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The mean width of random polytopes circumscribed around
a convex body

Karoly J. Boroczky, Ferenc Fodor and Daniel Hug

ABSTRACT

Let K be a d-dimensional convex body and let K (") be the intersection of n halfspaces containing
K whose bounding hyperplanes are independent and identically distributed. Under suitable
distributional assumptions, we prove an asymptotic formula for the expectation of the difference
of the mean widths of K™ and K, and another asymptotic formula for the expectation of the
number of facets of K™, These results are achieved by establishing an asymptotic result on
weighted volume approximation of K and by ‘dualizing’ it using polarity.

1. Introduction

Let K be a convex body (compact convex set with nonempty interior) in d-dimensional
Euclidean space R%. The convex hull K(,) of n independent random points in K chosen
according to the uniform distribution is a common model of a random polytope contained
in K. The famous four-point problem of Sylvester [43] is the starting point of an extensive
investigation of random polytopes of this type. Beside specific probabilities as in Sylvester’s
problem, important objects of study are expectations, variances and distributions of various
geometric functionals associated with K(,). Typical examples of such functionals are volume,
other intrinsic volumes, and the number of i-dimensional faces. In their ground-breaking papers
[31, 32], Rényi and Sulanke considered random polytopes in the Euclidean plane and proved
asymptotic results for the expectations of basic functionals of random polytopes in a convex
domain K in the cases where K is sufficiently smooth or a convex polygon. Since then most
results have been in the form of asymptotic formulae as the number n of random points tends
to infinity.

In the last three decades, much effort has been devoted to exploring the properties of this
particular model of a random polytope contained in a d-dimensional convex body K. For
instance, for a sufficiently smooth convex body K, asymptotic formulae were proved for the
expectation of the mean width difference W (K) — W (K,)) by Schneider and Wieacker [38],
and for the volume difference V(K) — V(K(,)) by Bardny [1]. The assumption of smoothness
was relaxed in the case of the mean width by Boéroczky, Fodor, Reitzner and Vigh [10], and
removed by Schiitt [40] in the case of the volume. General intrinsic volumes are treated in
[11] under a weak smoothness assumption. Recently, even variance estimates, laws of large
numbers and central limit theorems have been proved in different settings in a sequence of
contributions, for instance by Bardny, Reitzner, Schreiber, Vu and Yukich; see [3, 5, 29, 30,
39, 44, 45]. For more details on the current state-of-the-art of this line of research, see the
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survey papers by Weil and Wieacker [46], Gruber [16] and Schneider [36], and the recent
monograph of Schneider and Weil [37].

In a third paper, Rényi and Sulanke [33] suggested a model that is ‘dual’ to the model of a
random polytope contained in a given convex body K (a random inscribed polytope), that is,
they considered a random polytope containing a given convex body (a random circumscribed
polytope). Subsequently, this approach has not received as much attention as the ‘inscribed
case’, although it is closely related to linear optimization (cf. [6, 34, § 6]). There are various ways
of producing circumscribed random polytopes containing a given convex body. In this paper,
we consider a model in which the circumscribed polytope arises as an intersection of closed
halfspaces whose bounding hyperplanes are randomly chosen hyperplanes. A precise description
of this probability model is given in Section 2, and a more general setting is considered in
Section 5. Here we just provide the following rough description. In Euclidean space R?, we
consider hyperplanes that intersect the parallel domain at radius one of a given convex body K
but miss the interior of K, and we use the corresponding restriction of the (suitably normalized)
Haar measure on the set of hyperplanes in R¢ to provide an associated probability measure.
For n independent random hyperplanes Hy, ..., H,, chosen according to this distribution, the
intersection of the closed halfspaces bounded by Hi,..., H, and containing K determines a
circumscribed random polyhedral set containing K (which might be unbounded). The main
goal of this paper is to find asymptotic formulae for the expectation of the difference of the
mean widths of a random circumscribed polytope and the given convex body K, and for
the expectation of the number of facets of a circumscribed random polyhedral set. These
(and more general) results will be achieved by establishing general results on weighted volume
approximation of a given convex body by inscribed random polytopes. In all these results, no
regularity or curvature assumptions on K are required.

As for earlier results, we mention the paper by Ziezold [50], who investigated circumscribed
polygons in the plane, and the doctoral dissertation of Kaltenbach [22], who proved asymptotic
formulae for the expectation of the volume difference and for the expectation of the number of
vertices of circumscribed random polytopes around a convex body, under the assumption that
the boundary of the reference body K is sufficiently smooth. Recently, Bordczky and Schneider
[9] established upper and lower bounds for the expectation of the mean width difference for a
general convex body K. Furthermore, they also proved asymptotic formulae for the expected
number of vertices and facets of K™, and an asymptotic formula for the expectation of the
mean width difference, under the assumption that the reference body K is a simplicial polytope
with r facets (cf. [2] for a related contribution).

In [8], Boroczky and Reitzner discuss a different model of a random circumscribed polytope
where n independent random points are chosen from the boundary of a given smooth convex
body K, and the intersection of the supporting halfspaces of K at these points is the random
polyhedral set under consideration. This framework is again dual to the one considered by
Schiitt and Werner (see [42]), who study the expected volume of the convex hull of n
independent random points chosen from the boundary of a convex body satisfying a weak
regularity assumption.

2. The probability space and the main goal

We first describe the setting for stating our results on circumscribed random polyhedral sets.
Throughout this paper, K denotes a compact convex set with interior points (a convex body)
in d-dimensional Euclidean space R? (d > 2). We write (-, -) for the scalar product and || - || for
the norm in R?. For background on convexity, we refer to the monographs by Schneider [35] or
by Gruber [17]. Let V denote volume and let H7 denote the j-dimensional Hausdorff measure.
The unit ball of R? with center at the origin o is denoted by B?, and S¢~! is its boundary.
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We consider oy := V(B?) and wq := H41(S91) = day. The parallel body of K of radius 1 is
K, := K + B?. Let H denote the space (with its usual topology) of hyperplanes in R? and let
Hy be the subspace of hyperplanes meeting K7 but not the interior of K. For H € H, the
closed halfspace bounded by H that contains K is denoted by H~. Let p denote the motion
invariant Borel measure on H, normalized so that u({H € H : H N M # ()}) is the mean width
W (M) of M, for every convex body M C R%. Let 2ux be the restriction of p to Hy. Since
w(Hyg) = W(K + BY) — W(K) = W(B?) = 2, the measure px is a probability measure. For
n €N, let Hy,..., H, be independent random hyperplanes in R, that is, independent H-valued
random variables on some probability space (€2, A, P), each with distribution gy . The possibly
unbounded intersection

KM .= (n] H

i=1

of the halfspaces H, , with H; € Hy fori =1,...,n,is arandom polyhedral set. A major aim of
the present work is to investigate EW (K (" N K ), where E denotes mathematical expectation.
The intersection with K is considered, since K(") is unbounded with positive probability.
Instead of EW (K™ N K;), we could consider E,W (K(), the conditional expectation of
W (K ™) under the condition that K C K;. Since EW(K™ N K;) = E,W(K™) + O(y")
with v € (0,1) (cf. [9]), there is no difference in the asymptotic behaviors of both quantities,
as n — oo. We also remark that, for the asymptotic results, the parallel body K; could be
replaced by any other convex body containing K in its interior; this would only affect some
normalization constants.

Let 0K denote the boundary of K. We call 0K twice differentiable in the generalized sense at
a boundary point = € 0K, if there exists a quadratic form Q on R¢~!, the second fundamental
form of K at x, with the following property. If K is positioned in such a way that = = o and
R4 is a support hyperplane of K at o, then in a neighborhood of o we see that 0K is the
graph of a convex function f defined on a (d — 1)-dimensional ball around o in R~! satisfying

f(z) = 5Q(2) +o(l2]*), (2.1)

as z — o. Alternatively, we call  a normal boundary point of K. If this is the case, we write
k(z) = det(Q) to denote the generalized Gaussian curvature of K at . Writing x(z), we always
assume that 0K is twice differentiable in the generalized sense at x € 0K. According to a
classical result of Alexandrov (see [17, 35]), 0K is twice differentiable in the generalized sense
almost everywhere with respect to the boundary measure of K (in other words, H%~!-almost
all boundary points are normal boundary points). Finally, we define the constant

(@ +d+2)(2+1) . (d+1\ [d+ 1\
2(d+3)-(d+1)!F<d+1)< )

cq = (2.2)

Qd—1
(cf. [49]), which will appear in the statements of our main results. In the following, we simply
write dr instead of He(dz).

The main asymptotic result concerning the expected difference of the mean widths of K (™)
and K is the following theorem. Generalizations of Theorem 2.2, and also of Theorem 2.1
below, which hold under more general distributional assumptions, are provided in Section 5.
There we also indicate the connection to the p-affine surface area of a convex body.

THEOREM 2.1. If K is a convex body in R?, then

lim n?/ @D EW(K™ N EK) - W(K)) = 2cquwg @D/ (@+1) J k()Y @D {1 ().
oK

n—oo



502 KAROLY J. BOROCZKY, FERENC FODOR AND DANIEL HUG

Let f;(P), wherei € {0,...,d — 1}, denote the number of i-dimensional faces of a polyhedral
set P. In the statement of the following theorem, K (™) could be replaced by the intersection
of K™ with a fixed polytope containing K in its interior without changing the right-hand
side. Alternatively, instead of E(fy_1(K ™)) we could consider the conditional expectation of
fa—1(K™) under the assumption that K (™ is contained in K;.

THEOREM 2.2. If K is a convex body in R?, then

lim n~@D/@D R, (KM)) = cdwdf(dfl)/(dJrl)J o) ¥ @D A ().
oK

n—oo

Both theorems will be deduced from a ‘dual’ result on weighted volume approximation of
convex bodies by inscribed random polytopes. This result is stated in the subsequent section.
The usefulness of duality in random or best approximation has previously been observed for
example in [12, 15, 22].

3. Weighted volume approximation by inscribed polytopes

For a given convex body, we introduce a class of inscribed random polytopes. Let C be a convex
body in R?, let o be a bounded nonnegative measurable function on C' and let H?_C denote
the restriction of H* to C. Assuming that [ o(z) H%(dz) > 0, we choose random points from
C according to the probability measure given by

-1
P, o = (J o(z) d:c) oHILC.
c

Expectation with respect to P, ¢ is denoted by E, . The convex hull of n independent and
identically distributed random points with distribution P, ¢ is denoted by C(,) if ¢ is clear
from the context. This yields a general model of an inscribed random polytope.

Generalizing a result by Schiitt [40], we prove the following theorem.

THEOREM 3.1. For a convex body K in R?, a probability density function o on K, and an
integrable function A : K — R such that, on a neighborhood of 0K relative to K, A and ¢ are
continuous and o is positive, we have

lim n?/(+YE, KJ
n—oo K\K(n)

where ¢, Is defined in (2.2).

)\(CE) dz = cg JBK Q(x)_Q/(d+1))\(il?)li(x)l/(d+1) 'Hd_l(dx), (31)

The limit on the right-hand side of (3.1) depends only on the values of ¢ and A on the
boundary of K. In particular, we may prescribe any continuous positive function o on JK.
Then any continuous extension of ¢ to a probability density on K (there always exists such an
extension) will satisfy Theorem 3.1 with the prescribed values of g on the right-hand side.

Our proof of Theorem 3.1 is inspired by the approach in [40], where the special case p = A = 1
is considered. We note that for [40, Lemma 2], which is crucial for the proof in [40], no explicit
proof is provided, but reference is given to an analogous result in an unpublished note by M.
Schmuckenschléger. Besides a missing factor %, Lemma 2 does not hold in the generality stated
in [40]. For instance, it is not true for simplices. Most probably, this gap can be overcome, but
still our approach to prove Theorem 3.1, where [40, Lemma 2] is replaced by the present more
elementary Lemma 4.2, might be of some interest.
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The present partially new approach to Theorem 3.1 involves also some other interesting new
features. In particular, we do not need the concept of a Macbeath region. An outline of the
proof is given below. It should also be emphasized that the generality of Theorem 3.1 is needed
for our study of circumscribed random polyhedral sets via duality.

A classical argument going back to Efron [13] shows that

Eoi oK) =n-Eoc | olo)ds
K\K(nfl)

which yields the following consequence of Theorem 3.1.

COROLLARY 3.2. For a convex body K in R, and for a probability density function o on
K which is continuous and positive on a neighborhood of 0K relative to K, we have

n—oo

lim nf(dfl)/(dJrl) Eg,K(fO(K(n))) _ CdJ Q(x)(dfl)/(dﬁ’l)H(x)l/(d+1) del(dx)’
0K

where ¢, is defined in (2.2).

The proof of Theorem 3.1 is obtained through the following intermediate steps. Details are
provided in Section 4. Since the convex body K is fixed, we write E, and P, instead of E, x
and P, f, respectively. The basic observation to prove Theorem 3.1 is that

EQJ M) do = J P, (z & Km) A(z) dz, (3.2)
K\K(n) K

which is an immediate consequence of Fubini’s theorem. Throughout the proof, we may
assume that o € int(K). The asymptotic behavior, as n — oo, of the right-hand side of (3.2) is
determined by points x € K which are sufficiently close to the boundary of K. In order to give
this statement a precise meaning, scaled copies of K are introduced as follows. For ¢ € (0, 1),
we define K; := (1 —¢)K and y; := (1 — t)y for y € K. In Lemma 4.3, we show that

lim n?/ (1) J Py(z & K(n))A(z)dx = 0.
e K, —1/(a+1)
This limit relation is based on a geometric estimate of P,(x & K(,)), provided in Lemma 4.1,
and on a disintegration result stated as Lemma 4.2.

For y € 0K, we write u(y) for some exterior unit normal of K at y. This exterior unit normal
is uniquely determined for H% !-almost all boundary points of K. Applying the disintegration
result again and using Lebesgue’s dominated convergence result, we finally get

lim n%@+VE, J Mz)dx = J My)J,(y) H ™ (dy),
nmree K\K () oK
where
n—1/(d+1)
Jo(y) = lim n? Dy w(y))Py(yr & Kny) di
n—oo 0

for H91-almost all y € JK. For the subsequent analysis, it is sufficient to consider a small cap
of K at a normal boundary point y € K. The case k(y) = 0 is treated in Lemma 4.4. The
main case is k(y) > 0. Here we reparametrize y; as ¥s, in terms of the probability content of a
small cap of K whose bounding hyperplane passes through y;. This implies that

— — — d _
Jo(y) = (d+1) (d 1)/(d+1)adf{( H)g(y) 2/(d+1)H(y)1/(d+1)

n—1/2

X lim Jo n2/(d+1)]P’Q(gjs ¢ K(n))sf(dfl)/((”l) ds,

n—oo
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cf. (4.26). It is then a crucial step in the proof to show that the remaining integral
asymptotically is independent of the particular convex body K, and thus the limit of the
integral is the same as for a Euclidean ball (see Lemma 4.6). To achieve this, the integral is
first approximated, up to a prescribed error of order € > 0, by replacing P, (s & K(,)) by the
probability of an event that depends only on a small cap of K at y and on a small number of
random points. This important step is accomplished in Lemma 4.5. For the proofs of Lemmas
4.5 and 4.6 it is essential that the boundary of K near the normal boundary point y can be
suitably approximated by the osculating paraboloid of K at y.

4. Proof of Theorem 3.1

To start with the actual proof, we fix some further notation. For y € 0K and ¢t € (0,1), we define
the cap C(y,t) :=={z € K : (u(y),x) > (u(y),y:)} whose bounding hyperplane passes through
y; and has normal u(y). For u € R%\ {0} and t € R, we define the hyperplane H(u,t) := {z €
R?: (z,u) = t}, and the closed halfspaces HT (u,t) := {z € R?: (z,u) >t} and H (u,t) :=
{r € R%: (z,u) <t} bounded by H(u,t). We denote by h(K,-) = hx the support function of
K, that is, we have h(K,u) = max{(z,u) : z € K} for u € R%.

For y € 0K, we denote by r(y) the maximal number r > 0 such that y — ru(y) +rB¢ C
K. This number is called the interior reach of the boundary point y. It is well known that
r(y) > 0 for H% l-almost all y € K. If 7(y) > 0, then there is a unique tangent plane of K
at y. In particular, r(y) < r(K), where r(K) is the inradius of K. The convex hull of subsets
X1,..., X, C R? and points 21,...,2, € R? is denoted by [X1,..., X, 21,..., 2]

For real functions f and g defined on the same space I, we write f < g or f = O(g) if there
exists a positive constant -, depending only on K, ¢ and A, such that |f| <~-g on I. In
general, we write 79,71, ... to denote positive constants depending only on K, o and A. The
Landau symbol o(-) is defined as usual. We further consider Rt := [0, 00).

Finally, we observe that there exists a constant vy € (0, 1) such that, for y € K, we have

[y, u())] = 0llyll, and hence ||ylu(y)*|| < /1 =93 - lyll, (4.1)

where y|lut denotes the orthogonal projection of y onto the orthogonal complement of the
vector u € R?\ {o}. Subsequently, we always assume that n € N.

LEMMA 4.1. There exists a constant § > 0, depending on K and p, such that if y € 0K
and t € (0,0), then

Po(yr & K(ny) < (1 — yr(y)d= /202y,

REMARKS. (i) In addition, we may assume that on K \ int(Ks), both functions ¢ and A
are continuous, ¢ is positive and ;7 (K)(@=1/25(d+1/2 < 1 Further, we always choose 6 < 1.

(ii) In the following, we use the notion of a ‘coordinate corner’. Given an orthonormal basis
in a linear i-dimensional subspace L, the corresponding (i — 1)-dimensional coordinate planes
cut L into 2% convex cones, which we call coordinate corners (with respect to L and the given
basis).

Proof of Lemma 4.1. 1If r(y) =0, then there is nothing to prove. Therefore let r(y) >
0, thence wu(y) is uniquely determined. Choose an orthonormal basis in u(y)*, and let

1,-..,0%_, be the corresponding coordinate corners in u(y)*t. For i=1,...,29"% and
t €[0,1], we define

O :=C(y,t) N (ye + [0], RYy]).
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If § > 0 is small enough to ensure that o > 0 is positive and continuous in a neighborhood
(relative to K) of 0K, then

| ewdrzvien).
Ot
Ify: ¢ K(n) and o € Ky, then there exists a hyperplane H through y;, bounding the halfspaces

H~ and H*, for which K,y C H~. Moreover, there is some i € {1,..., 24=1} such that ©;; C
H™. Therefore

2d—1
]Pg (yt € K(n),O € K(n)) < Z (1 — ’)’QV(ei’t))n. (42)
i=1
Finally, we prove that
V(©i4) > r(y)\ V2D, (4.3)

for i =1,...,2971. According to (4.1), there exist positive constants 3 and 4 with v3 < 1
such that if ¢ < v37(y), then (y. + ©;) N K contains a (d — 1)-ball of radius at least

1aVr(y)? = (r(y) — 1?2 = nV/r)t,
and we are done. On the other hand, if ¢ > v3r(y), then

V(i) > t? > r(y)(d—l)/2t(d+1)/2'

To deal with the case o & K(,), we observe that there exists a positive constant 5 € (0, 1)
such that the probability measure of each of the 2¢ coordinate corners of R? is at least vs. If

0 ¢ Ky, then {z1,...,2,} is disjoint from one of these coordinate corners, and hence
Po(o & Kny) < 2(1 = 75)". (4.4)
Now the assertion follows from (4.2)—(4.4). O

Subsequently, the estimate of Lemma 4.1 will be used, for instance, to restrict the domain
of integration on the right-hand side of (3.2) (cf. Lemma 4.3) and to justify an application of
Lebesgue’s dominated convergence theorem (see (4.9)). For these applications, we also need
that if ¢ > 0 is such that w := ¢64+1/2 < 1, then

6 n
J (1 N Ct(d+1)/2) gt — %072/(d+1)J G2/AHD=1(] _ gyn s o =2/ =2/(d+1)
0 +1 0
(4.5)

where we use that (1 —s)” <e " for s € [0,1] and n € N.
The next lemma allows us to decompose integrals in a suitable way.

LEMMA 4.2. If0 <ty <t3 <éand h: K — [0,00] is a measurable function, then

J (1= T )Y de 1O ().

to

h(z)dx = J

JKtU\Ktl oK

Proof. Themap T : 0K X [to,t1] — Ky, \ K¢y, with (y,t) — (1 — t)y, provides a bilipschitz
parametrization of Ky, \ K;, with (1 —t)y = y; € OK;. The Jacobian of T, for H% !-almost
all y € OK and t € [to, t1], is given by JT(y,t) = (1 — )~ (y, u(y)), where u(y) is the (H41-
almost everywhere) unique exterior unit normal of dK at y. The assertion now follows from
Federer’s area/coarea theorem (see [14]). O
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In the following, for a > —1, we use the important fact that
| sttty < . (16)
oK

which is a result due to Schiitt and Werner [41].
By decomposing A into its positive and its negative part, we can henceforth assume that A
is a nonnegative integrable function.

LEMMA 4.3. Asn tends to infinity, we have

J Pa(z ¢ K(n)))\(x) dr = 0(n’2/(d+1))'
K, —1/(a+1)

Proof. Let 6 > 0 be chosen as in Lemma 4.1 and the subsequent remark. First, we consider
a point x in Ky. Let w be the minimal distance between the points of 0K and Kj, and let
21,..., 2 be a maximal family of points in K \ int(Ks) such that |z; — z;|| > § for i # j. We
define pg > 0 by

Po ::min{]P’Q(zi—l—%Bd) :izl,...,k}.

Let z € Ks. If x¢ K(,), then there is some u € 891 such that x€ H*(
Ky Cint(H ™ (u,t)). Since z € Ks, we obtain that K, Cint(H ™ (u, h(Ks,u))
H(u, h(Ks,u)) NOK;s, then

t) and

u?
). If z €

Lyt %Bd c KN H* (u, h(Ks,u)).

2
By the maximality of the set {z1,..., 2}, we have
{z1,.. . 2k} N (er%qu%Bd) £ 0.

Let z; lie in the intersection. Then z; + £B% C H" (u, h(Ks,u)), and hence z; ¢ z; + £ B% for
i=1,...,n. For z € Ks, this implies that

Po(z & K(n)) < k(1 —po)". (4.7)
Consider ¢ := (2(d?> — 1))~ and let n > 6=V For y € 0K we show that

)
J Py(ye & K(ny) dt < r(y) =4/ (@ p =2/ (dH) =<, (4.8)

n—1/(d+1)

In fact, if r(y) < n~(¢+De then Lemma 4.1 and (4.5) yield

) )
J Po(ye & Kom)dt < j (1= yur(y) @ D/24@ 02 gy

n—1/(d+1) 0
< ()~ @D/ (D) =2/ (@)

< T(y)_d/(d+1)n_2/(d+1)_s,

where the assumption on r(y) is used for the last estimate.
If r(y) = n~= (@D and n > ng, where ng depends on K, ¢ and ), then Lemma 4.1 implies,
for all t € (n=1/(@+1) §), that

]Pg(yt ¢ K(n)) < (1 _ ’y1n_6(d2_1)/2_1/2)n _ (1 _ ’Yln_3/4)n < 6—71n1/4

< 7n(]()fal/(d+1)7172/(d+1)75

b
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which again yields (4.8). In particular, writing I to denote the integral in Lemma 4.3, we obtain
from Lemma 4.2, (4.7), (4.8) and (4.6) that

)
I« J Po(z & K(n)\(z) dz +J J Py(ye & K(ny) dt H ™' (dy)
Ks K Jn—1/(d+1)

K
< k(1 —po)" + J r(y) (D) 2/ (D) = pd—1 () =2/ (D) —e
oK

where we also used the fact that A is integrable on K and bounded on K \ Kj. This is the
required estimate. [

It follows from (3.2), Lemmas 4.3 and 4.2 that

lim n?/ (41 EQJ Az) dx
n— oo K\K(n)
= lim nZ/(‘Hl)J’ Py(z & K(ny) M) dx
n—oo K
/(D)
= lim J P D1 =) Ny, w(y)Py(yr & Kmy)Mye) dt H (dy).
Lemma 4.1 and (4.5) imply that, if y € 0K and r(y) > 0, then
/(@41
J n®/ DR, (g & K ()) s u()Mye) dt < r(y) =D/,
0

Therefore, by (4.6) and since A is bounded and continuous in a neighborhood of 0K, we may
apply Lebesgue’s dominated convergence theorem, and thus

tin VB, [ Aahde= [ M) WO ), (49)
nee K\K(n) oK
where
= 1/(d+1)
Jo(y) = nlijgoj n? /D (y )Py (ye & Kny) dt,
0

for H? '-almost all y € OK.
LEMMA 4.4. Ify € 0K is a normal boundary point of K with k(y) = 0, then J,(y) = 0.

Proof. In view of the estimate (4.4), it is sufficient to prove that, for any given € > 0
= 1/d+1)

J n?/ (OB, (y, & K ()0 € K dt < ¢, (4.10)
0

if n is sufficiently large. We choose the coordinate axes in wu(y)* parallel to the principal
curvature directions of K at y, and denote by ©7,...,05,_, the corresponding coordinate
corners. For i =1,...,29 " and t € (0,n~*/(@*D) let

Oi = C(y,t) N (3 + [0}, RTy]),
and hence, if n is large enough, then

J o(x)dz > V(61,),
Ot

since ¢ is continuous and positive near K. If y; ¢ K,, and o € K, then there exists a
halfspace H~ that contains K, and for which y; € 9H~. Moreover, for some i € {1,..., 24—11
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the interior of H~ is disjoint from ©; ;. Hence, as in the proof of Lemma 4.1, we have
2d71
Py (yt & K(n)0 € K(n)) < Z (1 =%V (©:i:)". (4.11)
i=1
Since 0K is twice differentiable in the generalized sense at y, we have r(y) > 0. By assumption,
#(y) = 0; therefore one principal curvature at y is zero, and hence less than e9+1r(y)?—2.
In particular, there exists ¢’ € (0,6), which by (4.1) depends only on y and ¢, such that, if
i€{l,...,297 1} and t € (0,0"), then

HET (g +©) NK) > \/tgf(dﬂ)r(y),(d,m _ tr(y)d—Q,

and thus V(0 ;) > e~ (@+1)/2¢(d+1)/2 Therefore (4.10) follows from (4.5) and (4.11). O

Next we consider the case of a normal boundary point y € 0K with x(y) > 0. First, we prove
that J,(y) depends only on the random points near y (see Lemma 4.5). In a second step, we
compare the simplified expression obtained for J,(y) with the corresponding expression which
is obtained if K is a ball.

We start by reparametrizing y; in terms of the probability measure of the corresponding cap.
For t € (0,n='/(4+1)) where n > ng is sufficiently large so that g is positive and continuous on
C(y,t), for all y € 0K, we consider

Ys ‘= Yt,

where, for given s > 0 (sufficiently small), the corresponding t = ¢(s) is determined by the
relation

5= J o(z) dx. (4.12)
Cly:t)

Tt is easy to see that the right-hand side of (4.12) is a continuous and strictly increasing function
s = s(t) of t, if t > 0 is sufficiently small. This implies that, for a given s > 0 (sufficiently small),
there is a unique t(s) such that (4.12) is satisfied.

Moreover, observe that
ds _
G| et (413)
dt H(y,H)NK

for t € (0,n=1/(@*1). We further define

Cly,s) = C(y,t) and H(y,s):={z €R": (u(y),z) = (u(y), i)},

where ¢t = t(s).
Let @ denote the second fundamental form of 0K at y (cf. (2.1)), considered as a function
on u(y)*. We define

E:={zculy) :Q(z) <1}

and put u := u(y). Choosing a suitable orthonormal basis vy, ...,v4_1 of u(y)*, we have

d—1
Q(z) = ki(y)2},
=1

where k;(y), with ¢ = 1,...,d — 1, are the generalized principal curvatures of K at y and where
z=2z1v1+ ...+ z4_1v4_1. Since y is a normal boundary point of K, there is a nondecreasing
function p : (0,00) — R with lim,_ o+ p(r) = 1 such that

pu(r) ! p(r)
V2r V2r

(K(u,r)+ru—y) CEC (K(u,r) +ru—y), (4.14)
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where K(u,r):= K N H(u, h(K,u) —r). In the following, p; : (0,00) — R, where i =1,2,.. .,
always denote nondecreasing functions with lim,_ o+ pu(r) = 1. Applying (4.14) and Fubini’s
theorem, we get

(d+1)/2
VO 0 () =) = (1) B0 g ()
which yields
2t (y, (d+1)/2
(1) = oty ZE T ) 0t), (4.15)

d+1
since g is continuous at y. Moreover, defining

0= (d+ 1)/ @D o M AFD p(y=1/(d41) )1/ (1]

we obtain
lim s~ @[ H(y,s)NK) — ] =0 E (4.16)

s—0t

in the sense of the Hausdorff metric on compact convex sets (see [17] or [35]). Here we also
use the fact that
lim | sV (G0 — (G, uhu) = o. (4.17)
s—0

Now it follows from (4.13) and (4.16) that (4.9) turns into
Jo(y) = (d+ 1)*(d71)/(d+1)a(z_2{(d+1)Q(y)fz/(d+1)n(y)1/(d+1)

g(n.y)
x hmf n?/ IR, (o & K) s~ @D/ ds,

n—oo 0

where

lim n'/2g(n,y) = (d+ 1) aa—10(y)(2(u(y), y) D/ 2k(y)~1/2.

n—oo

The rest of the proof is devoted to identifying the asymptotic behavior of the integral. First,

we adjust the domain of integration and the integrand in a suitable way. In a second step, the
resulting expression is compared to the case where K is the unit ball. We recall that x4, ..., x,
are random points in K, and we consider Z, := {z1,...,2,}, and hence K,y = [E,]. Let #X
denote the cardinality of a finite set X C R%,

LEMMA 4.5. Fore € (0,1), there exist a, § > 1 and an integer k > 1, depending only on
and d, with the following property. If y € 0K is a normal boundary point of K with k(y) > 0
and if n > ng, where ny depends on €,y, K, o, then

a/n

g(n,y)
| P (B @ s~ | (K, y, 0,2, 5)5~ @D/ D) g

0 eld+1)/2 /p

+0 (37w )

where

o(K,y,0.e,8) =P,((§s & [C(y, Bs) NE,)) and (#(C(y, Bs) N E,) < k).

Proof. Let @ be the second fundamental form of K at the normal boundary point y,
and let vy,...,v4_1 be an orthonormal basis of u(y)* with respect to @, as described above.
Let ©f,...,0%,_, be the corresponding coordinate corners and, for i =1,.. .,2%71 and for
s € (0,n~'/2), consider

©;5 :=Cly,s) N (¥s + [0}, RTy]) .
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Let A, with s > 0, be the affine map of R? with A (y) = y for which the associated linear map
Ay is determined by A,(v) = s/ Dy, for v € ut, and Ay(u) = s¥/ @Dy, Then det(A,) =
s and A,-1(C(y,s)) converges in the Hausdorff metric, as s — 0%, to the cap C(y) of the
osculating paraboloid of K at y having volume o(y)~!. Here we use the assumptions that o is
continuous at y, o(y) > 0 and relation (4.12) holds. Let A > 0 be such that § :=y — M € aC (y).
Then A,-1(©;,,) converges in the Hausdorff metric, as s — 07, to C(y) N (7 + [0}, R u]), since
(4.17) is satisfied. Since p is continuous and positive at y, we thus get

s—0t

lim 571J‘ o(z)dx = lim S*IV(éi,s)g(y)
s—0% CH

= lim V(4,-1(0;:.))o(y)

s—0t
=V (C(y) N (5 + 0], R u]))oly)
=271V (C(y))oly)
=270 Jim V(A1 (C(y, s))o(y)

s—0t

— 9—(d=1) limJr sT'V(C(y, s)o(y)

s—0

=271 i sflj o(x) dx

s—0t

C(y,s)
— 2—(61—1)7

that is,
lim s~! J- o(x) de = 271, (4.18)

s—0%F O

Let o« > 1 be chosen such that

od—1+2d/(d+1) Joo e T2/ (D1 gy L e,

2-dey
Then we first choose 3 > (16(d — 1))4*! such that
gd—1,—d~ 12~ (D 1/ (D) (@41 /2 £

= q2/(d+1)”
and then we fix an integer k£ > 1 such that
(ap)* €
k! = a2/(d+1)”

Lemma 4.5 follows from the following three statements, which we will prove assuming that n
is sufficiently large:

g(n,y)
() J Py(ijs & K(ny)s D/ gs
0

a/n
- 7 —(d—1)/(d+1) ;)
L<d+1)/2/n Py (7s & Kny)s ds+0 (n2/(d+1) ;

(ii) if ed+1/2/n < s < a/n, then
. _ £
Po(#(Cly, Bs) NEn) 2 k) = O (W>;
(i) if e(@*1/2/n < s < a/n, then

Po(iis # Kiw) = Pu(fs & [C(3:35) 1Z24]) + O (70775 )-
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To prove (i), we first observe that

/2 Sd+1)/2

i —(d—1)/(d+1) —(d—1)/(d+1) &
L Py(7s & Kny)s ds < L s ds < RCYICESVR
If a/n < s < g(n,y), o€ Ky, Js € Ky and if n is sufficiently large, then there is some i €

{1,...,2971} such that ©; , N K(,) = 0, and hence (4.4) and (4.18) yield
Py(js & Kmy) < 2071 (1 — 27 %) < 207172, (4.19)

Therefore, by the definition of «, we get

g(n,y) o —d
J Pg(gs g K(n))S_(d_l)/(d+1) ds < 2d—1J 6_2 nsSQ/(d+1)—1 ds

a/n a/n

_ gd—192d/(d+1),) ~2/(d+1) ro o2/ (@D -1 g
2—dg

< =2/ (d+D),

which verifies (i).
Next (ii) simply follows from (4.12) as, if s < a/n, then

PO 09 n=0 = 0 = ()9 < () (“f)k R

_ Now we prove (iii). To this end, for s in the given range, our plan is to construct sets
Qy6,...,Qa-1 ¢ C K such that

J~ o(z)de > d-t2= @3 gt/ for 4 =1, .. 2971, (4.20)
Qs
and if s € K(,y but §s ¢ [C(y, Bs) N Z,), then Z, N Qs = 0 for some i € {1,...,2%1},

For i=1,...,2¢71 let w; € ©) be the vector whose coordinates (up to sign) in the basis
V1y...,Uq_1 are

o ) 1/(d+1) n 1 1
wi = (V5s) 2V/d—1 (i\/kl(y)’m’jE kd_l(y))

Further, for i = 1,...,2% ! we define

Qis =055 +wi, KN (Fs + O;)].

Then, if s > 0 is small enough, we have y 3, + w; € K, and hence (NZLS C K. Here we use the
fact that

wi € (V/Bs)"/ TV inE
and therefore, by (4.16), we have

75 +wi € H(y,\/Bs) N K C K.
Recall that g, = (1 — t)y, where s and ¢ are related by (4.15). Hence, if s,¢ > 0 are sufficiently
small, then
%31/(d4F1) -1 ~ [31/(d4*1)
T oy - > T

since B > 2%*1: moreover, we have

(u()sy = §s) - MO (K O (s +©7) 2 V(Os,). (4.22)

s

(u(y), s — Uys) > (u(y),y = ¥s), (4.21)
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Combining (4.21), (4.22) and (4.18) together with the continuity of ¢ at y with o(y) > 0, we
get

| e)de > Z-2 o)), 5. - 5510 (K 0 3 + )
ﬁirs = \/id » Ys fs s i

N B+ g V&
= TE ( 1,5)
BU/(d+1) 1

= Y Jéis o(x) dx
. ﬂl/(d+1)8
8d2d 7
which proves (4.20).

It is still left to prove that, if g, € K, but 7, & [C(y, Bs) N E,], then =, ﬂ()m = for
some 7 € {1,..., 24=11. Hence we assume that g, € K(,) but gs ¢ [C(y, Bs) N E,]. Then there
exist a € [C(y,Bs) NEx] and b € K, \ C(y, Bs) such that §s € [a,b], and hence there exists
a hyperplane H containing s and bounding the halfspaces HT and H~ such that C(y,3s) N
E, Cint(H") and b € int(H ™).

Next we show that there exists ¢ € [s, b] such that

ge H N (gfs + N;i(ﬁs)l/(d+l)E>' (4.23)

In fact, define ¢ := [§js,b] N H(y,/Bs) and ¢ := [§s,b] N H(y, Bs). Since a € H* and §j, € H,
it follows that ¢ € H~. From (4.16) we get

H(y,Bs) N K C §jgs + 28" @+ D1/ @40 g (4.24)
By (4.15), we have
o 32/(d+1) F2/(@d+1) _q ) )
()95 = 985) < @ 1" gerarn — gz W) Ivps ~ Uss)
51/(d+1) ~ R
< WW(@/),yfs — Ugs)- (4.25)

Furthermore, by elementary geometry we have

||q - g\/ﬁs” _ <ua Ys — g\/ﬁs>

lg" = gosll — (u,5s — Gps)
Then, by (4.24) and (4.25), we have
<uags _g\/B5> 1/(d+1
4 € Gypy eSO ()
VB <uays 7y[35> (Bs)
<U,?j\/ﬁs_?jﬂs>) 1/(d+1) 1/(d+1
ci s+<1—~~ QM) 1/,
Vo (u,Js — Ygs)
C ijyps + 25"/ nE

. 1 1/(d+1)
C g+ —— E,

where 3 > (16(d — 1))**! is used for the last inclusion. Now there exists some i € {1,...,2971}
such that g5 + ©; C H~, and hence ¢ + ©; C H~. By (4.23) this finally yields

Q\/Bs+wiCq—|—®;CH_.

Therefore, we obtain that Qi,s Nz, = 0.
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Finally, (iii) follows since, if e(4*1/2/n < s < a/n, then

0 < Po(iis & [C(y, Bs) N En]) — Py (5s & Kny)

2d71 n
< Z 1- o(x) dx
i=1 Qs
2d—1

—n s o(x)dx
Ze fszl,s ()

i=1
gd—1 y—d =12 () g1/ (@) (1) /2

N

<
<ea 2@+,

by the choice of (. 0

REMARK. As a consequence of the proof of Lemma 4.5, it follows that

—(d— — d —
Jo(y) = (d+1) (d 1)/(d+1)adf{( “)g(y) 2/(d+1),€(y)1/(d+1>

n—1/2
x lim J n?/ IR, (4, & K(ny) s~ D/ gs, (4.26)
n—oo O
In fact, since g(n,y) < n~/2, it is sufficient to show that
Canl/Z
lim n?/(d+1) J P, (gjs & K(n)) s~ @=D/d+1) gg — ¢
n—00 cin—1/2

for any two constants 0 < ¢; < ¢2 < 00. Since the estimate (4.19) can be applied, we get

con~1/2 con~1/?
n2/) [ By (5 & Kom) s~ @D/ gs 2/ (@) : o2 s 2/(d41) -1 g
can—1/2 cin—1/2
2_d02n1/2
< J e T2/ (@D =1 gy
2—d61n1/2

from which the conclusion follows.

Subsequently, we write 1 to denote the constant one function on R%. For the unit ball B,
we recall that Bfn) denotes the convex hull of n random points distributed uniformly and
independently in B?. We fix a point w € B and, for s € (0, %), define wg :=t - w, where
t € (0,1) is chosen such that

s=a;' - V({z e BY: (z,w) > (s, w)}).
By a classical result due to Wieacker [49], we have
nh—>ngo n2/(d+1)El,BdV(Bd \ Bzin)) = Cq Wd O[Z/(d+1)7

where the constant ¢4 is given in (2.2). Hence, it follows from (4.9), (4.26) and the preceding
remark that
—1/2

lim Jn n?/ (VP gy (u?s ¢ Bfln)) s~ @D/ g — ¢4 (d + 1)(d—1)/(d+1)a3£(f+1).

n—oo 0
(4.27)
We are now going to show that the same limit is obtained if B? is replaced by the convex body
K and if a normal boundary point y of K with positive Gauss curvature is considered instead
of w € OB4.
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LEMMA 4.6. Ify € 0K is a normal boundary point of K satistying x(y) > 0, then
n-1/2

nh_{I;o J-O nQ/(d+1)PQ@S ¢ K(n))s—(d—l)/(d+l) ds = cq(d + 1)(d—1)/(d+1)a§£(ii+1)_

Proof. Let € € (0,1) be arbitrarily chosen. According to Lemma 4.5 and its notation, and
by the preceding remark, if n is sufficiently large, we have

n—1/2

J ]P;Q (gs ¢ K(n)) s*(d*l)/(d‘l’l) ds
0

=0 (n2/(d+1)) + Z ( ) L(dﬂ)/z/n(ﬁé‘) (1—pBs)""
X PQ,C’(y,ﬁs) (ys ¢ C(yvﬁs)(l))s (d=1)/(d+1) ds. (428)

We fix a unit vector p, and consider the reference paraboloid ¥ which is the graph of z + ||z
on p*. For 7 > 0, define

C(r):={z+tp:zept and |z|*> <t < 7%V},
that is, a cap of ¥ of height 72/(+1) Tt is easy to check that V(C(7)) = 7V (C(1)). We define

PN 4 (S AED)
= )

Then (4.12) implies that

0Os S

w(B,s)e(y)BV(C)) (B, s)e(y)V(C(1))’
where p(3,s) — 1 as s — 0T. Let Ay, with s> 0, denote the affinity of R Wlth As(y) =y
for which the associated linear map A, satisfies fls(v) = /@Dy for v € ut and A, (u) =

s2/(d+1)y, Then the image under A,—1 of a cap of K at y converges in the Hausdorff metric,
as s — 07, to a cap of the osculating paraboloid of K at y. For a more explicit statement, let
A be a volume-preserving affinity of R? such that A(y) = o and A(y — u) = p, which maps the
osculating paraboloid of K at y to . Then ®, 53 := Ao Ay -1 is an affinity satisfying

v(C(®)
V(Cly,s)’

and, consequently, ®, 5(C(y, 3s)) — C(8) in the Hausdorff metric as s — 0. Moreover, we
have

5(8,s) =

P, 5(y) =0, det(Psp)=3(3,5) "=

lim (PS ﬁ(ys) = hm CI)S 1(?/5) =D,

s—0t

since p(3,5) — Land u(1,s) — lass — 01, §, € dC(y,s) and @, 1(§s) € AC(1), and by (4.17).
Since ¢ is continuous at y, for ¢ = 0, ..., k, the properties of ®; 3 imply that

lim P, o, 50 (s € C(Y,85) 1) = Pro@ (0 € C(B)am)- (4.29)

From (4.28) and (4.29) we get

n*l/? /

Jo Py(Gs & Kwy) s~/ ds = 0 (nz/(d+1)) + Z ( ) L (B)'(1 = B)"™

(@+1)/2 /p

x Py o) (p §Z C(ﬂ)(i)) —(d=1)/(d+1) g
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The same formula is obtained for
—1/2

n
J Py o (10 & BY,) ) s~/ as,
0

since C'(f) is independent of K. Since ¢ € (0,1) was arbitrary, it follows that

n—1/2

lim J /R, (§s & Ky) s~ D/ ds
0

n—oo
n-1/2
= lim J nQ/(dJrl)IP’LBd (ﬁ)s o4 B(dn)) s~ d=D/(d+1) gg.

n—oo 0

Now (4.27) yields Lemma 4.6. O

Proof of Theorem 3.1. Let y € K be a normal boundary point of K. Combining
Lemma 4.4, Lemma 4.6 and (4.26), we obtain

To(y) = caoly) >/ r(y) D,

Therefore Theorem 3.1 is implied by (4.9). ]

5. Polarity and the proof of Theorem 2.1

In this section, we deduce Theorem 2.1 and Theorem 2.2 from Theorem 3.1 and Corollary 3.2,
respectively. In order to obtain more general results, for not necessarily homogeneous or
isotropic hyperplane distributions, we start with a description of the basic setting.

Let K C R? be a convex body with o € int(K), let K* :={z€R?: (z,2) <1forallz €
K} denote the polar body of K and consider K; := K + B?. Let Hy denote the set of all
hyperplanes H in R? for which H Nint(K) = () and H N K; # (). The motion invariant locally
finite measure p on the space A(d, d — 1) of hyperplanes, which satisfies u(Hx) = 2, is explicitly
given by

o0

u:2J J 1{H(u,t) € -} dt o(du),
sd-1 Jo

where ¢ is the rotation invariant probability measure on the unit sphere S?~!. The model of

a random polytope (random polyhedral set) described in the introduction is based on random

hyperplanes with distribution g =271 (u_Hx). More generally, we now consider random

hyperplanes with distribution

g = J J V{H (u, ) € Yt u) dt o (du), (5.1)
sd-1Jo

where ¢ : [0,00) x S9~1 — [0, 00) is a measurable function which has the following properties:

(ql) it is concentrated on Dy := {(t,u) € [0,00) x S4=1: h(K,u) <t < h(Ky,u)};

(q2) it is positive and continuous in a neighborhood of {(¢,u) € [0,00) x S4~1 : ¢ = h(K,u)}

relative to Dy;

(g3) it satisfies pq(Hg) = 1.
The intersection of n halfspaces H; containing the origin o and bounded by n independent
random hyperplanes H; with distribution p4 is denoted by K (") .= i, H; . Probabilities
and expectations with respect to p, are denoted by P,  and E, , respectively. The special
example ¢ = 1p,. (q is the characteristic function of Dg) covers the situation discussed in the
introduction.

In the following, as well as the support function, we also need the radial function p(L,-) of
a convex body L with o € int(L). Let ' be a nonnegative measurable functional on convex
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polyhedral sets in R?. Using (5.1) and Fubini’s theorem, we get

Euq(F<K(n))):J (mH > (d(Hy,...,Hy))
Adyd—1)"
J J‘h(Khul) Jh(Klvun) ﬁ ﬁ
(Sd=1)m Jh(K,u1) h(K,un) i=1 i=1

X dty ...dty %" (d(ug, .. up)).

For ty,...,t, > 0, we have
ﬂH Ui, by :[ _1u1,...,tn_1un]*.

Using the substitution s; = 1/t;, p(L*,u;) = h(L,u;)~! for L € K™ with o € int(L), and polar
coordinates, we obtain

n 1 .

B (P = — [ Pl TT (2@l =40 doss..m),
(K*\K)™ i=1

with K7 := (K7)* and

q = i o T *\ {o
i) "q(||o:|’ :r||)’ € KT\ o).

The case n =1 and F' =1 yields

1

| @l de =,

wq K*\K*
and hence

o(x) == wa~ @)z, w e K*\ KT,
"o, r € Kf,

is a probability density with respect to H4LK* that is positive and continuous in a neighborhood
of OK* relative to K*. Thus, we have

E,, (F(K™)) = F(lz1,..., 20" i z;)d(z1, ..., T

(PEO) =] R ) Lot )
= By k- (F (7)),

where K¢, = (K*)(n).-

PROPOSITION 5.1. Let K C R? be a convex body with o € int(K), and let ¢ and o be
defined as above. Then the random polyhedral sets K™ and (K (w))" are equal in distribution.

For a first application, let
F(P):=1{P C Ki}(W(P) - W(K)),

for a polyhedral set P C R?, with the convention 0 - oo := 0. For x1,...,z, € K* \ K{, we have
K C [z1,...,z,]" and, arguing as before, we have

F([xl" . axn}*) = 1{[£E1,. .. ,wn]* C Kl}(W([xla o 7xn]*) - W(K))

:2-1{[x1,...,xn]*CK1}J Az) dz,
K*\[@1,...,x0]
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where

_ Jwa a7, e e K\ KT,
Az) =
0, x e K7
Note that if [zy,...,2,]" C K1, then the set [z1,...,z,]" is bounded; hence o€
int([z1,...,zy]), and therefore K C [z1,...,2,]"" = [21,..., 20
As in [9], it can be shown that P, (K™ ¢ K;) < o™, for some a € (0,1) depending on K
and ¢. By Proposition 5.1, we also get

Hence we have

E,, (W(K<”> NK,) — W(K))

—E,, (1{[((”) c K} (W(K<">) - W(K))) +O(a)

— 2B, x- (1{(K(*n))* C Ky} JK A&) dx) + 0"

NK

=2.E, k- (J () dx) +O0(a™),
K\K?

(n)
where we used that A is integrable. Therefore, by Theorem 3.1, we have
lim n? D E, (WK™ NK) - W(K))

n—00

=2. lim n¥ VR, k. J Az) dx
K\K

n—oo *

(n)
20| ola) M) ()4 1 o)
OK*

= 2¢qwy” (7DD J () 72D [l |7 () VD R (d),
oK™

where £* denotes the generalized Gauss curvature of K*. In the following, for x € 0K, let o ()
denote an exterior unit normal vector of K at x. It is unique for H? !-almost all z € K.

THEOREM 5.2. Let K C RY be a convex body with o € int(K) and let q : [0,00) x S~ —
[0,00) be a measurable function satisfying (q1)—(q3). Then
lim n?VE, (WK™ NK,) - W(K))

n—oo

:2¢dwd*<d’”/(d+l)J (WK, o5 (x)), o (x)) "2 @D k()4 @D 1= (dg).  (5.2)
0K

The proof is completed in Section 6 by means of Lemma 6.2.

ExAaMPLE. Observe that if ¢ : {(h(K,u),u) € (0,00) x 971 :u € §971} — [0, 00) is posi-
tive and continuous, then ¢ can be extended to [0, 00) x S?~! such that (q1)—(q3) are satisfied.
For any such extension, the right-hand side of (5.2) remains unchanged. As an example, we
may choose ¢; such that ¢ (t,u) = t(@*=D/2 for ¢ = h(K,u) and u € S?~1. Then the integral
in (5.2) turns into

J n(x)d/(cHl)
7]

@ o (@)1 H (dx) = Qa2 (K),
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where
r(z)P/ (d+P)
Qp(K) = “Dd/(d
o (x, 0k (x)) P-4/ (d+p)
is the p-affine surface area of K (see [18, 19, 23-25, 27, 47, 48]). It has been shown that

Qg2 (K) = Q1(K*); see [19]. Moreover, for a convex body L C R?, the equiaffine isoperimetric
inequality states that

HA L (dx)

0 (L) < dafl/(d*‘l)v(L)(dfl)/(dJrl)
with equality if and only if L is an ellipsoid (cf. [7, 18, 26-28]). Thus we get
lim n2/(@+D) E, (W(K(n) NEy) — W(K)) < 2deqw; (d=1)/(d+1) 2/(d+1)V(K*)(d 1)(d+1)

n—oo
with equality if and only if K* is an ellipsoid, that is, if and only if K is an ellipsoid. This can
be interpreted as saying that, among all convex bodies for which the volume of the polar body
is fixed, ellipsoids are worst approximated asymptotically by circumscribed random polytopes
(with respect to the density ¢1) in the sense of the mean width.

For another application, we define

F(P) := fa-1(P),
for a convex polyhedral set P C R%. It is well known that fo(P) = f;_1(P*) for a convex
polytope P C R? with o € int(P). Thus, from Proposition 5.1, we get

By, (fa1(K)) = Bpie- (famr ((KG)))
= By i+ (H(K()" € Kibfaa (K(y)Y))
+ g - (1K) ;zKl}fdfl((Kz;))*))
= By (H(KG)" € Kabfo(KGy) ) +0(n- )
—E, k- (fO(K(n))) +O(n-am),

where a € (0,1) is a suitable constant.
The following Theorem 5.3 generalizes Theorem 2.1 in the same way as Theorem 5.2 extends
Theorem 2.2.

THEOREM 5.3. Let K C R be a convex body with o € int(K) and let q : [0,00) x S9! —
[0,00) be a measurable function satisfying (q1)—(q3). Then

lim n—(@=1/d+1) E,, (fa-1 (K(")))

n—oo

= ¢y wdf(dfl)/(d+1) J q(h(K, O'K(.’ﬂ)), UK(:L,))(dfl)/(d+1)h:(1,)d/(d+1) del(dx).
oK

The proof follows by applying Corollary 3.2 and Lemma 6.2.

6. Polarity and an integral transformation

In this section, we establish the required integral transformation involving the generalized
Gauss curvatures of a convex body and its polar body. The main difficulty of the proof is due
to the fact that we do not make any smoothness assumptions on the convex bodies that are
considered.



MEAN WIDTH OF CIRCUMSCRIBED RANDOM POLYTOPES 519

Let L C R? be a convex body. If the support function h;, of L is differentiable at u # o, then
the gradient Vhr(u) of hy at w is equal to the unique boundary point of L having u as an
exterior normal vector. In particular, the gradient of Ay, is a function that is homogeneous of
degree zero. Note that hy, is differentiable at He1_almost all unit vectors. We write Dg_1hy, (u)
for the product of the principal radii of curvature of L in direction u € S4~!, whenever the
support function hy, is twice differentiable in the generalized sense at v € S?~!. Note that this
is the case for H?~!-almost all u € S4~!. The Gauss map o7y, is defined H% !-almost everywhere
on OL. If o is differentiable in the generalized sense at x € L, which is the case for H¢!-
almost all x € L, then the product of the eigenvalues of the differential is the Gauss curvature
(). The connection to curvatures defined on the generalized normal bundle N (L) of L will
be used in the following proof (cf. [20]).

LEMMA 6.1. Let L C R% be a convex body containing the origin in its interior. If g : 0L —
[0, 00] is measurable, then

J g(m)/sL(x)l/(dH)Hd_l(dx):J' 9(Vhr(u)Dg_1hg (u) @D 1AL (du).
oL Sd—1

Proof. 1In the following proof, we use results and methods from [20], to which we refer
the reader for additional references and detailed definitions. Let A(L) denote the generalized
normal bundle of L and let k; (2, u) € [0,00], withi = 1,...,d — 1, be the generalized curvatures
of L, which are defined for H?!-almost all (x,u) € N'(L). Expressions such as

ki($7u)1/(d+1) ki(ZE,U)
B S e 2 ok ¥ S
1+ ki(x,u)? 1+ ki(x,u)?
with k;(z,u) = oo are understood as limits as k;(x,u) — oo, and yield 0 or 1, respectively, in
the two given examples. As is common in measure theory, the product 0 - 0o is defined as 0.
Our starting point is the expression
7 Filw, )/ (@D

= J-N(L) 9() H 1+ ki(z,u)?

i=1

H(d(z,u)), (6.1)

which will be evaluated in two different ways. A comparison of the resulting expressions yields
the assertion of the lemma.
First, we rewrite I in the form

d—1

—d/(d+1)
= x i, u ol ) K d .
I = JN(L) g( ) (H k/’z( ) )) Ja—1 2( , )H (d( , ))’ (6 2)

i=1
where

d—1

ki(z,u)
Ja— 5 = — )
a-1m2(2, u) l[[l 1+ ki(z,u)?

for H 1-almost all (z,u) € N(L), is the (approximate) Jacobian of the map 7 : N'(L) —
Sa=1 (z,u) = u. To check (6.2), we distinguish the following cases. If k;(x,u) = 0 for some
i, then the integrands on the right-hand sides of (6.1) and (6.2) are zero, since 0-00 =0
and Jy_1ma(z,u) = 0. If k;(x,u) # 0 for all ¢+ and k;(z,u) = co for some j, then again both
integrands are zero. In all other cases the assertion is clear.



520 KAROLY J. BOROCZKY, FERENC FODOR AND DANIEL HUG

For H?!-almost all u € S9!, we see that VA (u) € L is the unique boundary point of L
which has u as an exterior unit normal vector. Then the coarea formula yields

1 —d/(d+1)
I :J g(Vhr(u)) (H ki(VhL(u),u)> HY (du).
St i=1
Using [20, Lemma 3.4], we get
I= J 9(Vhr(u)Dg_1hr (u)? @D 1 (du). (6.3)
Sd—1

Now we consider also the projection 7 : N'(L) — JL, (z,u) — x, which has the (approximate)
Jacobian

a1 1
Jiam(z,u) = | | ——,
2.1;[1 1+ ki(z, u)?

for H4-almost all (z,u) € N'(L). A similar argument as before yields

1

J1 1/(d+1)
i(r,u 1z, u d=1 T, U
JN@Q(‘” (qu)) Jaovm (e, ) HO Y (d(, w)

il 1/(d+1)
J g(z) (H ki(x,aL(x))> HA (da).
oL i=1
By [20, Lemma 3.1], we also get
I= J g(@)rp ()" D K (da). (6.4)
oL
A comparison of equations (6.3) and (6.4) gives the required equality. O

REMARK. An alternative argument can be based on arguments similar to those used in
[18] for the proof of the equality of two representations of the affine surface area of a convex
body.

LEMMA 6.2. Let K C R? be a convex body with o € int(K). If f : [0,00) x §971 — [0, 00)
is a measurable function and f(z) := f (||z| 7, |z[| '), with x € OK*, then

J f(fv)IIII\’d“H*(I)”(d“)Hd’l(dx):J F(W(K, 0k (2)), 0 (2))s(2) D 1O (de).
OK* oK

Proof. We apply Lemma 6.1 with L = K* and g(z) = f(z)|j=| %", with z € K*, and
thus we get

j F(a@) 2] =+ s () V@D 4 ()
OK*
= J F (Ve () [V () |~ Dy g () @D 391 (),
Sd—l

Next we apply Theorem 2.2 in [19] (or the second part of [21, Corollary 5.1]). Thus, using the
fact that, for H? '-almost all u € S?~!, we have that hg- is differentiable in the generalized
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sense at u and p(K,u)u is a normal boundary point of K, we have:
Dy 1hpe (u)d/(dJrl) _ H(x)d/(dJrl) <U,0K(:L')>7d,

where 2 = p(K,u)u € 0K and u = ||z|| "'z € S9~1. Hence, we have
| Al ) 0 1 )
oK*

[V e (w) ||~
<u7 OK (p(K7 u)u)>d
The bijective and bilipschitz transformation 7' : S9! — 0K, u — p(K, u)u, has the Jacobian

for H?l-almost all u € S9! (see the proof of [19, Lemma 2.4]). Therefore, we have

r(p(K, u)u)? @) 1A= (dg).

:j F(Vhic ()
Sd—l

j F(a) 2] =+ () D 4 ()
OK*

SCE Lo I, (m)dﬂ(l,)d/(dm i ()

Jox ] (@/l]l, o () ]

[ 7 oy VD @) |17
= uaKf(VhK*( ) @, 0n (@)

e () k()M 1 (da)

= ;K F(IVhi @)1 Vhiee (@) / IV () [ )re(a) Y D R (dx),

N

= | flh(ox(@)), o (@)r(@)® D R dz),
JOK

since hg«(x) =1 for x € 0K and z* := Vhg-(z) satisfies ||2*||7! = (z,0x(x)) as well as
x*/||x*|| = ok (), for H¥ 1-almost all x € IK. O

NOTE. In Theorem 3.1 and Corollary 3.2 the assumptions on A and p can be slightly
weakened. It is sufficient to assume that the integrable function A and the probability density
o are continuous and g is positive, at each boundary point of K. This follows from a compactness
argument that shows that A is bounded and p is bounded from above and from below by a
positive constant in a suitable neighborhood of K. A compactness argument also yields the
continuity properties of A and p that are actually needed in the proofs. A similar remark applies
to property (q2) in Section 5.

Acknowledgements. We are grateful for stimulating discussions with Rolf Schneider. The
third author is grateful to Joseph Yukich for having pointed out to him that the weaker
continuity conditions that are discussed in the preceding Note are possible in the context of
mean and variance asymptotics for the vertex count of a sample in the unit ball; see, for
example, [39, Theorem 2.1].
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