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Abstract

LetQ2 Cc R¥bea Lipschitz domain and let S¢,;1(€2) be the largest constant such
that

1
/ IV x u?dx > Seun(Q)  inf (/ e + w|6dx>3
R3 weWg (cur, R3) N JR3
Vxw=0

for any u in Wg(curl; Q) C Woﬁ(curlg R3), where Wg(curlg Q) is the closure of
C(Q2,R¥) in {u € LYQ,R%) : V x u € L*(Q, R?)} with respect to the norm
(|u|é + |V x uI%)l/ 2. We show that Seun () is strictly larger than the classical

Sobolev constant S in R3. Moreover, Scur1(£2) is independent of €2 and is attained
by a ground state solution to the curl—curl problem

Vx(qu):|u|4u

if @ = R3. With the aid of these results we also investigate ground states of the
Brezis—Nirenberg-type problem for the curl—curl operator in a bounded domain 2

V x (Vxu)+iu=lu*u in€,

with the so-called metallic boundary condition v x # = 0 on €2, where v is the
exterior normal to 0L2.

1. Introduction

Sobolev-type inequalities have been widely studied by a large number of au-
thors and the best Sobolev constants play an important role in a variety of fields,
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such as the theory of partial differential equations, differential geometry, isoperi-
metric inequalities as well as in mathematical physics; see for example [4,20,33]. In
particular, if  is a domain in R3, then the best constant S in the Sobolev inequality

1
/ |Vul? dx > s(/ |u|6dx)3 foru € DV2(Q) (1.1)
Q Q

has been computed explicitly by Talenti [33] and as is well-known, it is achieved
(that is, equality holds) if and only if 2 = R and  is the Aubin—Talenti instanton
Ug,y()c):=31/4(e32 +|x —y?)~1/2, see [4,33]. When ¢ = 1, this is the unique (up to
translations in R?) positive solution to the equation —Au = |u [*u in DV2(R3) and
a ground state, that is, a minimizer for the energy functional among all nontrivial
solutions.

The aim of this work is to perform a similar analysis for the curl operator
V X (-). This is challenging from the mathematical point of view and important in
mathematical physics; such operator appears for example in Maxwell equations as
well as in Navier—Stokes problems [13,17,26]. Finding a formulation in the spirit
of (1.1), but involving the curl operator, is not straightforward and there are several
essential difficulties as we shall see later.

For instance, the kernel of V x (-) is of infinite dimension since V x (V) = 0
for all ¢ € C%(R2). Hence the inequality (1.1) with Vu replaced by V x u would
hold for all u € C{°(R?, R?) only if § = 0. This makes it necessary to introduce a
Sobolev-like constant in a different way which we now proceed to do.

Let €2 be a Lipschitz domain in R3 and for 2 < p <6,let

WP (curl; Q):={u € LP(Q,R%) : V x u € L*>(Q, R?)}.

This is a Banach space if provided with the norm

2 2\ /2
luelwrcears = (Il + 19 x ul3)
Here and in the sequel | - |, denotes the L?-norm for g € [1, oo]. We also define
Wé’ (curl; Q):=closure of C3°(£2, R?) in W” (curl; Q). (1.2)

If Q@ = R?, these two spaces coincide, see Lemma 2.1. Although results of this
kind are well known, we provide a proof for the reader’s convenience. The spaces
Wz(curl; Q) and Wg(curl; 2) are studied in detail in [13,18,26]. Extending u €
W{ (curl; ) by 0 outside  we may assume W (curl; ) C W[ (curl; R?®). Denote
the kernel of V x () in WS’ (curl; R?) by

Wi={w € W(curl; R*) : V x w = 0}.

Let Scur1(€2) be the largest possible constant such that the inequality

1
/ IV x u?dx > Seun () inf (/ |u+w|6dx>3 (1.3)
R3 weW \ JR3

holds for any u € Wg(curl; Q)\W. Inequality (1.3) is in fact (trivially) satisfied
alsoforu e Wé’ (curl; ) NV because then both sides are zero. Note that here u but
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not necessarily w is supported in 2. It is not a priori clear that Sc1(€2) is positive
or that it is independent of €2. That this is the case follows from Theorems 1.1 and
1.2(a) below.

Theorem 1.1. Seui(2) = Scurt where Seur:=Securl (R).

In the next result we show that S is attained provided 2 = R3 and the optimal
function is (up to rescaling) a ground state solution to the curl—curl problem with
critical exponent. Existence of a ground state in this case has been an open question
for some time. Let

1 2 1 6
J(u):=— [V xul“dx — - |u|” dx (1.4)
2 R3 6 R3

and introduce the following constraint:

N::{u € W (curl; RI)\W f IV x u? =/ /0 dx and div(jul*u) = 0}.
]R3 R3
(1.5)

As we shall see later, this set is a variant of a generalization of the Nehari manifold
[27] which may be found in [28] for a Schrodinger equation.

Theorem 1.2. (a) Scyr > S.
(b)infar J = %Siﬁ and is attained. Moreover; ifu € N and J(u) = inf zr J, then

C
u is a ground state solution to the equation

Vx (Vxu)=ul*u inR3 (1.6)

and equality holds in (1.3) for this u. If u satisfies equality in (1.3), then there are
unique t > 0 and w € W such thatt (u +w) € N and J(t(u +w)) = inf pr J.

A natural question arises whether ground states must have some symmetry
properties. It follows from Theorem 1.1 in [5] that any O(3)-equivariant (weak)
solution to (1.6) is trivial, hence a ground state cannot be radially symmetric.

The curl—curl problem V x (V x u) = f(x, u) in a bounded domain or in R?
has been recently studied for example in [5-8,22,24] under different hypotheses
on f but always assuming f is subcritical, that is, f(x, u)/|u]> — 0 as |u| — oo.
However, the occurence of ground states to (1.6) (that is, in the critical exponent
case) has been an open problem as we have already mentioned. In view of the
existence of Aubin—Talenti instantons, this is a very natural question. While the
instantons are given explicitly, we have no such explicit formula for ground states
in the curl—curl case. Since the instantons are radially symmetric up to translations,
one can find them by ODE methods. In view of the above remark concerning
O(3)-equivariant solutions, such methods do not seem available for the curl-curl
problem and a different approach is needed. Note further that there is no maximum
principle for the curl—curl operator and, to our knowledge, no unique continuation
principle applicable to our case. An approach different than for (1.1) is also required
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for the proof of Q-independence of Scy, see Section 5. Moreover concentration—
compactness analysis for the curl operator is considerably different from that in
[16,21,36]—see our approach in Section 3.

We would like to emphasize an important role of the analysis of nonlinear curl—
curl problems from the physical point of view. Solutions u to nonlinear curl—curl
equations describe the profiles of time-harmonic solutions E (x, t) = u(x) cos(wt)
to the time-dependent nonlinear electromagnetic wave equation, which together
with material constitutive laws and Maxwell equations, describes the exact prop-
agation of electromagnetic waves in a nonlinear medium [1,6,31]. Since finding
propagation exactly may be very difficult, there are several simplifications in the lit-
erature which rely on approximations of the nonlinear electromagnetic wave equa-
tion. The most prominent one is the scalar or vector nonlinear Schrédinger equation.
For instance, one assumes that the term V (div(u)) in V x (V xu) = V(div(u))—Au
is negligible and can be dropped, or one uses the so-called slowly varying envelope
approximation. However, such simplifications may produce non-physical solutions;
see [2,11] and the references therein.

We also point out that the term lu|*u in (1.6) as well as in (1.7) below allows
to consider the so-called quintic effect in nonlinear optics modelled by Maxwell
equations. See for instance [1,6,14,15,23,25,31] and the references therein. We
hope that our results will prompt further analytical studies of physical phenomena
involving the quintic nonlinearity, for example the well-known cubic—quintic effect
in nonlinear optics [14,25].

Using our concentration—compactness result we are also able to treat the Brezis—
Nirenberg problem [10] for the curl—curl operator

Vx(Vxu)+iu=ul*u ing, (1.7)
together with the so-called metallic boundary condition
vxu=0 ondQ. (1.8)

Here v : 32 — R3 is the exterior normal and  C R? is a bounded domain. This
boundary condition is natural in the theory of Maxwell equations and it holds when
Q is surrounded by a perfect conductor. If the boundary of € is not of class C',
then we assume (1.8) is satisfied in a generalized sense by which we mean « is in
the space WS (curl; 2) defined in (1.2). Weak solutions to (1.7)—(1.8) correspond
to critical points of the associated energy functional Jj, : W06(cur1; Q) — R given
by

J _1 2 A 2 1 6
;L(u)._z Q|V><u| dx—l—z Q|u| dx—g Q|u| dx. (1.9)

Recall from [7,23] that the spectrum of the curl—curl operator in Hyp(curl; Q2):=
Wg (curl; 2) consists of the eigenvalue Ao = 0 with infinite multiplicity and of a
sequence of eigenvalues

O<Ai =A< - <A >
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with corresponding finite multiplicities m(A;) € N. Let N, be the generalized
Nehari manifold for J;, (see (6.1) for the definition), and for A < 0 let

cy:=inf J,.
A i A

Denote the Lebesque measure of €2 by |€2|. We introduce the following condition:
(2) Q is a bounded domain, either convex or with C 1*l-boundary.

The reason for this assumption will be explained in the next section.
In domains 2 # R3 we also introduce another constant, Scy($2), such that the
inequality

1
/ IV x u?dx > Seut(RQ) inf (/ u + w|6dx)3 (1.10)
Q weWq Q
holdsforanyu € Wé’(curl; Q)\We, where Wo:={w € Wg(curl; Q) : Vxw =0},
and Scyr1 (R2) is largest with this property. As in (1.3), also here the above inequality
trivially holdsifu € Wg. Although Seurl(§2) seems to be more natural than Sey ($2),
we do not know whether it equals Scu;1. We are only able to prove the following
result:

Theorem 1.3. Let 2 be a Lipschitz domain in_R3, possibly unbounded, Q # R3.
Then Scurt = Scunl(2). If Q2 satisfies (2), then Scur (2) > S.

Finally, the main result concerning the Brezis—Nirenberg problem for the curl—
curl operator (1.7) reads as follows:

Theorem 1.4. Suppose Q2 satisfies (2). Let A € (—A,, —Ay,_1] for some v > 1.
Then c;, > 0 and the following statements hold:

(@) If ¢ < co, then there is a ground state solution to (1.7)—(1.8), that is, ¢, is
attained by a critical point of J. A sufficient condition for this inequality to
hold is & € (=hy, =y + Scurt ()12 72/3).

(b) There exists €, > Scurl(Q)|Q|_2/3 such that c),_ is not attained for A € (—Xi, +
&y, —Av—1), and ¢; = cq for . € [—Ay + &y, —Ay—1]. We do not exclude that
&y > Ay — Ay—1, SO these intervals may be empty.

() cp — Oas L — —A, and the function
(=Ay, —Ay + &N (=Ay, —Ay_1] 3 A = ¢y € (0, +00)

is continuous and strictly increasing.
(d) There are at least#{k A <A< A+ %Ecurl(ﬂ)mr% } pairs of solutions
+u to (1.7)—(1.8).

Note that if A is as in (a), then the relation —A;y < A < —Ap + %Ecurl(ﬂ)mr%
holds for k = v, ..., v + m — 1 where m is the multiplicity of A, but it may also
hold for some k with A > A,.

The above result is known for cylindrically symmetric domains where it is pos-
sible to reduce the curl-curl operator to a positive definite one, see [23]. However,
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the solution obtained there is a ground state in a subspace of functions having
cylindric symmetry and we do not know whether it is a ground state in the full
space.

Let us recall from earlier work that the main difficulties when treating J and
Jy., also in the subcritical case, are that these functionals are strongly indefinite,
that is, they are unbounded from above and from below, even on subspaces of finite
codimension. Moreover, the quadratic part of J has infinite-dimensional kernel and
J', J; are not (sequentially) weak-to-weak™ continuous, that is u, — u does not
imply that J; (u,)¢ — J; (u)e for all ¢ € C3°(Q, R3). This lack of continuity
is caused by the fact that W(f (curl; 2) is not (locally) compactly embedded in
any Lebesgue space and we do not know whether necessarily u, — u almost
everywhere in (2. A consequence of this is that for a Palais—Smale sequence u,, — u
it is not clear whether u is a critical point. In the subcritical case one can overcome
these difficulties since either a variant of the Palais—Smale condition is satisfied
or some compactness can be recovered on a suitable topological manifold, see for
example [6,22,24]. In the critical case however, there are additional difficulties. In
Section 3 we introduce a general concentration—compactness analysis for this case.
We show that the topological manifold

{u e Wo(curl; R?) : div(|ul*u) = 0}

is locally compactly embedded in L? (R3, R?) for I < p < 6 and that if a sequence
(up,) is contained in this manifold and u,, — u, then u,, — u almost everywhere
after passing to a subsequence. This result will play a crucial role because it implies
that if such (i, ) is a Palais—Smale sequence, then u is a solution for our equation.
If the condition div(ju|*u) = 0 is violated, the embedding need not be locally
compact.

The paper is organized as follows: In Section 2 we introduce the functional set-
ting and some notation. Section 3 concerns the concentration—compactness analysis
as we have already mentioned. In Section 4 we prove Theorem 1.2, and in Section 5
we prove Theorems 1.1 and 1.3. The proof of Theorem 1.4 is contained in Section 6
whereas in Section 7 we state some open problems.

2. Functional Setting and Preliminaries

Throughout the paper we assume that €2 is a Lipschitz domain in R? and 2 <
p < 2* = 6. The curl of u, V x u, should be understood in the distributional sense.
We shall look for solutions to (1.6) and (1.7)—(1.8) in the space Wg(curl; R3) and
Wg (curl; €2) respectively. We introduce the subspaces

Vo = {v € W(eurl; Q) : / (v, 9) dx = 0 for every ¢ € C5°(R, R?) with V x ¢ = 0},
Q

Weq = {weWg(curl; Q):/(w,wa)dx:0f0rall<pEC8°(Q,R3)}
Q

= {we W06(curl; Q) : V x w = 0 in the sense of distributions}.
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The second one has already been defined in Section 1. Here and below (. , .) denotes
the inner product in R3. If @ = R3, we shall usually write V and W for Vg3 and
WR3 .

In the sequel 2 is always a Lipschitz domain and C denotes a generic positive
constant which may vary from one equation to another.

In the subsections that follow we consider two cases.

2.1 Q=R3
Lemma 2.1. WP (curl; R®) = W[ (curl; R®) for each p € [2, 6].

Proof. We show C;° (R3, R3) is dense in WP (curl; R%). Let xg € Cg° (R3) be
such that |[Vxgr| < 2/R, xg = 1 for [x|] < R and xg = O for |x| > 2R. Take
u = (uy, uz, u3) € WP(curl; R3). Then xgu — u in LP(R3, R3) as R — 0o. We
have

0i (xruj) — 3;(xrui) = (0 xpR)uj — (3j xR)Ui + xR (Oju; — dju;), i # j. (2.1
If p = 2, itis clear that (3; xg)u; — 0in L?(R?). If2 < p < 6, then

2/q 2/p
/ @ xe)ud dx < (/ 18Xk 17 dx) (f |u,-|l’dx)
R3 R<|x|<2R R<|x|<2R

where ¢ = 2p/(p —2) > 3. Since
/ 10; xg|9dx < CR?™ < 400,
R<|x|<2R

also here (3; xg)u; — Oin L2(R%). As diuj —dju; € L2(RR3), it follows that the
left-hand side in (2.1) tends to 0;u ; — d;u; in L?(R3) as R — oo.Hence xgu — u
in WP (curl; R?) and functions of compact support are dense in W7 (curl; R3).

Suppose now u € W2 (curl; R?) has a compact support. Clearly, j, % u — u in
LP(R3 R3?) as ¢ — 0 where Je 1s the standard mollifier. Since

0i (e *uj) — 0 (je *u;j) = jo* (0juj — 9ju;) (2.2)
and d;u; —d;u; € L*(R?), the right-hand side above tends to d;u ; —dju; in L*(R?)
as ¢ — 0. This completes the proof. O

As usual, let D12(R3, R3) denote the completion of (G (R?, R3) with respect
to the norm |V - |,. The following Helmholtz decomposition holds (see [22,24]):

Lemma 2.2. V and VW are closed subspaces of Wg (curl; R3) and
We(curl; R =V w. (2.3)

Moreover, YV C DV2(R3, R3) and the norms |V-|5 and ||| W6 (curl: R3) @re equivalent
inV.

We note that W is the closure of {Vg : ¢ € C5° (R3)}. Indeed, if w € W, then
V x w = 0, hence we can find ¢, such that Vg, — w and Vg, € C§° [R3, R3)

[22,24]. Since V¢, = 0 outside of some ball, ¢, is constant there and we may
assume this constant is 0.
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2.2. Q Bounded

Recall Hy(curl,; Q)::Wé (curl; 2) and note that
Vo C {u € Ho(curl; Q) : div(u) € LA(2, R3)] :

Here we have used the fact that if ¢ in the definition of Vg, is supported in a ball, then
¢ = Vi for some ¢ and hence u € Vg implies div(x) = 0. It follows from [3,12]
that Vg is continuously embedded in H* (2, R3) for some s € [1 /2, 1], hence
compactly in L?(2, R?). If, in addition Q satisfies (£2), then Vg is continuously
embedded in Hl(Q, IR3), hence compactly in L7 (€2, IR3) for1 < p < 6 and
continuously in L6(Q, ]R3). This implies, in particular, that

Vo = {v € Hy(curl; Q) : / (v, @) dx = 0 for every ¢ € C5°(R2, R?) with V x ¢ = 0} 2.4)
Q

is a Hilbert space with inner product
(v, 2) :/(V x v,V x z)dx Ef(VU,VZ>dX.
Q Q

Observe that the right-hand side of (2.4) is a closed linear subspace of Wg(curlg Q)
as a consequence of (€2). Using this, it follows from the decomposition in [18,
Theorem 4.21(c)] that also here there is a Helmholtz type decomposition

We(curl; Q) = Vo & Wo

and that

/(v,w)dx:O ifveVg, we Wq
Q

which means that Vo and Wg are orthogonal in LZ(Q, R3). In Woﬁ(curlg Q) =
Vo & Wq we can use the norm

1
v+ wl:=((v,v) + [w[g), veVa, weWy
which is equivalent to | - ||Wg(curl;9) if (2) is satisfied.
According to [13, Theorem IX.2] or [26, Theorem 3.33], there is a continuous

tangential trace operator y; : H (curl; Q):=W2(curl; Q) — H1/2(3) such that

vi) =v x ulyg  forany u € C*°(Q, RY)
and

Hy(curl; Q) = {u € H(curl; Q) : y,(u) = 0}.

Hence any vector field u € Wg (curl; Q) = Vo @ Wa C Hy(curl; ) satisfies the
metallic boundary condition (1.8).

Denote the subspace of all gradient vector fields in W01’6(§2) by VWOL6(Q).
Clearly, VW& ’6(9) C Weg. However, for general domains the subspace {w €
Weg : div(w) = 0} may be nontrivial and hence VWOI’6(§2) C Wa, see [7, pp.
4314 and 4315] and [26, Theorem 3.42].
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Lemma 2.3. It holds that W, = W¢(curl; Q)NW = W¢(curl; Q) NVW!-6(Q). If
0%2 is connected, then Wq = VWO1 ’6(9). If Q is unbounded, Wq = Wg (curl; )N
W  still holds.

Proof. Let w € Wq and take a sequence (¢,) C Cj°(2, R3) such that ¢, — w
in Wg (curl; ). Extend ¢, by 0 in R3\Q and note that (¢,) is a Cauchy sequence,
S0 @, — W in WS(R3, R?) where W|q = w and @ = 0 in R3\ Q. As

/ (w,V x ¥)dx = lim / (@, V x Yr)dx
R3 n—o0 Jp3

= lim | (VX ¢¥)dx < lim [V X @ul2[¢f|2 =0
n—oo

n—o0 Jp3

forany ¢ € C3° (R3, R3), it follows that @ € W. Moreover, since & € LO(R3, R?)

and V x w = 0, in view of [19, Lemma 1.1] we obtain w = V1 for some
V= Wllo’f(R3). Therefore w = Vi/|g € VW!4(Q). Clearly, WS (curl; @) N W

and Wg(curl; Q) N VW6(Q) are contained in Wq.
Suppose that 92 is connected. Similarly as above, we obtain w = V1 for some
Ve W16() and the surface gradient

Vs = (v x Vy) x v =0.

Therefore we may assume that ¥ € Wol’ﬁ(Q), cf. [26, Theorem 4.3 and Remark
4.4]. |

3. General Concentration—Compactness Analysis in R"

In this, self-contained, section we have N > 3 and we work in subspaces of
LT (RN, RN) where 2*:=2N /(N — 2).
Let © be a domain in RV, V a closed subspace of D2(RY, RY) and

Wi={w = (w1, .., wy) € L (2,RY) : V x w = 0} 3.1

where V x w denotes the skew-symmetric, matrix-valued distribution having oy w; —
wr € D'(2) as matrix elements. So for N = 3, W corresponds to Wq in
Section 2 but }V may be a more general subspace. Note that V x is the usual curl
operator if N = 3. Let Z be a finite-dimensional subspace of LY (2, RN) such
that Z N W = {0} and put

Wi=W ®Z.
Assume

(F1) F: QxRN — Risdifferentiable with respect to the second variable u € RV
for almost every x € @, F(x,0) =0and f = 9,F : Q X RY - RN isa
Carathéodory function (that is, f is measurable in x € Q for all ¥ € R" and
continuous in u € RY for almost every x € Q);
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(F2) F isuniformly strictly convex with respect tou € R" | thatis, for any compact
set A C (RY x RM\{(u,u) : u RN}

inf (%(F(x,ul)—f—F(x,ug)) — F(x, ui —;uz)) > 0;

XEQ
(uy.up)eA

(F3) There are ¢1,¢cp > 0anda € LN/Z(Q), a > 0, such that
ctlul* < F(x,u) and | f(x, w)] < a()|u] + colul* ™!
for every u € R" and almost every x € Q.

In view of (F2) and (F3), for any v € V we find a unique wq (v) € W such that
/ Fx,v+wq)dx < / F(x,v+w)dx forallw eW. (3.2)
Q Q
This implies that

f (f(x,v+w),¢)dx =0 forall ¢ € W if and only if W = wq(v). (3.3)
Q

Denote the space of finite measures in RN by M(RV).

Theorem 3.1. Assume that (F1)—(F3) are satisfied. Suppose (v,) C V, v, — vg in
V, vy, — vo almost everywhere in RN, |Vv,|> — u and a2 = p in M(RM).
Then there exists an at most countable set I C RN and nonnegative weights
{xtrer, {oxtxer such that

w= Vol + Y wde, o= lwl + Y pibi,

xel xel

and passing to a subsequence, Wq(v,) — Wq(vy) in W, Wa(v) — g (vo)
almost everywhere in Q and in Ll’;C(Q) forany 1 < p < 2*.

Remark 3.2. We shall use this theorem in Sections 4 and 6. In Section 4 we have
Q=R3and Z = {0}, so w = w and we will write w(v) for w3 (v). In Section 6,
where we treat a Brezis—Nirenberg problem, 2 will be bounded and Z the subspace
of Vg on which the quadratic part of J, (see (1.9)) is negative semidefinite.

Proof of Theorem 3.1. Step 1. Let ¢ € C3° (RV). By the Sobolev inequality,

. .o\ 12
(/ 91 o — vl d) 55—1/2(/ IVIp (v — v0)]I*dx)
RV RN

1/2
= 5—1/2(/RN 9|V (v, — vo)lzdx) +o(D).
(3.4)

Passing to the limit and using the Brezis—Lieb lemma [9,36] on the left-hand side
above we obtain

( /R elrap) < s /R loiag)” (3.5)
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where i:=u — |Vvo|? and p:=p — |vg|¥". Set I = {x € RN : u:=p({x}) > O}.
Since p is finite and w, it have the same singular set, / is at most countable and
w > |Vuol* + Y rer Mxbx. As in the proof of Theorem 1.9 in [16] it follows from
(3.5) that p = er[ Px0yx, see also Proposition 4.2 in [35]. So u and p are as
claimed.

Step 2. Using (F3) and (3.2) we infer that

crlun + o = [ Frov+ a0 < [ Fouds
Q Q
2% 2
< c2lvnlzs + lalnj2|vnlsx,
and since the right-hand side above is bounded, so is (Jwg (v,,)|2+). Hence, up to a
subsequence, wWq (v,;) — Wo for some wo. Write Wq (v,) = Wy + 25, Wo = wo + 20
where w,, wg € W and z,,z0 € Z. We shall show that wq(v,) — W almost
everywhere in 2 after taking subsequences. Obviously, we may assume z, — zo
in Z and almost everywhere in 2.

We can find a sequence of open balls (B;){°, such that @ = | J;2, B;. Fix[ > 1.
In view of [19, Lemma 1.1] there exists &, € w2 (B;) such that w, = V§, and

we may assume without loss of generality that || B, 5n dx = 0. Then by the Poincaré
inequality,

”En”wll*(gl) = C|wn|L2*(3hRN) < Clwyl2+
and passing to a subsequence, &, — & for some & € W]’z*(Bl). So&, —> &in

L% (By). Now take any ¢ € C3°(B)). Since V(|g|> (£, —£)) € W, in view of (3.3)
we get

/Q<f(x, vy + W), Vlgl* & — £))) dx =0,
that is,
[0 4 v+ T, = V) d
= /Q(f(x, vp + B a)). Vlel*)(E — &) dx,
where the right-hand side tends to 0 as n — oo. Since w, — V& in L% (B,
/Q o> (f (x. v0 + VE +20), wy — VE)dx = o(1),
hence, recalling that wq (v,) = w, + z,, and z,, — zo, we obtain

/Q o> (£ (x, vn + Wa (V) — f(x, vo + VE +20), W (vs)
—VE — z0) dx = o(1). (3.6)
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The convexity of F in u implies that

o 2 2 P + (f @, 21

and

Fe M) 2 Fonu) +(F0n ), 512

2

Adding these inequalities and using (F2), we obtain forany k > 1 and |u1—u3| > %,
1], uz| < k that

1 up+uy
my < E(F(x,m) + F(x,u3)) — F<x, 5 )
1
< Z(f(x, up) — f(x,uz), uy — uz) 3.7
where
. 1 up +uy
mp=  inf ~(F(x,u1) + F(x, u2)) — F(x, —) ~0. (38)
x€Q,uy,ureRN 2 2
1 <lur—ual,
[ur],[uz]| <k
Let

~ 1
Qi i= [x € v+ Taa) — v — VE — 20/ = -
and |v, + W (va)|. [vo + VE + 20| < k}.

Taking into account (3.6) and using (F3), (3.7) and Holder’s inequality, we get

dmy, / lo)?" dx
Qn,k

s/ﬂ|¢|2*<f<x,vn+wg(vn)>

—f(x,v0 + VE + 20), vy + Wa(vy) —vo — VE — z0) dx

< f o> (f (x, vy + W () — f(x, 0+ VE 4 20), vy — vo) dx + (1)
Q

x * 1/2* o\ /27
< ([ WPt = ax) " oy = [ 0P a5) " +o,

where k is fixed. Here we have used the fact that fQ a(x)|vy — vol?dx — 0 if
vy — vo in L2 (22, RV). Since ¢ € C3°(By) is arbitrary,

4m|Qux NE| < (5(E))"* +o(1) (3.9)

for any Borel set E C B;. We find an open set E; O I such that |Ex| < 1/2%+1,
Then, taking E = Bj\ Ej in (3.9), we have 4m |2, x N (B\Ex)| = o(1) asn —
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oo because supp(p) C I; hence we can find a sufficiently large nj; such that
|2,k N By| < 1/2% and we obtain

1
‘quJankmBl‘< lim Z|Qn,‘kﬂB,|< hm FZO'
j J

If x ¢ ﬂj:1 Uk:j 2, k and x € By, then

~ 1
[V, () + W (V) () — w0 (x) = VEMX) — 20(0)] < 7,

or vy, (x) + W (v, ) (x)| > k,
or [vg(x) + V&) +z0(x)| > k

for all sufficiently large k. Since v,, + Wgq(v,,) is bounded in LY (2, RN), the
second and the third inequality above cannot hold on a set of positive measure for
all large k. We infer that vy, + Wq (v,,) — vo+ VE+zo, hence W (vy,) — VE+zo
almost everywhere in B;. Since wq (v,) — W, Wy = V& + zo almost everywhere
in B;. Now employing the diagonal procedure, we find a subsequence of wg (v,)
which converges to Wy almost everywhere in Q = ;2 B;.

Let p € [1,2%). For Q' C Q such that |Q2'| < +00 we have

P
~ ~ 1—L2 ~ ~ * 2%
/;2/|Un_U0+w§2(vn)_w0|pdx§|9/| 2*( Q|Un_UO"‘wQ(Un)_w0|2 dx) s

hence by the Vitali convergence theorem, v, — vg + Wa(v,) — Wy — 0in L l 0 (§2)
after passing to a subsequence. ~

Step 3. We show that wq(vg) = Wo. Take any w € W and observe that, by the
Vitali convergence theorem,

0=/<f(x,vn+@sz(vn))ﬁ>dx—>f(f(x,voJr@o)ﬁ)dx
Q Q

up to a subsequence. Now (3.3) implies that wy = wq(vg) which completes the
proof. O

4. Problem in = R? and Proof of Theorem 1.2

Let S be the best Sobolev constant for the embedding of DL2(R3) into LO(RY),
see (1.1). It is clear that a minimizer w(u) in (3.2) exists uniquely for any u €
Wé’(curl; ), not only for u € V. Here we have F(x, u) = %|u|6 and Z = {0}. So
by Lemma 2.2, u + w(u) = v+ w) € V & W for some v € V and therefore

inf/ |u+w|6dx=/ |u+w(u)|6dx=/ v+ w@)|®dx. @.1)
weW JR3 R3 R3

Since div(v) = 0,
Vxu IVol3

inf _vxuly Vvl
ueWwg (curl R |u + w(u)|6 veV\{O} v+ w(v)|6
Vxu#£0

Scurl = (4'2)
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Lemma 4.1. Scy1 > S.

Proof. Given ¢ > 0, by (4.2) we can find v # 0 such that

f Vo dx < (Seut + g)(/ v+ w(v)|6dx)§. (4.3)
R3 R3

Let v = (vy, v2, v3). By the Holder inequality,

1
/ v%v%v%dx < (/ v?dx/ vgdx/ vgd)c)3 4.4)
R3 R3 R3 R3

/l;v?vjz-dxf(/R3vl-6)%<[Rsv?dx)‘l, i #j. 4.5)

Using this and the Sobolev inequality gives

) 3 6 \1/3 N VE
/ Vol de = 8> (/ v dx) zS(/ v] dx) . (46
R3 = e R3

and since w(v) is a minimizer, we obtain using (4.3) and (4.6)

1
< G+ o) [ ol0x)’

< (Seunt +)/S / . Vol dx. 4.7)
R

and

1

/ Vo2 dx < (Scurt +8)(/ Iv—l-w(v)|6dx)3
R3 R3

Hence Scur1 + ¢ > S for all ¢ > 0 and the conclusion follows. O

Next we look for ground states for the curl—curl problem (1.6), that is, nontrivial
solutions with least possible associated energy J given by (1.4). Throughout the
rest of the paper we shall make repeated use of the following fact:

Lemma 4.2. Let & > 0. Then w(Au) = Aw(u). Similarly, if Q is a proper subset
0fR3, then wqo(Au) = Awg (u).

Proof. We prove this for wg. Using the minimizing property of wq (1) we obtain
)\6/ lu + waw)|®dx = f |Au + rwgw)|® dx > / IAu + wo ()| dx
Q Q Q
_ 46 6 6 6
=A / lu + wou)/Al”dx > A / lu + wo )|’ dx.
Q Q

Since the minimizer is unique, wq (1) = wq(Au)/A as claimed. |
Lemma 4.3. Let N be the set defined in (1.5). Then

N = {u € W(curl; R3\W : J'(w)u = 0 and J' (u)|yy = 0}. (4.8)
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Proof. The first condition in (1.5) is equivalent to J'(u)u = 0. The second condi-
tion is satisfied because div(Ju|*u) = 0 if and only if ng (Jul*u, Vo) dx = 0 for
all g € C§° (R3) and each element of JV can be approximated by such ¢, see the
comment preceding Section 2.2. O

By Lemma 2.2, Wo6(curl; R3) = V @ W. It follows from (3.2) and (3.3) that if
v € V, then J'(v + w(v))|yy = 0, and as

2 6
J(t(v+w))) = %/Rg |Vo|? dx — %/M v+ w(v)|®dx, (4.9)

there is a unique 7 (v) > 0 such that
m(v):=t(v)(v+ w)) € N forv € V\{0}. (4.10)
We note that
JmWw)) > J(t(w+w)) forallt > 0and w € W. 4.11)

Since J (m(v)) > J(v) and there exist a, » > 0 such that J(v) > a if |[v|| =r, N
is bounded away from )V and hence closed.

Lemma 4.4. The mapping m : V\{0} — N given by (4.10) is continuous.

Proof. Let v, — vy # 0in V. Since

/R3 [un + w(v,)|®dx < /R v |® du, (4.12)

it follows that (w(v,)) is bounded and it is then clear from (4.9) that so is (¢ (v,)).
Hence we may assume 7 (v,) — o and w(v,) — wp in LO(R3, R3). By the weak
sequential lower semicontinuity of the second integral in (4.9) and by (4.11),

J(t9(vo + wo)) > limsup J (z (vy) (v + w(vy)))

n—0oo
> lim sup J (1o (v, + wo)) = J (to(vg + wp)).
n—0oo
So w(v,) = wp and since N is closed, 7o (vg +wg) = £ (vg) (vo+w(vg)) = m(vp).
O

Now it is easily seen that m|s : S:={v € V : |v|| = 1} — N is a homeo-
morphism with the inverse u = v + w(v) — v/||v||. Note that A/ is an infinite-
dimensional topological manifold of infinite codimension. Although J is of class
C?, we do not know whether V is of class C!. However, repeating the argument in
[22, Proposition 4.4(b)] or [32, Proposition 2.9] we see that J om|s : S — Ris
of class C! and is bounded from below by the constant ¢ > 0 introduced above.
By the Ekeland variational principle [36, Theorem 8.5], there is a Palais—Smale
sequence (v,) C & such that

(Jom)(vn)—>ingom=i/I\1/f12a>0. 4.13)
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It follows from [22, Proposition 4.4(b)] again or from [32, Corollary 2.10] that
(m(vy)) is a Palais—Smale sequence for J on N, so in particular, J'(m(v,)) — 0
as n — 00. See also an abstract critical point theory on the generalized Nehari
manifold in [6, Section 4] and in [7, Section 4].

Fors > 0,y € R3 and u : R? — R3 we denote Ts,y(u)::sl/zu(s -+y)). The
next lemma is a special case of [29, Theorem 1], see also [34, Lemma 5.3].

Lemma 4.5. Suppose that (v,) C DV2(R3,R?) is bounded. Then v, — 0 in
LO(R3, R3) if and only if Ty, y,(vy) — Oin DL2(R3, ]R3)f0r all (s,) Cc R* and
(yn) C R,

Observe that the above lemma in [29] is expressed in terms of the space H 2.
However, in the notation of [29], this is the same space as our DLz,

Lemma 4.6. T} , is an isometric isomorphism of Wg (curl; R3) which leaves the
functional J andthe subspacesV, W invariant. In particular, w(Ts yu) = Ty yw (u).

The proof is by an explicit (and simple) computation.

Lemma 4.7. Suppose u + w(u) € N. Then

|VX'4|% N . . N 3/2
A ifandonlyif Ju+ wu)) = -A"".

1
w4+ ww)Z 3

In particular, inf pr J = %S3/2

curl*
Proof. Since u + w(u) € N, J'(u)u = 0, thatis |V x u|% = |u+ w(u)|2. Hence

IV x ul3 4 1 6
—_— = lu+w)lg and J(u+wu)) = zlu + w)lg.
lu + wu)lg 3

O

Proof of Theorem 1.2. We prove part (b) first. Take a minimizing sequence (u,,) =
(m(v,)) C N constructed above and write u,, = 1 (v,) (v +w(vy)) = v, +w(v),) €
VOW. As

1 l 1 2 1 /2
J(up) = J(up) — EJ (un)uy, = §|V X un|2 = §|an|2 (4.14)
and |V - |2 is an equivalent norm in V, (v},) is bounded. We also have

Jn) = J(uy) — %J/(”n)“n = %Iunlg- (4.15)
Since J (u,) is bounded away from 0, |u, |6 #> 0 and hence by (4.12), |v), |6 7 O.
Therefore, passing to a subsequence and using Lemma4.5,v,:=T, ,, (v;,) — vo for
some vy # 0, (s,) C RT and (y,) C R3. Taking subsequences again we also have
thatv,, — vg almost everywhere in R3 and in view of Theorem 3.1, w(¥,) — w(vp)
and w(v,) — w(vg) almost everywhere in R3. We set u:=vy + w(vy) and by
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Lemma 4.6 we may assume without loss of generality that s,, = 1 and y,, = 0. So
ifz e Wg (curl; R3), then using weak and almost everywhere convergence,

J (uy)z = A;(V X Up, V x z)dx — /R%(Iun|4un,z)dx — J'(u)z.

Here we have used that |u,|*u, — ¢ in L%>(R3,R3) for some ¢ but since
lun|*u, — |u|*u almost everywhere, ¢ = |u|*u. Thus u is a solution to (1.6).
To show it is a ground state, we note that using Fatou’s lemma,

inf J = = T(n) — 2 = Lt
inf J = J () +0(1) = J (un) = 3 (ua)itn + 0(1) = Z|unl§ + 0(1)

v

> %Iulg +o(l) =J(u) — %J/(u)u +o(1) = J(u) + o(1).

Hence J (1) < inf nr J and as a solution, u € N It follows using Lemma 4.7 that
. 1 <3/2

J(w) =infprJ = 38,5

If u satisfies equality in (1.3), then 7 (u)(u + w(u)) € N and is a minimizer
for J|as. But then the corresponding point v in S is a minimizer for J o m|g, see
(4.13). So v is a critical point of J om|s and m(v) = u is a critical point of J. This
completes the proof of (b).

(a) By Lemma 4.1, Scy1 > S and by part (b), there exists u = v + w(v) for
which Sy is attained. Suppose Scy1 = S. Then all inequalities become equalities
in (4.7) with ¢ = 0, and therefore also in (4.6), but then fR3 |V |2dx = S|v,-|%
fori = 1,2, 3 and hence all v; are instantons, up to multiplicative constants. Since
v # 0 and div(v) = 0, this is impossible. It follows that Scy > S. O

5. Proof of Theorems 1.1 and 1.3

Let  be a Lipschitz domain in R?. Recall from Section 2 that we have the
Helmholtz decompositions

We(cur; R = V@ W and Wo(curl; Q) = Vo & Wo (5.1)

where the second one holds if condition (£2) in the introduction is satisfied. For
ue WS (curl; 2), denote the minimizer of

/ |u+w|6dx, w € Wo
Q

by wq(u) (cf. (4.1)) and, according to our notational convention, write w(u) for
wp3 (1). Recall from (1.3) the definition of Scyp(£2):

1/3
/ IV x ul>dx > Seun () inf (/ |u+w|6dx> ,
R3 weW \ JRr3
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where u € Wg(curl; Q)\W and Scur1(€2) is the largest constant with this property.
By (5.1) we have u = v + w € V & WW. We emphasize that although u = 0 in
R3\Q, v and w need not be 0 there. Note that S (€2) can be characterized as

IV x ul3 , IV x ul}
Seurt() = inf ~ sup ———= = inf ———=5 (52)
ueWg(eur:) wew U+ wlg  uewdieur:) lu + ww)|g
V><u7$0 V xu#0

(cf. (4.2)). In domains  # R3 there is also another constant, Scu1(S2), introduced
in (1.10). Similarly as in (5.2), it can be characterized as

_ IV x ul3 . IV x ul3
Scurl () = inf sup —= = inf —_— . 5.3)
ueW (curl: Q) wews, |t +wl2  uews(curl:Q) lu + weo (u)|2
Vxu£0 Vxuz0

As we have noticed in the introduction, although this constant seems more natural,
we do not know whether it equals Scyy1.

Lemma 5.1. The mapping u — wq(u) : L%, R3) — L%, R3) is continuous
(2 = R3 is admitted).

Proof. Letu,, — ugp. Since (wq(u,)) is bounded, wq (1,) — wo after passing to
a subsequence. By the maximality and uniqueness of wq(-),

/ luo + we (uo)|® dx < / luo + wol® dx < hminff |ty + wea(uy)|® dx
Q
< hm 1nf/ lup + wQ(u0)|6dx = / lug + wgz(uo)l6 dx.

Hence all inequalities above must be equalities and it follows that wo = wgq(ug)
and wq (1) — weo(ug). |

We shall need the following inequality:

Lemma 5.2. Ifu € W¢(curl; Q)\{0}, w € Wq and t > 0, then

2

J(W) > J(tu+w) — J'(u) |:t u—l—tw:|. (5.4

Moreover, strict inequality holds unlesst = 1 and w = 0. (Q2 = R3 admitted.)
Proof. The proof follows a similar argument as in [22, Proposition 4.1] and [23,
Lemma 4.1]. We include it for the reader’s convenience. We show that

2

T@) — J (tu + w) + J' @) [t "+ twi| - /3 ot x)dx =0, (5.5
R

where
2

- —1 1 1
(p(l,x):=—<|u|4u, u+tw>— 6|u|6+6|lu+w|6.
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An explicit computation using V x w = 0 shows that both sides of (5.5) are equal.
Clearly, ¢(t, x) > Oifu(x) = 0.Soletu(x) # 0.Itiseasy tocheck thatp(0, x) > 0
and @(t, x) — ooast — oo.Note thatif 9;¢(79, x) = Oforsome?y > 0, then either
(u, tou+w) = 0or |u| = |fou+w|. In the first case, substituting —(u, w) = folul?,

2
we obtain ¢ (fy, x) = (% + %) lu|® + %|t0u +wl[® > 0. In the second case we have,

2_
using —fo(u, w) = %W + Lwl?, that ¢(t9,x) = u[*lw|*> > 0. Hence
@(t,x) > 0 for all ¥ > 0 and the inequality is strict if w # 0. If w = 0, then
(1, x) = (% — 5 + 1)ul® > 0 provided 1 # 1. O

Similarly as in (4.8) we introduce the set
/\/sz{u e Wh(curl; \We 1 J'(wyu = 0 and J' () |y, = 0]. (5.6)

Proof of Theorems 1.1 and 1.3. Since ru + w(tu) = t(u + w(u)) according to
Lemma 4.2, we may assume without loss of generality that u + w(u) € N in (5.2)
and similarly, u + wq(u) € Ng in (5.3). According to Lemma 4.7,

- 1 3. 1 E 1.3

lj\llf J|Wg(curl;f2) = gscurl(Q)Z d j\r}g J = §Scurl(§2)2 > IR/f J = §Scurl'

In view of Lemma 2.3, Wq C W, hence we easily infer from (5.2), (5.3) that
Scurl(R) > Scurt (). As Wl(curl; Q) ¢ W(curl; R?), it follows that Seuyn <
Scurl (£2).

Next we show that S¢u1(€2) < Scur. Let ug be a minimizer for J on N provided
by Theorem 1.2(b) and find a sequence (u;) C C(‘)’O (R3, R?) such that u, — ug. We
candecompose i, asu, = v,+wy,,v, € V,w, € W.Sinceug = vo+w(vg) (recall
ug € N, u, = v, +w, — ug = vo+w(vy) and therefore v, — vg, w, — w(vp).
So vg # 0 and v, are bounded away from O in L6(R3, R3). Assume without loss of
generality that 0 € . There exist A, such that i, given by u), (x)::)»,l/ 2un()»nx)
are supported in . Set w,,:=w (i) € W and choose 1, so that t, (i, + w,) € N.
Then

V xu
= Xt 5.7)
|y + wn|6
According to Lemma 4.6, ||it,|| = |lu,||l and |ty + Wyle = |un + w(uy)le =

|v, +w(vy)le. As (u,) is bounded, sois (i) and as |v, +w(vy)|e — |vo+w(vo)le,
|t + W, |6 is bounded away from 0. So (z,,) is bounded. Moreover, |, |¢ = |w ()]s
and therefore (w,) is bounded. Since J (4,) = J(u,) — %Sglfl and | J'(i1,)|| =
|J/(uy)|| — 0, it follows from Lemma 5.2 that

1 32 . - . - PV - DU
3 Peurl = nll)rgo‘](un) = nll)néo Ity (tn + wy)) — J (un) > Up + 1, Wy

T ~ ~ l 32
= lim J(t,(u, + wy)) = = Seur1 (£2)777.
n— 00 3

The last inequality follows from Lemma 4.7 and the fact that i), are as in (5.2), that
isu, € Wg’(curl; Q).
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It remains to show that Sey (2) > S if () is satisfied. But this follows by re-
peating the argument of Lemma 4.1 with obvious changes: Scyri should be replaced
by Scur1 (2), w(v) by wq(v) and the domain of integration should be 2. |

Remark 5.3. Let Q2 # R3 and suppose Scyrl (€2) is attained by some u. Extend u by
0 outside Q2. As Scur1(2) = Scur, 1 also solves (1.6) in R3, possibly after replacing
u with ou for an appropriate « > 0. In particular, if Scu(€2) were attained in
a bounded €, this would imply the existence of ground states in R? which have
compact support. To the best of our knowledge, there is no unique continuation
principle which could rule out this possibility.

In view of this remark we expect that similarly as is the case for the Sobolev
constant, Scyr is attained if and only if Q = R3. We leave this problem as a
conjecture.

6. The Brezis—Nirenberg Type Problem and Proof of Theorem 1.4

Let A < 0. In this section  C R is a fixed bounded domain satisfying (£2)
but A will be varying. Therefore we drop the subscript 2 from notation and replace
itby A (J;,, N, etc.). We also write V, W for Vg, Wq.

Recall from the introduction and Section 2.2 that the spectrum of the curl—curl
operator in Ho(curl; €2) consists of the eigenvalue Ao = 0 whose eigenspace is W
and of a sequence of eigenvalues

O0<Ap <A< <A — 00,

with finite multiplicities m (1) € N. The eigenfunctions corresponding to different
eigenvalues are L?-orthogonal and those corresponding to A; > 0 are inV.

For » < 0 we find two closed and orthogonal subspaces V* and V of V such
that the quadratic form Q : V — R given by

Q(v):=/(|v x v|> + Alv|?) dx E/(|W|2+/\|v|2)dx
Q Q

is positive definite on VT and negative semidefinite on V where dimV < oo.
Writingu =v+w =v"+0+w eVt &V @& W, we have

(W)= Q0(w") + 0®),
and our functional J, (see (1.9)) can be expressed as
1 1 A 1
J(w) = EQ(UJF) + EQ('ﬁ) + 5 /Q |w|? dx — 6|u|6dx.
We shall use Theorem 3.1 with
2.

1
F(X,M)=6|M| —EW
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Here W:=V @ W (so Z = V in the notation of Section 3) and & = v + w. V,
and hence VT, may be considered, after a proper extension, as closed subspaces
of DL2(R3, R3). Indeed, let U be a bounded domain in R?, U > Q. Since V C
H'($2,R%), each v € V may be extended to v’ € HOI(U, R3) such that v'|q = v.
This extension is bounded as a mapping from V to H(} (U, R?). Since

Vi={v' € Hy(U,R%) :v'|g € V}

is a closed subspace of Hé (U, R?), and hence of DL2(R3, R?), we can apply
Theorem 3.1 with F as above and VT replacing V. The generalized Nehari manifold
is now given by

={u € Wocur; Q\V & W) : J{W)lguapen = O} 6.1)

Asin Section 4, also here it is not clear whether \Vj, is of class C!. Setting m; (vt):=v T+
w(t) where vt € VT and w(vT) = Wq(v™) is the minimizer as in (3.2), we
have

my (D)=t H T+ o) e NV, vt e VT\{0}

(cf. (4.10)) and J; om is of class C! on ST. Moreover, m; | s+ is a homeomorphism
between ST and V.. Asin (4.13), we may find a Palais—Smale sequence (v;,|r yc St
such that

(Jr omy)(v) — glf Jy om; = ¢; and J; (my (v;)) — 0 (6.2)
where
cy:=inf J,.
A i A
Note that
1— 1
co = _Scurl(Q)3/2 > —53/2-
3 3
Lemma 6.1. Let A € (—A,, —Ay_1] for some v > 1. There holds
1 _
6. = 30+ 2RI and ¢ < o if < —hy + S (@)]QI7,

Proof. The first inequality has been established in [23, Lemma 4.7]. However,
for the reader’s convenience we include the argument. Let e, be an eigenvector
corresponding to A,. Then e, € VT. Choose t > 0,7 € V and w € W so that
u=v4+w=te, +0+w e Ny Since Ay < A, fork < v,

o < ) = /|qu| dx + = /lul dx — - /|u|6dx
—/ [v]?dx + = /|u|2dx—6/ u|® dx< /| |2dx—7/ u|® dx
Q

1/3

A+ A 1

< AT gpn /|u|6dx —f/ Wl dx < 2004 )01,
2 o 6 Jo 3

In the last step we have used the elementary inequality %tz - %tﬁ < %A3/ 2(A > 0).
Since ¢g = %Ecuﬂ(Q)W 2 the second inequality follows immediately. O

A

| /\
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If ¢, < c¢p, then in view of [23, Theorem 2.2 (a)] there is a Palais—Smale
sequence (1) C N, suchthat J; (u,) — ¢;, > Oandu, — ug # Oin Wg(curl; Q).
It has been unclear so far whether u is a critical point of J,. Now we shall show
using the concentration—compactness analysis from Section 3 that u¢ is not only
a solution but even a ground state for (1.7). The following lemma plays a crucial
role:

Lemma 6.2. If (u,) C N, is bounded, then, passing to a subsequence, u, — ug
in L%(2, R3) for some uy.

Proof. Let u, = m; (v;}) = v;i + w(vl). Since V* and W are complementary
subspaces, (v,") is bounded in V. So passing to a subsequence, v;” — vg in V¥,
and v;f — v(;r in L2(Q2, R?) and almost everywhere in 2. Hence, by Theorem 3.1,
(v — @(vg) in L2($2, R3), and therefore we also have that u,, — uq there. O

Lemma 6.3. (cf. [23, Lemma 4.6]) J;, is coercive on Nj.

Proof. Let (u,) be a sequence in Ny, such that J; (u,) < d. Then
1, 1 6
d > Jy(up) = Jr(uy) — _J)L(un)un =3 [un,]” dx,
2 3 Ja

hence (u,) is bounded in L®($2, R?), and therefore also in L2($2, R3). It follows
that

1 1 A 1
d > J(uy) = EQ(U,T) + 500 + E/Q lwp | dx — gfﬂwdx,

where the last three terms are bounded (recall dimV < 00). Hence also (v,‘f ) is
bounded. |

Let
N@):=ul*u.

Itisclearthat N : LO(Q2, R?) — L%3(Q, R?). We shall need the following version
of the Brezis—Lieb lemma:

Lemma 6.4. Suppose (u,,) is bounded in L°(2, R3) and u,, — u almost every-
where in Q2. Then

N(up) — Ny —u) = N@) in L(Q,R3) asn — oo.

Proof. Since N(u,) — N(u,, —u) — N (u) almost everywhere in 2 and N (i) —
N(u, — u) is bounded in L%3($2, R3), N(u,) — N(u, — u) — N(u). We claim
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that [N (u,) — N(u, — u)le/s — |N(u)lg/s. Using Vitali’s convergence theorem
we obtain

4 4 6/5
‘Iunl up — luy —ul"(uy, —u)| dx
Q

Id 4 6/5
=// —‘|un+(t—1)u| (p+ (¢ — Dul  drdx
oJo dr

1
d
=/Q/0 a|un+(z—1)u|6dtdx

1
= 6/ /(|un + (t — Dul*(up + (¢ — Du), u)dxdt
0 Q

1
—>6/ /t5|u|6dxdt:/ |u|® dx.
0 Q Q

Hence N (u,) — N (u,, — u) converges strongly to N (u). |

Lemma 6.5. Let B < co. Then J satisfies the (P S)g-condition in N, that is if
(uy) C Ny, Jo(uy) — B and J/{(un) — O0asn — oo, then u, — ug %= 0
in WO6 (curl; ) along a subsequence. In particular, uq is a nontrivial solution for
(1.7)—(1.8).

Proof. Let (u,) be a (PS)g-sequence such that (u,) C Ni.. According to Lem-
ma 6.3, (u,) is bounded and we may assume u, — ug in W06(cur1; ). By Lem-
ma 6.2, u, — up in LZ(Q, R3) and hence also almost everywhere in 2 after
passing to a subsequence if necessary. As in the proof of Theorem 1.2 in Section 4
we see that Jx’(uo) = 0, that is ug is a solution for (1.7)—(1.8). According to the
Brezis—Lieb lemma [9],

lim (/ |un|6dx—/ |un—u0|6dx) =f luo|® dx,
n—oo Q Q Q

hence

Jim (3 Gun) = T (= uo)) = Jy (o) = 0, (6.3)
and by Lemma 6.4,

Tim (] @) = I} — w0)) = ] (o) = 0, (6.4)

Since J; (u,) — 0 and u, — ug in L%(Q,RY),

lim Jg(u, — up) = 0. (6.5)
n—0o0

Suppose lim inf,,_, o ||, — ugll > 0. Since lim,_, Jé(un —ug)(u, —ug) =0,
we infer that

liminf |V x (4, — ug)|2 > 0.
n—oQ
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Let u, — ug = v, + w, € V & W according to the Helmholtz decomposition in
W§(curl; Q). If v, — 0in L(2, RY), then by (6.5) we have J;(u, — ug)v, — 0,
thus

IV X (y — uo)l3 = |V X vpl3 = JG(un — uo)vy

+/Q<|un — uol* 1t — 0, vn) dx — 0

as n — 00, which is a contradiction. Therefore |v,|¢ is bounded away from 0.
Put w,,:=w(u,, — ug) € W. Then (w,) is bounded and since u,, — ug + w, =
vy +wy,) € VAW, |lu, — ug + wyle s bounded away from 0. Choose ¢, so that
ty(uy — ug + wy) € Ny (Wy = Ng in the notation of Section 5). As in (5.7), we
have

2 |V X (up —uo)l2
" |un_”0+wn|2’
so (t,) is bounded. Using Lemma 5.2, as in the proof of Theorems 1.1 and 1.3 we
get

2

t
ToCun = 0) 2 Jo(tatn — 100 +w,)) = Jjatn = u0)[ "t = o) + 2 |

so by (6.5) and since u,, — ug in LZ(Q, R?),
B = lim Jy(uy —uo) = lim Jo(u, —uo) > lim Jo(t,(uy — uo + wy)) > co,
n—oo n—oo n—oo

which is a contradiction. Therefore, passing to a subsequence, u, — ug. Since
ug € Ny, ug #0. O

Proof of Theorem 1.4. (a) It follows from (6.2) and Lemma 6.5 that if ¢, < co,
then c;, is attained and hence there exists a ground state solution. By Lemma 6.1, this
inequality is satisfied whenever A < A,_j and A € (—A,, —A, +§Cuﬂ(§2)|9|_2/3).

In view of [23, Theorem 2.2(b)], the function (=X, —A,_1] 2 A — ¢, €
(0, +00) is non-decreasing, continuous and ¢;, — Oas A — —A,andif ¢, = ¢y,
forsome —A, < @1 < w2 < —A,_1,thenc, isnotattained for A € (41, n2]. Hence
(b) and (c) follow.

(d) Since Jj, is even and, by Lemma 6.5, satisfies the Palais—Smale condition
in V, at any level below cg, then, in view of [23, Theorem 3.2(c)], J; has at least
m (N3, o) pairs of critical points f=u such thatu # 0 and ¢;, < J; (1) < co where

m(NG, co):=suply (J; (0, B NNL) = B < co} (6.6)

and y is the Krasnoselskii genus [30]. This is a consequence of the standard fact
that if

Bre=inf{B e R: y(J7'((0, ) N N3) = K,

then there are at least as many pairs of critical points as the number of k for which
(PS)gp, holds, see for example [30].
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In order to complete the proof we show that
~ 1 _2
m(Ns o) = Q)= : =i < 2 < —h + 3San(@I217F .
Let
[ _2
A(A)::{k >l <A< M+ §Scurl(Q)|Q| 3and A > Ag—1}

and observe that

M) = > mG),

keA(V)

where m(Ay) stands for the multiplicity of L. For k € A(A), let V(Ax) denote the
eigenspace corresponding to Ag. Then dim V(Ar) = m(Xy). Let S(X) be the unit
sphere in @keA(x) V(i) C V. Recall that my | g+ is a homeomorphism from S™
to NVy. Since J;, is even, m; is odd. Similarly as in Lemma 6.1 we show that for
ueSH)

1
Jo(my () < max =+ A0)?|Q=:8
keA(r) 3

and thus m; (S()) € J;'((0, B1) N ;. Hence
y(J;710, BINNL) = ¥ (S(A)) = ..

Since A < —Ar + %gcuﬂ(Q)ml’% (cf. Lemma 6.1), we have 8 < ¢g and it follows
that m (N, co) > M (1) which completes the proof. O

7. Open Problems

In this section we state some open problems. Some of them have already been
mentioned earlier.

(P1) Does there exist a ground state solution u whose support is a proper subset of
R3? In particular, can a ground state have compact support?

(P2) Can one find an explicit expression for a ground state? Or at least, what can
be said about the decay properties of ground states? If they are the same as for
the Aubin-Talenti instantons, then one could hopefully retrieve the formulas
in the middle of p. 35 in [36] which could be useful when looking for ground
states for (1.6) with the right-hand side |u |*u+ g(x, u) where g is a monotone
lower order term.

(P3) Do the groud state solutions to (1.6) have any symmetry properties? How
regular are they?
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(P4) If Qis a bounded domain which is neither convex nor has C'*! boundary, then
VY C H*(Q,R>) where s € [1/2,1] and s may be strictly less than 1, see
Section 2.2 and [12]. Note that the critical exponent for H® is 6/(3 —2s) < 6
if s < 1. Do the results of Theorem 1.4 remain valid (with the same right-
hand side)? Here the boundary condition (1.8) should be understood in a
generalized sense, that is u should be in WS (curl; ).

(P5) Cantheinequality chl > Seur($2) > Sbe sharpened? Do there exist domains
as in (P4) for which S¢u1(2) < §?
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