
 I
nn

ov
at

io
ns

 in
 I

ns
ur

an
ce

, R
is

k-
 a

nd
 A

ss
et

 M
an

ag
em

en
t D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 K

A
R

L
SR

U
H

E
 I

N
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

02
/2

0/
19

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



August 24, 2018 16:40 Innovations in Insurance, Risk- and Asset Management 9in x 6in b3285-ch14 page 367

Chapter 14

On Consistency of the Omega Ratio with Stochastic
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Omega ratios have been introduced in [1] as a performance measure to compare
the performance of different investment opportunities. It does not have some

of the drawbacks of the famous Sharpe ratio. In particular, it is consistent with

first order stochastic dominance. Omega ratios also have an interesting rela-
tion to expectiles, which found increasing interest recently as risk measures.

There is some confusion in the literature about consistency with respect to

second order stochastic dominance. In this paper, we clarify this and extend
it to a consistency result with respect to stochastic dominance of order 1 + γ

recently introduced in [2] and generalizing the classical concepts of stochastic

dominance of first and second order. Several examples illustrate the usefulness
of this result. Finally, some consistency results for even more general stochas-

tic dominance rules are shown, including the concept of ε-almost stochastic
dominance introduced in [3].

Keywords: omega ratio, stochastic dominance, expectiles, integrated distribu-

tion function.

1. Introduction

There is an ongoing debate on how to compare the performance of differ-

ent investment opportunities. Very often one tries to use a performance

measure that can be interpreted as a return-risk ratio. The most famous

example is the Sharpe ratio, introduced in [4] to compare the performance

of funds. It works well under the assumption that returns are normally

distributed, but it has well known serious drawbacks if one dispenses from

that unrealistic assumption. One of the problems with the Sharpe ratio is

that it is not consistent with first order stochastic dominance (abbreviated

Open Access chapter published by World Scientific Publishing Company and distributed

under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives
(CC BY-NC 4.0) License.
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as FSD from now on). This implies that an investor maximizing the Sharpe

ratio may have a preference for an investment A over an investment B even

though its returns are smaller for sure. This is clearly irrational behavior.

As an alternative, [1] introduced the Omega ratio, a concept that has

been received with great interest. One of its advantages over the Sharpe

ratio is its consistency with FSD. There is a bit of confusion in the literature

whether or not it is also consistent with second order stochastic dominance

(SSD). Wrong claims that this holds for all benchmarks can be found e.g. in

[5] and [6]. An accurate statement showing that this depends on the used

benchmark was recently published in [7]. There is also some recent interest

in portfolio optimization problems using the Omega ratio. [8] introduce a

linear programming algorithm to find an optimal portfolio maximizing the

Omega ratio. [9] and [10] also discuss portfolio optimization problems using

Omega ratio as a performance measure. In [9] it is shown that for some

benchmarks this is an ill-posed problem in their setting, as the optimal

Omega ratio may be infinite.

The increasing interest in the Omega ratio is also related to the fact

that Omega ratios are strongly related to expectiles, which recently found a

lot of attention as risk measures after it was shown that they are the only

risk measures having the property of being coherent and elicitable at the

same time, see e.g. [11] and [12].

This inspired us to reconsider the problem of consistency of the Omega

ratio with stochastic dominance rules. In this contribution, we clarify the

consistency properties with FSD and SSD and show that indeed these results

can be unified and generalized by using the concept of fractional stochastic

dominance of order 1 + γ recently introduced in [2]. In Example 2.10 of

that paper, it was already observed that comparing a distribution with a

degenerate one with respect to stochastic dominance of order 1 + γ holds for

all γ larger than the Omega ratio. Therefore it is not surprising that we can

show a much more interesting result about consistency of Omega ratios with

respect to this kind of stochastic dominance in Theorem 2.3 below.

The rest of the paper is organized as follows. In Section 2, we first

introduce the main concepts used in this paper including the definition of

Omega ratio and expectiles and the formal definitions of stochastic domi-

nance rules. We then show our main result in Theorem 2.3 and illustrate

its usefulness by several examples. In Section 3, these results are extended

to more general combined convex and concave stochastic dominance rules,

which generalize the well known concept of ε-almost stochastic dominance

introduced in [3].

 I
nn

ov
at

io
ns

 in
 I

ns
ur

an
ce

, R
is

k-
 a

nd
 A

ss
et

 M
an

ag
em

en
t D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 K

A
R

L
SR

U
H

E
 I

N
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

02
/2

0/
19

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



August 9, 2018 13:5 Innovations in Insurance, Risk- and Asset Management 9in x 6in b3285-ch14 page 369

On Consistency of the Omega Ratio with Stochastic Dominance Rules 369

2. Omega ratios and stochastic dominance

Let X be a real valued random variable with a finite mean EX, describing

the return of an asset. We denote by FX(t) = P (X ≤ t) its distribution

function, and by

φX(t) =

∫ t

−∞
FX(z) dz = E(X − t)−

the integrated distribution function of X, where here and in the following

we use the abbreviations x+ := max{x, 0} and x− := max{−x, 0} for the

positive and negative part of x. Note that x = x+ − x−.

It should be emphasized that

δ̄X = φX(EX) = E|X − EX|/2

is the absolute semideviation (from the mean). Its use as a risk measure is

examined in [13].

[1] introduced the Omega ratio with benchmark t as

ΩX(t) =
E (X − t)+
E (X − t)−

. (1)

The following properties are immediate. The function ΩX is strictly posi-

tive, continuous and strictly decreasing from infinity to zero on its domain

and ΩX(EX) = 1.

From

EX − t = E(X − t)+ − E(X − t)− (2)

we can derive the following representation using the integrated distribution

function:

ΩX(t) =
EX − t+ E(X − t)−

E(X − t)−
= 1 +

EX − t
φX(t)

. (3)

Therefore we can also derive the integrated distribution function from the

Omega ratio via

φX(t) =
EX − t

ΩX(t)− 1
, t 6= EX, (4)

which can be continuously extended in t = EX. This shows that the

Omega ratio determines the distribution. Taking the right derivative in (4)
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and taking into account that EX = Ω−1X (1) we get the following explicit

expression for the distribution function in terms of the Omega ratios:

FX(t) =
1− ΩX(t) + Ω′+X (t) · (t− Ω−1X (1))

(1− ΩX(t))2
, t 6= Ω−1X (1).

It is basically equivalent to a corresponding formula already mentioned

in [14] as Theorem 1 (iv), where a very similar formula is stated for con-

tinuously differentiable distribution functions in the context of expectiles.

Recall that the expectiles eX(α) of a random variable X ∈ L2 have been

defined by [14] as the minimizers of an asymmetric quadratic loss:

eX(α) = arg min
t∈R
{E`α(X − t)} , (5)

where

`α(x) =

{
αx2 if x ≥ 0,

(1− α)x2 if x < 0,

and α ∈ (0, 1). For X ∈ L1, Equation (5) has to be modified (see [14]) to

eX(α) = arg min
t∈R
{E [`α(X − t)− `α(X)]} . (6)

The minimizer in (5) or (6) is always unique and is identified by the

first order condition

αE (X − eX(α))+ = (1− α)E (X − eX(α))− . (7)

From this equation, the one-to-one relation between expectiles and Omega

ratios given below immediately follows, see [15]. It holds

eX(α) = Ω−1X

(
1− α
α

)
, ΩX(t) =

1− e−1X (t)

e−1X (t)
. (8)

Next we recall the basic definitions of stochastic dominance. The well

known concepts of first order stochastic dominance (FSD) and second order

stochastic dominance (SSD) are defined as follows. We say that X ≤FSD Y

if Eu(X) ≤ Eu(Y ) for all increasing utility functions u, i.e. if all rational

utility maximizers prefer Y to X. This holds if and only if FX(t) ≥ FY (t)

for all t. We say that X ≤SSD Y if Eu(X) ≤ Eu(Y ) for all increasing

and concave utility functions u, i.e. if all rational and risk averse utility

maximizers prefer Y to X. This holds if and only if φX(t) ≥ φY (t) for all t.

In the mathematical literature, FSD is also known under the name (usual)

stochastic order denoted by X ≤st Y , and SSD is known as increasing

concave order denoted by X ≤icv Y , see e.g. [16] or [17]. In this paper,
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we stick to the notation FSD and SSD as usually used in the literature on

finance and economics.

The following consistency result holds for the Omega ratio. We will give

a simple proof of a more general result below in Theorem 2.3.

Theorem 2.1. a) If X ≤FSD Y then ΩX(t) ≤ ΩY (t) for all t.

b) If X ≤SSD Y then ΩX(t) ≤ ΩY (t) for all t ≤ EY .

For t > EY the Omega ratio is not consistent with SSD. Indeed, if

EX = EY and X ≤SSD Y , then it follows immediately from (3) that

ΩX(t) ≥ ΩY (t) with strict inequality if φX(t) > φY (t).

[2] introduce a concept of generalized stochastic dominance with a real

valued parameter 1+γ interpolating between FSD (γ = 0) and SSD (γ = 1).

We repeat here the definitions and the main result.

Definition 2.1. For 0 ≤ γ ≤ 1 let Uγ be the class of continuously differ-

entiable functions u such that

0 ≤ γu′(y) ≤ u′(x) for all x ≤ y. (9)

Definition 2.2. For 0 ≤ γ ≤ 1 we say that Y dominates X by (1 + γ) -SD,

denoted X ≤(1+γ)−SD Y , if Eu(X) ≤ Eu(Y ) for all functions u ∈ Uγ .

Note that u ∈ U0 if and only if u is non-decreasing, and u ∈ U1 if and

only if u is increasing and concave. Thus, γ = 0 corresponds to FSD and

γ = 1 corresponds to SSD, with 0 < γ < 1 corresponding to preference

relations falling between FSD and SSD. The parameter γ provides a bound

on how much marginal utility u′(x) can decrease as x decreases, and its

reciprocal 1/γ gives a bound on how much marginal utility can increase as

x increases.

In Theorem 2.4 of [2], the following equivalence is shown, which yields

a method to check this kind of stochastic dominance.

Theorem 2.2. The following conditions are equivalent:

a) X ≤(1+γ)−SD Y ,

b)
∫ t
−∞(FY (z)−FX(z))+ dz ≤ γ

∫ t
−∞(FX(z)−FY (z))+ dz for all t ∈ R.

From this characterization we can deduce a condition for the comparison

of a random variable X with a constant random variable c, see Example

2.10 in [2].

Corollary 2.1. If ΩX(c) ≤ γ, then we have X ≤(1+γ)−SD c for the con-

stant random variable c.
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We can now show the following result generalizing Theorem 2.1.

Theorem 2.3. If X ≤(1+γ)−SD Y and ΩY (t) ≥ γ then ΩX(t) ≤ ΩY (t).

Proof. Assume ΩY (t) = δ ≥ γ. Then Y ≤(1+δ)−SD t follows from Corol-

lary 2.1. Since δ ≥ γ, we have Uδ ⊆ Uγ , and thus

X ≤(1+δ)−SD Y ≤(1+δ)−SD t.

By transitivity, X ≤(1+δ)−SD t, which implies ΩX(t) ≤ δ, i.e. ΩX(t) ≤
ΩY (t).

Notice that Theorem 2.1 is just a special case of Theorem 2.3. Part a)

of Theorem 2.1 follows by choosing γ = 0 and part b) by choosing γ = 1.

We will now give some illustrative examples showing the usefulness of

this result. We start with a comparison of a normal and an exponential dis-

tribution, where we can compute the Omega ratios as well as the conditions

for (1 + γ)-dominance explicitly.

Example 2.1. Consider a normally distributed random variable X with

mean µ and standard deviation σ, denoted from now on as X ∼ N
(
µ, σ2

)
,

and an exponential random variable Y with mean 1/λ, denoted as Y ∼
Exp(λ). The integrated distribution functions are given by

φX(t) = (t− µ)Φµ,σ2(t) + ϕµ,σ2(t), t ∈ R,
φY (t) = t− (1− exp(−λt))/λ, t > 0,

where Φµ,σ2 and ϕµ,σ2 denote the cumulative distribution function (cdf)

and density of X, respectively. Using (3), the pertaining Omega ratios can

be derived explicitly.

To be more specific, take X ∼ N
(
3/4, (3/2)2

)
and Y ∼ Exp(1). The

cdfs F and G of X and Y have two crossing points x1 = 0.633 and x2 =

3.692 with F (x) ≥ G(x) for x ≤ x1 and x ≥ x2 and F (x) ≤ G(x) for

x1 ≤ x ≤ x2. Setting x0 = −∞ and x3 =∞, the areas

Ai =

∫ xi

xi−1

(F (x)−G(x)) dx, i = 1, 2, 3,

are given by A1 = 0.378, A2 = −0.138, A3 = 0.0108. By Corollary B.1 in

[2], we have X ≤(1+γ)−SD Y if and only if

γ ≥ max

{
−A2

A1
,
−A2

A1 +A3

}
=
−A2

A1
= 0.367 = γmin.

Now, ΩY (t) ≥ γmin if t ≤ t0 = 1.418. Therefore, Theorem 2.3 yields

ΩX(t) ≤ ΩY (t) for t ≤ t0. Figure 1 shows the distribution functions and
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Fig. 1. Cdfs and Omega ratios of X ∼ N
(
3/4, (3/2)2

)
and Y ∼ Exp(1).

Omega ratios of X and Y . We will reconsider this example later in Exam-

ples 3.1 and 3.2 where we derive further related inequalities.

The example shows that ΩX(t) ≤ ΩY (t) for t ≤ t∗ does not necessarily

imply X ≤(1+γ∗)−SD Y , where γ∗ = ΩY (t∗). The situation is different

for the case of distributions from the same location-scale family that we

consider in the following. To this end, assume

F (x) = H

(
x− µ1

σ1

)
and G(x) = H

(
x− µ2

σ2

)
, (10)

where H is the continuous cdf of a random variable with mean zero and

standard deviation one. Then F and G have means µ1 and µ2 and standard

deviations σ1 and σ2. Let X ∼ F and Y ∼ G. A necessary and sufficient

condition for X ≤SSD Y is µ1 ≤ µ2 and σ1 ≥ σ2. The cdfs are single-

crossing at

x1 =
µ2σ1 − µ1σ2
σ1 − σ2

. (11)

If F single-crosses G from above, Corollary 2.5 in [2] shows that

X ≤(1+γ)−SD Y if and only if γA ≥ B, where

A =

∫ x1

−∞
(F (x)−G(x)) dx and B =

∫ ∞
x1

(G(x)− F (x)) dx. (12)
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We get the following result.

Theorem 2.4. Let X and Y be from the same location-scale family as

given in (10) with µ1 ≤ µ2 and σ1 ≥ σ2. Define γ∗ = ΩX(x1), where x1
is the single crossing point of the cdfs of X and Y given in (11). Then,

X ≤(1+γ∗)−SD Y . Furthermore, ΩX(t) ≤ ΩY (t) if and only if t ≤ x1.

Proof. First, we get

ΩX(x1) =
E(X − x1)+
E(X − x1)−

=

∫∞
x1

(1−H ((x− µ1)/σ1)) dx∫ x1

−∞H ((x− µ1)/σ1) dx

=
σ1
∫∞
x1−µ1
σ1

(1−H(z)) dz

σ1
∫ x1−µ1

σ1
−∞ H(z) dz

=:
σ1B̃

σ1Ã
.

Similarly,

ΩY (x1) =
σ2
∫∞
x1−µ2
σ2

(1−H(z)) dz

σ2
∫ x1−µ2

σ2
−∞ H(z) dz

=
σ2B̃

σ2Ã
,

since
x1 − µ1

σ1
=
x1 − µ2

σ2
=
µ2 − µ1

σ1 − σ2
.

Putting γ∗ = ΩX(x1) = ΩY (x1), we get for the areas A and B defined in

(12)

B

A
=
E(X − x1)+ − E(Y − x1)+
E(X − x1)− − E(Y − x1)−

=
(σ1 − σ2)B̃

(σ1 − σ2)Ã
= γ∗.

Hence, X ≤(1+γ∗)−SD Y by the remark preceding the theorem.

Now, assume t ≤ x1. Then, t1 = (t − µ1)/σ1 ≥ t2 = (t − µ2)/σ2 since

F (t) = H(t1) ≥ H(t2) = G(t). Then, the same considerations as above

yield ΩX(t) ≤ ΩY (t). The case t ≥ x1 follows by analogous reasoning.

Theorem 2.4 yields simple explicit expressions for the important case of

normally distributed random variables that is considered in the following

example.

Example 2.2. As an illustration of Theorem 2.4, Figure 2 shows the cdfs

and Omega ratios of X ∼ N(1, 1) and Y ∼ N
(
3/2, (1/4)2

)
. Here, x1 = 5/3,

and ΩX(5/3) = 0.185. Hence, according to Theorem 2.4, X ≤(1+γ)−SD Y

with γ = 0.185. Further, ΩX(t) ≤ ΩY (t) on (−∞, x1], and ΩX(t) ≥ ΩY (t)

on [x1,∞).
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Fig. 2. Cdfs and Omega ratios of X ∼ N(1, 1) and Y ∼ N
(
3/2, (1/4)2

)
.

We next consider an example where using the Sharpe ratio leads to

irrational behavior, as it is not consistent with FSD. This example is quite

realistic as it is simply obtained by comparing a normally distributed return

with a truncated one, which is obtained by selling a call option at a price

of zero. We also investigate in this case how the preference of selling such a

call option for a fixed price depends on the benchmark that we use for the

Omega ratio. The example shows that the chosen benchmark represents the

risk aversion of the decision maker in a similar way as does the parameter

γ in the generalized stochastic dominance rule.

Example 2.3. Consider an investment with an excess return over the risk

free rate X with X ∼ N(µ, σ) with µ = 2 and σ = 1. Assume that we

have the opportunity to sell a call option with strike price K = 3 for a

price C ≥ 0. If we give the call option away for free (C = 0) we get

as remaining return Y a normal random variable right-censored at 3. No

rational decision maker would do this, as Y ≤FSD X. If we consider the

Sharpe ratio, however, then it turns out that we should prefer Y to X:

expected value and variance of Y are given by (see, e.g. [18], p. 763)

EY = Φ(α)(µ+ σλ) + (1− Φ(α))K,

V (Y ) = σ2Φ(α)
((

1−
(
λ2 − λα

))
+ (α− λ)

2
(1− Φ(α))

)
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Fig. 3. Omega ratios of X,Y, and XC for C = 0.1, 0.3, 0.51.

where

α =
K − µ
σ

, λ = −ϕ(α)

Φ(α)
.

This yields EY = 1.917, σY = 0.867, and EY/σY = 2.212, whereas

EX/σX = 2.

If we sell the call option for a price C > 0 then we get a return XC =

Y + C. The distribution function of XC is given by

FXC (t) = FX(t− C), t < K + C, and FXC (t) = 1, t ≥ K + C,

where FX(t) = Φ((t− µ)/σ). Hence,

φXC (t) =

∫ t

−∞
FXC (x)dx =

{
φX(t− C), t < K + C,

φX(K) + t− (K + C), t ≥ K + C.

Figure 3 shows the Omega ratios of X,Y, and XC for C = 0.1, 0.3, 0.5.

We further obtain

ΩXC (1) ≥ ΩX(1) if and only if C ≥ 0.029,

ΩXC (2) ≥ ΩX(2) if and only if C ≥ 0.083,

ΩXC (3) ≥ ΩX(3) if and only if C ≥ 0.32,

ΩXC (4) ≥ ΩX(4) if and only if C ≥ 1.03.
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Note that EXC = EY +C. Hence, EX0.029 = 1.95, EX0.083 = 2, EX0.32 =

2.23, and EX1.03 = 2.94. Thus we see that for a small benchmark we may

accept an investment with a smaller mean than EX, and thus the decision

is not too different from what we get when using the Sharpe ratio, as has

been empirically observed by [19]. But in contrast to the Sharpe ratio

our decisions are always consistent with FSD. We are never willing to give

away an option for free. If we use a benchmark above the expected return

of the investment, however, then even SSD dominance is not sufficient to

choose XC . Then we need a stronger dominance than SSD, meaning that

our decisions are not consistent with SSD anymore.

We could also define a new stochastic dominance rule by requiring all

Omega ratios for all benchmarks to be larger, or equivalently all expectiles

to be larger. This concept is studied in detail in [15], where it is called

expectile ordering. There it is shown that this is a strictly weaker condition

than FSD and is not equivalent to any of the many known stochastic orders.

3. Omega ratios and combined concave and convex

stochastic dominance

In [2], the combined concave and convex stochastic dominance of order

(1 + γcv, 1 + γcx) is introduced, which generalizes the concept of (1 + γ)-

dominance and is defined as follows.

Definition 3.1. a) For 0 ≤ γcv, γcx ≤ 1 let Uγcv,γcx be the class of contin-

uously differentiable functions u such that

0 ≤ γcvu′(y) ≤ u′(x) ≤ 1

γcx
u′(y) for all x ≤ y.

If γcx = 0 this shall mean that the last inequality can be omitted.

b) For 0 ≤ γcv, γcx ≤ 1 we say that Y dominates X by

(1 + γcv, 1 + γcx) -SD, denoted

X ≤(1+γcv,1+γcx)−SD Y,

if Eu(X) ≤ Eu(Y ) for all functions u ∈ Uγcv,γcx .

Note that X ≤(1+γcv,1+γcx)−SD Y implies X ≤(1+γ̃cv,1+γ̃cx)−SD Y ,

where γcv ≤ γ̃cv ≤ 1, γcx ≤ γ̃cx ≤ 1. The case γcv = γ, γcx = 0 is con-

cave (1 + γ)-SD from Definition 2.2 and therefore we get a generalization

of that concept. In the following, we consider two other interesting special

cases:
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• The case γcv = 0, γcx = γ is convex (1 + γ)-SD, corresponding to

preference relations falling between FSD and convex (risk-seeking)

SSD (for the latter, see, e.g. [20], sec 3.11).

• The case γcv = γcx = γ = ε/(1−ε) is ε-almost first degree stochas-

tic dominance (ε-AFSD, [3]) with ε = γ/(1 + γ).

Theorem 4.3 in [2] provides an integral condition for (1+γcv, 1+γcx)-SD.

In particular, for γcv = 0, X ≤(1,1+γcx)−SD Y if and only if∫ ∞
t

(FY (z)− FX(z))+ dz ≤ γcx
∫ ∞
t

(FX(z)− FY (z))+ dz ∀ t ∈ R, (13)

and for γcv = γcx = γ, X ≤(1+γ,1+γ)−SD Y if and only if∫ ∞
−∞

(FY (z)− FX(z))+ dz ≤ γ
∫ ∞
−∞

(FX(z)− FY (z))+ dz. (14)

For convex (1 + γ)-SD, we have the following result.

Theorem 3.1. If X ≤(1,1+γcx)−SD Y and ΩX(t) ≤ 1/γcx then ΩX(t) ≤
ΩY (t).

Proof. First, note that X ≥(1,1+γcx)−SD c if and only if ΩX(c) ≥ 1/γcx
(see [2]). Now, assume ΩX(t) = 1/δcx ≤ 1/γcx. Then, X ≥(1,1+δcx)−SD t.

Since δcx ≥ γcx, we obtain

Y ≥(1,1+δcx)−SD X ≥(1,1+δcx)−SD t.

By transitivity, Y ≥(1,1+δcx)−SD t, which in turn implies ΩY (t) ≥ 1/δcx,

i.e. ΩY (t) ≥ ΩX(t).

If the cdf F of X single-crosses the cdf G of Y from above, condition

(13) entails that X dominates Y via convex (1 + γcx)-SD if and only if

B/A ≥ 1/γcx, where A and B are defined in (12). For this, it is necessary

that B − A = EX − EY ≥ 0. For location-scale families, we get the

following result, which can be proven similar as Theorem 2.4.

Theorem 3.2. Let X and Y be from the same location-scale family as

given in (10) with µ1 ≥ µ2 and σ1 ≥ σ2. Define γ∗ = 1/ΩX(x1), where

x1 is the single crossing point of the cdfs of X and Y given in (11). Then,

X ≥(1,1+γ∗)−SD Y . Furthermore, ΩX(t) ≥ ΩY (t) if and only if t ≥ x1.

The subsequent example considers distribution functions having two

crossing points.

Example 3.1. In Example 2.1, the cdfs F and G of X and Y have two

crossing points x1 and x2 with F (x) ≥ G(x) for x ≤ x1 and x ≥ x2 and
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F (x) ≤ G(x) for x1 ≤ x ≤ x2. Writing again

Ai =

∫ xi

xi−1

(F (x)−G(x)) dx, i = 1, 2, 3,

it is easy to see that X ≤(1,1+γcx)−SD Y if and only if

γ ≥ max

{
−A2

A3
,
−A2

A1 +A3

}
=
−A2

A3
= γmin

cx .

In Example 2.1, we get γmin
cx = 12.82. Now, ΩX(t) ≤ 1/γmin

cx = 0.078 if

t ≥ t1 = 2.99. Therefore, Theorem 3.1 yields ΩX(t) ≤ ΩY (t) for t ≥ t1.

Finally, we consider almost first degree stochastic dominance. If F

single-crosses G from above, Equation (14) shows that X ≤(1+γ,1+γ)−SD Y

if and only if γA ≥ B, which is the same condition as for concave (1+γ)-SD.

In particular, X ≤(1+γ,1+γ)−SD c if ΩX(c) ≤ γ. Using the same arguments

as in the proof of Theorem 2.3 provides the following strengthening of

Theorem 2.3.

Theorem 3.3. If X ≤(1+γ,1+γ)−SD Y and ΩY (t) ≥ γ then ΩX(t) ≤ ΩY (t).

Example 3.2. Again, we consider the situation of Example 2.1 with two

crossing points. With a view to Equation (14), X ≤(1+γ,1+γ)−SD Y if and

only if

γ ≥ −A2

A1 +A3
= γ̃min.

For the distributions used in Example 2.1, γ̃min = 0.356, and ΩY (t) ≥ γ̃min

if t ≤ t̃0 = 1.431. Therefore, Theorem 3.3 yields ΩX(t) ≤ ΩY (t) for t ≤ t̃0.

Thus we get a slightly better result in comparison to Example 2.1 as we

use a weaker stochastic dominance rule here.
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