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Exponential convergence of perfectly matched layers for scattering
problems with periodic surfaces

Ruming Zhang*

Abstract

The main task in this paper is to prove that the perfectly matched layers (PML) method converges
exponentially with respect to the PML parameter, for scattering problems with periodic surfaces.
In [5], a linear convergence is proved for the PML method for scattering problems with rough surfaces.
At the end of that paper, three important questions are asked, and the third question is if exponential
convergence holds locally. In our paper, we answer this question for a special case, which is scattering
problems with periodic surfaces. The result can also be easily extended to locally perturbed periodic
surfaces or periodic layers. Due to technical reasons, we have to exclude all the half integer valued
wavenumbers. The main idea of the proof is to apply the Floquet-Bloch transform to write the
problem into an equivalent family of quasi-periodic problems, and then study the analytic extension
of the quasi-periodic problems with respect to the Floquet-Bloch parameters. Then the Cauchy
integral formula is applied for piecewise analytic functions to avoid linear convergent points. Finally
the exponential convergence is proved from the inverse Floquet-Bloch transform. Numerical results
are also presented at the end of this paper.

Keywords: PML method, scattering problems, periodic surfaces, exponential conver-
gence, Cauchy integral theorem

1 Introduction

This paper studies the convergence of the PML method for acoustic scattering problems with periodic
surfaces. This paper is motivated by the unanswered questions at the end of [5]. Although a linear conver-
gence has been proved for rough surfaces in that paper, the authors asked if the exponential convergence
is possible for bounded domains. In this paper, we try to answer this question for periodic surfaces, using
techniques introduced in [6]. First, we introduce the setting of this problem as well as some important
notations and spaces.

Suppose I is a surface defined by a 2m-periodic Lipschitz continuous function ¢, and €2 is the unbounded
periodic domain above I:

D= {(z1, (1)) s 21 €RY; Q= {(21,22) : 22 > ((21) : 21 €R}.

Without loss of generality we assume ¢ > 0 on R. For simplicity, we only consider the problem described
by the following model:
Au+ku=finQ; u=0onT, (1)

where f € L%(Q) is a compactly supported source term.
Let H be a positive number such that

H > sup ((z1) and H> sup |zal
z1€R z€supp(f)

Let T'yy := R x {H} be a straight line lying above I' and let the periodic strip between I' and I'yr be
denoted by Q. Then supp(f) C Q. Thus u satisfies the Helmholtz equation with vanishing source term
when x9 > H.

*Institute of Applied and Numerical mathematics, Karlsruhe Institute of Technology, Karlsruhe, Germany ;
ruming.zhang@kit.edu.



To guarantee that the solution u propagates upwards, we also require that u satisfies the following
radiation condition (see [4]):

u(xy, o) = / ﬂ(f,H)eifxl'HV k2 —€2 (z2— H) d¢, x> H,
R

where @(¢, H) is the Fourier transform of u(xz1, H) and /k? — &2 has non-negative real and imaginary
parts. This radiation condition defines the following DtN map on I'jy:

() =i [ VIE=@ @@ de,  where plan) = [ G de.
R R

From [4], T is a bounded operator from H'/?(T'y) to H=*/?(I'y;). Thus u satisfies the following boundary
condition:

(% =T u in H Y*Ipg). (2)
Now the problem is formulated in the periodic domain 2y with finite height by —. The weak

formulation is straight forward, i.e., to find u € ﬁl(QH) such that
/ [Vu-Vp — k*up] do — / [TTu] pds = — / f@dx (3)
Qp Ty Q
holds for any compactly supported ¢ € H Y(Qp), where

H'(Qu) = {v € H'(Qu) : ¥|.=0}.

From [4] it is known that the problem is uniquely solvable in H YQpg). For unique solvability in
weighted Sobolev spaces we refer to [3].

We apply the Floquet-Bloch transform to , and the problem is written as a family of quasi-periodic
problems, and the original solution is then written as the inverse Floquet-Bloch transform of quasi-periodic
problems, which is an integral on an interval with respect to the Floquet-Bloch parameters. The quasi-
periodic problems depend piecewise analytically on the Floquet-Bloch parameters, with only one or two
square root singularities (later called “cutoff values”). At the cutoff values, only linear convergence are
proved for the PML method. For parameters away from those points, exponential convergence is proved.
For details we refer to [51[6L(9].

To deal with these points, we extend the quasi-periodic problems analytically in the branch cuts of a
suitably defined square root function. With the help of the Cauchy integral formula, the inverse Floquet-
Bloch transform is an integral on a modified contour. We design the modified contour carefully such
that it has a positive distance to the cutoff values. From technical reasons, we have to assume that the
wavenumber is not a half integer. Then we prove the uniform exponential convergence for parameters
lying on the contour, which finally results in the exponential convergence for the PML method.

At the end of this paper, several numerical examples are presented to show that the PML method
actually converges exponentially. From these results, exponential convergence is shown for wavenumbers,
where even the half integers are also included. The convergence rate is also far better than the theoretical
results. This leads to a possible further topic, which is to extend the method to half integers and also to
prove the sharper estimates.

The rest of this paper is organized as follows. In the second section, we apply the Floquet-Bloch
transform to the problem. In Section 3, the transformed problems are extended analytically and then
the inverse Floquet-Bloch transform is modified from the Cauchy integral formula. The exponential
convergence is proven then in Section 4. In Section 5, numerical examples are presented. Some further
discussions and comments are shown in the last section.

2 The Floquet-Bloch Transform

In this section, we apply the Floquet-Bloch transform to the problem —, or equivalently, (3). For
simplicity, we first define the domains restricted to one periodicity cell. Let I';, Q; and Q}, be the



restriction of I', Q and Qg to one periodicity cell [27rj —m, 27 + 77] x R. Without loss of generality,
assume that supp(f) C QY.
Recall the definition of the Floquet-Bloch transform 7 for compactly supported smooth function ¢:

(Je)(a,x) Z@(a:+ (2 j)) el @ H2m) 0 e 0% ae [—1/2,1/2).

JEZ

Here « is called the Floquet-Bloch parameter throughout this paper. It has been proved (see Theorem
4.2, [10]) that J is an isomorphism between H*®(Qp) and L? ([-1/2,1/2]; H,,.(Q%)). Note that the
Space H:..(Q%) € H*(Q}) contains all functions that are 2m-periodic in z;-direction, and the space

L? ([-1/2,1/2]; H;,,.(Q%)) is equipped with the norm:

1/2
2 _ 2
”77[}”LQ([71/2,1/2];H;ET(Q?_I)) = /1/2 \\1/)(047')||H;e,,(931) dav.

The subspace L? ([ 1/2,1/2]; Hs,,. (9, )) contains all the functions ¢ € L? ([-1/2,1/2]; H3,,(Q};)) such

pe'r

that o(a |F = 0. Moreover, the inverse Floquet-Bloch transform coincides with the adjoint operator of
J,ie.,
1/2 _
(T') () = Y(a,z)e'* da, x € Qp.
—-1/2

Given any compactly supported f € L?(€g), the problem has a unique solution u € H YQn)
(see |4]). Let w := Ju then w € L? ([ 1/2,1/2]; per(QO )) For almost all « € [—1/2,1/2], w(a, ") is

2m-periodic with respect to 1. Moreover, w(a, -) solves:

Aw(a, ) + QiQ% + (k*n — o®)w(a,-) = e "1 f in QY; (4)
1
w(a,) = 0 on Ty; 5)
8w(a, ) _ TJF’LU(OZ ) on 1—10 ) (6)
(9162 @ ’ H

Note that here T} is the a-dependent periodic DtN map given by:
(T o) (1) = IZ k2 —(a+j)%@ ijzl where  p(z1) = Zgﬁjeijzl
JEL JEZ
and
k2 —(a+j)?  iflatj| <k
(a+7)2—k2, if \a+j| > k.
It is already known that the problem ([{)-(€]) is uniquely solvable in H aer(QY) for given f € L?(9y;). We

refer to [2[8] for details. With these solutions, we get the original solution from the inverse Floquet-Bloch
transform, i.e.,

k2—<a+j>2={i

12
u(z) = / e*tw(o,x)da, z€Qp. (7)
~1/2

3 Analytic extension

In this section, we recall the analytic extension introduced in [1]. First we give the weak formulation for

the a-dependent periodic problem, i.e., to find H. peT (Q%) such that
ow(a, -)

/ {Vw(a, ) -V — 2ia % — (k*n — o®)w(a, )cp] dz
Qo 8.T1

2 3 VR = (0 P00 =~ [ e ),

JEL

(8)



where @(c, j) and p(j) are the j-th Fourier coefficients of w(c, -)|FD and <p|r0 , respectively.
H H
Define the following operators by the Riesz representation theorem:

(A1, ) = / (Vi - VP — Knig] da;

Qo
. oY _
Axtp, o)y = —2i —pdz;
(A29, ) o, 9217
Qo

(Bj, ) = —271i(5)P()).

Note that here (-,-) is the inner product of the space ﬁ;er(Q%). Then all the operators are bounded in
ﬁ;eT(Q%) and independent, of . There is also a family of elements F(a,-) € HY, (99,) such that

<F(aa ')790> = _/Q @_iaxlf(l')mdx.

Since e~19*1 f(x) depends analytically on «, also F' depends analytically on «. Then is written as the
following a-dependent equations:

Ay +04A2+CY2A3+Z k? = (a+j)*B; | w(e,-) = Fa, ). (9)
jez

For simplicity set

D(a) := A; + ady + o®As + Z VE? — (o +j)?B;.
JEZ

We know that D(«) is invertible for all @ € [—1/2,1/2] and the solution w(c,-) has square root
singularities at the o € [—1/2,1/2] when |a+j| = k for some j € Z (for details see [8]). Since A, Ay, A3, B;
are independent of «, the singularities only come from the coefficients in front of B;. These singular points
are called “cutoff values” which are of great importance. First note that if k£ is a half integer, for one
cutoff value o € [—1/2,1/2], there are two integers j; # j2 such that |a + j1| = |a + j2| = k. This case is
more complicated and will not be treated in this paper. Thus we make the following assumption.

Assumption 1. Assume that k # 5 for all positive integer n.

With Assumption[I} k£ > 0 can be written as k + j (j € N), where £ € (—1/2,1/2) \ {0} is called the
“rounding error” of k. Note that the decomposition of the positive number £ is unique.

In this paper it is also important to consider the analytic extension of the solution with respect to «
to a small neighbourhood of [-1/2,1/2] in C. Thus we need to consider the coefficients of B;. Define:

G, j)=vVk+ta+tj G (aj)=Vk-—a-j

Definition 2. In this paper, the square root “ /—” is defined in the branch cutting along the negative
maginary axis.

We find all the zeros of G*(a, j) for a € (—1/2,1/2)\ {0} and j € Z:
G+(_’€a _J) = Gi(’{’aj) =0.

Now we focus on the analytic extension of G (a, j)G~ (c, j) when |j| = j and « lies in the neighbourhood
of one point in {—x, x}. Note that

G+(aa_j):\/l€+av Gi(O@_J): VK+2j_OC'
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Figure 1: Branch cuts for different settings: (a) x > 0; (b) x < 0.

and
Gt (a,j)=vVE+2j+a, G (,j)=Vk—a.

Note that when 3 = 0,
G+(OZ, _J) = G+(Oé7j) =V KZ+O¢, G_(a7 _J) = G_(Oé,.]) = VK-

The discussion is carried out for the following different situations. Define the rays Z, C C by Z_ :=
—K + iRSO and Z+ =K+ iRzo. Let 6 € (O, |I‘€D

e Let a be in a neighourhood of —k.
— From Definition 2} G*(a, —j) is analytic in [(—x—4, —x+6)+iR]\ Z_ and G~ (a, —3) is analytic
in (—k—0, —k+0)+iR. Therefore, G (a, —7)G~ (o, —7) is analytic in [(—k—0, —k+38)+iR]\ Z_.
— When j # 0 both G* (v, j) and G~ (v, 7) are analytic in (—k — 0, —k + 6) + iR. The case j =0
is treated as in the previous item.
e Let a be in a neighourhood of «.
— From Definition [2, G*(«,7) is analytic in (k — 6,k + ) + iR and G~ (a,j) is analytic in
[(k — 8,k +0) +iR] \ Z;. Therefore Gt (v, 7)G™ (o, 7) is analytic in [(k — §,k + 0) +iR] \ Z,.

— When j # 0 both G*(a, —7) and G~ («, —j) are analytic in (k — d,k + ) +iR. The case j =0
is treated as in the previous item.

From above arguments, when k satisfies Assumption [1| the operator D(«) is extended analytically to
[(=1/2 —¢,1/24+¢) +iR]\ (Z_ U Z}). Note that a sufficiently small € > 0 can be chosen since £1/2 # k.
For a visualization of the branch cuts we refer to (a), Figure

To consider the analytic extension of w(a, ) = D~!(a)F(a,-) with respect to o, we need to separate
the operator D(«) by an analytic part and a singular part. First we consider the extension near the point

—k. Define
Difa) = A+ ady+a’As+ Y k> — (a+)2B;,
J#=3
then
D(a) = Dy(a) + VAT a By (a)
where

Bi(o) =G (a,—j)B_j =+\/k+2j —aB_j.

From above formulas, both D and B, depend analytically on « when |k + «| is sufficiently small. Since
Dy is a small perturbation of the invertible operator D(«), it is also invertible for small |k + «|. Moreover,
D;l(a) also depends analytically on «. From Neumann series,

DY (a) = D' (a) Z(—\/n+a)”(B+(a)Dj_1(a))” , when 0 < |k + o << 1.
n=0



Define

o0

Di(a) = Y (k+a)" Di'(a) (By DY ()™
n=0
D%(a) =~ (k+a)" D} (a) (B+D} (a)) "
n=0

then

D' (a) = D! (a) + Vk + a D3 (a).

Here both D}r and D%r depend analytically on a when |a + k| is sufficiently small. Then the solution has
the following decomposition:

w(a,”) = D~ a)F(a, ) = wh () + Vi F aw’(a,-),

where wl (a,-) = DY (a)F(a,-) and w3 (a,-) = D3 (a)F(a,-) both depend analytically on « in a small
nelghbourhood of —k. Thus w(a, ) depends analytically on « in the relative complement of Z_ in the
neighourhood of —k.

Similarly, in a sufficiently small neighbourhood of k, w has the decomposition:

w(a7') = Dil(a)F(O‘a ) = wl—(aﬂ ) + VK — an—(av')v

where w! (a,-) and w? (a,-) both depend analytically on . We conclude the results in the following
theorem. Before the theorem we denote the open disk with center zy and radius r by B(zg, ). Moreover,
we also define the upper and lower half disks by:

By (z0,7) :={z € B(z0,7) : Im(2) >0}, B_(z0,7):={z € B(zo,r): Im(z) <0}.

Theorem 3. Let k satisfy Assumption|l] and k = x4+ j for some j € N and k € (—1/2,1/2)\ {0}. For

fized a € [-1/2,1/2], w(a,-) € H;ET(Q(I){) is the unique weak solution of (8). Then w(w,-) is extended
analytically to B(—k,d) \ Z_ and B(k,9) \ Z4. Note that here 0 < § < |k| < k 1is sufficiently small.

In the next step, we will modify the integral in the inverse Floquet-Bloch transform near the cutoff
values with the results in Theorem [3] First consider the case that k = x+ j where € (0,1/2) and j € N.
For simplicity, the discussion begins with a scalar valued function.

Lemma 4. Let the square roots be defined in Definition [3

o Suppose g(a) is an analytic function defined in a small neighourhood of the half disk By(—k,?).
Define the half circle

¢, = {|a+/<;| =¢: Im(a) 20}
with a clockwise direction. Then the following equation holds:
00—k

/@ VE+ agla)da = VE+ ag(a)da

—0—K

e Suppose g is analytic in a small neighourhood of the half disk B_ (/{ 0). Let
_={la—k|=0:Im(a) <0}

be the half circle with a counter clockwise direction. Then the following equation holds:

S+k

/ Vi —agla)da = Vi —ag(a)da

—0+kK



Proof. We prove the first item. Let 0 < & << ¢ be sufficiently small, and let
¢h = {|a+/<;| =c: Im(a)> 0}

with a clockwise direction. Since v/k + « is analytic in the domain encircled by (=6 — k, —& — k), €1,
(e —k,0 — k) and €,

—E—K

/€+\/mg(a)da - (/_H +/€+/i> ViFag(a)da.

Since v/k + a g(a) depends continuously on « in the half disk and equals to 0 at —k, let ¢ — 0, we have

e—0t JY —5—kK

—e—K 0—K 0—K
lim < +/ —|—/ )x//i—i—ag(a)da = VE+ ag(a)da.
Cj E—K

Thus the equation holds.
The proof of the second item is similar thus is omitted.
O

The results in Lemma (4| are easily extended to Banach spaces. For w(a,-) with analytic extension
described in Theorem [3] the following equations are obvious results from Lemma [4

—Kk+5
/ ey, ) da 2/ ey (a, z) das; (10)
[ —K—0

. K+6 .
/ e w(a, x) da :/ e w(a, x) da. (11)
e

K—9

At the end of this section, we modify the integral contour in and the results are concluded in the
following theorem.

Theorem 5. k satisfies Assumption[l] and k € (—1/2,1/2)\{0} is the rounding error of k. Then k = r+j
for some 5 € N. Let 0 < § < |k| be a sufficiently small parameter given in Lemma . Define

€= ([F1/2.1/2\ [(~r— 8~k +8) U (x — 8.5+ 8)] U €, UE,

where € and €_ are defined in Lemma . Then the integer contour in @ is replaced by €:

u(x) = / e1w(a,v)da, x€Qp. (12)
¢

4 Perfectly matched layers

In this section we following the method introduced in [6] for a-dependent periodic problem (4)-(6). For
simplicity we abbreviate w(a, ) as w. Although the arguments were made in [6] for real-valued «, every-
thing is extended to complex valued cases without major differences. We only need to be careful that the
square roots there are still defined in Definition
We add a PML layer above Iy with thickness A. To describe the PML layer, we need the function
s(xz2) defined by:
s(ze) = 1+ o8(x2)

where ¢ > 0 is a parameter, 5(x2) is a sufficiently smooth function which vanishes when zo < H. For
example, the function can be defined by a polynomial:

N —H\"
S(an) = x (250) L e (A 4




where x is a fixed complex number with positive real and imaginary parts and m is a positive integer. For
simplicity, let |x| = 1. Define the PML parameter

H+X\
a::/H s(xg)dajgz)\< mg«>:1>'

Thus o = |o|e!™ where 7 € (0,7/2) and |o| ~ (m + 1)~*\o when ¢ >> 1.
For any fixed «, the differential operator with the PML layer with parameter ¢ is defined as follows:

Lo(a) == s(x2) (8322 +21aaa> 822 (s(;)aiz) + (k2 — 02)s(z2).

Then the new problem with PML layer is described by the following equation:

Lo(a)wEME(q,) = f in Q(}IJW\; wEML(q,.) =0 on T UF%H/\. (13)

From [6], a solution of satisfies the boundary condition

JwPML (. .
QO] etV o) on T, (14)
To ?

where TPML s the (o, 0)-dependent DtN map defined by:

(Tolig/[L - IZB] COth —lﬁj ) ( ) ljll Z(&O 1];51

JEZL jEZ

From similar arguments in [5], it is bounded from H;éf(F(}I) to H;elr/z(f‘(}{). With the DtN map, the
problem (13)-(14) is formulated as the following variational problem in Q%;. That is to find w2 (e, ) €
Q9) such that

pe7 (

PML(,, .
/ {waML(a, )-Ve — Qiaaw‘ai(a’)a — (k*n — o®)wEML(q, )4 dz
Qo Z1

~2mi Y VA2 — (a 1 j)% coth (71 K2 (a+j)20) DPML (0, )3() = 7/ e~iom f 5y
Qo

JEL

(15)

holds for all test function ¢ € 2Der( 7). Compare this problem with . we only need to compare the
term obtained by the DtN map. Similar to previous arguments, we first define the operator depending on

ag.
DEME(a) i= Ay + ady + 02 As + 3 VB — (a4 3 coth =i/ — (a + )70) B,

JEL
thus is equivalent to solve the problem

DM (a)wy M (o, ) = Fla, ).

o

To study the convergence of the PML method, it is equivalent to study the convergence of DEML(q) to
D(«) with respect to |o|, where the key is the convergence of coth (—i k2 — (a+j)? o) to 1. In [6], it

has already been proved that for fixed o € [-1/2,1/2]\ {—k, K} the convergence is exponential. However,
from [9], it is seen that only linear convergence can be proved for a = :|:I<L, i.e.7 at the cutoff values. In
this paper, we use the modified inverse Floquet-Bloch transform defined in (|12)) to avoid the cutoff values.
Thus we only need to prove the exponential convergence of wf™L(a,-) to w( -) for all a € €, where €
is defined in Theorem [5

To this end, define the function:

h(z) := exp (—21 k2 — 2’20‘) .



Figure 2: Domain in Lemmal[7] The black curve is €.zy.

Then 5
coth(—i\/k2 —(a+j 20) —-1l=—, «acc
(@ +7) h(a+j)—1
Let € be extended as:
Ceat = Usez (€+(j,0)") C R,
then {a+j: a €€, je€Z} = C€yyi. Then we estimate # for any z € €¢z¢. The extended curve €.y
is plotted as the black piecewise curve in Figure Here we want to draw the reader’s attention to the
shape of €.,;. For simplicity, we make the following assumption for the constant 7 (recall that it is the
angle of the PML parameter o).

Assumption 6. The angle T is assumed to line in the interval [01,62] where

T 7 — arctan 2
0 < ——

0> —
1 8; 9

Note that for 7 € (0,7/2) which does not satisfy Assumption |§|, we can still prove the exponential
convergence but with much more complicated techniques. We keep this assumption just want to have a
clear process.

Lemma 7. Suppose 0 < § < || defines the curve € in Theorem [3

1) There is a v > 0 such that |h(2)| > exp ('y\/g|a\\/ |Re (2)] + k) holds uniformly for z € Ceypy.
2) Suppose v > 0 is the same as in 1), then

2VEkZ — 22

< A=l y]-1
W —1 |71

holds uniformly for z € Ujez B+ (—k + j,8) and Ujez B_(k + j,9).

Proof. We prove the lemma with four different cases.
Case 1. Let z € C such that |Rez| > k+ 6 and [Im z| < § (yellow domain in Figure [2).
Let z = a +1b where |a| > k4 6 and |b] < 6. Then

V2 — 22 = k2 + b2 — a2 — 2iab.

Let vVk2 — 22 = r,e'?. From the element computation with the re-definition of the square root,

. ’\/m‘ . M and 0 e (ﬂ'—arctan2 7r+arctan2) c <7r 371')'

2 2 ’ 2 44
This implies that
Re (—Qirz\a|ei(9+7)> = 2r,|o|sin(f + 7).



From Assumption @ 7 € [0, 02] thus

arctan 2 7+ arctan 2

9+T€<7T_ 5 + 6, 5 +92>C(0,7T).

There is a 1 > 0 such that sin(f + 7) > 7;. This implies that
Re (—zirz|a\ei<9+f>) > /(k + Ja)d|o|n.

Thus
()] = [e-2rile e+

> exp (v + laD)dlobn ) -

Case 2. Let z € C such that |Rez| <k — ¢ and [Im z| < § (green domam in Figure [2).
Let z = a + ib where |a| < k — & and |b| < 6. Similarly VA2 — 22 = r_e'? where

—|VE = 2 VD ad e (-55)

From Assumption [6] again we can also find a 72 > 0 such that sin(f + 7) > 72/2, thus that

[h(2)] = exp(y2v/ (k + lal)d]o])

Case 3. Let z € { —k+6e* : we [0,7]} or z € {k— e : w e [0,7n]} (half circles outside green/yellow
domains in Figure .

Let z = —k + 6e' or z = k — Je'* for w = [0, 7). Still let 2 = a + ib then |a| = k — § cosw. From direct
calculation,

VE2 — 22 = \/2kdelw — §2e2iw = r e
where

TZZ\/2k6—52>M and 6¢ [O,E}.

2 2
With Assumption |§| again, there is a y3 > 0 such that sin(6 4+ 7) > v3. Thus

h(2)] 2 exp (Va(k + [al) o)) -

Case 4. Let z € { —k+&e“ : we [0,7]} or z € {k— & : w € [0,7]} where £ € [0,6] (blue half disks
domains in Figure [2).
We still let V&2 — 22 := 1.€!% then r, ~ /2k€ is small since ¢ € [0,6]. Similar to Case 3, we have the

following estimation:
2V k? — 22
h(z)—1

2r, 2r,
= S .
|h(2)] — 1 ~ exp(2ys|o|r:) — 1

From the mean value theorem, there is a € € [0, 27y3|o]|r.] such that

exp(23lorlr) — 1 = 2y5alr. exp(e) > 23alolr.

This implies that
2Vk? — 22 < 2r, 1

h(z) =1 | = 2yslolr. — vslo]’

The above inequality holds uniformly for all r € [0, d] and w € [0, 7], where § > 0 is sufficiently small.

We conclude our proof as follows.
For 1), from the above arguments, let v := min{~1, 72, 3}, then the following inequality holds uniformly:

(h(=)| = exp (1V0lolv/[Re ()] +F)

10



where z lies in the area in any of the three cases. Since the expanded curve €., is included in the union
of the Case 1,2 and 3, we finally get the exponential decay of |h(z)| with for all z € €.
For 2), we only need to combine the results in Case 1,2 and 4. With the fact that U;cz B4 (—k + j,d) and
UjezB_(k + j,d) are subsets of the union of domains in Case 1,2 and 4, the proof is finished.

O

With this result, we are prepared to estimate the convergence of DF™L(a) to D(a) with respect to
the parameters 0 and o.

Theorem 8. The operator DEME(a)) converges to D(a) uniformly with respect to «, and satisfies the
following estimation:

|DFME () = D(a)|| < Ce™ VIl for all a € €,

and

HDPML(a) — D(« H < Clo|™t for all o € By (—k,8) U B_(k,0),

where C' and ~y do not depend on o and the parameters § and o. Moreover, the solution wEME(a,-) also
converges to w(a, ) uniformly:
waML(aa ) =l HH}m (Q9,) < Ce VIl for all o € € (16)

and

||wPML(a, )= wlen )| 31 oy < Clo|™! for all o« € By (—k,0) U B_(k,0). (17)

o Hper(QH)
Proof. We first prove the uniform convergence with respect to a € €.
From direct calculation, for any ¢, ¥ € per(QO ),
((DFME(a) = D(@)) p,w) = =271 > /A% = (a + )% |coth (—iv/k? = (a + )% — 1)| @(7)0())
JEL
VE2 = (a+ ] =
—4
mZ T =1 PV

1/2
Since @, 1 € per(QO <,0|FO , go}ro € Hpe/,« (T'%). Thus
2
. ~ N2 . o
We check the finite series with positive integer IV:

= —4ri Z ~ —(a+J) )

at+j)—1 ‘7)

j=—N

With the result of Lemma |7 for all « € € and j € Z, |h(ao + j)| > exp (7\/5|0|\/E) holds uniformly.

When the parameters |o| is sufficiently large, we conclude that

‘47“’ < o 1VFBlo]
hMa+j)—1

holds uniformly. Note that the constant v is adjusted and k is now merged into i. Then from Cauchy-

11



Schwarz inequality,

S < eV S V2=t 77| 120)1|20)
j=—N

—11/2 1/2
N N N 2
< eV S VR =k 2|80 | Y [V = 0] [60)]
j=—N ] j=—N
N 2 , 1/2
_ . . ~ N2 . ~, .
< Cem VRIS (14 )2 15(7)] doa +J2)1/2‘¢(J)‘
j=—N j=—N

_ (o= 1VES|o| ,

=(Ce™7 7 H‘PHH;Q(F%)Hd)”Hééf(p%)v

where the constant C' is chosen such that the inequality holds uniformly for all & € € and j € Z. From
trace theorem,

—yVks
|Sn| < Ce™? ‘g‘||80||ﬁéer(ggl)||¢HH]1)ET(Q%)~

Since the above inequality holds uniformly for all positive integer N, let N — oo we have:
[((DFMH(@) = D(@)) o, )| < CeV o 5 o 10l -

This implies that DEML(a) converges to D(a) uniformly with respect to a € € and the convergence is
exponential with respect to |o|. This also implies that when |o| is sufficiently large, DEML () is invertible
and Vi
PML —vvké
Jwy ™ () = w(a, )Hﬁl (©9) < ekl

per
holds uniformly for o € €.
The uniform convergence with respect to a € By (—k,d) U B_(k,d) is proved in the similar way, with
the second result in Lemma [7l Thus we omit it here.

O
With the above convergence analysis, we immediately obtain the convergence of
uEML () ::/ei‘”lwaL(a,x)da, x € Qp, (18)
¢

to the exact solution u defined by (equivalent to @) This result is concluded in the next theorem.

Theorem 9. Suppose the wavenumber k satisfies Assumption[i] and r € (—1/2,1/2)\ {0} is the rounding
error. Let € be the contour defined in Theorem @ Let wEML(q,-) be the solution of for a e € and
ulME is defined by (18). Then ulM% € HY (Qp) and satisfies

ol s < Conp (2mmalal} ) e ¥H

for any bounded subset D in Q.
Proof. Recall that from , for any z € D,

u(x):/ceia“w(a,x) de.

From the choice of €, Im («) € [—4,6]. Thus with (16), we have the following estimation:

Then the estimation for «

eloln (wEME —w) (a, )H < Cexp (2#5 meag{|x1|}> e~ 1Vkdlol

H'(D)

PML
o

is obtained directly.
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From above arguments, it is clear that the convergence of the solution approximated by in a
bounded domain is exponential. The convergence rate is given by the parameter |o| ~ (m + 1)~!\p
where A > 0 is the thickness of the PML layer and ¢ >> 1 is the coefficient to define the polynomial 5.
For a numerical implementation, we need to solve a-quasi-periodic problems for all o € € and then
approximate the contour integral .

Lemma 10. For sufficiently large |o|, the solution wf™F

neighbourhoods of the half disks B1(—k,d) and B_(k,9).

(a0, +) is analytic with respect to « in small

Proof. We only need to consider the half disk B, (—k,d). First, in Theorem |8 we have shown that
|DZM () = D(a)|| < Clo|™

holds uniformly for o € B4 (—k,8). On the other hand, D~!(«a) exists in the half disk B (—#, ). When
|o| is sufficiently large, DFMZL is a small perturbation of D(a) thus it is invertible for o € B, (—r,§).
From , since \/lcz—kf—i—ﬂ2 coth (—ima) are analytic functions with respect to
a € C, the operator DML () depends analytically on . Thus from analytic Fredholm theory and
perturbation theory, when DEME(q) is invertible, (D(I:ML)_1 () exists and is analytic in a small neigh-
bourhood of a.. Since (DIM L)fl () exists for a € B, (—k,0), it is analytic in a small neighbourhood of

By (—k,0). The proof for B_(k,0d) is similar thus is omitted.
O

From Lemma [I0] with Cauchy integral theorem,
) 2
ufML(x) = / elamlwaL(a,x) da = / elmlwaL(a,x) do. (19)
¢ —1/2

This implies that the technique to change the integral contour is actually not necessary in numerical
computations.

5 Numerical results

In this section, we present numerical examples to show the convergence of the PML method. In these
numerical examples, the periodic surface is defined by the function:

sin(z1)  cos(221) .

The source term is also fixed:

0, |z —aol>0.3;
fl@)=143, 0.1<|z—ag|<0.3;
3¢(|x — apl|), otherwise.

Here ((t) is a C®-continuous cutoff function which equals to 1 when ¢ < 0.1 and 0 when ¢ > 0.3, and
ag = (0,1.8). Note that f is compactly supported in the disk with center ag and radius 0.3. The height H
is taken as 2.5 and the the thickness of the PML layer \ is fixed as 1.5. The fixed complex y = exp(in/4).
For structures and the source term we refer to Figure

We produce the “exact solution” (denoted by wez:) by the numerical approximation of the exact
formulation [4}(6) with the discretization method of (7)) (with 80 nodal points) introduced in [11]. The
parameter H here is chosen as 4, which is different from the PML method which is 2.5. The maximum
meshsize is 0.005 and the DtN map is approximated by a finite series

4
i 3 OV R e o) = 8
j=—40 JEZ
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Figure 3: (a) Structure; (b) source term.

Then we compare the numerical result obtained by the PML method with different parameter g¢’s with
the “exact solution”, on a straight line S := (—m,7) x {2.4}, which lies below the PML layer. Note that
since the thickness A is fixed, the parameter o only depends on p. Thus we replace the subscription o by
o in this section. The relative error is defined as

[Jug ™ — “thm(S)

err(p) =
(o) Tteatllocs)

Note that the meshes are exactly the same as for the “exact solutions” and the discretization method of
is introduced in with also 80 points.

We carry out the numerical methods for four different wavenumbers. Two wavenumbers satisfy As-
sumption which are 1.2 and v/5; and two do not satisfy this assumption, which are 1 and 1.5. Numerical
results with different ¢’s are listed in Table [l We also plot the logarithm relative error against the pa-
rameter ¢ in Figure 4 From both Table [I] and Figure [4] the error decays exponentially at first, and the
decay no longer days when it reaches 107°. We give two possible reasons for this phenomenon. The first
is the error from the finite element method with fixed meshes in both the “exact solutions” and the PML
solutions. Note that since the convergence rate for the discretization methods introduced in is
always very fast, we ignore the relative errors from these processes. The second reason is the increasing
of errors due larger parameter o’s.

Table 1: Relative L?-errors different £’s and o’s.

| k=12 [ k=v6 | k=1 k=15
0=2 2.18E—01 4.97E—-02 3.12E—01 LATE—01
0=14 3.52E—02 2.04E—03 5.61E—02 L.77TE—02
0=6 6.10E—03 8.94e—05 1.22E—02 1.56E—03
0=38 1.03E—03 2.75e—05 2.77E—03 2.06E—04
0=10 L71E—04 3.12e—05 6.43E—04 4.98E—05
o=12 3.156E—05 3.31e—05 1.48E—04 3.01E—05
0o=14 2.21E—05 3.50e—05 3.27E—05 2.78E—05
0=16 2.20E—05 3.72e—05 1.92E—05 2.86E—05
0=18 2.53E—05 3.96e—05 1.74E—-05 2.96E—05
0=20 2.86E—05 4.21e—05 1.85E—05 3.13E—05

It is interesting to see that even for wavenumbers which do not satisfy Assumption [T} the PML method
also converges exponentially with respect to the parameter p. This may imply that the error estimate
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Figure 4: Relative errors.

is expected to be extended to these cases. We also observe an increasing of the slopes with larger £’s.
We carry out line fittings for each curve in the exponentially decaying parts and the results are shown in
Table [2| In Theorem |§| it is expected that the dependence of the slope is V&, but it is not very clear here
maybe due to the lack of sampling points.

Table 2: Slopes with different k’s.
’vvavenumberH k=1 ‘k:1.2‘k‘:1.5‘k:\/5‘
| slopes [ 076 | 090 | 109 [ 153 |

6 Further comments

The method introduced in this paper can be extended without major difficulty to the case with local
perturbations in the periodic surface. However, we do not discuss this case in this paper since we would
like to have simplified representations. For details we refer to . This method can also be extended
to locally perturbed periodic layers, but this may involve the guided modes which propagate along the
periodic structures. We refer to [7] for some details for this case.

From numerical examples, for wavenumbers that do not satisfy Assumption [I] the convergence is also
exponential. The decay rates for all the wavenumbers are much faster than expected (since from Theorem
|§| the convergence depends on 6 > 0 which is expected to be very small), which implies that the estimation
in this paper maybe not optimal. Due to above reasons, the author has a conjecture that the convergence
rate does not depend on § thus it is easily extended to the case with Assumption [I] Since we are not able
to prove that at present, it remains to be an open question.
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