section 3.5] for the smooth case and [43] 44} [45] for the piecewise smooth or Lipschitz
case.
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Definition 2.6 (Trace space, [45]). The trace space is given by
Hr = {w € yp(H(Q)) | divrw € H™Y2()}

with the norm
2 2 . 2
lwll3, = Hw||7T(H1(Q))’ + HleFwHH—l/Q(F)'
The following properties hold true.
o The trace operator yr : H(curl,Q) — Hp is continuous and surjective, see [45,
Theorem 4.1].

e The anti-symmetric pairing
(w,v)p ::/(wxn)-vdU:/ —(w xv)-ndo
r r

for w,v € L*(I")? can be extended to a continuous, anti-symmetric bilinear form
on Hr. The boundary space Hrp is its own dual with respect to (-,-)r, see [46,
Theorem 2].

o Forw,v € H(curl,Q) Green’s formula holds

[V xv,w|g — [v,V X w]g = —(yrv, yrw) . (2.13)

Proof. The proofs can be found in the respective references cited above. We only show
the validity of Green’s formula. For v,w € C*(Q2), we see with integration by parts

[V xv,w]g = [v,V X wlg — (v,w)r.
By using the identity for vectors a,b,n € R? with |n| =1

((axn)x (bxn))-n=(axb)n,
we obtain

(v,w)r = (yrv, yrw)r.

The facts that C*°(2) is dense in H (curl, 2) and that y7 : H(curl, ) — H is continuous
conclude the assertion. O

Note that the anti-symmetric pairing (-, -)  is not the Hilbert space scalar product on
Hr, which we denote by [, ]y, (compare also the L?(I")-product [-,-]r). However we
may define the corresponding adjoint T of an operator T: Hr — Hr as well as weak
convergence with respect to (-,-)p (which coincides with ordinary weak convergence in
‘Hr). This is proven by the following lemmas.

We have that H is its own dual with respect to (-, ), so the operator

o - Hp — Hr’,v — (U,~>F
is continuous and continuously invertible. By Hilbert space theory, we have that
v HF — 'HF/,U — [v, ’]HF

is an isometric isomorphism, where [-, -], denotes the Hilbert space scalar product. By
use of these isomorphisms, we are able to prove the following lemmas.

Definition 2.7. For a sequence (vp)nen C Hp we say v, converges weakly to v € Hp
with respect to (-, ),
vp — v wort. (),

if and only if
(Un,uyp — (v,u)p for all u € Hp.
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Lemma 2.8. For a sequence (vy)nen C Hp, it holds
vy v wrt [y, = v, v wrt (o)r.

Proof. Let (vp)nen C Hpr with v, — v wrt. [, ]x,.. As U71® is a bounded operator,
we have U~1®(v,,) — U1®(v,) =: ¥ with respect to [, ]y,. For arbitrary w € H it
holds

(vn, w)r = @(vp)(w)
= (U710 (vp), wln
- [5’ w]?—lr
= V(v)(w)
= (®71UT, w)r.

r

Thus v, — ®~1 (V%) = v with respect to the anti-symmetric pairing (-, ).
Conversely, choose an arbitrary sequence (vp)neny C Hp with v, — v wr.t. (-, ) p.
With the same computations as above, we obtain for arbitrary w € Hp

[\Ilflfb(vn),w]ﬂp = (U, w)p = (v,wW)p = [\Iffl@(v),w]yp.

Thus ¥1®(v,) — ¥~ 1®(v) wr.t. [,]x,, and as ®~1¥ is a bounded operator, we
conclude v, — v w.r.t. [-, -] . O

In the following lemma, we show that we can define for an operator T : Hp — H the
(+,-)r-adjoint operator T completely analogous to the adjoint operator with respect to
the Hilbert space scalar product on H .

Lemma 2.9. For a continuous linear operator T : Hpr — Hr there exists a unique linear
continuous operator T : Hp — Hp that satisfies

(T*v,w)ypr = (v, Tw)r for all w,v € Hp.

Moreover it holds (T*)* = T and there exist constants c¢,C > 0 independent of T  such
that
c|[Tf < T < ¢l

Proof. We set B = U~1® satisfying
(v,w)r = [Bv, w]y,.

Then we define T* := B~'T"B, where T" denotes the adjoint of T' with respect to [, |3 .-
Therefore it holds
(T*v,w)p = [T'Bv, w3,
= [Bv, Tw]y,
= (v, Tw)p.

Continuity and uniqueness of T™ follow from the continuity and uniqueness of T" and
B. O

Remark 2.10. [t holds |T||p = ||T*|| with respect to the (equivalent) operator norm

T
ITlr = sup —Lewirl
vwerr [[V]l#r @]y
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2.2.4. Bochner spaces

For functions depending on space and time, we need to introduce the following function
spaces mapping into Banach or Hilbert spaces. The precise definitions of these spaces
and the proofs of the properties can be found, e.g. in [19] [62] [88].

For a Banach space X and an interval I C R, we define the Bochner-Lebesgue spaces
for p € [1,00] as

LP(I,X) = {v: I — X |v measurable and / |v(z)||% dz < oo},
I

together with the norm

1
_ Up lo@)I% d2)'?, for p € [1,00),
HUHLP(I,X) = B
ess sup,cpllv(z)| x, for p = oc.

For p = 2 and if X is a Hilbert space, this is a Hilbert space together with the scalar
product

[, vlzo0 = [ [u@), v(a)lx da.
For k € N we define the space of k- times weakly differentiable functions H*(I, X) via
H*(I,X) = {ve L*(I,X)|8ve L*(I,X)for 1 <j<k}
If X is a Hilbert space, this is again a Hilbert space with respect to the scalar product
[w, Ve xy = Y (00w, 00v]r2r ).
0<j<k
For k € N and ¢ € H¥([0,T], X), the traces ¢(0),...,¢*"1(0) and ¢(T),...,¢* (T are
well defined, and we define the spaces with vanishing initial condition or end condition,
respectively, as
Hg,([0,7],X) = {p € H*([0,T],X) | (0) = --- = & (0) = 0} (2.14)
and
HEo([0,T], X) = {p € H*([0,T), X) [ @(T) = -+ = 0}~ "p(T) = 0} (2.15)
Similarly, we define the spaces of vector valued functions depending continuously on
time, i.e.
(I7 X)={v:I— X|vis continuous },
X)={v:I—X| ajv exists and is continuous for 0 < j < k},
Co*([OT )—{9060’“ ([0, 71, X) | (0) --235’%(0):0}
CYo([0,7], X) = {w € C*([0,T], X) [ o(T) = -+~ = 8} o(T) = 0}.
endowed with the Correspondmg supremum norms over the time interval.

We proof the following assertion that will be crucial in the following chapters. We
introduce the anti-symmetric pairing in L2([0,T], Hr) as

(o, )y = /[)T<g0(t),w(t)>r dt.

Lemma 2.11. Let (¢")nen be a bounded sequence in L*([0,T), Hr). Then there exists a
subsequence (n;)jen C N and a limit function ¢ € L*([0,T), Hr), such that ¢"i converges
weakly to ¢ with respect to the anti-symmetric pairing (-, ).

Proof. As L?*([0,T],Hr) is an Hilbert space, there exists a ¢ € L?([0,7],Hr) and
a subsequence (n;)jen with ¢n, — ¢ in L*([0,T],Hr) for j — oco. For any w €
L*([0,T],Hr) the mapping (-, w)p. : L*([0,T],Hr) — R is continuous and therefore
it holds (¢n,,w)r,—(¢,w)r, in R. This is equivalent to (¢n;, w)r, — (#,w)r,, which
concludes the assertion as w € L?([0,T],Hr) was chosen arbitrarily. O
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2.3. The Calderon Operator

2.3.1. The time harmonic Calderon operator

We collect three of the most important properties of the time harmonic Calderon op-
erator in this section. We consider the coercivity, the boundedness and the projection
property of the operator. As we will see in the following section, these properties can
be transferred to the space and time dependent Calderon operator B(9;) in an adequate
way.

We recall the definition of the Calderon operator from , (also compare Section
in the appendix)

gt (vmE) V) K(s)
B(s) = pg ' ( —K(s) —WmV(s)>

with the boundary integral operators

V(s) = ivmozof{yr o S(s)} = (iv/mogo) " {rn o D(s)},
K(s) =f{rroD(s)} = {wvoS(s)},

with the single layer potential S(s) and the double layer potential S(s).

In (numerical) analysis of PDEs, it is very useful to deal with a coercive and continuous
bilinear form. In the following chapters, the coercivity of the Calderon operator with
respect to (-,-)p will play a crucial role. The coercivity is, e.g. used for the energy
estimates of the MLLG system, the uniqueness of the Maxwell part of the solutions
and in combination with Convolution Quadrature it is preserved for the time discretized
operators.

Lemma 2.12 (Coercivity Lemma, cf. [99, Lemma 3.1]). There exists 3 > 0 such that
the Calderon operator satisfies

R < (ZZ) , B(s) <Z> >F > By(s) ((80M0)_1||s_1g0||3{r + ||S_11/)H3_1F)

for Rs > 0 and all ¢, € Hp, with g(s) = min(1,|s|?couo)Rs.

The Calderon operator is a bounded operator and therefore the above bilinear form
is well defined indeed for ¢,v¥ € Hp. For better readability we write Hp instead of
/H% = ('HF)Q =Hr X Hr.

Lemma 2.13 (Boundedness, cf. [99, Lemma 2.3]). For R(s) > e¢ > 0 the Calderon
operator

B(s): (Hr)” = (Hr)’
satisfies
1B()2ll,. < C@||%],,

for ¢ € H%.

Another important property of the Calderon operator is the following projection iden-
tity. Suitable arrangement of the building blocks of the Calderon operator results in a
projection. From this projection property we deduce that the image of this projection
is the space of suitable exterior data. The Calderon operator considered here is a linear
transformation of its building blocks and therefore this property stays valid in a certain
manner. This plays an important role in the equivalence of solutions. Without that
property, one would obtain convergence to a solution which would not correspond any
more to the solution of the original system.
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Lemma 2.14 (Projection property, cf. [46, Equation (35)]). The operator
1 (K(s) V<s>>
2 Vis) K(s)
s a projection, the so-called projection on suitable exterior data.
Remark 2.15. The operator

1 (K(s) V(s)
2+<V(s) K(s))

s a projection, the so-called projection on suitable interior data.

2.3.2. The time dependent Calderon operator

As already introduced in Section 2.1.2] we will use the notation for Laplace differential
operators, see Chapter

B(9)w = 0™ (L™H(B(s)s™™) *x w), (2.16)

where £~ is the inverse Laplace transform.

With this definition at hand, the above lemmas for the time harmonic Calderon op-
erator translate to the time domain operator as well. For the coercivity, this yields the
following result.

Lemma 2.16 (Time domain coercivity, cf. [99, Lemma 4.2]). For arbitrary T > 0 and
all ¢, ¢ € H ([0, T, Hr) we have that

T (40 olt)
/0 2 T< v ) POy >p «
> [ (10 o0 By + 107 H0IR,)

where the constant ¢ > 0 only depends on T (and on > 0 from Lemma . Further-

more it holds
T/ (e(t) o(t)
I <<w<t>> B (ww) ), dzo

Proof. The first assertion follows with the operator valued Herglotz Theorem (with
o = 7/T), where, in contrast to [99, Lemma 4.2], an additional density argument is
applied to reduce the regularity assumptions on the functions. The second assertion
follows similarly considering the limit o, o9 — 0 in Theorem O

Similarly, the boundedness of the time harmonic Calderon operator can be transferred
to the time dependent case.

Lemma 2.17 (Time domain boundedness, cf. [99, Lemma 6.5]). For ¢ € Hg ([0, T], Hr)
it holds

1B(8e)llmz  (o.r1,1r) = ClldlL2(or1.3¢r):
where the constant C > 0 depends on T.
Proof. As in [99, Lemma 6.5], this follows from the time harmonic estimate from Lemma

and Causality (and Plancherel’s formula combined with density arguments, see
Chapter |B) concludes the assertion (compare Remark |B.41)). O
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With
Bl — (K(s) V()
Bls) = <v<s> K(s))"
the previous lemma suggests that P = (1/21d — B(8,)) can be defined as an operator
from H{,([0,T],Hr) to L*([0,T),Hr). If the projection property can be transferred to
time dependent operators, at first sight, P2¢ = P¢ would be only valid for functions
¢ € H3"'([0,T],Hr). Due to the refined analysis developed in Lemma [3.6/and Theorem

m it can be shown that P2¢ = P¢ even is valid for functions ¢ € L%([0,T], Hr), as
long as P¢ exists.

Lemma 2.18 (Time domain projection property). For ¢ € L2([0,T),Hr) such that
(1/21d — B(0:))¢ exists, it holds

<;Id - B(at)>2¢> - (;Id - E?(at))sb-

Proof. Similar techniques are applied in Lemma to show the equivalence between
the considered solutions without additional regularity requirements. O

2.4. Rigorous Reformulation

In this section, we want to carry out the formal reformulation from Section 2.1 in a
mathematically rigorous way. First of all, we define in a precise way, what we understand
as solutions of the MLLG system on the whole space and of the reformulated
boundary integral MLLG system . Then we show the connection between the two
systems: If the solutions are smooth enough (and extendable to the whole time interval
[0,00) in the exterior/on the boundary), then the solutions coincide.

Before being able to consider equivalence of the systems, we need some properties of
the time harmonic Maxwell system which we derive in the following section.

2.4.1. The time harmonic Maxwell system

The time harmonic Maxwell equations arise out of applying the Laplace transform to the
time dependent Maxwell system as in Section [2.1.2] or out of inserting a time harmonic
ansatz E(t,z) = ¢“'E(z), H(t,z) = ¢'H(z) in the time dependent Maxwell system.
We consider two systems and the possibilities to solve them from literature, i.e. the
version from [46] and the version from [I52), Section 3.4]. We show that, under certain
conditions, their solutions coincide and therefore we can use all the properties that were
shown for the systems independently of each other.
The systems read:

o (THME,a): In [46], we find the following problem:

Find e, h € Hyc(curl, Q°) that fulfill the Silver-Miiller radiation condition (2.18)
and

—epiwe +V x h =0 in Q°,
potwh +V x e =0 in Q°,

t

yr(e) = 'yTein on I,

yr(h) =~yrh™  on I,

where (yre™, uoyrh™) € Hp x Hr are suitable exterior data and Sw > 0.
We say that (a,b) € Hp x Hp is suitable exterior data if and only if the traces
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, —b 1 (a
B(—iw) (—a) = 2 (—b) , (2.17)

where B is the Calderon operator. We also write (a,b,w) suitable, to indicate the
dependency on w, if this is not clear from the context.

fulfill

o (THME,b): In [I52] Section 3.4] we find the following problem:
Find e, h € H(curl,Q°) that fulfill

—epiwe+V xh=0  inQ°,
potwh +V x e =0 in Q°,

yr(e) = n x ™ on I,

where e € H=1/2(curlp, I') and Sw < 0.

Remark 2.19. For (THME,a) the Silver-Miller radiation conditions are imposed at oo,
i.e. it holds

[voyrh x n+ \/3%’}’6’2 do — 0 for r— oc. (2.18)

T

Remark 2.20. The restriction on Sw > 0 in (THME,a) says, how the Silver-Miiller
radiation condition and the compatibility condition are understood, in fact
with respect to w such that Sw > 0. If Sw < 0, we may interchange e and h, formulate
the Silver-Miiller radiation and the compatibility condition with respect to
—w and obtain uniqueness and existence. How this can be done in detail is presented in
the following paragraphs.

In (THME,b) the restriction Sw < 0 can be weakened to Sw # 0, as we will see in

Lemma[2.23.

Existence

In this paragraph, we rephrase the existence results of the problems from the underlying
papers.

Lemma 2.21. For ype™ 4rhi™ € Hp, if (yre™, uoyrh™, w) is suitable and Sw > 0,
we set s := —iw, and the solution of problem (THME,a) is given via

e = D(s)(=rre"™) + S(s)(—porh™).

1 i .
h = —iwuov X e = S(S)(EO'yTelnt) + D(S)(—’}/Thmt)

(2.19)

and e, h fulfill the Silver-Miiller radiation condition.
Conwversely, if we have such a solution, then (yre™, poyrhi™t) is suitable exterior data.

Proof. In [46] originally the second order formulation of (THME,a) is considered. By
rewriting this as a first order system, we directly obtain from [46, Definition 3 and
Theorem 8] the following statement (also compare Section [A.3)): If (a,b,w) is suitable,
the problem

—eopoiwA+V x B=0 in Q°,
iwB+VxA=0 in Q°,
w(A)=a  on,

yr(B) =b on I’



2. Reformulation and Function Spaces 28

has a unique solution (A, B) that fulfills the Silver-Miiller radiation condition.

Conversely, if we have such a solution (A, B), then (yrA,yrB) = (a,b) is suitable
exterior data.

Furthermore, there is the representation formula (2.19) given for the solution.

Attention has to be paid, because the definition of the integral operators in this
manuscript differs from the ones used in [46] by a multiplicative factor. (This is also
mentioned in the Erratum [125] and we refer to an overview of the different rescalings
in Section in the Appendix.) If we denote by S , 5, the single and double layer po-
tentials from [46] and by Jn the Neumann trace operator from [46], then the following
relations hold for k = w,/ugpeg, s = —iw,

1 -

i\/ms(ﬁ) = 8(s),

D(k) = D(s),
i/HOEOYN = YN -

Now we can apply [46, Theorem 8] and obtain in terms of the operators used in this
manuscript that

A =D(s)(—a) + S(s)(-),
B= _iiwv x A

= —copoS(s)(—a) + D(s)(=b).

Similarly, the property that traces (a, b) are suitable is rewritten with the operators used

in this manuscript as
—b 1
B(—iw) = ().
—a 2,&0 —b

Now we insert A = e, B = ugh, a = ype™ and b = pyyrh™ in those formulas and
obtain all the assertions in the statement of this lemma. O

Remark 2.22. (THME,b) in [152, Section 3.4] is originally formulated for smooth €0,
and not for piecewise smooth or Lipschitz Q as we use it in this section. Nevertheless, in
the suitable functional analytic setting, the properties of the system (the system we have
after applying Lemma that we use from [152, Section 3.4] can also be proven for
piecewise smooth or Lipschitz Q. This is due to the results from [43, 44, [43)] introducing
the Maxwell trace spaces on non-smooth boundaries. Related arguments can be found in
[143, Section A.2].

Without using the claim that the results from [152, Section 3.4] stay valid, the results
of this section nevertheless hold true for smoothly bounded Q.

Lemma 2.23. The second version of the time harmonic Mazwell equations (THME,b)
s uniquely solvable for Sw # 0. Additionally, the boundary condition

vr(e) =n x e™  for & € H™Y?(curlp, IN) (2.20)

can be exchanged by the boundary condition

t

vr(e) = yre™  for yre™ € Hr, (2.21)

i.e. the first assertion in this lemma and also Lemma stay valid with (2.21)) instead
of ([2:20).
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Proof. If Sw < 0, the problem is uniquely solvable due to [I52, Section 3.4]. If we have
Sw > 0, we again state the corresponding system

—coiwe+V X h=0 in Q°,
tolwh +V xe=0 in Q°,

yr(e) = n x e on I
We may multiply the first equation by —1 and rearrange the formulas as

—epi(—w)e +V x (—=h) =0 in Q°,
poi(—w)(=h) +V xe=0 in Q°,

yr(e) = n x e on I

So we see that (e, —h, —w) solves (THME,b) with &(—w) < 0 and therefore its existence
and uniqueness is satisfied.

Concerning the boundary condition, if Q° is a smoothly bounded domain, the following
arguments show that the spaces n x H~'/2(curlp, I') and H coincide. As stated in [I52,
Section 3.4] and [123], every e™ € H~'/2(curly, I') can be lifted to H (curl, Q°), i.e. there
exists " € H(curl, Q°) with vé™* = ™ on the boundary. As vy : H(curl, Q%) — Hp
is continuous, it follows y7e™ = n x ve¢™ € Hp. The reverse direction follows as
yr + H(curl, Q%) — Hp is surjective and ~ : H(curl, Q) — H~Y2(curly, I') is continuous
(cf. [I52, Theorem 3.1] or [123]).

If Q° is not smoothly bounded, but only piecewise smooth or Lipschitz bounded, we
refer to Remark In this case, we have to formulate (THME,b) directly with the
boundary condition y7(e) = yre™ for yre™ € Hp and repeat the proofs from [152]
Section 3.4]. All used statements can be transferred and stay valid. Similar arguments
are also considered in [I43], Section A.2]. O

Properties

In the following, we collect some properties of the problems (THME,a) and (THME,b)
that are shown in the references [46] and [I52), Section 3.4].

Lemma 2.24. Let a,w € C, Sw > 0 and a,b,c,d € Hp. If (a,b,w) and (c,d,w) are
suitable exterior data then also (a + ac,b+ ad,w) is suitable exterior data and

a,b,w) suitable < (—b, poega,w) suitable < (—py b, e9a,w) suitable.
b bl b bl pio b bl

Proof. Suitability is a linear property, as the set of suitable functions is the kernel of a
linear operator, i.e. if (a,b,w) and (c,d,w) are suitable exterior data and o € C, then
also (a + ac,b + ad,w) is suitable exterior data and

(—b, pocoa,w) suitable < (—ug b, sga,w) suitable.

Moreover, by inserting the formulas

_ 1 ((iy/og0) 'V (s) K(s)
B@%—%l( ) -4¢%%V“D’

we compute

. —b 1 a
(a,b,w) suitable < B(s) (—a) = 2 (—b)

- <—(i\/m)1V(s)b - K(s)a> 1 ( a )

K(s)b+i\/mogoV (s)a 2\ —b
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and

~1
-1 . —&0a 1 [—pg b
—py b table < B = —
e o 07 = (25

o —(i/i0g0) 'V (s)eoa + K(8)ug b\ L[ —pg'b
K(s)eoa — i/fogoV (s)pg b 2\ —epa |
Multiplying the first line of the last expression with pg and by dividing the second line
by —ep, yields (a, b,w) suitable < (—,ualb, goa,w) suitable. O

The following remark may not be needed directly in the following but explains some
connections between the Maxwell equations and the compatibility condition.

Remark 2.25 (Consistency with respect to rearrangement). By various transforma-
tions, the system (THME,a) may be rearranged into a new system, that is again similar
to the old one just with permuted variables (e.g. interchange the roles of e and h). The
previous lemma shows, that suitability is a consistent property under such transforma-
tions. We may rearrange

—eooiwA+V x B=0 in Q°,
WwB+VxA=0 in Q°,
r(A)=a ol

yr(B)=b  onl

by a multiplication with eoug in the second line as

—eopoiw(—B) +V x (eoppA) =0 in Q°,

iw(eopoA) +V x (=B) =0 in Q°,

yr(—B) = —b on I,

(00 A) = gopoa on I
Both versions differ just by A replaced with —B and B replaced with equoA. But, as
seen in the above Lemma, suitability is preserved similarly: For a suitable data set (a,b),
also (=b,eouoa) is suitable and vice versa. We do not discuss further rearrangements

like changing the roles of €9 and g, scaling the wave number or further manipulations,
here.

Remark 2.26. In terms of traces yre™, yphi™ the above statements take the form

ity suitable.

(’yTeint,uo'yThint) suitable < (—’yThint,eofyTe

The precise equations are
—1oYT hint 1 ’)/Teint
B(—iw) . = — N
—yre™ 2p0 \ —poyrh™

. _EO’YTeint 1 —’}/Thim
B(_lw) Jint = 27 int |°
T Mo \ —€o7Te

This equivalence corresponds to the rewrite of

—epiwe+V x h =0 in Q°,
potwh +V x e =0 in 0,
vr(e) =yre™  on T,

vr(h) =~yrh™  on T,
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as

—egiw(—h) + V x (sopgte) =0 in Q°,
poiw(gopg te) + V x (=h) =0 in 0,
vr(=h) = —yrph™  on T,

vr(eong 'e) = eopy 'yre™  on T.

It is (ype™, poyrh™) suitable if and only if the pair of traces (—yrh™, pogopg yre™) =
(—yrh™t, eqyre™) is suitable. This again illustrates the symmetry between E and H in
the Mazwell equations. We do not discuss further rearrangements like changing the roles

of €0 and g, scaling the wave number or further manipulations, here.

Lemma 2.27. For the solution of (THME,b) it holds for s = —iw, with R(s) > o9 >0
IV x ellge + Isllellge < C(I', o, €0, 00) s [lyre™ [l

and similarly
IV x hlige +Isllhllge < C(I, po, €0, 00) s N hlln, -

Proof. This can be proven by using [46, Theorem 1], to reformulate the statements of

[152, Theorem 3.1, Corollary 3.2, Lemma 3.3] for functions in Hp = H;l/Q(divF, I') for
Lipschitz or piecewise continuous domains instead for functions in H~/?(curly, I') on
smooth domains. All proofs hold in an analogous way (compare Remark . Similar
arguments can be found in [143, Proposistion A.3.1]. The assertion for i then follows
by interchanging the roles of e and h. O

Equivalence

In this paragraph we show that the solutions of both problems coincide (for Sw > 0),
thus a solution of (THME,a) is a solution of (THME,b) and vice versa. Therefore all
the properties stated in the previous paragraph are fulfilled for both solutions.

Lemma 2.28. Let Sw > 0 and given boundary data yre™ € Hp. The solutions of
(THME,a) and (THME,b) exist and they coincide.

Proof. The proof follows the following strategy. By Lemma we obtain a solution
(e,h) of (THME,b). With the Dirichlet-to-Neumann operator from [46] Section 10], we
obtain boundary data pgyrh that together with yre™ fulfills the compatibility condition
@.17), i.e. (yre™, ,uO’)/TE) is suitable exterior data. Therefore we can define a solution
(¢,h) of (THME,a). The last step is to show that (€, k) solves (THME,b). As ypé =
yret is fulfilled by the above construction, it remains to show the regularity assumptions
of (THME,b), i.e. that & h € H(curl, Q°). Then, by the unique solvability of (THME,b)
it follows that (e, h) = (€, h).

To show that & h € H(curl,0°), we show that the solution of problem (THME,a)
(and its curl) decreases exponentially for || — oco. We therefore adapt the proofs of
[22, Theorem 4.4 (c)] and [26, Lemma 7]. Together with & h € Hy,(curl, Q°) this then
concludes the assertion.

For the convenience of the reader, we repeat the definitions of the integral operators.

The electric single layer potential is given, for € R3\ I', by

1
€opoS

(S)9) (@) = | Glsa = ey — ——V [ Gls,a = y)divre(y)y
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and the electric double layer potential, for = € R3\ I,

(D)) =V x [ Gls.z = 9)el) dy.

where the fundamental solution G(s, 2) is given for z € R3\ {0}, as

e—SVE0Ho|2|

G(s,z) = =

In the following, we will derive suitable bounds on |(S(s)¢)(z)| and |(D(s)p)(x)| for
w€E€Hp.

As Hp is its own dual and as yp : H(curl, Q) — H is surjective and continuous, we
have for v € Hp, the existence of a ¥ € H(curl, ) with 70 = v and therefore

[Vl (a1 )y = sup 2<U’7T¢>Fz /2
seri(@) ([18l6 + [IVOl)

[n X U,nXnxaeo|r

= sup
sec=(@) ([[olI3 + [[Vld)1/2
— sup {’I’l X /177 ¢]F
pec=(0) (1913 + IVlE)! /2
= ol =172y
From this, we immediately infer
loll3er = NI, e oy + v rolsragry = Nolpoaseqry. (2.22)

The next step is to choose a suitably big ball Bg, such that 2 C Bg/,. For values in the
complement R?\ Bg, we are then able to suitably bound the fundamental solution G
and then obtain the desired bounds on the integral operators. We have for = € R?\ Bp,
0 C Brya, s = —iw, Rs > 00 >0,y €Q

2 —yl > [a] - |y| > |¢| - R/2 > R/2

and therefore using |z — y| > |z| — R/2 and |z — y| > R/2 we obtain

IG( 1l e~ SVEoHo T —]
G(s,z — My < | ————
HI/2(I) 4|z — | @)
1 e~ sVEomolz—|
< C(e0, o) (1+|sy+ )
|z —-|/ A4r|z—-| ,
L@ (223
S 0(57 €0, 1O, R; ’QD sup e‘msm\x—yl
yeQ
< C(s, 0, o, R) sup e~ “0vE0role=y|
yeQ
< C(S, €0, 1o, R, OO)Q_UOMWL
Similarly, one estimates
IVG(s,2 = ) g1/2(ry < C(s, €0, b0, R, oo )eo0vEHole] (2.24)

Using (2.22), (2.23) and (2.24), we get for v € Hr, |z| > R,

[(S(s)v)(@)] < C(G(s, 2 =)l grzmyllvll g2y
+ C(s, 0, €0) VG (s, 2 = ) gz mldivrol g-1/2
< 0(607#07}27 UO)B_UO 60#0'33‘”,0”7‘[1“‘
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By the definition of the single layer potential and analogical estimates for VG we have

[(V x S(s)v)(z)] < Cs, €0, 1o)|(D(s)v) ()]
< |IVG(s,z = )lgemyllvllig-r2r)
S 0(807 Ho, R7 00)6_00 €O,U«O‘I| HUHHF

Similarly, we obtain bounds
(D(s)0)(w)] < Ceo, o, R, 00)e™ VR o]y,
and using |V x (D(s)v)(z)] < C(s, 0, po)|(S(s)v)(z)| (cf. [46, Lemma 5])
(V x D(s)v)(2)| < C(eo, o, R, 00)e VR o3y,

Thus, the solution is in H(curl, Bf) for a large enough ball Br containing €. By [46],
it is in Hyoe(curl, Q) (in the sense that for every bounded set B, the functions are in
H(curl, B), cf. [46l, Section 2]), so it is in H(curl, Bg \ Q). Altogether, the solution of
problem (THME,a) is in H(curl, Q°), fulfills the regularity assumptions of (THME,b)
and therefore is a solution of (THME,b). By unique solvability of (THME,b) the two
solutions coincide. O

Remark 2.29. In [[0], existence and uniqueness is also shown for Sw = 0, w > 0.
Lemma [2-21] can be shown to hold analogously, but in the proof of Lemma[2.28 we need
Sw > 0 to show exponential decay of the solution for |x| — oco. Thus we are not able to
show with these arguments, that the solution is in H(curl,Q°). This also indicates the
reason why (THME,b) is only formulated for Sw # 0, as it gives solutions in H (curl, Q°)
which may not occur for Sw = 0.

For the well-definiteness of the inverse Laplace transform, we need complex differen-
tiable functions. In the following lemma we state that this is fulfilled for the integral
operators.

Lemma 2.30. For s € C, Rs > 0, the family of single layer operators S(s) : Hp —
H (curl, Q°), the family of double layer potentials D(s) : Hp — H(curl, Q°) and the family
of the Calderon operators B(s) : Hp X Hr — Hp X Hp are complex differentiable in the
sense of Definition[B.49

Proof. The proof is sketched roughly, see [143] for similar arguments for the wave equa-
tion. We only consider the single layer potential S(s), the proof for the double layer
potentials D(s) proceeds similarly and the assertion for the Calderon operators B(s) fol-
lows by its definition as the composition of traces and averages of the single and double
layer potentials.

For simplicity, we only look at a part of the first term in the definition of the single
layer potential, i.e.

(Si()¢) (@) = [ Gls.w = )em)dy.

The second term and the multiplication with s may be treated analogously. As the

) —s/Eo0]|
fundamental solution G(s, z) = %

¢ > 0, we see for fixed x ¢ I" and fixed ¢, that

is analytic and uniformly bounded for |z| >

|S1(s + h)p — Si1(s)p — hdsS1(s)p| < C(x, @)h,

ie. s+ (Si(s)p) (z) is complex differentiable.



2. Reformulation and Function Spaces 34

By similar arguments as in the previous Lemma, as the potential decays exponentially
for |x| — oo (and the constants there depend in a “harmless” way on s), we may obtain
for a big enough ball B for h — 0

181(s + h)p = S1(s) — hdsS1(8)¢l fcur e\ Br) < C(R)A@l3,-

This concludes the complex differentiability on H (curl, R?\ Bg).
For the bounded domain Bp \ 2 (and similarly for the bounded domain 2), we note
that the symbol of (S1(s+ h)p — S1(s)p — h0sS1(s)p)(x) is

G(s+ h,z) — G(s,z) — hdsG(s, z)
e~ (sth)vEomlel _ e—svEomlel 1 p /2oqg)2|e s vEOROl|

4m|z|

The denominator can be bounded by Ch uniformly for |z| < R for a constant C' > 0.
Then the bound follows similarly as the bound in the proof of the continuity of Si(s) :
Hpr — H(curl, Bg \ ). This concludes, together with a more concrete formulation of
the arguments, the proof. ]

Preparations

In this paragraph, we rewrite the system such that the results obtained so far can be
directly applied in the following sections.

Applying the Laplace transform to the time dependent Maxwell equations, we obtain

for fs > 0

EOSE—VXﬁ:O in Q°,

posH+V xE=0  inQ,

yr(E)=yrE  onlT,

yp(H) = ~vpH on I

(2.25)

With s = —iw it is Sw > 0 and we rewrite the system as
g0 —iwE+Vx(—H=0) inQ,
poiw(—H) + 0 in Q°,
vr(E)=yrE  onT,
yr(—H) = —yrH on I

<
X
=)
Il

Thus, (yrE, —qu/Tﬁ ,w) is suitable exterior data, i.e. we obtain (see Remark with

h replaced by —H)
H 1 E
B(—iw) (M) = | T ). (2.26)
-k 2p0 \ poyrH

Conversely, if (*yTE , —,u,o’yTﬁ ,w) is suitable exterior data, we may represent the solu-
tion via

e = D(s)(—7E) + S(s) (uoyr D),
1
— W o R -
= S(s)(eovrE) + D(s)(vrH).

—h = V xe
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2.4.2. Definition of solutions

In this section we define solutions of the MLLG system posed on the full space ((1.12))
and the reformulated MLLG system (2.12)).

Definition 2.31. We call (m, E, H) a solution of the MLLG system , if :
e The regularity assumptions for the magnetization
m e L*([0,T], H*(Q)) n H([0,T], L*(Q))
and for the electric and magnetic field
E,H € L*([0,T], H(curl, R*\ I")) N H'([0, T], L*(R3))
are fulfilled.
o [t holds |[m| =1 almost everywhere in Qrp.

The following equations hold:
e The LLG equation (1.12a]) in L?([0,T] x ),

o the interior Mazwell equations (1.12B)~(1.12d) in L%([0,T] x Q),

o the exterior Mazwell equations in (L.12d)—-(L.12¢) in L2([0,T] x Q°),
e the boundary condition in L2([0,T], HY*(I')),

o the transmission condition in L*([0,T), Hr),

o the initial data (T.12h)~(T.121) in the sense of traces in L*(R3).

Remark 2.32. The regularity assumption E € L*([0,T], H(curl,R3\ I)) together with
the transmission condition yrE™ = ypE in L2([0,T), Hr) is equivalent to the regu-
larity assumption E € L*([0,T], H(curl, R3)).

Definition 2.33. We call (m, E, H) a solution of the MLLG system , if :
e The regularity assumptions for the magnetization
m € L*([0,T], H*(Q)) N H'([0,T], L*())
and for the electric and magnetic field
E,H € H(0,curl, Qr)
are fulfilled.
o It holds |m| =1 almost everywhere in Q.

The following equations hold:
e The LLG equation (2.12a]) in L?([0,T] x Q),
o the Mazwell equations (2.12b)—([2.12d) in L*([0,T] x ),

e the boundary integral equation (2.12d) in L2([0,T),Hr) in the sense that By, *
(o)) € Hys ([0, 7). Hr) and

—yr(E)
poyrH 1 [ wE 2
;" By, * = — in L=([0,T],Hr),
' <—7TE> 240 (NO'YTH) (107, #r)
o the boundary condition (2.12€) in L*([0,T], HY/?(I")),
e the initial data (2.12f) in the sense of traces in L*(Q2).

Remark 2.34. The condition |m| =1 almost everywhere in Qp may be removed in both
definitions as long as the initial data fulfills /m°) = 1 almost everywhere in Q0. In this
case, for both definitions one can show that |m| =1 is satisfied for all times.
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2.4.3. Equivalence of the solutions

In this section we establish an equivalence between the exterior Maxwell system and
the system on the boundary, in the sense that if the solutions are smooth enough (and
extendable to the time interval [0, 00) in the exterior domain or on the boundary), they
coincide.

Theorem 2.35. A solution (m, E, H) in the sense of Definition that

o can be extended to the time interval [0,00) on the exterior domain, i.e. there exists
a constant ¢ > 0, such that

(e E,e " H) € L*([0, 00), H(curl, Q%)) N H'([0, 0), L*(Q°))

with
(E,H) = (E,H) in L*([0,T],Q°)

and (E, ﬁ) fulfills the exterior Mazwell equations (1.12d])—([1.12¢€]) in an e~ -weighted
L2([0,00) x Q) sense (i.e. (L.12d) (T.12d) multiplied by e~ hold in L*([0,c0) x
),

s a solution in the sense of Definition |2.53,
Let (m,E,H) be a solution in the sense of Definition[2.33, that

o satisfies the regularity assumptions of Definition in Q and
e the traces ypE, yrH are in H§ ([0, T),Hr) and

o can be extended to the time interval [0,00) on the boundary, i.e. there exists a
constant ¢ > 0 such that

e ypE, e ypH € Hgy*([O, o00), Hr)

with
(vrE,yrH) = (ypE,yrH) in L*([0,T],Hr)

and (’yTE,”ny—j) fulfill the boundary integral equation (2.12d) in an e~“*-weighted
L?([0,00),Hr) sense (i.e. [2.12d)) multiplied by e~ holds in L*([0,00),Hr)).

Then

(EaH) in Q,

(227
(S(@t)uwTH — D(at)’YTE, —S(at)EQ’yTE — D(at)’yTH) in € 5 ( )

(E,H) ::{

s a solution in the sense of Definition|2.31. The existence of the convolution operators
in the second line of (2.27) holds in a matriz vector multiplication sense, see Remark
237

Proof. The equivalence in the LLG-part can be shown exactly as in Section As
|m| = 1 is satisfied almost everywhere, the applications of m x - are transformations
from LQ(QT) — L2(QT).

Concerning the interior Maxwell part, the equations and regularity assumptions are
the same in both defintions, so there is nothing to show and all we have to consider are
the equations in the exterior domain or the boundary integral equations, respectively.

Let (m, E, H) be a solution in the sense of Definition that can be extended to
[0,00) on the exterior domain as stated in the theorem. We denote the extension by
(E,H).
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We apply the vector valued Laplace transform from Section [B.2| (with respect to the
Hilbert space L)) to the ~on [0,00) extended version of ( m (L.12¢). Due to
E(0) = E(0) = 0 we have LO;FE = sLE and by interchanging the Laplace transform and
space (differential) operators (see Lemma [B.54] E that this is possible) we obtain

c0sLE —V x LH =0 in Q°,
posCH +V x LE=0  in Q°,
yr(LE) = LArE on I,
yp(LH) = LyrH on I,
for s € C with Rs > for ¢ > 0. Thus (LE,LH) solve the time harmonic Maxwell

equations (THME). More precisely, with s = —iw it is Sw > 0 and they solve the system
(2.25)). Therefore the traces are suitable exterior data and we have

B(s)LC <“°7TH ) 215< VTE~>. (2.28)

yrE po  \poyrH

The inverse Laplace transform of the right-hand side exists, thus the one of the left-hand

side, too, so we obtain
oVTH 1 ( yrE
By (" .
—rE | 2p0 \poyrH

As B(s) is a family of analytic operators (see Lemma [2.30) and ||B(s)|| < Cs? (see
Lemma , it holds for m € N, m > 3

H H
ath(at)<M0'YTE> B (MO’YTN)‘

=T -k

and

MO'YTH  mam poyrHY poyrH

So we have By, * (‘f;;(( ))) € Hy".([0,T],Hr) and

9B porrH L (k.
O —yrE ) T 200 \poyrH

By the Causality of 9" B,*, it is immediate that B, * (”OJT((E))) € H'.([0,T],Hr) and

H 1 E
o8 (") = i (o) POTIE)

So we have a solution in the sense of Deﬁnition (Furthermore it can be continued
to [0,00) on the boundary in a e~“-weighted L?(]0, 00), H)-sense.)

Now, let (E, H) be a solution in the sense of Definition [2.33| with all the properties
stated in the theorem. We consider the boundary equation for the extensions ’yTﬁ , ’jTE .

NO'YTg) c

We integrate the boundary equation m-times in time, and as e “B,, * (77T =

H".([0,00),Hr), we obtain

H 1 E
B (M2 = g T, (2.29)
—rE 210 poyrH
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We apply the vector valued Laplace transform from Section (with respect to the
Hilbert space Hr) to equation ([2.29)) which results in

H 1 E
S_mB(S)[, MO’YTN _ g mp T 5
k) 2p poyr H

for #&s > 0. Multiplying the outcome by s and setting s = —iw, we obtain suitable
exterior data like stated in (2.26)). The latter can therefore be represented as

h=8(s)L(—eovrE) + D(s)L(—yrH),
1
—iwﬁ(]

By Lemma we obtain

V x h = 8(s)(noyrH) + D(s)L(—yrE).

e =

IV % hlige + |slllhlge < C(I o, €0, 00) s 1 L0y H) [l
for R(s) > o¢ > 0 and similarly
IV % ellge + [slllellge < C(I no, €0, 00) 8P| L(vr E) |-

Due to the regularity assumption of the extension, we have that s2L(yrH), s2L(yrE)
are uniquely square integrable over each vertical line s > ¢ > 0 and as S, D are
both families of analytic operators (see Lemma , we have that e and h are suit-
ably bounded and analytic. Therefore the inverse Laplace transform exists (cf. Defini-
tion and on Q° we define

H:=L"'h, FE:=r"le,

which satisfy the regularity assumptions of Definition in [0,7] and are a extension
to [0,00) on Q°.

The initial condition H(0) = 0 is fulfilled, as £~ (sh(s)) exists, thus H = 9, L= (sh(s)),
which gives H(0) = 0. Similar arguments for £ conclude E(0) = 0.

The transmission condition 4y E™ = yp Bt yp HY = v H* in L2([0,T], Hr) follows
by the properties of the time harmonic operators (as all traces are suitable) and by
interchanging the tangential trace operator and the Laplace transform. O

Remark 2.36. Let us summarize: To get from Definition to Definition |2.35, we
only need extendability on the exterior domain. To get back, we need extendability on
the boundary and we need additional reqularity, in particular the traces have to be two
times differentiable in time with vanishing derivatives at t = 0. The reason is that the
single and double layer potentials are second order operators in time (see e.g. Lemma
and we need the reqularity of the traces to ensure that they exist.

The Calderon operator is a second order differential operator in time, too, neverthe-
less we do not need the additional regularity to get from Definition to Definition
[2.33. The existence of the inverse Laplace transform is inherently guaranteed by equation
2.29).

Remark 2.37. The statement in the equation of this theorem should be read with
care. In the previous proof, we only showed that L~ h (and similar statements for L™ e)
exists, 1.e.

L7 (S(s)L(—eoyrE) + D(s)L(—rH))

exists. This means that in a matriz vector multiplication sense

<_1/iOD 60DS) (at) (lt—():;;g> - (S(at)'uOFYTH_D(at)'VTE, —S(at)EO’}/TE—D(at)'yTH)
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exists. We did not show that S(0;)(—eoyrE) = L7HS(s)L(—eoy7E)) and D(0)(—yrH) =
LY D(s)L(—~rH)) exist themselves. This might be possible to show under suitable
bounds ||S(s)|| < Cs?, |D(s)|| < Cs?. A comparable bound for the single layer can be
found in [143, Section A.4J. This is shown by using similar estimates as in Lemma
and inserting special traces such that D(s)yrH wvanishes. Due to the refined analysis

of the Laplace differential operators in Chapter [B, we need less time regularity than in
[143, Section A.4].

Remark 2.38. In the pure Mazwell case, i.e. without the LLG equation, under the
assumptions of Chapter a continuation of yrE, yrH in a e~ -weighted L?([0, 00), Hr)
sense can be shown to exist due our later result, Theorem[].28, as the energy norm only

grows polynomially in T and J can be extended to [0,00) in a smooth way such that
J(t)=0,t>2T.

Remark 2.39. IfyrE, yrH are sufficiently smooth, a continuation in Hg’*([(), o), Hr)
can be shown to exist. The idea is to extend the functions to [0,00) in a smooth enough
way. Therefore, they may not any more fulfill the boundary integral equation for t > T,
but if we apply the projection on suitable exterior data, the boundary integral equation
again is fulfilled on [0,00). As the projection operator is a second order differential
operator in time, we need the functions to be four times differentiable in time to get an
extension in Hg ,([0,00), Hr).
For ypE,yrH € Hg ([0,T],Hr), we set

’)/TE 1 0 1 _4 4 ’}/TE
~ | :=1| =+ B(0 9; “1o.10, .
<N07TH> <2 () (‘1 0)) ¢ AT <M07TH

We now want to show, that, indeed, yrE,vpH is a continuation in Hg’*([o, o0o),Hr). It
is clear, that for every c > 0,

et o H
e tat 411[0,7162l <H?szEv ) € Hg,*([oa OO)7HF)'

For U :[0,T] — Hr this is the Taylor polynomial continuation for t > T by

2 UG(T).

O o) U(t) = U(T) + (¢ = T)U'(T) +--- +

As ||B(s)|| < C|s|?, it follows from the properties of the Laplace transform that
e 'ypH e “IypE € Hy ([0,00), Hr)

for every ¢ > 0. Furthermore, (VTE, ’nyI) fulfills the boundary integral equation
in an e~ -weighted L*([0,00), Hr) sense by the projection property of the Calderon op-
erator (see Lemma and apply the same arguments as in the proof of Theorem .
By and by the Causality property of B(0:), it holds

(yrE,yrH) = (v B,yrH)

on [0,T].






3. Weak Convergence for the MLLG
System

In this chapter, we consider weak convergence of the approximations towards the exact
solution of the boundary integral Maxwell-LLG system. In Section we introduce
suitable notions of solutions and discuss the connection with the ones from Section [2.4]
(see Remark . In Section , we present the approximation scheme. Finally, in
Section we show that the approximations converge (in a weak-subsequence sense)
towards the exact solutions from Section B.11

3.1. Weak Solutions, Equivalence and Uniqueness

In this section we consider the boundary integral MLLG system. We introduce a reduced
regularity and a weak solution (for an overview see Remark [3.5) and show equivalence
and uniqueness of (a part of) these solutions.

3.1.1. Definition of a reduced regularity solution

Originating from the boundary integral MLLG system , we define a suitable solu-
tion that needs lower regularity assumptions for its definition than the one from Defini-
tion Given sufficient regularity, both solutions coincide.

For the convenience of the reader, we repeat the MLLG system . We seek
functions m, E and H : [0,T] x Q — R? which satisfy: in the interior domain

om —am x Om = —m x (CeAm + H) in Qr, (3.1a)
eE -V xH= —(J+0FE) in Qrp, (3.1b)
,u(?tH +VxFE= — u@tm in Qp, (310)

coupled to the boundary integral equations

poyrHY 1 (pg'yrE
B(@ﬂ(_wE) - 2( o on [0,7] x 00, (3.1d)

where m satisfies the boundary condition
Opm =10 on [0,77] x 09, (3.1e)
and with the initial conditions
m(0) =m°®, E()=E’ H(0)=H" inQ. (3.1f)

We multiply the LLG equation (3.1a) with a smooth test function p and use 9,m = 0
on I' to obtain for the Laplace term

[Am x m, plo = [Vm x p,Vm]o — [Vm x m, Vpla + [m X p, Oam|r
= —[Vm x m,Vplq.
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For the Maxwell part, we integrate equation (3.1b|) and (3.1c|) once in time. We recall
the operator

t
@7 0)(t) = £ (s7 L)) (1) = / v(s) ds = (1% 0)(t)
0
and apply it to the equations (3.1b)—(3.1d). For a function G € C'[0, T it holds

0710,G( / 0,G — G(t) - G(0).

Similarly, the boundary integral equation is integrated once in time. From Lemma
we obtain that the operator d; ' commutes with B(9;) for suitable functions ¢ (smooth
enough with vanishing derivatives at ¢ = 0) in the sense

Oy O By % ¢ = OO, ' By x ¢ = OBy, % 0 L 0.

We apply the stated modifications to the MLLG system and arrive at the following
definition.

The LLG part is given in weak form tested with smooth functions, while the Maxwell
and boundary part are integrated once in time and given in strong form, i.e. without
test functions.

Definition 3.1. We consider a solution of the MLLG equations, i.e. (m,E, H) that
satisfies

e m € HY(Qp) with |m| = 1 almost everywhere, m(0) = m?

and for all p € C*(Qr) we have

in the sense of traces,

[8tm7 P]QT - a[m X 8tm7 P]QT = _Ce[vm X m, VP]QT + [H X mvp]QT

o E,H e L*Qr) such that 0; 'E,0;'H € H(curl,Qr) and
e(E—E% -V x (07 H) + 00, 'E = -0 'J in L?(Qr),
w(H — H°) 4+ V x (0, E) = —pu(m — m") in L*(Qr),

—1
as well as By, * (‘fj;((gzl g))) € HP([0,T), Hr) with
t

v poyr (0 TH)\ _ 1 ( (0 E) g
0" By, * (—’YT(@_IE) ~ 20 MO'YT(a,g_lH) in L*([0,T),Hr).

Given sufficient regularity, the solutions in Definition [3.1] and Definition [2.33] coincide.

Theorem 3.2. Fvery solution in the sense of Definition s a solution in the sense
of Definition[3.1] Conversely, a solution in the sense of Definition that fulfills the
reqularity assumptions of Definition [2.33, is a solution in the sense of Definition[2.533,

Proof. To get from Definition [2.33] to Definition [3.1] we apply the above modifications
that hold under the stated regularity. Especially for the boundary integral equation,
we refine the arguments (the regularity for ¢ from above is not needed). We note that

B+ and 9; ' commute as they are smoothing operators in time, see Lemma As
By, * (“WTH) € Hy'.([0,T],Hr), the operators 97! and 9" commute and it is

- poyrH -1 poyrH ,UO'YTH
9,710 B,, * = 90 1B, * = OB, x 0,
Lo < _'YTE> b < _’YTE) k < -k
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To get from Definition to Definition assuming the regularity assumptions from
Definition [2:33] we proceed in a similar way to reverse the modifications. For the LLG
equation, integration by parts shows

[Vm x m,Vpla, = —[Am x m, pla, + [m X p,Onm|r,,

and by the use of cut off functions (as all the other terms in the LLG equation are
bounded in L?(Qr)) we obtain

[anm xXm, P]FT = 07

i.e. O9ym x m =0 on I'r. By |m| = 1 almost everywhere, we deduce m - 9,m = 0 and
finally conclude
Opm = 0.

For the interior Maxwell part, (formally) inserting ¢ = 0 into the equation gives E(0) =
E® and H(0) = H° (note (8;'G)(0) = 0 for any function G) and due to the given
regularity assumptions, rigorous arguments similarly show that £(0) = E° and H(0) =
HY hold in the sense of traces. The differential equations from Definition follow by
deriving in time and noting that 0,0, 1@ = @ applies for any function G.

For the boundary integral equation, under the stated regularity assumptions, 0} B, *
and 0, ! commute as above, which together with deriving the equation in time, concludes
the proof.

O

3.1.2. Definition of a weak solution

In this section, we motivate the definition of a weak solution of the MLLG system
. In the following sections, we will show that such a solution exists and that the
approximations converge (in a weak subsequence sense) towards that solution.

We recall the notations for the scalar products

t)re = [ tovir di

T
[v,w]gT:/ /v'wdw dt,
0o Jo

for suitable functions ¢, ¥, v, w.

For the LLG part, we apply the same modifications as in Section [3.1.1 and therefore
this part remains unchanged in comparison to Definition [3.1

The Maxwell equations f are multiplied by smooth test functions (g, (i
and the resulting equations are integrated over 7. We state the following version of
the integration by parts formula, for a,b € C*([0,T]) it holds

and

T T
/ a()b(t) dt = (97 a)(T)H(T) — / (07 a) (£)aib(t) dt.
0 0
Assuming (g (T) = 0 and using the integration by parts formula, we obtain
[V x B, Cela, = =V x (9; ' E), diCEla, -
Similarly, it holds with integration by parts and (g(7T") = 0

[atEa CE]QT = _[E78tCE]QT - [E(0)7CE(O)]Q
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For the boundary equation, we similarly multiply (3.1d) by smooth test functions and
integrate over the respective space time domains (such that we obtain the anti-symmetric
pairing, see Definition [2.6]). For the left hand side, we use integration by parts yielding

(v,70E)p, = —(v0(0; ' E), 01 C) 1y
We introduce the abbreviations {bv = —yr(0; 1E) and ¢ := poyr (0, 'H ) and rewrite
vr(0;7'E) = 2yr(9; ' E)+ ¢ and  poyr(9; H) = 2u0yr (0, 'H) — &.

For the Calderon operator on the right hand side, we note for ¢ € C™([0,00), H%)
with ¢(0) = 8;(0) = --- = A" 1p(0) = 0, that ¢ := 9; ¢ € C™1([0,00), H2) and
<;~5(0) == 8{”5(0) = 0. Furthermore it is £L71(L(¢)s™) = L—1(£(¢~5)5m+1) and
(B(8))(t) = L7H(B(5)L(6)()(t)
= (L7 (B(s)s™™) + LTHL@)(5)s™ ) (1)

= /" (B * 9)(t)
and N _
(B x¢)(0) =+ = 8tm(Bm *$)(0) = 0.
We therefore obtain for v € C™ ([0, T], H%) with v(T) = 0w (T) = --- = 8/™v(T) = 0,

by integrating m + 1 times by parts in time, that
(0,0 (B % 0)) p, = (0. 07" (B 9))
- <8tv, O (Bim ¢~S)>FT + KU’ 07 (B $)>F}

= — (0,07 B+ 9)),
L (_1)m+1 <a;n+11)7 Bm * $>

T
0

I’
The term on the right hand side is well defined for smooth v and for only (square)
integrable ¢ (in time).

In conclusion, we multiply the system (3.1)) with suitable testfunctions, apply the

above manipulations to the respective terms and end up with the definition of a weak
solution.

Definition 3.3. The functions (m,E, H, p, J) are a weak solution of the MLLG equation
if:

« m € HY(Qr) with |m| = 1 almost_everywhere in Qr, E,H € L*(Qr) such that
O E, 0,7 H € H(curl, Qr) and @, € L*([0,T], Hr).
e For all p € C*(Qr), all Cg,¢u € C®(Qr) with (p(T) = Cu(T) = 0 and all
v,w € yp(C®(Qr)) N HZL()JFI([O,T],HF) we have
[O¢m, pla, — alm x Ogm, pla, = —Ce[Vm x m,Vpla, + [H x m, pla,,
_[EEu atCE]QT - [EE07CE(O>]Q = _[v X (at_lH)78tCE]QT - [UE + J7 CE]QTv
—[,U,H, 8tCH]QT - [/’LH[);CH(O)]Q = [v X (at_lE)7atCH]QT - [luatmﬂ CH]QT7
~ —1 it
(_1)m+1 8tTn+1 v 7Bm * S”i — _i at'l) , 27T(8t _1E‘) + ¢~ .
w ) ry 200 \ \ Orw 2uoyr(0; "H) — @ Iy

(3.2)
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o It holds m(0) = m® in the sense of traces.

Definition 3.4. We say a solution of the MLLG system has bounded energy, if for
almost all t € [0,T]

t
IV ()220 + /O [0 ()220 ds + [ H )220 + 1E@ 220 < C,

where C' > 0 is independent of t.

Remark 3.5 (Overview of the solutions.). So far, we considered four different definitions
of solutions to the Mazwell-LLG system.

We started with the strong solution on the full space in Definition which is the
mathematical rigorous formulation of the MLLG system that arises from the physical
derivation .

Given sufficient smoothness (and extensibility to the time interval [0,00)), Theo-
rem[2.35] shows that the full space solution is equivalent to the boundary integral solution
introduced in Definition [2.33.

In Section we considered in Definition [3.1] a version of the boundary integral
solution that needs lower reqularity for its definition. Again, given sufficient reqularity,
it is equivalent to the boundary integral solution from Definition [2.53,

Finally, in this section, we introduced a weak solution in Definition [3.5. This is the
solution for which we construct in Section[5.5 converging approximations. To close the
gap between the reduced-regularity solution and the weak solution, we show in Theorem
in the following that they are equivalent (in some sense).

3.1.3. Equivalence of the solutions

In this section we show equivalence of the solutions from Definition and Definition

B3
Theorem 3.6. If (m, E, H) is a solution in the sense of Deﬁm’tion then

(maEaHv MOFYTat_lH? _’YTat_lE)

s a solution in the sense of Definition . If (m,E,H, @, @Z) is a solution in the sense
of Deﬁm’tion then (m, E, H) is a solution in the sense of Definition .

Proof. Step 1: Let (m, E, H) be a solution in the sense of Definition We multiply
the Maxwell part of Definition with the respective test functions of Definition
Integration by parts in time shows

[e(E — E°), —0tla, = —[eE, 0tla, — [EE°,£(0)]a

and yields the equations stated in Definition
_ We introduce the variable ¢ = poyrd; 'H for the tangential trace of H as well as
¢ = —y70; 'E for the tangential trace of E. For b = —9(!) € 7o(10,T], HE) we

integrate by parts m times in time to obtain with a = (:%)
(6.0 (B # ), = — (00,07 (B v a)) | + (0.0 (Buxa)) |
_ m—1 — .= (_1\m m
= —(0b, 07" (B + a)>FT (—1)™ (8D, (B * @) . -

Thus we have a solution in the sense of Definition 3.3l
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Step 2: Now let (m,E, H, p, J) be a solution in the sense of Definition The inte-
rior Maxwell parts of the Definition [3.3] and Definition [3.1] are equivalent via integration
by parts in time. We will prove below that the operator

1 0o o™
Q(0y) == <2M0 <8tm 6 ) + Bm*>

is almost a projection in the sense

v 1 . (—w
Q(at)<w> = %8,: ( v > (3.3)

for all v,w € L?([0,T], Hr) such that there exist v/, w’ € L?([0,T], Hr) with

1 [(—w v
L) -em(?) ’

Integration by parts in the last equation of Definition shows that

m+1l [ gm+1| ¥ * 9?
() e (5),
(0 (20O B) + 0
= 2/},0 6;’rz+1w » Yt 2//‘0’7T(815_1H)_§5 FT;

1
ie. ﬁa;m( o, B ) is in the range of Q(9;). Hence (3.3)) implies

poyrd; Y H
1 o 'E o 'H
o T ) =@@a (T
1o poyrd; H —r0; FE
_ La_gm yro; 'E P poyrd; 'H .
2p0 poyrd; ' H "o\ o E

-1
This shows By, * (’ﬁ)zg((gt_lg))) € Hy"([0,T],Hr) and further differentiation in time leads
t

to the boundary integral equation in Definition (3.1
It remains to show (3.3]). To that end, we use the definition of @@ and obtain for v, w €

L([0,T),Hr) and w := VH0ED
() (2ot 7)) (55
— L 1 0 -1 —-m -m, — (iw)_lV(s) K(S) £v(3)
- 1<2MO (1 0>s +s M()l( —K(s) —in($)>><£w(s)>
! <1 (0 _1> +< 0 1) (K(S) V(s)))((iw)_lﬁv(s)>
pos™ \ 2 \iw 0 —iw 0) \V(s) K(s) Lw(s)

:1<0 _1> 1L (1_ (K(s) V(s))) <(z’w)_1 0) Ev(s))
o \iw 0 sm o\ 2 V(s) K(s) 0 1) \Lw(s))
In [46] Equation (35)] it is shown that

1_(K(s> v<s>>

2 \V(s) K(s)

is a projection. Hence, the above together with the properties of the Laplace transform
from Lemma and Lemma show (3.3). This concludes the proof. O
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Remark 3.7 (Summary). The difference between Definition and Definition is
mainly (up to multiplication with test functions and integration by parts in the interior)
in the formulation of the boundary integral equation. There are two main differences.

1) We define the (non-modified) time harmonic Calderon operator (compare Lemma

(K V()
B(S)‘<V<s> K<s>>'

Ignoring time integration and the modification of B, the boundary integral equation in

Definition [3.1] corresponds to (see Lemma and (THME,a) in Section

— B(s) (X;) -l (3;%) (3.5)

i.€. YT€E, ’)/T?L are suitable exterior data. The boundary integral equation in Definition

corresponds to R
1 5 ¥ yreé
(5-56) <¢> (wh) (3.6)

i.e. Y€, ’yTE is in the image of% — B( ). By Lemma we have that P := % B(s)
s a projection, and applying it to ) gives

(i) =) -+0) - ()

yrh ¢ ¢ Yrh

Thus ~re€, WTB are suitable exterior data. It meeds a careful analysis of the Laplace

differential operators on [0,T] (like it is presented in Section , to show that these

arguments can be applied in a similar way to the respective time differential operators.
2) Concerning the time integration, the boundary integral equation from Deﬁm’tion

is given in weak form, i.e. in the term <8m+1 m * %)FT, all derivatives in time are

with respect to the smooth test function, such that qb € L%([0,T),Hr) suffices. Under
consideration of the right hand side of that equation, we obtain for f € L*([0,T), Hr)

Bm*gg:a;mf.

Thus we can conclude, that B, ¢ € Hy'. ([0, T],Hr) and m derivatives in time exist
on both sides. Hence, the weak formulation of the boundary integral equation in Defini-
tion inherently includes reqularity.

3.1.4. Uniqueness of the solutions

In this section, we consider uniqueness of the interior Maxwell part of the MLLG sys-
tem. Uniqueness of all components only holds under additional regularity assumptions,
compare Remark

Theorem 3.8. The interior Mazwell components of a solution in the sense of Defini-
tzon are unique, i.e. if there is a magnetization m such that (m, En, Hy, cpl,q/)l) and
(m, B9, H, @2,1/}2) are both solutions in the sense of Definition then it holds

(E1, Hy) = (Es, H2).

Proof. Assume, that there exist two solutions in the sense of Definition as stated
in the theorem. By Theorem we have that (m, Fq, Hl,ugfyTZ?[lHl, —’yTE?[lEl) and
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(m,EQ,HQ,MO'YT(?;lHQ, —7T8;1E2) are solutions in the sense of Definition The
difference U := 9; }(E' — E?), V := 9, '(H' — H?) satisfies

(U, V) € H (curl, Q7) x H'(curl, Qr)

and for all
Ce,Cu € C%(Qr) with (p(T) = (u(T) =0

and all L
v,w € Y (C™(Qr) N Hng([Oa T),Hr)

it holds (using E1(0) = E2(0) and H1(0) = H2(0))

gm+1 v
[€0:U, 0iCElay + [10:V, OlHay + (_1)m+1 << t v) B, * <M0’YT >>
I

8{”+1w —yrU
1 O yrU
— v X ‘/’ 6 — U’ a - v X U,a - 9 .
[ tCE]QT [0' tCE]QT [ tCH]QT 210 < <6tw> <U07TV> >FT
(3.7)

Moreover it is U(0) = 0 and V(0) = 0 in L?(£2) in the sense of traces. By a density/limit
argument, since all quantities are bounded in L?(Qr) or L2?([0,T], Hr), respectively, we
can weaken the C*°-regularity assumptions for the test functions to “smooth enough”
functions. We are able to test with

0 = (8;) "™ C, dCr = (0¢) "l Ay = (8;)"™D, dyw = (8;)""w,

(3.8)
where -
@) '9() = [ gr) ar
for
(Co, i, 3, @) € L2(Qr) x L2(Qp) x L2([0, T, Hr) x L2([0, T, Hr).
For g € L*([0,T7) it holds (9y)~™g € H["y([0,T]) and it holds for f € L*(0,T)
T T
[fﬁt_lg](o,m :/0 f(S)/S g(r) dr ds
T rr
= [ [ sty as ar (3.9)
0 0

= (07 f, 9 o)

Using the indicator function

1, te]|0,r]
1 t) =
[O’T]( ) {0, else,

we test (3.7)) according to (3.8]) with
EE = 1[07r}8{mU, ZH = H[O,T]at_mv, V= —/Lo]l[gyr}at_m’yTV, W= 1[07r}8{m7TU
for arbitrary 0 < r < T. We obtain for

U :=o;™U, V=0,"V,
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by the use of integration by parts (with Q, = (0,7) x Q and I, = [0,r] x I")

[6@&,&]5% + [Matf/, ‘N/kzr + <<MO’YTY> , By, * (MO’YTV>>
Iy

U —yrU
1 poyrV U
:VXVU —O'UU —VXUV 4+ — ~ |, _
| fo ~ | fo ~ | o 2110 <<_'YTU> <uo'yTV>>
= —[oU,Ulq,

By the positivity of the Calderon operator, (compare Lemma i.e. using (2.11),
Lemma and considering the limit o, 09 — 0 in Lemma [B.83|) we have

NO’YTY B, poyrV _ HO'YTY B(&)) M(WTY >0
—rU U ) /[, —rU U ) [,

and therefore

E ~ o~ ~ ~
0= llv U(r)& + *HV( )& < [0:U, Ula, + 10V, Vo,
v o
L[ HTV ) B poyrV +[0T, Tlq, = 0.
—yr(U) U ) [
We conclude U =U =V =V = 0, which gives the desired result. O

Remark 3.9. Under the stated regularity assumptions, uniqueness in the magnetization
m s unclear and not expected in the literature. Assuming more reqularity for the magne-
tization (see, e.g. [4l, Lemma 4.2]), one can show uniqueness of (m,E, H) (see Lemma
5. 16| for similar arguments for the MLLG system,).

The uniqueness with respect to o, w 18 not true, as we ask that the projection on suitable
exterior data applied to @, w gives ’yTat H,yr0, LE. The projection on suitable exterior
data is not injective, so the variables @, 1/1 are only unique up to a difference of elements
in the kernel of the projection, so by suitable interior data (cf. Lemma and [46,
Theorem 8]).

However, with any solution (m,E, H,, {/;) in the sense of Definition we have that
also the functions (m, E, H, roTale, —VT(?;lE) form a solution. Hence, in this sense,
the last four components are unique.

3.2. Approximation

In this section, we illustrate the approximation scheme for the MLLG system. After
giving some basic definitions concerning space and time discretization in Section[3.2.1], we
present the tangent plane scheme used for the LLG part, the implicit Euler discretization
for the interior Maxwell part and the Convolution Quadrature for the boundary integral
equation. We conclude with the coupled algorithm in Section

3.2.1. Preliminaries

In this section we present the basic definitions and spaces for the approximation.

For the time discretization we use a constant time step size 7 := T'/N for N € N to
approximate the solution on the time points 0 = to,...,t, = T, t; = 7j. We assume
that the step size is small enough, i.e. 7 < 7y for some 75 > 0.
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For the spatial discretization (cf. [25]), let T, be a regular triangulation of the polyhe-
dral bounded Lipschitz domain  C R3 into compact tetrahedra. By S'(7;,) we denote

the standard P-FEM space of globally continuous and piecewise affine functions from
0 to R3
SY(Th) == {¢n € C(ULR?)] bnK € PLK) for all K € Tp}.

By N}, we denote the set of nodes of the triangulation 7. As we have |m(t,z)] = 1
almost everywhere, we define the discrete space for the magnetization by

My = {¢n € SH(Th) [ |on(7)] = 1 for all v € Ny}

By |m(t,z)| = 1 we get dym(t,x) - m(t,x) = 0 and therefore we define the ansatz space
for the time derivative of the magnetization

Ky = {6n € S (Th) [mn(7) - én(7) = 0 for all v € N}

for any mj, € M. We define the nodal interpolation operator for u € C(Q) (or u €
H3/2%¢(Q) for € > 0)
Fuim 3 u()i,
YEN},

where ¢, for v € N, is the elementwise linear hat function with ¢(v) = 6, for all
’7/ eN,.

To discretize the Maxwell system in the interior, we use Nédélec’s H (curl, Q)-conforming
ansatz space (cf. [121]),

Xy, = {¢n € H(cwrl, Q) | dpjxc € Papoo(K) for all K € Ty},
where

PL o (K) = {U:K—>R3,v(x) :a+Ba:\a€R3,BeR3X3,BT: —B}.

skw

We define the interpolation Iy¥ : C(Q) — A&}, by

/eu(s) 7(s) ds = /e(Ith)(s) 7 (s) ds

for all edges e of the triangulation and corresponding tangential vector 7. Here e(s) is
a normalized path on e and 7(s) := €/(s), |7(s)| = 1, the normalized tangential vector
on e. The interpolation If is well defined, there exists a basis ¢° of &}, satisfying

[ o () ds = b

for all edges e, €’ of the triangulation.

For the functions on the boundary, we use the approximation space yr(AX}), which
results in the well known Raviart—-Thomas space (cf. e.g. [68, Chapter 3]), together
with the interpolation vz o I;Y .

Lemma 3.10. The following approximation properties hold true for sufficiently smooth
functions for a constant C' > 0

16 = 13 6ll 2 () + IV (P = 179) |2 () < CR2 6]l 120,
16— Tx Bl 20y + IV % (¢ = In &)l 12(0) < Ch(|6ll () + IV % ¢l (),
2 (6 =I5 Oy < Ch(|Dll ) + IV X Sl (a))-

For a proof see, e.g. [39,[121)] and use that vy : H(curl, Q) — Hp is bounded.
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For a sequence of space-dependent approximations (GY, ) =05 G] ) — R we define in

the following the space and time dependent functions G o Grh, G 10,7 x Q@ — R.
For t € [t;,t; + 1) and = € Q we define the interval-wise constant functlons

G (t2) = (G} ,(ta) == Gl(x),  GI,(ta):=(G)},(t2) =G (z) (3.10)

and the interval-wise linear function

; t t—t;
Gralt,) = (Gl)rn(t 2) = LG (@) + —G (@),

We use similar notations also for functions that are not necessarily approximations in
space or time, i.e. for J : Qr — R the interval wise constant and interval wise linear
functions J, Jr, J1 : [0,T] x Q — R are defined with respect to the sequence (J (tj))évzo.
Furthermore these notations are used for sequences (g7)% j=o C R and then g, g-, gl
[0, 7] — R form the corresponding time depended functions.

3.2.2. Convolution Quadrature

Following [99, Section 2.3] we give a short recap of Convolution Quadrature and introduce
some notation. For more details see [113] [114], (115} 116] and [27].

Convolution Quadrature (CQ) discretizes the convolution B(9;)w(t) by the discrete
convolution

(BEFw)(nr) = 3 BL_w(jr), (3.11)
7=0

where the weights B,, are defined as the coefficients of

5(<) _ - T /N
B(—T )= n§:0j Br(™. (3.12)
In the present chapter we choose

which corresponds to the first-order backward difference formula (i.e. the implicit Euler
method).
From [I15], it is known that the method is of first order, i.e.
I(B(0y)w)(t) — (B(0] )w)(t)|| = O(7), uniformly in t =nr < T,

for functions w that are sufficiently smooth including their extension by 0 to negative

values of t. An important property of this discretization is that it preserves the coerciv-

ity of the continuous-time convolution in the time discretization, see Lemma and

Lemma [3.271

Remark 3.11. We use the first order Convolution Quadrature §(¢) = 1—C. In this case
T and (O7)"1¢ can be expressed in a simple and clear way. By the Neumann series

formula we have for || < 1

1 = .
=~ &¢
and for the first order Convolution Quadrature scheme §(¢) = 1 — ¢, we obtain for a
sequence (¢7);

(1971) ) = 3. 70

Similarly we see that
n n—1

o
(07 o)(ta) = &—F—
which allows us to use a consistent notation with regard to the implicit Euler discretisa-

tion (3.15)).
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3.2.3. The discrete system

We write the MLLG system in the following form which serves as a starting point for
the discretization. For the LLG equation, we use the alternative form ([2.4))

adm +m x Oym = Cc.Am+ H — (m - (CcAm + H))m.

By 0;m - m = 0, the terms on the left hand side and the right hand side are orthogonal
on m, so it suffices to multiply this equation with a test function p that is orthogonal on
m. Therefore the nonlinear term (m - (CeAm + H))m on the right hand side vanishes.
We obtain by integration by parts and by using the boundary condition d,m =0 on I"
for all testfunctions p with p-m = 0 that

[@dym, pla + [m x Om, plag = —[CeVm, Vpla + [H, pla- (3.13)
For the Maxwell part, we symmetrize the differential operators by integration by parts
in space. We introduce the variables @, for the traces ¢ = poyrH and ¢ := —y7FE
and obtain

[V x H,(glo = %[V x H,(gla + %[H,V x (el — 2;0<907’YTCE>F

and

[V x B,Cila = 5[V x B, Cula + 3B, x Cula + 2 (tv2Car

Altogether, we use the system
[a@tm,p]g + [m X 6tm7 p]Q = _[Cevm7 VP]Q + [H7 10}97

<04, Crlo = IV x H,Cela + 5[H,V x Celo

1
- T<W77TCE>F —[0E + J,(Elq,
Ho

- %(¢7’YT<H>F — [noem, CHla,

(o)), =G} 050)),

3.2.4. Tangent plane scheme for the LLG discretization

Using the discrete tangent space K, , we formulate a discrete version of (3.13): Given
an approximation to the magnetization mj ~ m(t;), we seek an approximation to the
time derivative of the magnetization w} =~ 9ym(t;). We define the function wj, € K,

h
such that for all p, € Kmi

afuh. oo+ [}, i nl = —Ce [Vl + 07u). Viou ] + [ 1

The parameter 6 € [0, 1] determines how “implicit” the term [Vm, Vp], is treated. For
6 > 1/2 we obtain bounded approximations, see Lemma For 6 < 1/2 one needs to
add an additional CFL condition, compare [63]. The approximation m{LH on the next
time step is then computed via

m{fl ~m(tjr1) = m(t;) + TOm(t;) = m{t + Twi.



3. Weak Convergence for the MLLG System 53

To comply with [m| = 1 at least in a node wise sense, we add a normalization and define
mffl by ' '

i1, my(2) + 1w (2)
my" (2) == —= L

m,(2) + 7w, (2)]

The normalization step is unconditionally well defined, since by the node wise orthogo-
nality it holds ]mi(z) + wal(z) 2= ]mgl(z)|2 + 72\wi(2)\2 > 1 for all nodes z € NV},. The
normalization step is not necessary for the convergence and could also be skipped, see
Remark

This scheme is called tangent plane scheme due to the orthogonality condition in the
test space and was first proposed by Alouges, cf. [14].

for all nodes z € Nj,.

3.2.5. Implicit Euler method for the interior Maxwell discretization

For the interior Maxwell part, we replace the continuous equations in (3.14) by finite
counterparts using the approximation spaces from Section For the time discretiza-
tion, we use the finite difference
. Gitl i
0iG(tjy1) = oGttt = 1 (3.15)
T

for G € {E, H}. This is endowed with an implicit treatment of the terms on the right
hand side, i.e. we seek E,JLH, H}]f1 € Aj, such that for all ¢F, ¢} € &,

. 1 . 1
ef EJ (Flo = §[V x HiT ¢Pla + §[Hi+1, V x (Fla

1 i1 i1 ;
— ) ) r — BT + T (e,

210
: 1 . 1.
[M(?;H;Jzﬂaff{{]ﬂ = —§[V X Efrlv(}ﬂﬂ - §[E;]1+17V x (o
1 . .
— @I A — [l (o

2

This scheme results in an implicit coupling of the interior Maxwell equations to the
boundary integral equation via the terms (cpiLHmTC,;E )r and <¢£+1,7TC,IL{ )r (see also
boundary discretization below). The coupling with the LLG equation via the term
[,uwfl, C,{I ]a is of explicit manner, and therefore the computations can be performed in-
dependently of each other in every time step.

3.2.6. Convolution Quadrature for the boundary discretization

For the equation on the boundary, we use a Galerkin ansatz as above and replace the
continuous equations in (3.14]) by finite counterparts using the approximation spaces
from Section For the Calderon term B(0;), we use Convolution Quadrature (see

Section [3.2.2)

() (o)) o), =) (an () o),

together with an implicit treatment of the right hand side. Altogether we obtain: Com-
pute @7 W € 47 (&) such that for all vf vl € 47 (&)

vy ' |
<<v%>, (B(c?f) <ZZ:)> (tj+1)>F = % (<”f7N617TEiH>p 4 <U}If}v’YTH}JL+1>F) ‘

This scheme concludes the implicit coupling of the boundary integral equation to the
interior Maxwell equations via the terms (v}, ugy lfyTEfl) r and (v}i), ~rH fL+1> I
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3.2.7. Algorithm
We approximate the solution of the MLLG system by the following algorithm:

Algorithm 3.12. Input: Discretized initial data mg, H,?, E?L, @2 =0, 1/12 = 0 and the
parameter 6 € [0, 1].
For j=0,1,2,..., N — 1 we compute

e For given mi, H,]1 we compute the unique solution w{b € K_; such that we have
mp,
for all py, € lCmi

afuwl prla + [m‘;ﬂ o wi,ph}g —_C, [V(m{b + Orwl), Vph}g + [HZ,Ph}Q- (3.16)

o We compute EJJrl HJJrl € X, and goﬁlﬂb{fl € vyr(Xp) such that we have for all
Ch ,Ch € X, and vh,vf € vr(Xn)
, 1 . 1.
€07 B, (Fla = §[V < HIPY (Plo + Q[H;JLJrl,V x (i o

1 , .
20 (el ¢y — (0BT 4+ 7T (P,
(3.17)

) 1 ) 1. .
WOf L Gl = =5 [V < BT Gl la = S 1BV < Gilla

1 i .
- §<¢z+ 7’YTCI{I>F - [ngwCI?]Q?

(3.18)
vy Bon [P , _ Lo o1 it v it
W) (BOD (b)) =5 (@F e e B e + (o e H r)
Up, Un r
(3.19)
e Define m]Jrl by
J J
mit(z) = m?(z)+7'wh(z) for all nodes z € NVp,. (3.20)

[y, (2) + Ty (2))]

Output: Sequence of approximations mi, E{n H}{, @{L, @Z){‘L for 7 =0,1,2,...,N.

Lemma 3.13. Algorithm ' is well defined in the sense, that for every j > 0, there
exist unique approximations mffl, E,{H, ]H, go{fl, WH that satisfy - -

Proof. The proof that the tangent plane scheme is well defined can be conducted as in
[14] or [25]: We define the bilinear form a’(-,-) on K _; by
h

a(®,6) = a[®, glo + [m], x ®,0| -+ C.07[VP, Ve, (3.21)
and the linear functional L’(-) on lCmi by
L(¢) = =C. [Vmi, Vo] + [H] 0] . (3.22)

The equation ([3.16|) is equivalent to

a(w, ¢n) = L’ (¢p)
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for all ¢, € K ;. Furthermore it is
h
a(9,0) = alé,dla + |m], x 6,0|  +Coo7 [Vo, Ve,
= al|¢l[3, + Cebr Vol

positive definite and therefore a unique solution w{L to (3.16)) exists for all j > 0.
For the Maxwell part, we define the bilinear form a(-,-) on Xp, x Xp, X v (Xn) X y7(Xp)
by

a((®,¥,0, T), (¢, 9,0, v))

r

[P, V><¢]Q—*[V><‘I’¢]Q+ [‘1’ V x4l + 5 [VX‘I”/J]

+
l\D\H[\DM—‘

(Y, yrY)r + L(@77T</5>F - §<9,M6 Yr®)r — %@,’VT‘I’)F

240

and the linear functional L7 (-) on X, x X, x yr(&Xy) x yr (&) by

Lj(Qﬁ,w,e,’U) = [EEi,,st]Q + = [MHhﬂMQ - [‘]j+17¢]9 - [whnd)]

() (),

The equations (3.17)—(3.19) are equivalent to
a((B] 7 HL Lol 6, (000.0,0) = L (6,4,0,v)

for all (¢,1,0,v) € X}, x X x yp(AXp) X vr(&R). Next, we aim to show that the bilinear
form a(-,-) is positive definite on A}, x &), x Y7 (X)) X y7(Xy). We have B] = B(r71)
and by Lemma forall( € Hr x Hr and s >0

(¢, B(s)C) - = C(s, o, €0) ICI13,,.-

Therefore

a((®, 7,0, r) (®,7,0, r))

[8(13 Dl + — [M\I/ Ul + <<?>,Bg]— <$>> + [0®, P|o
r

> C(r, o) (|08, + 121 + 1013, + 1T117,.)

is positive definite which yields the desired result. O

3.3. Convergence

In this section, we consider the convergence of the previously introduced algorithm.
The proof is divided into three parts: In Section we show the boundedness of
the approximations in the respective Hilbert spaces. Therefore, we are able to extract
weakly weakly convergent subsequences in Section [3.3.2] and in Section [3.3:3] we finally
identify the limit functions as weak solutions of the MLLG system.

We collect some assumptions and general formulas, which we will need in the following.
Assumption 3.14.
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o The triangulations T;, are uniformly shape reqular and satisfy the angle condition
/ V((z) - VE(z) de <0
Q

for all linear basis functions ¢,& € S*(Tp) with € # ¢ (cf. [25, (5.1)-(5.7)]).
o J5, = Jin L*(Qr).
o E) — E° and H) — HY in L*(Q).
e my = mb in HY(Q).

Remark 3.15. The angle condition ensures, despite the normalization step (3.20) in
Algorithm [3.13,

- . ,
IVmy ™ o < IV (my, + 7wh)lle,

cf. [25, Remark 5.1]. The angle condition is fulfilled, if all dihedral angles of the tetra-
hedral mesh are smaller than or equal 90°. Alternatively, the Algorithm could be
formulated without the normalization step and therefore the angle condition can
be removed. In this case only a (globally) quasi-uniform family of triangulations is nec-
essary for the convergence, see Remark 7, Lemma 8 and Theorem 9 in [2Z].

Remark 3.16. The propositions in the following sections hold for symmetric, coercive
and bounded material tensors
e — RS

and bounded, non-negative
o:Q— R3S,

i.e. we have

o Symmetry: For arbitrary ¢,& € L*(Q) it holds

and

¢, e€]a = [¢, Ela-

o Coercivity: There exist constants p~,e~ > 0 such that for arbitrary ¢ € L?*(Q)

w Kl < [¢ ncla

and
e <l < (¢ e¢)a
and
0 < [¢,o(]a-
e Boundedness: There exist constants u+,e, 0" > 0, such that for arbitrary &, €

L*(Q)

€, ncle < wFlcllallélle
and

€, eClo < T (¢lallélle
and

€, 0¢la < o™ [¢ClallEllo-

For the ease of presentation, some of the results in the following sections are formulated
for scalar and constant material parameters €, € R5o and o € Rx>g.



3. Weak Convergence for the MLLG System 57

First, we recall the positivity of the time-discretized Calderon operator B(9]), which
we will use at a later point.

Lemma 3.17 ([27, Lemma 2.3]). It holds for 0 < p < 1, 0 < 7 < 1 and sequences
(022, and (V)2 z'n Hr (with only finite many nonzero entries)

2n @ T 2
Y %<<wn>’3@) <w>“”)>p

J— — 3 i
> C'min (1 2 (22) ) >~ 02 (I0F) ot By + IO " bt ) -

-
n=0
The constant C' > 0 depends on g, po and 3 > 0 from Lemma[2.13.
Proof. For 0 < p < 1 and [{| < p we have
1-— 1-—
9 (49 _p(1-6)2 120

T T T T

Therefore we have for ¢, € Hr by Lemma [2.12

®(7)5(49) (9,

L—p (1—-p\?
> o (122, (122)7) (169l + 1640,

T

for |£] < p. Now the assertion follows by the time-discrete operator-valued Herglotz
theorem [99, Lemma 2.1]. O

3.3.1. Boundedness of the approximations

In this section, we use discrete energy estimates to show the boundedness of the approx-
imations of Algorithm We start with the non-negativity of the time discretized
Calderon operator due to Convolution Quadrature properties.

Lemma 3.18. It holds for 0 <7 <1 andt; <T for arbitrary sequences ((pi)gzo and

(WhY_o in Hr .
J i
SSUZ ) (BED(7) ) ) >o.
i\ ¥ r
Proof. The proof follows by letting p — 1 for fixed 7 in Lemma O

Remark 3.19. The following lemma is formulated for space dependent material para-
meters €, 1,0 : Q — R3¥3. In this way it gets clear, where the conditions from Remark
come from and how they have to be applied. Similar arguments with scalar material
parameters can be found in the proofs of Lemma[3.29 and Lemma [{.13

Lemma 3.20. The approzimations stay bounded for 0 > 1/2, i.e. we have for 0 < 7 < 19
and j € No with t; <T that

& = "N HR + SNBLIA + i SEIvmi I < ¢

and additionally

J J J
. - . - -
Z\\Hi—Hi &+ D 1B, — B G+ 7> lwy G
i i=1 i=1

. on (3.23)
+ZT 0 —1/2)||Vwy |G+ 7 Z<< h) (B(3?)<wh)>(ti)> < Cs.
r

>0
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The constants Cy and Co depend on T, 19, o, €T, u*, J and 5,?, but are independent of
h and 7.

Proof. We test in Algorithm3.12|with (¥ = Eiﬂ, (= H,ZH vy = 4,0?1“ and v}f = wifrl
and add up (3.17)—(3.19) to obtain

gl il il i+l It Ph ,
€07 B3 By o + (w0l Hyy ™ Hy W lo + Wit ) B(of) W (tj41)
h r

Y N
—lo B + B e — (), Hy o

Thus we have for all ¢ > 1 (rewrite the above equation for i := j + 1)

i— 1 i—1 Z
bt b () (e () )
~[o B} + Ji, Epla — [nwy ", Hylo.

To treat the terms [E} —E} ', eEi]q and [Hj — H; ', pH} o we repeat Abel’s summation
by parts: For u; € R™ and j > ¢ > 1, there holds by the third binomial formula and
telescoping summation for a symmetric matrix A and u -4 v := ul Av, |ul} := ul Av

Z(Ui_uil AU = Z’uz w3+ 5 Z P = Uim1) A Uil
J
> (ui—uim1) A

= , (3.25)

1
= §Z|ul wiah+ 5 Z|U1’A Jui-1|%
i=1

i=1

_l’_

l\')\'—‘

1 1
=5 Z u; — wiq |3 + §|Uj’,24 - §|U0|,24-

Summing up the equations (3.24)) for i = 1,..., 7, multiplying by 7 and applying Abel’s
summation by parts to the respective terms we obtain

(”H]HQ_ ,HHthJrZHHh Hi_lll?’z)

=1

=1

SR ),

J
=—10" Y _ELlE — 7> [k Eila — TZ [wwy, ", Hy o
=1 =1 i=1
(3.26)

+* (HE]HQ_ ,HEhHQ+ZHEh Ez’fl\lé)

We test in Algorithm with p = wi for j =4 — 1 and receive
a[w}l ! w}fl]g = —C’e[V(mF1 —1—97'w b, sz Na + [Hz Lt~ 1]9.
With the mesh condition (Remark [3.15) we have ||[Vmi|lo < [|[V(mi ! + 7w} )| and
therefore get
IVmlIE < (IVmj MG +27[Vm ™ Vo + 72V, I

. 27 .
= IV, G + S (—allwy, &+ [Hy, L wy o) — 7220 = 1) Vg, [

Ce
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We rewrite this as

C : -
IV m G + arp flwy G + Cep™ 72(0 = 1/2)| Vw1

<p *I\Vm HIG + utrH w e
Summing from ¢ = 1,...,j yields
1 7HthHQ+TO‘,U+ZHw HIG + Cepr?(0 - 1/2) ZHVw Mg
=1

<p* *I!thHngﬂ TZHZ fwy e,
=1

and together with (3.26]) finally results in

_ j j
(HHJHQJrZHHh Hy~ 1\9) - (HEiH?ﬁZHEﬁ—Ez 1!!?2) +roy Bl

=1 i=1 i=1

J
+ +*|!th|\g+72u allwy MG+ Y Cen™ 720 = 1/2) Vo I3
=1 =

EU@) fen(z)) o),

u
sﬂﬂhuw—whugw —HthHmTZ( i Eila)
=1

J
+ ,U,+TZ[H;L_1,wh lo — TZ Hh,uwh
=1

We estimate the right hand side with Cauchy—Schwartz for arbitrary 1, d2 > 0

TZ( Jh,Eh >+,u 7'2:H11 llQ—TZHh,/J/LUh Q

! d pt i
72 HJhHQ Z IELIG + ZT\HhH?z

=1
+Z HH’ 1|!Q+Zu 782wy, I
=1

As the ferromagnetic domain may not be conductive (i.e. ¢ = 0 is possible), the term

f 1 Tgl | E:||3 on the right hand side cannot be absorbed by the respective terms on

the left hand side. Therefore we use

761 J . - J -
Z 7HEhHQ <> TaEL - B+ Y TallE IR
=1 =1 =1

and similarly

Z HHhHQ <Z HHh H,~ 1Hn+z HHZ -
=

We obtain with
& = 7”H]”Q+ ||E]||Q+N 7vahHQ
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that
IR ; —1)2 £_ - o —1) 2 |52
&+ (2—52) S~ G+ <2—751) 2_ 1B, =BG + 7o 3 Bl
i=1 i=1 =1

J

+TZM+ CY—(SQ Hwh HQ +Z eﬂ T - 1/2)vaz_1”%
=1

(B o)),

ptoet i—1 37’# i—1)12
< max et 5h+z HJh”QJFZWSlHE ||Q+Z 15, lIG

+ o+ j
Hoo€ 0 T 72 201 | 3pt i—1
<max|—,— | & + —||J + +—=)7> & .
(.Y ee 3 il ( )3

=1

(3.27)
We have to ensure
— + —
%—%>0, 57—7’(51>O and o —dg >0,

which is possible for d1,02 = O(1) and for small enough 7 > 0.
Moreover it holds (cf. Lemma [3.18])

S (ren(z)) ), =0

Thus equation (3.27)) can be simplified to
J
E<CHerd &t
i=1

and the discrete Gronwall Lemma (Lemma ) gives E}L <Cfori< j. Thus we have
20
= Zs@ L< ¢,

which concludes the assertion together with ([3.27)). 0

We now look at the boundary functions. In Lemma we used

((2) (pen (7)) ) =0

By the following result, we modify Lemma to obtain a statement about the bound-
edness of ¢/, 7.

Lemma 3.21 ([99, Lemma 5.3]). It holds for 0 <7 < 19 and t; < T and any sequences
(o(t))izg and (P(t:))i—g in Hr

Zz;:) e—2t1/T< <w> , (B(a;) (Z)) (ti)>F2

J
C (Z 1OF) () 13 + H(f?Z)W(ti)II%p) :

=0

The constant C' > 0 depends on T, 19,0, o and 3 > 0 of Lemma |2.12
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Proof. The proof proceeds analogously as the one of Lemma by setting p := e /T <
1 and using =" = fol e dr > e % > e~ ! for x € [0,1], instead of letting p — 1 for

xT

fixed . O

The following lemma provides energy bounds for the quantities on the boundary. It
is a modification of Lemma with the missing factors e /7 that show up in Lemma
B.21

Lemma 3.22. For 0 >1/2 and 0 < 17 < 19, j € Ny with t; < T it holds
: 1 2 1 2
3 (I ot sy + 10D bt Yy ) < €
i=0

for a constant C' > 0 depending on T\ e, g, u, pto, 8, 70, &, J and 5,?, but independent of
h and T.

Proof. The proof works analogously as the one of Lemmam by inserting the missing
factors e 4/T. We test in Algorithm with ¢F = EJ7, ¢ H,ZH 4 Jtl

, v, = ¢y and
v}f = wle and add up (3.17)—(3.19)) to obtain

j+1
o . - . %, .
e[o] EiﬂjEﬁH]ﬂﬂi[@ H}JL+17H}]1+1]Q i << ?+1>v <B(8t)<zzh>> (tj+1)>
wh h r

= —[oB" + 5T B g — plw), H M.

—Qti/T

By rewriting the above equation for ¢ := j + 1, multiplying it by e , and by using

the abbreviations
E! = efti/TE;'L, Hj = efti/TH}'L, W = eft"/Tw%, and Jj, = eiti/TJ,i,

we have for all 7 > 1

“IB} - T Bilo+ 21H;, - e T TH Hjlo

e72751~/T 90;; ™ [ $h .
() e (G)) @), e

= ~[oE}, + i Ejla — plw, e T Hla.

To treat the terms [E} — e_T/TE’;'fl, Eilq and [H} — e_T/TlLNI,i;l, H}]o we modify Abel’s
summation by parts. For u; € R™ and 7 > ¢ > 1, there holds

J . 1
Z(uz —e Muiy) = <

5 My + 3 S (i — e Mui) e My
izl iz1

i
B
|
a

(Ui — G_T/Tuifl) * Ug

+
N | =
W'MQ.

1

_ 1 _
|Uz‘ —e T/Tui71|2 + 5 Z ‘ul|2 —e 27/T|Ui71|2
=1

Il
N | —
M-

1

-
Il

_ 1
i — e w2+ 3 > Juil* = ui—1|?
1 i=1

IV
N |
'Mg.

J

-
Il

Il
N
-

@
I
—

lu; —e™

(3.29)
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This result also stays true if we replace - by -4 and | - | by | - |4, if A is a positive
semi definite and symmetric matrix. Summing up the equations fori=1,...,7,
multiplying by 7 and applying the modified summation by parts to E}‘Z — e ti/ TE}L and
ﬁ[}z = e*ti/TH}'l we obtain

J

Y 7] 7 r7i —7/T 71—

3 (Hﬂill?z — | HRIE + D 11H, — e/ Hj, 1!%)
i=1

J
€ ~ ~ = —7 )T i
+35 (\Ezn% —IERIE + Y I1B, — e T, 1||%)
i=1

- J o—2ti/T w% [ Ph , o J =i )12
ers et (), (s (51 6) +ra S IEIR

J J
<7 [}, Ejlo— 1Y playt e T TH] o
=1 =1

; 1/2 ; 1/2 i 1/2 i 1/2
(TZH%H%) (TZHEZII%) + (TZHHEH%) (TZIIME?}II?)) :
i=1 i=1 i=1 i=1

(3.30)

IN

By Assumptions and Lemma [3.20], we have
j ) j_ ) i ) J -
Y NELG + 7Y HE + 7 D IalIE + 7> a6 < C.
i=1 i=1 i=1 i=1

As all other terms on the left hand side of (3.30)) are positive and/or bounded, we have

J i
N\ 2i/T #h H Ph . ‘
s () (pen(fr)) ), <

Therefore, by Lemma [3.21] for some constants ¢, C' > 0

7Y 1O ™ et 32, + 107) " en(t) 13,

i=0
J i
or o~ 2i7/T S% [ Ph )
=T <<wz>’<3(a”<wh>>(“)>fc’

Remark 3.23 (Alternative proof of Lemma and Lemma [3.22). In this remark we
describe an alternative possibility to prove Lemma[3.20 and Lemma[3-29 at once.

In Lemma we use Lemma for the Calderon term and obtain bounds for the
quantities |Vmj ||lo, ||E} |, and ||Hj ||lo (and some further quantities).

In Lemma we adapt the proof of Lemma by inserting the missing factors
e t/T o apply Lemma for the Calderon term. For this purpose, we consider the
quantities ﬁzz = e_ti/Tm’;L, E}L = e_ti/TE}L, fI}L = e_ti/TH;L. Due to Lemma and
the estimate e~ < e 4/T < 1, these quantities are bounded and the proof of Lemma
can be concluded.

The alternative idea of proving Lemma and Lemma at once follows the
following lines: Instead of showing Lemma[3.20, we could also adapt the proof of Lemma
from the beginning to the end for the modified quantities and obtain the bounds

which yields the assertion.
O

HO || 774 €0\ =i Ce o~
EHHJH?) + §||EJ||S22 + Ho{”vmj”?z <C
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and

j j j i
SIH = VTHT N+ 3B = e TET G o Y I E G Ty e
= =1 1=1 1=1

+Z]: 20— 1/2)|Va'~ 1”9‘1'7_26 2t’/T<< i>a<3(3f)<(p>>(ti)> <C
i=1 P (U (0 r

Due to Lemma and e™! < e~ti/T < 1, this yields the assertions of Lemma and
Lemma[3.23 We refer to Lemma where this alternative way of proof is executed
in the pure Maxwell case.

Remark 3.24. In the following we use an unusual notation which we explain in this
remark. For a sequence ((]ﬁJ)JGNO, we consider the sum ZkH ¢’ and with the discrete
time integration operator (O] )~! it holds

k+1

ZW ZW“ 7)1 (@) jers ) (th).

If we write the sequence (((8{)_ (™) jeno) (tk) ) ken, as a time dependent function like

in (3.10), we use the notation
(OF) "N (¢"*Y)j)7  instead of (7)1 (¢"*)jemo) (1)) -
For ¢° = 0 the above terms simplify to
((OD) &) jemo) (t) = ((B]) ' 0) (tas1)
and '
(O &™) = (8D 1e)7
Let Py, be the L?-orthogonal projection on the closed (finite-dimensional) subspace

Xh, i.e.
P L2(Q) = A,

is linear and it holds for every v € L?(f)
[(1 - Pfl{)v,fh]g =0 for all &, € A},.

We now consider boundedness of curl £ and curl H. We therefore collect the corre-
sponding terms including the boundary terms on the right hand side of (3.17)—(3.18))
and integrate in time in a discrete way. We define for £ € L?(Q7)

frn(€) = %[(V X () (HY ) 3) 700 P oy + [((32) NHE )70 VX (PRE)]oy

- 2/1m <(<8g>71(90‘fj),+1)j);h’FYT(P}/ZYS)>FT ’

1 ,
9e(€) = 31V % (B) ™ (B Py + 5100 (B 1)) 70 Y % (PEE)ay
1
5 (@D @) (PRO) -
Remark 3.25. We will need these identities in the following (see Lemma : Inte-

gration by parts shows

Frn(€) = [(V x ()" (H)1)7 00 P Elog
— (O @) — i () HET ) (PRO))

2410 | .
= [((07) " (HL ™) )7 V % PR,
= o (D ) + (o (@D ) (PR
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and

9r(€) = [(V < (O]) (B} ™))7 00 P Elear
(@) @)+ (@) B (PRE)
= (OD B ™) V x Pifélo,
(@D @) = (@) B ) 7w (PRE))

T

_l’_

N

_l’_

N |

Lemma 3.26. For &£ € L*(Qr) it holds

|fen (O] < Clléllar

and

97 ()] < Cll€]lar-

The constant C > 0 does not depend on h or 7. Therefore it is frn € L*(Qr)" and
we use the L*(Qr) representation fr, € L*(Qr) such that frn(&) = [frn, oy for all
¢ € L*(Qr). Similarly we identify g, € L*(Qr) such that g.p(€) = [grn, &y for all
¢ € L*(Q7). Moreover f.p, and g are bounded uniformly with respect to T and h.

Proof. We test equation (3.17) with (; € Xj, multiply by 7 and sum over j = 0,...,k
to obtain

BT, Gula — [€ER, Gl

= 1V % OD) 7 (HE)) (1), Gl + 5107 (B8, ¥ % Gila

(PN N .
- 270«(@) Yl ™) k) v e+ [((0D) T e BT + Y ) (t), Gl
For (;, we insert Pth(t)7 integrate over [tg,tg+1], sum up from k£ = 0,...,N — 1 and

obtain
frn(§) = [Bfy, — Ep,ePy &lay — [((O) T o B/ + 7741 1, P oy
With Lemma and Assumption [3.14] we have
I1E; o + 1ER o + 18D~ (e BT + 174 (t) [lo < C
and as Pf is an L? orthogonal projection and therefore bounded, we have
(€] < ClIPg Ellor < Clléllor,

which concludes the first assertion.
The assertion for g, ;(§) follows similarly by using

1)~ wn(t5)lle < C,
which is again a consequence of Lemma [3.20] O

We summarize the results of this section in the following lemma.
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Lemma 3.27. There exists a constant C > 0 independent of T and h such that

||mT7h||H1(QT) + ||mf,h||L2([o,T],H1(Q)) <,

[wrpllor < C,

1B pllor + 1B, llor < C,

|Hrpllor + 1 Hzyllop < C,

1(37) " en)rn (O on)Enll 2oy a0y < C
1COD) ™ bn)rmll 2oy, + 100D ™ n) il 2qo.m7,200) < €
| frnllor + 1lgrnllor < C.

Proof. Most estimates follow directly from Lemmas - We only sketch the proof
by showing two short identities, which conclude the bounds. We have for a sequence

(D)o

N-1 ..
2 bt |t — 5 i1l da
lornlioz = > o+ 2l
i—0 Yt T
N=1 ct (g,
41—
<2y [ e [ e ar
i=0 “ti
<2ll¢t 114 + 2ll6; H2
LR 112 7,11
N

<Am > |ohl*
=0

By [72, Lemma 3.3.2] the discrete differential quotient in time of the magnetization is
bounded by the discrete derivative, i.e. it is < ||mj+1 thQ < HwhHQ and therefore

loemernllor = 107 my,) hller < lwryllor < C.

3.3.2. Existence of weakly convergent subsequences

Due to the boundedness of the quantities in the respective Hilbert spaces (cf. Lemma
3.27]), we are now able to extract weakly convergent subsequences (cf. Lemma [2.5)).
Throughout the manuscript we do not (re-)name the sequences when passing to a

subsequence, all convergence properties only hold for subsequences. We write v; 5, sub
for 7,h — 0, to denote that for any (7, h,) — 0 for n — oo there exists a subsequence
(nj)jen, such that Uh,,, = v for j — oo.

Lemma 3.28. There exist functions

(m, H, E,3,1) € H'(Q7,S?) x L2(Q7) x L*(Qr) x L*([0,T), Hr) x L*([0,T], *r)
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such that
M h B in H(Qr),
mep,mE, S m o in L2((0, 7], HY(Q),

b .
mTh,mih m in L*(Q7),

— sub . 2
wo, — orm in L“(Qp)

Eop, E5*E  in L2(Qp),
— — b ~ .
(D) en)rns (BN ton)Ep ™ @ in LX([0,T), Hr),

(

(

(
Hep HE, ™ H  in L*(Qr),

(

(

(

(O Un)en: (O)) Mn)7, ™ ¥ in L*(0,T], Hr),

where the subsequences are successively constructed, i.e. for arbitrary time step sizes T —
0 and mesh sizes h — 0 there exist subindices Ty, hyn, for which the above convergence
properties are satisfied simultaneously.

Proof. The proof for the LLG part works analogously as in [25, Lemma 5.5, Lemma 5.6]
and we therefore only sketch it: The uniform boundedness in the respective Hilbert
spaces together with Lemma gives weakly convergent subsequences. By the Rel-
lich-Kondrachov theorem, the convergence holds strongly in L?(Qr). It remains to
show that the limit functions coincide, i.e.

lim m;p = lim m+h— lim m_ mh
20 20 h20

and
lim w_ h = = Oym.

Thbi;b()

For the first assertion, we refer to the arguments that are presented below for the Maxwell

and boundary part. For the second assertion, we set w := lim L0 w,;, (weakly in
T,h— )

L?(Qr) for a subsequence). As in [72, Lemma 3.3.13], one shows the inequality
- -2
HatmT,h - wT,hHLl(QT) S CTHwT,hHLQ(QT)7
which gives together with the weak semicontinuity of the norm

10em — w10,y < 11m1nf [0emrn — w1 ) = O,
th—>0

i.e. w = Oym.

For the Maxwell and the boundary part, by the uniform boundedness of the approxi-
mations in the respective Hilbert spaces (cf. Lemma|3.27)) and uniqueness of weak limits,
we have the existence of limit functions and the weak convergence of a (fixed) subse-
quence

(ET,hv 7,h> ((at) 1@h)7,h7 ((82—)_1¢h)7,h) b (Ev Hv 957 &) € LQ(QT)2 X LQ([OaT]a/HF)Q'

It remains to show that (EE,, HE,  ((07) Yen)E,, ((O7)'4n)E,) converge to the same
limit functions. We show exemplarily that E.}, converges to the same limit function as
E. 1. The proof can then be adapted for EJr JHT h and the functions on the boundary.
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It holds for w € C3(Q7r)

(B = Byl = 3 [ B + 2 (B - B) = Bl w(®)a dt

N-1 ity
- /] [EJH Ep,w(t))] dt
=07t T
N-1 ¢ +1 ¢ — ¢ . .
* /J —2E = Bl w(t) — w(ty)]o dt.
j=0 "7t T

N =t i TR i
Z/ HIE - Bt dt =2 3 B - B w(t)o
5=0 71 4 Jj=0
S N-l
—5 2 B wtjen) = wt)lo.
7=0

Therefore we have by the boundedness of Eﬁfh

N 12/ o 1/2
( ZHEiHII%) ( Z w(tj+1)— t])H)

1/2 1/2
S J_ pitl)2 - Hw(t)—w(ty) oo /
|7 S IE-E Z I atll
7=0 7=0

+
< OIE o) e, max () = w()lo 0.

HE‘r,h_E;ha QT <

DN |

As C}(Qr) is dense in L?(Qr) and E_, is uniformly bounded in L?(Q7), it holds EC, sub
E. O

Lemma 3.29. [t holds
or —1 Ej"rl N— SE\D o 71E : L2 Q
(O)) (B )j)rp — (0)) E in L*(Qr)
and .
T\ — j+1y \— su — :
(OD) ™ (Hy )2, = (87 H in L2(97)
for hy,m — 0.

Proof. Due to ||((9)~( ,JL ) )-nllor < C, there exists a function E € L2(Qr) such
that ((8[)_1(E£)j+1);h b B, For v e C>(Qr) we have

)

1, v)ay 2100 EL™) ) vlor
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and
. N-1 gy -
(CaRIEAR D= S A (CAR AR ICARICIRE
n=0 """
N—-1 n o trt1
=> 7> [E,Jj , /t v(t)dtLl
n=0 ;=0 m
N—-1 N-1 tn
=Y Ei“,/t " o()dt .
j=0 n=j "
NoLpo T
—r [EJH / ()dt]
§=0 tj Q
T
:/ [ v(t)dt] ds.
0 Ls/Tj*T Q

By the weak convergence (E)i’h(s) % £ and Fubini’s theorem (as E € L?(Qr), it holds

O E € L*(Qr)) we deduce
T T sub T T
/0 [(E)j’h(s), /LS/TJ*TU(t)dt] ds 2 /0 [E(s), / v(t)dt]g ds

_ /0 ! [ /0 t E(s)ds,v(t)]Q dt = (071 B, vla,

The fact that C*°(Qr) C L?(Qr) is dense concludes the assertion for F. Similar argu-
ments work for H. O

Q

Theorem 3.30. There exists a subsequence such that
Fen 2 (Vx0T H)  in LH(Qp),
9 2 (Vx 87'E)  in LX(Qp).
For sufficiently smooth &, it holds for 8t§rh = (O] I E)Th — & in H(curl,Qp) and

5 (@) @) S (e 07 ), 2r(008)),

2
- 3 (P @),
(e (@) B @) ), ™ (om0 B) v (06))

I'r
+5 <1/1 Y1 (0:€)) Iy

Proof. As f;, is bounded by Lemma there exists a weakly convergent subsequence,

such that fr, * f in L2(Qg). Now we show that f = V x (0 "H). Let ¢ € C3°(Qr)
and particularly y7¢ = 0. It holds I¥¢ — ¢ in L?(Qr) (cf. Lemma [3.10). Therefore we
have

1
2

[f‘r,hv IiC]QT — [fv C]QT
Moreover, we have PYIN¢ = I¥¢ and V x IN¢ — V x ¢ in L?(Q7) (cf. Lemma [3.10)),

¥rI¥¢ = 0 (cf. [I21} Lemma 5.35]) and ((97) " (H} ™)), "2 07 H (see Lemmal[3.29).
This implies

[fr Tn Clog = [((O7) ™ (HL ™ )70 V x I oy
W07 H,V % (o,
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which concludes f =V x (9, 'H).
Now let § be sufﬁciently smooth. We have ((87) (¢l ™); rh P 3 in L2([0,T),Hr) (cf.

“h
Lemma as well as yrIf ¢ — ~yp€ in L2([0,T), Hp) (as yp : H(curl,Q) — Hp is
continuous) and therefore we obtain with Remark

L9 @) ) ) s
= [fT,h?Ith]QT B
T (@@ (PRI

su — 1
PV x O H, oy — 507 H,V x Ela, + o (P8}

(@) HL™) )70 V x (PR Oy

Furthermore we have

1

— A Or (@) ED) e (7€),

= 1V % O (B ;)7 TRl

— SI@D T H )50 ¥ el

ub — _ 1
IV x 0, H o, — [0, H,V x €a, + Tm<<ﬁ7’YT§>FT

-

- <7T(3{1H)77T5>m 50

The statement of the theorem now is shown by replacing § with 9]¢ and using that

(Cran §)T7h — 0€. Similar considerations for g, and (yr((07)~ (E]H) ) conclude

the assertion. O

Remark 3.31. Fven for arbitrarily smooth test functions with non-vanishing boundary
values, we are not able to show ¢ = ;LofyT(ale) and therefore also not

(V% )" HL™ )5 I oy ™ [V x 8,7 H, o,

and not
(O (@) HET ) (R0, ™ (vr(@7 H) 1€

But we will see, that we have convergence to a solution in the sense of Definition [3.3,
thus E and H solve the MLLG equations in the interior and their boundary values are
suitable exterior data. The projection of @, 1Z on suitable exterior data gives poyrH, yrE.
The equivalence between the solutions from Theorem [3.8 shows that this is a reasonable
notion of solution.

3.3.3. Convergence towards the exact solution

In this section we show that the accumulation points of the previously constructed
sequences indeed are solutions of the MLLG system.

Theorem 3.32. Let (mqp, Erp, Hr py ©rh, ¥rn) be the approzimations obtained by Al-
gorithm and assume that 6 € (1/2,1] and the validity of Assumption |3.14. Then
there exists for any (17,h) — 0 a subsequence of (m,p, E-p, Hr b, 0r.h,Yrn), such that

(s By He oy ((07) ™ ) ((0]) ™" 0m) )
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converges weakly in

HY(Qr) x L*(Q7)* x L*([0,T), Hr)?
to a weak solution of the MLLG system in the sense of Definition[3.3

Proof. We have to show that weak limit functions from Lemma [3.28 are weak solutions
in the sense of Definition 3.3 We choose test functions

P € COO(QiTL CH)CE S Coo(QiT)

with (g (T) = (g(T) = 0 and

v,w € yp(C*(Qr))

T
with v(T) = Ow(T) = --- = Of"v(T) = 0 = w(T) = --- = 0"w(T). As discrete test
functions we take
ph(ta ) = Ii(m;h X p)v

Cen(t,) =Ty Cp(t,), Cap(t,) =Tn Cult,),
and
vp(t,-) = yr(IY0)(t, ) and wy(t,-) = yr(IYD) (¢, ).

Here 9, @ € C*°(Qr) with 470 = v and yr@ = w. The proof that the limit function m
from Lemma satisfies the LLG equation can be found in [25, Proof of Theorem 5.2]

r [14]. We briefly sketch that the approximations converge to a weak solution, that it
holds m(0) = mg in the sense of traces and that |m| =1 is fulfilled almost everywhere.

Equation (3.16) of Algorithm implies
law . prlag + [mo, X wop, prloy = —Ce[V(m_ ), +01v3,), Vorlor + [H_ . prlog-

Using the approximation properties of the nodal interpolation, the strong L?(Qr) con-
vergence of m_, x p to m x p, the uniform bound ||\/Ew;h||?2T < C from Lemma
together with the weak convergence properties from Lemma [3.28 we conclude

[adym +m x Oym, m X pla, = —Ce[Vm,V(m x p)la, + [H,m x pla,.

Now suitable vector identities for the scalar and cross product together with |m = 1
and dym - m = 0 (this is shown below in an independent way) conclude that we obtain
the LLG equation in Definition The equality m(0) = m? follows from the weak
convergence in H'(Q7) and Assumption The triangle inequality

lm] =y < llml = |mZylllor +[lmz,l = ey

together with ‘
Il (] = o < b _max V]|
gives |m| =1 and 9ym - m = 0 almost everywhere.

We now consider the Maxwell equations in the interior, where we present the argu-
ments only for one of the equations, while the second one can be treated analogously.
For simplicity we write ¢ instead of (f. By testing with (j(tx) and summing up from

=0....,N —1, Algorithm gives

- _ 1 _ 1 _
1[(9; H):—r,ha C’T‘,h]QT = —§[V X E:,ha CT,]’L]QT - §[E7J—fh7 VX CT,h]QT

- ﬂ@/}:h,wgﬁm — plw; s G plag
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We consider each of the terms separately. By discrete integration by parts (see Lemma
in the Appendix) and ((T,-) = 0 we obtain

M[(ag—H)j—:M C;h:lQT = _M[H:h’ (8;4):—&]91” - N[Hi(z)7 Ch(o)]ﬂ
Sﬂ? _:U’[Hv atC]QT - M[Hov C(O)]Q’

where we used the weak convergence of Hy — H? (cf. Assumption [3.14), H j b b g (cf.
Theorem [3.28), ¢,(0) — ¢(0) in L*(R2) and (07¢)F, — 8:¢ in L?(Qr), as ¢ is smooth.
We have by {(T') = 0, discrete integration by parts and Theorem that

1 1
2 240

= U7 X @) B0 (OF )l
T (CARI AR D ST
A I A R C AR

= grn((OF ) L) 2 [V % 07 LB, 8] q, .

[V x E:m CT_,h]QT [E;L,ha V X C;h]QT - <T/’:—L,h7’YTCT_7h>FT

1
2

The remaining term is a straightforward application of Lemma [3.2§]

_ _ b
_M[w’r,hﬂ CT,h]QT Si) —ILL[’U), C]QT .

This shows (together with similar arguments for the second Maxwell equation) that the
interior equations in are satisfied.

For the boundary equation in Definition Algorithm gives by testing with
TUR(tk+1), Twp (tg+1) and summation from k =0to k=N — 1

U+h Ph i
) B(O) =
() (a0 (Z) ),

With discrete integration by parts like above, we see with Theorem [3.30] that

((U:h, o YrEL) e + (wh, ’YTH::h>FT) :

N

(3.31)

b B -
Ur b VT8 p) Ir = - tU, &1 04 I'r
(vl Bl re ™ =000, 2970, ' E + )
and .
(why, poyrH ) rp = —(0vw, 200708, ' H — @)y

We now consider the term on the left hand side of (3.31)). The strategy is to apply
the adjoint operator of B(J]) to the test functions via integration by parts. By setting
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o} = wn(ty), the () r-adjoint B* of B, 7, = v~/ and by using {) =

Now we integrate by parts and obtain by using v, (T") = wi(T') =

”+h ©Ph i
i (o) (a0 (32)) ).

j=1
N J J k

_ Yh n

() (7
j=1 h/ k=0 h

B*(97)é(t) = 0 for t < 0)

N

LHS} =)

k=1

Mz

Mz

k

T

Il
—

k

M=

% OT Wh o ~—1[%Ph . ~N—1[ Ph
<B <at><wh><:r t), (97) (W)(tk) (a7) (¢h><tk_1>>F
< *@)(“’Z)(T—tk)—B*(aD(”h)(T—tkH),@T)*(“Oh
Wy, Wh Un

1

k=1

*(aT 8t§h —1[ Ph
3 (ran (7)o () )
<(B*(8[)8[) (Uh>(T—tk)7(atT)1<%>(tk)> :
Wh Vn r

Here we additionally used

o),

(B*(00)0D)(¢)(tw) = (B(5)s) (9 (&) (t) = (B*(9])) (0] &) (t.)-

72

go(,)l = 0 we have

0 (and the convention

In this situation, we are able to apply the weak convergence result Lemma [3.28] for
the approximations and Convolution Quadrature convergence results of [I16] for the
smooth test functions. We apply a operator valued version of the CQ convergence result

[115, Theorem 3.2], as done e.g. in [99] and [27].
Rs > o >0 and v(0) =
= o0"w

@(0):...

U(T) =0, 8@(0) = —8{0(T> =0
(0) = 0 we have

(B (55)07) (w> (T — te) = (B*(2)) (w) (T - 1)

Due to ||B*(s)s|| ) < Cs® for
, 07"0(0) = 0 and similarly

uniformly in 0 < tp < T, tp = 7k, k > 1. }By the pomtwise convergence and the

boundedness of the first derivative of B*(9;)9;(2)(

B(95)0f (w> (T~ ( )

S

— ) in L*([0,T), Hr).

, dominated convergence
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Moreover the discrete Herglotz theorem (Theorem [A.4)) shows

uﬁ@nw>ﬁin—%wa%mﬁm<;

N

>

k=1

2

)(T—tkz)

Hr

N
< O Y IO (n = )T = t) 3, + 1(07)* (@n — W)(T — t)lI3, — 0
for (7,h) — 0. So, we obtain

LHS] 2% <(B*(8t)8t) <Z> (T ), <g>> =: LHS.
I'r

Now, in the continuous expression, we reverse the integration by parts and we obtain

I L S P CAPN AIC)
LHS —/0 <£ YB*(r)r D(s) * (w) (T —s), <IZ(S)>>F ds
T T T
_ / <a;n+1 / LoYB ()™ (s) <w>(m—8) ds
_/ <8m/ B ( ()(w—s) ds o
— (—1ym ! /T </T_tB* (s) (am+1<”>> (T — (T —t—s))ds (‘?) (t)> dt
o \Jo " ! w "\ r
S m * et @
_ +1/ </ B (s — 1)) +1<w>(s) ds, <J>(t)>F dt
T
=(-1) +1/0 <a “( ) / B, st< >(t) dt>F ds
_ (_1\ym+1 T m—+1 s * (f s s
oo (o ()

This is exactly the term that shows up in the formulation of our weak solution in Defi-
nition O

Theorem 3.33. The solutions of Theorem have bounded energy in the sense of
Definition 3.4, i.e. for almost all t € [0, T

t
IVm(®)lZ2 0 +/O 10em(s) 172y ds + [1H (B 220 + I1E@72) < C,

where C' > 0 is independent of t.

Proof. The proof proceeds analogously as in [25]. From the discrete energy estimates in
Lemma we get for any ¢’ € [0, 7]

tl
Ve +/0 lora ()1 ds + [ Era@)IIE + | Hen @) < C,

where C' only depends polynomially on 7. Integration in time yields for any measurable
set A C [0,T]

[ Imen@ld+ [ loml, + [ 1B+ [ 1@l < [ ¢
A A A A A
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whence weak lower semi-continuity leads to

Jem@ng+ [ 1amia, + [ 1E@R+ [ 1HEOR < [ 0
A A A A A

The desired result now follows from standard measure theory; see, e.g. [60, IV, Theorem
4.4]. O



4. Weak Convergence for the Pure Maxwell
System

In this chapter we consider the weak convergence for the pure Maxwell system without
the coupling to the LLG equation. In Section we recall the strong boundary integral
solution from Chapter [2] (without the LLG part), introduce a suitable weak solution
and show equivalence and uniqueness of these solutions. In comparison to the coupled
setting in Chapter |3, we introduce solutions with higher regularity and uniqueness and
equivalence to the solution from Chapter [2] hold without any restriction. In Section
we propose a non-symmetric approximation scheme which seems to have advantageous
properties concerning the boundedness and weak convergence of the approximations.
We exploit this (together with the uniqueness of the pure Maxwell solution) in Section
where we show that the sequence of approximations converges weakly towards the
exact solution, and not only subsequences.

4.1. Weak Solutions, Equivalence and Uniqueness

In this section we introduce a strong and a weak solution for the boundary integral
Maxwell system and show equivalence and uniqueness of these solutions.

4.1.1. Definition of a strong solution

For the convenience of the reader, we recall the pure Maxwell system (without the
coupling to the LLG equation) from , immediately written as coupled boundary
integral system.

Find the functions F and H : [0,7] x Q@ — R? which satisfy the following coupled
system: in the interior domain

el —V xH= —(J+0FE) in Qp, (4.1a)
wotH +V x E=0 in Qp, (4.1b)
coupled to the boundary integral equation
—1
B(d)) (‘fj;g) = ;(” OVTZE> on [0,T] x 89 (4.1¢)
and with the initial conditions
E0)=E° H@0)=H" inQ. (4.1d)

As in Section with fixed m € N, m > 3, this leads to the following definition of
a solution of the boundary integral Maxwell system (4.1]).

Definition 4.1. A pair of functions
(E,H) € H(0,curl,Qp) x H(dy,curl, Q)
1s called solution of Mazwell’s equations, if and only if
e0FE -V xH+oE=—-J  inL*Qr),
poH +V x E=0  in L*(Qr)
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as well as By, * (“_Ozgg) € Hi.([0,T),Hr) with
poyr H L [ yrE 12
O | By * = — in L*([0,T],H 4.2
! ( <_'YTE>> 2410 <NO'7TH> (0,71, #r) (4.2)
and H(0) = H°, E(0) = E° in L?(2) in the sense of traces.

Note that this is the same definition of a solution as in Definition m (just without
the LLG part). In comparison to Definition for the LLG-case, we do not have to
weaken the regularity assumptions on the solution (compare Theorem [3.2)).

To show existence of and convergence to a solution, we will derive an equivalent weak
form.

4.1.2. Definition of a weak solution

In this section we introduce the definition of a weak solution of the Maxwell system. We
recall the definition of the inner products for suitable functions ¢, ¥, v, w

<<PJ/J>FT = /OT<9071/)>[‘ dt

T
[v,w]QT:/ /v'wdx dt.
0 JQ

We multiply the system (4.1) with test functions (g, (g, v, —yr(g, integrate over the
respective space time cylinders and apply the following transformations: With ¢ for the
tangential trace of H,

and

toyrH = o,

integration by parts shows
[v X H7 C]QT - [H,V X C]QT - <7TH77TC>FT7
= [H,V x (Ja; — (g 0,70 ry-
For w € C™([0,T], H%) with w(T) = dyw(T) = --- = 87" 'w(T) = 0, we integrate by
parts m times to obtain

(10,07 (B )y = = (000,07 (B )+ [(w,00 7 (B w)) ]

T

= — (0w, 07" (B + v)>F (4.4)

T

== (=)™ (8w, (B % v)) p, -

(4.3)

Adding up all the resulting equations, we obtain the following system.
Definition 4.2. A triple of functions
(E,H, ) € H(curl,Qr) x H(curl,Qr) x L*([0,T], Hr)

1s called a weak solution of the Mazwell equations if all (g, Cy € C(Qr) with y7(g €
70([0,T],Hr) and all v € yp(C(Qr)) N HL([0,T], Hr) satisfy

[edE, CBlay + [10:H, (o, + (—1)7 < (-»yf(tg;@)> » Bon <—f;’;E> >FT

1
=[H,V x(gla, — QTLOQDKYTCEWT —[oE + J,(Elar
1
— [V X E,Culoy + 20 (v, vrE)p, -

Moreover, we require H(0) = H° and E(0) = E° in L%(Q) in the sense of traces.
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4.1.3. Equivalence of the solutions

In this section we show equivalence of the weak solution from Definition [£.2] to the strong
solution from Definition [£.1]

Theorem 4.3. If (E, H) is a solution in the sense of Deﬁm’tion then (E, H, poyrH)
is a solution in the sense of Definition [{.2

Conversely, if (E,H,y) is a solution in the sense of Definition then (E,H) is a
solution in the sense of Definition [{.1]

Proof. The proof is similar to the proof of Lemma [3.6] with some deviations due to
the different coupling to the boundary integral equation in the definition of the weak
solution. Furthermore the formulations in this section are integrated once in time in
comparison to Section [3.I.I] For the convenience of the reader, we sketch the most
important arguments and refer to Lemma for a more detailed version.

Step 1: We multiply the system of Definition [£.I] with the respective test functions
of Definition and introduce the variable ¢ = poyrH for the tangential trace of H.
Then, integration by parts for the interior as in , together with the identities
for the boundary integral equation, and adding up the equations gives a solution in the
sense of Definition 4.2

Step 2: Now let (E, H, ) be a solution in the sense of Definition We choose
arbitrary v, w € C*°(Ir) ﬂHﬂTO([O,T],Hp) and (g, Cy € C®°(Qr) with —yr(g = w. By
testing with these functions and integration by parts, we obtain

0 el + i Gl + -0 ((G60) e (7))
t Iy

(el — 0B+ T Celay (1)

1
— [V X E,Culoy + %0 (v,y7E)p, -

= [V x H,(gla, + (vrH, —w) ry +

By the use of cut-off functions, we let ||Cglla,, [|[Callo, — 0, while —y7(p = w is fixed,

which gives
o/"v %
—_1)™ t 7Bm
- <<3tmw> " <—7TE> >FT (4.6)

1 1
= _<7THa w>FT + Tm<¢’w>FT + %<U77TE>FT-

By subtracting this equation from (4.5), we obtain

[0.E, CElor + (10 H, Crlar
= [v X H7 CE]QT - [0E+ J7 CE]QT - [v X EvCH]QTa

i.e. the Maxwell equations in Q7 are fulfilled (by density of C*°(Qr) C L?*(Qr)). Com-
ing back to (4.6)), using integration by parts, the vanishing end conditions of the test
functions, and the density of C*°(I’r) C L([0,T], Hr), we deduce

1 0o —-o ™ %) 1. yrE
— (.0 + B, — g™ . AT
(2,“0 (at 0 ) *> (1/1) o <M0’YTH> (47)

Employing the fact that the operator

1 0o —-o ™
o= (e 1))
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is a modification of a projection, as in the proof of Theorem ({3.6]), we obtain

H 1 E
Bpx (M7} = —g7m [ 7TF ), (4.8)
-k 210 poyrH
By vrE, poyrH € L*([0,T], Hr) on the right hand side, we have

H
B * <“°’VT ) e H™([0,T], Hr).
_PYTE )

Therefore another m derivatives in time exist on both sides of (4.8) and we obtain a
solution in the sense of Definition (4.1 O

Remark 4.4. Theorem [[.3 shows that we have equivalence of the Definitions and
[£.3, the only difference is that if we have a solution in the sense of Definition[].9, we are
not yet able to show ¢ = poyrH. In the subsequent section, we will show the uniqueness
of the solution of Definition[{.3, thus every weak solution in the sense of Definition [{.2

fulfills
» = poyrH

and both solutions coincide and are unique. This is different in the LLG setting due to
the symmetric formulation with two boundary variables in Definition[3.5 and due to the
non-uniqueness of the LLG part.

4.1.4. Uniqueness of the solutions

In this section we show that both solutions of the Maxwell system are unique.

Theorem 4.5. A solution in the sense of Definition[{.3 is unique, i.e. if there exist two
solutions (Eq, H1, 1) and (Eq, Ha, p2) in the sense of Deﬁm’tion then it holds

(El) Hla @1) = (E2a H27 SOQ)

Proof. Again, the proof shares some similarities with the uniqueness proof for the Max-
well part of the Maxwell-LLG system from Theorem and we therefore only sketch
it. Assume, that there exist two solutions in the sense of Definition [1.2] The difference
U:=E'"—E? V:=H'— H? ) := o' — ¢? satisfies

(U, V,9) € H(curl, Qr) x H(curl, Qr) x L([0,T], Hr)

and for all
(e, S € C(Qr) with yr(p(T) = -+ = 0" "yr¢e(T) =
and all
v € yp(C®(Qr)) with o(T) = dw(T) = --- = " (T) =
it holds
_ym v LY
[0, Celoy + 1OV, Clar + (—1) <<—7T(8{"CE)> » Bm (—’VTU> >r
= [0,V % Galo, — 5 — (b vrCe)ry — 0V, Celay [V % U Gatloy + 5 — {0,700,
1o 240
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Moreover it is U(0) = 0 and V(0) = 0 in L?(f) in the sense of traces. As in the proof
of Theorem [3.8] we choose special test functions and obtain for for arbitrary 0 <r < T
and

U:=0,"U  V:=0,"V, =0 "¢
that

_ _ b ¥ s
[0.U,Ulq, + (10 V,V]q, + < <_7T(ﬁ)>,Bm * (-’YTU> >Fr + [oU,Ulq, = 0.

By the positivity of the time dependent Calderon operator from Lemma it holds

; s\ /(@ ;
<<—w<f7>>’3m ' (—w> > - <<—w<ﬁ>>’3(a” (—wﬁ') > =

and therefore

0 < ol UMII + ol V(1)1 < [e8.U, Ulg, + [1d:V, Ve,

i y -
(L) (), ot

Thus we have U =U =V =V = 0.
We test (&.9) again with v := (8;) e 2/T9;™¢, (p = ¢y = 0 and get by the
positivity of the time dependent Calderon operator from Lemma [2.16

(e )
0 0 Iy

—2t/T g—m o, M T
:<< 0 ¢>,B<at><to¢>>p S R

for a ¢ > 0. Thus 0, m=Ly = 1) = 0, which gives the desired result. O

The following corollary follows immediately from Theorem [£.3] and Theorem [4.5]

Corollary 4.6. For every solution in the sense of Definition [{.9 it holds ¢ = poyrH.
The solutions of Definition and Definition coincide and are unique.

4.2. Approximation

In this section we illustrate the discretisation of the system. We start with a recall of
the continuous equations such that they fit to the discrete system. We introduce the
discrete spaces and time approximation schemes and we conclude with the resulting
algorithm. In comparison to Section [3.2] we use the same time discretization schemes,
but a non-symmetric space discretization which seems to have advantageous properties,
see Remark

Separating the equations belonging to the independent test functions (g, {fr and v in
Definition [£.2] we obtain

[6atE, CE]Q + < <—73CE> s B(@t) <—’;2E> >F = [H, V % CE]Q — 2;1LO<8077TCE>F
— [UE + J, CE]Q
(10 H, Crla = —[V X E,(ula

v © 1
(|
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This serves as a basis for the following discretization. This approximation with non-
symmetric space differential operators and one boundary variable has advantageous
properties concerning the boundedness and the convergence. We will be able to bound
V x E in L?(Q) and every term in the discrete equation will converge to the correspond-
ing continuous counterpart (compare Remark . In comparison to Chapter (3, the
space discretization differs in using piecewise constant functions for the magnetic field.

4.2.1. Space discretization

For the spatial discretization, let 7, be a regular decomposition of the polyhedral
bounded Lipschitz domain © C R? into compact tetrahedra. To discretize the elec-
tric part of the Maxwell system in the interior, we use, as before, Nédélec’s first order
H (curl, Q)-conforming ansatz space (cf. e.g. [121]),

Xy = {pn € H(curl, Q) | dpjxc € Papy(K) for all K € T}
As ansatz space for the magnetic field H, we use the piecewise constant functions

Vi = {én € L*(Q) | ¢n(2) = ¢, forallz € K for a ¢ € R, for all K € T}

It holds V x &}, C V5. We denote the interpolation on X} by Iff and as interpolation on
YV, we use the L2-orthogonal projection for u € L?(Q)

Yu = z (’;W/Tu(x)da:) 1.

TeT
For the functions on the boundary, we use the Raviart—Thomas space yr(A}) and the
projection ~yr o IhX .

Lemma 4.7. We recall the approzimation properties of the interpolations that hold true
for smooth enough functions

16— 1) bl r20) < Chlllli (o,
lp =13 Dl 120y + IV X (& =I5 D)l 2y < Ch(6ll i) + IV X bl ),
Ivr (6 =I5 d)la, < Ch(|Dll ) + IV X 8l ()

4.2.2. Time discretization

For the time discretization we use a constant time step size 7 := T/N for N € N to
approximate the solution on the time points 0 = tg,...,t, = T, t; = 7j. We assume
that the step size is small enough, i.e. 7 < 7y for some 75 > 0.
For the interior Maxwell part, we use the first order differential quotient
. Gitl
G[G]H = (4.10)

-
for G € {E, H} together with an implicit treatment of the remaining terms (i.e. evalua-
tion at t;41).
To discretize B(0;), we use Convolution Quadrature
Jj+1
(BOD)w) ((j+1)7) := > Bl _qw(ir), (4.11)
1=0

where the weights B,, are defined as the coefficients of
¢ (5)) =
B ( = E B, 4.12
T n=0 " ( )

As in Chapter 3| we use the first order Convolution Quadrature §(¢) = 1 —(, cf. Remark
311 and Section [3.2.2
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4.2.3. Algorithm

We approximate the solution of the Maxwell system by the following algorithm:

Algorithm 4.8. Input: Discretized initial data HY, Eg and gp?l =0.
For 5=0,1,2,...,N -1

« Compute (Ei+1,Hi+1) € Xp x Yy and go%“ € yr(Xp) such that we have for all
(Cf,(,{{) (S Xh X yh and U}f (S ’)/T(Xh)

i+l ~E 0 T ¥Ph A
[0 B3, G la + < <—’YTCE>’ (B(at ) <—7TEh>> (t3+1)>F

. 1 . . .
= [HIT YV x Fla — =— (0™ e By r — 0BT + 07 (Pl

240
(4.13)
o] ™ o = =V x B, ¢fa (4.14)

L e g+ Uff T Ph
Tuo@hﬁTEh r = << 0 ), (B(@t ) <—’YTEh>> (tj+1)>F. (4.15)

Output: Sequence of approximations E}{, H i, gp{l.

As before, for a sequence of space-dependent approximations (Gil) e Gfl Q> R, we
will define the space and time dependent functions G;,m Grh, G;_fh 20, 7] x Q — R, see
(13.10)).

In the following lemma, we show that the approximations are well defined, indeed.

Lemma 4.9. Algom'thm@ is well defined in the sense that for every j > 0 there exist
unique approximations E,Jf ,H,Jfl,cpgfl that satisfy (4.13))—(4.15)).

Proof. The proof in the non-symmetric case is similar to the one of the symmetric
approximation from Chapter [3] see Lemma [3.13
We define the bilinear form a(-,-) on X}, x YV, x y7(Xp) by

a((q)’ v, 9)’ (¢a ¢,9)) = 1/7-[5(1)’ ¢]Q + 1/T[MW7¢]Q - [\Ijv V X ¢]Q + [O-(D7 d)]

0 [ e
! <<—W) o (—'YT‘P> >p HIV S v

1 1
+ %<877T¢>F - T%(GWT@F

and the linear functional L7(-) on &} x Yy, x vr(&X) by

Lj(¢a % 9) = 1/T[5Ej7 ¢]Q + [Ml/THj7¢]Q - [Jj+17 ¢]Q

0\ & g ¢!
(o) Emo{ o))

The equations (4.13)—(4.15)) are equivalent to
a((EL B o™, (6,9,6)) = LV ((6,4,6))

for all (¢,v,0) € X, x Vi x yr(&n). Next, we aim to show that the bilinear form af(-,-)
is positive definite on &, x YV, x y7(X}). We have Bf = B(7~!) and by Lemma for
all( e Hr x Hr and s >0

(¢ B(s)O)p = C(5, po, 20)lIC[17-
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Therefore

a((®,0,0),(9,¥,0)) = 1/7[e®, g + 1/7[n¥, U]g — (¥, V x g + [0, D]

+ <<—$@>’Bg<—im>> + [V x ®,¥]q

1 1
— (O P\ — —(O ()
+2M0< AT®)r 2M0< AP

=1/7[e®, g + 1/7[u¥, Vg + [0P, D]

() 50)),

> C(r, o) (|18, + 113 + 1113,.)

is positive definite which yields the desired result. O

4.3. Convergence

In this section we show the convergence of the algorithm. At first we show bounds on the
approximations in Section [£.3.1] secondly we extract weakly convergent subsequences
in Section and finally we identify the limits as weak solutions of our system in
Section .33

4.3.1. Boundedness of the approximations

We require the following natural assumptions:

Assumption 4.10.
e The triangulations Ty, are uniformly shape reqular.
o J5, = Jin L*(Qr).
o E) — E° and H) — H in L*(Q0).

Remark 4.11. The results in this section are formulated for scalar material constants
g, € Ryg and o € R>q but hold verbatim for symmetric, coercive and bounded material
tensors

e — RS
and bounded, non-negative o : @ — R3*3 (compare Remark .

For the variables on the boundary, we recall the following lemma (cf. Lemma [3.21)).

Lemma 4.12 (cf. [99, Lemma 5.3]). We have for 0 <7 <1 andt; <T

s o~ 2ti/T SO(ti)) ( . <(p>> |
i=0 <<¢(tz) | B " (t2)>1“2

i
C (Z IOF o)~ (t) 13 + "(ag¢)l(ti)||%{r)

=0

for any finite sequences (go(ti))gzo and (1#(751-))3:0 in Hp. The constant C' > 0 depends
onT, e, po and B > 0 from Lemma[2.13
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Lemma 4.13. We have for j € Ny and 7 > 0 with 7 < 79, t; < T the boundedness of
the discrete energy

& = LIHjIR+ SIEIR < &
and
SOIHL - Hy G+ Y IEL— By < Co
i=1 =1

and for the boundary values

TZ(H O on(ta) I3, + 1(O7) " A Bn) (1)1l ) < Cs.

The constants C1, Co and C5 depend on'l’, 19, €, €0, i, to, J and 52, but are independent
of h and 7.

Proof The proof works analogously to the combination of the proofs of Lemma [3:20]and

2| (applied to the non-symmetric formulation F compare Remark [3.23]
We test in Algorithm . with Ch = E]H, W= H,jI vf = gph I and add up the

equations to obtain

j+1
OB g + (wop I T g + <( H), (sz)( )) <tj+1>>
—yrE} —yrEn r

1 .
2'u <90%J+1,7TE;J1+1> [O_E]+1+J]+1 j+1]Q

[v X E]+1 H]+1]Q+

1 .
%0 <90ﬁ+177TEfLH>F
—Jo BT 4 it B g,

Thus we have for all 7 > 1

[Eh - By Eh]ﬂ+ C[Hj, — Hi ', Hilo <<_;’le2>7 (B(@[) <—;£;hEh>> (ti)>
r

—[UE;L + Ji, E}ZL]Q

We define _ ‘
G, = efti/TG}L
for G € {E, H, J}, multiply the above equation by e~ 2ti/T and obtain for all i > 1

E ~. _ ~ ~. ~ . _ ~s ~ .
“[E}, — e TTE Bilo + S1H;, - e TH Hio

j @
—2t; 2 - ) ‘ _ ; ) .
Le2i/T < (—vThE?;)’ (B((?t ) <—7ThEh>> (tz)>p = —[0E} + Ji, Eilq.

To treat the terms [E’}"L—e_T/TEifl, E‘,Zl]g and [ﬁ};—e_T/Tﬁ;fl, ﬁ[;b]Q we use the modified
Abel’s summation by parts (3.29)): For u; € R™ and j > i > 1, there holds

d 2y 2 19
Z(ui—e /Ty 1) up > = Z]u Ty 1%+ \u]| —§]u0| .

i=1
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Summing up the equations (4.17] - for i = 1,...,j, multiplying by 7 and applying the
modified summation by parts to E}, = e~ /TEZ and H’ =e 7l /THl we obtain

(\HJHQ — || HRIIE + Z |}, ~ T/Tﬁfi_ll%)

=1

J
+5 (HEiH?z — BB + Y1) — e TITES 1\@)

=1

- : e—2ti/T @}, . T Ph '
B () (0 (7)) ),

J J
< —10 > ||ELIG — 7Y _[Jh Ella
=1 =1
(4.18)

We estimate with the Cauchy—Schwartz estimate for arbitrary é; > 0

1 1
J J 2 J 2 J

7Y [Jh Ejla < (T > IIJiH?z) (T > \IE?LII?)) E HJh”Q + § HEh”Q

i=1 i=1 i=1 i=1

1

To absorb the term Zzzl %HE}LH?} on the right hand side, we estimate

To1 4 = R / i
Z*HEhHQ <N rallE, — e TE MG+ > ol B G
=1 =1 =1

and obtain for the energy

~ /4[/ ~ e E ~

& = SIHIG + S I ELIIG

2 2

that
i M SN T 7ri—1 € S T i—1
8+ 5 S I~ e TE o+ (5 -6 ) YN - T
i=1

=1

J J i
+ 70 B2+ 7 o~ 2ti/T “h | Bor Ph t
I ZILEEDY ey )\ B g, ) ) @)

j
~ T - 26
<E+Y 2751||Jﬁ||%2 +
i=1

J
Y

=1

Note that §; < 72 implies (% —761) > 0 for arbitrary 7 < 79. Moreover it holds by
Lemma [4.12]

’ e 2ti/T “h T Ph ‘
> <<_W>,<B@><_M>>@>F
>OZII ()" on(ta)ller + 1107) " yr En(t:) 4,

With the discrete version of Gronwall’s lemma (see Lemma in the Appendix), we
have the boundedness of Eﬁ which, together with the estimates e < e 4/T < 1,
concludes the assertion.

O
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The results obtained so far are already enough to show convergence to a weak solution
as in Chapter [3] In the Maxwell case without the coupling to the LLG equation, with a
few additional assumptions on the input data, we are able to show the boundedness of
even more quantities and therefore obtain stronger convergence and regularity results of
the solution. A direct transfer of the following results to the MLLG case is not possible
to our knowledge, as it would require more regularity of the magnetization, i.e. the
boundedness of the second derivative 9?m is missing, compare Remark (Actually,
it would need a stronger energy estimate for the LLG equation that gives bounds on
O2m).

We need the following additional assumptions.

Assumption 4.14. We assume the validity of the Assumption[{.10 and additionally
e 07T lq < C forj>1.

o |V x EP||lq < C independently of h, yrE) = 0 and H° € H(curl,Q), v H® = 0
and H) = I%L;HO.

Remark 4.15. The assumption HY := I%HO is needed for the bound
[Hy, V % Gilla < ClG Nl

for all C,{i € AX,. For H,? = I%L)HO, this follows from ¥V x X, C Y, yrHY = 0,
H° € H(curl,Q) and

[YH,V x (o = [H°,V x (o = [V x H°, Mo

Alternatively, starting values could be used that satisfy yrHY = 0 and |V x HY|| < C
independently of h. If H° is smooth enough, this is, e.q., satisfied for Nédélec or higher
order finite elements.

Remark 4.16. If we introduce a right hand side G for the second Mazwell equation,
i.e. we consider

1o H+V x E =G,

instead of
woH+V x E =0,

then the additional assumption

107 Glle < ©
for j > 1 is needed.

Lemma 4.17. Under the additional Assumption we have for j € Ng and 7 > 0
with T < 19, t; < T the boundedness

8 . M .
§H3ZE;]1||?) + §H5tTH1sz?2 <G
and
j . . j . . j .
S NOTEL —f By MG+ D NOTHf, — 0T Hy Mg + 7Y ol Ellg < Ca.
i=2 i=2 i—2

The constants Cy and Co depend on T, 19, €, €0, 1, o, J, and the bounds from As-
sumption but are independent of h and T.
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P CCJ . € a‘dd up tlle aqu‘a’tICIls ‘ 1‘13 ‘ 1'15

. . 1 .
= [H]", V x ¢Fla - [V x B} g - @«oz“,wcf» (4.19)

1 . . .
+ ﬂ(vfﬁTEiHﬁ — B + 7 fla.

We consider the difference of the equations for j =¢ — 1 and j = ¢ — 2 for ¢ > 2, divide

by 7 and obtain by A(9])B(9]) = AB(9]) (for the CQ boundary term, cf., e.g., [110,
Formula (17)]) the relation

. . 2 87
(02 E}, ¢Fla+ (9] Hy, ¢ a + <<_;’7’j 45)7 (B(az) (_ 8:;2 hEh>> <ti>>r
) ) 1 )
=#W%VX$M—WVX%£ﬂm5j@%ﬁﬂﬂr

1 , ‘ )
+Zﬁ%Wwﬂh—h@%+Wﬂ¢%.

We test with (£ = 0] Ei, ¢} = 9] H} and v{ := 0] ¢}, and obtain for i > 2
o2 o Elatlpontat o+ (70 (Bon (%o ) e
- E}, —0[yrEn r
= —[00] E}, + 0] J', 0] E}]a.

Summing up from ¢ = 2,..., 7, multiplying by 7 and applying Abel’s summation by

parts (3.25) gives

Do ™

(II@?E;{II% — 07 Enllgy + D107 B, — 3?EZ_1||?2)
=2

=2

j T A0 T ]
t Ph . of pn ' B [ I
(4.20)

j
+5 (\IGZHi\?z — 07 Hall& + D _ 1|0f Hj, — o] H, 1\\?2)

With gog = VTEg = 8[902 = 8['yTE2 = 0 we have (inserting 0] ¢(t;) = (d)i - gi)i_l)/T)
1 ,
Tate) (2o _ets,)) @)
T -], B(0] t;

; < <—’YT5§E;Z (6) —0{vrEn (1) r

1 or ©h
S .| B(9] t

() (e 7)) o0)
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which we add on (4.20]) to obtain

J

1 T I7t T ryi—

*Ilf’tE]HQ+ E 167 Ef, — 07 B} 1H9+*H3tHJIIQ §§ 167 Hj, — o Hy |13,
=2 =2

! j ! O ¥} Of en
+7Y o|E G+ T trh ) (BOD[
2 ollEile §<<—7T85Ez P ~OvrEn

= §Haz—EillH?2 + §HatTHhHQ - TZ[WJZ,@:TEZ]Q
1=2

1 SOI T Ph
{0 () ),

(4.21)
We estimate with the Cauchy—Schwartz estimate for arbitrary d; > 0
1 1
J ' ' J ‘ 2 J ‘ 2
T T O Ea < [T _IF TG | (7o 07 BRI
=2 =2 i=2
701 &
ST Z 167 71 + —- Z 167 B3 113
=2 (4.22)
> 5 Z lof Jl”ﬂ + 701 Z |07 Eh of E" 1”9
1=2
j 1 ‘
+761 ) 107 Byl
i=1
We test (| for j = 0 with ¢ = 07 E}, ¢! = 07 H}, v} = 9]¢}, use yrE) = ¢f) = 0

and obtaln

o7 ¢r ©n
T 1l Tl T 7l T rrl t ¥h T
[0} B, 07 Epla + [10] Hy,, 0] Hylo + < <—’YT8tTE;1L>’ (B(at ) <—’YTEh (t1) -

1
- Z@P}N’YTWEI})F

1
+ ﬂ<ag—g0}1w’)/TE%,>F - [UE}ll =+ J17 az-EIHQ

= [Hp, V x O] Bjla — [V x E,, 0] Hylo

— [HL,V % 0 B)o — IV % BL O Hla — [0 B} + J%, 0] Efo.
(4.23)

By H) = I%HO (cf. Assumption [4.14) and yrH° = 0 we have

[HY),V x [ E}]lq = [H°,V x 8] E}]q
= [V x H, 0] Bjla.
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We use this outcome and estimate for d > 0

[Hy,V x 0] Ejla — [V x Ey, 0] Hylo = [0] H,, V x (Ej — E))]a + [H),V x 0] Ejlo
— [V x E},0f Hl]q
—[0TH},V x Elq + [HY,V x 8] E}]q
= —[0TH},V x EYq + [V x H°, 0] E}]q

92 (17 r
< 5 (IlorEAlIa + 107 HA 1)

1
+ 55, (IV X BRlIG + IV < )
(4.24)

Furthermore we estimate for d3 > 0

1
—[oEy + J', 0] Ef]a ||atEh||Q+ 505 loEp + J'&,

which we combine with (4.23)) and (4.24) to obtain

8o+ 03\, .. 82\ oo
(= 252107 B + (1 - 3 ) loF HAI

1 oh ¢
SENTEN )

1
— (I x B3+ IV x HO3) + - 25 0Bk + 7

_25

We choose 9o < p and 6o + 03 < € which gives

T T 1 901 T ¥h
Ha EhHQ+ |OF H, |13, + = <<_7ThE}L>’ (B(at)<—’YTEh>> (t1)>r (4.25)

1
< 55 (IV % BRI + IV x HOIR) + 5 loBh + T,
We combine (4.21)), (4.22)) and (4.25) to obtain

J
||6TEJ||Q+(—751)2||aTEh oF g A+ Slop g + 5 S oy — op iR
=2 =2

+TZaHEhHQ+TZ<< ff;’%) ( W( 53&)) >

o (||v x BRI + |V x HOHQ) + *naEh + 713

Z 107 T (18, + o1 Z 107 3,13,

=1
(4.26)

With this outcome, Assumption Lemma and Lemma [3.18] we have for

5<7
1_27'0

that .
Jj—
*H@ZEJHQ <C+76 Y |IO7ELIG
=1
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for 7 > 1 and therefore by the discrete Gronwall Lemma
€ 1 ar 1
5”@ E§ <cC.
Together with (4.26)), this yields the assertion. O

Again, the following lemma provides energy bounds for the quantities on the boundary.

Lemma 4.18 (cf. [99, Lemma 5.3]). We have for 0 <7 <1 andt; <T

L o (OF(t) .
o261/ v o
i=0 < <atT¢(tz)> ’ (B(at )9, (w)) (tZ)>F2

C (Z lo ()3, + IIw(ti)H%p>

1=0

for any finite sequences (cp(ti))gzo and (w(ti))gzo in Hr with @° = y° = 0. The constant
C > 0 depends on T, €y, po and 3 > 0 from Lemma[2.13

Proof. For sequences (¢');en, with ¢ = 0 it holds ((97)~107 ¢)(t;) = ¢* for i > 0 and
the assertion follows from Lemma [£.12] O

By a modification of Lemma with the factors e /T we are able to show the
following result.

Lemma 4.19. Under the additional Assumptions we have for j € Ng and 7 > 0
with 7 < 19, t; < T the boundedness

J
> (IlehlBy, + I Eal, )< C.
=0

where the constants C > 0 depends on T, 19, €, €9, 1, Mo, J and the bounds from
Assumption [{. 1]}, but is independent of h and .

Proof. Just as in the proof of Lemma [{.I7] we arrive at

. . . . o7 i o7 on,
T\2 % QT 1 T\2 17t QT 7% t ¥h T t .
(07 )24 9] bl + (0]}, 0] Hila + < (_W @TE;L) , (B(at ) (_ 8ﬁTEh>> <m>F
= —[00] B}, + 0] J;,, 0] Eja
(4.27)

for i > 2. We multiply the equation by e~%7/T and define
OTE) = e TOrEL O HY == e ™/TOTHL D7 J" = e ™/TO I ...

and
E}Z — e*iT/TE;L’ﬁ]’L;J — efiT/TH}L'”ji — efi-r/TJi7 o

We recall the adapted Abel’s summation by parts (3.29). For u; € R® and j > i > 1,
there holds

j
. 1 1
>~ i = e TP+ Sl = Sl (4.28)
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Summing up from ¢ = 2,...,j, multiplying by 7 and applying the modified Abel’s
summation by parts (4.28)) gives

J

€0 AT 1 T AT 1 —7/T a7 11—

5 (Hat Ej & — 107 EL G + Y 107 B — e T/ T O] 1||?z)
=2

J
Ho a1 177 a1 AT 171 —7/T Q7 171—
o (Hat I — 107 LI + 32 107 1) — 79y 1||%2)
=2

J ' 9T i o7
—2it/T t Ph T t Ph )
+Tz§e <<7T‘9? E?z)’ (B(at ) (‘3? VTEh>> (t1)>p

J
=71y —[00fE} + 0] J;, 0] E}]q.
=2

(4.29)

(2

We test ([4.19) for j = 0 with (£ = 5{E,§, (= 5[H,£, vy = 5[@}1, multiply by e~ /7,
use Yy EY = 4,02 = 0 and obtain

sl & ~ ~ _ oot ©n
cOTE} 0T ENg + [u0f HE, 07 Hi g + e~ ™/T Lz | B(or t
[£0] Ep, Of Epla + [10f Hy,, 0] HyJo 7 O7 ) (0F) —~rEn (t1) .

= [H},V x 9] Bflo — [V x E}, 0 Hilo — [0 E}, + Ji, ] Ej]o.
(4.30)

With ) = y7E) = 9] 99 = 0] yrE) = 0 we have

= o[ E} )’ Y\=0ivrE) )
e—ZT/T 1
(L) (men (L) o)
_ 677'/ 52—(10/11 T Ph
N T<<—7T51:TE;1L A\ —yrEh (t) -

As in the proof of of Lemma we use f[,? = I%; HY (cf. Assumption i and
yrH® = vpH® = 0 to obtain

[H),V x [ Etlo — [V x Ep, 07 Hilg = e /T (=[0] H},V x Eplo + [V x H°, 0] E}]q)
(4.31)

Inserting all this in (4.30)), we get

1 .
; of v} of
2 : —2i7/T t Ph B(OT t Ph .
o i=0 ‘ < <_’7T8tTEliz> ’ ( o) <_8g7TEh>> (tZ)>F

= eiT/T(_[gngiv V X Ei(z)]Q + [v X H07 5tTE}lL]Q) - [UE}L + jﬁv 5Z-Eiﬂ9
(4.32)
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Adding this to (4.29) finally gives

J
€0 T 1] T T 11 —7/T Q7 11—
% (uat BB+ 1 BRI + S 107 — /o B
=2

=2

J ‘ 8Ttpi AT on
47 67217'/T t¥h 7 B(OT t t
; <<7T6,?E,3 () —0]rEj, (t:) i

=71y _—[00] E}, + 0] J},, 0] E}]o
1=2
+ e T(—[OTH},V x EYo + [V x H®, 0T E}o) — [0EL + J}, 07 Efo.
(4.33)

J
Ho T 177 T AT 170 —7/T a7 11—
+5 (Hat Hy|[& + 107 Hy & + D 1107 Hy, — ™7/ T Op Hj, 1”?2)

By Assumption Lemma and Cauchy—Schwartz, we have
eiT/T(_[gz-Hflw V x Eg]ﬂ + [v X H07 5tTE;1JQ) - [UE}lL + j&? 51‘,TE}1L]Q <C,

J ~ . ~ . ~ .
TZ —[o0] E; + 0] J;,, 0] E} o < C.
=2

As all other terms on the left hand side of (4.33)) are positive and/or bounded, we deduce

J ' 9T i o7
—2it/T t Ph ‘ T t Ph ] <
i ; ’ < <—7T3?E2> ’ <B(at ) (‘atWTEh>> (t2)>p =¢

Therefore, by Lemma and yrE) = 9 =0 for ¢ > 0,
d 1 1
C>ery ON O et)lar + 1)) O vr E(ts) |3
i=1

j
= cr ) _lehllr + e Bl
i=1

which yields the assertion. O

The following lemma is a direct consequence of Lemma Assumption Algo-
rithm .8 and V x &}, C V.

Lemma 4.20. We have for j > 0 the boundedness of
IV x Ejllo < C
and for Cp € Xy, yrC, = 0 it holds
[H}, ¥ % G < CliGalla-
If we denote by ngh the L?-orthogonal-projection on Xy, := {¢ € Xp|yr¢ = 0}, then
[H,V x Py, - Ja: LA(Q) = R, ¢ = [H],V x P (o
is bounded in L?(§2)'.

Proof. The proof follows from Algorithm [4.8] as all other terms in the respective equa-
tions are bounded due to the Lemmas[4.13]-[£.19/and the Assumptions and[f14 O
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Remark 4.21. The constants in the energy estimates (4.13), (4.17), (4.20) grow expo-
nentially in T, but similar arguments as in [99, Lemma 4.3, Lemma 7.1] would yield
constants depending only polynomially on T. In this case the maximal time step size Ty
depends on T'.

We sum up the obtained results in the following theorem.

Theorem 4.22. There exists a constant C' > 0 independent of T and h such that

1B nllor + 10:Erpllor + IV X Erpllo, < C,

IHrnllor + 10:Hrplloy + 1[Hen, V X Py, - Jorllzzry < C
1E S lor + IV x By llar < C,

||H7'ih||QT <C,

lernllz2qoraer + 1€Enllz2qommr < C.

Proof. Most statements follow directly from Lemmas [£.13 - [£.20] the proof can be con-
cluded as in Lemma [3.27 O

4.3.2. Existence of weakly convergent subsequences

Due to the shown boundedness of the approximations, we are now able to extract weakly
convergent subsequences. Again as in Chapter |3, we do not (re-)name the sequences

when passing to a subsequence. We write v, j, by for 7,h — 0, to denote that for
any (7, hn) — 0 for n — oo there exists a subsequence (n;);en, such that Uhy, = for
j — oo. We note that in the following, the convergences hold simultaneously for one
subsequence.

Theorem 4.23. There exist functions

(E,H,¢) € H+*"(Qp) x HY"Y(Qp) x L2([0,T], Hr)

such that
B, E in H-r(Q),
Erp, B5, " E in HO<l(Qp)
Y ErpyrEL, 2P arE in L2([0,T], Hr),
H ™ H in H0(Qr),
Hep HE, ™ H in L2(Qy),
Orh9En 2 in L*([0,T],Hr),

where the subsequences are successively constructed, i.e., for arbitrary mesh sizes h — 0
and time step sizes T — 0 there exist subindices Ty, hy, for which the above convergence
properties are satisfied simultaneously.

Proof. By the uniform boundedness of the approximations in the respective Hilbert
spaces (cf. Theorem [4.22]) and uniqueness of weak limits, we have the existence of limit
functions and the weak convergence of a (fixed) subsequence

(B Hy o orp) 22 (B, H, @) € H(curl, Qr) x HYO(Q7) x L([0, T), Hr).
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It remains to show that (th, H fh, gpfh) converges to the same limit functions and that
H € H(curl,Qr). Similarly to the proof of Lemma we sketch that ¢, converges
to the same limit function as ¢, . It holds for w € Cy([0,T], Hr)

N-1
J+1 t—t 1

<(/7‘r,h - (P;hvw>FT = Z / - (‘Ph - @gww(tj)) de
j=0 7t

N-1 i1 ¢ — ¢ . .
1
3 [T - ) - )
j=0 't

By w(T') = w(0) = 0 we see

Nt g L N-1
Z / - <90h - ‘Phaw( D) Z SDh, (tj+1) —w(tj)).
j:O tj j:O

Therefore we have by the boundedness of cpf’h

1/2

N-1 V2 Ny
[(prn = Prps W)y | < 51722 el 7Y lwtyen) —witn)la
=0 j=0

N 12 /oy - 1/2
@Zu m@ GZM»wﬂmw@
j=0 7

,_.

[en]

Jj=

< C’ t) —w(t; — 0.
- =0,. a];% 1te{£3i1] (@) = J)HHF

As C3([0,T), Hr) is dense in L*([0,T], H ), and the functions ¢, are uniformly bounded
in L2([0,T),Hr), it holds ¢, h sub = .

It remains to show that V x H € L?(Qr) exists. By Theorem we have the
boundedness and therefore the weak convergence of

[GT,h7 ’]QT = [HTJHV X POX,h']QT’

i.e. there exists a G € L?(Qr) with G, 0 G, To show G = V x H, we choose
¢ € C°(Qr). Tt holds I¥¢ — ¢ in L?*(Qr) (cf. Lemma . Therefore we have

(G T3 o ™ G o
Moreover we have y7I7 ¢ = 0 (cf. [I21], Lemma 5.35]), thus nghIXC =I¥Cand VXI¥¢ —
V x ¢ in L?(Qr) (cf. Lemma and H.p, P /7. This implies

(G I Cloy = [Hep, V x Ty Cloy
D [H,V x (o,
and as ¢ € C5°(Q2r) was chosen arbitrarily, we have G = V x H € L*(Qr). O

Remark 4.24. In comparison to the LLG case and the symmetric discretization of
the curl operator, in the non-symmetric case, each discretized term converges towards
the expected continuous term. For smooth enough test functions ¢, v it holds (compare
Remark‘for the MLLG system, where this is not the case)

[v X E::}m :h}QT Sll; [V X E?é-H]QT
[H ),V % Cylag % [H,V x (o

T

and

sub

<Uj,h77TE;fh>FT = (v,77E)ry
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4.3.3. Convergence towards the exact solution

We show that the limit functions indeed are a solution of the Maxwell system in the
sense of Definition Afterwards, with the uniqueness of the solution, we conclude
that the convergence holds for the whole sequence (and not only for subsequences) and
we are able to extend the solution to the time interval [0, 00).

Theorem 4.25. Let (E;p, Hrp, - 1) be the approximations obtained by Algom'thm
and assume the validity of the Assumptions [{.10 and [{.14} Then there exists for any
sequence (T,h) — 0 a subsequence (7j, hj)jen,, such that

(B hy» Hey by ryhy)
converges weakly in
HYY(Qr) x HYY(Qr) x L2([0,T), Hr)
to a weak solution of the Mazwell system in the sense of Definition [{.2

Proof. We choose arbitrary test functions
Gl € C*Qr),  ver(CPQr))

with v(T) = O(T) = --- = 9" w(T) =0 =ypE(T) = --- = 0" *yp E(T). As discrete
test functions we take

Gty =T ), M) =T ()

and
Uh(tv ) = fVT(Ifﬁ)(tﬂ ‘)7

where vyt = v.
We first look at the second Maxwell equation, where we write (5, instead of C}lq for
simplicity. Moreover, we use the notation

¢ = (Gt L.
Algorithm gives by testing with (j,(tx+1) and summing up from £k =0,...,N — 1
(07 H) Yy Ghlar = =V x BN Gl
By Theorem and Lemma [4.7| we get by the limit 7,h — 0
[e0:H, Culoy = —[V X E,Chlay-

For the first Maxwell equation and the boundary equations, we test with (p,(txy1) ==
Cen(tk+1); va(tks1), sum up from & =0,..., N — 1 and obtain

N +
o Galns +( (2, (o0 (775)) )
[0 )y, Cnlor _’YTC::h (%) —yrEp il

1
= [H,, V < ¢ylar - 27%<90Ih77TC:h>FT

1
— [O'E::h + J::}“ :h]QT + 27/1{)<v::h77TE::h>FT'
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By Theorem and Lemma [£.7| we get for 7,h — 0

on

[E(az-E)j-_,m C‘z—'i,_h]QT S£> [88tE7 C]QT7
[H,, V x ¢Hlar = [H,V x (o,

on

wn
15

1 1
_= T + _
2’u0 <(P7—7h> ’YTC7—7h>FT 2“0 <90> 7TC>FT7
[O’E:h‘l—J:]w ::h]QTSi) [O’E+J,C]QT,

1 5 1
— (pT Et Mo -
2,LLO <v’r,h”yT T,h>FT 2/1/0

o

(>a

w

(v, v7E)ry.

For the boundary functions, again the proof shares similarities with the proof of Theo-

rem |3.32| and we therefore only repeat the main steps. For shorter formulas, we use

the abbreviations wfl = —yrCen(t;) and w% = —’yTEi. By setting 7}, := v,]lv_],

@i = w,iv_j, the (-,-)r-adjoint B* of B, and by using ¢) = ¢ = 0 we have

U+h ©h "
X7 = ) B(O]
o= () (e (3) ),

A Up, 90;3
—rx (e (a)e-w (),

Now we are able to apply the convergence result of [116], especially because
7(0) =o(T) =0, 87v(0)=—-0w(T)=0, ..., O 'w0)=0
and
w(0) =--- = 9" 'w(0) = 0,

we have
B (3}) <w> (T = ty) = B*(&) (w) (T - )

uniformly in 0 < ¢ < T, {y = 7k, k > 1. Therefore and by the smoothness of
B*(0;)(2)(T — -), dominated convergence implies

v
w

B () (w) (T )" B*@)( )(T — ) in L2(0,T), Hr).

Moreover, the discrete Herglotz theorem [A.4] shows

N
>
k=1

2

B*(a,z)(jj;) (T~ te) - B*(an(;) (T - 1)

Hr

N
< C7 Y 0D (On = )T = ti)l3,. + 107 (@n — )T — i) |5, — O
k=1

for (7,h) — 0. All in all, we obtain

X7 5 <B*(8t) (;’}) (T -, <Z>> — X
I'r
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Now we reverse the integration by parts and obtain

_ r m -1 * m v ‘2
X_/O <at (z (B*(r)r )*<w>>(T—-),<w>(t)>F dt
— (—1ym /OT </tT B (s — )" (Z) (s) ds, (i) (t)> dt

= (-1)™ /OT <a;" (;’)) (s), (Bm « (i)) (s)>F ds.

This is exactly the term that shows up in the formulation of our weak solution in Defi-
nition

The equalities E(0) = E° and H(0) = H° follow by Assumption and the weak
convergence in H9(Q7). O

Corollary 4.26. The solutions of Theorem have bounded energy, i.e. for almost
allt € (0,7)

IEONG + [HOIG + 10:2®)1G + [0:HE)IG + 1V x E@)IG < C.

Proof. The proof proceeds analogously as in [25]. From the discrete energy estimates

Lemma Lemma and Lemma we get for any ¢’ € [0,7]
1Bz ()G + 1 p ()1 + 10:Erp (E)IG + 10 Hrn (E)IG + IV % Erp(E)]IE < C,

where C' only depends polynomially on T and the bounds of J7, 97 J7. Integration in
time yields for any measurable set A C [0, T

[ NBR @+ [ o)+ [ 10501
A A A
+ [ ot @E+ [ IV x Bl < [
A A A

whence weak lower semi-continuity leads to
[E@R+ [ 1@+ [ 0B
A A A
+ [ ol + [ 19 < Bl < [ €
A A A

The desired result now follows from standard measure theory, see, e.g. [60, IV,Theorem
4.4]. O

Due to the uniqueness in the pure Maxwell case, we are able to show the following
further results.

Corollary 4.27. Theorem holds for the whole sequence and not only for subse-
quences.

Proof. By Theorem the solution (E, H,p) from Definition is unique, so for
any subsequence the arguments of Theorem [£.23] can be repeated and there exists a
subsubsequence converging to (E, H, ¢). This already gives the convergence of the whole
sequence by a contradiction argument. O

Theorem 4.28. There exists a unique pair of functions

(E,H):(0,00) x Q — R3
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that is a solution of Mazxwell’s equations in the sense of Definition for arbitrary
T > 0. If J is smooth enough, it holds

e B e”H € H(9y,curl, (0,00) x Q)

for every ¢ > 0 and therefore we have a solution in the sense of Definition for
T = oo, where the equations hold in a e~“*-weighted L?([0,00) x Q), or e~ -weighted
L%([0,00),Hr) -sense, respectively.

Proof. The existence and uniqueness follows by Theorem [4.3] Theorem and Theorem
by considering the limit 7" — oo and using the uniqueness on [0, 7]. The constants
in the energy estimates can be shown to only grow polynomially in 7' (compare [99]),
thus it remains to show that V x H is bounded in an e~“-weighted L?([0, 00) x Q) sense.
This again follows from the fact that (F, H) is a solution in the sense of Definition
[41] and all other quantities in the first equation of Definition [£.I] are bounded in an
e~ “-weighted L?([0,00) x §) sense. O






5. Convergence with Rates for the MLLG
System

In this chapter, we consider convergence with rates of the Maxwell-Landau—Lifshitz—
Gilbert system. We derive an algorithm for the approximation of the MLLG system
that, provided the exact solution is smooth enough, converges to the solution with an a
priori-know error ratio. The work is based on [4] and [99], where the convergence with
rates of the LLG equation and the convergence with rates for the Maxwell system is
considered, respectively.

5.1. Introduction

In this section, we recall the MLLG system from Chapter [2] and derive a weak form
which serves as a basis for the following discretization.

5.1.1. Coupled boundary integral formulation

For the convenience of the reader, we recall the coupled formulation of the MLLG equa-
tion from (2.4) for the LLG part and (2.12)) for the Maxwell part. We seek a magneti-

zation
m:[0,T] x 2 — §*
and electric and magnetic fields
E,H:[0,T] x 2 —R3
that satisfy the coupled boundary integral formulation for the MLLG system

adm+mxom= —mx (mx(Am+H)), inQp:=(0,T)x 2, (51a)

cOE-VxH= —cE—J in 0, (5.1b)

/u?tH +VxFE= — ,uatm in 2p, (510)
poyrH 1 (g v E

B(0 = - I =0T x T 5.1d

endowed with the boundary condition
Opm =10 on [0,T] x I, (5.1e)
and the initial conditions

m(0) =m°, E(0)= E° H(0)=H" in 0. (5.1f)

5.1.2. Weak formulation

We will now derive a weak formulation for the coupled MLLG system which serves
as a basis for the approximation. It uses for the LLG part the tangent space approach
similar to [4, Section 1.2] and [14], 15], for the Maxwell part the symmetric approach as
in Chapter [3[and [99, Section 4.5] is used.
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Concerning the LLG equation, the term on the right-hand side in ([5.1a)) can be rewrit-
ten as P(m)(Am + H), where (with Id the 3 x 3 unit matrix)

P(m) =1d — mm? = —m x (m x -)

is the orthogonal projection onto the tangent plane to the unit sphere S? at m.
We consider a weak formulation, first proposed by Alouges [14, [15], which is based on
a formulation which makes use of the tangent space

T(m):={peL*(2)|m-o=0 ac}={pe L*(2)|P(m)p =y},

and requiring that the time derivative dym is a function in this tangent space.

For Maxwell’s equations we use the symmetric variational formulation as in Chapter
see [99], motivated by the analogous formulation for the acoustic wave equation [I}, 27].
The basis of this formulation is the following integration by parts formula from
(for sufficiently regular functions v and v):

1 1 1
[V xu,vlp = §[v X u,v]o + i[u,v X v]g — §<7TU,7TU>F-

Furthermore we introduce the abbreviations for the traces ¢ = poyrH and ¥ = —yrE.

Altogether, the following weak formulation of the coupled MLLG system will
serve as the basis of the numerical method studied in this chapter. Find m € H'(§2),
with Oym € T(m), E,H € H(curl,Q) and ¢,¢ € Hp such that for all test functions
pe€T(m)NnHY(02),¢F ¢ e H(curl,Q) and v¥,v¥ € Hp they satisfy the coupled weak
system:

a[0m, plo + [m x Om, plo = =[Vm, Vplo + [H, plo, (5.2a)
0, Pl = 5[V x H,(Plo+ 5[,V x (g
) (5.2b)
- §<M61901 PVTCE>F - [J + UE: CE].Q’
ploH, Mo = —3 1V x B,¢"o — 1B,V x (Mg
(5.2¢)

— S e~ plom, (Mo,

(ool -HE e

5.2. Space and Time Discretisations

The space and time discretisations of the MLLG system is done by a combination
of the corresponding discretizations of the LLG equation from [4], and of the Maxwell
system from [99].

For the space discretization of the LLG equation we use continuous finite ele-
ments (of degree ), while for the interior—exterior Maxwell problem ([5.2b)—(5.2d)) discon-
tinuous Galerkin elements (of degree r) for the interior problem and boundary elements
(of degree r) for the boundary equation are used.

For the time discretization, we use a two-step linearly implicit BDF method (of second
order) for the LLG equation , and a leapfrog discretization for the interior Maxwell
part f which is coupled to a Convolution Quadrature (of second order) for
the boundary integral equation (|5.2d)).

These discretisation methods are the same, but of a higher order in space, as those
in [99].
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The coupling terms in the equations contain L?(f2) products of functions from dif-
ferent approximation spaces. They are naturally evaluated as the L?({2)-product of a
continuous finite element function and a discontinuous finite element function.

The coupling of the time discretization is slightly more involved: We first state the
underlying algorithms, where we consider the coupling terms H and dym as exact, given
input data. Then we replace the exact data by suitable approximations, resulting in an
implicit coupling. It turns out that this yields a stable second order scheme which can
be evaluated at comparable cost to an uncoupled system.

After describing the general discretization setting, we briefly repeat the discretizations
of the uncoupled equations from [4, [99] for exact, given input data, and then pay special
attention to the additional terms due to the coupling.

5.2.1. General setting

For the discretizations in the following subsections, we assume the following general
setting:

We triangulate the bounded polyhedral domain 2 by a family of simplicial triangu-
lations 7T, where h denotes the maximal element diameter. For our results we consider
a quasi-uniform and contact-regular family of such triangulations with maximum mesh
width h — 0; see, e.g. [59] for these notions. For the discontinuous Galerkin method, we
adopt the following notation from [84], Section 2.3]: The faces Fy, of T, are decomposed
into boundary and interior faces, Fy, = fﬁnd U .F}lnt. The triangulation of the boundary
I' is therefore, naturally, given by the outer faces F}'fnd of Tp.

For the time discretization, we let t, = n7, n = 0,..., N, be a uniform partition of
the interval [0, 7] with time step 7 =T /N.

5.2.2. Spatial discretisation

Concerning the LLG equation , we consider the continuous Lagrange finite element
space S; C H 1(£2) of continuous, piecewise polynomial functions of degree r. With a
function m € H'(£2) that vanishes nowhere on 2, we associate the discrete tangent
space

E(m) = {Cbh S S,: ‘ (m : th,vh) =0, Vo, € 5,7;} (5.3)

In comparison to the discrete tangent space K, from Section here the orthogonal-
ity is employed in a L?-projection sense instead of a nodewise sense. Similarly to the
continuous case, 9ymy, will be required to be in this discrete tangent space.

Concerning Maxwell’s equations 7, we use the central flux discontinuous
Galerkin (dG) discretization from [99] (see also [59}, 82, [84]) in the interior and continuous
boundary elements on the surface.

The dG space of vector valued functions, which are elementwise polynomial functions
of degree r, is defined as

Wi, = {vy, € L*(2) | vp|k is a polynomial of degree r for all K € Tj,}.
The boundary element space ¥} is defined as
Uy ={vp xn|v: I — R? is piecewise polynomial of degree r and continuous}

Jumps and averages over faces F' € F, }Lnt are denoted analogously as for trace operators
on I,
_ 1 _
[wlr =7pw=7pw and  fulr=@pw+ypw),

where v is the usual trace onto the face F'. We often omit the subscript as it will be
clear from the context.
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The discrete curl operator with centered fluxes was presented in [84, Section 2.3|, for
up, wp, € Wy,

[curly, up, wp) o = Z [curl up, wp| g — Z ([un], {wrn}}) F-

KEeT, FeFn

Following the arguments of the proof of Lemma 2.2 in [84], we obtain that the discrete
curl operator satisfies the discrete version of Green’s formula for the curl operator:

[curly, up, wp)@ — [up, curly wi]o = —(yrun, yrwn)r. (5.4)

Using the above discrete tangent space Tj,(my) and the discrete operator curly, the
(FEM-dG-BEM) semi-discrete coupled boundary integral formulation of the MLLG
problem (j5.2)) reads as follows: Find the semi-discretization solutions mj; € Sy, with
oymy, € Tp(my,), and Ep, Hy, € W} and ¢y, 9, € U} such that for all test functions
pn € Tn(my), and ¢F, ¢H € Wi and vy, v}f € ¥} they satisfy the problem

O[[atmh, Ph]Q + [mh X atmhvph}g = _[vmha vph]g + [Hha ph](p (55&)
1 1
el0iEn, (Pl = =[curly Hy, (Flo + = [Hp, curl, ¢Flg
2 2 5.5b)
1,5 E E (5.
- §<M0 Ons Y7 G ) — [+ 0 Ep, G,
1 1
O Hy, (o = — < [ewrly, By, (o — < [En, curl, (]
2 2 (5.5¢)

1
- §<¢h,7T ¢hr — wloemn, e,

(1) m00(72)) = 2tk ve B+ orr ). 65

h

We note here that the coupling terms contain the L?(§2) products of semi-discrete func-
tions from different spaces.

We further point out, that the space discretization of the Maxwell part is quite flexible
and could also be proven to converge for higher order Nédélec, Raviart—Thomas, or edge
elements, and also for different (but compatible, compare ) spaces on the boundary,
cf. [991 Remark 5.1].

5.2.3. Full discretisation

For the time discretisation of the semi-discrete MLLG system we will use, again
precisely as in [4] and [99], a two-step linearly implicit backward difference formula
(BDF method) for the LLG equation, and the leapfrog (Stérmer—Verlet) method and the
Convolution Quadrature for, respectively, the interior and boundary integral equation
of Maxwell’s equations.

Recall of the underlying time discretizations

We shall discretize the LLG equation (5.5a)) in time by the linearly implicit 2-step BDF
method (see, e.g. [79]), described by the polynomials § and ~

2 1
(=50 2+ =300, A)=2-C=Y ¢
j=0 Jj=0

These generating polynomials define the time derivative approximation rmj and the
normalized extrapolation m} at time ¢,, for n > 2, by

1 iy R 1 e 1 e
g ==Y 0y Y g =)y 1/‘2’%2 1. (5.6)
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Before stating the fully discrete scheme let us make some remarks on the time discreti-
sation of the LLG equation. We extrapolate the known values m™~2 and m™ ! to a
preliminary normalized approximation m} at ¢, by . To formally avoid potentially
undefined quantities, we define mj to be an arbitrary fixed unit vector if the denomi-
nator in the above formula is zero. We show in the following, that this does not occur
if 7 and h are sufficiently small. The derivative approximation 1} and the solution
approximation mj are related by the backward difference formula

1 » 1, < _j
my = - Zdij Tooie. my = %(— ZCSij T+ TmZ) (5.7)
j=1

The Maxwell part is discretized, exactly as in [99], by the leapfrog or Stérmer—Verlet
scheme (see, e.g., [(9]) in the interior, and Convolution Quadrature on the boundary
(see Section [3.2.2)). We need some auxiliary definitions here as well:

771-}—1/2 _ %(fm-l + 1M averaging in time, (5.8)
1

and T2 = Lyt gy a second-order discrete time derivative.  (5.9)
As in [99] will need a stabilizing term with a parameter 5 > 0 that guarantees the

stability of our scheme. For convenience, we define the LIFT of a function vy € V},, to €2
via LIFTy, = Lj, € W} satisfying

1
[Lp, v = 1<¢h,wv,€>p for all vf € Wi. (5.10)

Note that this is uniquely defined, as there is a coercive bilinear form on the left hand
side of (5.10). In [99], the vector product (v}f, ~rLIFT (¢y)) r is written as multiplication
of the coefficients with the matrix CTM~1C; (compare Section .

Convolution Quadrature (CQ) discretizes the convolution B(d;)w(t), defined by (2.16)),
by the discrete convolution

(B0 )w)(nt) = 3 Ba—juw(jr),
=0
where the weights B,, are defined as the coefficients of
3Oy _ v
B(—*) = B,(".
() - s

In the present chapter and differently to Chapter [3] we choose

1 1 3
0 =010+ 51-¢%=5¢ -2+,

2 2 2
which corresponds to the second-order backward difference formula. From [IT5], it is
known that the method is of order two,

|(B(0p)w)(tn) — (B(O])w)(t,)| = 0(7'2), uniformly in 0 < ¢, <T,

for functions w that are sufficiently smooth including their extension by 0 to negative
values of t. An important property of this discretization is that it preserves the coercivity
of the continuous-time convolution in the time discretization.
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Coupling

We now concentrate on the discretization of the additional terms due to the coupling.
The rest of the respective equations is discretized as in [4] and [99] and we refer there
for the details. In the end of this section, the full discretization is stated.

Concerning the LLG part, assuming given exact input data H(t), the right-hand side
term in the n-th step is given by (H(ty), ¢n). This is discretized via

(H(tn), ¢n) = (Hy, on)-

Concerning the Maxwell part, assuming given exact input G = —udym, the cor-
responding terms in the uncoupled discretization are given by (9ym(tn—1),¢) and
(Om(ty), (H). These terms are discretized via

(Orm(tn-1),¢) = (myp~ 1 G, (Bem(tn), G =~ (i, ¢i).

We therefore also need to impose starting data m%, m}ll In comparison to [99], we also
include conductivity to our physical model (but this is not relevant for the analysis).
This additional term is discretized via

(UE(tn—1/2),Cf?) ~ (0E), 1/27<h)

Taken together, we will see, that this still yields a stable scheme under the same CFL-
condition, with the same convergence rates and with comparable cost to the separated
execution of both schemes.

The fully discrete MLLG system

In summary, we determine the approximations to m, and to E, H, and ¢, ¥ by solving
the following fully discrete system: Find, for n > 2, mj € T,(m}) (where mj and rm}
are related via (5.7)), H; /%, Er, H' € Wi, and @}, " € U7 such that, for all test
functions py, € Tp(my), and (H 1/2, ¢E, C,f[’l € Wy and v}f,vf € U}, the following holds

a[mZL?ph]Q + [mh X mgaph]g + [vm;ﬁyvﬂh}g = [Hg’ph]_(zv (511&)
_ _ T B T B
ulH; 2 G P = ulH L G o= Zlewrdn B G o= 1B curly G g
T H,1/2 T H,1/2
- 1< Z 177 C / ) QM[mZ 1, h / ]_Q, (511b)

elER, Pl = elEp~Y ¢Flo + f[curth V2 B+ = [H" V2 curl, ¢F)o

- §<u51s0}f 1/ ArCEY r — Tl Bl 4 g2 (Bl (5.110)
n , n— , T n , Trn )
ulHE G o = plH, ™2, G e = Jlewl B, G o — JIER, el G g
T T . n ,
- Z<¢Za7TC£LI>F - §M[mh, ¢a, (5.11d)
() Gonz) 3D ()
7};{1 wh - 2 U;{J 5 ’YTHn 1/2 -
— Br2uy Wl yrLIFT (047 ) . (5.11e)

We assume that the following starting values are given: mh, mh, H 2 , E,(l), cp% =0, 1/12 =0
and m}“ m}L We note here that the values to perform the first step n = 2 are obtained
by making a single time step with the sub-system f.

Although the LLG and Maxwell equations are coupled in an implicit way, the cost of
one step of the coupled algorithm is as high as one step with both uncoupled algorithms.
This favorable property is explored in detail in Remark [6.4f The role of the stabilising

term in ([5.11€]) is analogous to [99].
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5.3. Main Results: Error Estimates and Discrete Energy
Inequality

We state the main theorem of this chapter and postpone the proof to Section
Theorem 5.1. Assume that the solution components of the Maxwell-Landau—Lifshitz—
Gilbert system are sufficiently smooth, the precise reqularity conditions are stated
mn .

Consider the full discretization of the MLLG system by finite elements of de-
gree r / linearly implicit 2-step BDF method for the LLG equation, and discontinuous
Galerkin elements and continuous boundary elements of degree r / leapfrog method and
Convolution Quadrature discretization for the boundary integral formulation of Maxwell’s
equation.

Then, for any stabilization parameter 3 > 1, there exist ¢ > 0, 7 > 0 and h > 0 such
that for all T <7, h < h with

T < ¢h, (5.12)

the errors are bounded by, provided that the errors of the starting values satisfy a similar
bound,

n r 9
og,?%(THmh —m(tn, )12y < C(A" +77),
n r 9
o?%?%T”Eh — E(tn, )22 < C(W" +77),
max_|[Hj} — H(tn, )l 12(0) < C(K" +7%),

0<tn <T

where C > 0 is independent of h, T and n, but depends on the material parameters, on
the regularity of the solution components, and grows exponentially in T .

Sufficient regularity conditions are

m € C3([0,T], H(£2)) n C1 ([0, T], W™ T1°(£2)) and
Am + H € C([0,T]), W t1>(2)) and

E,H € C3([0,T], L*(2)) n C*([0,T], H"1(£2)) and
¢, v € C§,.((0,T], Hr) N C5,([0,T), HVA(T)),

(5.13)

where we again point out the condition of vanishing derivatives at ¢ = 0 for the boundary
functions in (2.14]). Also note that it holds ¢ = upyrH and ¢p = —ypE if Theorem
applies.

Remark 5.2. Note that there is no bound given for the functions on the boundary. An
estimate like

n—1
TN—1, j+1/2 -
DN (G RtC AR e E (R | £/
j=0

+ 1) = 07 (1 2) [y < OO +7%)?

can be obtained by some modifications, compare Remark [5.18 and Remark[5.7. This is
the only part, where the results in the coupled situation are weaker then for the uncou-
pled Mazwell system, compare [99, Theorem 7.1], where a similar estimate without the
integration in time via 6[1 is stated. We refer to Section for a discussion.

The electric and magnetic fields can be evaluated in the exterior domain with the

representation formula (2.8]).



5. Convergence with Rates for the MLLG System 106

Remark 5.3. Note that the CFL condition ((5.12)) is exactly the same as for the uncou-
pled algorithms.
The LLG algorithm asks for (see [{), Section 2])

™ <ch (5.14)

for a sufficiently small constant ¢ > 0. Having 7 < ¢h and 7 < 19 we may choose
70 sufficiently small meet this requirement. Concerning the coupled exterior-interior
algorithm, the CFL condition is given in [99, Section 7] for matrices D, M as

r|[M~Y2DM V2|, < (e (5.15)
One can show that this is equivalent to T < Ch for a constant C' > 0.

Remark 5.4. We note here that the results translate, subject to some purely technical
modifications, to variable and matriz-valued material parameters in the interior: €, :
2 — R3>3 (symmetric, coercive and bounded) and o : 2 — R3*3 (non-negative and
bounded), compare Remark .

5.3.1. Discrete energy inequality

In this section, we state another favorable property of the approximation (5.11)): Under
the same CFL condition as before, the discrete energy remains bounded. This is an
important robustness property for the numerical scheme, compare Chapter [3}

We first present the energy inequality for the exact solution and then show that
a similar discrete estimate that is satisfied by the approximation (5.11)).

Testing the weak problem with (p, P, CH 0¥, 0¥) = (Oym, E, H, ¢,), and then
multiplying the LLG equation by w (in order to cancel the mixed coupling terms
[Oym, H] in (5.2a) and (5.2c))) and summing up the equations, we obtain

pa[0gm, Oym| o + u[Vm, 0,Vm]q

+ [0,E, Elg + [u0:H, H o + < <:Z> ,B(8y) (Z) > = —[J+0E, Elg.

We exploit gle||2, = 2(dse, €), integrate (5.16) in time and use the Cauchy-Schwarz
and Young’s inequalities to get

t ' v ?
/0 18im(s)l|72 ds + [Vm()|72 + [ E@)|72 + [ H®)]7: +/0 <<w>,B(8t)<¢>>F ds

< € (I9mO) 1 + |EO)I: + 17O + [ 1B + 16 ds)

(5.16)

for a constant C' > 0 depending on «, i, €, and o. The coercivity of the Calderon operator
and finally using Gronwall’s inequality conclude the energy inequality

/t 18em(s)|[72 ds + [[Vm(®)|72 + |E@)|72 + | H ()|
0 . (5.17)
<C (HVm(O)II%z +{IE0)[72 + [1H(0)] 7 +/0 17(5)[172 dS) :

Remark 5.5. Note that the multiplication of the LLG equation with the factor u for
the cancellation of the coupling term [Oym, H] (compared to (5.16|)) is not necessary, the
Cauchy—Schwarz and Young’s inequalities give for arbitrary 6 > 0

o 1
[0m, H] < S 10im|F + o= |72

Therefore the term ||9ym||2, can be absorbed and the term ||H||%, is treated by Gronwall’s
lemma[Adl This is how we proceed in the following.
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Similarly as above, we test with discrete counterparts in the approximation (5.11]).
Then we can prove the following discrete energy inequality, which holds under very
weak regularity assumptions on the data.

Proposition 5.6 (Energy inequality). The numerical solution satisfies the following
discrete energy inequality: under the CFL condition , for a stabilization parameter
B =1 and for T < 19 small enough, we have for 0 < nt < T that the discrete combined
Mazwell-LLG energy

n
& = Etaxn + ElLan = IHENG + I ERIG + IVmi |G+ 7 i ||
1=0

s bounded by
n—1
& <cC (5;? +ElLan +T Y ||Ji+1/2H?2> -
i=0
The constant C' depends on T, «, €, 1, o but is independent of h and 7.

Proof. The proof of this lemma transfers the arguments of the continuous energy inequal-
ity (5.17)) to the fully discrete situation, using time discrete energy estimates obtained
by testing the approximation system (5.11]), respectively, with

Ph = mZa

1
CHI/Q**HZ 1’ Ch _En 1/2

1

9 C]fll 7Hh7 (518)

1/2 —n—1/2
F=d o =T

)

where we recall (5.8), i.e. that & = 3(e/T1/2+¢/71/2). We combine the energy estimates
of [4, Lemma 3.2], [27, Lemma 8.1] and [99, Lemma 7.1] and pay special attention to the
coupling terms. To help the reader we will follow the structure of the referenced proofs
below:

Energy estimates for LLG. (cf. [4, Lemma 3.2])
For the LLG equation (5.11a]), we have p;, = rjf € Tj,(m}}) and with (M} x !, m}}) =
0, we obtain for n > 2

allig e + (Vmpy, Ving) = (H",1ivy).
Summing up from 2 to n we deduce
n
TZaHthLz + TZ th,th Z [H7 mh (5.19)
Jj=2 Jj=2 Jj=2

The A-stability of the second-order BDF method via Dahlquist’s G-stability theory (as
explained in [4, Lemma 3.2 and Lemma 10.1]) gives for constants y* > 0

n

Z Vmi, Vilo > 5~ [Vmi, Vmila =+ ([Vmf, Vmflo + [Vmi, Vmila) . (5.20)

Combining ([5.19)) and ( concludes
n

n 1
Elvan = IVmyl7e + 7Y [l l|7: < C Y (IVmp |7 +Cr ) [H yigla,  (5.21)
j=2 =0 j=2

with C' > 0 depending on «, but independent of A, 7 and n.
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Energy estimates for Mazwell. (cf. [27, Lemma 8.1] and [99, Lemma 7.1]) ‘
By testing the discrete equations (5.11b)—(5.11¢) (where the leapfrog steps for Hj

(5.11b)) and (5.11d|) are expressed using the midpoint values H,zil/ 2) with the above
functions ((5.18)), and then taking the sum of the equations from weighting the boundary

integral equation with 7, after collecting and rearranging the terms, we obtain
1 +1/22 ~3/212 1 2 —1
T2 e = 12152 ) + S (BRI — 157 12)
1 _1 5=n—1 _ —n—1 — -1
- 17’( — [curl, E}} VHY o - [Ey LUewl, Hy 1o — (p Lyr Hy >p)
1 _
— 57 ( = lewly Bf Rl — [BR, curly Hylo — (0] vr Hy)r)
1 — _ e
57 (= leurly B Y g — (B curly HY g — (g HY ) )

1/2 1/2
+ 8% it P orel Y

SOZ_I/Q n—1/2
e @) ),

)r

sl 1 1 1/2 —1/2 —~1/2
= — i S o — rubing, s o — roll By IR — 1l Y2 B g,
(5.22)
where we used the notation
Y1 n YT YR)r = [y ens Yo (LIETYR) |3y - (5.23)

Note that the LIFT-operator is anti-symmetric w.r.t. the anti-symmetric pairing
such that the term on the right hand side of is symmetric and ~y} is well-defined.

We now rewrite the terms in the second to fourth lines of . Using that (" =
(/2 — ¢=12) /7 (cf. (5.9)) we obtain

1 —n— _
47( [ewrly, B~ H o — (B ewrdy Hy, o = (it v Hy, r)

1 — _
17 (= lewly B Hy)o — [BR, curly Hylo — (0f, 97 Hy)r)

-1/2

1 . o . -
+ 27‘( [curly, Eh H) 1/2]9 B 1/2,cur1h o 1/2]9 B Wh 1/27’YTH 1/2>F>

= 16 2( [Curlh Eh s Hh] [E;Z, curly, ng — <w2’ Y H}?>F>

1 IR _ . _ .
17 (= lewrly B3~ B g — (B curly B 7 o — (e By ).
(5.24)
Similarly, with the symmetry of the product in (5.23]), we obtain

1/2

- * TN 1/2 nys * 1 * -1
B v B 0ruy P = B2 (5108 VR I — S B )-

(5.25)
Combining the above identities, and introducing the modified energy for the Maxwell

part (for n = 0, we define Hh_l/2 from 2H® = H~Y/2 + H'/?)

ol +1/2 1/2
Etann = oI 23 + Sel B3 + pull 25
1 . '
_ T672< — [curly, E}TLL’ HY o — [E},curly HY g — (U1, v H;Ll>[') (5.26)

1.,
+5T2N01§H RGRT ET
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the energy equality (5.22)) can then be written as

(pnfl/Z n—1/2
gn gn 7h ’ 67’
Max,h — “Max,h +7 < <wz—1/2> < ( ) <'¢h>> >F (527)

T TH —=n—1/2 -1/2 —-1/2
iy Hy o — e Hylo — ol By IR — TR BT e

Summing up from 1 to n yields

ol 1/2 o j—1/2
Eliasch — ENtaxh + . B(9] ")) >
Max,h — “Max,h TJZ1<<¢?1 1/2) ( (t)(wh .

T[L 1/2 1/2 —=j—1/2
B Vi Tl — 732 (B2 4 ol B ).
J=0 Jj=1

As in the proof of Lemma 8.1 from [27], with the CFL condition (5.15) and the lower
bound on the stabilization parameter § > 1 and using (5.11b|), one shows that the

modified Maxwell energy is bounded from below by (using (H}?_l/z + H,:L+1/2)/2 =H})

(5.28)

n—1/2,2

+1/2
Etan = SN2 13a + 323 + | ERIRe > [ HR e + BRI, (5.29)

for a constant ¢ > 0 depending on ¢ and p. Similarly, using ¥(0) = 0, we get for C' > 0
Ebaxan < C(1HR|I72 + |1 BR]172)- (5.30)
Combining ([5.28)), (5.29) and (5.30]) with the positivity of the Calderon operator, the

Cauchy—Schwarz and Young’s inequalities, and collecting the terms, yields

n .
IR + 1513 < C(NHRIE: + BRI + 7 Y|l Tl
=0

n n
j j—1/2
4TS IBE: + 7 YN )

J=0 Jj=1

(5.31)

for a constant C' > 0 depending on p, € and o.

Combination.
We now combine the two energy estimates (5.21) and (5.31). We exploit Cauchy—
Schwarz and Young’s inequalities to get for arbitrary ¢ > 0 (note Hy, = H}. )

Choosing p > 0 sufficiently small (independently of h and 7') to absorb the > ||m%||%2
term, we altogether obtain that the combined discrete MLLG energy

n
&R = IVmpl32 + 7> iy 72 + 1 HR 72 + | ER Il (5.32)
§=0
satisfies the bound
LI - i—1/2
Er < c<5,‘3 + &8 rantTY EL T T / Hi2) (5.33)
=0 j=1

for a constant C' > 0 depending on «, u, € and o. By applying the discrete Gronwall
inequality (see Lemma in the Appendix) for sufficiently small 7 > 0 (i.e. absorbing
TCE}), we obtain the stated energy estimate. O
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Remark 5.7. Under the same conditions as in Proposition |5.6], it holds

n

™ (@D ™ eltisry) ey, + 10D B ltis2) I, )
=0 . (5.34)
<C (82 +E T HJZ'“”H%) :
i=0
The constant C depends on T, «, €, €9, p, po, o but can be chosen independently of h
and T.

Proof. The assertion can be shown by a modification with factors e 2%/ as in Lemma
O

Remark 5.8. The above proof gives some insight in how we can combine the arguments
from [JJ] and [99] to prove Proposition [5.6, In the following sections, for simplicity
however, we choose a different approach. Instead of repeating the steps from [Jl] and
[99] and applying similar arguments as in the proof of Proposition for the coupling
terms, we directly use the stability results from [J] and [99]. Therefore we treat the
coupling terms as additional terms on the right hand side, apply the stability results
of the uncoupled equations (which use a Gronwall estimate) and then use absorption
techniques to get rid of the additional terms. A further application of Gronwall’s lemma
concludes the assertion. This results in theoretically larger constants, but reuses more of
the arguments of the uncoupled systems.

5.4. Preparations

In this section, we collect the main results of the underlying papers [4] and [99] in a way
such that they can be applied as needed in the following. We sketch how the proofs in
the respective references have to be modified. The results are collected in a brief version,
for a comprehensive study and the modifications in the proofs, we refer to the respective
references.

5.4.1. The LLG equation
A continuous perturbation result
As in Section 4 from [4], let m(t) be a solution of
adym +m x Oym =P(m)(Am + H). (5.35)

for 0 < ¢t < T, and let my(t), also of unit length, solve the same equation up to a defect
d(t):

adymy + my X Oymy = P(my)(Amy, + H) + d. (5.36)
Then, the following perturbation result holds.
Lemma 5.9 (cf. [4, Lemma 4.1]). Suppose that for 0 <t < T, we have
[ma () w00 (2) + 10 () wre(0) < R (5.37)
and  ||Amy(t) + H(t)|| oo (2) < K.

Then, the error e(t) = m(t) — my(t) satisfies, for 0 <t < T,

t t
el ey + [ 101(3) ey ds < C(Ie) o)+ [ 1d@)Ee) ds).  (5:38)

where the constant C depends only on o, R, K and T.
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Proof. The proof is similar to the proof of [4, Lemma 4.1], with some slight modifications
to obtain the additional bound on [J Hate(s)H%Q(Q) ds. This is sketched briefly in the
following:

As in [4, Lemma 4.1], we obtain

1 d
ag el + 5l VellZs < cllelif + el
2 dt
With the estimate
1 d . o
—llelfz = (Bre,e) < uellfz + Slell?z, e f*n ellfz < Jlvelz + Flel?,
2 dt 4 d
we obtain
« 9 a1l
Jl9rel 7 + min( 7, ) lell?n < (c+ ) lleli +elldlf?.

Integration in time and Gronwall’s inequality (see Lemma in the Appendix) imply
the stated error bound. O
Consistency analysis

As in Section 6.2 from [4], we define the Ritz projection Rj and the L?(Q)-projection
Py, (m) onto the discrete tangent space at m. We insert the following quantities, which
are related to the exact solution,

myp = Rhm(tn)

Z% /\Z% T, (5.39)
*h_Ph de h ETh( )
j =0

into the linearly implicit 2-step BDF approximation: We obtain the defect dj, € Ty, (my ;)
from

a1}y, on) + (ML, X 0y, 0n) = —(Vml,, Veop) + (H", ¢n) + (dp, 0n)  (5.40)

for all @5, € Tp,(M7 )
The consistency error is bounded as follows.

Lemma 5.10 (cf. [4, Lemma 6.2]). If the solution of the LLG equation (5.35) has the
reqularity

m e C3([0,T], L*(2)) nCH([0,T], WrT>°(2)) and
Am + H € C([0,T], W (2)),

then the consistency error in (5.40) is bounded by
|l L2y < C(7% + A7)
forn > 2 withnt <T.

Proof. The assertion directly follows from [4, Lemma 6.2] for the second order scheme,
i.e. inserting k = 2. O
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Error equation

The error e, = my — m}, satisfies the error equation that is obtained by subtracting

(5.40)) from the BDF approximation for the LLG equation (5.11a) (with H}' replaced by
H(t,)). We use the notations

Cm,h = My — T, (5.41)
Emp = T — 1), = Zé en ™+ sy, (5.42)
j =0
with s = (I —Pp(m Z(sm” J,

We then have the error equation

alép s Pl t[Emp X105 s Prlat[mh X én p, prla+[Vey, Vonla = =[rp p onla, (5.43)
for all ¢y, € Tp(m}), where
g = —(Pa(my) = Pr(myy)) (Ama(tn) + H(tn)) + dy. (5.44)
We repeat the following bound for s} from [4].

Lemma 5.11 (cf. 4, Lemma 6.3]). Under the regularity assumptions
m € CY(0,T], H' () NC((0,T], W T22(42)

we have
Isill (o) < C(T2 + h7). (5.45)

Stability analysis
Similarly as in Section 7 from [4], we derive the following stability estimate.

Lemma 5.12 (cf. [4, Lemma 7.1)). Suppose that the exact solution m(t) is bounded by
and that h < h and 7 < T are sufficiently small. Assume that the right-hand side
in the following estimate s bounded by ¢ch with a sufficiently small constant ¢ > 0
(note that the right-hand side is of size O((7? +h")?) in the case of a sufficiently reqular
solution).

Then, the error ep = mjy —my, from the error equation satisfies for t, <T,

n
IR 3110y +7 D e all3o) < (Znehum +TZ||d 2200 +TZHshHH1 ):
j=2

(5.46)
where the constant C' is independent of h, T and n, but depends on o, R, K, M and T.

Proof. The proof is similar to the proof of [4, Lemma 7.1], with some modifications
one obtains the additional bound on 7Y7_, [|é]. h” 12(q)- This is sketched briefly in the

following: The arguments in part (a) Preparations. and (b) Energy estimates. from the
proof of [4, Lemma 7.1] can be conducted until we obtain

1

ag TZ €, ll72 + [ Verl7z < CTZ e 117 +CTZ I3 1172 + [l l170)
2

7= (5.47)

+ CZ HS;LH%—Il?
=0
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with a constant ¢ > 0 depending on «. As in [4, Lemma 7.1], we derive for C' > 0

lepllze < CTZ g pllE2 + CTZ [EAPRE CZ leiZ2;

Jj=2 j=2
ie.
7CH€ZHL2 - ZTZ lsallze = 7 D llellze < 37> llém ulza- (5.48)
j=2 i=0 j=2

Combining ([5.47)) and ( gives

1
az TZHethLQ + 1 llellEs + [Verll3:
= 4C

" (5.49)
CTZ led I3 + C+ Z (1,132 + Ish112) + Z lled I3
J=2 =2
and the discrete version of Gronwall’s Lemma [A-2] concludes the assertion. O

5.4.2. The Maxwell equations
A continuous perturbation result
As in [99, Section 6.1], we consider the Maxwell system with inhomogeneities j,¢g :

[0,T] — L?(2) and p,0 : [0,T] — Hr,

€002, ¢Plo = §[V % H,¢"lo + S[H,Y % ¢"la — 67070 Phr + 11l

2
WOV, (Mo = 5[V % B, ("o = 2B, x (Mo = 3,92 ¢ + 19, ¢l

<<ZZ>  B(%) (Z) >F - %(W’ p v E)e + (0¥ g H)p)

+ [U¢7p]7-lr + [Uwa U]HF'

The system satisfies the following continuous stability result.

(5.50)

Lemma 5.13 (cf. [99, Lemma 6.1]). The Mazwell energy

1
() = 5 (el EW) L) + mIHD)IZ2() ).
2

satisfies the bound, for 0 <t <T
¢
£®) 22O+ [ (6 Ba + (5] o) ds

+ [0 1By, + 108 (5) IR, ) ds ),

provided that p(0) = 0:p(0) = 0 and 0(0) = 0;0(0) = 0 and where the constant C' > 0
depends on T, €q, -

Proof. The assertion holds, in comparison to [99, Lemma 6.1], also for the continuous
quantities instead of the space-discretized quantities. Furthermore, by the arguments of
Section it does not matter whether the inhomogeneities on the boundary p, o are
introduced with respect to the anti-symmetric pairing (-, ) as in (5.50|) or with respect
to the Hilbert space product [-, -]y, as in [99, Equation (6.2)]. O

By linearity, the same estimates hold for the errors one obtains subtracting (5.50)
from the non-perturbed equations (i.e. ((5.50) without the inhomogenieties).
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Consistency analysis

Similar to [99, Section 7] and [27, Section 9], we insert the following quantities, which
are related to the exact solution (also compare Section ,

2
n T
H R = Y (H (1) = 0PH (8, 12) and

EY, =1VE(t,), H',=1VH(t,) and (5.51)
n—1/2 n
Oon P =Tt 10),  Uh = TN (tn)

into the leapfrog—Convolution Quadrature approximation of the interior—exterior Max-
well system ([5.11al)—(5.11¢]) (with exact right hand side g(t,) instead of m}}). We obtain

the defects J%+h1/2, J’;Ih, al]H/2 al]H/2 in the error equation

o,
[MI"{’ZEI/Q’ ]1:1,1/2] [ HfhlvcH 1/2] [V % En CH 1/2] 4[th17v CH 1/2]
o L ,7T<H1/2>F = Slo(ta1). G o + SR G e,
eELp Rl = (B2, GFla + 51V x HI2 ¢fFla + S, z .V x GHa
5 <sofh”2,wch>r—m<Mm din’* Fles
[H s G = [H %, G o = 21V x By G e = 2DV x G
= LG = Do) G e+ S i G o,

2 Tn—
<<;‘;> <B<aT>(%,h>>"‘”2> :1<<v;f> (uo B 4 2d, ”2>>
v}f ’ ! (S r 2 vf ’ fyTH:hl/2+2dn 1/2 r

—ﬂ; <vh,’yTLIFT(1/J" 1/2)>[‘.
(5.52)

The consistency errors are bounded as follows.

Lemma 5.14 (cf. [99, Theorem 7.1]). If the solution of the Mazwell system has the
reqularity

E,H ¢ C3([0,T], L*(£2)) nC*([0,T], H" " (2)) and
, 0 € CoL((0,T), Hr) N Gy ([0, T], H3(I)),

then the defects in the error equation ((5.52)) are bounded by
|l < O+ 7, \dpllie < O +17) and

- 1/2 ™2 37+1/2 r
TZ 172 2 B + 110725 P 3. < O + 72,

Proof. This can be shown using the higher order estimates from Section[5.6.1]and adapt-
ing the consistency results from [99, Lemma 6.6] for the space discretization. Then the
error of the full discretization can be treated as in [27, Section 9]. Furthermore, the
proof also works if there is an inhomogeneity in the second Maxwell equation (there is

no inhomogeneity in [99] because of the physical model).
O
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Stability analysis

We state the stability results from [99, Section 7.1] under the CFL condition (compare

Remark
T |IM~2DM V2|, < /2R (5.53)

The fully discrete electric and magnetic field satisfy the following stability bound.

Lemma 5.15 (cf. [99, Lemma 7.1]). Under the CFL condition (5.53)) and for a stabi-
lization parameter § > 1, the discrete energy

€ 2 M 2
& = S1ER T2 + 5 IHR T2 ()

s bounded for 0 <t, <T by

. i k—1/2
e < e+ r 3 (I ey + oo
k=0 (5.54)

n—1

2 k+1/2 2 _k+1/2
#3107 B, + 107 o 1R, ) )
k=0

where C' > 0 depends on T, €, €9, p, po, but is independent of h, T and n.

Proof. By a precise retracing of the proof of [27, Lemma 8.1], one can see that the term

’7’||j2+1/2||%2(9) which appears in [99, Lemma 7.1], can be omitted. (And also the term
T||(8Z)2p2+1/2\|%# + TH((?[)QJZHﬂH%F can be omitted, but this is not needed in the
following.) For simplicity of (5.54)), we set jllz_l/g = 0. O

5.5. Continuous Perturbation Result

We will present here a continuous perturbation result for the MLLG system , which
will be transferred to the discretised setting in Section [5.7] to prove stability, hence, it
gives insight into the main ideas of the coupling and of the fully discrete stability proof.
The perturbation result below is a combination of the energy estimate from Maxwell’s
equations (Lemma cf. [99, Section 4.5]) and of the perturbation result for the LLG
equation (Lemma[5.9] cf. [4] Section 4]).

Let us recall the weak form of the MLLG system which is solved by (m, E, H, ¢, 1).
Furthermore, let (my, Ey, Hy, @x, Py), with m, also of unit length, solve the same equa-
tion up to a defects (dp, dg, dm,dy, dy), ie. forall 0 <t <T

adimy + my X Oymy = P(my)(Amy + Hy) + dy = P(m)(Amy + Hy) + 1o,

,U,@tH* + V X E* - — Natm* + dH, (555)

oo\ _ 1 N(;IVTE* d
B(at)<w*> - 2( JrH, ) " (di)

rm = —(P(m) — P(my))(Am, + H,) + dp.

The weak formulation of the perturbed problem is analogous to (5.2)) with the addi-
tional defect terms. In particular, explaining the role of r,,, the perturbed magnetization
m, also solves the perturbed weak formulation:

with

a[0imy, pla + [ma x Oimy, pla + [V, Volo — [Hy, pla = [rm. pla Vo € T(m)NH'(12).
(5.56)
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The errors between the perturbed an non-perturbed solutions are denoted by
em=m—my, ep=E—-FE, eg=H—-H, e,=¢p—@ ey,=19—1.

Subtracting the weak formulation of the perturbed problem (using (5.56|) for the mag-
netization m,) from the weak formulation (5.2)), we obtain that the errors satisfy the
error equations, for all (p, CZ ¢ v? v¥) € (T(m) N HY(2)) x H(curl, Q) x Hp?,

a[atemv IO]Q+ [em X 8tm*,p](2 + [m X aten% p]Q + [vem7 VIO]Q

= lem, pla — [rm, plas (5.57a)

clorer. CFla = 51V x e, CFla + 5len, ¥ x Pl = 5—lep yrCP)r
—olen, ("la — [de, (Pla, (5.57b)

ploven, ¢Ma = — 51V x e5, ¢ = lew,V x (Mo = leg ¢
- M[ate’ffu CH]Q - [dHa CH]Qa (5570)

() (), = (o) (), - ()], o

We have the following perturbation result.

Lemma 5.16. Let m(t) and m.(t) be weak solutions of unit length of (5.2) and of
the perturbed weak system corresponding to (5.55)), respectively, and suppose that, for
0<t<T, we have

M ()l (@) + [0 () [[wrioe (o) < R

(5.58)
and || Am (1) + Ho(t)]| oo () < K.

Additionally, we assume the defects to satisfy d,(0) = 0;d,(0) = dy(0) = 0pdy,(0) = 0.
Then, the combined error

E(t) = llem )7 + les®lZz + len )72

satisfies, for 0 <t < T,

£0) < (6O + [ (lan(r)Is + Ids(lEs + dn(r) ) dr
° (5.59)
+ [ 0P B, + 0B 1Fy,) ),

where the constant C > 0 depends only on «, €, u, o, R, K, and T.

Proof. For the LLG part, by |[m,| = 1, P(m,) is an projection and [|[P(m,)|| < 1. We
apply Lemma and obtain with d = d,;, — P(m,)ey for a constant C' > 0

t
el + [ 10 ds
< a(lle(0)||21 +/t\|d(s)\|22 ds) (5.60)
S5 HY(2) T [ L2(0) ,

N t t
< (1)) + [ dn(s) ooy ds+ [ llen(s)Fae) ds).
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For the Maxwell part, we apply Lemma by replacing the defect j with oeg + dg
and the defect g with pdie,, + dp to obtain

lep(®Z2 + llen ()72

C t
< & (1w + e + [ loen +dpls + ludven +dul
t
+ [ 1081y, + Rl )
~ 2 2 ! 2 2 2 2
< (s + len O3 + [ loeslFa -+ sl + Indhenl3s + dul3s

t
+ [10F I, + lofdu )

(5.61
with a constant C' > 0 depending on #, s, fo, € and g as long as dy(0) = 0¢d,(0) =
4,(0) = Dy 0).

Combining the LLG estimate , with the Maxwell estimate , multiplying
(5.60) with the constant p?C (without loss of generality 42C > 1) and adding up the
equations, we obtain for £(t) = [le (t)[|3: + [les(t)||22 + len (t)]|32 that

~ [t o~ ~ t
£®)+C [ ludrenlts < CE(£0)+ [ Nemlly + s + e
~ ! 2 2 2 2
+C( [ loeslfa +1dzls + [n0ren s + a3

t
+ [ N0 lBe, + 0PI, )-

Absorption of the term [ | pOrem |32 gives
t
£t) < (2O + [ Idnlite + Idels + dull

t t
b [ 0By, + NoRdulBe, + [ £ ds)
t
—: rhs(t) + c/ £(s) ds
0

for a generic constant C' > 0 depending on o, C and C and the monotonically increasing
right hand side rhs(¢) from (5.59). Finally, Gronwall’s lemma concludes

£(t) < rhs(t) + C /0 "ths(r) dr < C ths(t).

O]

Remark 5.17. In the previous proof (compare Remark @, we directly used the esti-
mates of the underlying papers (recalled in Section , which use Gronwall’s lemma to
give bounds for m depending on H and to give bounds for E, H depending on Oym (via
the right hand side). Then another absorption and Gronwall argument can bound the
dependencies because of the coupling. This is not really necessary, one could also directly
combine the arguments of the Lemmas (resulting in theoretically smaller constants), but
then one would have to repeat all the details of the proofs for the uncoupled problems.
For simplicity however, we directly apply the results from Section [5.4)

Remark 5.18. Similar to Lemma one can obtain a bound for E(t) := E(t) +
I ||(9[16§0H§_1F + Hat_lewH%_[F, by modification with factors e=*/T and considering Laplace
transformed quantities.
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5.6. Consistency Analysis and Error Equations

The goal of this section is to prove suitable bounds on the defects, i.e. the fully discrete
residuals, upon inserting suitable finite element projections of the exact solutions into
the numerical method. After stating the used interpolations and projections and their
properties in Section we introduce the defects and the corresponding error equation
in Section In Section we show that these equations hold indeed and that
the defects can be bounded suitably.

5.6.1. Preliminaries

The error equations arise from taking the equations for the numerical method
and subtracting similar equations where suitable projections and interpolations (here
the Ritz and L? projections and finite element interpolation) into the finite element
space of polynomial degree r of the exact solutions are inserted into the method. The
projections of the exact solutions only fulfill the method up to some defects. In this
subsection we state the interpolations and their properties, the following subsection will
contain the consistency analysis where we will derive error equations and bound the
defects.

For the LLG equation, following [4, Section 6.2], we introduce the Ritz projection
Rp: HY(2) — 8§ corresponding to the Poisson-Neumann problem via

(VRLp, V) + (Rrp, 1) (¥, 1) = (Vo, V) + (9, 1) (¢, 1)

for all ¢ € S7, (recall that S} denotes a finite element space of polynomial degree r). The
following interpolation bound holds by Céa’s lemma and standard interpolation results.

Lemma 5.19. There exists a constant C' > 0, independent of h, such that for all
ve H ()N HL D),

[ = Ryl p2() + IV (v = Ruv) |12y < CH ol grer ()

By Pj,(m), we denote the L?(£2)-orthogonal projection onto the discrete tangent space
Th(m)7
Ph(m): S}; — Th(m).

For Maxwell’s equations, following [99, Section 6.3], we will use the finite element in-
terpolation IhW in {2 and the boundary element interpolation I,‘f’ on I' (both of polynomial
degree ).

For a suitable set of Lagrange points N ,—? C Q and corresponding (higher order poly-
nomial) Lagrange basis functions ¢§! (see [39, Section 3.6] for further details)

i ={o o

for all x; € N]?
0, else,

the interpolation in the interior I%V on the discrete approximation space Wy is defined

as
N

|
V) = ¢zt
k=1

Similarly, the interpolation IE on the boundary space ¥} is defined for a suitable set of
Lagrange points N f C I' and corresponding (higher order polynomial) Lagrange basis
functions ! (see [142 Section 4.1.7] for further details) as

VT

|
VO =Y Cah)ef -
k=1
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For first order elements, the Lagrange points correspond to the nodes of the triangula-
tions in the interior and on the boundary. We assume (as in Section , that each
Lagrange point of the boundary mesh also is a Lagrange point of the interior mesh, i.e.
NI = N*n TI. Therefore it holds

(IYyF) = (WIVF) on I.
Since the normal vector n is constant on every face of I, we have
W xn)= (@) xn  for yeC(I),

which implies that I%’ maps Hp N C(I') into Hp. Moreover, this yields the very useful
relation
YyrF =~7I)VF  for F e C(R), (5.62)

as is seen by noting that
WArF =T) (vF xn) = (IYyF) x n = (W I)VF) x n = 471}V F.

It is because of (5.62]) that we work in the following with interpolation operators rather
than orthogonal projections. We recall the standard results for the interpolation errors,
see, e.g., [39, Thm. 4.4.20].

Lemma 5.20. There exists a constant C' > 0, independent of h, such that for all
ve H D),

lv =T 0ll 20y + BIV (0 = TY0) [ 12(2) < CR™ 0l s ().

The following interpolation error estimate is a standard result for boundary element
approximations, see, e.g., [142, Theorem 4.1.50] or [123].

Lemma 5.21. There exists a constant C > 0, independent of h, such that for all
p € HH2(D),
llp — IE‘PHHW(F) < Chr”‘PHHﬂrl/?(F)-

We remark that for piecewise smooth boundaries just piecewise H"11/2 regularity is
needed.
5.6.2. Error equations
In summary, the consistency analysis will use the following quantities:

e For the LLG equation:

myy = Rhm( n)s (5.63a)
n—j—1 n—j—1
*h—Z% o /]Zvj ) (5.63b)
1), = Py(im Z ymy 7 € Th(mly,). (5.63¢)
] =0
e For the Maxwell equations:
n-1/2 _ W 2,
H S =TV (H(ty1y2) — <o H(t,_1/2)) and
Er, =TVE(®,), n, =1VH(t,) and (5.64)

@Zhl/Z = Ii\{lgo(tn—l/Q)a 1/J*h - I 1/)( )
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e The fully discrete errors, defined by

n  _ _n n n—1/2 _ n—1/2 ~n—1/2

€m,h = Mp — My ps ey =Hy —-H,, and
n n n n n

eE,h = Eh — E*,h’ eH,h = Hh — ‘H*,h and (565)
n—1/2  n—1/2 n—1/2 no _ .n n

€on  — Ph “Pun s €y,h = Yy — 7/’*,h-

Furthermore, by comparing ((5.63b]) and (5.63c|) with their respective counterparts in
(5.6, we obtain

~n _an ~n .n _n -n n—j
€mph = My — My ps em,h—mh*m*,h—;zfs@ + sh,

where s = (Id — Py (i} ;) ¢ 1 Z —00; m*h , cf. [4 equation (6.23)].
We show in the followmg that the above errors satisty the MLLG error equation system
below with suitably bounded defects d” dqgfhlm H b d]+1/2 nd alﬁl/2 The MLLG

error equation system reads, for all p, € Tp,(m}), H, 1/2, Ch ,Cf le Wy, and vh,vh e v,

m,h?

a(é?n,h’ph)+(é\17%,h X mf,ha ph) + (ﬁl’z X éﬁl,hvph) + (Vé:vl@,ha vPh)

= (€1, Pn) — (T, PR, (5.66a)
uleipn’ G e = il 6 e 4[cur1heEh,<H”2]n—Z[eEh,curlth%
T mn
4<e¢h Y7Ch, 1/2> - 2 plé mhaCH 1/2] [dH CH 1/2]

(5.66b)

_ T ~1/2 T n—1/2
5[6%,,”(,?]9 :5[8%;’@?]9"'5[0“1}182/1/ »CE]Q+§[€Zh/ seurly ¢l
n—1/2

_ —n—1/2 1 2
- §Mol< Py cEyr - rloen + dip s Fle, (5.66¢)
H,1 1/2 .H, T s
pletn G e :“[e?{h/ Yeauls = ylewrly ey e Z[e%,mcurlh G e

H1 T . H1 T H1
- Z<ez,h77TCh > 5 [ mh7<h ]Q - 5[ %h?gh ]97 (566d)

n—1/2 _n n—
<<’Uf> <B(67) (e%h>> / > _ <1<Uh> (Mo Trég, h1/2> B (dw,h1/2>>
U;f ) t Eon . 2 U;’f ) ’7T€H7h/2 dz’—hl/Z .
2
T n—
—ﬁ%@;f,VTLIFT(aTeWW»p, (5.66e)

with
Pmp = —Pr(my) = Pr(m ) (Am(tn) + H(tn)) + dy, - (5.67)

5.6.3. Consistency error

dn 1/2 .dn dn71/2 dn71/2

We aim for a suitable bound for the defects (d* Hpodyp ' dy ") that are

given in the error equations (|5.66]). e

Lemma 5.22. If the solution of the MLLG system has the reqularity
m € C*([0,T], H'(£2)) N C'([0,T], W™ 1>°(£2)) and
Am + H e C([0,T), W52 (0)) and
E,H € C3([0,T], L*(2)) n C*([0, T], H"*1(£2)) and
. € CL([0,T], Hr) N CF ([0, T], HV/2(I)),
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then the MLLG error equations (5.66)) hold with defects that are bounded by

ld2 w2y < C2+07),  [silmy < C(r2+h7)  and
ld e < CE2+17), dalle < C(2+h7)  and

- 2 7i+1/2 2 77 +1/2 r
TS @D P 3, + 10?5 P13, < O + hT)?
7=0

forn > 2 concerning the LLG defects (first line) and for n € N concerning the Mazwell
defects (second and third line).

Proof. The proof is split into a part for the LLG equation and a part for the Maxwell
system, which both have a similar structure. First, we repeat the bounds we obtain
from the underlying papers [4] and [99] in the uncoupled situation, so for “exact”, given
right hand sides H(t) and dym, respectively. We denote the corresponding defects with a
tilde and we obtain bounds on the defects covering all terms except the coupling terms.
Then we replace the exact data in the coupling terms by their approximations through
the exact solution, yielding additional errors. Taking together the already bounded
defects and the coupling defects, we obtain the final error equation and under the stated
regularity the final defects can be bounded suitably. So, in summary, we do not have to
repeat the whole consistency analysis for the whole system, but it is almost enough to
focus on the additional coupling errors. For the LLG equation attention has to be paid
to apply the arguments in the right order due to the nonlinearity.

Concerning the LLG equation, as in [4, Section 6.3], we recall, from , the fully
discrete problem with the linearly implicit BDF method: find mj} € T, (m}) such that
for all ¢y, € Tp(my),

a(m;;? Qph) + (ﬁ’LZ X mZ? (Ph) + (vm27 V@h) = (HIZL7 Soh)' (568)

By Lemma ([, Section 6.3]) we obtain for the exact H(t,) that for all ¢} € Ty (m}}),

a(mf,hv Soh) + (mf,h X mf,ha Soh) + (vmz,hv v‘Ph) = (H(tn) + F)nll,h,a @h) (569)
with N
T = —(Pr(my) — Pr(m ) (Am(t,) + H(tn)) + dy, b (5.70)
where N
Ay, <C(r*+h) (5.71)

for n > 2. Subtracting (5.69) from (5.68), the errors e}, ,, = my —mZ ,, e}, = Hy —H),
satisfy the error equation

o€, ps ) + (€ p X ML g, on) + (M X €,y on) + (Ve ny Von)

(5.72)
= (Hy — H(tn), 1) = (Ti s P1)s

for all ¢y, € Tp(my). With

b = gZz,h — (Hy — H(tn))
and

T = —(Pr(my) = Pr(mp))(Am(tn) + H(tn)) + diy, g
= T — (Hip = H(tn)),

we rewrite the right hand side term as

(Hpy = H(tn) = T po Pn) = (€frp = T s Ph)-
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Under the stated regularity assumptions, the coupling consistency error in H can be
bounded (the estimate holds concerning the L?({2)-norm) by

HP — H(t,) < H} — HY, + H?, — H(t,)
— e+ O(W ).

ThlS yields [|dy, ,llr2 < C (7% + h") and the bound il < C (7% + h") from Lemma
11| (Lemma 6. 3 from []) concludes the LLG part.
Concerning Maxwell’s equations, we obtain from Lemma ([99, Section 7] and [27,

Section 9]), by inserting j(t) = —oE(t) — J and g(t) = Oym(t), the defects Jgfhl/z, A s

df;rhl/ 2, dj +1/ 2 satisfying
WH 2 Gl = [nH Gl = [V x EL - BNV
y CH[Q x,h 1 SHIQ thH]Q 4[ b XCH]
T n
- Z< b a’YTCH)F— 7[6tm( n-1);CHlo + [dHh7CH]
ey Cula = EEL Cola + 5[V x HI 2, Cola + S, s V% Cela
T n n
~ e ,vT<E>p—r[aE< ne12) It j) = di . Gl
(H s Gl = (2, Gl = TIV % Bl Gl — E[th,v % Cirlo
T
= LW r = S 9im(ta). Cala + 5 [ Gl
() (ran (), 30 e 50)
v )\ W o 2\ 7THZh1/2+2d" )
—ﬁ; (vs 1 LIFT (W )
(5.73)
with

Idgo 2Nz < C(r2+ 07, diplle < C(F2 + 1) and

1/2 2 Tj+1/2 r
TZII@ VAR, + 11002 IR, < O + 172,

Subtracting this from (5.11b})—(5.11€|), we deduce

[Ue?{h 7CH]Q = [MeHhng]Q — *[V X eEh 7CH] 4[6Eh ,V x Crlo
- Z(% B rCE)r — %[mﬁ‘ — Oym(tn-1),Cula — [dz{h ,Cala,

leehn Cela = [eel ), Cala + 5 [V X eHh ? Crla + 2[6713;11/2 V x (glo

T n— 1/2 T
— gt B Bltoop2)) + dis " Cele,
n— T n Tin
(1€t s Cala = [M€H7111/2>CH]Q - Z[V X € py CHla — Z[eE,hav x CHlo
T T . T
— Z@Z,}MVTCH)F — g[mh — Oym(ty), Crla — *[dH ns CHQ,

v, Cfeon))" 1/ (v, (Ho Vres, hl/ 2 —ady,
o ] B(at) e = 5 o ]’ n—1/2 n—1/2
v P,h r Y 'YTeH h 2d¢’h r

—6; (v, AT LIFT (e, ) r.
(5.74)
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Observing (concerning the L2-norm)

iy = Oym(tn) = 1ivj, — 1y + 1 — Oim(ty)
= énp T O + 1)

and

—~1/2 -1/2  —=n—1/2

—=n—1/2
—E(th_1p) =E, '"-E.,"+E., - E(t,—1/2)
=y, P+ O+ 1)

Bl

together with setting

n Th— —=n—1/2 n h .n
dg, h1/2 =dg 1/2 +o(E, /2 E(ty_1/2));, dip=dpp+ p(my, —om(ts)),
dv 1/2 _ dn 1/2 dn71/2 _ C’lvnfl/Z

©,h ’ ¥,h ph

concludes the assertion.

5.7. Stability

In this section we will prove stability of the fully discrete MLLG system, that is, we will
prove that the errors at time step n are bounded in terms of the inital errors and the
defects. Combining the stability result with the consistency estimates from Section
we are able to proof Theorem at the end of this section.

The stability analysis is the fully discrete analogue of the continuous perturbation
result Lemmal[5.16] Its proof uses the same ideas — translated to the fully discrete setting
—and it is based on the careful combination of Lemma (based on [4, Lemma 7.1})
and Lemma (based on [99, Lemma 7.1], [27, Lemma 8.1]), with paying particular
attention to the coupling terms in the MLLG system.

For the LLG part we need sufficient regularity of the solution, a smallness estimate on
the right hand side which results in a mild CFL condition , and for the Maxwell
part the bound on the stabilization parameter 5 > 1 and the CFL condition . As
stated in Remark this is covered by the CFL condition , i.e. for a constant
C>0

7 < Ch.

Lemma 5.23 (Stability). Let the errors (5.65)) satisfy the error equation and
suppose that the exact solution is smooth enough (cf. Lemma . Furthermore assume
that 8 > 1 and the CFL condition .

Then, for sufficiently small h < h and T < 7, the error satisfies the following bound,

He%,hHipm) + [leg plle + [lef pnllz2
< C(|leh,

malltn + ekl + ek nllce + 7llén nl7e + Tl ull2

+TZ(Hdi~b,hH%z(m+HS‘?IH?IW)HTZ (ldgon 20 + Nl 12 )

Y (I PE R, + 10 PR, ),
7=0
(5.75)
for n > 0, where the constant C is independent of h, ™ and n, but depends on o, R, K,
M, u, €, o, and T. This estimate holds under the smallness condition that the right-
hand side of this estimate is bounded by ch with a sufficiently small constant ¢ (note that
the right-hand side is of size O((7% 4 h")?) in the case of a sufficiently regular solution).
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Proof. Again, we consider the LLG part and the Maxwell part separately and conclude
with a combination of both.

For the LLG equation, as long as the right hand side in the following estimate (denoted
by rhsyre in the following) is small enough, we obtain by Lemma (based on [4]
Lemma 7.1]) for n > 2

n
lemnll o) + 73 1€, 1172
=2

(Zuemhnm >+Tzud — el + 7 Isillingg).
j=2

M\Q>

< OIS a3 +lleh, 7 w20y + 1k a2y + 14120 0)

j= 2

= I‘hSLLg(t).
(5.76)
It holds for the right hand side rhs(t) in - foraC >0

rhSLLg(t) < C’rhs(t),

i.e. the smallness assumption for the right hand side of Lemma [5.12] is satisfied, if the
right hand side in the assertion of this lemma is small enough. Furthermore, the estimate

(5.76)) holds also for n =0 and n = 1.
For the Maxwell part, we apply Lemma (based on [99, Lemma 7.1]) under the
stated assumptions and obtain that

Evtn = el Taa) + letnllzzo

is bounded, at t, = n1, by
En <5 ¢ (5Mh +7 Z (||U€I;; hl/Q +dy, 1/2||L2 + ey, + d%,h”%%(z))
o7 3 (1P e+ 00PN 1))
< c(th +TZ (loein 3200 + ldmn 320y + ek a0y + ldiall3200)
£ 3 (1P + 00PN )

where C > 0 is independent of h, 7 and n.

Now a combination of the two estimates, absorption of the error terms and the discrete
Gronwall Lemma conclude the assertion. Therefore we multiply the LLG-estimate
by u?C (without loss of generality u>C > 1) and add it to the Maxwell estimate to
obtain for &} = ||e?n,h||§-ll((2) + &y and n >0

n

O3 Il < C (8 + lemallpioy + 73 (1 aEaie) + 1545 )

- 1/2 T j+1/2 T 1/2
3 (I oy + ooy + 1025 B, + 107 P P ) )
7=0

+ ZHN@mh”B(Q +CTZ‘€J’
Jj=0 Jj=0
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for a generic constant C' > 0 depending on o, C and C. Direct absorption of the term
CjE?:z Huéﬁth%g(Q) and for small enough 7 the absorption of 7CE;’ (ie. 7C < 1/2),
gives

n n
& < C(&R+ lehlBys + rl%allte + ThehlEs + 73 (I e+ 73 ki)
=2 j=2

n
i—1/2 j i+1/2 i+1/2
+ 73 (i 20y + a2y + 100025 13 + 1072, uap))
j=0
n—1 )
+C1 Z &
=0
The discrete version of Gronwall’s lemma [A.2] concludes the assertion. O

Proof of Theorem[5.1 A combination of the interpolation properties from Section [5.6.1
together with the consistency and stability results Lemma [5.22) and Lemma yields
the assertion: By the above Lemmas, we have for a sufficiently smooth solution

lem nllzn @) + lleknllze + llefnllre < C(2 + h7).

Recalling ((5.65) and employing

[Rem(tn) — m(tn)ll g1 (o) < C
IV H (tn) — H(ta)| 1200y < CR,
IV E(t,) — Etu)lr2@) <C

implies the error bound (/5.33)).
The smallness condition imposed in Lemma [5.23]is satisfied under the very mild CFL

condition (compare [4, Remark 3.1]), for a sufficiently small ¢ > 0 (independent of h, T
and n),

2 a2,
Compare Remark that this is fulfilled under the CFL condition (5.12)). Taken to-
gether, this proves Theorem [5.1] O






6. Numerics

In this chapter we consider numerical experiments for the algorithms proposed in the

Chapters

6.1. Preliminaries

6.1.1. Notation

In this section we present the relevant notation we use in the following for the imple-
mentation.

For a finite dimensional space V}, and a function Ej € Vj, we denote by E(V},) the
vector of coefficients with respect to the basis ¢(V}) used in the respective software
platform for V. Therefore we can represent Ej, as

[Vhl
Ep =Y _Ej(Vh)o;i(Vh) = E(Vh) - ¢(Vn),

j=1

where E;(V},) is the j-th coefficient corresponding to the j-th basis function ¢;(V}), and
E(Vy,), ¢(Vh) denote the corresponding vectors of coefficients and basis functions. The
variable ¢ is exclusively reserved for basis functions and not for coefficients.

For the spaces in the domain €2, we abbreviate the first order Nédélec space A} by N1
and the piecewise constant space )}, by NO. The space of scalar linear elements S* (73, R)
and the space of vector valued linear elements S*(7;,R?) are both abbreviated with the
symbol S1.

A short introduction to the spaces on the boundary can be found in Section
(cf. [144] for further details). We abbreviate the Raviart-Thomas space V{*T by RT, the
Nédélec space V}]LV C by NC, the Rao-Wilton-Glisson space V,?WG by RWG, the scaled
Nédélec space V;?N ¢ by SNC, the Buffa-Christiansen space V}]Lgc by BC' and the rotated
Buffa—Christiansen space V,?B C by RBC'. Due to implementational reasons, some of the
spaces have mathematically identical counterparts on a (barycentrically) refined grid.
We put a B in front of the abbreviation to underline that difference wherever necessary
(this is only relevant for the implementation).

For a sequence (¢7) jeN, we define the sequence with the j-th entry set to zero as

(b‘qu:() = (¢0> ) (bj_lv 0, ¢j+17 s )

6.1.2. Tangent plane scheme

We present the implementation of the tangent plane scheme in FEniCS [8]. As in [4}
Section 2], we build up the saddle point problem to implement the tangent space con-
straint. '

Instead of computing the unique solution w{l € ICmi such that for all pp € lCmiL

a[w%phk} + [mfl X wi,ph}ﬂ =—-C, [V(m% + QTsz),vph]Q + [Hivph]ﬁ )
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we use a saddle point approach: We seek (wfl,)\h) € SY Ty, R3) x SY(Tp,R) such that
for all (pp, &) € SH(Th, R3) x ST, R)

alwy, palo + [m x wi, pn| = =Ce |V(mi, + 0rw)), Vor| + [Hf, 1]
+ [on - s Anla + [wy, - my,, Enla-

Im, (2)+7w; (2)]

outcome to S'(7x,R?). There are other possibilities to implement the tangent plane

scheme, e.g., one could directly parameterize the tangent space. For simplicity however,
we stick with the present approach.

We update and normalize by computing m? +1(2) = i.e. projecting the

6.1.3. Convolution Quadrature

In this section we present the formula for the approximation of the Convolution Quadra-
ture weights.
An exact formula for the convolution weight operators B} is

for p < 1. As in [I15, Formula (3.10)], we approximate the integral by the trapezoidal
rule

_pn L—1 5 ‘
BT ~ ”T > B<(T<l)>e—2ml/L, n=0,...,N, (6.1)
=0

with L = 2N or L = N evaluation points
G=p VLl 1=0,...L-1
and radius of integration p = e95/N for a predefined tolerance e > 0. We compute
)
- 5(20)
-
exactly. Like it is proposed in [115], as
IB(s)l| < Cls|?,
we rewrite for m € Ny
B(0[)¢ = (B(s)s™")(9])(9])" ¢
and compute ¢ = (9] )" ¢ and (B(s)s~™)(9] )¢ independently of each other. The weights
for (07 )™ are computed exactly (the corresponding function in equation (3.12)) with
B(s) = s™ is a polynomial). The weights for (B(s)s™™)(0f )y are approximated via

(6.1) and indicated by B;"" (again, By"" = B(6(0)/7)7™4(0)~™ is computed exactly).
We denote the resulting operator by B(9]). For the first order scheme, it is §(§) =1—¢

and P
ooty = U0

To separate the unknown ¢"*!, we point out

(B(O])9)(tn+1) = By ((9])" ) (tn+1) +ZBn+1 ;((B))™0)(t5)

7=0
n+1
= BT BT G ro) (i) + 30 B (O 9)(E)
=0

— By"

+B(8t)(¢|¢n+1 0)(tns1),



6. Numerics 129

where we recall that (¢|gn+1—¢) is the sequence (¢°, 0, ...,0",0,¢"2,...). For higher
order schemes, the additional factor §(0) (it is §(0) = 1 for the first order scheme) comes
into place and the equation reads

+1
m¢n Y

(B(3])$)(tns1) = BG"75(0) o T B (Plgnr1=0) (tat1).

In both cases, the factor §(0)™ /7™ cancels in the final discretization matrix on the left
hand side, as By"" = BJd(0)"™r™.

6.1.4. Boundary spaces

We present an overview of the basis functions on the boundary and the corresponding
discrete spaces from Bempp [145]. The degrees of freedom correspond to the edges of
the triangulation and each basis function is assigned to one edge. For the j-th edge with
length /;, we denote the two triangles adjacent to the edge by T and 7_ , A, and A_
are the areas of the triangles and p; and p_ are the opposite corners of the triangles,
compare Figure [6.1.1

P+

P-

Figure 6.1.1.: Sketch of j-th edge with adjacent triangles from [90].

For the most of the standard basis functions, there are corresponding scaled basis
functions (scaled by the edge length) implemented, which naturally generate the same
discrete spaces. Even further, there are corresponding basis functions defined on the
barycentrically refined grid, that are mathematically identical to the original basis func-
tions (see also the following sketches, e.g. compare Figure and Figure . Never-
theless, for the implementation a differentiation between all of them is necessary (inner
products can only be computed if the functions are defined on the same grid). The
barycentrically refined grid arises from adding the centroid on every cell (The centroid
xg of a cell is given by g = (z¢, + zc, + ©¢4)/3 for the corners z¢,, zc,, T, for a two
dimensional grid) to the set of nodes and extend the set of edges by the connecting lines
between the centroid and the corners of every cell, see Figure

For the Raviart-Thomas (RT) space (compare Figure [6.1.2), the j-th basis function
associated to the j-th edge of the mesh is defined as (compare Figure

ﬁ(l‘ _p+)7 YIS T—i—u
0j(RT)(z) == { —t—(z —p_), weT..
0, otherwise

The Nédélec (NC) space (compare Figure [6.1.2)) is generated by rotated RT functions,
i.e. the j-th basis function is defined as ¢;(INC) = n x ¢;(RT) and it holds ¢;(RT) =
QSJ(NC) X N.



6. Numerics 130

Figure 6.1.2.: Sketch of Raviart-Thomas (RT) element and Nédélec (NC) element.

The Rao-Wilton-Glisson (RWG) space (compare Figure is identical to the
Raviart-Thomas space, the basis functions are scaled with the edge length [; of the
associated edge, i.e. ¢;(RWG) = l;¢;(RT). The basis functions of the scaled Nédélec
space (SNC) (compare Figure [6.1.3)), similarly, are scaled with the edge length, it holds
$i(SNC) =10;(NC) =n x ¢;(RWG) and ¢;( RWG) = ¢;(SNC) x n.

0 0.373 0.745 0 0.373 0.745 lz x
[ — ] [ E— ]

Figure 6.1.3.: Sketch of Rao—Wilton—Glisson (RWG) element and Scaled Nédélec (SNC)
element.

A Raviart—Thomas basis function defined on the barycentrically refined grid (BRT) is
in theory identical to the RT basis function (compare Figure , for the implementa-
tion we have to distinguish between RT and BRT. Similarly, the Nédélec basis function
on the barycentric grid (BNC), the Rao-Wilton—Glisson element on the barycentric
grid (BRWG) and the scaled Nédélec element on the barycentric grid (BSNC), are the
correpsonding counterparts on the refined grid, compare Figure [6.1.5
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0 1.62 324 0 1.62 3.24 lz x
E—— | E—— |

Figure 6.1.4.: Sketch of Raviart—Thomas element on barycentric grid (BRT) and Nédélec
element on barycentric grid (BNC).

0 0.539 1.08 0 0.539 1.08 lz x
[ — ] I — ]

Figure 6.1.5.: Sketch of Rao—Wilton—Glisson element on barycentric grid (BRWG) and
Scaled Nédélec element on barycentric grid (BSNC).

The Buffa—Christiansen (BC) space (compare Figure contains basis functions
defined on the barycentrically refined grid such that we have curl conforming vector fields
on I' and the space is L2-dual to the Raviart-Thomas space, for details see [42]. The
rotated Buffa—Christiansen (RBC) basis functions (compare Figure are defined as
rotations of the corresponding BC basis function, i.e. it holds ¢;(RBC) = n x ¢;(BC)
and ¢;(BC) = ¢;(RBC) x n.

LT

Figure 6.1.6.: Sketch of Buffa—Christiansen (BC) and Rotated Buffa—Christiansen
(RBC) element.
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6.1.5. Operator concept in Bempp

We briefly illuminate the operator concept in Bempp [145]. For discrete spaces DS
(Domain Space), RS (Range Space), DSRS (Dual Space to the Range Space), let F' be
a linear operator which we denote by

DSRS
e

F:DS RS.

We denote the weak form of F' by pgreF ps, it maps coefficients of a function u in the
domain space DS to a weak form tested with functions of the dual space to the range
space DSRS. It holds

psrsFosh; = [ 6i(DSRS) - F(¢;(DS)) ds,
i.e. for all ¢ € DSRS
[, F'(u)]r = ¥(DSRS) - psrsFps - u(DS).

We denote the strong form of F' by Fps_rs :=F  psrs RS’ it maps coeflicients of

a function u in the domain space DS to coefficients of F'(u) given with respect to the
range space RS. The coefficients of F(u) are determined by testing with functions in
the dual to range space DSRS, i.e. it holds for all i = 1,...,|DSRS]|

IRs|
/F $:(DSRS) - (Z(FDSHRS . u(DS))jgzbj(RS)) ds = /F 6:(DSRS) - F(u) ds.
j=1
Therefore it is for all ¢» € DSRS
[V, (Fps—rs - u(DS)) - o(RS)|r = [¥, F(u)]r

and we have
-1
Fps—rs = (psrsldrs)”™ psrst Ds-

We introduce the projection Ppsrs : L*(I') — RS, u + Ppspsu as the element
Ppsrsu € RS satisfying for all v € DSRS

[, Ppsrsulr = [, u]r.
Therefore we can express the strong form as
(PDSRsF(’u,))(RS) = FDS%RS . U(DS)

6.1.6. Implemented operators

The trace mapping is implemented via the Bempp function
vr: N1 EL R,

i.e. (yr)N1—RrT is the matrix that maps coefficients with respect to N1 (abbreviation for
AXp) to coefficients given with respect to RT on the boundary. It holds for Ej € &),

yrEn = ((yr)nisrr - E(N1))-¢(RT),

- (vrE)(RT) = (v7)w1rr - E(N1).
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An application of n x - can be implemented via a change of the basis functions, by
n x ¢j(RT) = ¢;(NC), we have
n x yrEn = ((vr)N1ser - E(X)) - (NC).

The Calderon operator is implemented in Bempp via

~ D E

where
D: BRWG *2% BrRwG | E: BC £5% BRWG
= BSNC A BSNC : (6.2)
F:BrRWG 22N po | G: BC 28NS o

After rescaling this operator, i.e. setting

B k) = D E L ﬁ ZT?E
Ho

the condition for suitable exterior data of the time harmonic Maxwell equations can be
rewritten as: The traces ypF, ypH are suitable exterior data for the problem (with

Sk >0, s = —ik/\/1oeo)

—segu+V x v =0,
spov +V xu =0,
yru =k,

yrv = yrH,

I = yrE\  (rE
(2 - B(k)> (wH) a <7TH>‘ (63)

Comparing this with the compatibility condition ([2.26]), we rewrite (6.3)) for k = i./1oeos

-1 (MOC;E’ -D ) (i /ozs) <MO'YTH> B 1( B )

if and only if

Ho —poF —rE ) 2p0 \poyrH
We deduce that the Calderon operator from Section [2.3]is given as

-1

B(s) Ko

—1 ~ —y
(“O@E _;fﬁ) (i /Fo%05). (6:4)

The overview of the different rescalings in Section [A.3] in the Appendix confirms this
derivation, i.e. we have that B(k) = BSP(k), B(k) = BV (k) and B(s) = BXE(s).

6.1.7. Changes in Bempp-cl

The implementation details in Section and Section [6.3.1] are with respect to the
Bempp version 3.3.4. In the mean time, a newer version of Bempp, Bempp-cl has been
published. For an overview of the changes (and the performance gains) we refer to [35].
We only state the few changes that are relevant for the algorithms in this thesis and
especially for the implementation details in Section [6.4.1

The differentiation between scaled and unscaled basis functions has been removed,
i.e. only the scaled versions RWG (instead of RT) and SNC' (instead of NC) remain.
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Furthermore, the mathematically irrelevant barycentrically refined spaces have been
removed, i.e. we do not have to distinguish any more between RWG and BWRG, and
SNC and BSNC basis functions (the latter have been removed).

The scaling by the factor \/pp/eo in Section to obtain the desired B is not
necessary any more. This is done automatically by the implemented routines if we pass
the magnetic and electric permeabilities up and g to them.

Even further, the Calderon operator can be generated with different domain, range
and dual to range spaces than in , i.e. in Section we choose all sub-operators
to map
LN

D,E,F,G: RWG RWG.

6.2. Weak Convergence for the MLLG System

6.2.1. Implementation details

In this section we present the implementation details of Algorithm [3.12]in FEniCS and
Bempp. In comparison to Algorithm [3.12] the tangent plane scheme is formulated as
a saddle point problem (cf. Section , the Convolution Quadrature weights are
approximated by a quadrature rule (cf. Section and the trace variable ¢ and the
corresponding test functions are elements of the Buffa—Christiansen space instead of the
Raviart—Thomas space.

Algorithm 6.1. Input: Discretized initial data m%, H,?, E,(z, (p% = 0, wg = 0 and
parameter 6 € [0, 1].

For j=0,1,2,..., N — 1 we compute

o For given m{L, H}JL we compute the unique solution (w{L, M) € SYT, R xS T, R)
such that for all (pp, &) € SY(Th, R3) x SYH(Th, R)
j Gy _ J J J
alwi, prla + [mh X wh’ph}ﬂ =—-C, {V(mh + GTwh),Vph}Q + [Hh,Ph}Q (6.5)

+ [on - mf”)\h]ﬂ + [w% : mfpfh]ﬂ-

o We compute E{LH, H,ZH € X, and go{fl € V}?C, wiﬂ € vr (&) such that we have
for all (7, ¢} € &), and vf € VPC, v;f € vr(Xp)
, 1 . 1.
€07 B, (o = §[V < HI (Flo + §[H;JL+17V x (i o
1 A , .
— gt ) = BT+ P G,
(6.6)
. 1 . 1 .
WofHL Gl = =5 [V < BT Gl la = S 1BV < Glla
1 .
- §<¢z+177TC/€I>F - [sz,Cf]Q,
(6.7)
(s o e B e+ (of v HY )

(6.8)

DN |

(), -

o Define m{fl by projecting

to S1.
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Output: Sequence of approximations m{L, Efl, H}],;, gogl, @Z)fL for j=0,1,2,...,N.

For the LLG part, after separating known and unknowns, we build the (bi)linear forms
from equation in FEniCS syntax and solve the equation with implemented routines.
For the Maxwell equations, the term [0] E{LH, (Flq is a product of Nédélec functions,
i.e. for the mass matrix
M1 = NlIdN17

it holds
, 1 : .
OF B Flo =~ (¢P(N1) - My - BFFU(N1) — ¢B(N1) - by - BF(N)).
We define the symmetric differential operator

1 1
D := §N1(VX)N1 + §(N1(VX)N1)T
and rewrite

%[v x HiT ¢Pla + %[Hg“,v x (Flg = ¢E(N1)- D - HIt1(N1).
For the coupling to the boundary integral equation via the terms (nph,’yTCf) r and
(Y, yr¢) r, we express the anti-symmetric pairing (-,-)r as ((,&)r = [( X n,&]r and
build up the respective terms for rotated basis functions with respect to the L?(I")-
product [-,-]p. For the products [¢;(BC) x n,¢;(RT)]r and [¢;(RWG) x n, ¢;(RT)]r
we have to interchange the RT functions by the BRT functions (to compute the weak
forms, the functions have to be defined on the same grid) and obtain

(n, yr¢h)r = [en x n,yr¢]r
= —p(BC) - gpcldBrr - (Yv7)N1sRT - C(NC)

and

(Yn, yrCh)r = [Yn X n,yr¢]r
= —Y(RWG) - gycldBrr - (77)N1=RT - C(NC).

Most of the remaining terms in the first and second equation can be treated analogously,
we have

~loE + 7T Flo = —CE(N1) - My - (o BIHY(NT) + JIHY(ND))
o7 H " ¢ e = 1 (¢™(N1) - My - HIFL(NT) — ¢ (N1) - My - HY(NT))
—[Mwijfﬁﬂ = —MCH(NU - ni1ldst wj(Sl)

and

IV x B]" (o — SB[,V x (g = —¢H(N1)- D - BITY(N1).

1 1

2 2

For the equation on the boundary, in Algorithm[6.1]the discrete test functions are RT and

BC functions with respect to the anti-symmetric pairing (-, -) p. This can be equivalently

reached by using n x ¢;(RT) = ¢;(NC) and n x ¢;(BC) = ¢;(RBC) functions with

respect to the L?(I") scalar product [, -]p. For the NC functions, it is equivalent to test

with the scaled Nédélec functions on the refined grid, instead. The discretized boundary
equation takes the form

B(aT) e QO(BC) . 1 RBCIdBRT 0 ('7T)N1—>RTE(N1)
(580) 7 (awe) \p(RWG) 0 sneldsrr ) \po(yr)n1iwrrH(NT) )

 2u0
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We multiply this equation by —1, to obtain an overall positive definite discretization
matrix, because (RBC)B(O)( BC ) is negative definite: It holds for ¢,¢ € L(I')
RWG

SNC

<Ca§>F = [C X nvf]F

and for the basis functions we have ¢;(RBC) = n x ¢;(BC) = —¢;(BC) x n and
$;(SNC) =n x ¢;(RWG) = —¢;(RWG) x n. So it is

¢ (ﬁfa) (52 BOO)/T)(5e )6 <R€VCG> =[x ¢ B(6(0)/7))]]
= (¢, B((0)/7))Q)

2
< —cl|¢ll5;.
negative definite
We summarize and build up the resulting system. We recall the mass matrices
My = ynqldn,
My = gpcldprr(Yr)N1-RT,
Mz = psycldrr(Yr) N1 RT,
the symmetric, discrete differential operator

1 1
D= §N1V><N1 + §(N1V><N1)T

and the Calderon sub operators

Biy = F ZT()] RBCEBC(im5(O)/T)’
0
1

Big = o recD R (iy/0500(0)/7),

/€0 =~ )
Byo = % BSNCFBRWG(Z\/ 1og00(0)/7).
The overall discretization matrix then is

(24+0)My —-D FMI 0

Ko 2Ho =1agT
35 M2 0 —-Bi1qp  —DBip
0 IM3 —Bsy1 —Ba»

with right hand side

DM EY(N1) — My JH(N1)
BMHY(N1) — pldgiw®(S1)
¢(BC)

(BRS}§V00>B(BI§V?/G) (%) <1[)(BRWG)> S(BC) i+ (tit1)
(pBrwe) =0

Rhs' =

and the system to solve in the i-th time step is

Ei—|—1(Xh)
i+1 .
QIO_{-’_]‘(_(éYCh% = RhSZ. (69)
YL (RWG)

Lhs
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6.2.2. Numerical experiments

In this section we present some numerical experiments obtained with Algorithm

Convergence in time
We consider an example on the three-dimensional unite cube
Q=0,1°,

where we choose the observation time and the material parameters as

T=0125 e=¢=11, p=p=12, =13, a=14, C.=1.5,
as well as the initial and input data
1 0 0 100
ml=10|, E°=H°=|0|, L=¢"=]0]|, Jt)=Q—t/T)| 0
0 0 0 0

Finally, the tolerance and restart parameter for the iterative solver (GMRES), the implic-
ity parameter for the tangent plane scheme and the Convolution Quadrature parameters
are set to

1/(2N)

tolgmres = 107, restart =20, 6 =1.0, pn = tolgmres , L=N.

As discretized initial data and input data we use L?-projections of the exact data onto
the respective approximation spaces. We look at the time discretization error on a fixed
coarse mesh and compare the approximations to a reference solution computed on a fine
time-grid.

We use time step sizes 7; = T - 27%, for i = 0,...,8, and the reference solution is
computed with 7y = min(7;)/2. We compute the maximum over the time errors as

erg; = max |G}~ Gil(t;)l| for G € {m, B, H,p,0}
jtax

seenydVe

and obtain first order convergence results for E and H in the L?(2)-norm, see Fig-

ure G211

14 - -
10 PR 1014 e

100,

Error

10714 .

For the boundary variables ¢ and 1, we obtain first order convergence results in L?(I"),

—©— err(T)
=== 0(7)

1073

1072

1071

Time step size

10*1_

—-©— err(T)
=== 0(7)

1073

1072 1071

Time step size

Figure 6.2.1.: Convergence in time for E (left) and H (right).

see Figure [6.2.2]
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/,,/ ,”
100,
100,
_ _
o o
—_ _
0 0
1071 10-14
-
- err(7)
=== 0(1) === 0(1)
T T T 1072 T T T
1073 102 1071 1073 102 1071
Time step size Time step size

Figure 6.2.2.: Convergence in time for ¢ (left) and ¢ (right).

Especially in this experiment, the convergence rate for the magnetization is slightly
higher than 1 for small 7, as then the approximation is already near to the reference
solution, see Figure [6.2.3]

10714 ’z’
1072,
—_
@]
-
A
w
1073 -7
—-o— err(1)
10-41 --- 0O(1)
10-3 10-2 101

Time step size
Figure 6.2.3.: Convergence in time for m.

Convergence in space

For the following experiment, we consider the three-dimensional unite cube
Q=[0,1]%,
where we choose the observation time and the material parameters as
T=025 e=¢=11, pu=p=12, =13, a=14, C,=1.5

as well as the initial data fitting to the exact solutions below. The RHS-input data is
chosen such that the exact solution is given by

—(23 — 322/2 + 1/4) sin(3xt/(10T))

m(x,t) == V1 - (23 - 323/2 + 1/4)?
—(23 — 323/2 + 1/4) cos(3nt/(10T))

and

sin(ma1)? sin(7z2)? sin(ras)?
E(t,z) =t 0 , H=-07'VxE/u, ¢=1v=0.
0
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Finally, the tolerance and restart parameter for the iterative solver (GMRES), the
stabilization parameter and the Convolution Quadrature parameters are set to

=1,

1/(2N)

tolgmres = 107°,  restart = 20, pN = tolgmres , L=N.

As discretized initial data and input data we use interpolations to the respective spaces.
We look at the space discretization error on a fixed time grid such that the time error is
small enough (N = 20 for 7" = 0.25 is small enough) and compare the approximations
with the exact solution.

We use mesh sizes h = V3 ~ 1.7, \/§/2, e \/3/12 =~ 0.14 and compute the maximum
space-errors (as norm we use L?(Q2) and H(Q) for m, L?(Q) for E, H and L*(I") for ¢,

Y) as .
errg,; = max ||Gfl - G(ty)l], Ge{m,E H g1}
]— 3

=U,...,

We obtain for the magnetization second order convergence in the L?(Q)-norm and first
order convergence in the H'(2)-norm, see Figure

100 4
10—1 4

Error

1072

—©— err(h)
--= 0(h?)

1071
Mesh size

Figure 6.2.4.: Convergence in space for m in the L?(2)-norm (left) and H'(2)-norm

(right).

We obtain first order convergence for the electric and magnetic fields in the L?(9)-

norm, see Figure [6.2.5]

10°

1071,

Error

—©— err(h)

-=-= 0(h)

Mesh size

100

Error

Error

—©— err(h)
=== 0(h)

100
Mesh size

1071

—©— err(h)
-== 0(h)

100
Mesh size

Figure 6.2.5.: Convergence in space in the L?(Q)-norm for E (left) and H (right).

We obtain first order convergence for the boundary values in the L?(I")-norm, see
Figure [6.2.6
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1071,

10—1_

Error
Error

10—2_

107! 160
Mesh size Mesh size

107!

Figure 6.2.6.: Convergence in space in the L?(I")-norm for ¢ (left) and 9 (right).

6.3. Weak Convergence for the Maxwell System

6.3.1. Implementation details

In this section we present the implementation details of Algorithm used in Chapter

The implemented algorithm differs from Algorithm by using Buffa—Christiansen
elements for the trace variable ¢, and the corresponding test functions U,f (instead of RT
functions). The Convolution Quadrature weights are approximated as in Section

Algorithm 6.2. Input: Discretized initial data HE, E,? and ¢? = 0.
For j=0,1,2,...,N —1

o Compute (EiH,H}{H) € X x YV, and go{fl € V,?C such that we have for all
(¢F,¢H) € Xy x Yy and v € VP©

€07}, Gl + < (_72 4}15) , (B(é;) (_ i hEh)) <tj+1>>

. 1 . . .
= [H]T'V x Plo — — (o v Py — 0B 4+ T, ¢Pla

2410
(6.10)
o] Hy ™ (o = =V x BT (g (6.11)
1 ) ¥ ~
U AT <(3> (B(an (_ ;’;})) (tj“)>p' (6.12)

Output: Sequence of approximations EJ , H i, gogl.
We separate knows and unknowns and rewrite (6.10)—(6.12) with

. Bi, B
N CUBE (e

as

(/7 + )BT, (Fla + (vr¢F, Baonr L )
— [H]T,V x (Fla + ((Ban + o)) oG

= /7B Glo = T Gla + < <7T0c,§> , (B(éz> (_ i hEh)> e, <tj+1>>F ,
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IV x B o + [u/mH (o = [u/rH]L (e
and

—(vy, ((QMO)_l + B1,2) WTE£+1>F + (v, B1,190{1+1>F

_ vf; a1 Ph .
- <(5)7B<at>(_wh)l( i )Mum)}
-17EpR r

We describe in the following how to discretize each of the terms in FEniCS and Bempp.
The term [(g/7 + J)Eifl,(f]g is a product of Nédélec functions, i.e. for the mass
matrix
M1 = NlIle’

it holds '
[(e/T+0)E] ™ (Fla = (¢/7 +0)¢F(ND) - My - E7FY(N1).

For the term <7TC,€, BQ,Q'VTE,J;FI)F, we express the anti-symmetric pairing (-, -) p in terms
of the L?(I")-product [-, -], i.e. it holds for ¢, ¢ € L*(I)

<C7€>F = [C X n?ﬂf-

The discretized Calderon sub operator Bngd is given as (compare (6.4)))

By = ssncFBrRwe(iv/Iog0),

so the coefficients of the input function should be given with respect to the BRWG space.
If we apply the trace matrix (yr)n1_rr to EITY(N1), we obtain coefficients of ypEI+!
given with respect to RT-functions. This is why we additionally apply (Id)srr—BRW G,
to convert the coefficients. In fact, (Id) grr— Brwa is a diagonal matrix and the entries
are the edge lengths to the power —1. Altogether, it holds

(yr BtV (BRWG) = (1d) srr—rwe - (vr)Niorr - BITLH(N1).

The coeflicients of the test function should be given with respect to the BSNC basis, by
$j(BSNC) =n x ¢j(BRWG) = —¢;(BRWG) x n, we have

¢ x n= ((1d) srr—BrRwc(7T)N1-RTCE (N1)) - ($(BRWG) X n)
= (=(Id) rr—BrRWc(vr) N1 RTCE(N1)) - (BSNC).

All in all, we obtain

(yrCE, Booyr BN = ¢B(N1) - (—=(1d) Brr—BRWG - (vr)N1RT) T

BYY - (1d)prr—BrWG - (Y1) N1—RT - B7TH(N1).
To discretize —[H. ,{H, V x (Fla, we define the differential operator

D = NO(VX)Nl

and it holds ‘ -
—[H]V x Flo = ¢E(N1) - (-D)T - HITL(NO).
We set (compare (6.4)))

c 1 ~ .
Byt = T orm psncGBco(iv/iged(0)/7)
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and deduce
1 1 1 J+1
Boy+— )¢ ¢ ) = [nx (e, | Bea+— )¢
20 r 210 r

= Ce(N1)((1d) rr—BRWG (Y1) N1—ERT) " B3t (BC)

+ QI]_LOCE(N]')(VT)Nl—)RT)T BNC(Id)BC‘Pj-i_l(BC).

By Bj« and By, we denote the first and second line of the Calderon operator, respec-
tively. With the abbreviation

G1:= (vr)NisBrwa = (Id)Brr—BRWG - (VT)N1>RT,

we obtain
0 a7 ¥Ph . —
(o) (00 (7)), e 0) -
—1TER r
CE(N1>(_G1)TBSNC(B2’*)(BI]§V?/G)(5;)<—gl(583rl)>l( ( )>‘+1 (tj41)-
—glg(ozvnj =0

Most of the remaining terms in the first and second equation can be treated analogously,
we have

For
1 ~ .
By = 1o rcDBRWG(13/10206(0)/7),

it holds (by ¢;(RBC) =n x ¢;(BC) = —¢;(BC) x n) that

—(0f, (o)™ + Bua) e Bl r = o< of, ((200) ™ + Bia) v By
= 2;OU‘P(BC') - recldBrr - (vr) N1 RT - EPTH(NT)
+v9(BC) - B{4' - (vr)nimBrRwe - EYTH(N1).
Furthermore we define
B! = — rcEnc(iyi@n(0)/7).

and write

W, Bragh™r = [vf x n, Biig) M r
= —v¥(BC) - B{5 - I 1(BC).

The Convolution Quadrature right hand side term is computed in a similar way, we
denote the first row of the Calderon operator (with e; := (1,0)) by

B «(s) :=e1 - B(s)
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and obtain
vf = @
—((").B@n| ™ () =
0 ’YTEh s ]+1:0
|(*’YTEh) r
a1 (P(BC)
v?(BC) RBc(Bl,*)(Bgv?/G) (07) (GlE(Nl) (Bo) it (tj+1)-
‘L&E(M)) =0

We summarize and build up the full system. We recall the mass matrices

Ml = N1IdN17
Mo = noldno,
My = rpclderr(vr)vi—rr = —(sncldse)” (V) virT,

the discrete differential operator

D = NCVXNC7

the trace operator
G1 = (Id)Brr—BRWG - (YT)N1=RT

and Calderon sub operators

-1 ~ ) . 1 ~ )
Bt = B0 e Epe(iVinges(0)/7), Bi§ = o rBeDRWG(i/110€06(0)/7),

1,1 = /7(2) o
-1 ~ . € ~ .
By = m sneGBeliyiend(0)/7), By = \/;Z sno ' rwa(iy/10g06(0) /7).

The overall discretization matrix then is
(£ +0)M, — G B§%'Gy
D
My + B,

DT GIBY - s (Ma)T
£ M, 0

Lhs =
0 B

with right hand side
LM EI(N1) — My JJIHH(N1) + R}

Rhs! = 10 Mo HI (NO)
' (Bi) se \(@)(_£EO ]
1B yie) GBI g5, )70
where
e (chd 5oy P(BO) |
" ) BSNC(BQ’*)(BIEV%G)(@)<_GlE(N1) I( »(BC) )J#l_o(tjﬂ)
-G E(N1)) T

and the system to solve in the j-th time step is
Eitl(xy) ,
Lhs | HIT1(),) | = Rhs’.
@’ t1(BC)

(6.13)



6. Numerics 144

6.3.2. Numerical experiments
Convergence in time

We consider a simple example on the unite cube
Q=[0,1]%,
where we choose observation time and the material parameters as
T=0.25 pup=20, ¢ =30, oc=0.1,

as well as the initial and input data

The GMRES tolerance and Convolution Quadrature parameters are set to

tolgmres = 107,  py = tolgmresN/Q, L=N.
As discretized initial data and input data we use L?-projections to the respective spaces.
We look at the time discretization error on a fixed coarse mesh. The reference solution
is computed on a fine time grid. For the time step sizes 7; = T - 27, for i = 0,...,7,
the reference solution is computed with 7o = min(7;)/2. We consider the maximum
L?(2)-error as '
err; = max_ ||E) — Efrlef(tj)HQ
J=0,...,N;

and obtain first order convergence results for £ and H in L?(Q), see Figure m

1071,
/” l”
10—3,
10—2,
_ _
o S 1ot
- -
W] W]
1073 -, -
- err(1) . —-©— err(1)
--- o(1) " --- o(1)
10~ 10~ 10~ 107
Time step size Time step size

Figure 6.3.1.: Convergence in time for F (left) and H (right) in L?(Q).

We compute the maximum L?(I')-error as

J ref
R _ t.
err; j:r(I)l,?.L?fNi ||90h en ()l

and obtain first order convergence results for ¢ and ypFE in L*(I), see Figure m
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Time step size

Figure 6.3.2.: Convergence in time for ¢ (left) and 47 E (right) in L?(I).

Convergence in space

For the following example, we consider the domain
Q= 1[0,1]%,
where we choose the observation time and the material parameters as

T=0b5 e=¢=10, pu=pup=10, oc=1.3,
as well as the initial data fitting to the exact solutions below. The RHS-input data is

chosen such that the exact solution is given by

sin(ma1)? sin(7z2)? sin(rxs)?
E(t,z) =t 0 :
0

H=-97'VxE/u, o=1v=0.

Finally, the tolerance and restart parameter for the iterative solver (GMRES), the
stabilization parameter and the Convolution Quadrature parameters are set to
=1 pn= tolgmresl/(2N), L =N.

tolgmres = 107°,  restart = 20,

As discretized initial data and input data we use interpolations to the respective spaces.
We look at the space discretization error on a fixed time grid such that the time error
is small enough (N = 20 for T" = 0.5 is small enough) and compare the approximations
with the exact solution.

For the mesh sizes h = v/3 ~ 1.7, \/3/2, cee \/3/12 =~ 0.14, we compute the maximum
space-errors (as norm we use the norms of H(curl, Q) and L?(Q) for E, L?(Q) for H and
L3(I) for ¢) as

erg; = max |G} —~G(t;)|. Ge{EH g}
Jj= T

[ARS}

We obtain first order convergence results for E, see Figure [6.3.3
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100_

10—1,

Error

10—2_

107!

107!

Mesh size

100
Mesh size

Figure 6.3.3.: Convergence in space for E in H(curl,Q) (left) and L?(€2) (right).

We observe first order convergence results for H and ¢, see Figure [6.3.4]

Error

lofl,

4 10—1,

Error

—©— err(h)
=== 0(h)

—©— err(h)
=== 0(h)

160 107!
Mesh size
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Figure 6.3.4.: Convergence in space for H in L?(Q) (left) and ¢ in L?(I") (right).

6.4. Convergence with Rates for the MLLG System

6.4.1. Implementation details

In this section we present the implementation details of Algorithm[5.11]used in Chapter[5}

In comparison to Algorithm the tangent plane scheme is formulated as a saddle
point problem (cf. Section and the Convolution Quadrature weights are approxi-
mated by a quadrature rule (cf. Section .

Concerning the interior Maxwell space discretization, we use first order Nédélec ele-
ments Aj, instead of the discontinuous Galerkin elements. For the boundary we use
the trace space yr(AX},), i.e. the RT space. While there are higher order Nédélec- and
discontinuous Galerkin-spaces implemented in FEniCS, in Bempp the coupling is only
implemented for the first order Nédélec space and the first order continuous Galerkin
space. Furthermore the Calderon operator and tangential trace operators are only avail-
able for the Maxwell boundary spaces which are of first order. For numerical experiments
considering higher order convergence in space, an implementation of those spaces im Be-
mpp would be necessary, which is beyond the scope of this thesis.

The proofs of Chapter [f]stay true for the implemented spaces in a similar way, compare
Section and [99, Remark 5.1].

Algorithm 6.3. Input: Discretized initial data m%, H,?, Eg, 902 = 0, ¢2 = 0 and
starting values m,ll, m}l, H}{, E}L, go}L, 1/1,11.
For n=2,...,N: For given values at t,,_1, determine the approximations for ¢, by:
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o Determine (1}, A) € SY(Tp,R3) x SY(T5,R) such that we have for all (pp, &) €
SHTh, R3) x SY Ty, R)

alrivy, prla + [y X 1y, prlg = [Vmiy, Venlg + [H, prlg

o o n (6.14)
+ lon - My, Anla + [my, - g, Enla,
where mj and iy are related to mZ_j for 7 =0,1,2 via
1 j : 1 /e i—1
my = - > 6my Y, my =Y _yjmy 7 /‘Z yimy T ‘ (6.15)
j=0 §=0 j=0

o Determine E;L‘, H} € &y, and ¢}, ) € y7 (X)) such that we have for all CH 1/2, ¢, Cf’l €
X, and vh,vh € vr(Xn)

2 G o = ™ G e = 21V < BTGP o = 2BV < G
n— H 7_/’[’ n H7
- th » VT C 1/2> E[mh 17 h 1/2]97

(6.16)
By, (Pl = [Ep Y, Pla+ = SV x Hy V2 Bl + S [HE Y2V x ¢Fla

T 1/2
gt ,vTch>p—r[aE

2

—=n—1/2 n—
2y gr=ii2 B,

(6.17)
n— T n ) T n )
It G o = [t ™2, G = 21V < BRL G Ye = S 1BV x G
T n : THy.n ~H,
- Z<¢h,7TC51>F - j[mmé}? e,
(6.18)

This is coupled with Convolution Quadrature on the boundary

vf n—1/2 1 0P T FYTE]—L —1/2
<<U;th> ( («%)(m)) >F: 2<<v%>< 07 HV >>F (6.19)
- BT <’Uh, TLIFT( v 1/2)>F’ (620)

where ?_1/2, =12 and LIFT are defined in (5.10).
Output: Sequence of approximations my, E}', Hj!, o), Y.

Remark 6.4. Note that Algorithm[6.3 is equally expensive as the approzimation for the
uncoupled systems for the BDF-LLG-Approximation and the interior-exterior Mazwell-
coupling:

o Given H' ', EP1 o1 and )1, compute H,TZ_I/Z by (6.16]).

o Insert (6.17] - n and solve for gon 12 and Y. Then compute Ej' with (6.17])).

o Insert (6.18) in (6.14) and solve a linear system for my. Then compute H}' with

(6.18) and mj with (6.15)).

We introduce the mass matrices

My = pqldyvt, Ma = gycoldsnve, M3 = ylds:
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and the differential operator
1 T
D= —§(N1V><N1 + (v Vxn1)")-

With the trace operator (yr)n1—rwa, we define

1

1
Cr = _i(PYT)j]\}IHRWGM2T7 Co = %Cl

and initialize the time harmonic Calderon operator (compare Section [6.1.6))

B(s) = (g g) ().

We build up the matrix

(e+o7/2)M; 0 7/2C 0
o 0 po My 0 2871CH
S = ~ ~
~C3 0 1/ug pweErwa(5(0)/7) —1/p0 pwaDrwc(6(0)/7)
0 —CT 1/po pweGrwe(8(0)/7) = rweFrRwa(5(0)/7)

Then, takes the form
uMH™Y2(N1) = uM; H" Y (N1) + %DE"‘l(Nl)
- %Clv,b"‘l(RWG) - %Mgfh"‘l(Sl).
With
(e+70/2) M E™(N1) = (6—70/2) My E"Y*(N1)—7DH" Y?(N1)+7 M J" " Y3(NC),
inserting in gives

(e +o7/2)Mi(E™(N1) + EP~1(N1))/2

2 267C1" " (RIWG)
_ _ ar\ (P(BWG)
LhS ‘Pn_iﬁz(RWG) = Bl,*(at )(¢(RWG))|(£)n71/2:0(tn—1/2)
b a7\ (P(RWG) n—
P (RWGQG) — By, (0] >(§<ch)>| (E)Hmzo(tn_m) + CTH1/2(N1)
It follows v} = 27271/ 2 Y7~ and (equivalent to the following is E™(N1) = 2X —
E"1(N1))

(e + 70 /2)M{E"(N1) = (¢ + 70 /2) My E®(N1) — 7Co0" Y/2(RWG).

Inserting (6.18)) in (6.14]) gives a linear system for 7}l which is solved by separating known
and unknowns and writing the resulting (bi)linear forms in FEniCS syntax. With the
solution 71} at hand, we compute m} with (6.15)). Finally, H}' is computed with (6.18)
via

uMiH™(N1) = My H™Y2(N1) + gDE"(Nl) - %Clwn(RWG) - %Mg’l’h"(Sl).
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6.4.2. Numerical experiments
Convergence in time
We consider a simple example on the three-dimensional unite cube
Q=10,1)3,
where we choose the observation time and the material parameters as
T=025 e=¢=11, pu=p=12, =13, a=14, C.,=1.5

as well as the initial data

1 0 0 0 0
m’=10|, E°=|0], H'=|0|, & =[0], ¢°=]0
0 0 0 0 0

The RHS-input data is chosen to guarantee that the solutions are smooth enough in
time, i.e. that enough time derivatives vanish at ¢ = 0 on the boundary:

1
J(t,z) = 100t* sin(maq)? sin(rx2)? sin(rx3)? | 0

o

Finally, the tolerance and restart parameter for the iterative solver (GMRES), the sta-
bilization parameter and the Convolution Quadrature parameters are set to

tolgmres = 107°, restart =20, (=1, PN = tolgmresl/(2N), L=N.

As discretized initial data and input data we use interpolations to the respective spaces.
We look at the time discretization error on a fixed coarse mesh and compare the approx-
imations with a reference solution computed on a fine time-grid.

We use time step sizes 7; = T -27% for i = 0,...,6, and the reference solution is
computed with 7 = min(7;)/2. We compute the maximum space-errors (as norm we

use HY(Q) for m, L*(Q) for E, H and L(I') for ¢, 1) as
e = max |Gj - Gi'(t)ll, G € {m, B, H, 5,9}
j= .

etV

and obtain second order convergence results, see Figure |6.4.1H6.4.3

10—5_
10—6_
—
o
-
_
L 10—7_
7
. g —©— err(1)
107°
e -—— O(T2)
1072 1071

Time step size

Figure 6.4.1.: Convergence in time for m.
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—©— err(7)
- 0(T?%)

1072

107!

Time step size

1077,
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—©— err(7)
——= 0(T%)

1072

107!

Time step size

Figure 6.4.2.: Convergence in time for E (left) and H (right).

—-©— err(1)
--- o(1?)

102

101

Time step size

1076,

Figure 6.4.3.: Convergence in time for ¢ (left) and 1 (right).

Convergence in space versus exact solution

We consider an example on the three-dimensional unite cube

Q=[0,1]%,

where we choose the observation time and the material parameters as

T = 0.25,

e=¢g=1.1,

p=po =12,

/, —©— err(T)
//’ -——= 0(7?)
102 10!
Time step size
c=13, a=14, C.=1.5,

as well as the initial data fitting to the exact solutions below. The RHS-input data is
chosen such that the exact solution is given by

—(23 — 322/2 + 1/4) sin(3xt/(10T))

m(z,t) == V11— (@3 —323/2 + 1/4)
—(23 — 32%/2 + 1/4) cos(3nt/(10T))
and
sin(ma1)? sin(7z)? sin(ras)?
E(t,z) =1t 0 , H=-0;'VxE/u, ¢=1=0.
0

Finally, the tolerance and restart parameter for the iterative solver (GMRES), the
stabilization parameter and the Convolution Quadrature parameters are set to

tolgmres = 1078, restart =20, AB=1, pn= tolgmresl/(QN), L=N.
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As discretized initial data and input data we use interpolations to the respective spaces.
We look at the space discretization error on a fixed time grid such that the time error is
small enough (N = 20 for 7" = 0.25 is small enough) and compare the approximations
with the exact solution.

We use the mesh sizes h = V3 ~ 1.7,v/3/2,...,v/3/12 ~ 0.14 and compute the
maximum space-errors (we use the norm of the space L*(Q) or H'(Q) for m, L?(Q) for
E, H and L*(I) for ¢, ) as

errgy = max |G ~G(t)ll, G € {m B Hp v}

=U,...,

We obtain for m second order convergence in the L?-norm and first order convergence

in the H'-norm, see Figure

1001 -
1071 4

Error
Error

1072,
—©— err(h)

--- 0(h?)

—©— err(h)
-== 0(h)

10-1 160 1071 l(|]°
Mesh size Mesh size

Figure 6.4.4.: Convergence in space versus exact solution for the magnetization in the
L?(Q)-norm (left) and H'(Q)-norm (right).

We obtain first order convergence for E and H in the L?(2)-norm, see Figure m

. 10-2 JRe

_ _
O 10-2 o
= =
L L
—©— err(h) —-©— err(h)
-—- o(h) 10-3 -—- o(h)
1073 T T
107! 100 107! 10°
Mesh size Mesh size

Figure 6.4.5.: Convergence in space versus exact solution in the L?(2)-norm for E and
H.

We obtain first order convergence for ¢ and 1 in the L?(I")-norm, see Figure
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Figure 6.4.6.: Convergence in space versus exact solution in the L?(I")-norm for ¢ and

0.

Convergence in space versus reference solution

We show two more experiments where no exact solution is known, but we compare with
a reference solution.

We consider an example on the three-dimensional unite cube and a second one on a
thin plate domain

Q1 =1[0,1]*, Q9 =10,1] x [0,1] x [0,0.08],
where we choose the observation time and the material parameters as
T, =025, T =05 e=¢g=11, p=uw=12, =13, a=14, C.=1.5.

With gy (x) := I3, sin?(7a;) and go(z) := IT2_; sin*(72;) we define the initial data for
the first and second experiment, m{ and m9, respectively as

g3(z) 10g2(z)
! md(z) == ! 0

0 D
T N R e 7

and the Maxwell part is zero at starting time for both experiments
EY =B} =0, H)=H}=0, ¢{=¢5=0 ¢f=y)=0

The RHS-input data is chosen to guarantee that the solutions are smooth enough in
time, i.e. that enough time derivatives vanish at ¢ = 0 on the boundary:

10g; ()2 10go()?
Ji(t,x) =t 0 . Jolt,x) =1 0
0 0

Finally, the tolerance and restart parameter for the iterative solver (GMRES), the sta-
bilization parameter and the Convolution Quadrature parameters are set to

tolgmres = 107, restart =20, B=1, pn = tolgmresl/(QN), L=N.

As discretized initial data and input data we use interpolations to the respective spaces.
We look at the space discretization error on a fixed time grid such that the time error is
small enough (N = 20 is small enough).

We use mesh sizes h = /3 ~ 1.7, V3/2,.. .,\/§/12 ~ 0.14 and hper = \/3/16 for the
first experiment and mesh sizes h ~ v/2/2,...,v/2/16 and h.et =~ v/2/24 for the second
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experiment. We compute the maximum space-errors (we use the norm of the space

HY(Q) for m, L?(Q) for E, H) via

G -G | Ge{mE H},

ref

errg; = j:r&%?,(zo 11},
where I}, . denotes the interpolation onto the respective approximation space corre-
sponding to mesh size h.f. Due to the additional interpolation of the approximation
and as the reference solution may not be computed on a fine enough grid due to hard-
ware restrictions, the rates of convergence are visibly slightly worse than compared to
an exact solution. We obtain for m first order convergence in the H'(Q)-norm in both
experiments, see Figure [6.4.7]

1073

100,

Error
Error

10*4_

—©— err(h)
--= 0O(h)

—©— err(h)
--= 0(h)

107! T T
1071 10° 1071 10°

Mesh size Mesh size

Figure 6.4.7.: Convergence in space versus reference solution for the magnetization in
the H'(Q)-norm for the first (left) and second (right) experiment.

We obtain first order convergence for £ in the L?(2)-norm in both experiments, see

Figure [6.4.8]

101 r

Error
Error

100 q

101
Mesh size Mesh size

Figure 6.4.8.: Convergence in space versus reference solution in the L?(2)-norm for E
for the first (left) and second (right) experiment.

We obtain first order convergence for H in the L?(Q)-norm in both experiments, see

Figure [6.4.9]
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Figure 6.4.9.: Convergence in space versus reference solution in the L?(2)-norm for H
for the first (left) and second (right) experiment.



7. Summary and Outlook

7.1. Summary

In this dissertation we have considered theory and numerical approximation of the cou-
pling between the full space Maxwell system and the LLG equation which is relevant
in various physical and industrial applications. After an introduction of the functional
analytic foundations in Chapter [2, we have reformulated the system on the whole space
in a rigorous way to a partial differential — boundary integral system. In Chapter
under minimal assumptions on the input data, the weak convergence of the approxima-
tions and the existence of a weak solution are shown. Without the coupling to the LLG
equation, these results can even be improved in Chapter [4] for the full space Maxwell
system. In Chapter [5| we show that the approximations with a priori known and higher
order convergence rates in space and time converge to the exact solution, provided the
latter is regular enough. Numerical experiments for all the considered algorithms are
presented in Chapter [6] and underline the theoretical findings. The properties of the
Laplace transform, which are essential for the definition and dependencies between the
different solution terms of the MLLG system, are derived in Chapter [B]in the Appendix.
We conclude the thesis with possible extensions of the theoretical results and indicate
potential directions of future research in the following section.

7.2. Assumptions and Assertions

In this section we consider some of the assumptions we have made throughout the thesis
and discuss their physical significance as well as possible generalizations of the theoretical
results.

Shape of the magnetic device

The domain €2 that indicates the magnetic device is assumed to be open, connected,
bounded with connected, piecewise smooth Lipschitz boundary, in Chapter [2], and in the
following chapters, as far as we work with approximations, it is assumed to be the union
of the elements of a regular triangulation. We recall that convexity is not needed and
also finite collections of such domains can be treated.

Initial data supported inside of the magnetic body

In Section we assume that at starting time ¢t = 0 electric and magnetic field are
supported inside of €2, i.e.

H(0,z) = E(0,2) =0 for all z € R®\ Q. (7.1)

This corresponds to the situation when at the beginning of the experiment everything
is at rest in the exterior domain:

Inserting 0;B(0) = 0:D(0) = 0 in and (no time evolution at starting time
outside of ), the starting values satisfy

(Vx E)0,z) = (V x H)(0,z) =0 forall z € R3\ Q.
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The shifted variables F = E — E(0), H = H — H(0) (with any suitable extension
inside) satisfy and Faraday’s and Ampere’s law (with inhomogenieties,
or even without additional inhomogenieties when choosing the extension such that (V x
E)(0,z) = (V x H)(0,z) = 0 inside of 2. By physical means, it is plausible that this
exists.).

This also justifies to define the discrete starting values (p?l = 0 and wg = 0 in the
Algorithms and [£.8] The regularity assumptions from Chapter [5] even ask for
further derivatives of the boundary variables to vanish at ¢ = 0.

Magnetic body surrounded by non-magnetic material and vacuum

Similar to [25] (on a bounded domain), we may consider the situation in which a mag-
netizable body is surrounded by other non-magnetizable objects, which in turn are sur-
rounded by vacuum. This can be modeled by a domain Q C R?, comprising the whole
experimental setup which is in vacuum and where w C 2 indicates the magnetizable
parts. We thus obtain a coupled system, where on w the coupled MLLG equations hold,
on Q\ w only the Maxwell equations hold, and on 092 we obtain the usual boundary
integral equation. The results of Chapter [3] are retained in an analogous manner. The
results of Chapter [5| can be adapted in the same way, but the regularity requirements
must be checked during application. If, for example, jumping material coefficients are
located within the area of Q (e.g. at object boundaries), then in general not enough
regularity is at hand, see [I55]. Refined analysis would have to show whether in such
cases these could also be attributed to piecewise regularity assumptions (inside of ), if
necessary.

Corner singularities

The conclusion remains similar with respect to possible boundary singularities: If one
considers Maxwell’s equations on domains with an reentrant corner, singularities can
form there. This stays true also with the coupling to the LLG equation. Since in Chapter
[l and [4] analogies of the energy norms are bounded, the results already cover the case
of those boundary singularities without modification of the proofs. For Chapter [5, on
the other hand, it must be checked whether the regularity requirements remain fulfilled
or whether adaptive methods can be applied to improve the numerical complexity, cf.

Section [T.3]

Generalized effective magnetic field

If one considers in Section (physical derivation of the LLG equation) further terms
of the total magnetic Gibbs free energy, or drops the assumption p € R there, a more
complicated effective magnetic field Hog = Am + H + mw(t, m) comes into place. As in
[25], the results of Chapter (3| stay valid, if the additional energy contributions (¢, m)
satisfy

Ie(t,m) 20 < C

for any m € L?(Q) with |m| < 1 almost everywhere and for m, j, M

m(men) 2 w(om)  in L2(Qp).
Also approximations 7, of 7 can be treated, see [41].

For the conservation of the strong convergence results from Chapter [5, we need a
sufficiently good approximation 7 for the implementation and for the theory a suitable
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counterpart 7, which corresponds to the insertion of the exact solution into the ap-
proximation 7}'. The precise requirements on m, 7 and 7}, are the following (compare

Section :
2 ‘ N
Imi = 72 ullz2c) S LD llen g o) + §Hé7fn,hHL2(Q) + cllspll a0 (7.2a)
=0

and at the same time
||7rf’h — 7(tn, m(tn))||L2(Q) < C’(T2 +h"). (7.2b)

In the case an approximate functional 7, is given, possible discretizations of the right
hand side 7} are given by, e.g. mp(tn, m},,) or m(t,, m}). In both cases, we can ensure
(7.2), if we have a Lipschitz type bound

17 (Ens w) = T (Ens 0) | 22(2) < Ll — vl 1)
and an approximation error
[ty () = 7ty Mt 20y < (72 + A7),
The regularity assumptions take the form
m € C*((0,T], H' (£2)) N C*([0,T], W 122(2)),

Am + H +7(-,m) € C([0,T], W (02)). (7.3)

Material parameters

In Section [1.2.2] we assume linear material laws, i.e. the electric and magnetic perme-
abilities € and p are symmetric and uniformly coercive matrices inside of 2 and positive
scalars outside. This is also necessary for the analysis, the reformulation in Chapter
needs representation formulae which are only available for scalar material parameters in
the exterior domain. In Chapters [3| to [5| we need that (at least suitable perturbations
of) [-,e-]q and [+, p-]q yield symmetric and coercive bilinear forms.

The analysis also covers the case of indefinite conductivity, i.e. it is enough to have
that [-,0-]q is bounded. For simplified models like the ELLG system, it is essential
that o is strictly positive.

For the sake of completeness, we also note that constant, positive permeabilities can
also be assumed for air in a good approximation, so that the experimental setup can
alternatively be surrounded by air or other homogeneous gases.

Higher regularity convergence for the pure Maxwell system

Due to the linearity of Maxwell’s equations, arguments similar to those in Chapter [4]
possibly could be extended to higher derivatives. Assuming constant material parameters
(scaled to one in the following), k € N times differentiating Maxwell’s equations results
in

OF'E -V x OFH = 9FJ

7.4
OIH +V x OFE = 0FG (74

Testing with OFE, OF H gives (under neglect of boundary values integration by parts
gives [V x OFH,0FF|q = [V x OFE, 0F H]q)

1 1
SONOFENR + S0 0 HII = [V x 91, 0F Ela + [V x 0}G. 0} H]g

1
< 5 (9Bl + 19FHIE + 19 T1I3 + 195 G113 )
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Integration in time and Gronwall’s Lemma conclude
o7 E@)IG + 10FE@®)1E < €t(H3§“E(0)\% + OFH(O)]3,
+ [k T) I + 10£G ) IR ds ).
Consideration of inductively gives (neglecting J and G for simplicity)

VxH=0FEecl?® VxVxH=Vx§E=-0!HelL?...

and this also links ) £(0) and 0F H(0) to regularity assumptions for the initial data, i.e.
(Vx)FEY and (Vx)FHO have to exist.

Symmetric vs. non-symmetric approach for the Maxwell part

In Chapter 3| we considered a discretization symmetric in £ and H, obtaining the sym-
metric differential operator D = (V x +(Vx)T)/2 and two trace variables ¢ and . In
Chapter 4| however, the discretizations differ in E (piecewise linear Nedelec elements)
and H (piecewise constant elements) and in the differential operators Vx and (Vx)T,
respectively. This results in differences in the convergence of certain points of the solu-
tion, compare Remark and Remark In the symmetric case we have (ignoring
the integration in time)

b

[V X En, Chla + Q[Eh, V X Cla+ 5 <¢ha'YTCh>F = [VxE, (o (7.5a)
and
% ((yr(En), vrCh) 1, wp B, Q) p, + %(d%’YTOFT- (7.5b)

Discretized terms may not correspond to continuous terms, while in the non-symmetric
case the following holds:

[V x By, Glo ™ [V x E,(lo and [Hp, V x Glo ™% [H,V x (o (7.6a)
and
((yrEns vrCh) p (vrEArQ)p, and  ((¢n 1) D (o 16) 1y (7.6b)

Nevertheless, in both cases, for the equivalence to the corresponding solution of Chap-
ter 2| the projection property of the Calderon operator must be exploited, cf. Section
B3] and Section 4.1l

One reason for the convergence in is that in the discretized equation, traces and
interior quantities cannot be separated: In the continuous equation, in the case of

[V x E,(lo+ 5 [E V x(la+ 3 <7/) 7€) r < C¢|la

one can show by the use of cut-off functions that ¥» = —ypE. This is not possible in the

discretized setting, finally it cannot be shown that ¢y, sub —~7E holds. We further note
(cf. Remark that in Chapter |5 even (again ignoring time dependencies)

|n + 7 Ella, < Ch"

can be shown, but there in the consistency analysis the existence of a sufficiently smooth
exact solution is assumed.
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In the non-symmetric case of Chapter [4] the boundary integral equation implements
a discrete Dirichlet—to—Neumann map for the first Maxwell equation, and in the second
Maxwell equation

[V x Ep, Chla < ||Culle

ensures the existence of V x Ej, € L?(Q2). The question now arises to what extent these
phenomena can also be used for a convergence analysis with rates. In [99], a symmetric
method is used and in the stability analysis a term comparable to the one in is
bounded. In the final result, however, no bound concerning the curl of the approxima-
tions is specified. Is this possible using the non-symmetric approach? Is it also possible
to use other methods, e.g. such that work without the additional boundary variables v
and ¢, e.g. by using a Dirichlet—to—Neumann map or by including the conditions that
vyrEy, y7Hy, are suitable exterior data in the respective approximation spaces?

Coupled vs. uncoupled Maxwell-LLG system

In Chapter [4 we transferred the results of Chapter [3] for the uncoupled Maxwell system
and obtained stronger results. This is on the one hand due to the uniqueness of the
linear Maxwell equations, on the other hand, however, due to the reason mentioned
in Remark The occurring phenomena are described in a continuous setting and
boundary terms can be neglected (these are handled appropriately by the boundary
element method). We recall Maxwell’s equations with inhomogeneities J, G

WE -V x H =],

(7.7)
O,H+V x E =G,

note that G = 9ym in the case of MLLG coupling. We test with E and H, respectively
and obtain (under neglect of the boundary terms, integration by parts yields [V x
H, E]Q = [V X E,H]Q)

1

1 1
SOENR + ZOllHIE = [J, Elo + G, Hlo < 5 (1B + IHIIA + 171 + G113

N |

Gronwall’s Lemma concludes for t > 0
t
\WGW%+UHW%Se(Wﬂ®%+WH@W%+A|U@W%+W%$%d%-
In the coupled case, G = dym can be bounded due to the LLG energy estimates.
For the further procedure in Chapter [ we use discrete versions of the following

arguments: Differentiating (7.7 in time, and testing with O, F, 0,H yields

L OOEIR + 00 HIE < = (10.E|3 + |10:HIIR + 19713 + |51

SOl OENG + 500 lG < 5 (LG + I0:H[G + 10116 + 10:Gll5,) -
Again Gronwall’s lemma concludes (with 9, E(0) =V x H°, §; H(0) = —V x E)

t
H&EwﬁﬁW@H@W%Sg@vaWHwaEW%+AH@ﬂ$%+WM%$%d%-
These arguments cannot be applied in a similar way to the coupled case, since there is
no stability result for 8;G = 92m.

With respect to ([7.7)) the question arises whether a stability result for 92m is necessary

at all (if G = 9ym is bounded, why not ;H and V x E 7) We sketch in the following
why this question must be answered in the affirmative.
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If we insert in (7.7) the special solutions E(t,z) = (0,e(t,z1),0)" and H(t,z) =
(0,0, h(t,z1))" we get (with 21 € R again denoted by x)

Ore + Ozh = J,
Oth + 0ze = g.

Assuming space periodic solutions e(t, z) = &(t) sin(kz), h(t, z) = h(t) cos(kz) for k € N
the problem simplifies to

06 — kh = 7j,
Ah + ke = g.
A solution is given by (for simplicity 7 = 0)

e(t) = sin(kt) /Ot cos(ks)g(s) ds — cos(kt) /Ot sin(ks)g(s) ds

~

h(t) = cos(kt) /O " cos(ks)g(s) s + sin(kt) /0 ' sin(ks)3(s) ds

We recall that boundedness of V x E corresponds to uniform boundedness of ke and
compute

~

Oth(t) = —ksin(kt) /Ot cos(ks)g(s) + k cos(kt) /Ot sin(ks)g(s) ds + g(t)

— §(0) cos(kt) — sin(kt) /0 " sin(ks)9i(s) ds — cos(kt) /O cos(ks)Big(s) ds.

Inserting special functions and further arguments show, that this cannot be bounded,
if a uniform bound for kg or O;g is unavailable. We will not go into further detail
here. As ;g corresponds to 97m, d;h cannot be bounded. Similarly, we do not have
a bound for V x dym (corresponding to kg) so that k€ cannot be bounded uniformly.
As a consequence ke and d;h cannot be bounded independently of each other, but for
the combination of both it naturally holds Oh + ke = g, which is bounded again. We
conclude with two resulting statements:

1) Possibly the arguments of Chapter [3| can be transferred to a space-time setting
which considers the differential operator M and the associated Hilbert space H(M, Qr),

with
M= (gﬁ _VVXX> , HM,Qr) = {(5) € L*(Qr)*|M (fl> - LQ(QT)2} :

This possibly could additionally show the weak convergence of

En sub )
i) ()

The existence of M(g), however, already can be deduced from Definition (rewriting
the left hand side of Maxwell’s equations in terms of M(EI) and noticing that the right
hand side is bounded).

2) To extend the results of Chapter |3|in a similar way as in Chapter 4, a stability
result for 9?m or V x 9ym from the LLG equation is needed first. If this furthermore
can be applied in a suitable way to the discrete setting (and if the phenomena described
in the previous paragraph for the non-symmetric Maxwell discretization can indeed be
applied to strong convergence analysis), the results of Chapter |5 could be extended by
the estimates

n—1
n j+1/2 r
IV % E(ta) = V % Eg |22y + 2 llnovr H(tj12) — @3, 23, < C(2 + 072
=0
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7.3. Outlook

We conclude the thesis with an outlook on possible future research projects.

In [23], error estimators for the LLG equation are presented with numerical results
that underline their applicability. However, no rigorous error analysis is provided. How
can efficient and reliable error estimators be constructed that ensure strong convergence
of the solutions?

Another emerging field of research is to incorporate stochastic noise to the LLG equa-
tion. In [73],[74], similar to Chapter |3, almost sure weak convergence to weak martingale
solutions of the (Maxwell-)LLG system is shown. Can the strong convergence results of
Chapter [5| be extended in some way to the stochastic case?

In [66] the total helicity is explored as the sum of two terms: A term that measures
the difference between the number of left-handed and right-handed photons of the free
magnetic and electric fields, and another term that measures the screwiness of the mag-
netization density in matter. Without external input, between a static starting and a
static final state, the total helicity stays constant, only a transfer between the hand-
edness of the free fields and the chirality of the magnetization density can take place.
Numerical simulations that could demonstrate the dynamics of the helicity transfer be-
tween the static states would be of great interest. Therefore, again it is necessary to
consider the time evolution of the fully coupled Maxwell-LLG system and finally, this
could lead to a numerical tool for a novel study of the all-optical switching.

In Chapter strong regularity assumptions on the exact solution are formulated
to ensure convergence with rates. In [63] it is shown that these are satisfied for the
LLG equation, assuming sufficiently small initial data. Can we show the existence of
sufficiently regular solutions for the coupled Maxwell-LL.G system, which then would
ultimately justify the assumptions on the exact solution in the numerical algorithm?






A. Appendix

A.1. Gronwall’'s Lemma, Integration by Parts and Discrete
Counterparts

We state Gronwall’s inequality and a discrete counterpart.

Lemma A.1 (Gronwall’s lemma). Let T > 0 and a : [0,T] — R>¢o be a continuous,
non-negative function, that is bounded for allt € [0,T] by

a(t) < g(t) + C/Ota(s) ds

for a constant C > 0 and a continuous, non-negative function g : [0,T7] — R>g. Then a
s bounded by

a(t) < g(t) + C/Otg(s)ec(t_s) ds.
If g is monotonically increasing, we conclude
a(t) < Cg(t)
for C =efT.

Lemma A.2 (Discrete version of Gronwall’s lemma). Let T > 0, N € N, k € Ny with
k<N andT=T/N. Let (aj)j-vzk C R>¢ be a real valued, non-negative sequence, that is
bounded for all j € {k,...,N} by
o <g'+Cr Z a'
i=k

for a constant C' > 0 and a non-negative sequence (gj)éy:k C R>g. Then a is bounded
forallje{k,...,N} by

j—1
al < gj + CTZgieC(tj*I’ti) ds.

i=k

If g is monotonically increasing, we conclude for all j € {k,..., N}
a’ < CN*g]'

for C =efT.

Integration by parts shows for regular functions a,b: [0,7] — R

[0ra, bl 1o, 1) = a(T)b(T) — a(0)b(0) — [a, O;blpry and
[a, bljo.r) = (07 "a)(T)(T) — [0; " a, Bibljo. 7y

Similarly, discrete counterparts hold true.
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Lemma A.3 (Discrete Integration by Parts). For N € N and sequences (a’)j=o,...N,
(bj)jzo,._,,N it holds

(07 a)t, b7 ).y = @™ — % — [af, (970) 0.7,
[, b Jjo,ry = ((0D) 7 (@™ )p) (tv—1)0™ = [((0F) (" )e)7, (97 0) 0.7y

Proof. Tt holds

N=b g+l g N-1 i+l i
[(0fa )T?bT][OT]+[ , (07 b)F lo,17 —TZ 7ab’+72a9+1f
j=0

S iy

= aVoN — a%°.

The second assertion can be shown similarly, by introducing the sequence ¢ := 0, ¢/ :=
(OF) " Ha** N ) (tj-1) = Tzk OakJrl for 5 = 1,..., N and using (¢/*! — )/7' = a/t!
forj=0,...,N —1:

+ N—1(, k+1 ot 3 +1bj+17_bj
a0 ]o.1 + [((O]) 1@ )07, (97 b)F [OT]—TZ — WV Ty -
7=0
:CNbN_CObO

= ((0F) (" ) (tw—1)b™.

This is the version we apply in Chapter [3] and [l The formula can also be rewritten in
the clearer form

0t b0y = (O a) (VB — e
£ @G+ 1) - [0 @ O o
- <<af>—1 Y)Y — 7a
+Za° M =) = [((0) " (@)1, (076)F o1y

= ((51?) fa) (NN — 7a%" —[((8]) "M (a)F . (870) ]omy
and it is 7a® = ((6])~'a)(0). O

A.2. Discrete Herglotz Theorems

In this section we recall discrete versions of the Herglotz theorem, see Theorem [B:83]
[27, Lemma 2.1-2.3] and the original reference [81]. The notation is similar to Chapter
and the results are for the first order Convolution Quadrature scheme §(¢) =1 — ¢,
see Section [3.2.2] Provided that the scheme is stable, the results can be extended to
higher order schemes, see [99, Lemma 5.3].

Theorem 1 (Discrete Herglotz Theorem on [0, 7). Let B, R € H,,(00) for op € R. Let
a(-,-): X x X — C sesquilinear and continuous. If there exists a ¢ > 0 such that for all
w € C, all Rs > oy

Ra(w, B(s)yw) > cl| R(s)w|,
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then it holds for any sequence (wW")n=o,.. N C X and for all 0 > oy

N N
- Z e 2L Ra(w, (B(OD)w)(tj)) > cr Z e 20t HR(&[)w)(tJ)H%(

=0 =0
Proof. The assertion follows similarly to the proof of Lemma [3.17)and Lemma [3.:21] O

Theorem A.4 (Discrete Herglotz Theorem on [0,T]). Let B € Hp,(0g) for op € Ry.
For N € N sufficiently large and a sequence (w")p—o... N C X, it holds

N N
7Y IBEDw)E)I* < Oy 1((0])™w)(t5)].
j=0

j=0
The constant C depends on og, T and B, but not on 7.

Proof. We extend w to a sequence (w")nen such that ((0])™w)(t;) = 0 for all j > N.
This is always possible by an iterative procedure, as we can write ((9])"w)(tg+1) =
wht /7™ — f((w™)n<k), where f((w™),<k) does not depend on w**1. Now we compute
iteratively w™*!, such that ((97)™w)(ty+1) = 0, w™N*2 such that ((9])"w)(tyy2) =
0,....

Now we define the finite sequence wgw :=w’ for j=0,...,M and w{w =0,j>M. As
in Lemma we have for p = 72707 (| < p and sufficiently small 7

5 1— —200T 200
§R( (C)> > ¢ = / "™ dr > 200e 2770 > oy,
0

T T

With similar arguments as in [27, Lemma 2.1, Lemma 2.3] we obtain
o o0
Ty e LB )w)(t)]* < Oy e (07w (1)
§=0 §=0
For j > M, it is w’ < cer (this can be shown by discrete integration) and therefore
00 N
7Y e U ()M wan) ()P < 7D e N ((OF) M war) (8) |2 4 C (7, m)e 0
j=0 Jj=0
and the limit M — oo exists on the right hand side. We obtain by discrete Causality

(i.e. B(0f )w(t;) is independent of w™, n > j) for M > N

e 4700 || (B(O] Ywar) (t5)]|>

I
.MZ

Il
o

T

N
T e | (B(9] )w)(t;) 12
j=0

J

IN

2

737 e 190 || (B(O] ywar ) (1) 1%

0

J

Combining the previous estimates for the limit M — oo gives

N N
Y e (B Jw) (1) P < O Y e ((9F )M w) (85) I
=0

J=0

Now the bounds e~490T < ¢—4o0t; < | yield the assertion. O
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A.3. Rescalings of the Calderon Operator

In this section, we give an overview of the different rescalings of the time harmonic
Maxwell system and corresponding Calderon operators from literature. Especially for
the implementation, it is crucial to deal with the right operators. The different versions
vary in details, so it is necessary to give all the formulas in detail. The overview also
supported the Erratum [125], in which similar content is considered. All problems are
considered in the exterior domain Q° of the open, bounded and Lipschitz domain Q with
piecewise smooth boundary I'. We do not provide any proofs, however, in brackets we
give some notes why the formulas are reasonable and coherent.

The first reformulation is from Buffa & Hiptmaier in [46]. The Calderon operator is
symmetric, the formulation suits the second order formulation of Maxwells equations.

Buffa & Hiptmaier (BH) In [46] the tangential trace and the Neumann trace, respec-
tively are introduced as

ABHy = u x n,
1
VJEHU = EYT(V X u)

and the following second order formulation for given EBH HBH is considered for k > 0

VXxVxu—k*u=0 in Q°,
'yj@Hu:EBH on I,

'yﬁHu =HPE onr.

Defining v := %V X u, it is equivalent to solve

—ku+V xv=0,
—kv+V xu=0,
vr e =B,
yBHy = gBH,

If EBH and HBH are suitable exterior data, the solution is given by
u = —DBH(k?)EBH _ SBH(k‘)HBH,

Al
U:—SBH(k)EBH—DBH(k)HBH, ( )

with the electric single layer potential

(S5 () (w) i= & [ G2k~ o)y + 1V [ PGk = y)divro(y)dy

and the electric double layer potential
(D7 (ko)) = curl [ G (k.2 = 9)e(y) dy.

where the fundamental solution GP (k, z) is given as

GBH L eik’|z|
( 7Z) - 47T|Z|

The boundary data EBH and HPH is suitable exterior data if and only if

1 EBH EBH
(3-77) () = ().
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Here the Calderon operator is defined as

BH BH

where

VI (k) = 27" o SPH(R)} = {yR™ o DPH(R)},
W (k) = 7" o DPH(R)} = 7R 0 S (R)}

(This is reasonable, by applying the averaged trace {yrG} = (vvGT + 9rG7)/2 to
the representation formula and inserting the zero solution inside of €2, yielding
fyrul = BB )2).

The next reformulation is from Scroggs et al. from [I44]. The Calderon operator is not
as symmetric as before, therefore the formulation better fits to the first order Maxwell
formulation. Nevertheless a scaling with the material parameters is necessary to arrive
at the first order system we consider in Section However, only the wavelength k
is necessary to evaluate the Calderon operator, and not both of the material parameters
go and pg. This is how the Calderon operator is implemented in Bempp 3.4.3. The
formulation differs by a factor ¢ and —¢ in the definition of yny and S, respectively in
comparison to the operators from (BH).

Scroggs et al. (SA) In [I44] the tangential trace and the Neumann trace are intro-
duced, respectively as

v =u x n,
1
WJ%AU = %'YT(V X u)

ESA

and for given and H%4 the following second order formulation is considered for

k>0
VxVxu—k?u=0 in Q°,
vy = E54 on I,
yRAu = H%4 onI.

By defining v := %V X u, it is equivalent to solve

tku+V xv=0,
—itkv+V xu=0,

SA SA
YT U= E )
'quwAv = H54,

If ESA, H54 are suitable exterior data, the solution is given by

_ —DSA(k)ESA _ SSA(k)HSA,

— SSA(k)ESA — DSA(R) HSA, (A.2)

(Note that in view of ([A.3]), the first line of (A.2)) corresponds to the first line of (A.1))
and for the second line, changing the roles of u and v (i.e. v, —u solve a similar system)
yields the consistency of the formula) with the electric single layer potential

(S50 (w) = ik | G5k — o)y - 59 [ G5z — y)divrpy)dy
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and the electric double layer potential
(D5 (k)e) (@) = curl [ G54k~ y)ely) dy.
r

where the fundamental solution G4 (k, 2) is given as

sA ezk|z|
G (k,z) = =

The boundary data ES4, H54 is suitable exterior data if and only if

1 ESA ESA
o) () (5

(This is reasonable, by applying the averaged trace {vyr-} to (A.2) and inserting the
zero solution inside of €2). Here the Calderon operator is defined as

SA SA
B (k) = (K/SA((I{Z) I‘;/SA((IZ))> :

where (the second equalities are reasonable by noticing yyu = y7v)

VSA®E) = {55 0 S5} = — 25 e DA,
WSA(k) = 254 0 DSA(R)} = £257 0 SS4(R)}-

For an better overview, we express the different ways of definition with each other. It
holds

itu = o
Y=~y u,

G5k, z) = GPH (K, 2),

S (k)p = iSPH (k) ¢, (A.3)

D (k) = D5 (k)

BH i BH
BSA(k) = (_ZVVBPE’(“,; ;BHg,’g) -

The following reformulation is an intermediate step between the reformulations from
Scroggs et al. in [I44] and Kovécs & Lubich in [99]. It fits to the first order formula-
tion that arises from the Laplace transformed, first order and time dependent Maxwell
equations, which we consider in Section In contrast to (SA) and (BH) it is a
modification by the factor ,/’8‘—3 and 7, /’;—g, respectively, which employs the difference in

the material parameters g and &g.

Ballani et al. (BA) In [22] similar conventions to the following ones are used. Through-
out the following lines it holds k = i,/2ggs and the tangential trace and the Neumann
trace are defined, respectively as

ygAu:uxn,

1 [e 1

BA

w=— | =yp(V x u) = —7(V x u).
TN T u07( ) Mosv( )
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For k > 0 the second order formulation is considered

VxVxu—k?u=0 in Q°,
vBAy = EBY on T,

yRBAu = HBY on I

1

By defining v := 7

%V X u, it is equivalent to solve

—segu+V x v =0,
spov +V x u =0,
vihu = EP4,

'YQL?AU — HBA,

If EBA, HBA are suitable exterior data, the solution is given by
_ _DBA(k)EBA o SBA(,IC)HBA,

_ @SBA(]C)EBA _ DBA(k)HBA
Ho

(Note that in view of ({A.5)), the first line of (A.4]) corresponds to the first line of (A.1])
and changing the roles of u and v (i.e. v, —epu/pug solve a similar system) yields the
consistency of the second line.) with the electric single layer potential

(SBA( —Zk\/';Tg/ GBA(s,z — y)p(y)dy
Ho

V/ GPA(s,z — y)divre(y)dy
r

(A4)

zk:
1
= — 108 /F GPA (s, — y)p(y)dy + —Vv /F GBA(s,x — y)divre(y)dy

and the electric double layer potential
(D)) (@) = curl [ 6P (5,2~ )ply) dy,
r

where the fundamental solution GP4(s, 2) is given as

e—SvEoHo|2|

GBA(s,2) = pE

The boundary data EB4, HB4 is suitable exterior data if and only if (apply {yr - } to

(A.4))
EBA EBA
() (5) - (5

Here the Calderon operator is defined as

BA BA
BBA(k) - (?{VB%()k) IEI//BA((IZ?)) )

where (the second equalities are reasonable due to yyu = y7v)
VEAR) = {774 o SPAR) ) = == {7k o D (W)},
€0

WEA(k) = {7 o DPAR)} = AN 0 SPA(R) D,
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For an better overview, we express the different ways of definition with each other. It
holds

,yBAu_ SAU_,YT u,

€0 _SA €0 BH
7N U = 7N U = —Z\/ U,

GBA( z) = GSA k,z) = GBH( k z)

BA SA . @ BH
S 1/ S =i 508 (k)e,
DBA(k‘) DSA (k)e DBH(k)%

pagy_ [ WONR)BVIAR W R) BV
Brm=1 SySAk) W) ) SyBH (k) WhH(k) |

(A.5)

The next reformulation is used by Kovacs & Lubich in [99]. In the Chapters
we rely on that formulation, as the Calderon operator has the coercivity property
stated in Lemma The operators are comparable to the ones from (BA), adapted
to the formulation for the trace variables ¢ = —yrE and ¢ = poyrH, which yields
the important coercivity property. The following formulations are based on the first
version of [99], before the Erratum [I125], but are without the sign error noticed in [125].
However, the operators here slightly differ from the ones introduced in [125], but the
overall representation formulae coincide. As described in [I125], the theory of [99] remains
true without restriction and the following formulas even hold without the scaling of time
proposed in [125], so for possibly egug # 1.

Kovacs & Lubich (KL) In [99] the tangential trace and Neumann trace operators,
respectively are defined for k = i,/2gpgs as
VB Ly = u x n,

1
= *\/EOM (V3 u) = -ar(V xu)

and for $s > 0 the following problem is considered

XV X u~+ s*eqpou = 0 in Q°,
VB8 Ly = B on I,
’y]l\fLu = —uHXY onT.
By defining v := —#\/mv X U= %V X u, this is equivalent to solve
spocou +V x v =0,
—sv+V xu=0,
KLy = KL,
1o = —poH™E.

As the boundary data is scaled, this is again the same system as in (BA), if we define

= (—po) " 'v, we arrive at

—seou +V x v =0,
Spot +V x u =0,
vt fu = ERE,
ABLy = HEL,
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If EXL HEL are suitable, the solution is given by

u = =D (s)(BR") — 8% (s)(—poH™F),
v = eouoS"™H(s)(BNF) — DR () (—po HM ), (A.6)
7= —SKL(s)(eo EXL) — DEL(s)(HKD),

with the electric single layer potential

(85 (s)¢) (a) = s /F G (s, = y)p()dy =57 ==V [ G (s,a = )divrg(u)dy
= [ O e ey

1
+,7V/GKL s,x —y)div d
and the electric double layer potential
(D% (s)¢) (2) = Curl/ G*" (5,2 — y)e(y) dy,
r

where the fundamental solution GX% (s, 2) is given as

e—5v/Eorolz|

4r|z|

GEL(s,2) =

The boundary data EXE —pugHXL is suitable exterior data if and only if

1 =N EKL EKL
(2 a BKL(S)) (—uoHKL) N <—M0HKL>‘

Here the Calderon operator is defined as

R B WKL(S) VKL(S)
BHs) = (—soroKL(S) WKL(S)) ’

where

VEE(s) = {1 o SME(s)} = —(eomo) N 0 D (s)}
WHEE(s) = iy F o DRE(9)} = R " o SHE(s) )

To obtain the desired coercivity, the suitability condition is rewritten as
HKL 1 EKL
BKL( s) Ho _ ,
_EKL 2410 \ fo HEKL

BKL(S) _ i VKL(S) WKL(S)
po \=WHE(s) eopoVEE(s))

where
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For an better overview, we express the different ways of definition with each other. It
holds
v =7 e =t = A T,
NP = —poyRAu = —\/EonoyR T u = i/EotioTn u
GRE(k,z) = GBA(s,2) = G54(k, 2) = GPH (K, 2),
S"E(s)p = (—p0) 'SP (k) = (—/Eomo) ' 854 (k) = (i/Eomo) 'SP (),
DKL (5) = DPA(k)p = D A(k)p = D2 (k)

B WBA(k,) —lvBA WSA k‘ ;Tl()VSA(k)
BKL('S) - <€0VBA(]€) MwBA > <\/mv %SA(R‘) >

o wBHR) S vBH(g)

— \ivEoroVPH (k) WBH<> ’

~WEAK) —eoVPAR)) o \ W K)  —/EomoV I (k)

i \/%VBH(/{) WBH(k‘) >
uo< —leVBH(k) —i/ZopoVBH (k) )

BEL(5) = L (;;VBA<k> WhA(k) )_ 1 (@V“(k) WS4 (k) )

(A7)

Remark A.5. In the implementation details from Section|6.1.6, it holds

R SA SA
B(k) = (? g) BSA(k) = (VVVSA<(’§3) VVVSA((’;))>,

so the assertions there (and especially the signs) are correct which can be seen from

comparing (A.7) and (6.4]).



B. The Laplace Transform

In this chapter we introduce the Laplace transform. We consider the scalar valued case
in Section for functions u(t) € R and then generalize the results to vector valued
functions u(t) € X for an Hilbert space X in Section Although many of the results
are well-known, most of the proofs can’t be found in the literature. Similar results
without prove are given in [I15, Section 2.1], in [143] 102] a related setting for vector
valued distributions is considered.

B.1. Scalar Valued Laplace Transform and Differential
Operators

B.1.1. Laplace transform on [0, c0)

The Laplace transform of a function u: [0, 00) — R is defined as

(Lu)(s) = / w(t)e™ dt  for s € C (B.1)
0
and the inverse Laplace transform for U: {R(s) > o¢} — C as
1
(L)) = —/ eSU(s) ds  for t € [0,00) (B.2)
270 JoiR

for a 0 > 0p. We see that the inverse Laplace transform is a priori not uniquely defined.
It turns out that the choice of o does not matter for certain function classes and hence
the definition is valid. We require the following well-known property of the Fourier
transform

Theorem B.1 ([140, Chapter 9]). The Fourier transform
F: LM®) = L(R) N CR), (F(@) = [ 1) dg (B.3)
can be extended to a continuous and continuously invertible operator
F: L*(R) — L*(R).
The inverse operator is given as the extension of the inverse Fourier transform
FULR) — L) NCR), (F L)) = o [ €)= de.
Proof. By Plancherel’s formula for the Fourier transform, it holds for all ¢ € C§°(R)
IF¢lz = 2l ¢lz.

Now the Fourier transform can be defined for f € L?(R) by a density argument as

Ff:=L*R) - lim F(€)e™™e dg,

r—00 |x\§r

where the convergence is understood in L?(R). For f € L'(R), this definition coincides
with (B.3). Similar statements hold for the inverse Fourier transform. The proof of

FF=FF ' =dpg-nre
can be found in [140, Theorem 9.13]. O
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The similarities between the Laplace transform £ and the Fourier transform F are
expressed in the identity

(Lu)(o +i1) = F(u(-)e”7)(r) forall o,7 € R,

where we extended u by zero on (—o0,0). This allows us to define a useful domain of
definition for the Laplace transform.

Definition B.2. For c € R, we consider the space
L2[0,00) := {u: [0,00) — R measurable | (z — e~ ““u(x)) € L*[0,00)}

equipped with the norm

c:

[l £20,00) = €™ ull[0,00)-

For u € L2]0,00), we redefine the Laplace transform
Lu(s) = F(x — u(x)]l[o,oo)(:v)e_%(s)x)(%(s)). (B.4)

for all s € C with R(s) > c.
Furthermore, we define
12[0,00) := | L2[0,0)
ceR
and observe that L2[0,00) C L%[0,00) for all ¢ > c.

Remark B.3. The function U := Lu is well-defined on {Rs > ¢} and thus depends on
the growth of u(t) for t — co. Even exponential growth is admissible.

For Rs > ¢, it is e % u(-) € L'0,00) and formula can be interpreted in the
classical sense , yielding a continuous function on each vertical line in .

Theorem B.4 (Plancherel’s formula). It holds for u,v € L2[0,00) and for all o > ¢

/OO e 27ty (t)u(t) dt ! / Lu(s)Lv(s) ds,
o+iR

0 T or
especially we have
I£ull?+im = 27wl 2 o o)

Proof. This is a direct consequence of Plancherels formula for the Fourier Transform
which gives for u,v € L?(R)
[Fu, Fulg = 27[u, v]R.

We are not able to establish boundedness
L : L2[0,00) — Im(L).
However, for u € L2[0, 00), Plancherel’s formula yields for o > ¢
1Lullotir = V27 ||z = e~ u(z) 0,00

and it holds
Hx — 6_CI’UJ($)H[0,oo) = lsj]ilz ”LE — e_O'xu([E)H[OpO)-

Thus, for arbitrary, but fixed c € R

L2 (L2[0,00), || | z2(0,00)) = (Im(L), [ - l[tm(z))

is bounded and with bounded inverse on its image Im(L), which we will determine in
the following. A suitable choice of || - ||ym(c) is

H : ||Im(£) = sup]|| - Ha—i—iR-
o>c
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Lemma B.5. For u € L%[0,00), U := Lu is analytic on its domain.

Proof. For z € C it holds

1 1
. / e*v dw‘ < / max ("%, 1) dw = e™ax(0:R2), (B.5)
0 0

ez—1’

For Rsg > ¢, § > 0 such that Rsy > ¢+ 26, and for all s1 € Bs(s2) (Bs(s2) denoting the
open ball with radius § around s9) we have by the Cauchy Schwartz estimate and (B.5))

|U(s1) — U(s2)] < / lu(t)|e et 51t — 52| dt
0

o0 12/ roo 1/2
S (/ |u(t)|2€—20t dt) (/ 62<c_§R(Sl))t|1 o 6(81—52)t|2 dt)
0 0
00 1/2
< Jleu() sl ([ e mone g )
0

C(u,c,d)|s1 — sal,

since max(c — R(s1),c — R(s2)) < d by definition. Therefore an integrable majorant for
the integrand of ]U(sl) U(s2)|/|s1—s2] exists, we can interchange limit and integral and
see that O;U(s) = L(—tu(t)) exists. Thus U has a complex derivative and is therefore
analytic, see [140, Chapter 10]. O

Lemma B.6. For u € L2?[0,00), the L?-norm over each vertical line of U = Lu is
uniformly bounded for o > ¢ and it holds

sup [|U ||s+ir = [|U|c+ir < 00.
og>c
Proof. By Plancherel’s formula and the theorem of monotone convergence we have

sup ||z — U(o +iz)|[3 = sup/Jr \U(s)|? ds = 27 sgp ||z — e_”u(x)H[QO’oo)
o+iR ag>C

o>c o>c

=27z e C"Eu(x)H[QO’oo).
Another application of Plancherel’s formula concludes

sup ||z = U(o +i)|[f = 2nl|lz = e™u(@)fg 00) = IU (e + i) R

o>c

O]

The properties of U := Lu shown in Lemma and Lemma are already enough
to characterize the image of the Laplace transform.

Theorem B.7 (Paley—Wiener theorem, cf. [I128, Theorem V.|, [140, Theorem 19.2]). If
U :sw— U(s) is analytic for R(s) > o9 and

sup /~ |U(s)|? ds < oo,
g>0—0 O'+1R

then there exists a function u € L2]0,00), such that U = Lu.

The space of the functions with these properties — to be analytic and uniformly square
integrable over each vertical line for high enough real part — is the right choice as domain
of the inverse Laplace transform. By transformation of variables s = o + £, we can
express the inverse Laplace transform in terms of the Fourier transform

(L0 () = i/oo THO (5 4 i€)i dE = e FL (U (o + i) (8).

21
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Definition B.8. For op € R, we define the Hardy space
H(oo) :=H*(00) := {B | B(s) : {Rs > o} — C is analytic

and sup / U(s)[* ds < o0},
o+iR

o>00

equipped with the norm

[l = sup [ U ds
We define the inverse Laplace transform for U € H(oo) as

(LU () := ' F N U (o +i-))(t)
for a 0 > ag. We collect the Laplace invertible functions

H:= | H(oo) = {B|Fora oo €R, B(s): {Rs >0y} — C is analytic
go€ER

and sup / |U(s)* ds < 0o}.
o+iR

o>00

We summarize the properties and the welldefinedness of the inverse Laplace transform.
Especially we have a one-to-one identity through the Laplace transform between L2[0, 00)
and H and between L2[0, 00) and H(c).

Theorem B.9. For oy € R and U € H(oy), there exists a unique u € L2(Ry), such
that U = Lu. It holds u € L2 [0,00) and

LU = u.

The function U can be extended by the L? — lim,_,s, to the vertical line {Rs = oo} and
Ul{ps=oo} € L?(00 +iR). There holds

27T]|e_‘7°'u||[20,00) :~sup/~ ' \U(s)|? ds:/ ‘ |U(s)|? ds.
o> Y o HIR oo+iR

Proof. Existence follows from Theorem and Uniqueness of v € L2[0,00) can be
deduced with Plancherel’s formula: Let u; € L2 [0,00), ug € L2,[0,00), Lu; = U,
Lus = U, then it holds by Plancherel’s formula and linearity of the Laplace transform

0= sup /~ U (s) — U(s)[? ds

’5>O-O O'JrZR

> s [ UGs) - UG ds

g>max(al,az) o+iR

= sup  27fle” (ur — u2)lf o0
o>max(01,02)

> 0.

Thus u; = ue. By Plancherel’s formula and the monotone convergence theorem we
deduce

sup [ |U()? ds = sup 2 ulfh

o>00 o+iR o>o0g

= 27|le” 9 u

2
[0,00)>
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i.e. u € L2 [0,00). It holds for every o > oo and almost every ¢ € R
(L70)(t) = e FH(Lu)(o +i))(1)
= " F (s = Fu(- Mo (-)e ™ )(S5)) (0 +i) ) ()
= 7 u(t) 1,00y (t)e "
— () ) (1)

As U = Lu on {Rs > 00} and u € L2 [0, 00), by Lebesgue’s theorem we have

V(o1 +i) = Uloo+i-)E =27 [~ (e = e tpu(o)? dr
0
— 0 for o1 — oy,
SO

Ulog+i-):=L*R) — lim U(o+i-)

o—00

exists and it holds

sup [ (Us)[* ds = sup 2 e ulff

E>UO o+iR o>00

= 2nlle ™" ullfy )

= |U(s)|? ds.
oo+iR

B.1.2. Laplace differential operators on [0, o)

For a function B : {Rs > oo} — C it is natural to define the Laplace differential operator
B(8;)f via the Laplace transform as £~ 1(B(s)L(f)(s)).

We start with a first, most general definition and in the following we give sufficient
conditions for the welldefinedness and state the resulting properties of the operators.

Definition B.10. For a function B(s) : {Rs > 09} — C for a 09 € R and f € L?[0,00),
such that

B(s)Lf € H, (B.6)
we define B(0y)f as
B(0y)f = L1 (B(s)L(f)(5))- (B.7)

To determine the properties of B(d;), we require function spaces with homogeneous
initial conditions.

Definition B.11. We define for m € N the spaces with homogeneous initial condition
up to order m — 1, i.e.,

H{'[0,00) := {¢ € H™[0,00) | $(0) = --- = ¢! ~V(0) = 0},  H{[0, 00) := L?[0, o0)
equipped with the H™[0, 00)-norm and the exponentially weighted spaces
HM™0,00) :={¢ | z — e ““¢(x) € H™[0,00) for some ¢ € R}, H[0,00) := L]0, 00),
the exponentially weighted spaces with zero condition att =0

Hg'[0,00) == {¢ | x = e~ “¢(x) € Hy'[0,00) for some ¢ € R}, Hgv*[O, o) == L?[0, c0).
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Furthermore, we define for fited damping parameter ¢ € R

HM0,00) :={¢ |z~ e “p(z) € H™[0,00)}, H[0,00) := LZ[0,0)
and

H{[0,00) := {6 | & = ™ () € H'[0,00)},  H{,.[0,00) := LZ[0, o).

We equip these spaces with the norms

. 1/2
l[ull zrm10,00) = l[ull z7710,00) := (2% H@JUH[%,OO))
iz

and
e

[l nfo,00) = Ml g j0,00) = €™ vl rmpo,00)-

Note that functions in Hg"[0, c0) may have infinite support (in comparison to C§*[0, 00),
where we collect m times differentiable functions with finite support, see Definition [B.16|
below), the sub index 0 illustrates the zero condition at ¢ = 0. There is a possible
ambiguity of notation between H" for ¢ = 0 and H|" denoting the space with zero
initial condition. This, however, will not be a problem in the following, as the variable
c will never be substituted with particular values.

Remark B.12. [t is equivalent for c € R

feHI0,00) < e fe H™0,00)
SeCf .., e o f e L?0,00)
& f,..., 0" f € L0, 00).

The norms || - |gmjo,00) and || - || j0.00) are equivalent (depending on c) to the norm

LFI7 5= D2 1107 F 17 210,00)-

Theorem B.13. For ¢ € R and m € N the spaces H™[0,00), H™[0,00), H[0,00),
H{'.[0,00) and H(c) are Hilbert spaces together with the scalar products

[u, U]Hgﬂ[o,oo = ZWU 3t ]Ooo)a

[ua U]Hcm [0,00) = Z[ e 8t]u7 851}} [0,00)>

j=0
[U7U}H(T’C[O7OO) = Z[ e agu?&{ﬂ [0,00)>
j=0
1
[0, Vine = 5 [U, Vierir.

Proof. The space H™|0,00) is a Hilbert space due to [140], and H{'[0,00) is a Hilbert
space, as the trace mapping is continuous.

The space H'[0,00) is a Prehilbert space, as the scalar product is positive definite,
linear and symmetric and the induced norm is a norm. For the completeness, let v, be
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a Cauchy sequence in H]"[0,00). Therefore e~ ¢ v, is a Cauchy sequence in H"[0, c0)

and converges to v € H™[0,00). This is equivalent to the convergence of v, — € ¥ in
H0,00).

To show that the subspace H{".[0,00) C H;"[0,00) is a Hilbert space, it remains to show
completeness. For a sequence v, — v in H{[0, 00), it holds for 7> 0

Vnljo,7] = Vo) in H™[0, T7.

As the trace mapping is continuous, it holds vl =0, 7=0,...m—1landwv € H(TC[O, 00).
The space H(op) is a Hilbert space by the one to one identity of the Laplace transform
from £ : L2[0,00) — H(00), which is an invertible isometry by Plancherel’s formula. [

Example B.14. a) For the operator B(s) = s, f € Hj ,[0,00), it holds
s(Lf)(s) e H

and we have
B0y f =0 f.

Thus the Laplace differential operator 0 coincides with the weak derivative O, if f is
weakly differentiable and f(0) = 0.
b) For the operator B(s) = s~!, f € L2]0,00) it holds

sTHLS)(s) € H

and we have

t
B(d) =07\ f = /0 f(r) dr.
Thus the Laplace differential operator 8{1 coincides with the integration over time fg dr.

The condition to be zero at t = 0 comes from the fact that we extend the functions
to zero on (—o00,0) and otherwise the function regarded on (—oo,00) would have a
singularity at t = 0.

Proof. a) Let 09 € R and f € Hg,,[0,00). For Rs > oy it holds
[f(#)e™ | = [f(t)e" - em (o)
< [ 1500 = o fr)er] dr - oo
< R P 12 o ) ool 12, (00y)

—0 fort— oo.

Using this outcome and integration by parts we obtain
Lf(s) = / Ft)e™ dt
0
_ _/ F#)e (=)™t dt + [f(t)e " (—s) "
0
1
= —Lf'(s).
L)
Thus (the case s = 0 follows from o¢p < 0 and f(0) = lim;_,« f(t) = 0)

s(Lf)(s) = Lf'(s) € H(oo)

and

L7H(s(LS)) = Ouf.
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b) Let o9 € R and f € L2 [0,00). It is for € > 0
“HLS)(s) € H(max(e, 00)) (B.8)
and if 9,1 f(t) := [3 f(1) dr € Hj ,[0,00), the same calculations as in a) show
L0, f) = f,
i.e.
LU sTILA)( / f(r

As 071 f(0) = 0 and 8,0, f = f € L?[0,00), it remains to show d; ' f € L?[0,00). By
the estimate for z € C

e?—1
z

1 1
= / e dw‘ < / max(e"?,1) dw = ¢Pax(0:R2)
0 0

we have

t t
< / 2007 dT/ 6_2“07|j‘"(7')|2 dr
0 0

/Otf(T) dT2

e?aot -1

< 7||f”L J[0,00)

< temaX(O 200t) 1122 0.00)-
0'0 )

Thus for every € > 0

(o]
07113 = [ € OO g2 g
00 0 (Bg)

o
—2¢t 2
< /0 te dt”fHLgO[O,OO) < .
O

Remark B.15. If we compare (| - ) to , we expect that this estimate is not optimal
for og > 0, (in this case € = 0 should be posszble). Indeed, we can improve our estimates
for og > 0: By the previous estimate it holds for ¢ > o9 > 0

167 331000 = [ 707 )

= [T e
0

= [ (=20) O SO [ e 2001200 PO (1)

1 o0
_ - /0 e~ F(t)e £ (8) di

g

1 _
< ngHLCQ,[O,oo)Hat " fll 22 (0,00 -

Division by H@t_lfHLg[opo), o — oo and monotone convergence yield

Hat_lfHLgO[ooo < ”fHL2 [0,00)-
This additionally shows continuity of the operator

8t 1 L2 [0 OO) — L2 (6 00)[07 OO)

max
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We define the following spaces for a domain 2 C R™, m € N.
Definition B.16. The space of k-times continuously differentiable functions

CH(Q) := C*(Q,R™) := {f: Q = R"™ | f is k times continuously differentiable in Q°

and continuously extendable to Q}.
The infinitely differentiable functions are defined as

C>®(Q) == C®(Q,R") == [ C*Q,R").
keNg

For a function f:R™ — R™ we define the support as
supp(f) == {z[f(z) # 0}
and the compactly supported functions
CH(Q) := CH(Q,R") := {f € CF(Q,R™) | supp(f) is compact and supp(f) C Q}

and
Ceo(Q) :== CF(Q,R") == ) CE(Q,R™).
keNg

Lemma B.17. In the situation of Definition[B.10, if there exists an m € Ny, 01,02 € R
and a constant C > 0, such that for every ¢ € C*°(0,00)

B(9)¢ = L7(B(s)L(¢)(s)) € L2[0,00)

and
1B(80)6l22, j0.00) < CllSllerz, 10.00):

then B(0y)f exists for every f € H{',,[0,00) and it holds

B(O)f = I B(8)é,
( t)f ¢o—f in }%1702[0,00) ( t)¢

where the convergence is understood in L?,l [0,00) and the limit ¢ — f is in H{,,[0,00).
Under these assumptions, we can define B(0¢) as a continuous operator

B(8y) : Hy,[0,00) — L2, [0, 00).
The assertion holds for any space that is dense in H{ [0, 00) instead of C§°(0, c0).

0,02

Proof. Let f € H{", [0,00). By Plancherel’s formula, we have for ¢ € C§°(0, 00) that

1B(s) Lm0 = 1B(O)9 Iz [0,00)

< Cliol pgy o,00)-
Thus, for a sequence ¢ — f in HyY,,[0,00), B(s)L¢ is a Cauchy sequence and conver-
gences in the Banach space H(o1) (see Theorem [B.13)). Especially the limit function is

analytic, and on {Rs > max(o1,02)}, it equals B(s)Lf, because on {is > o2}, we have
pointwise convergence of Lo — Lf

|B(s)Lf(s) = B(s)Lo(s)| < [B(s)|lle™™ (f = &)l £1j0.00)
< C(B’Svo?)Hf - ¢||L§2[0,oo) — 0.

Thus B(s)Lf € H(max(o1,02)) and B(0;)f exists.
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If 01 > 09, we have by Plancherel’s formula and the previously shown

_ 72 _ :
B(at)f - La1 [03 OO) b f inhII_gz [0,00) B(at)¢

If 01 < 03, B(s)Lf has an extension in # (1), i.e. there exists g € L2 [0, 00) such that
Lg = B(s)Lf on {Rs > o9}. As the inverse Laplace transform is uniquely defined by
one vertical line, this already shows B(8;)f € L2 [0, 00) and

(O f 0'1[ ) ¢—f in HJ, [0,00) G

The operator
B(8y) : H,[0,00) — L2 [0, 00)

is continuous, as the approximating sequence can be chosen such that

19l sz 10,00 < 20 fll g, f0.00)

and therefore by continuity of the norm

1B(8:) 12, 10,00) lim : 1B(8:)¢ll 12, 10,00)

<
¢—f in HJ, 0,00

< C||¢|\H3702[0,oo)
< 2C £l ag.,, 0.00)-

O]

Example B.18. a) For o9 € R and every ¢ € Hg5[0,00) N C5°[0,00), it is by Exam-
ple[B.1]]
sCo(s) € H
and
||at¢HLgo[o,oo) < HQZSHH&UO[O,OO)'

For f € Hj,,[0,00) we have

L2 [0,00) — lim Ovp = 0,
70[0:00) o—f in H , [0,00) 16 =Ouf

and
O : H&ao [0,00) — LCQ,0 [0, 00)

s continuous.
b) For og € R, € > 0 and every ¢ € C§°(0,00), it is by Example

sTILp(s) e H

and
107 llez, . 0o0) < 161122, 0.00)-

For f € L2 [0,00) we have

L2

max(€,00)

0,00) — li oty =071
[0, 00) b f inlg}%o[om) A0 o

and
0,11 L3,[0,00) = L2 (c.0) [0, 00)

max

1S continuous.
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In the following lemma, we give a more concrete condition that ensures the existence
of B(0)f.

Lemma B.19. In the setting of Definition[B.10, if there exists an m € Ny, o1 € R and
a constant C' > 0, such that B is analytic on its domain and

|B(s)| < C|s|™ for all Rs > o1,
then B(0¢) [ exists for every f € H{,[0,00) and it holds
B(9)f =" LY (B(s)s™™Lf) = L7YB(s)s ™ L™ f).

Under these assumptions, the assumptions of Lemma[B.17 are satisfied and we can define
B(0%) as a continuous operator for oy € R

B(8y) : H,,[0,00) — L2

max(o1,02) [

0, 00).
Proof. Let f € H{",,[0,00). Then it is s"Lf € H(o2) and
B(s)Lf € H(max(o1,02))
and B(0;)f exists. By Example it is
B(0y)f =070, "B(9,) f = 9" L™ (B(s)s ™ L)
and as f € H{,,[0,00)
B0 f = B(0,)d; "0 f = L™H(B(s)s ™ L(]" f))-

The assumptions of Lemma are satisfied, we have for ¢ € C5°(0, 00), by Plancherel’s
formula and Example [B.14]

1
||B(at)¢||L12“ax(al’02)[0,00) = §||B(S)E¢Hﬂ(max(al,gz))
< CHSmL"ngH(max(al,Uz))
= C|0/" ¢l 2

max(o1,09) [O’OO)

< ”@HH&z[o,oo)-
Definition B.20. We define for m € Ny and o9 € R
Hum(o0) == {B: {Rs > 0p} = C analytic | |B(s)| < C|s|™ for all Rs > o0}

and

We call B € Hg a smoothing operator.

We illustrate the statements of the previous theorem with the simple differential op-
erators 0y and 9, '

Example B.21. a) It holds for every o1 € R that s — s € Hi(o1) as

s| < |s|' on {Rs > o1}
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and for oo €R, f € H&JQ [0,00) we have
hf=0LHLF) = LHLIS) in L2, [0, 00).

b) It holds for every o1 >0
1 1
|s77 < — on {Rs > o1}
o1

and for every oy € R f € L2 [0, 00)

o7 f =L7Y(sLf) in L? [0, 00)

max(o1,02)
and 8{1 is a smoothing operator.

We define the convolution of a,b € L2[0, ) as

t t
m*bXﬂ;:/¢AﬂMt—TMh:i/a@—Tw&)drzﬂwaxw
0 0
and summarize some of the properties in the following lemma.

Lemma B.22. It holds
L2[0, 00) * L2[0,00) C L?[0, c0).
More precise it is for 01,00 € R, a € L2 [0,00), b € L2,[0,00) for o1 # o2

axbe L2

max(al,ag)[

0,00).
For o1 = 09, in general we only have for some € > 0

axbeL? , [0,00).

o1-+€

Furthermore it is
L(axb) = La - Lbon {Rs > max(o1,02)}

and the functions lie in H(max(o1,02)) (or H(o1 + €), in the case o1 = o3). For
A e H(O’l), B e 7‘[(0’2)
LA £L7'B = L7 (AB) almost everywhere in [0, o)

and the functions are in L?

maX(Ulm)[O, o) (or L% . .[0,00), in the case o1 = 02).

o1+€
Proof. For 1 < p,q,r < oo witch % + % =1+ % Young’s inequality gives for ¢ € LP(R),
¢ € LU(R)
¢ *r YllLr®) < |DllLe ) 1Yl Lar)
where *g denotes the convolution over R,
$rz(t) = [ ¢(r) xu(t =) dr.
If supp(¢), supp(v)) C [0, 00), it holds

PR Y = P xp



B. The Laplace Transform 185

almost everywhere on R. Therefore we have for r = p = 2, ¢ = 1 and without loss of
generality o1 < o9

l|ab||3. o110 [0:0) =/ g2 max(o1,02) ]/ b(t —7) dr|* dt

—/ y/ =2 ()bt — 7)le=2|a(7)| dr? dt

= [le™

axe 7% bH[Om)
< le™ al[F1j,00 16”7 bllTo 00

< C(o2 — UI)HCLH%g,l[o,oo)||bH%2,2[o,oo) < 00

For 01 = 09, the same estimate for o1 := 01, 09 := 01 + € gives

la b7 < et a7 (1)

max(oq,01+e€)

[0,00) [0, oo)”6 bH[QO,oo)
<lle H[zo,oo)HaHLgl [o,oo)HbH%gl[o,oo) < 00.
We have by the Fourier convolution law for ¢, d € L*(R), if c xg d € L?(R), that
Flcxg d) = F(c) - F(d).
Similarly, for C, D € L%*(R), if CD € L*(R), it holds
F 1O F7'D = F7Y(OD).

These relations translate to the Laplace transform in a similar way, it holds for s € C,
Rs > max(oy,02)
(e % a)  (e7 R b) € L2[0, 00)

and
L(axb)(s) = Fle ™ (axb)(-))(3(s))
= F((e7™ a) (77 5))(3(s))
= J'"(e_%s a)(3(s)) (e b)(3(s))
L(a)(s) - L(b)(s)-
Similarly we have for almost all ¢ € [0, 00) and ¢ > max(o1, 02)

LA« L7IB() = /Ot e F N Ao+ i)t —s)e”* F Y B(o +i-))(s) ds
= e”t]:_l(A(a +i-))*r f_l(B(U +1i-))(t)
= F Y Ao +i-)B(o+i-))(t)
= L 'AB(1).
O

Remark B.23. Aa ezample that € > 0 is necessary in the previous Lemma [B.29 for
o1 = 09, can be constructed by

1 1

Al) = AT s

The function A is analytic for Rs > 0 and A € L*(iR) N L?(o + iR) for all o > 0, so

A € H(0).
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Thus there exists a € L*[0,00), such that La = A. By what we have already shown in

Lemma [B23, it is
L(axa) =A% on {Rs>0}.

However, as A% ¢ L%(iR), it holds
L(axa) = 4 ¢ H(0)

and thus
axa¢ L?[0,00).

For every e > 0 we have
axa € L?[0,00)

and
A% € H(e).

Lemma B.24. In the setting of Lemma[B.19, it is for every e >0
B(s)s~ "™ € H(max(e, 01)),

so L7Y(B(s)s~ D) exists. Similarly L~Y(B(s)s~"*2) exists and is continuous re-
garded as function on R. For f such that B(0;)f exists (e.g. f € H{%[0,00)), it holds

B(9,)f = oM LY (B(s)s™ M) w f = 9 2LTY(B(s)s T2 x f.
For f € H(le[o, o0) we have
B(@)f = L7 (B(s)s D) s ot
and for f € H{'*?[0, 00)
B(8:)f = L7 (B(s)s ™) x 0" f.
Proof. Tt is B(s)s~(™*1) analytic for Rs > max (o, 0) and by
1B(s)s~ ™) < 5|1 on Rs > max(a1,0),

we obtain
B(s)s~ ™Y ¢ H(max(e, 01)).

The function £-1(B(s)s~(™*2)) is continuous regarded as function on R, as
B(s)s~ ") ¢ L'(o + iR)

for ¢ > max(o, €). By the Fourier transform properties from Lemma [B.1]it is continuous
on [0,00) and

L7 (B(s)s™ M) (0) = o7 L7H(B(s)s~ ™) (0) = 0.
For o3 € R, g € L2,[0,00) it holds with Lemma m
L7YB(s)s™ ™V Lg) = £7YB(s)s~ M) % g.

The assertion follows from

—m aqQm

0" 0™ = 1dp2(000)512[0,00) O " OF = Idmg [0,00)— . [0,00)

and

L7YB(s)f) =07 o, LN (B(s) f) = 07 LT (s B(s) ),
as well as

L7YB(s)f) = L7HB(s) (@0 ™10 ) = L7 B(s)(9 T ).
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Again, we illustrate the previous lemma for the simple differential operators 9; and

ot
Example B.25. a) It holds for f € H&*[O, o0) that
t
of =3F [ #(r) dr =por ' s
0

and

O.f = 8 /Ot(t _ ) f(r) dr = 8392,
For f € Ha*[(), o) we have
o f = /O VP f(r) dr = o702
and if f € Hj ,[0,00), even
O.f = /Ot(t _ O3 f(r) dr = 07203,

The function L71(1/s*) = 1o o0\ (t)t is continuous over R.
b) It is

£ (o) (1)) = S%

and

It holds for f € L2[0,00) that

t
0

o7\ f =, / (t—7)f(r) dr = 8,0, f

and

_ t(t—T1)2 _
orts = [ S ar= oy
For f € H{ ,[0,00) we have

t(t—r1)2

o7 =0 [ S50 (r) dr = 00,0,

and if even f € Hg ,[0,00),

t(t — )2
o'y = [ ST ar = 070k s

Remark B.26. The formulas in Lemma and Lemma that do not need dif-
ferentiabillity of f, also hold for f € L2[0,00), if B(0;)f exists (i.e. B(s)Lf € H). In

this case it is for m € Ny

B(9,)f = 97" L™ (B(s)s ™ Lf)
and for high enough m € N

B(&h)f = 0L~ (B(s)s™™) « f.

The last equality only holds if L~ (B(s)s™™) exists.
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We summarize some further properties concerning the concatenation of Laplace dif-
ferential operators.

Theorem B.27. Let f € L2[0,00) and functions A(s), B(s). If B(0;)f and (AB)(0,)f
exist, then A(0;)B(0:)f exists and equals

(AB)(0)f = A(0r)B(0y)f.

If furthermore A(8,)f exists, it holds

(AB)(0)f = A(0r)B(9)f = B(Or)A(Oy) [.
Corollary B.28. For A € Hy, B € Hn, AB € M, and f € Hy™™"P[0,00) it is

(AB)(0)f = A(0r)B(9)f = B(O:)A(0y) [.
Example B.29. For f € L2[0,00), 07\ f exists, L~V (Lf) exists, so

f=001,

but O, f exists only for f € H&*[O, 00).

The following Herglotz theorem, originally from [81], is an important result for the
connection between positivity and boundedness of time dependent and time harmonic
operators.

Theorem B.30 (Herglotz theorem, cf. [27, Lemma 2.2]). Let B, R € H™ (o) for oy € R.
Then the following statements are equivalent:

o There exists ¢ > 0 such that for all w € C, all Rs > o9

R(wB(s)w) > c|R(s)wl|?.
o There exists ¢ > 0 such that for all w € H{[0,00), for all o > 0

/00o e 2 R(w(t) B(d)w(t)) dt > C||R(3t)wH%g[o,oo)'

Additionally, the following statements are equivalent:

e There exists C > 0 such that for all Rs > og
B(s)]* < CIR(s)|*.
o There exists C > 0 such that for all w € H{%,[0,00), for all o > o
1B(85)wl|72(0,00) < CIR(O) w1720 00)-

Proof. The execution follows immediately by Plancherel’s formula, and the reverse di-
rection can be shown by localizing around arbitrary values by special sequences, cf. [27]
Lemma 2.2]. O
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B.1.3. Laplace transform and differential operators on [0, 7]

As we will mainly work on bounded time intervals, we want to define the Laplace trans-
form and Laplace differential operators for functions with domain [0,77], so e.g. for
f € L%([0,T]). The Laplace transform can easily be defined by extending f to zero
outside of [0, T7:

For f € L*([0,T]), it is e=® fljgq) € L?[0,00) for all ¢ € R , thus

Lf:= ['(f]l[o,T})

exists and is analytic in the whole complex plane. Also £~! of £f is well defined and
returns a function with support in [0,7]. For general functions B € H, we can ensure
supp(£~1B) C [0,T] by setting

,C_l = ]l[O’T],C_l
It should then be taken into account, that in general £~! is only a right inverse, i.e. it is
L7 = Tdp2(o17)22(0.7):

but
LL71 £ Tdy .

The definition of Laplace differential operators cannot be done straightforward by re-
stricting the function to [0,7], as thereby an artificial singularity is set at ¢ = T, if
f(T) # 0. This can be seen by the slow decay of Lf, even if f € C*°[0,T] it is

Ln) = [ e sie)

—sT
— 1/T e SLF(t) dt + 1f(o) - S(T)
s Jo S
1 . 1 —sT
= S(LF)(s) + S 1(0) = ——F(T).

It holds Lf" € H, so (E f1)(s) is decaying fast enough to apply an differential operator
of order one. But, as f (0) # 0 # f(T'), we only have

ILF(s) < [sI7,

so for fixed Rs > 0
ILf(s)] < C(Rs)(1+[Ss]) !

Thus we are in general only able to apply differential operators B(9;), where
|B(s)| < Cs|"/*~¢

for € > 0 to ensure that B(0;)f exists.

To demand f(7T) = f(0) = 0 is not an option, as this will not be satisfied by the
considered functions and this would be a to strict restriction if we want to apply several
Laplace differential operators successively.

A possibility to overcome this issue would be, to extend f on [T, 00) in a smooth way,
such that f(t) = 0 for ¢ > 2T, to apply the operator B(d;) on [0,00) and to ensure,
that 1o B(0;)f does not depend on the arbitrarily chosen extension. We will go a
slightly different way and define B(9;)f by choosing a special extension, which turns the
definition in a more explicit and more handy form. The property, that the definition
is invariant under any smooth enough extension of f to [0,00) will be satisfied under
weak assumptions. We motivate the approach in the following example, where we again
consider the differential operators d; and 9; "
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Example B.31. a) If we consider

LHe)= [ et at

e—sT

_Lw Leo)
= ~(LF)(s) + - S0)
in a distributional sense, we see that
L7Y(sLS) = 0uf + 60f(0) — o7 f(T),

where §, is the Dirac Delta distribution for x > 0 (zero everywhere, except 0,(z) = oo

such that [(,3 0o =1)

F(T).

S

(£8,)(s) = /0 TS, (8) dt = e,

This again underlines that L~ (sLf) is the derivative of f over the whole R. If we would
smoothly extend f on [0,00) and assume f(0) = 0, we would obtain the expected

L7Y(sLf) = dif on [0,T].
b) The smoothing operator 9; ' can be applied to f € L*[0,T), as L7 f € L2[0,00) and

the outcome is
fg f(r)dr,  forte[0,T],

L (s7te = '
( HE) {foT f(r)dr, forte|T,o00),

Again, restriction to [0,T] gives the expected, mno matter which extension (instead of
extension by zero) is chosen on [T, 00).

If we regard the last example, we see, that for f € L?[0,T], 9; ' f € H&*[O, 00).
In the following, 0; always stands for the weak derivative, and not for the Laplace
differential operator £71(s£-). Thus, if we take f € H™[0,T), it is 9" f € L?[0,T] and
if
fO)=---= f(m—l)(o) =0,
it holds
f=0,"0"fin|0,T]
and for ¢ > T we obtain the extension
(t _ T)mfl

m =1 F=(T)  fort > T.

OO F () = F(T) + (t = T)J/(T) +--- +

It holds 9; ™0f" f € H{,[0,00) and we can apply B(0;) for B € H,, to it. This yields
that
L7 (s B(s)L(9]"))

exists. As this definition would still require 9;" f to exist, we rewrite it as
L7 (s B(s)L(O]"f)) = 0" L™ (s B(s) L(9; 0" ).

The term on the right hand side does not depend on the values of 9, "9/ f on (T, 00)
by definition of convolution

om0 L™ (s™™B(s)L(0; ™07 f)) = om0 T L7 (s7™ ' B(s)L(0; 0" f))
=107 LN (sT ™ B(s)) + (9,07 f)
= L0 LT (5T B(s)) * f.

Thus we can replace 9, "0;" f by f and define
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Definition B.32. Let f € L?[0,T]. Whenever there is an m € Ngy such that the expres-
sion OL~Y(B(s)s™™Lf) ewists (i.e. LH(B(s)s ™Lf) exists and L7 (B(s)s ™Lf) €
H™(]0,T1)), we define

B(y)f := 0L Y (B(s)s ™LSf).

We call the function B(s) or the mapping B(0;) causal, if for every f (and arbi-
trary T' > 0), such that B(9;)f exists, B(0;)f does not depend on an arbitrarily chosen
extension of f in L2[0,00), i.e. for every f € L2[0,00),

=1 f in L2[0,T]
it holds N
B(&:)f = 1o B(8)f in L*[0, T).

Attention, this is a new definition of B(9;), that does not coincides in general with
the one on [0, 00) of the previous subsection. The definition is well defined in the sense
that it does not depend on the selection of m € N. If B(9,)f exists for my € Ny then for
all m > my:

LY B(s)sT™Lf) = oL (B(s)s " Lf).

We note, that if we work on the finite time interval [0,77], the Laplace differential
operators have to be understood following Definition [B.32] Thus the derivative 9; is not
understood as £L7(sL-), but as the classical derivative, which is equivalent for smooth
enough extended functions.

Example B.33. a) The derivation Laplace operator L~(sL-) is not causal, but 0,
interpreted as weak derivative is causal, again (although this is not a Laplace differential
operator).

b) The integration operator O; ' is causal.

In the following, we give sufficient conditions for the existence.

Definition B.34. We define for m € Ny the space of m—times weakly differentiable
functions with initial condition zero as

HPL[0,T] = {¢ € H™[0,T] | f(0) =--- = f(™=D(0) = 0}.
With the induced norm

| - ||Hg;j*[0,T] = ||Hm[0,T] = \/<'7 '>HW[O,T]a

this is a Hilbert space.

Attention, the sub index 0,* in Hg" [0, 7] has the meaning 0 at ¢ = 0 and arbitrary
value at t = T, as we also use

m00,T] == {p € H™0,T] | f(T) =--- = f"N(T) =0},

Lemma B.35. For f € H%[0,T] and B € Hy, we have that B(0;)f ewxists, it holds
L7Y(B(s)s™™Lf) € HY,[0,T] and

B(0)f =1jom L™ (B(s)s™"L(O]" £)) = L& ™ (L7 (B(s)s™ " V) x ).
We can define B(0;) as a continuous operator
B(8y) + H{.[0,T] — L*([0,T)).
Every B € H,, is causal and for every smooth enough extension of f on [0,00) it holds

B(8:)f =1L (B(s)LS).
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Proof. For an extension f € H{", [0, 00), it holds
|B(s)s™ "L < |L]]
and therefore by Lemma [B:19]
B(0)f =1pnL  (B(s)LF).
For an arbitrary extension f € L2[0,00), it exists £~ (B(s)s~™Lf) and it holds
LY (B(s)s ™Lf) = LT (B(s)s™™ ) * f,

which does not depend on the extension. So B(d;)f does neither.
We extend f € Hy[0,T] by f € H{[0,00) and by Causality we conclude

L L N (B(s)s "Lf) = ]l[o,T]ﬁ_l(B(S)S_mﬁf) € Hy[0,T).
The further assertions follow due to previous computations. O

Remark B.36. In view of the previous lemma one may ask whether the assertions also
hold for f € H™[0,T] (without the homogeneous initial conditions). It holds

Lo L7 (B(s)s™ L@ f)) = Lo L™ (B(s)L(0; ™" ) = B(8:)(9; ™9} f),

i.e. this is just B(0:) applied to O; "0 f, which again fulfills the homogeneous initial
conditions.

Lemma B.37. In the situation of Lemma it holds for f € Hg?jl[O,T]
B(&y)f =LY (B(s)s ™)« oty
Furthermore £L~Y(B(s)s~("*2)) is continuous and we have for f € HémH) [0,T]
B(y) f = L7(B(s)s ™) % 0" T* £
Proof. The assertion follows due to Causality and Lemma O

We collect the following properties in analogue to the case on [0, c0).

Theorem B.38. Let f € L2[0,T] and functions B(s) and causal A(s). If B(d;)f and
A(0y)B(0y) f exist, then (AB)(0)f exists and it equals

(AB)(9)f = A(01)B(0,) [-
If furthermore A(0,)f and B(0,)A(0,)f exist and B is causal, it holds
(AB)(0:)f = A(01)B(0:)f = B(0;)A(0r) f-

Proof. Let f € L2[0,00) and n,m,p € N be integers for the existence of B(d;)f,
A(0y)B(0) f and (AB)(0)f. It holds for g := B(9;)f, that A(0;)g exists and

A(9)g = oL (A(s)s ™ Lg)
— Op PO L (A(s)s L)
— Op LN (A(s)s s Lg)
— OP LT (A(s)s L9 ).
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So we obtain that 0] A(9;)0; "¢ exists, and we can use the Causality property of A. As
B(0:)f exists, it is
B(s)s L1 f) € H

and L71(B(s)s™"Lf) is a function in [0, 00), which we will use in the following as ex-
tension of 9; "g to [0,00). Thus, by the Causality of A, we have

A(0y)g = O LT (A(s)sT™LO; "g)
— gL (A(s)B(s)s T L),

This already shows that AB(0;) exists and that p can be chosen smaller or equal than
p<m-+n.
If furthermore A(0;)f and B(0:)A(0;)f exist and B is causal, then the same calculations
give (BA)(0;)f = B(0:)A(0:) f and (BA)(d:)f = (AB)(0;)f concludes the assertion.

O

Corollary B.39. For A€ H,,, B€ H,, ABEH,, € Hé?fx(m’n’p) [0,T] it holds
(AB)(0)f = A(0r)B(9)f = B(O:)A(0y) [.

Theorem B.40 (Herglotz theorem on [0, 7], cf. [27, Lemma 2.2]). Let B, R € Hp,(00)
for og € R. If there exists a ¢ > 0 such that for all w € C, all Rs > og

R(@B(s)w) = c|R(s)wl?,
then it holds for all w € H{",[0,T], for all o > o

T
| e R@BB @) dt = clle ROl
Proof. a) For B being a smoothing operator, this follows immediately by the Herglotz
theorem on [0,00) and Causality, as the function can be approximated by a sequence
converging to 0 on [T, 00). For non-smoothing operators this is in general not possible,
as they depend on derivatives, which explode, if we approximate the function in that
way. We will show the result by the discrete Herglotz theorem and the convergence of
Convolution Quadrature. Therefore, at first, the higher regularity m+4 is needed, which
can be eliminated later by a density argument.

Let w € C"4[0, 7] and w(0) = --- = w(™*3)(0) = 0. If we use Convolution Quadra-
ture with the second order backward difference formula (cf. [27, Chapter 2.3]), it holds
by the discrete Herglotz theorem (cf. [27, Lemma 2.3]) for a p = e =" +O(72) and every
function v : [0,00) — R with finite support

S RO B Jo(ta) = ¢ P2 [R@To(t)|?

n=0 n=0

Therefore, for a smooth enough extension wy of w, with wy(t,) = 0 for n > N we
obtain by discrete Causality

N 00
S PRt BOF Yw(te) = S p R (bn) B0} Jwn (1)
n=0 n=0

> e P RO wn ()]

n=0

N
> ey "[RO wn ()]

n=0

N
= r*"|R(O]Jw(ta) .

n=0
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As wB(0;)w and |R(9;)w|? are differentiable, with continuous and therefore bounded
derivative, it holds for 7 — 0

T

Ze—%tn@n Wb BEw(i) ~ [ e TR B @) dr

0

N

<ty sup e R(w(tn) B@)w(ta)) — e 2 ORw(Q)B0)w(Q))|

n—=1CE[tn—1,tn]
N
< 72 Z sup |3Ce—2‘7<(w(C)B(8t)w(§))| — 0.
n=1 Ce[tn—lit"}

and similar statements for |R(9] )w|?
By [116, Theorem 2.2 and following remarks] or [I15, Theorem 3.1], the approxima-
tions converge uniformly in 0 <t, <7, for 7 — 0,

|1B(0])w(tn) — B()w(ts)| < O

and

|R(O))w(ty,) — R(9)w(t,)| < CT°.

As w is continuous, it is bounded on [0,7] and we have

N
<COr3 Z le=2ta(t,)|
n=0

< C(w) max (T, e~°T)72
< C(w,00,T)7% = 0.

N
- e~ 27t (8, ) B(O] Jw(ty) — e~ 27 mw(t, ) B(9y ) w(ty)
n=0

It is R(0;)w continuous and therefore pointwise bounded, and by the convergence, also
R(9])w(ty) is uniformly bounded for 0 < ¢, < T. Therefore it holds

N

- Z e*2Ut”]R(3g)w(tn)’2 — eiZUt"\R(at)w(tn)F

n=0

IA

N
P e (RO w(tn) + R(O0)w(tn))]

Cr
n=0

C(R(0y)w)max(T\, e UOT)T2

C(R(8y)w, 09, T)7* — 0.

IN A

As both, w(t,)B (0] )w(t,) and |R(0] )w(t,)|? are uniformly convergent to the contin-
uous, bounded wWB(J;)w and |R(;)w|?, they are uniformly bounded and it holds

N

P 3 PRt B —sz%a% B u(t)|= O(r%) — 0
n=0
and
N N
P ROt~ Y R ()= O() - 0
n=0 n=0

All in all, we have by the limit 7 — 0 for w € C™*+4[0,T] with

w(0) = -+ = w™D(0) =0,
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that
T L T
/ €—2at%(w(t)3(at)w(t)) dt > c/ e—%rm(@)w(r)‘? dr.
0 0

For arbitrary w € H{'[0,T], the assertion follows by an approximating sequence in
wy, € C™*4]0, T] with zero initial condition in derivatives, which converges in H[0,T]
to w. Due to the continuous dependency shown in Lemma [B:35] we have the convergence

Wy, — W in L2[0,T7,
B(Gt)wn — B(@t)w in LQ[O,T],
R(@t)wn — R(@t)w in LQ[O, T],

which yields the assertion. O

If we compare this result to the one on [0, 00) from Theorem the second case is
missing.

Remark B.41. In the case
|B(s)| < C|R(s)],

with the same ideas of proof, we can not get an estimate which is valid in the finite
interval setting, because the R-term is on the other side of the estimate.
From Lemma [B.30 we would obtain

T o0
| e rtB@woR de< [T e B@wn R < CIRE)I o 0.

and the dependency of the last term on the right hand side on [0,00) cannot be removed
in general. I the case R(s) = s, one can obtain by Causality and a density argument
(approzimating Of"wyn — 1y 10w for N — o)

T
| e B@w©f dt < C1,0)| 0wl

which is again only on [0,T). Similar arguments work for an operator R that satisfies
||R(8t)w”%g(:r,oo) < CHanH%g(T,OO)-
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B.2. Vector Valued Laplace Transform and Differential
Operators

In the following, for a Hilbert space X, we want to generalize the Laplace transform to
Hilbert space valued functions [0,00) 3 ¢t +— u(t) € X. For a family of operators B(s) :
X — X, we will define the corresponding convolution operator, with domain spaces
living on ([0, 00), X) and on ([0,T7], X), respectively. This is done in a componentwise
definition by using an orthonormal basis (e;);en of X.

B.2.1. Vector valued Laplace transform on [0, c0)
For a complex, separable Hilbert space X, we want to define the Laplace transform of a
function w : [0,00) — X as

(Lu)(s) :== /OOO u(t)e st dt  for s € C

and the inverse Laplace transform for U : {R(s) > oo} — X as

1

(L70)(#) = 5~ o

eS'U(s) ds  for t € [0,00)

for a ¢ > 0¢. We will transfer the results of the scalar case where X = C, by defining
Lu as the element satisfying

[£(u)(s),v]x = L([u,v]x)(s)
for all v € X. Therefore, let (e;);en be a orthonormal basis of X, i.e.
lei, ej]x = dij

and for every v € X it holds

o0
Zew VX €j-

Lemma B.42. It is u = } ;cyuje; € X if and only if 3 ey luj|* < oo. It holds

ub = > jeN ug?ej —u =) enuje; in X if and only if 37 ey \uf —uj|?> =0 for k — oco.

Definition B.43. For an interval I C R, we define
L*(I,X) := {u: I — X measurable | /Hu(t)H%( dt < oo}.
I

Lemma B.44. We have u € L*(I1, X) if and only if for all j € N the coefficients [ej, u] x
are measurable and ZjeNH[ej,u]XH%Q(I) < oo. It holds ||u|]%2(17X) = HHuHXH%Q(I) =

el 2y I -

Proof. This follows from L*(I, X) = L*(I) ® X and Hilbert space theory X = [*(N)

L?(I) for the space of square summable sequences ?(N).

(I

Definition B.45. For c € R, we define the spaces
L%([0, 00) = {u:[0,00) — X measurable | e ¢ u(-) € L*([0,00), X)},
equipped with the norm

]l 2 (10,00),x) = l€™ ull £2([0,00),x)
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and
L%([0, 00) = {u:[0,00) = X measurable | e ¢ u(-) € L*([0,00), X) for a c € R}.

We define the Laplace transform for s € C, Rs > ¢ and u € L2([0,0), X)
= Llej, ulx)(s)e;. (B.10)
j=1

Lemma B.46. The Laplace transform from Definition [B.]3 is welldefined for Rs > c
in the sense that Lu € L*(o + iR, X) for all o > c and it holds for all v € X and all

Rs > ¢
[L(u)(s), v]x = L([u,v]x)(s). (B.11)

Proof. For the welldefinedness we note that t — [ej,u(t)]x is measurable and by the
Cauchy—Schwartz estimate we have [ej, u(t)]x < |lu(t)||x, so (t — [ej, u(t)]x) € L2]0, o0).
With Fubini’s theorem we have

Z Hﬁ[ejvu]XH%Q(aJriR) = Z H[eﬁu]X”ZLg[O,oo)
jeN jeN
/ Ze ”t|63, X|2 dt
jeN
= [|ull L2 (j0,00),x) <
and Lemma [B.44] shows the welldefinedness for o > c.

By the real valued estimates (cf. Lemma [B.1)), we have for ¢ € R, u € L?(][0,0), X),
Rs > ¢

[£(lej, ulx) ()] < lle™* e, u(-)lxllLipo,00) < Clss €)llles; ulx | 200,00)

and therefore by Fubini’s theorem

1Lu(s)% = > [Llej, ul(s)?
jeN

< C(s,0) > llejs ulllZ 210,00

J=1

(s,c Z/ e, u](t)|* dt
:C(S,C)/ efCtZHej,ut
0

JEN
= C(s,0)[[ullZ2(j0,00),x) < ©-
Thus the defining sum is a Cauchy sequence in X for each s € {fs > ¢} and we have

the welldefinedness of (B.10). By the pointwise boundedness of Lu(s), it is for Rs > ¢
(summation and Laplace transform can be interchanged, see the following estimates)

[Cu(s),v]x = _[Lu(s),ej]xej, v]x

jeN
= L([u,ej]x)(s)[ej, v]x
jeN
= L [u, ejlxej, vlx)(s)
jeN

= L([u, v]x)(s)-
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The sum and the Laplace transform can be interchanged by Fubini’s theorem: It holds
with Lemma [B.44] and again Fubini’s theorem

S [l us)elxles vl dt = 3 lfeg ol [ e fute) el

JEN JEN

< Z | eﬁv]XHHuv eJ]X”Ll .[0,00)
JEN

< C(s,0) Y llej, vlx |l [us e]x [l 2p0,00)
jEN
1/2
< C(s,o)|lvflx (Z [, ej]XH%g[O,oo))
JEN

< C(s, ) |vllxllull 20,000, x) < 00
d

Theorem B.47 (Plancherel’s formula, cf. [19, Theorem 1.8.2]). It holds for u,v €
L?[0,00) for all o > c

1
o

| e, o) dt =
0

especially we have

/ ~[Lu(s), Lv(s)]x ds,
+iR

1£ullorivx = V2l L2 (0,000, x

Instead of the Hilbert space scalar product [-,-]x, the result also holds for any continuous
and sesquilinear product on X.

Proof. Let a[-,-] be a continuous, sesqilinear product on X with continuity constant
C > 0.

The assertion is a direct consequence of Plancherel’s formula from the scalar case (see
Theorem, by using the component wise definition of the Laplace transform and inter-
changing sum and integral (which is possible due to the majorants C||Lu(s)| x || Lv(s)]x
and Ce 2 Ju(t)|x||lv(t)] x)

alLu, Lv]oyir,x :/ al[Lu(s), Lvu(s)] ds

o+iR
- /aJriR %%Mﬁ[%v]x(s)a[ei, e;] ds
- %;IJ%:\I o+iR Llei,ulx (s)Llej, v]x(s)ales, ej] ds
= Z Z 27‘(‘/ 20’tm[6]’, v(t)]xale;, e;] dt
€N jeN

o /0 e~ afu(t), v(t)] dt.
O

Remark B.48. Due to the dependency of the growth parameter ¢ € R, we are not able
to establish continuity
L: L2([0,00), X) — Im(L).

Howewver, for u € L2([0,00), X), Plancherel’s formula yields o > c

[ Lull L2 (o1ir,x) = V27 lle™ ull £2([0,00), )
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and it holds

lle™ ull((0,00),x) = sup le™ ull L2 ((0,00), )
Thus, for arbitrary, but fixred c € R
£ (L2([0,00), X)s ||+l L20,00).x)) = (T(L), ||+ lltm(e))

is continuous and with bounded inverse on its image Im(L), which we will determine in
the following. A suitable choice of || - |[im(z) s

[ - ||1m(£) :==sup|| - HL2(U+7LR,X)'
o>c

Definition B.49. Let D C C open. We call U : D — X complex differentiable (holo-
morphic) in so € D if

DU (s0) = lim L&) =Uls0)
5—50 S — Sp
exists, 1.e.
. U(s)—U(s
lim HM — 8,U(s0)|lx = 0.
5§50 s — 80

Lemma B.50. For u € L2([0,00),X), U := Lu is complex differentiable on {Rs > 0}.

Proof. We show that 95U (s) = L(—tu(t))(s). The existence of L(—tu(t))(s) for Rs > ¢
follows as in the scalar case. Let Rsy, Rs2 > ¢+ 4, it holds by Lemma [B.40]

[U(s2) = U(s1) — (s2 — 51)9:U (s1)l x

|52 — s1]
— aw |[U(s2) — U(s1) — (s2 — 51)95U (1), v] x|
veX,|lv||x=1 |82 — s1]
- sup | et — et — (55 — s1)te™ "2 [u(t), v]x dt]
veX o]l x=1 |s2 — s1]
00 —sot _ ,—s1t __ o t —sot
< [Pl m et T T e )
0 |s1 — s2|

As in the scalar case, an integrable majorant exists and we can interchange integral and
limit s; — s9. Choosing § > 0 arbitrary small, we conclude see that U is complex
differentiable on {Rs > 0}. O

Lemma B.51. For u € L%([0,00), X) the L?-norm over each vertical line of U := Lu
s uniformly bounded for o > ¢ and it holds

||U”L2(c+iR,X) = (571;12 ||U”L2(a+z‘R,X) < 0.

Proof. We have by Plancherel’s formula (integral and summation can be exchanged, as
all terms are bounded, cf. Lemma [B.44))

sup V(0 + )l o) =500 [ U ds

o>c o>c

= L(le;, 2d
209 [, 22 1y o

g>c

o3 [ el ds

0'>C»

= supZQﬂ'/ e, u(t)]]* dt

¢7>cjGN

. 2
:SUpQﬂ'H@ o u‘|L2([07m)7X)
ag>c

< 2mlle™ " ul|F (0,00), %) -
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By Lebeque’s theorem it holds
sup le™ ull2(0,00),x) = Hm 6™ uullF 20,000, x) = €™ wlF2(0,00),5)

and therefore by Plancherel’s formula

sup U+ )2, x) = 27lle™ ullizo,00),x) = IU (e + i )72 x)-

O

The properties of U := Lu shown in Lemma[B.50jand Lemma [B.51]are already enough,
to apply the inverse Laplace transform.

The space of the functions with these properties, to be complex differentiable and
uniformly square integrable over each vertical line for high enough real part, is the right
choice as domain space of the inverse Laplace transform.

Again we use a componentwise approach and the properties derived in the scalar case
to define the inverse Laplace transform as

1(] = ZE 6], j‘
JEN

Definition B.52. We collect the inverse Laplace transformable functions in the Hardy
space

UeH(X):={U| ForaoyeR, U(s): {Rs > 09} = X is holomorph
and sup / 1U(s)|% ds < oo}
o>o00 Jo+iR

and define the inverse Laplace transform as
1U = Z ﬁ 6], j'
jeEN

For og € R, we introduce the space
H(oo,X) :={U | U(s) : {Rs > 0p} — X is analytic

and sup / |U(s)||% ds < oo},
o+iR

o>00

equipped with the norm

2 2
u = su Ul(s ds.
H ||H(o‘o) o‘>opo/o- ; H ( )HX

We summarize the properties and the welldefinedness of the inverse Laplace transform.

Theorem B.53. The inverse Laplace transform is a well defined operator
L7 H(o0, X) — Lgo([O,oo),X).

Furthermore, L~ is the inverse of the Laplace transform, i.e. for U € H(og, X) there
exists exactly one u € L2([0,00), X), such that U = Lu and u is given through

LU = u.

Each U € H(0o, X) is extendable to {Rs = o} in L*(og x iR) by the L2- limit o — oy
and it holds

U ()% ds:/ 1U(s)[% ds.

oo+iR

27”7 | 22 0,00y, x) = SUP/
g

o>o00 +iR

This gives a one-to-one identity through the Laplace transform between L2([0,0), X)
and H(X) and between L2(]0,00), X) and H(c, X).
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Proof. As U is holomorph, each of the components is holomorph:

o lleg, Ul + 1) = [, Ul () = hles, Ulx ()] _ | |U(s +B) = U(s) = hU(5)]

=0.
h—0 h ~ h—0 h

Similarly, the H-boundedness follows for o > gg for each component
[ e UexP ds< [ 10 ds =10l 1z mx) < oo
o+iR o+iR

We conclude [e;,U]x € H(op) for all j € N and the inverse Laplace transform of each
of the components exists. The sum over the components converges in L2 ([0, 00), X):
By Fatou’s lemma and the scalar version of Plancherel’s formula from Theorem [B.4] we
deduce

IE7UNZs, (0,00).5) :/0 e LU @)% dt

_/ 72700 S ey, LU ()] |2 dt

jEN
< Z/ e~200t £ Ve, U] (4))? dt.
JEN
With Fubini’s theorem we conclude
1
—177)12 _ , 2
Ml%mmm—%ZL%MﬂMM@

JeN

2
= (¥ y dS
27T A0+1RZ‘ ] ‘

2
= Ul(s d
2ﬂ1ﬁjr<n|s

= %HUHH(UO,X) < 00

and the welldefinedness follows from Lemma [B.44]
Each of the coefficients [ej, U]x can be written as Lu; for u; € L2 [0,00) and by the

coefficientwise definitions it follows that U = Lu = L (deN ujej) holds.

Uniqueness of u € L2([0,00), X) follows by Plancherel’s formula: Let uy € L% , us €
02, Ly = U, Lug = U, then it holds by Plancherel’s formula and linearity of the
Laplace transform

0=sw [ U=V ds

o>00 Y o+iR

> s [ U - UG ds
o>max(01,02) o+iR

= sup  27fle 7 (w1 — U2)HQL2({o,oo),X)

o>max(o1,02)

>0,

thus u; = us. With Plancherel’s formula and the monotone convergence theorem we
deduce

swp [ U ds = sup 2nlle 7 ulag
o>0q Y OHIR o>00
.

= 27(le™ " w2 (0,000, x)»
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sou € L% [0,00). As U = Lu on {Rs > 0o} and u € L2 ([0,00), X), U(o +i-), 0 — 0g
is a Cauchy sequence, i.e. by Lebesgue theorem we have
2 > t ¢ 2
V(o1 +i) = Uloa+ i)l =27 [ e = e uv) at
— 0 for o1,09 — 0y,

so by the completeness of L?(R, X)

Ulog+i-):=L*R,X) — lim U(o+i-)

g—0(0

exists and it holds

sup /~+, 1U(s)[1* ds = sup 27[le™" ul|72 (0,000 x)

o>o00 V0 o>0g

) 5 2
= lim 27|le”” U||L2([0,oo),X)
o—00

= [ I s
oo+iR
O

Lemma B.54. For ¢ € R, a continuous operator B : X — X and u € L?[0,00) and
U € H(c, X) it holds for Rs > ¢

L(Bu)(s) = B(LU)(s)

and in L2(]0,00), X)
L7 Y(BU)=BL V).

Similar statements hold for B : X — 'Y for a Hilbert space Y .

Proof. From Lemma we obtain for v € X and #s > ¢

[£(Bu)(s),v]x = L([Bu,v]x)(s) = L([u, B'v]x)(s) = [L(u)(s), B'vlx = [BL(u)(s),v]x.
From Theorem we conclude

L7YBU) = £ Y(BLu) = L™Y(LBu) = Bu= BL'(U).

B.2.2. Vector valued Laplace differential operators on [0, )

We denote by L(X) the linear, bounded operators X — X. For a function B : {fs >
o0} — L(X) we want to define B(9;)f as L~Y(B(s)L(f)(s)).

The following definition is very general and not practical and will be refined in the
following.

Definition B.55. For a function B(s) : {Rs > oo} — L(X) for a oo € R and f €
L2([0,00), X), such that

B(s)Lf € H, (B.12)
we say that B(0:)f exists and we define B(0¢)f as

B(9y)f = LTHB(s)L(f)(s)). (B.13)
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Remark B.56. By the definition of the Laplace transforms, it is with B; ;(s) := [e;, B(s)e;j]x
cmd fj = [ej,f]X

B(S)Ef(s):Zez, ZEGJ, s)ejlxe; = ZZBJ s)Lf;(s

€N JjEN €N jeN
and
BO)f=> LD BiLfj]e
ieN jeN
For sufficiently bounded functions we can interchange Laplace transform and summation

and get
875 f Z Z E ,]Ef]

1€N jeN

We require the following spaces of functions with homogeneous initial condition.

Definition B.57. We define for m € N the spaces with homogeneous initial condition
up to order m

HE([0,00), X) = {¢ € H™([0,00), X) | $(0 =¢"1V(0) = 0},
Hg([o,oo),X) .= L*([0,00), X)

equipped with the H™([0,00), X)-norm and the exponentially weighted spaces

H([0,00),X) :={¢| e “ ¢ € H"([0,0),X) for a c € R},
H*([0,00),X) = Lz([()?OO)vX)

the exponentially weighted spaces with homogeneous initial condition

Hy'([0,00), X) := {¢ | e=¢ ¢ € Hy*([0,00), X) for a c € R},
H(()),*([Oﬂoo)7X) = Lz([oaoo)ﬂX)

Furthermore, we define for fixed damping parameter ¢ € R

H'([0,00),X) :={¢ ] e ¢ € H™([0,00), X)},
HS([()’ OO)vX) = Lg([oaoo)7X)

and

Hy([0,00), X) == {¢ | e™* ¢ € Hi"([0,00), X)},
H(()),c([()?OO)’X) = Lg([0,00),X).

We equip these spaces with the norms

. 1/2
[wll zm (0,00), %) = 1wz (0,00), %) = (Z ||5§U||%2([o,oo),)())

=0
and
el b (10,00), ) 7= el b 10,00),%) = ll€™ llEm(0,00), )

Remark B.58. As in Remark[B.13 we note for c € R
feH[0,00),X) & f,....,0/"f € LZ([0,00), X)

and the norm || - || gy (j0,00),x) (and || - HHm 0,00), X)) @8 equivalent to the norm

111 = kz_,; 197 £122((0.00), )
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Theorem B.59. For ¢ € R and m € N the spaces H™(]0,00),X), H™([0,00), X),
H([0,00), X), Hy.([0,00), X) and H(c, X) are Hilbert spaces together with the scalar
products

[, V] 5w ([0,00), ) Zatu’ /0] 12((0,00),X)

[0, 0] 12(10.00). )

Ms i

[u, U]Hgn([o,oo),X) = .

J

672 0w, 0] £2(j0.00) )

Ms

(U, V] (0,00), ) 7=

<.
I
o

e 720"95“755”]9([0,00),)()7

Ms

[, v] g (10,00), ) =

.
o

HH

U, Ve = o U, V]r2(ctir x)-

Proof. The proof can be generalized from the scalar setting to the Hilbert space valued
one, by the use of the following properties. For Hilbert spaces X1, X2, and continuous
linear operators By : X7 — X1, B2 : Xo — X5, we have that X; ® X5 is again a Hilbert

space and By ® By is continuous.
The space H(c) is a Hilbert space by the one to one identity of the Laplace transform
from £ : L2(]0,00), X) — H(c), which is an invertible isometry by Plancherel’s formula.
O

Remark B.60. We consider H™([0,00), X) = H™([0,00),R) ® X and the weak deriva-
tive in time 1S a continuous operator

Oy @1Id: H™([0,00),R) ® X — H™ ([0, 00),R) ® X.
This yields for f € H"([0,00), X) the weak derivative 0y

Ohf = 0lf ejlxe;.
jeN
and for the integration operator 8,5_1

o, Ly = Za [f,ej]xe;.

JEN

Example B.61. a) For the operator B(s) = s, f € Hy,([0,00),X), it holds s(Lf)(s) €
H and we have

B(0y)f = Ouf.

Thus the Laplace differential operator 0y coincides with the weak derivative Oy, if f is
weakly differentiable and f(0) =
b) For the operator B(s) = s~%, f € L%(]0,00), X) it holds s™1(Lf)(s) € H and we have

By =o' = | " f(r) dr

Thus the Laplace differential operator 8;1 coincides with the integration over time fg dr.

Proof. b) Let f € L2([0, 00, X)), then s71Lf(s) € H(max(c,¢)) for ¢ > 0. Furthermore
it holds for Rs > max(c,e) that r — s-e " f(r) € L'([0, 00), X) and therefore we have
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by Fubini’s Theorem
00 t
LOZ N = [ [ ) drar
0 0
/ Ly<ie *tf(r) dr dt
0 0

00/00 e st dtf(r) dr

o0

Il
S—

o— >—

%efs’"f(r) dr

Lf(s).

As s71Lf(s) € H, it holds 9, ' f = L7 s~ 1L f(s).
a) Let f € Hj,([0,00),X) for o € R. It is O '0:f = f and therefore by b) for Rs >
max(o,e) >0

W | =

@) = £1(5)
As L(0if) € H, it holds O, f = L71(sLf). O

With Example we are able to state concrete conditions for the existence in
Definition [B.55]

Lemma B.62. In the setting of Definition[B.53, if there exists an m € Ny, o1 € R and
a constant C' > 0, such that B is holomorphic inside of its definition regime and

1B(s)l[Lcx) < Cls|™ for all Rs > o1,
then B(0y) [ exists for every f € H{([0,00), X) and it holds
B(9y)f = 0L~ (B(s)s™™Lf) = L™H(B(s)s™ " L(}"f))-
We can define B(0;) as a continuous operator for oo € R
B(0%) : Hilty, ([0,00), X) = L2 (1.0) ([0, 00), X).
Proof. Let f € H{",,([0,00), X). It follows from Example that s Lf € H(o2) and
B(s)Lf € H(max(o1, 02)),
i.e. B(0;)f exists. By Example it is
B(9y)f = 070, " B(9,) f = 0" L™ (B(s)s L)
and as f € H{,,([0,00), X) and the coefficientwise definitions
B(0)f = B(0:)d; "0 f = L™H(B(s)s ™ L(]" f))-

We have for ¢ € H{",,([0,00), X), by Plancherel’s formula and Example m

1
([0,00),X) = gHB(S)EQSHH(maX(O'l,UQ))

< O|ls™ LA H(max(or,02))
_Clorsll:

1B@)ol2_

x(01,02)

ax(01,09) ([0,00),X)

< 19l mg,, (10.00).%)-
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Definition B.63. We define for m € Ny

Hym, = {B | There exists a oy € R such that B : {Rs > 09} — L(X) is holomorphic
and || B(s)||5(x) < C|s|™ for all Rs > oo}

and for og € R
Hm(o0) == {B : {Rs > g9} = L(X) holomorphic | || B(s)||5x) < C|s|™ for all Rs > o0 }.
We call B € Hy a smoothing operator.

We want to apply the (inverse) Laplace transform to operators B(s) : X — X and con-
volute the outcome with functions f(¢) € X. Again, we define the respective operations
in a componentwise way.

Definition B.64. For a family of bounded linear operators A(t) : X — X, t € [0,00) we
define the convolution with b(t) € X as

(A=*b)( /A b(t —7) dT—
i€EN

and the Laplace transformed operator as

(LA)(s Z (Z L([ei, A )(s)[ek,b]x> €;.

Z/ e, A |xer, b(t — 7)]x dT) e;

keN

1€N \ keN

Similarly we define the inverse Laplace transform of an operator family B(s) : X — X,
s € Rs > gy entrywise as

(£7'B Z (Z L7 ([e;, B ]X)(s)[ek,b]x) €;.

€N \ keN

In the following we give some conditions, when this is welldefined.

The natural norm for the operator space is the induced norm || B|[ L (x) 1= supjjy|| =1 [ Bv|x-
The differency compared to the scalar case is now, with the induced norm, L(X) is no
Hilbert space, but only a Banach space (and to use the Frobenius norm is not an option).
Plancherel’s formula does not hold in general.

In the following we elaborate the workaround, which uses estimates that hold in Ba-
nach spaces and that correspond to £~ : L'(R) — L*°([0,00)) (Plancherel’s formula
allowed us to consider £~ : L2(iR) — L?([0,00)) in the scalar case). After defining the
(inverse) Laplace transform and convolution in a componentwise setting, we consider
the operator applied to functions. The resulting function again lies in a Hilbert space
and we can recover some estimates of Plancherel’s formula type.

We start with some estimates for the (inverse) Laplace transform and the convolution.

Lemma B.65. For e 7w € L'([0,0), X) the Laplace integral exists for o > oo and is
in L*>([og,00) x R, X) N C([og,00) x R, X). It holds
[ L] oo (jgg,00) xR, x) < Nle™70ul| L1 ([0,00), X)

Proof. By the triangle inequality, it holds for arbitrary s = o +ir € {R > o}

I£u(s)llx < [ lle u(t)x

= lle™ 7 ull L1(j0,00), %)
< [le™ ull L1 (j0,00),x)-

Continuity follows similarly by Lebesgue’s theorem. O
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Lemma B.66. For B € L'(0g + iR, L(X)) the inverse Laplace integral exists for that
oo and is in e 0 L7IB € L([0,00), L(X)) N C([0, 00), L(X)).

If B is complex differentiable in Rs > oy and uniformly square integrable over each
vertical line Ns = o, 0 > o then the definition of the inverse Laplace transform is
welldefined, in the sense that it does not depend on o € [0g,00) and is supported in

[0,00). It holds

o 1
le™ L7 Bl| 1o ((0,00), L(x)) < 2 1Bl Lo tim 1))
where o € [0g,00) is arbitrary.

Proof. By the triangle inequality it holds for arbitrary ¢ € [0, c0)
1

-1 st
L7 B()|rx) < o UMRHe B(s)|lr(x) ds
. ,
= 5.¢ "1B(o+ i)l r,Lx))-
If B € H(og), componentwise arguments conclude that the Definition does not depend
on o € [og,00) and L71B(t) = 0 for t < 0. O

Lemma B.67. Forp € [1,00) it holds
| B * vl Lo ((0,00),x) < 1Bl Lr((0,00), L)) 101 1 ([0,00), )
and for c € R
€™ (B * v) || Lr(j0,00),x) < €7 Bllze((0,00), Lx ) 1€Vl £1([0,00), %)

So
% LP([0,00), L(X)) x LL([0,00), X) — LE([0, 00), X).

is continuous with continuity constant 1.

Proof. We have (the first equality follows by Fubini’s theorem)

I3 < 0@lx = | [ Bl-o(r) ar

X
t
< [ B¢ - Dlucx )] ar

= (IBllLex) * lvllx)(#)-
By Young’s inequality for 1 < p,q,r < oo with % —i—% =1 —i—% and ¢ € LP([0,00)),
¥ € L1]0,00) we deduce
19 *r Y| Lr(0,00) < @1l 2r[0,00) 1]l £a[0,00)
and as in the scalar case for c € R
e B xv)(t) = (e “Bxe “v)(t).

We conclude for p € [1,00) (the case p = oo is similar)

00 . 1/p
le™ B * vl £r([0,00), x) = </0 le™ B * v(t)|I dt)

1/p

o
= ([T e By el @)
o o 1/p
< (e Blaco « e vl (o) ae
= ||||€_C'B||L(X) * ||€_C'U||X||Lp([o,oo),1[g)

< H||676.BHL(X)HLP([Q,OO),R)HHeic'UHXHLl([o,oo),R)

= [[e™“ Bl| Lr(j0,00),Lx)) le” 0l L1([0,00), x)-
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Inserting ¢ = 0 yields the first assertion. O

So far, we have estimates which are with respect to L!(iR) and L>([0,00)). To come
back to estimates that act on the used L%-spaces, we insert a factor e~%, to come back
to estimates in L2?(iR) and L!(iR). This is elaborated in the following Lemma.

Lemma B.68. It holds for p,r € [1,00), r < p for any 6 > 0 and v € LP[0, c0)

le™* vl Lrio,00) < C(8,2,7)10l] o[0,00)

Similar estimates are possible on a bounded domain, where the constant depends on
the size of the domain. Here, on the unbounded domain, the decay of e~% towards
infinity takes this role.

Proof. We want to apply Hélder’s inequality

[abl[Lr(0,00) < ll@ll La[0,00) 101l La]0,00)

for p,q,r € [1,00) with 1/r = 1/q+ 1/p. First assume r < p. This gives forr =r, p=1p
and g = (1/r —1/p) " € [1,00)

le™ 0l Lro,00) < lle™ Il zaj0,00) 101l £r[0,00)
< (e /(=00))5°) " ol ojo
= (60)" 777 [[0]| o0 00)-
For p=r, it is ||e™"||L[0,00) = 1 and the assertion follows similarly. O

We will use these estimates for the cases r = 2, p = o0, i.e.

16l 22

2 1ae((0,00),X) = C(e)]le™ T b|| oo (0,00, x)
and r =1, p =2, i.e.
—(o0+e

lle ).uHLl([O,oo),X) < C(@”“HL%([&OO)X)'

We are now able to put together the previous lemmas. Similarly, as L2([0,00), X) we

denote L1([0,00), X) := e“L(]0,00), X) and L2([0,00), X) = e“L>*([0,00), X) with
the respective e~ “-weighted norms.

Lemma B.69. For B € L(og + iR, L(X)) N H(oo) the convolution with the inverse
Laplace transform gives for every § > 0 a welldefined and continuous operator

L7'Bx: L7 ([0,00), X) = L1 5([0,00), X)
and it holds
L7 B « U||L§O+5([o,oo),X) < CONBIl L o-+ir L 1wl Lz, (10,00),%)-

Proof. The concatenation (B + Bx-)oL™! is well-defined, as we have from Lemmam
the continuous mappings

£ LM (o9 + iR, L(X)) N H(00) — L ([0, 00), L(X))
and from Lemma [B.67 the continuous

1 L2([0,00), L(X)) x L ([0,00), X) = L([0, 00), X).
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By the use of Lemma it holds for € > 0 that

1L~ B « ullzz | ((0,00),x) < C(e)lle™0rE L7B x| oo (0,00), x)

0+2e

< C(e)|le™ 0t L7 B]| poe (0,000,000 e | 11 (0,000, 3

< inf B , C .
_Ue[;g}ao+€]\\ HLl(cf—i—zR,L(X)) (e) HUHLgO([O,oo),X)

O]

So far we considered inverse Laplace transform applied to an operator and convolution
with the outcome in an independent way. In the following we consider the concatenation
more closely, as therefore Plancherel’s formula type arguments are again possible.

Lemma B.70. For B € H(oy), we have continuity of

L'Bx:L2 _5— L2, f—~ L 'Bxf

oQ?

for every 6 > 0 and it holds
LB f = B@)S

for all f € L?

op—0"

Proof. For B € L' (0 + iR, L(X)) N H(0y), v € L?
the scalar valued case, we have

L Bxv= Z (Z L7 ([ei, Bej]x) * [ej,v]) e

€N \jeN

([0,00), X) and by arguments of

oo—90

(B.14)

= Z (Zﬁ ([es, Bejlx Llej, ])) €;

€N \jeN
= LY (B(s)Lv).

The last equality holds true, as we can interchange integral and summation by Fubini’s
theorem: For sequences A = (Aij)ijen, b = (bj)jen, we set (for fixed i € N) A4;. =

(Aij)jen and x = (x;)jen with x; := Hf I . It holds with ||z =1
1A = = > 1Ay
jeN
A, A -
H HZ2Z J HA H2
jEN
o\ /2
< HAZ'-HZQ Z ZAICJ" HA
keN |jeN 1~”l2
= [| 4[|z [| Az ||z
< [l Al (| Al

0 [|4;.]l;z2 < ||A||. Therefore we have

1/2 1/2
> lAibs| < (ZIAU'F) (Zlbﬁ)

jeN jEN jeN
= [ Ai-lli2 162
< || A[[[b]2-
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Using this estimate and ||([e;, Bej)isll = [|Blln(x) and [[([v, e5]);]li2 = [[v|lx we deduce

o (Zl (s)es]x Lles ]<s>|> as<e [ (1Bl I1£v(s)]x) ds

jeN
<e [ (IB@luwlL)lx) ds
oo+iR

< e B(8)ll 2(og+ 7,0 |1 £0(3) | L2 (0 i, )
= 7| B() z2(og-+imz.x) () 122, (10,00, 30

< 0.

By Plancherel’s formula and (B.14)) it follows
_ 1
£ 'B x ’UHL2 = \/jHBﬁvuLQ(ao—i—iR,X)

\ﬁ HBHL2 oo+iR,L(X)) ||£U”L°°(ag+i]R,X)

< CIB| L2 (oorir,Lxn le™ 0l L1 ((0,00), %)
< CONBllr2oorimLoenlivlicz _ o.e0).x):
By the density of L' (og+iR, L(X)) in L?(c+iR, L(X)), we can define v — £~ 'Bxuv for

B € H(op, L(X)). Note, that £L71B is not welldefined itself in general, as Plancherel’s
formula does not hold in the Banach space L(X). O

The previous result corresponds to [143] Proposistion 3.2.2.]. We use similar arguments
as in the previous lemma to improve the mapping properties of £~ Bx for L>-bounded
operators on a real line. So far, for B(s) € H(oy), the convolution operators map from
LU0 5[0,00) = L?,O [0, 00), but under additional assumptions on the operator, we will get
more time regularity.

Lemma B.71. Let og > 0. For a family of operators B such that
B(s) < C for Rs > oy,
it is B(s)/s € H(op) and it is continuous

O LT (B(s)/s)% : Ly, 5[0,00) = L7,[0,00), f = 0(LT(B(s)/5) * [)-
It holds for f € LU0 5
B(0y)f = 0(L71(B(s)/5) * f).
Furthermore it is B(s)/s* € H(op) N LY(o +iR) for all ¢ > o¢ and similarly

O LTH(B(5)/5%) : L2,10,00) = L7, 1 5[0,00), f = OF(LTH(B(s)/s%) » f)
is continuous. The convolution kernel L~(B(s)/s?) is bounded, continuous and it holds
for f € L?,O
B(9,)f = 9;L™(B(s)/5%) *
Proof. As oy > 0, it follows B(s)/s € H(0y), so the convolution operator is well defined.
Let f € L2 4[0,00). By Lemma it is £L7Y(B(s)/s) x f = LY(B(s)/sLf), by
Lemma [B.62| B(0;) f exists and by Examplewe have 9; 'B(8;)f = L~ (B(s)/sLf).

By derivation in time we obtain

B(0)f = ,L71(B(s)/s) *
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As g9 > 0, it holds B(s)/s?> € H(ag) N L*(og + iR) and the inverse Laplace transform
and convolution are well defined. We can see, by similar estimates as in the proof of
Lemma that we can interchange integral and sum for f € L?,O [0, 00) (using similar
operator estimates and the assertions of Lemma [B.69)) and therefore it holds

L7H(B(s)/s*) * f = LTH(B(s)/s°L).
By Lemmait follows that B(9;) f exists (for f € L2[0,00)) and it is by Examplem
LN (B(s)/sLf) = 8 *B(9,) .

By derivation in time we obtain B(9;)f = 0?L72(B(s)/s)  f.
O

We now can rewrite the previous lemma for B < Cs™ in analogy to the scalar valued
case.

Lemma B.72. In the setting of Lemma[B.63, every e > 0 satisfies
B(s)s~ ™) € ¥ (max(e, o))
and it holds for every f € H{,[0,00)
B(0y)f = 0f T L7 (B(s)s™ D)« f
and every f € H&‘jl[o,oo)
By f =LY (B(s)s ™)« oty
Furthermore every € > 0 satisfies
B(s)s~ "2 ¢ H(max(e, 1)) N L (max(e, 01) + iR, L(X)),
thus L~ (B(s)s~(m*2) is continuous and we have for f € (%[0, 00)
B(Oy)f =0y L7H(B(s)s ™)« f
and for f € Hé:f”) [0, 00)
By f = L7(B(s)s ™)« 0" T2 £.
Proof. Tt is B(s)s~(™*1) analytic for Rs > max(oy,0) and by
1B(s)s~ ™| < |s|7'  on Rs > max(o1,0),

we obtain
B(s)s~ ™D ¢ H(max(e, 01)).

For o3 € R, g € L2,[0,00) it is by Lemma (for g = max(o1,02))
L7YB(s)s™ M Lg) = £L71(B(s)s™ ™) x g.
Setting g := 9/ f, the first assertions follow as in Lemma from

97" 0™ = Id12(10,00),X)— L2(]0,00),X)

and
O "0 = dpgp (0,00),%) B, (10,00),X)
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To show that the function £1(B(s)s~("*?)) is continuous regarded as function on R
we consider

B(s)s~™*2) ¢ LYo + iR, L(X))
for 0 > max(o1, €). By the properties of the Fourier transform it is continuous on [0, c0)
and by the componentwise definition and interchanging limit and integral (with similar
arguments as in Lemma we have for v € X

171 (B(s)s™ ) (0)v]% = lim [ L7 (B(s)s™™ %) (H)ol%

—1im 3| £ (Bas ()5 %) ()

t—0 “ “
€N [jEN

=Y "1lim | > LY By j(s)s T2 (t);

t—0

i€N JEN
2
— ; -(p. . —m—2 -
—Z ‘ %g%ﬁ (Bij(s)s )(t)vj| = 0.
€N |jeN

Here integration and sum can be interchanged in the second and third line because of
similar arguments as in Lemma and
2
> LT (Bi(s)s™m ) (0| < IL7HsTT2B(s)) (B)vllx < C.

jEN

O]

Remark B.73. The formulas in Lemma and Lemma that do not need dif-
ferentiabillity of f, also hold for f € L2[0,00), if B(0;)f ewists. In this case it is for
m € Ny

B(&)f = o"L™H(B(s)s ™Lf)

and for high enough m € N
B(9y)f = 0" L™ (B(s)s™™) * f.
The last equality only holds if L~ (B(s)s™™)x ewists (e.g. if B(s)s™™ € H).

Proof. The first assertion follows by the scalar results and the componentvise definitions.
The second one follows from Lemma for f € LZ,([0,00), X), B(s)s™™ € H(o1) and
oo = max(oy + 0,07) a

We summarize some further properties.

Theorem B.74. Let f € L%([0,00), X) and families of operators A(s), B(s) € L(X).
If B(Oy)f and (AB)(0y)f exist, then A(0;)B(0y)f exists and equals

(AB)(0r)f = A(0:)B(0r) f.

If furthermore A(Oy)f exists and ABLf = BALf on a complex line with high enough

real part, it holds
(AB)(0¢)f = A(0:)B(9)f = B(01)A(Oh) [-

Proof. The proof follows directly by the scalar results and the componentvise definitions.
O
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Corollary B.75. For A € Hy, B € Hy, AB € H, f € Hy™""P[0,00) it is
(AB)(0)f = A(0r)B(0y) [

If furthermore A(s)B(s) = B(s)A(s) on a complex line with high enough real part, it is
(AB)(9)f = B(9)A(O) [

Theorem B.76 (Herglotz Theorem, cf. [27, Lemma 2.2]). Let B, R € H™(0¢) for oy € R
and a(-,-) : X x X — C sesquilinear and continuous. Then the following statements are
equivalent:

o There exists ¢ > 0 such that for all w € X, all Rs > o

Ra(w, B(s)w) 2 c|R(s)wll%.
o There exists ¢ > 0 such that for all w € H{".([0,00), X), for all 0 > oy

/0 e 27 Ra(w(t), B(0y)w(t)) dt > CHR(@)MH%E([OW)’X).

Additionally, the following statements are equivalent:

o There exists C' > 0 such that for all w € X and all Rs > oy

IB(s)wll% < C||R(s)wl-
o There exists C > 0 such that for all w € HY ([0, 00, X)), for all o > o9
1B(88)wl|72 10,00y, x) < CIR@e)wl[72(10,00),5)-

Proof. The execution follows from by Plancherel’s formula, and the rear direction can
be shown by localizing around arbitrary values by special sequences, cf. [27, Lemma
2.2). O

B.2.3. Vector valued Laplace transform and differential operators on [0, 7T

As in the scalar case, we want to define the Laplace transform and Laplace differential
operators for functions defined on bounded domains, so e.g. for f € L?([0, 7], X). Similar
results can be found in [IT5] Section 2.1].
The Laplace transform can easily be defined by extending f to zero outside of [0, T:
For f € L*([0,T], X), it is e~ fljo 7] € L*([0,00), X) for all ¢ € R, thus

Lf = L(fLpo)

exists and is holomorphic in the whole complex plane. Also £~! of Lf is well defined
and gives back a function with support in [0, 7]. For general functions B € H, we can
ensure supp(£~'B) C [0,T] by setting

L= ]l[o,T],Cfl.
It should be taken into account, that in general it is
L7L = Tdpe(o.11,3) 22(0.71.%);

but
LL71 £ Tdy .
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As in the scalar case, we apply some modifications to the Laplace differential operators
to define them for functions on [0,7]. A possibility to do this would be, to extend f
on [T,00) in a smooth way, such that f(t) = 0 for ¢ > 2T, to apply the operator B(09})
on [0,00) and to ensure, that 1o 71B(0)f does not depend on the arbitrarily chosen
extension. We will go the other way around: To define B(0;)f, we reformulate the
operator until we arrive at a formulation that suits f € L?([0,T], X) and then show that
the property, that the definition is invariant under any smooth enough extension of f to
[0, 00) will be satisfied under weak assumptions.

Definition B.77. Let B(s) € L(X) be a family of operators and f € L*([0,T],X).
Whenever there is an m € Ny such that

B(s)s™™Lf € H and L™ (B(s)s™™Lf) € H™([0,T], X),
we say that B(0)f exists and we set
B(0y)f := "L~ Y(B(s)s ™Lf).

We call the function B(s) or the mapping B(0;) causal, if for every f (and everyT > 0),

such that B(0)f exists, B(0;)f does not depend on an arbitrarily chosen extension of f
in L2(]0,00), X), i.e. for every f € L2([0,00), X),

f=1pmf in L*([0, 7], X)
it holds that B(d,)f exists and
B(9)f = 1o B(@)f in L*([0,T], X).
We call it Causality that B(9;) f(T) only depends on values of f fort < T.

This is a new definition of B(d;), that does not coincide in general with the one on
[0,00) of the previous subsection. The definition is well defined in the sense that it does
not depend on the selection of m € N. If existent for mg € Ny then it follows by Example

[B-61] for all m > my:
O LN (B(s)sT™Lf) = 0" L™ (B(s)s L)

In the following, we define the suitable function spaces and give sufficient conditions
for the existence.

Definition B.78. We define for m € Ny the space of m—times weakly differentiable
functions with initial condition zero as

HP(0,T),X) = {f € H™([0,T},X) | f(0) = --- = f™D(0) = 0}.

With the induced norm

[ - ”Hg;*([o,T],X) = HH"L([O,T],X) = \/< " '>Hm([o,T],X),

this is a Hilbert space.
The sub index 0,* in Hy"([0,T], X) has the meaning 0 at t = 0 and arbitrary value at
t =T, and we also define

HIW([0,T],X) = {¢ € H™([0,T],X) | f(T) =+ = f" () = 0}.
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Lemma B.79. Let m € Ny. For
f e Hg\([0,T], X)

and
B e H,,

B(0y)f exists and it holds L~ (B(s)s™™Lf) € Hi%([0,T],X) and

B(9)f = LpomL (B(s)s™™L(9}" f))
We can define B(0;) as a continuous operator

B(8y) : HY.([0,T],X) — L*([0,T], X).
Every B € H,, is causal and for every smooth enough extension f of f on [0,00) it holds

B(0)f =1L (B(s)LS).
Proof. As B is holomorphic and by
[B(s)s™™Lf| < |Lf]

it follows B(s)s™™Lf € H. For an extension f € 0%([0,00), X) of f it holds by
Lemma [B.69] that
L7 (s ™B(s)Lf) = 02L7Y(B(s)s ™ ?) x
= 02L7 1 (B(s)s ™ ?) x
= L7 (sT™B(s)Lf).

f
!

Inserting f = ;O f € 0% ([0, 00), X), we see by Lemmathat LY s ™B(s)Lf) €
H{([0,00), X), so it holds L71(s™™B(s)Lf) € H.([0,7],X). By Lemma it fol-

lows B(9y)f = LymL 1 (B(s)s ™L(d"f)). By Plancherel’s formula, we see for high

enough o € R

IB(0:) fllr2o71,5) < Clo, TILT(B(s)s ™ L0 ) 12 ([0,00),5)
= C(0)|B(s)s™™L(F}" f)l(0)
< C@NLO™ D no)
= Hea'a?f”ﬂ([oﬂ,x)

< g, to.m1.20)-

The Causality can be shown by the following argument. For an arbitrary extension
f € L2([0,00), X), it exists L71(B(s)s ™Lf) and it holds

L7NB(s)s™"Lf) = LT (B(s)s™™ %) « [,
which does not depend on the extension. So B(0;)f does neither. O
Lemma B.80. In the setting of Lemma f e . ([0,T], X)

B(@)f = 07 L7 (B(s)s™ ™) w f = 0, L7H (B(s)s™ ") w0
and every f € Hg?jl([(),T],X)

B(9,)f = L7Y(B(s)s™ M) s« gl f.
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Furthermore L~ Y(B(s)s~(m+2) is continuous and we have for f € 0%([0,T], X)
B(@)f = 07 L7H(B(s)s™™ %)« f = OFLTH(B(s)s™ ") 0" f
and for [ € H(()TZ+2)([O,T],X)
B(0y)f = L7Y(B(s)s ™ 2) x o2 £,
Proof. The assertion follows as in the scalar case with Lemma[B.69 and Lemma[B.70} O

We collect the following properties in analogue to the case on [0, 00).

Theorem B.81. Let f € L2([0,7T],X) and functions B(s) and causal A(s). If B(d;)f
and A(0)B(0y)f exist, then (AB)(0;)f exists and it equals

(AB)(0:)f = A(0:)B(0r) f.

If furthermore A(0:)f and B(0y)A(0r)f exist and B is causal and A(s)B(s) = B(s)A(s)
on an imaginary line o + iR for o large enough, it holds

(AB)(0:)f = A(0:)B(0r) f = B(0;)A(0r) f-

Proof. The proof works analogous to the scalar case. Let f € L2[0,00) and n,m,p € N be

integers for the existence of B(9;)f, A(9;)B(0;)f and (AB)(0;)f. It holds for g := B(d;)f,
that A(0;)g exists and

A(Br)g = 0" LTH(A(s)sT"L(9;"g)).-

So O A(0;)9; ™g exists, and we can use the Causality property of A with £71(B(s)s "Lf)
as extension of 9; "g to [0,00). Therefore we have

A(0y)g = " LT (A(s)B(s)s ™ "Lf).

This shows that (AB)(0;) exists an that p can be chosen smaller or equal than p < m+n.
If additionally B is causal, we get (BA)(0;)f = B(0;)A(0;)f. Now let p be the maximum
of the integers for the existence of (AB)(0;)f and (BA)(0;)f.
Then A(s)B(s) = B(s)A(s) on a line o + iR with o large enough such that it holds
sTPA(s)B(s)Lf,s PB(s)A(s)Lf € H(o), yields
A(0)B(9)f = (AB)(9)f = (BA)(9)f = B(0r)A(9:)[.
g

Corollary B.82. For A € Hy,(01), B € Hp(0o2), AB € H,, f € ngfx(m’n’p)([O,T],X)
it holds
(AB)(0r)f = A(0:)B(0:) f

and if A(s)B(s)=B(s)A(s) on a line o + iR with o > max (01, 0s) it holds
(AB)(0y)f = A(01)B(9)f = B(01)A(0r) [-
Proof. For o > max(o1, 03) it holds
A(s)B(s)s™™ " < C,
50 as Lf is complex differentiable on the whole complex plane,
ST A(s)B(s)Lf, s ™ B(s) A(s)Lf € H(o)

and all conditions are satisfied that where needed for ¢ in the proof the previous theorem.
O
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Theorem B.83 (Herglotz Theorem on [0, T, cf. [27, Lemma 2.2]). Let B, R € H,(00)
for og € R. Let a(-,-) : X x X — C sesquilinear and continuous. If there exists a ¢ > 0
such that for all w € C, all Rs > og

Ra(w, B(s)w) = c| R(s)wl|%,

then it holds for all w € H{([0,T], X), for all o > o

T
/0 e~ Ra(w(t), BO)w(t)) dt > ce™ | R(O)wl L2 1 x):

Proof. The proof follows the lines of the scalar case, using the respective Hilbert space
valued arguments. O
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