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1.: Retrospection: Gas release

experiment GRID: Status of analytic umeric
DSL2019 and ICTT2019 ;
Agreement with no yes
g main CAD study of Steady state
§ / valve gas release setup
/' = ¥ (main parts) Rediffusion no possible
pressure 7
gauge
Under construction
heatable
enclosure Private Idea for numerical solution of solving algorithm
(containing communication of PDE of transport type:
specimen)
— U.v. Troissont | ¢.,,= (E+ D) &
DSL 2019 Euler foreward
K. Nagato Crpq = (E- D)! Cr
N —— )
- A Ioadlphase reIeasie phase Euler backward matrix
v S
59 | . ‘ R. Dagan 1_\1/q
§E Ek+1= (E_——E> <—5+ E_> Ek
S < 2 2
S Solvermatrix forYCrank—Nicolson,
g g half backward half foreward
O c
[SI ) 1 = = =
GCJ§ Ek+1= §(E+D+A_1) Ek
O -
Time combined solver,

mean of foreward and backward
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2.: Countermeasure: Algorithms using inverse elements. L
k time index,

n= A1 *n, A=-0.01,n(t=0)=1 dt time integration intervall
explicit Euler forward algorithm: n,.; = dtAn+n = (1 +dt )n,

implicit Euler backward algorithm: Mg+1 — Adt Ngyq = Ny Nyyq = 1= 1d) ™

1
combined solver: Mg+1 = (1 +Adt +m) Ny

Has only to be calculated once

dn
/,=An, A=-0.01

. %10 F———— T
Promising  result:  Same S St
accuracy as other but with 10 e
combined solver a factor of 100 1x10™f I o R R

) . |

increased time Step 1x10°f ! —— Forward, dt=0.01's
e Backward,dt=0.01s
’ Combined, dt=0.01s

----- Combined, dt=1s

1x10°F

Amount of relative deviation

1x1 0'7 o — — - Combined, dt=5s
{
1x10°F |
[
1x10°f |
-10 ] L ] ] | |
1x10 0 500 7000
Time [g]
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3.: One-dimensional solvers

* * + dc D dt
D"-2D D 3t AxZ (Ci—1,k —2cp + Ci+1,k) =
D*-2D" D' D (n—1)2dt
D* 20" D' = —an1 (Ci—l,k —2¢ + Ci+1,k)

| S ——

Pt (k—1)*dt

Ol
I

D*-2D0" D’
0 Ciks1 = Cik + D (Cimix — 2 ik + Civrk)

Ek+1=8k+ 5(?)](: (E‘I’ ﬁ) Ek

R ———
Cylindrical coordinates see presentation by T. Glage forward solver matrix
% —
Primary chamber Secondary ] Ck —_
chamber Secondary chamber with _ _ _ 1 B
valves, gauges, purging
bl [ s\ /D(O)primary LA
Gaseous phase J Gaseous phase c C
2
LT 1—2Ac
E.’ —
Pri hamber with —_
valves and e.g. hydrogen ssev —
::iic;\iﬁ;r%ereratmg boundary depends on
Chain of n-el ts: n-21i | ts basi
1o ficks second aw and 2 boundary slements boundarys
1—(i—1Ac
Ehagseg.acs::-us E. g. gaseous phase contact Cn - 1 O
socormer LLLIILTTITTTATETERTFAAEFTFFRIFRTTATTARIATY e k. /p(E) - -
dary is given ievert’s law.
| TS \/ secondary
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4. Matrix Inversion

Relative concentration
o o o -
N (ep] (o] (e

o
N

o
(=)

Optifer, 673 K, 50 elements, Euler backward solver
dt = 20 ms, D*=0.23, GauB Jordan algorithm, elementary row transformation

200 s

1 L
10 20 30 40 50
Element number

i=1 j=1

A worse result is better than nothing

>l
|
ool
)
I
o]

()
)
wol]
|
N
R

Disadvantage: Possibly advantage
of tridiagonal matrices lost!

scalable by third summation to tensor of third order
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4.: Matrix inversion (B&B) Note: B&B algorithm is used for two
applications: Firstly way back from a

L B, S v2(0(i,j)) > 72(b(i,j)+¢) measured permeation graph to D ¢

and k,, ., and determing the inverse
2 sufficient? .
i Yes No matrix.
A n
A(LD)yyq T AWIDF Bk | Baq =00 8 2 ci.j)=1vi
J=1
¢ sufficient small ? Sumof all row elements
Initial values
; 1
Optifer, 673 K, 50 elements, Euler backward solver ) — ;
dt = 80 ms, 119 B&B supercycles for matrix inversion b(l’ l) — 1+2 D * 1 < l < n
o o b .. .. . .
_ _ b(i,j-1)=D* b(i,j) 1<i<n 1<j<i

b(i, j*+1) = D*b(i,J) 1<i<n i<j<n

b(j,n) =0, 1<j<n

Relative concentration

b(1,/)=0, 1<j<n

b(n,n) =1 b(1,1) =1

OO L L 1 1 1 L L 1 L 1 1 L 1 L 1

I L L L
0 10 20 30 40 50
Element number
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Calculation time bwUniCluster 2.0 [s]

Calculation time of membrane onedimensional probleme
Optfer, 673K, w, =1.310°m

T L] T T ' L} T L} L} J £ Ll T L} l

1x10°
1><102
1x10' 3
1><100 ~_ _ Combined without intermediate resuilts, E|
without initial restriction - . 2, 3 .
—— Combined without intermediate results ] Optifer, 673 K, 50 elements, B&B matrix inversion
~— Combined with intermediate results 1 dt = 80 ms, D* = 0.94, time of calculation about 12 minutes at inrclu
1 — Euler forward, matrix formulation, constant 0
MoE - T tmestepgsmg | 1.0x10 - - T T
50 100 150 \
Number of elements .
© ox1o® Legengj.
Ox — ¥, dt=80ms, D*=0.94
ey .. —==-¢g,dt=80ms
x2(b(1.1)) > x2(b(i,j)+ ek) —— 4% dt =20 ms, D*=0.23
1.0x10™" e, dt =20 ms
Yes No
1.0x10™®
ii = i) + € =.
a(I,J)k+1 a([,j)'k k eq = -0.5 g
_ 1.0x10*
gk sufficient small ? T T
0 50 100

Number of supercycle
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Possibilties of speeding up B&B matrix inversion:

17000000000
E"I - Elements to be
determined
oooooooo0o01
I | |
==
AA™" = = | O I
I | |
I O I
j-th column with i-th
IOUGI;'?O’ GI?WETI‘S by I‘ element to be varied by B&B
variation of i-j-elemen
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Test of eigenvector of steady state using one direction solver
Optifer, 573 K, 1.3 mm, 5 10°s

1x1 00 B 1 1 1 1 L 1 1 1 IJ 1 1 1 1 _L 1 I I 1 LI 1 1 1 I I 1 1 1 L
1><10'3' | 10° applied, Euler forward
c —_—— 104applied, Euler forward
8 1x10° 1 10° applied, Euler forward
-2 1%10° 4 10° applied, Euler backward,
% X row transformation
4 .
o -12 - — — . 10 applied, Euler backward,
2 1x10 row transformation
% 1><1O'15 - -4 ... 10° applied, Euler backward,
_; | row transformation
® 1x10 °H - 10° applied, Euler backward,
g B&B
o 1><10'21 —11 = 10° applied, Euler backward,
% i B&B
DAOTTT e - 10° applied, Euler backward,
all. B&B
1X1O ': 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I_
0 10 20 30 40 50 60

Element number

SSEV sufficiently mapped by B&B matrix inversion generated Euler backward
solver
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Analytical determined eigenvalues of numerical foreward solver

Amount of relative deviation

5. ReSU|tS n=50, Toeplitztridiagonalmatrix
L T I 1 LA
osf RERRTTLL L k
0.4-_:: poooooo®f “ nununﬂuu ‘;A::‘,o E
- Easy programmable s | gt !
. o . S oofeeamea®™” B ] Legend:
- Possibly positive and negative 5 O ]: o1
eigenvalues (D*=0.25) 5 04F 1- bsire
] ) £ I o 1o D'=58
- Numerical instable case D*>0.5 3O8F Lttt e ]
A 12F °°o°°° J
1'6:_|°<|>|||l||-|I|.||I||||I||||I_-
= 0 10 20 30 40 50
ACCUI’&CY, n=50 Number of eigenvalue
N L] L ] I Ll L T I I L} T I T Ll Ll I T L ] I Ll Ll I u
i Crank Nicolson
T Euler backward matrix
iy ¢ — -0 Combined matrix solver
110 F &=—= Euler forward matrix or row 3
1x10°F E
- s e e G = ;
1x10°F E
: L L L l L L L l L L L I L L L l L L L l L L L u
0.0 0.2 0.4 0.6 0.8 1.0 1.2
D*
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Numerical determined eigenvalues of numerical foreward solver

n=50, number of QR iteration increased to 6000, triangulars instable

™
LCLLLLE

L
: NEETTTL Lt
- Concentration vector using forward o8 IRERUS tCh ]

1 *— % - oao°°°°°°°°°.°°A nnnn“ ]
solver shows optimum at D*=0.25 (only g o.f P i -~
positive eigenvalues) independent from & Rt 1+ Boe

. “G_J 0.0p gfoooe® - D*=3/8
number of elements compared with SR R 1+ ooare
Daynes analytical solution [1] with 200 S 0af Tel _'

< [ *a, 1
summands (101°) ! “al ]
Accuracy, n=100 R e TR —
Optifer, 673 K, w,=1.3 10°m Number of eigenvalue
T T T I L T T I T L T I T L T I T T L l L T L n

B n]

i Crank Nicolson
- Euler backward matrix .
* — - Combined matrix solver
e—=a Euler forward matrix or row

1x107

L JlJlJll

d

1x10°F

! JlllJlI

Amount of relative deviation

d

11

[1] e. g. Crank, The Mathematics of

Diffusion, eq. 4.24a
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- Backward solver shows a different behaviour of increasing error with increasing D*, generates
disadvantage by differential quotient estimation, no optimum observed, especially observing
eigenvalue spectra all positive infinite D* values possible

See also presentation by T. Glage for analytical solution

Accuracy, n=100
Optifer, 773 K, w,_=1.3 10°m

- Crank Nicolson ]
Euler backward matrix

c ) . i

o o — -0 Combined matrix solver

© | == Euler forward matrix or row |

o

©

o -3

2 1x10°F -

© | i

o B i

= | &0 —G—0—(—0—— - ———& e————-09o j

o

E - i

3 u i

@)

£

< - ]
1)(1 0_4 — | 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 -l-

0 0.2 0.4 0.6 0.8 1.0 1.2
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Analytical eigenvalues of Backward Solver

1.0fF T T T |

08 [~ ooo® R
()] . oee®® o
= B -..-a"""." ga®® .ﬂ" ‘ h
g .I...O.U.."......... e l.l.. * Legend .
3 06F e © A D=1
.9 L ‘A... ° 2 D*=2/8
AR — . |- p-3s
5 : . D4/
E 0-4 - “..‘.-‘M... .' ] D*=5
3 asnasaassasaasaasnsesttt . + D*=10
(o] | . ]
-

02 - ‘..o. —

0]ty M NP S S

0 20 40 60 80 100

Number of eigenvalue

Numerical determined matrix for bachward solver by B&B QR determination of eigenvalues
n=50, no B&B convergence for D*<=1.0, number of QR iteration increased to 5000

I e e e e e e e e L LI e e e e e
h RRTTILL L
0® of,8 4
0°? o ,%. b
AS — , 5 0.8k ‘,o°°.° nuun pb -
© 000® T Legend:
1+2D* 1+ cos (== T it
[ o? a® 4 *
n—1 o} pao® at > 1= D*-=2/8
o gaoaa®®? st e D*=3/8
J— J— S | coopoooa® AA‘A‘A > 4 & D*=4/8
1 > AS > O, 1 S S S n 2 ,An_l -_ 1, E AA.AA“AAA bbpl’ > D*=6/8
A _ 8 0_4—AAAAA pr’b — D*=8/‘8
n — B N4 i
E bbhppbbbbbbbp)pb
I 1 L 1 1 l 1 L 1 1 l L 1 1 L I L 1 1 L l L 1 L 1 I
0.0 0 10 20 30 40 50

Number of eigenvalue
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Numerical determined eigenvalues of numerical determined Crank Nicolson Solver

Amount of eigenvalue

Number of QR iteration increased to 6000, squares stabil results

I T ] T T I L] T L] T I T T 1 L] I T T T T I T L] I';.-I
L -t "
B ;ugﬂgagﬁs 7
0.8F gud®go a4d -
5 L L |
a o pd a 4
- : od A‘qq -
L oB A 4 .
e go® 4 q
0'4_:::1::!:““"“““““7“ uﬂnuu a AAA‘“Q T
i |:|E":'I:| ] a 7
i unnuuﬂﬂnuusn: qA a ‘ T
5 P ]
Y -
0.0 i L an: aa, ]
B 472 A°AAA AAAA .
o < daqgq 944444944 .
0.4} .
-0.81- =
-l L 1 L 1 I 1 L 1 1 I 1 L 1 1 I L 1 L 1 I L 1 L 1 I-
0 10 20 30 40 50
Number of eigenvalue
Accuracy, n=100
Optifer, 773 K, w_=1.3 10°m
T T T l T T T 'I T T T l T T T l T T T 'l T T T 'I_
Crank Nicolson
- Euler backward matrix
o + - -o Combined matrix solver
© s—=a Euler forward matrix or row
3
=]
_f'ajmm's_— .
«© [ ]
[0} [
= [ 60 —C—t———— ¢ ——— - *————ee
©
€
3
s}
£
<
1X104- P P T L P L=k
0.0 0.2 0.4 0.6 0.8 1.0 1.2
D*
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Legend:

D*=2/8
D*=3/8
D*=4/8
D*=6/8
D*=8/8

Analytical determined Eigen values of Crank Nicolson solver

Le
4 °

n=50, using Toeplitz formula, A =1 inserted
1.0_1 T T T T I T T T T l T T T T I T T Ll T ! é I.A:\‘J'-L'
! RRRRILHI L
°¢°o¢° o? ad5e v
,oo°°°°°° o® AAAoo v ]
o -]
cocco000000°°” .n“un AAA.'° 1
S os| gae®®” PO v o
© aana@?’ ad® o
> CELELE R att e v ]
qC_) AAAA .oo
> a and o® v
—— AAAA °°
_q_-’ 0.0 aanassaas °°.°° v -
eo?®
S i oooooo"'.o.. v
% | v
g | v
v
< -0.5F T -
5 v J
v
v
" N
"
L ""v"' ]
YYvvvyyvyveguvevvvvvYY
L ARAMALLA LS ARASASASAS A M R R |
) 10 20 30 40 50

Number of eigenvalue (ordered by amount)

Constant error of Crank Nicolson
solver observed, eigenvalue spectra
agree only for D*<=0.25
Approximation of inverse matrix
“huge” effort, see talk by T. Glage
All eigenvalues between -1 and +1
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Numerical determined eigenvalues of numerical Combined Solver

Amount of eigenvalue

Diamonds indicate instable results (deviation from upper friangular matrix)

I 1 T T T I T 1 T T I L T T T °I T T T * 1 ] T IHL

- 5o 8-

B ooosooagogffg‘n’gﬁﬁﬂﬁasoggggsaa 1

L °°°o°0°° ] o2 °° -
0.8_ 00000000000 n engnunuﬂ o ° °°° ]

nunnnnﬂu 8 o o

F oppeEDBE0 ° o © 0® -

5 ° ° 00® -
0.4F o ® yoo® 3
- -3 -] 0 .

° ° °°°°

» e 3 P °°° .

[ ofso. o 00°® .
0.0 ¢%g%¢0 000 -

>
» L o i
°

B s ¢ o -
'0-4_ ° ° IS —
L o °° -

L ° ° o i

L ° °0 o .
-0.8- ® e e oo -
i B ° °e o000 i
- o -

b °° -

- - r -
1.2F oy ]
L oy .

L ° .
-1.6F °°o -
Or ®o, i
B o000
_20-| 1 L 1 1 I 1 1 1 1 l 1 1 L 1 I L 1 1 L l 1 L 1 1 I-
0 10 20 30 40 50

Number of eigenvalue

— Nearly constant error of the

combined solver D* < 0.8

— Analytical eigenvalues not available
— Numerical eigenvalues seem to be

fitting D* < 2/g, see talk by T. Glage

Legend:

°
a

°

°

D*=1/16
D*=1/8
D*=2/8
D*=3/8
D*=4/8
D*=6/8
D*=1.0
D*=1.02

Accuracy, n=50

T T ——TT T —T T
Crank Nicolson ]
c Euler backward matrix
S P & - - Combined matrix solver
L 110 F s—a Euler forward matrix or row J
2 1
=l
o
=
I
L0 .
E i ——— — o — 1
c
=0
=
E
< 3
1107 =
F A 1 A T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
Di‘
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6. Current output

0 [°C]
560 441 352 283
v
1 O ] v
- ‘ v ‘.
v
L 4
2 o

1Llegend:

Diffusion const. analytisch [10™" m2/,]
14 & Sieverts” const. analytisch [102 mol/m*/sqrt(Pa)]
1 4 Diffusion const mod. 5 [107"" m?/]

v Sieverts'const. mod. 5 [102 mol/m®sgrt(Pa)]
Mod. 5 diff D=2600 exp(-51000 J/mol/RT)

Mod. 5 Sieverts” kg ¢, =240*exp(-18000 J/mol/RT)

AN

Permeation [mol/s]

00014 0,0016
1T (/K]

0.0012

16

0.0018

D*=0.25 Euler forward is integrated into Q-PETE
analysis program

Computation time of first results (n=100) about 17
hours @inrclu, about 6 hours @ bwUniCluster2.0 and
40s @ bwUniCluster2.0 using the D*=0.25 Euler
forward solver generating “new” code structure

Time of calculation depends on the degree of non
linearity (Re-Diffusion), up to 120 s @
bwUniCluster2.0 .

For B&B solving inverse problem getting from a
measured curve D* is constant, D (kg ¢,) comes from
B&B and dt is adjusted!

First Arrhenius plot of Q-PETE results GRID is work
in progress

100 FDM elements with rediffusion, Run0068 neu, ks sa=9,70 10'2 molfm:*fPao'
Modus 5, P =1.30 10° Pa,p =4118Pa, 299"? scem , 678 K

T T T T T T T T T T T T

2.0x10"°F

1.5x10"°F

1.0x10"°[

¥ Experimental results of D, and HD 4

signal 4
Fitting graph hy B&B and analytical,

Deﬁ=2.48 10 m?/s, 9611 tries )

Initials value of B&B

5.0x10""

1 I L L L I
10000 20000

Time [s]

I. 1 1 ] L L
00 15000

0 5000
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Ostensive recommendation

Solver type Programmability | Stability(D*) Eigenvalue accuracy
spectrum
Forward Euler easy 0.5 Critical, stable only Very good
D*<=0.25
Backward Euler strong No limit Only positive poor
Combined Solver strong 0.8 critical good
Crank Nicolson difficult No limit stable good
specimen (metallic membrane)
Ar with Qj »—— <« pure Arjp,
Q
k Ar+Q out
out
Legend:
@ measured results from massspectrometer
@® mean results ftom Simpson algorithym
@ results of (posible) backward solver retentate chamber permeate chamber X
@ results of Euler foreward solver o @ 5C
A
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