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Abstract—The reliable prediction of traffic participants’ trajec-
tories is an important challenge for automated driving. Prediction
methods that try to deal with this challenge need similarity
measures for trajectories in order to evaluate the quality of
their prediction. Currently, there exists no commonly accepted
similarity measure suitable for this task. In this paper we review
common trajectory similarity measures and analyze them with
regard to prediction evaluation. Further we introduce a new
approach for synthesizing a hybrid measure that combines a set
of similarity measures and provide a heuristic to determine the
parameters for this approach.

I. INTRODUCTION

One of the fundamental problems in the area of automated
driving and advanced driver assistance systems is the predic-
tion of other traffic participants’ behavior. Without a good
estimate of a car’s future surroundings it is very challenging
to plan a suitable trajectory for the car. The most important
parts of information about these surroundings are the position,
orientation, velocity and acceleration of dynamic objects and
traffic participants in particular. These information can be
described by the trajectory of each object. This means that the
essential part of behavior prediction for traffic participants in
the context of automated driving consists mostly of trajectory
prediction.

A major challenge for all trajectory prediction approaches
is the evaluation and quantization of the performance of the
approach. Since in practice an exact prediction of trajecto-
ries is not possible, metrics to quantify the difference — or
similarity — between the predicted trajectory and the actual
trajectory are needed in order to evaluate the performance of
a prediction approach. However, currently there doesn’t exist
one commonly agreed upon metric that can be used to evaluate
a trajectory prediction.

There have been several surveys on the topic of trajectory
analysis and trajectory comparison. In 2006 Zhang et al.
[1] compared different similarity measures like the Hausdorff
distance, dynamic time warping (DTW) and longest common
subsequence (LCSS) distance with respect to clustering prop-
erties in outdoor surveillance situations. The apparent conclu-
sion was that a principle component analysis (PCA) with an
Euclidean distance measure is sufficient for clustering in this
context. In 2009 Morris et al. [2] examined a different set of
metrics but also including the PCA approach, DTW, LCSS
and a modified version of the Hausdorff metric (MODH).
This examination came to the conclusion that LCSS and DTW
perform better than the PCA-approach. More recent overviews
can be found in [3] and [4]. However, none of these overviews

TABLE 1
TRAJECTORY METRICS

Similarity Measures Publication

DTW Keogh 2000 [5]
Hausdorff Lou 2002 [6]
LCSS Buzan 2004 [7]
MED Hu 2007 [8]
PCA-Euclid Bashir 2007 [9]
Traj. Hausdorff Lee 2007 [10]
MODH Atev 2010 [11]
CLEAR-MOTA Bernadin 2008 [12]

focused on trajectory prediction evaluation and no overview
provided a definite way to choose or create a suitable metric.

An overview over the most relevant distance measures used
in the context of trajectory analysis can be found in table I.
In this paper we provide an analysis of the most common
existing distance measures that are used in the context of
trajectory analysis and their strengths and deficiencies. Further,
we propose an approach to combining different metrics to a
new metric that can be applied in the context of trajectory pre-
diction analysis and a heuristic that can be used to determine
its parameters.

II. NOTATION AND DEFINITIONS

Since we compare and analyze several different similarity
measures it is first necessary to define a common notation
in order to prevent inconsistencies. In general a trajectory
T = ((a1t,, a2ty ---), (a1t,, Q2t,...)...) is a temporally ordered
sequence of a set of attributes (aj...a,,) which describe the
movement state of an object at given time stamps (¢1,%2...).
We define the path of a trajectory as the unordered set of
all positional information contained in the trajectory, i.e. a
trajectory without time stamps. In most cases trajectories can
be simplified by assuming that ¢ starts with 1 and ¢,,—t,,—1 = 1
for all n and by reducing the set of attributes to a list of
points in two dimensional space (and in some cases the first
and second order derivatives): T' = ((z1, y1, %1, Y1, &1, ¥1)---)
or T = (pi1,pa...) with p; = (x4, y:). Next we define
T% = (p;...p;) as the partial trajectory of T = (p...0;...0...)
with beginning index ¢ and final index j.

A similarity measure m(7y,T}) in our context is a func-
tion that compares the predicted trajectory 7, to the ground
truth trajectory T, and returns a value as indicator for the
difference in both trajectories. The higher the difference is
the larger is the return value of m. Further, it should hold
that m(71,T>) = 0 < Ty = T5 and m(T,,T,) > 0. Since
in this context one trajectory is always a prediction while
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the other trajectory is the corresponding ground-truth, both
trajectories have different semantic meaning. This means that
a comparison of T}, to T, does not necessarily carry the same
meaning a comparison of T}, to T},. Thus similarity measures
do not have to be symmetric.

III. SIMILARITY MEASURES

In this work, we rely on a set of readily available metrics
and similarity measures which are presented in the following
in detail. A fundamental distinction for the similarity measures
in Table I is whether they evaluate based on the trajectory
or based on its path. In the context of this work we define
all similarity measures that perform their evaluation consid-
ering temporal features (eg. velocity or order of positions)
as trajectory measures. If they on the other hand only regard
spatial differences between trajectories we define them as path
measures.

A. Euclidean Mean

One example for why the distinction between path and tra-
jectory measures is important is the mean Euclidean distance
(MED). MED can be used as a path or a trajectory measure
depending on which points are compared with each other. If
used as a trajectory similarity measure (MEDT), it is necessary
to define a point in time for each trajectory from which
onwards the comparison starts. Each point of the predicted
trajectory is then compared with the point on the ground
truth that has the same temporal distance from their respective
starting points. For this to be possible both trajectories have
to contain the same number of time steps n, = ngy = n with
the same time between each time step. This means that for
starting point ¢,; of 7}, and starting point ¢,; of T;, MED is
defined as

n—1

muepT (Tp, Ty) = — kgoﬂpp,tpwk — Py tp+kll2- (D)
The obvious problem with this similarity measure is that a
temporal misalignment leads to values larger than O even
if both trajectories are identical. Further, two trajectories
that follow the exact same path can get an arbitrary large
distance value if the velocities are different enough. Temporal
misalignment can in the context of trajectory prediction be
prevented by dictating the timestamps for which the prediction
should occur. For some applications, however, it is undesirable
to get large distances for different velocities. If the prediction
for example is used in order to check if a pedestrian will cross
the road, the velocity with which he does that is not necessarily
relevant while the path he takes is.

The alternate form of MED measures the difference between
the predicted paths (MEDP). For each point p,, of a predicted
trajectory T}, with time steps 1...n, MEDP searches for the
nearest point in the ground truth trajectory and evaluates the
Euclidean distance to that point

p

1 .
mepp(Tp, Tg) = — > _minllpp gl (2)
P =1

This version of the MED has the property that it is robust
towards velocity errors and temporal misalignments. Addi-
tionally, MEDP is able to compare trajectories of different
length. If two trajectories follow the same path but with
different velocities they will be evaluated as very similar
by MEDP while MEDT finds them dissimilar. MEDP is
additionally robust towards periods of stopped motion. The
path of a pedestrian waiting for a traffic light to change can
easily be predicted while the actual duration how long the
pedestrian will wait is significantly harder to predict. However,
by using MEDP the temporal order of points is completely
lost. This means that a trajectory T = (3, Pa...Dy,) can not be
distinguished from trajectories with the same points, e.g. from
its own reverse version 77 = (py,, Pp—1...01). This is a major
problem inherent to path similarity measures.

A third variation of MED proposed in [9] is a trajectory
similarity measure that computes the Euclidean distance in
lower dimensional parameter space (PCA-Euclid). The = and
y coordinates of each point are transformed in one-dimensional
space by principle component analysis (PCA) decomposition.
The PCA-Euclid measure is computed as the mean Euclidean
distance between PCA coefficients of both trajectories. This
version of MED requires reduced computational effort and
offers some more robustness compared to MEDT via the PCA
shape decomposition [2].

B. Dynamic Time Warp

The dynamic time warping distance (DTW) as proposed in
[5] is a trajectory measure that can be used on general time
series. Unlike MEDT, DTW does not require both trajectories
to have the same length. Instead DTW measures the temporal
changes that are necessary in order to warp one trajectory into
another. In order to do that, DTW first finds for every point
on T}, a matching point on 7. Then dynamic programming is
used in order to find a time warping that minimizes the total
distance between these pairs of points. DTW then evaluates
the length of the warping path that is needed in order to warp
T, into Tj.

mDTw(Tp, Tg) = min

With wy, € W as possible warping path with length K that
warps 1T}, into T,,. DTW is especially useful if trajectories with
different lengths are compared. In the context of prediction
evaluation, however, we can ensure that the predicted trajec-
tory is as long as the ground truth trajectory. However, DTW
is very susceptible to outliers and is not very robust [3].

C. Hausdorff and modified Hausdorff

The simple Hausdorff distance (HAU) is a similarity mea-
sure used to compare sets and is commonly used in the
geometric calculation and image processing domain [6]. In
the context of trajectory similarity measures it describes a path
similarity measure since it does not account for an ordering
of either sets it compares. The simple Hausdorff measure



describes the maximal minimal distance between the points
in T}, and T},.

mHAU(Tvag) = max{dh(Tp,Tg), dh(Tg:Tp)}

An(Ty, Ty) = rmase min 1oy — py |2 @
It can be used for trajectories with differing lengths but
suffers from the same drawbacks as all other path measures:
Trajectories that have a high spatial proximity will be scored
as highly similar even if the movement performed is different
e.g. in the opposite direction. Moreover HAU is very sensitive
to outliers because of the prominent use of min/max functions.
The modified Hausdorff measure (MODH) aims to reduce
these drawbacks by adding a correspondence function C' which
controls the trajectory alignment by forcing matching points
to occur at a similar fraction of total trajectory length and a
neighborhood window which allows for some slack and more
robustness [11]. This modified version is neither a true path
measure since it accounts for a loose ordering of position
nor a true trajectory measure since time related aspects only
indirectly influence the result of the measure.

D. Longest Common Subsequence

The longest common subsequence (LCSS) measure is a
trajectory measure that evaluates for how many time steps two
trajectories are matching each other [7]. In order to compute
LCSS, an alignment is searched that maximizes the length
of common subsequence. A LCSS based similarity measure
that evaluates what fraction of all points belonging to the
shorter trajectory can be matched to the longer trajectory can
be defined as

_ LCSS(T,, Ty,)

Ty, Ty) =1
muycss(Tp, Ty) min(n,, ng)

S
with LCSS(T,T>) denoting the number of matching points
between both trajectories. In order to define what constitutes
a matching between points, LCSS uses two thresholds that
determine how large the maximum distances in time and space
are allowed to be in order for two points to match. Finding
suitable thresholds is not easy and largely defines how well
LCSS performs in practice. If the thresholds are chosen too
large, a lot of trajectories will be deemed completely identical
while too small thresholds may lead to very similar trajectories
getting a large distance.

E. CLEAR-Multi Object Tracking Acurracy

The CLEAR multiple object tracking accuracy (CLEAR-
MOTA) is as the name implies a measure that is usually used
in order to evaluate how well a multi object tracking algorithm
performs [12]. However, in the context of prediction evaluation
it is possible to define matches for each predicted point similar
to the LCSS measure. Based on these matchings CLEAR-
MOT Accuracy can be defined as

>oi(me + fpe + mmey)
np

(6)

muoTa(Tp, Tg) =1 —

with my, fp; and mme; as number of misses, false positives
and mismatches when matching Tj, to 7T;. A miss in this
context occurs for every point in Ty that did not get matched.
A false positive is defined as a match to a point that is too
far away (defined by a threshold) to constitute a match. A
mismatch happens if more than one point in 7}, is matched to
the same point in 7.

Similar to LCSS this measure describes which fraction of
predicted points can be matched to the ground truth without an
error. Unlike LCSS, however the total fraction of matches is
regarded instead of the longest sequence of matches. Further
the definitions for match/mismatch are complexer compared to
LCSS. CLEAR-MOTA is a trajectory measure since velocity
differences influence the result of the evaluation. The larger
the velocity difference the more misses and mismatches are
found. CLEAR-MOTA requires a spatial threshold similar to
LCSS to define what constitutes a point matching making it
also susceptible to similar problems as LCSS.

F. Trajectory Hausdorff

The trajectory Hausdorff similarity measure (THAU) de-
scribes a path measure approach that consists of a weighted
sum of several path distances [10] d |, d|, dy.

mTHAU(Tp, Tg) :deL(Tp, Tg) —+ U)Hd” (Tp, Tg)
+ wng(Tp, Tg)

Each of these path distances focuses on a different aspect
of the path. The orthogonal distance d; measures the sep-
aration between both trajectories, d)| describes the difference
in length of both trajectories and dy captures the difference
in orientation [3]. How the weights w,, w) and ws are
chosen depends on the application and data sets. In many cases
wy = w) = wg = 1 can be used in order to get acceptable
results. As this similarity measure is a pure path measure it
suffers from the same limitations as mygpp Or MHAU-

(7

IV. A NOVEL TRAJECTORY SIMILARITY MEASURE

Each of the previously introduced similarity measures has
its own advantages and disadvantages. The problem in choos-
ing or defining a suitable similarity measure for prediction
evaluation is that each of these measures will usually produce
quite different results when applied to two trajectories. If
the prediction approach that is to be evaluated for example
has a high accuracy for the velocity of the predicted object,
DTW will evaluate this prediction as very good. However, a
path measure like the Hausdorff may yield significantly worse
results depending on the accuracy of the spatial prediction.

In order to avoid a (positive or negative) bias caused by
choosing a similarity measure based on the prediction method,
it is necessary to make the choice of similarity measure
independent of the prediction approach. Instead it is reasonable
to make a choice based on the data set that is used as ground
truth for the evaluation. If the data set for example includes
many car trajectories that take a turn at crossroads, it would
be reasonable to use a similarity measure that incorporates
the change in direction into its result. Similarly, a data set



which includes a lot of different velocities should not solely
be evaluated based on path similarity measures.

Since there can always be aspects relevant to the prediction
approach, data set or trajectory format that are not incorporated
in a single similarity measure a general approach to trajectory
prediction evaluation should be configurable to the specific
situation. In order to enable this, a combination of different
measures similar to the THAU approach can be used to define
a new metric that combines the considered features

mape(Tp, Ty) = wimi(Ty, Ty) + ... + wymy, (T, Ty) (8)

with m...m,, different path and trajectory similarity measures
and wj...w,, their respective weights. This equation defines
the generalized prediction evaluation (GPE) trajectory mea-
sure. Such an approach requires an appropriate selection of
similarity measures together with their weights. One problem
in this context are the different value ranges that the similarity
measures produce. The LCSS and MOTA approaches, for
example, produce results between 0 and 1 while both MED ap-
proaches can produce arbitrary large numbers for sufficiently
distant trajectories. This implies that the weights for these
similarity measures have to compensate for different ranges,
scales or units used for each trajectory. For this to be possible,
some quantitative analysis of the proportional differences and
general performance for these measures is necessary. Further,
the weights of the similarity measures should as previously
mentioned incorporate the specific properties of the evaluation
dataset with which they should be used.

In order to be able to on one hand find weights based on
the data, and on the other hand compare their result ranges
we propose the following procedure:

1) choose a prediction horizon h and a prediction basis b
and create an evaluation set {T'} of all trajectories T;
2) choose a set of similarity measures M = mj...m,, that
use as different features as possible for their evaluation
3) For each trajectory T; € {T'} and for each similarity
measure m;:
a) split the trajectory 7T} in two parts Til’b, TZ-Z"H’”1
b) find the trajectory T) = argming, mi(T,"°, T),
1 # k that has the most similar partial trajectory
T, * with respect to m;
c) Evaluate the similarity m, (T;’H’bJFh7 Tyt
for each other similarity measure m; € M, j # 1
4) Calculate the average similarity for each combination of
similarity measures.

This procedure is in essence an evaluation of a nearest
neighbor prediction approach. For each similarity measure m;
a nearest neighbor predictor is initialized and the resulting
predictions (T2b Jrl’I’J’h’) are compared to the ground truth using
each of the similarity measures. This produces a table in which
the row ¢ describes the similarity measure m; € M used for
prediction. Each column j, on the other hand, describes the
average of how the prediction was assessed by a similarity
measure m; € M. This table can then be used to estimate

how suitable the features used by each evaluated similarity
measure are for trajectory prediction and evaluation.

In order to be able to make quantitative statements about
similarity measures, first the table has to be normalized. By
dividing each value of the table by the minimum value in each
column min; a normalized table AV is generated for which
all entries a;; in row 4 and column j are larger or equal to
1. Each entry is now a factor that describes how much worse
than the best prediction the measure j evaluates the prediction
of measure 1.

The first step to determine weights from the table is to
analyze the primary diagonal. If there are entries that are
significantly larger than 1 this means that the features used
by the metric are not stable enough to provide a good
prediction and by extension a good evaluation of predictions.
The weight of the measures corresponding to such entries is
set to 0. Second, by comparing each of the entries of a column
similarity measures that do not contribute in a meaningful way
can be found. If for a column all entries are close to 1 this
means that the metric in average does not yield different results
depending on the selected prediction method. These measures
can also be ignored and set to 0. All measures which now
have their weight set to 0 are deleted from the table resulting
in a new table A"V

The remaining measures in A’" can still be considered for
the weighted sum. A mainly negative evaluation of a prediction
made by measure m,; is an indicator that the features that
m; analyses are not very useful in the context of prediction
and should be weighted less. If a measure m; on the other
hand evaluates other measures as negative it implies that m;
evaluates aspects that are ignored by the other measures and
m,; should be rated higher. By evaluating the average of each
column ¢ and each row j two values are produced: The average
of how this measure was scored by all remaining measures

n L.
j=1 %ij

Sm; = —~ and the average how this measure evaluated
!

by other measures e,,, = 27717}% The ratio of these two

numbers combined with the normalization factor min; that
was used for generating the normalized table yields the final
weight for each measure:

Sm; 1

)

Wy = —" - —
€m; min;

A. Discussion of Approach

The presented approach to combining trajectory similarity
measures has both advantages and disadvantages. One of
the main advantages is that it provides a method to choose
an evaluation measure for trajectory prediction that is not
biased towards the chosen prediction approach. However, the
resulting measure still exhibits a bias based on the data set.
A measure created with the proposed approach may not yield
the same performance if it is used on a different data set.
Because of this, our approach needs re-calibration whenever
the underlying data set is modified. However this is not a
problem e.g. in the context of benchmark data sets in which
the data won’t change.



One disadvantage of this approach is that it is partly
based on the assumption that features that are suitable to
use for prediction are also features that are predicted well.
This is the case for most features that are evaluated in the
presented similarity measures. However, if similarity measures
are combined for which this assumption does not hold, the
resulting measure may not provide a good evaluation. Further,
the quality of the resulting measure mainly depends on the
measures that are combined. If several measures are chosen
that are not suitable for prediction evaluation, the resulting
measure will probably exhibit the same problems. Another
drawback of such a hybrid measure is that unlike e.g. MED
its value has no semantic meaning other than a score that can
be compared to other trajectory pairs evaluated the same way.

Lastly it should be noted that this approach should be seen
as a heuristic. Since there is no objective quality measure
for similarity measures, it is not possible to find an optimal
evaluation metric. However, the proposed approach and the
analysis of similarity measures should prove useful for future
evaluations of trajectory prediction approaches.

V. EVALUATION

The evaluation of our similarity measure is done in form
of a case study on a trajectory data set recorded at a busy
intersection in Karlsruhe, Germany. The data set is created
with an experimental vehicle equipped with a Velodyne Li-
DAR HDL-64 [13] scanner and parked next to the intersection.
The pointclouds received from the laser scanner are segmented
by removing the ground plane and then executing a euclidean
cluster extraction provided by the point cloud library (PCL)
[14]. The resulting objects are tracked for as long as they
are observable with a simple tracking algorithm based on
a constant velocity motion model and a nearest neighbor
association approach. Based on the motion we further extract
an orientation and velocity for each observed time frame.
All tracked objects that moved during the observation are
manually labeled and classified either as pedestrian, bike, car
or neither.

As prediction basis and horizon we chose 5 time frames
since that number for this data set is enough to evaluate
whether changes to the trajectory are correctly predicted or
not. Further, a relatively short time frame allows for a splitting
of longer trajectories in order to get more data. The result of
this observation is a data set of about 16500 trajectories with
a length of at least 10 frames: 5660 car trajectories, 4647 bike
trajectories and 6212 pedestrian trajectories. A visualization
of all tracked trajectories are plotted in Figure 1. Since the
movement patterns of each class of traffic participants greatly
differ the data set was split into one data set for each class of
traffic participants.

The set of metrics that are to be combined in our evaluation
is chosen based on their inherent properties and features
they compare: To test the scaling properties of the proposed
heuristic a measure with bounded output is useful. This leaves
mmoTa and my,css. Since both are trajectory measures and
compare similar features and since myota only needs one

TABLE 11
NORMALIZED RESULTS FOR BIKE TRAJECTORIES
MMOTA | MMEDP | MMEDT | dg MAVD
MMOTA 1.000 2.600 2.152 6.195 | 2.074
MMEDP 1.014 1.000 1.000 5.859 | 2.052
MMEDT 1.017 1.190 1.108 6.064 | 1.992
dy 1.104 9.754 7.661 1.000 | 2.793
MAVD 1.111 11.619 9.059 8.382 | 1.000
TABLE III
FINAL NORMALIZED WEIGHTS FOR EACH CLASS OF TRAFFIC
PARTICIPANTS
MMOTA | MMEDP | MMEDT | dg MAVD
car 0.000 8.396 5.272 2.678 1.500
bike 0.000 2.377 1.818 1.005 | 0.261
pedestrian | 0.000 3.117 2.241 0.759 | 0.229

threshold parameter it was preferred over mr,css. The second
and third measures were selected as the euclidean mean
distances myepT and mygpp. This choice is made since both
consider spatial similarity in a comparable way while being
different enough based on the fact that one is a trajectory
measure and one a path measure. Further, the euclidean
distance can be considered as the most intuitive measure
which warrants a comparison. Since the euclidean distances
mostly cover spatial similarity we decided to exclude mpgayu
and myopn. The trajectory Hausdorff metric, on the other
hand, additionally uses orientation similarity dg. Because this
is not covered in the selection we include this in our weighted
sum. Since the prediction horizon is the same throughout the
experiment and mprw is mainly useful in situations where the
compared trajectories’ length differ, mprw was not included
in the set. In order to test these established similarity measures
a further metric, the average velocity difference mayp, is
added. This measure only regards the velocity difference as
feature ignoring even spatial similarity.

A. Discussion of Results

The normalized results of the evaluation of bike trajectories
are presented in Table II. As can be seen on the primary
diagonal of the table, all similarity measures score a prediction
made with the same metric as very good (~ 1). Interestingly
predictions made by mygpp are evaluated slightly better
by mmepT than mygepr’s prediction itself. This leads to
the conclusion that in the context of this dataset the exact
location of each point is more relevant than e.g. the velocity for
trajectory prediction. Since all values on the primary diagonal
are close to 1 no measure can be discarded in the first step
of analysis. However, the analysis of the columns reveal that
mmoTa Yyields very small differences for each prediction
approach. This result was also observed for the evaluation of
the car and pedestrian data sets. This means that my;oTa may
not be suitable in the context of this data set. The cause for
this might either be a unsuitable threshold — in this instance
0.5m maximal distance for a match was chosen — or a general
problem with this measure in the context of prediction.



Fig. 1. Evaluation Data Set. Green, red, orange respectively indicate cars, pedestrians and bikes. White indicates the position of the sensor and nearest possible
observations.

The final normalized weights are depicted in Table III.
The results show that for all three classes the orientation
evaluated with my and the velocity evaluated with mayp
receive comparatively low weights compared to both euclidean
distances. This leads to the conclusion that for this data set
the prediction of all traffic participants should mainly be
performed on basis of euclidean differences between predicted
and actual trajectory. This seems plausible since an evaluation
mainly evaluating velocity or differences in direction are
improbable to produce meaningful results.

VI. CONCLUSION

In this paper we analyzed different approaches to trajectory
comparison in the context of trajectory prediction evaluation.
We reviewed eight established similarity measures by high-
lighting their similarities and differences, and subsequently
inspected their applicability to our context. Based on this,
we proposed a new similarity measure as a weighted sum of
existing measures and a heuristic that can be used to deter-
mine suitable values for the weights. After we discussed the
advantages and disadvantages of our approach, we evaluated
the proposed heuristic with a set of five similarity measures on
a data set we recorded. We concluded the paper by discussing
the plausibility of our results.
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