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FULL DISCRETIZATION ERROR ANALYSIS OF EXPONENTIAL
INTEGRATORS FOR SEMILINEAR WAVE EQUATIONS

BENJAMIN DORICH AND JAN LEIBOLD

ABSTRACT. In this article we prove full discretization error bounds for semilin-
ear second-order evolution equations. We consider exponential integrators in
time applied to an abstract nonconforming semi discretization in space. Since
the fully discrete schemes involve the spatially discretized semigroup, a cru-
cial point in the error analysis is to eliminate the continuous semigroup in the
representation of the exact solution. Hence, we derive a modified variation-of-
constants formula driven by the spatially discretized semigroup which holds
up to a discretization error. Our main results provide bounds for the full
discretization errors for exponential Adams and explicit exponential Runge—
Kutta methods. We show convergence with the stiff order of the corresponding
exponential integrator in time, and errors stemming from the spatial discretiza-
tion.

As an application of the abstract theory, we consider an acoustic wave
equation with kinetic boundary conditions, for which we also present some
numerical experiments to illustrate our results.

1. INTRODUCTION

In the present paper we analyze the full discretization of semilinear second-order

evolution equations

L u”(t) + Bu'(t) + Au(t) = f(t,u(t)), t€ (0,77,

(1.1) u(0) = u?, o' (0) =07,
posed on a Hilbert space H with unbounded operators A and B and a smooth
nonlinearity f. The numerical scheme is obtained by applying exponential Runge—
Kutta and multistep methods to the first-order formulation of a spatially discretized
version of (1.1).

Equation (1.1) covers a wide range of second-order semilinear wave equations.
The most prominent example is the acoustic wave equation subject to homogeneous
Dirichlet or Neumann boundary conditions. A more interesting example, however,
is the acoustic wave equation with kinetic boundary conditions. This model was
derived in [14] for a membrane with a boundary that carries a mass density and is
subject to linear tension. We also refer to [33,34], where analytical wellposedness
of such equations was shown and further references are given.
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2 B. DORICH AND J. LEIBOLD

Kinetic boundary conditions are a special type of dynamic boundary conditions,
given by a differential equation on the boundary and usually posed on smooth
boundaries. In practice, such boundaries have to be approximated by piecewise
polynomials, which leads to nonconforming space discretizations. This makes the
error analysis much more involved, since the exact and the numerical solution are
defined on different spatial domains. To tackle this difficulty, the so-called unified
error analysis was introduced in [15] for linear wave-type equations, and extended
in [16] to the semilinear case. The unified error analysis is a systematic approach,
where an abstract space discretization of (1.1) is considered as an evolution equation
on a finite dimensional space. In [15,16], abstract error bounds were derived, which
lead to optimal convergence rates for a large class of equations and corresponding
conforming and nonconforming space discretizations.

In this paper, we combine the unified error analysis with exponential integrators.
A review on those schemes can, e.g., be found in [19]. Compared to classical numer-
ical integrators, where the fundamental theorem of calculus is used as the starting
point for approximations, exponential integrators are based on the variation-of-
constants formula. This way, the representation of the solution incorporates the
unbounded linear part via semigroup theory, while only the smooth nonlinear part
within the integral is approximated.

We focus on two different classes of methods. On the one hand, we consider
exponential Adams methods. Here, the nonlinearity is replaced by an interpolation
polynomial through preceding approximations and the polynomial is integrated
exactly. Such methods were first proposed in [29] and a rigorous error analysis
for the time discretization was performed in [7] and [20]. On the other hand, we
employ explicit exponential Runge-Kutta methods, first considered in [11,12,24].
They extend the classical Runge-Kutta methods by the use of operator-valued
coefficients which depend on the linear part of the problem. For the methods
considered in this work, error bounds for the spatially continuous case were derived
in [18]. In [10], related schemes have been applied to stiff kinetic equations. For
the (semi-)linear Schrodinger equation, symmetric but implicit variants of these
schemes and their geometric properties were derived in [8].

For a long time, these methods have been regarded as unpractical due to eval-
uation of a matrix exponential and related matrix functions. However, this view
changed when in [17] for the first time an implementation was proposed that was
competitive in certain scenarios. For quasilinear Maxwell’s equations, the numerical
experiments in [31] confirm this computational potential. Further, their efficiency
was demonstrated in [26,28] in the application to molecular dynamics and nonlin-
ear coupled oscillators. Besides the Krylov methods to compute a matrix function
applied to a vector, a different approach is considered in [22]. Here, the analytic
functions are expressed by the Cauchy integral formula which is discretized such
that it remains to evaluate a fixed number of resolvents. Very recently, in [6] novel
rational exponential integrators were derived which gain efficiency and accuracy by
a parallel-in-time computation of resolvents applied to a vector in order to evaluate
the matrix exponential.

So far, the error analysis has mostly been performed for abstract evolution equa-
tions or for systems of ordinary differential equations. Concerning the full dis-
cretization error analysis involving exponential integrators, we are only aware of
the following works. In [5,9], stochastic parabolic partial differential equations are
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discretized by the exponential Euler method combined with a spectral method in
space. This type of space discretization has very favorable properties in the anal-
ysis, however, one needs to know the relevant eigenvalues and eigenvectors of the
differential operators exactly. This is for example ensured if one considers peri-
odic boundary conditions and constant coefficients in the differential operator. In
this spirit, the very elegant time discretization error analysis of a quasilinear wave
equation by trigonometric integrators in [13] is easily extended to a full discretiza-
tion due to the Fourier spectral methods in space. In [1,2], exponential splitting
methods are applied to parabolic evolution equations and the order reduction in-
duced by the boundary conditions is investigated. For finite difference and spectral
discretization, the results are extended to full discretization error bounds.

However, none of these error analyses is applicable to general wave equations
with non-constant coefficients on general domains and, in particular, not to un-
structured meshes and nonconforming space discretizations. The main contribu-
tion of our paper is to fill this gap. We provide full discretization error bounds in
terms of the stiff order of the exponential integrator in time and the abstract space
discretization error terms from the unified error analysis. Due to the general frame-
work, these bounds apply to a large class of equations and space discretizations,
e.g., those considered in [15,16]. To prove these bounds we have to intertwine the
techniques used in the proofs for the time and space discretization, respectively. A
crucial difficulty of the error analysis is to come up with a suitable representation
of the exact solution involving the discretized semigroup. This is in sharp contrast
to spectral space discretizations mentioned above, where the projection onto the
finite dimensional space usually commutes with the exact semigroup. Further, this
issue has not occurred so far in the analyses of standard implicit time integration
methods.

The rest of the paper is structured as follows: In Section 2, we introduce an
abstract framework adapted to the first-order formulation of (1.1), and present
the abstract space discretization. Further, we collect the properties of the discrete
objects in order to perform the error analysis.

The fully discrete schemes are presented in Section 3. We discuss the methods
and state our main results for the first-order system. The proofs are given in
Section 4. We first derive the defects for the exact solution expressed by a modified
variation-of-constants formula and provide bounds on those. From this, the fully
discrete errors bounds are established. We then transfer our results in Section 5 to
the abstract second-order evolution equation (1.1) to conclude the corresponding
novel error bounds.

In Section 6, we discuss a concrete example of a wave equation with kinetic
boundary conditions and present numerical experiments to confirm our theoretical
findings.

2. GENERAL SETTING AND THE UNIFIED ERROR ANALYSIS

In this section, we introduce the analytical framework for the second-order evo-
lution equation (1.1). Since the exponential integrators considered in this paper
are applied to first-order systems, we rewrite (1.1) in a first-order form. For this,
we present an abstract space discretization established in [15,16], where a unified
error analysis for space discretizations of linear and semilinear wave-type equations
was derived. We recall the setting to keep this presentation self-contained.
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2.1. The continuous second-order problem. Let V, H be Hilbert spaces and V'
be densely and continuously embedded in H. We consider the following variational
differential equation (2.1) as a prototype for weak formulations of second-order wave
equations: seek u € C2([0,T]; H) N C1([0,T]; V) such that

2.1) m(u”,v) + b(u’,v) + a(u,v) = m(f(t,u),v) for allv e V)t € (0,71,

. u(0) = u°, u'(0) = 2°.

We pose the following assumptions.

Assumption 2.1.

a) The bilinear form m is a scalar product on H with induced norm ||-|[,,.
b) a: V x V — R is a symmetric bilinear form and there exists a constant
ca > 0 such that

a:=a+cgm

is a scalar product on V' with induced norm ||-||;.
¢) The bilinear form b: V' x H — R is continuous and there exists a Bgm > 0
such that

b(v,v) + Baml[v]Z, >0 forallv e V.

d) The nonlinearity f satisfies f € C*([0,7] x V; H) and is locally Lipschitz-
continuous on V' with Lipschitz-constant Lt az, i.e., for all ¢ € [0,7] and all
v,w € V with ||v||;, |w||; < M it holds

||f(t,’0) - f(t,U))”m < LT,MHU - w”d

By the dense and continuous embedding of the Hilbert spaces there exists a
constant Cy,yy > 0 such that

lvll,, < Cuyvlvl; foralwveV.

We define operators A: D(A) — H and B: V — H induced by the bilinear
forms a and b via

m(Av,w) = a(v,w), for all v € D(A),w €V,
m(Bv,w) = b(v,w), forallve V,w e H,
with
D(A)={v eV |3IC=C(v) >0 such that Vw € V : |a(v,w)| < C|lwl,, }-

By the construction of the operators A and B, a solution of (2.1) additionally
satisfies u € C([0,T]; D(A)). Hence, problem (2.1) is equivalent to the evolution
equation (1.1). In order to rewrite (1.1) in a first-order formulation, we define
X =V x H,u(t) =v(t) and set

(2:2) x<f>[5gﬂv 8 [31 }I]’ g(t’x)[f(t?u)]’ xH

Then (1.1) is equivalent to the evolution equation
2'(t) + Sx(t) = g(t, x(t),  t€(0,T],

(2:3) z(0) = av.
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2.2. The continuous first-order problem. In the following sections, we consider
a general system of the form (2.3) on a Hilbert space X with scalar product p(~, )
In this setting, we derive the fully discrete schemes and perform the error analysis.
In Section 5, we transfer these results back to the formulation (1.1).

We pose the following classical assumptions, which are a direct consequence of
Assumption 2.1, cf. [16, Sec. 3.2].

Assumption 2.2.
a) The linear operator S: D(S) — X is the generator of a Cy-semigroup with

(2.4) He*ts

‘ < ecqmt
XX

for some cqm > 0.
b) The nonlinearity g € C*([0,T] x X; X) is locally Lipschitz continuous w.r.t.
the second component with constant Lz as.

Assumption 2.2 ensures local wellposedness of (2.3), cf. [30, Thm. 6.1.5].

Lemma 2.3. If Assumption 2.2 holds true, then (2.3) is locally wellposed, i.e., for
every 2° € X there exists t*(x°) > 0 such that, for all T < t*(z°), (2.3) has a
unique solution

z € CY([0,T); X) nC([0,T); D(S)).

For the rest of the paper we fix some T < t* (xo) in order to obtain uniform
bounds of the solution on [0, T7.

2.3. Abstract space discretization. We now introduce an abstract space dis-
cretization of the evolution equation (2.3). We use the setting introduced in [15,16]
to analyze nonconforming space discretizations of linear and semilinear wave-type
equations.

For this, let (X3)n be a family of finite dimensional vector spaces related to
a discretization parameter h, e.g., the maximal mesh width of a finite element
discretization. In X}, we seek an approximation xj; to the solution x of (2.3). Let
ph(-, ) be a scalar product on X, and let Sy, € L(Xp, Xp) and gp: [0, T]x X, — X,
be discretizations of S and g, respectively. We impose the following conditions
similar to Assumption 2.2.

Assumption 2.4.
a) The linear operator S;, € L(Xp; X},) is the generator of a Cy-semigroup with

(2.5) He*tsh

< gfam?,
Xpn+—Xp -

b) The nonlinearity g : [0,T] x X — X}, is locally Lipschitz continuous w.r.t.

the second component with constant Lz s, ie., for all zp,yn € X} with
lznllx, s lynlly, <M andt e [0,7T] :

(2.6) lgn(t; xn) = gn(t, yn)llx, < Lrmllon — zally, -
The constants ¢qm and ET7 M are independent of h.

The discretized evolution equation (2.3) is then of the form
2y () + Snwn(t) = gn(t, 2n(t)),  t€(0,T],

(2.7) 0 (0) = 20,
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Ze—— X D Lip(Xp)

L,
Jh : Eh

v

Xn
FIGURE 1. Overview of spaces and operators, taken from [16, Fig. 3.1].

where x% € X}, is an approximation of 2°.

For exponential Runge-Kutta methods of order p > 3 we require additional
regularity of the discretized nonlinearity which is beyond the Lipschitz property
given in (2.6).

Assumption 2.5. The nonlinearity g is in C3([0,7] x Xp; X;,) with derivatives
bounded independent of h.

For a concrete example, we comment on this assumption in Remark 6.1.

2.4. Abstract space discretization errors. We explicitly allow for nonconform-
ing space discretizations where X, ¢ X. Thus, to relate the continuous and discrete
solution, we make the following assumptions:

Assumption 2.6.
a) There exists a lift operator Ly : X; — X which satisfies
(2.8) ILhynllx < Cxllynlly, — for all y, € X),

with 6X independent of h.
By L;: X — X}, we denote the adjoint of the lift operator defined via

pr(Lhy,yn) = p(ys Lnyn) for all y € X, y, € X.

b) There exists a Hilbert space Z, which is densely and continuously embedded
in X, and a reference operator J, € L(Z, X)) which satisfies

(2.9) 1 Tnzllx, < Crlizl, forallzeZ

with a constant a]h independent of h.

The reference operator Jy, could, e.g., be an interpolation operator defined on a
subspace Z of the continuous functions, and should satisfy L J,z ~ z for all z € Z.
Figure 1 illustrates the relations of the spaces and operators.

In our error analysis, we will bound the space discretization errors in terms of
the following quantities:

Definition 2.7 (Space discretization errors).

a) The linear remainder operator is defined via
(2.10) Ry :=L;S — SpJn: D(S)NZ — X},
b) The nonlinear remainder operator ry,: [0,T] x Z — X}, is given by

)
(2.11) ri(t,z) = Lhg(t,z) — gn(t, Jpz).
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¢) The space discretization errors are collected in the term

— 0 0
(2.12) En(t) = Hxh —ue Hxh 1802 e 0,0

+ t||thHL°°([0,t];Xh) + t”{rh('7 {,C()) HL°°([O,t];Xh)
where Ay, = Jn — L} : Z — X}, is the reference error.

Additionally, for our analysis we need the following assumptions on the regularity
of the exact solution and the consistency of the discretization.

Assumption 2.8. The solution of (2.3) satisfies x € C'([0,T]; Z) and the error
terms in (2.12) converge to zero, i.e.,

En(T)—0 for h—0.

Remark 2.9. The assumptions are satisfied for wave equations with various bound-
ary conditions, in particular of dynamical and Dirichlet type, discretized by non-
conforming finite elements, cf. [16,25]. More details are provided in Sections 5
and 6. A further example covered by the framework, are discontinuous Galerkin
methods applied to linear Maxwell’s equations, cf. [15].

3. EXPONENTIAL INTEGRATORS AND MAIN RESULTS

In the following we present the fully discrete schemes obtained by applying ex-
ponential integrators to the spatially discretized evolution equation (2.7) and state
our main results, the full discretization error bounds. We denote by 7 > 0 the time
step size and set t,, = n7. Further, we abbreviate
(3.1) tnys =tn + 75, s€][0,1],

and denote the fully discrete approximation at time t,, by ) ~ x(t,). Most expo-
nential integrators are based on the variation-of-constants formula for the solution
of (2.7)

1
(3.2) Tp(tnyr) = e "ray (ty) + 7 / e~ =95 g (b g, (Enss)) ds,
0

where only the nonlinearity g, is approximated. Applying Taylor expansion to
s+ gn(tnts, n(tnts)), the p-functions given by

1
k

(3.3) vr1(2) = /e(l_s)z% ds, k>0,
0 '

appear naturally. They are analytic in C and closely related to the exponential
function. In order to expand the right-hand side, we assume the following differen-
tiability.

Assumption 3.1. Let m > 1 and x be the exact solution of (2.3). Then, the
differentiability condition

s+ g(s,z(s)) € C’m([O,T];X)
holds.
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We start with the prototypical example, namely the exponential Euler method.
It is constructed by freezing the right-hand side in (3.2) at the last approximation
and is given by

(3.4) oyt = e TS 4+ 7o) (=70 gn (tn, TR) -

Concerning the time integration, it is well known that the stiff order of (3.4) is one,
cf. [18, Thm. 4.2]. This is actually a special case of Theorem 3.2. Higher order
methods can be constructed for example in the following two ways.

3.1. Exponential Adams methods. On the one hand, we consider the exponen-
tial k-step Adams methods. They were proposed in [29] and time integration error
bounds were derived in [20]. The schemes can be expressed as

1
(3.5) R T/e_(l_S)TS”'pZ’k(thrs) ds, k>1,
0

where pZ’k is the interpolation polynomial through the points

(36) ((tn—k-i-lv gz—k-i-l), R (t’na g;;)) with giz = gh(tja ‘Ti)

We note that the integral in (3.5) can also be written as a linear combination of
the @-functions ¢1, ..., v applied to gfl. The exponential Euler scheme (3.4) is
obtained by setting k = 1.

Closely related methods, using the variation-of-constants formula (3.2) from ¢,, to
tn+k, have been constructed and analyzed in [7]. We expect that for these methods
the results obtained in the following can be achieved fully analogously and, hence,
we do not further comment on this.

Theorem 3.2. Let Assumptions 2.2, 2.4, 2.6, 2.8, and 3.1 for m = k hold. Fur-
ther, consider the exact solution x of (2.3) and the approzimations x} obtained
from (3.5). Then, there are 19,hg > 0 and a constant C > 0 such that for all
7 <719,h < hg, and t;; <t, <T it holds

Hﬁhxﬁ - x(tn)”X < ”(Eh]h - I)z(tn)Hx + C(Tk + Eh(tn))

k—1
+CY Il = Jnx(ty) x, »
j=1

where C is independent of T and h, and Ey(t,) is defined in (2.12).

Remark 3.3.
a) For k = 2, an exponential Euler step yields a sufficiently good starting value
x}b For k > 3, we suggest computing the starting values z7,j =1,...,k — 1,

via the starting procedure proposed in [7,20]. There, one has to solve a
nonlinear system of equations which is usually done by fixed point iteration.
We expect that by our proofs, one can derive the same error bounds as for
the following approximations, but we omit the details here.

b) We note that the constant C' can actually be written in the form

C = O(t,) = ¢t e

with constants ¢, co > 0 independent of the time %,,.
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TABLE 1. Stiff order conditions for explicit exponential Runge—
Kutta methods in (3.7), cf. [18, Table 2]. Here D}, and K}, denote
arbitrary bounded operators on Xj,. The functions v; and v, ¢, are
defined in (3.8).

Order Order condition
1 1[)1 (77’5}1) =0

5 Yo(—7Sk) =0
P1,:(—7Sp) =0

5 Y3(—7Sk) =0
>i 1 bi(=7Sh)Dutha,i(—7Skn) =0
Ya(=7Sk) =0

4 >t bi(=7Sh)Dpts i(—7Sk) = 0

Zz 1 ( TSh)DhZ az]( TSh)DhT,ZJQJ'(—TSh) =0
> 1 bi(—=TSk) i Kpta i(—7SR) =0

3.2. Exponential Runge-Kutta methods. Further, we consider the class of
explicit s-stage exponential Runge—Kutta methods introduced in [12]. Error bounds
for the time integration were derived in [18]. Given analytic coefficients satisfying
laij(2)],]bi(2)| < C for Rez < €qm, they read

i—1
Xpt=e a4 7y " ai (=TSR gn(tnse;, X37), =150,
(3.7) =

S

+1_ 7S
xy TR gy —|—7'Z bi(—7Sk)gn (tnge,, X0,

For the error analysis, several order conditions are necessary in order to ensure
convergence also in the stiff case. They relate the p-functions defined in (3.3) to
certain combinations of the coefficients a;;, b; and use the following quantities

(3.8a) V;(2) = ¢;(z) — Z by, (2) (jcjkl)[’
k=1

(3.8b) $54(2) = gilein)d — 3 an(2)
k=1

In Table 1, we collected the order conditions derived in [18]. In particular, we
are interested in the methods satisfying the stiff order conditions for p = 2, 3,4. For
the methods, which we present in the following, the corresponding order conditions
of Table 1 are satisfied for all A > 0.

In order to obtain schemes of order p = 2 using s = 2 stages, they lead to the
choices

1 1

(3.9) az21(z) = cap1(c22),  b1(2) = p1(2) — a@z(z), ba(z) = a@z(z)«
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To obtain order p = 3, we can for example use the method (5.16) from [23, eq. (51)]

0
% %%’1,2
(3.10) % %4,01,2 — 2,2 ©2,2
1 1 — 22 0 29

01— 3p2 +4p3 202 — 43 202 — 43z —p2 + 43

which satisfies the stiff order conditions up to order p = 3 with ¢;2 = ; (%
Another example for a method of order p = 3 is given in [32, Example 4.5.5]
Using 8 inner stages, a method satisfying the order conditions up to order p =4 is
proposed in [27, Sec. 5], but we refrain from stating the coefficients.

For these methods, we derive the following error bounds of optimal order.

Theorem 3.4. Letp € {2,3,4} and let Assumptions 2.2, 2.4, 2.6, 2.8, and 3.1 hold
form = p. Forp € {3,4} we additionally require Assumption 2.5. Further, consider
the exzact solution x of (2.3) and the approzimations x} obtained from (3.7) with
coefficients satisfying the order conditions of Table 1 up to order p. Then, there are
70, ho > 0 and a constant C > 0 such that for all T < 79 and h < hq it holds

(311 [1Laaf — alt)llx < I(Cndn — Daltn)lx + C(7 + Enlta)), tn < T,
where C is independent of T and h, and Ey(t,) is defined in (2.12).

Remark 3.5. In the papers [7,18,20,27], a special focus is put on parabolic problems
such as the heat equation. When dealing with analytical semigroups the smoothing
property can be heavily exploited and the order conditions can be severely relaxed.
In this case, second-order convergence is also achieved by

(312)  an()=expie2), b= (-5 ) b)= 5,
C2 C2

which does not require the evaluation of the po-function compared to (3.9). Fur-
thermore, the parabolic smoothing allows to gain one order in 7 for the schemes of
order p = 3 and p = 4 above, cf. [18, Thm. 4.7] and [27, Thm. 4.1].

4. PROOFS OF THE MAIN RESULTS

In the following section, we aim to bound the fully discrete error which can be

decomposed into
(41) Lpzy — x(tn) = L’h(xﬁ — Jhl‘(tn)) + (ﬁth — I)J)(tn)
’ = Lyey +e .

The error €}, is an approximation error of the spatial discretization. It is indepen-
dent of the time integration method. By (2.8) it holds

[Lnay — 2(tn)llx < Cxllerllx, + el lx

and thus it is sufficient to bound the first term. To shorten the notation further,
we introduce

(42) inJrS = x(tn+s), §n+s = g(tn—i-sv %nJrs)v EZLH_S = gh(tn+s, Jh§n+s)

for the exact solution as well as the exact and discretized nonlinearity evaluated at
the exact solution.
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The first result of this section is concerned with the representation of the exact
solution. Simply using the variation-of-constants formula, we are not able to provide
suitable bounds of the defect, as we exemplify for the exponential Euler method.
We insert J;,Z" into the numerical scheme (3.4) and obtain the defect

o = J, 7"t — (e_TSh Jpz" + T@l(—TSh)ﬁ,’f) .

Expanding J,Z" ! by the variation-of-constants formula, one readily observes that

the defect 6™ contains the term
,

(43)  Jpe T —e T T = / e (TS (S, Ty — JpS)e 57" ds.
0
Writing
Snpdn — InS = (Spdn — L3S) + (L, — Jp)S
and using Ry, and A, from Definition 2.7, one can bound (4.3) in X}, in terms of
(4.4) HRhe_SSEE"HXh + ||AJhe_SSSE"||Xh, s €[0,7].

However, suitable bounds on these terms are in general not available, as we explain
for the first term in the following counterexample.

Example 4.1. Let Q = (0,1), V = H}(Q), H = L?>(Q), A= —A, B=01in (2.2).
Then, e~ ™20 is the solution at time t = 7 of the one-dimensional wave equation
(4.5) upe(t,x) — Au(t,x) =0, x€Q, t>0,

0,0

subject to homogeneous Dirichlet boundary conditions and initial values u”, v".

The remainder operator Ry, applied to x = [u,v]" contains, among others, in-
terpolation errors of u and v, cf. [15, Lem. 4.7]. Hence, when discretizing with
finite elements of order ¢, a bound for (4.4) of order O(h?) requires at least that
e 920 € HIt(Q) x HI1(Q). However, choosing

u’(x) = u(0,%) = x(1 — x), v (x) = u(0,x) = 0,

we note that u% 1% € C>(Q). Extending the initial values to an odd function
on [—1,1] and then periodically to R, the exact solution is given by d’Alembert’s
formula. Since the extended version of u° is not C? at x = ¢, ¢ € Z, we obtain that
u(t,") ¢ HI(Q), ¢ > 2, for almost all ¢ > 0. o

Hence, we take a different approach that only requires regularity of the exact
solution xz. The crucial point is to write Jpz in a modified variation-of-constants
formula that is driven by the discretized operator S; up to an error covered by
(2.12).

Lemma 4.2. Let Assumptions 2.2, 2.4, and 2.6 hold, and let x € C’l([O,T]; Z) be
the solution of (2.3). Then, we have the representation

1
(4.6) T3t =TS G 4 7 / e~ (U=)TSh Lramts ds 4 E% ()
0

with remainder EYo(T) bounded by

(4.7) 1 Ege(T)llx, < e’ (HAJhx/||L°C([tn,tn+1]?Xh) + ”RWHL“([tn,ytn+1];Xh,)> ’

where A j, and Ry, are given in Definition 2.7.
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Proof. We use equation (2.3) to obtain
Jpa!(t) = Lra' (t) + Ay, 2 ()
— L5 Su(t) + Lig(tw(t) + Ay, (1)
= —Spdpz(t) + Lig(t,z(t)) — Rpax(t) + Ay, 2 (t).
Applying the variation-of-constants formula and (2.5) yields the assertion. O
The following two subsections treat the classes of exponential integrators sep-
arately. However, all the error estimates rely on the representation of the exact
solution provided by Lemma 4.2. Throughout, we use a local in time version of
Ep(t) defined in (2.12), given by
ep = Hth||L°°([tn,tn+1];Xh) + Hrh("‘T('))||L°0([tmtn+1];X;L)

(4.8)
+ HAJhx/HLoo([

tn;tn+1];Xh)
to account for the spatial defects.
4.1. Exponential Adams methods. Using the notation defined in (4.2), for the

analysis we introduce the two auxiliary interpolation polynomials p;’ ok through the
discretized nonlinearity evaluated at Jyz

—k+1 ~
((tn—k:-‘rlag}? * )77(tn792)>7
and p™F through the continuous nonlinearity evaluated at exact solution x

((tnfkﬁ*h ’g’n—k+1)7 sy (t'rugn)) .

Lemma 4.3. Under the assumptions of Theorem 3.2, the exact solution satisfies
1

(4.9) TRt = e T T 4 / emA=mSpk (g Yds + 6", n >k,

0
where the defect is bounded by
k-1 _
67y, < Cr(rF+> ep )
§=0

with o constant C' independent of T and h, and €} defined in (4.8).

Proof. Employing (4.6) and (4.9), we obtain
1

st =1 [ e=(1=5)75k (Lrg"*s *5:’k(tn+s)) ds + Efjg(7)

o
=

— 7_/6—(1—5)7'5;1)67Z ('g’n-{-s _§n7k(tn+s)) ds

0
1

4y / e =TS prmmk(p ) — 5 (L) ds + Efa (1) .
0

The first term is bounded using the standard interpolation bounds and Assump-
tion 3.1. The second term yields a linear combination of the nonlinear remainders
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rh(tn—j,@"77), j =0,...,k — 1, given in (2.11), and for the last term we employ
the bound (4.7). O

From the bounds on the defects, we conclude our first main result.

Proof of Theorem 3.2. We recall that by (4.1) it is sufficient to bound e} and as-
sume first that the numerical approximations z} are bounded. Subtracting (4.9)
from (3.5), we derive the error recursion

1
eptt =e ey + 7’/6_(1 I (oM (tns) = By " (b)) ds — 67
0

— e 7S "+T§ jL’w =i Gnd) — 8",
7=0

where by Assumption 2.4 it holds with a constant C; independent of 7 and h

|23 @™ 7 ), < CpefenT

n—j
len llx,-
Hence, resolving the error recursion and taking norms, we obtain for n > k

k—1
el x, < efomtk D lleflx, + kCs Z Cam(tn=tm) ||| - ofamtn Z 16™ 1, -

m=0 m=k m=1

Multiplication with e~ and the application of a discrete Gronwall lemma yields
the desired error bound. By an induction argument, Assumption 2.8 yields the exis-
tence of hg, 79 > 0 such that the numerical approximations indeed remain bounded
and the claim follows. O

4.2. Exponential Runge—Kutta methods. Our error analysis within this sec-
tion is based on the analysis for the time discretization presented in [18]. In the
following, we show how to extend these results in the presence of additional spatial
errors. We first insert the reference operator .J, applied to the exact solution z into
the numerical scheme and obtain with the defects A}, 67

i—1
TR e = e I 31 —I—TZ a;j(—7Sh)g), grtes —i—A
(4.10) =
Jh%n—H =e ™5 Jpx" + TZ bi( TS}L) gt + 0oy
i=1

Introducing the error of the inner stages E* = X7 — J, "¢ we derive the error
recursions
i—1
Ept = e Thep 473 aii(=750) (gn(tnse, X37) =3 7) — ALY,
(4.11) =t

S

Z+1 _Tshe +TZ bz TSh gh(tn-i-cwXZLLi) _?}ZJrCi) - 5]?
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n+1

In the following, we establish bounds on E}* and e} *'. In large parts, we follow

the arguments in [18] and, use the shorthand notamon
4 dJ
g = —g(t, x(t
7 RTTEAGKAVN
which is well-defined by Assumption 3.1. As a first result, derive the structure of
the defects. This is an extension of [18, Lem. 4.1] incorporating the spatial defects
AZ ;p’ 52 ,Sp*
Lemma 4.4. Let Assumptions 2.2, 2.4, 2.6, and 3.1 for m = p hold. The defects
can be expressed as

p—1

Azz Azzsp A””—FZT %z TSh)ﬁ* ~(j—=1),n
j=1

o —(5h6p+(5h7+27]1ﬁ] —78p)Lygl—
Jj=1

They satisfy
(412) (A% I, + 150 o, < OTels 18RIy, <O, 87, < 07!
with constants C' independent of T and h, and €} defined in (4.8).

Proof. We only prove the claim for ;' since the argument for AZ’i is easily deduced
from it. We obtain from (4.10), Lemma 4.2, and (2.11)

S
O = Jp@" = e I E = 1 bi(—TSh)gp e

1 S
— ([0S ds = 3 bSO ) + Biia(7)

=1

(=)
Ju

( / o= (1=9)mSn Lrgns g Z bi(=TSW)Lhg" )

0 =1
+TZ bi(—=TSi)h (tnge,, TV + ERg (7).

The last two terms are collected in &; ., and satisfy (4.12). It remains to study
the first difference. Applying Taylor expansion on g"Jrs and ””'Hl, we derive the
desired representation and the bounds on the defects follow from Assumption 3.1.

O
From this we derive the second main result.

Proof of Theorem 3.4. For the sake of readability, we only treat the case of a glob-
ally Lipschitz function. The local version is obtained by an induction argument.
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(a) We first consider the case p = 2. As in [18, Sec. 4.3] we derive from (4.11)

e x, <73 lefllx, + €S2 (16 pllx, + 188, l1x, )
§=0 §=0
+Or Y- ((max 1A, + max 837l ).
§=0
where we used Assumption 2.4 and the order conditions in Table 1 and Lemma 4.4
with p = 2. The bounds in (4.12) and a discrete Gronwall lemma yield the result.
(b) We now turn to the case p € {3,4}. We follow the steps of [18, Thm. 4.7]

and explain the necessary modifications.

(1) Using Assumption 2.5, we obtain the discrete analogue to [18, Lem. 4.4]
(1.13) In(tnrey, Xp70) — G079 = DRER + e;r KR ER 4+ Q1Y
gn(tn, 2") = giy = Dyey + QF,

with the operators

9gn ~ g oy, g .
Dy = a—xh(tn, Jnz"), ni= 90, (tn, JpZ™) + a—gci(tn, Jh@™)Inx! ().
In addition, there is a constant C' > 0 independent of 7 and h such that
. A , 9
Q% 1%, < C(T* +IER Ix IEN %, @RIk, < Clerl, -

(2) We proceed as in [18, Lem. 4.5 and 4.6]. Using (4.13), we inductively elimi-
nate the inner stages in (4.11). Employing the order conditions, which are satisfied
up to order p, and Lemma 4.4, leads to the representation of the global error

(4.14) eptt = e el + TN (ep)en + (TP + €1 )R,
with uniformly bounded operators
INE (emlx, e x,- IRillx, <C

(3) Resolving the error recursion (4.14), using (2.5), and the application of a
discrete Gronwall lemma gives the result. O

5. APPLICATION TO SECOND-ORDER WAVE-TYPE EQUATIONS

In this section we explain how our results apply to second-order wave-type equa-
tions. For this purpose, we first present an abstract spatial discretization of (1.1)
which was introduced in [15,16]. In these references, it was proven that this dis-
cretization fits into the setting of Sections 2.3 and 2.4. We shortly recall the relevant
results.

5.1. Abstract space discretization. Let V}, be a finite dimensional vector space.
We consider the following discretized version of (2.1) on (0, 7]

mu, (ul, vn) + by (uh, vn) + an (un, vn) = ma (fa(t,up),vn)  for all vy, €V,
up(0) = up,  up,(0) = vp.

For the discretized quantities we require similar properties as for their continuous
counterparts, cf. Assumption 2.1.

(5.1)
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Assumption 5.1.

a) The bilinear form ay,: V3, x V;, — R is symmetric and there exists a constant

¢a > 0 such that
ap = ap + Egmh

is a scalar product on Vj, with induced norm ||-;, -

b) The bilinear form my, is also a scalar product on V},. We denote V}, equipped
with this scalar product my, by Hj and the induced norm by |[-[],,,, -

c¢) The bilinear form by : V}, x Hp — R is bounded independent of & and there
exists a qu > 0 such that

bh(vh,vh) + quthHilh >0 forall vy €V},

d) The nonlinearity f5: [0,T] x V;, — H}, is locally Lipschitz-continuous on V}
with constant ZT, M-

e) There exists a constant ava > 0 such that ||vg]|
vp € Vi

All constants in this assumption are independent of h.

mn < CH,V”UhHah for all

Similar to the continuous case, we reformulate (5.1) as an evolution equation.
For this purpose, we define Ay, By, € L(Vp; V3,) via

mp (Anvn, @n) = an(vi,@n),  mu(Brvn, on) = bu(va, on)  for all vg, pn € Vi.
Then, (5.1) is equivalent to
uy (t) + Bpuy, (t) + Apun(t) = fu(t,un(t)), te (0,T],

/ 0

(52) w(0) =), (0) = ol

5.2. Framework for error analysis. Similar to the first-order case we assume
the existence of certain operators that are necessary for the error analysis.

Assumption 5.2.
a) There exists a lift operator £} € L£(Vj; V) satisfying

(5:3) £y onl, < Crrllonll, 1LY vallz < Cvllonlls,

for all vy, € V}, with constants éH, CA'V > 0 independent of h.
b) There exists an interpolation operator Ij,: Z¥ — Hj, defined on a dense
subspace ZV of V with

(5.4) 1 nzll,,, < Crollzll,v  forall z € 2V
where the constant 6’1h > 0 is independent of h.

Under Assumption 5.2, we can define the following operators and quantities that
will appear in the latter error bounds.

Definition 5.3.

a) The adjoints of the lift operator £}*: V — Vj, and LI*: H — Hj, w.r.t. the
scalar products in V and H are defined via

mp (EhH*v,wh) = m(v,ﬁth) for all v € H,wy, € Hp,

an (E,‘{*U,wh) = d(uﬁ%wh) for all v € V,wy, € Vj,.
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b) Our error bounds rely on the errors in the scalar products that are defined
for vy, wy € Vj, via

Am(vh,wh) = m(ﬁ,‘{vh, Kth) —my, (vh,wh),
Ad(vh,wh) = d(ﬁ;b/vh,ﬁ,‘{wh) —ap (vh,wh).
5.3. Fully discrete error bounds. In this section we explain how the error

bounds from Section 3 translate to the second-order equations considered in this
section. In the same way as in (2.2), defining X; =V, x Hj, and

T(t) = [z:g;] b= [z‘?h Efl] o onlton) = |:fh(£“m):| !

the second-order equation (5.2) is equivalent to (2.7).

We now recall the results from [16], which show that the first-order formulations
of (1.1) as well as (5.2), respectively, fit in the setting of Section 2. In [16, Sec. 3.2],
it was shown that Assumption 5.1 implies Assumption 2.4. We define the first-order
reference operator J,: Z — X via

vl (L)
o] =[]

onZ=Vx2zZ" <i> X. Using this definition, it was shown in the proof of [16,
Thm. 3.9] that Assumption 5.2 implies Assumption 2.6 and, that for all ¢t € [0,T]
the error term Fj(t) defined in (2.12) is bounded by Ej(t) < Z?Zl E; with

>o
|

[ —

< g

>ozo

—_

By =up — L} ||, + [vh = Int°|l,,,

By =1L f (- u() = fu (5 £ wO) | oo 0,171, )

By = (U=Ly In)ull p o,z + 1T =LY I | oo 0,17,
=LY T)u" || oo 0,77 11)

N

(5:5) Ey ::H max Ad([hu,cph)H —i—H max Am([hu,z/)h)H
llenlls, =1 L==(0,t) lnll,,, =1 L>=(0,t)
—I—‘ max  Aa(lu', on H ‘ max  Am(Iyu”, ¥y H ,
lenlls, =1 ( ) L==(0,t) lnll,,, =1 ( ) L==(0,t)
E ZZH max b u/,ﬁvd)h —bh Ihu',zj)h H .
° nwhumhzll (W, £a9n) = bn M=

Thus, the consistency Assumption 2.8 is implied by the following condition.

Assumption 5.4. The solution of (1.1) satisfies u € C2([0,T]; Z") and the error
terms in (5.5) converge to zero, i.e.,

E; -0, for h—0, i=1,...5.

It remains to transfer Assumptions 2.5 and 3.1 into the second-order formulation.
The Fréchet differentiability is easily obtained from the following reformulation.

Assumption 5.5. The nonlinearity fy, satisfies f, € C3([0,T] x Vj; Hy) with deriva-
tives bounded independent of h.

Analogously, Assumption 3.1 takes the following form.
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Assumption 5.6. Let m > 1 and u be the exact solution of (1.1). The the differen-
tiability

s f(s,z(s)) € C™([0,T); H)
holds.

Employing the above assumptions, we rephrase the main theorems of Section 3
for the second-order wave equation (1.1).

Corollary 5.7. Let Assumptions 2.1, 5.1, 5.2, 5.4, and 5.6 be satisfied. Then,
Theorems 3.2 and 3.4 (for p = 2) hold true for the first-order formulation of the
second-order wave equation (1.1) with corresponding spatial discretization (5.2). If
additionally Assumption 5.5 is satisfied, then Theorem 3.4 holds also true for p =3
and p = 4. In particular, we obtain the following two error bounds.

a) For the k-step Adams method (3.5), it holds for t <t, <T

5
X = ulta) | +HILY 0F = vlta)l,, < O+ Ey)
=1
k—1 . )
+ O3 (] = £ ult)a, + 1], = 1ol ) -

j=1
b) For an exponential Runge—Kutta method (3.7) of order p, it holds for t, <T

5
1L} upy — ultn)llz + 1CE o = o(tn)ll,, < C(FP + > Ey).
i=1
We emphasize that this result immediately implies full discretization error bounds
for concrete examples if the space discretization admits suitable bounds on the er-
rors F;. An application is given in the following section.

6. APPLICATION: WAVE EQUATION WITH KINETIC BOUNDARY CONDITIONS

In this section, we apply the abstract theory of Section 5 to a semilinear wave
equation with kinetic boundary conditions. By this example we illustrate our results
and perform some numerical experiments.

6.1. Continuous equation. Let Q = B;(0) C R? be the two-dimensional unit
sphere with boundary I' = 02 and corresponding outer normal vector n. By Arp
we denote the Laplace-Beltrami operator on I' and consider the wave equation with
kinetic boundary conditions and nonlinear forcing terms given by

(6.1a) uy + (14 x - V)u, — Au = [ulu + na(t, x), fort>0,x € Q,
(6.1b) U + Ontt — Apu = u® + nr(t, x), fort>0,xeT,
(6.1c) u(0,x) = u’(x), ue (0,%) = v°(x), in Q

with inhomogeneities no, nr. In [16, Sec. 2.1], it was shown that a more general
version of this equation fits into the setting of Section 2.1 with

H=12Q) x L*T), V=HYYT), Z=D(A) =H*QT),

L 0] e[t s ]
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where
HR(QT) = {v e H*(Q) | y(v) € H*T)} ¢ H*(Q) x H*(T)
and v: H*(Q) — L?(T') denotes the trace operator.

6.2. Discretization. To discretize (6.1) in space we use the bulk-surface finite
element method as presented in [16, Sec. 2.2]. We denote the maximal mesh width
by h. This discretization is nonconforming since the computational domain €,
does not coincide exactly with €. Further, in [16, Sec. 2.2] it was proven, that
the discretization fits into the setting of Section 5. Moreover, in the proof of [16,
Thm. 2.7] it was shown that, for finite elements of order ¢, the space discretization
error terms from (5.5) are bounded by

(6.2) E; < Che.

Remark 6.1. Note that compared to [16, Sec. 2.2] the only additional assumptions
that we require in Section 5 in order to prove the full discretization bounds are
Assumptions 5.5 and 5.6 which correspond to Assumptions 2.5 and 3.1 in the first-
order formulation.

a) The proof of the Lipschitz continuity of the discretized nonlinearity fj, in
[16, Lem. 2.6] is non-trivial and relies on discrete norms that are equivalent
to the L? norms on the finite elements space. This is necessary to prove
that the local Lipschitz constant is independent of h. Similarly, one can
prove the differentiability of f5, and bounds for the derivatives independent
of h required in Assumption 5.5. In fact, we can also treat more general
nonlinearities in (6.1) if the underlying function and its derivatives satisfy
certain growth conditions.

b) Assumption 5.6 is a regularity assumption on the exact solution and was al-
ready necessary to prove convergence of the time discretization, cf. [7,18,20].
The exact solution in our numerical experiments satisfies this assumption.

6.3. Numerical results. We implemented the numerical experiments in C++ using
the finite element library deal.Il (version 9.2) [3,4]. The codes to reproduce the
experiments are available at https://doi.org/10.5445/IR/1000134973.

The finite element discretization was implemented as described in [25, Ch. 6.5.1].
For the time discretization, we consider the exponential Euler scheme (3.4), the ex-
ponential two-step Adams method (3.5) (for &k = 2), and the exponential trapezoidal
rule of order p = 2 given by (3.9) with co = 1. To evaluate the matrix functions ap-
pearing in the exponential integrators, we used a rational Krylov method including
mass matrices as described in [21, Alg. 2].

For our computations, we set

u’(x) =0, v0(x) = 27x; X2,
na(t,x) = — (47 + [sin(2mt)x1x2|) sin(27t)x1 x5 + 67 cos(2mt)x1X2,
nr(t, x) = —4n? sin(27t)x1x2 + 6 sin(27t)x1x5 — (sin(2mt)x1x2)° .

Then, the exact solution of (6.1) is given by
u(t,x) = sin(27t)x1X3.

Since the computation of the lift of a finite element function is very laborious,
we do not compute the full error ﬁguz —u(ty). Instead, in our numerical examples
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FIGURE 2. Error E(0.8) of the exponential trapezoidal rule (with
time step size 7 = 5.33 - 107*) combined with finite elements of
order ¢ = 1 and ¢ = 2 plotted against the mesh width h.

we consider the error
E(t) = [lun(t) = u(t)| g g1, + [Ju, (t) — U/(t)|9h I L2(00)x L2(T)

cf. [25, Ch. 6] for more details. We evaluate the integrals appearing in E with a
quadrature rule of higher order, such that the quadrature error is negligible. The
restriction of u to €2, is possible since in our case we have ; C €.

In Figure 2 the convergence of the error w.r.t. the spatial mesh width A is shown
when using the exponential trapezoidal rule. We observe that for finite elements
of order ¢ the error converges with order ¢ in space for ¢ = 1,2 as predicted by
Corollary 5.7 combined with (6.2).

In Figure 3, we consider the convergence of the error w.r.t. the time step size 7.
For all three time discretization schemes we observe the order predicted by The-
orems 3.2 and 3.4, respectively, until the error is dominated by the error of the
spatial approximation.
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