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Biharmonic nonlinear scalar field equations

Jarostaw Mederski and Jakub Siemianowski

ABSTRACT. We prove a Brezis-Kato-type regularity result for weak solutions to the biharmonic nonlinear
equation

APy = g(x,u) in RN
with a Carathéodory function g : RY x R — R, N > 5. The regularity results give rise to the existence
of ground state solutions provided that g has a general subcritical growth at infinity. We also conceive a new
biharmonic logarithmic Sobolev inequality

/ |ul? log |u| dz < ﬁlog <C’/ |Aul? dm) , forue H*(RY), / wdr =1,
RN 8 RN RN

2
for a constant 0 < C' < (ﬁ) and we characterize its minimizers.

1. Introduction

The study of higher-order differential elliptic operators is important, e.g. in nonlinear elasticity [3], low
Reynolds number hydrodynamics, in structural engineering [21,24] as well as in nonlinear optics [11], and
has attracted attention from the mathematical point of view [12]. The methods developed for the second
order problem, e.g. involving the Laplacian —A, may no longer be available. For instance, it is the well-
known that the bi-Laplacian (—A)? = A? cannot be studied by means of some classical methods such
as maximum principles, Polya-Szegs inequalities, or even if (Au)? € L'(RY), then it is possible that
Alu| ¢ L} (RY).

The first aim is of this work is to establish a regularity result in the spirit of Brezis-Kato [6] of weak
solutions to

(1.1) A%y = g(z,u), ze€Q,

where  C R" is a domain, N > 2 and g : Q x R — R is a Carathéodory function. If we suppose that €2 is
bounded, then there is an extensive literature devoted to this problem. Namely, recall that if g(z,u) = f(x),
then Agmon, Douglis, Nirenberg [2] showed that for 1 < ¢ < oo, f € L%(f2), there exists a unique strong
solution u € VVO2 ’2(Q)QW47‘1(Q) to (1.1) provided that 92 € C* see also [12, Corollary 2.21] and references
therein. Recently Mayboroda and Maz’ya [17] showed L>-estimates of u (resp. Vu), where f € C§°(12),
) is an arbitrary bounded domain and N = 4,5 (resp. N = 2, 3). To the best of our knowledge, a variant
of Brezis-Kato result [6] for (1.1) is known only on a bounded domain in a particular case. Namely, Van
der Vorst [25] showed that, if N > 5, g(z,u) = a(z)u and a(z) € LN/4(Q), then any weak solution
u € W01’2(Q) N W22(Q) to (1.1) satisfies u € LI(Q) for all 1 < ¢ < oco. This result is suitable to show
the regularity for the biharmonic equation with the nonlinearities of the special form g(x,u) = f(u)u cf.
[25, Lemma B3]. In this paper we give a full answer to the problem on an arbitrary domain and for general
g with the adequate Brezis-Kato growth as we shall see below.

2000 Mathematics Subject Classification. 35J91,35J20.
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critical point theory, Pohozaev manifold.
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2 J. MEDERSKI AND J. SIEMIANOW S SKI

From now on we assume that @ C R” possibly unbounded domain and N > 5. Inspired by [6], we
impose on ¢ the following growth assumption:
(1.2) lg(z,s)| < a(x)(1+]s]), forsecRandae. x €, where0<ae LIJXCM(Q).

The first main result reads as follows.

THEOREM 1.1. Let u € W;’f(Q) be a weak solution to (1.1), where g satisfies (1.2). Then u €
CEUQ) NWEUQ), forany 0 < o < Land 1 < q < 0.

loc loc

It is worth mentioning that in proof of Theorem 1.1 we can no longer apply classical techniques for
Laplacian, e.g. due to Brezis and Kato [6], or Brezis and Lieb [7, Theorem 2.3], since A|u| may not be
well-defined for u € VVE;(Q) Moreover, the Moser iteration technique does not seem to be applicable
straightforwardly for g.

We shall present some consequences of Theorem 1.1 in Q = R”. Let us define D??(R™) as a comple-

1

tion of the space C5°(R™) with respect to the norm ||u||p2.2 := <E‘a|:2 H@O‘UH%Q(RND *. By the use of

the Fourier transform and the Plancharel theorem we find a constant ¢ > 0 such that, for u € C§°(RY),
EHUHDQ’Z(RN) < ||Aul[ 2@y < cflullp2e@ny-

Therefore, the norms [ju|| := [|Aullp2@~y and [[ulp22@ny) are equivalent on D22(RYN). Moreover,
D22(RN) is a Hilbert space with the inner product

(u,v) 1= AulAvdz for u, v € D**(RY)
RN

and u € D*2(RY) is a weak solution to (1.1) provided that

(u,v) = / g(x,u)v for any v € C§°(RY).
RN
As usually expected, the following general PohoZaev-type result holds, cf. [23].

THEOREM 1.2. Let u € D?? (]RN) be a weak solution to (1.1), where g satisfies (1.2). Then

N —4 N —4
provided that G(z,u), - 9;G(z,u) € L*(RY), where G(z, s) := [j g(z,t)dt, z e RN, t € R.

(1.3) / |Au)? dx = 2N G(z,u)dr + L/ x - 0;G(x,u) dx
RN RN

We demonstrate that the Brezis-Kato result for biharmonic Laplacean as well as Theorem 1.2 open
the way to study the existence of solutions and their regularity for (1.1). Indeed, let us assume that g is
independent of z and the following condition holds:

(g0) there is a constant ¢ > 0 such that |g(s)| < ¢(1+ |s[*" ~!) for s € R,
where 2°* := 2. Then a(z) := g(u(z))/(1 + |u(z)]) € LN/4(RN) for v € L*" (RY) and in view

loc

of Theorem 1.1, weak solutions to the semilinear problem (1.1) belong to Clg(’)ca (RM) N T/Vlf‘)cq(RN ). We
introduce the energy functional

1
(1.4) J(u) = 1 / Al — [ Gu)de,
2 RN RN
where G (s fo t) dt. Next, we show the existence of weak solutions to (1.1) under growth assumption

at 0 and at 1nﬁn1ty 1nsp1red by a seminal paper due to Berestycki and Lions [5] (cf. [19,20]). We assume
that g is continuous, g(0) = 0 and (g0) holds. Let

Gy(s) = fos max{g(t),0} dt for s > 0,
T fso max{—g(t),0}dt fors <0,
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and g (s) = G'_(s). Suppose in addition, that and the following conditions are satisfied:
I

(
(g1) lim 0 G (s)/[s[*" =0,
(g2) there exists £ > 0 such that G(&p) > 0,

(93) hm\s|—>oo G_,_(S)/’S’z** = 0.
We introduce the Pohozaev manifold

(1.5) M= {u e D22(RM)\ {0} : / |Auf? = 2**/ G(u) dw},
RN RN
and in view of Theorem 1.2, M contains all nontrivial solutions. The existence result reads as follows.

THEOREM 1.3. Let (g0)—(g3) be satisfied. Then inf g J > 0 and there is a ground state solution uy €
D22(RN) 10 (1.1), i.e. ug € M solves (1.1) and J (ug) = inf g J. Moreover ug € Cp*(RN) N W4(RN),
forany0 < a<landl < g < oc.

Theorem 1.3 enables us to consider the following nonlinearity
(1.6) G(s) = s*log|s| fors # 0, and G(0) = 0
which satisfies (¢0)—(¢3). In view of Theorem 1.3 there is a ground state solution to (1.1) and

e (1 1
C’N,log =2 (5 - Ok

We gain the following new biharmonic logarithmic Sobolev inequality.

__4
) v (i/]\a/lfJ)ﬁ.

THEOREM 1.4. For any u € D*?(R™) such that [ |u|* dv =1, there holds

N Se (N—4)/N ) ,
. — —_— >
(1.7) 3 log <CN,log(N — 4)> /]RN |[Aul”dx | > /]RN |u|*log |u| dz

and
8e (N=4)/N - ( 2 >2
CNiog(N —4) meN/ -’

Moreover the equality in (1.7) holds provided that uw = ug/||uol|L2(r~y and ug is a ground state solution
to (1.1). If the equality in (1.7) holds for u, then there are uniquely determined X\ > 0 and r > 0 such that
ug := Au(r-) € M and ug is a ground state solution to (1.1).

Recall that the classical logarithmic Sobolev inequality given in [26]:

Ll de) = [ uPogude, forue H'®Y), [ ufde =1,
meN JpN RN RN

which is equivalent to the Gross inequality [13], cf. [14]. Recall that the optimality of (1.8) and the char-
acterization of minimizers have been already proved by Carlen [8] in the context of the Gross inequality as
well as by del Pino and Dolbeault [9, 10] for the interpolated Gagliardo—Nirenberg inequalities and the L”-
Sobolev logarithmic inequality. A generalization of the optimal Gross inequality in Orlicz spaces is given
by Adams [1]. However, to the best of our knowledge, the logarithmic Sobolev inequality for higher order
operators have not been obtained in the literature so far and (1.8) seems to be the first one for the biharmonic
Laplacian. Note that, in contrast to (1.8) and the Laplacian problem involving (1.6), we do not know ground
state solutions to (1.1) explicitly. Hence the exact computation of C'y ;,, Temains an open question.

The paper is organized as follows. In Section 2 we prove Theorem 1.1 and in Section 3 we obtain the
PohoZaev-type result. The main result of Section 4 is a general variant of Lion’s lemma (Lemma 4.1) in
D22(RY), which is crucial for the proof of Theroem 1.3 given in Section 5. The last Section 6 is devoted to
the biharmonic logarithmic Sobolev inequality.

N
(1.8) 7 log (
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2. Regularity theory and proof of Theorem 1.1

Let N,k € Nand 1 < p < oo with N > kp. We define D*?(R") as a completion of the space
C§°(RY) with respect to the norm

1
P
[ullpre == | > IDullfpgny |+ uE Co(R™M).
lal=k
Hence
@.1) DEPRN) c DF N (RY),  0< 1<k,
and
(2.2) Z > HDO‘uH o) <clullprs,  ue DFP(RY).

J=0lal=k—j

We fix an open set O C R™. We recall that by the standard approach based on mollifiers and the
Calderon—Zygmund LP—estimates for higher order elliptic operators [22, (2.6)] we have the following
lemma.

LEMMA 2.1. Let 1 < p < oo and k be a positive integer. If w € LY
w e WHP(Q),

loc

(Q) and A*w € LY (), then

loc

Suppose that u e W2 2(Q) is a weak solution to (1.1), where g satisfies (1.2). Clearly u € L2 (Q). Fix

U cc Q. Since N - 4 <7 and ]\%\_’ 1 =2 % +i, by the Holder inequality

/|gaju N+4d:1:<c/|a N+4+|a( )|

for some constant ¢ > 0. Then, by the distributional equahty

N _ 8 2** -
TN+ |y N+4d3;<oo

A= g(z,u) € LN+4 (Q),

loc

and Lemma 2.1, we infer that u € W, e Q).

loc
Now the crucial step is the following lemma.

LEMMA 2.2. Letp > N+4 and u € Wloc (Q) be a weak solution to (1.1), where g satisfies (1.2). Then

{LN”/ M), if5p < N,

loc
L] (Q) foreveryl < q< oo, if5p> N.

loc
PROOF. If 4p > N, then the conclusion follows immediately by the Sobolev embedding VVéCp(Q) C
(Q), ¢ > 1. Thus, we can clearly assume that 4p < N. Let us define

(x) := L X wealu@>n (@), for u(z) #0,
0 for u(x) =0,

b(w) := g(z,u(2)) X {zeq|ju(=) <1} (T);
and observe that g(x,u) = a(x)u + b(z) and a,b € LN/4(Q)

loc
Let U be an arbitrary open bounded subset of 2 such that U ¢ U C . We find an open bounded
V with C°°-smooth boundary such that U C V C V C €. Indeed, let £ € C§°(2) be a smooth cut-off
function such that ¢ = 1 on U and 0 < £ < 1. By Sard’s theorem, there is a regular value ¢ € (0,1).
Then V = ¢71((c, 1]) is an open bounded subset with the smooth boundary OV = ¢~1({c}) satisfying

UcVcVc.

Lq

loc

a
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Now take € C3°(V) such that 7 = 1 on U and 0 < n < 1. We restrict our problem to V. By the
assumption u € W*P(V) is a distributional solution of
(2.3) A*u=a(x)u+b(x) inV
and a,b € LN/*(V). We define
v = un.
Certainly, we have v € W4P(V) c H?(V) and v € HZ(V), since suppn CC V. Standard calculations
yield

A%y = (A%u)n + 4V Au - Vi + 4 Z Vg, - Vg, + 20ulAn 4+ 4Vu - VAD 4+ ulA®n

i=1N

24
24) =:K(u)

= (A%u)n + K (u).
Observe that u € W4P(V) Cc W3 (V), p* = NN—_’;) and n € C§°(V') imply that
(2.5) K W)l (vy < ellullwsevyllnllwae @y < cmllullwae ey,

for some constant ¢(n) > 0.
In view of [25, Lemma B.2], for every £ > 0 there are ¢. € LN/4(V) and f. € L°(V') such that

(2.6) a(z)v = g-(z)v + f-,
and
(2.7) lgell Lv/agyy < e

By (2.4), (2.3) and (2.6) we get
A% = (A%u)n + K (u)
(2.8) = a(x)v + b(x)n + K(u)
= q:(x)v + fo + K(u),
where
(2.9) fei= o+ bl@m e LT (V).

We recall some needed regularity results from [2] (see also [12, Thm 2.20]), for all 1 < ¢ < oo,
g € L9(V), there exists a unique strong solution v € W*49(V/) to the problem

(—APu=g inV,
u=Au=0 ondV.
satisfying
lullwaavy < cqllgllLavy,
where ¢, > 0 depends only on N, g and V. Denote by 7, the linear operator g — wu considered as an
operator from L4(V') to W*4(V) and rewrite the above inequality as

(2.10) 1749l waavy < cgllgllpagry-

Obviously, T; is the L9-inverse of the bilaplacian (—A)? considered with the Navier boundary conditions
u=Au=0ondV.

Now we can rephrase (2.8) in the language of operators
(2.11) U= Ae gV = he g,

where A, jv 1= T;(q-v) and h, ; = T, (f- + K (u)).
We consider two cases separately.
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Case I: 5p < N.

« N
In what follows we take ¢ = p*. By the Sobolev embedding W4P" (V') C L5 (V), (2.10), (2.9) and
(2.5), we have

”ha,p* LNI%(V) < CSobolevHTp* (fe + K(u))”w4,p* (V)
< CSobolev Cp* fe+ K(U)HLP* (V)
(2.12)
< ¢ (I * 1K@l 1)

< (I, + elDllulwan ).

N N
where ¢ > 0 is some constant. We estimate the norm of the linear operator A, - : LN 5 (V) — L~ 5 (V)
« N
applying the Sobolev embedding W*4P™ (V) c L~ ~5 (V') and (2.10)
(2.13) | Az v

’L Jizgp W) < CSobolevHTp* (inv)”W‘l»P* (V) < CSobolev Cp* HQaUHLP* (V)

We use the Holder inequality with the exponents

1 1 1
NT N T o
4 N—5p
to obtain
.14 Jaeoll vy < el ol g,
In view of (2.13), (2.14) and (2.7) we gain
||A€,p*v | Np < CSobolevCp* € |U|| Np .
LN=5p (V) LN=5p (V)
We choose € := (ZCSObolchp*)_l to deduce
1
2.15 A < —.
( ) H £,p HLNJX{;JP_)LNNf%p =5

N
Then (I — A ,+) is invertible on the space L~ ~5 (V') with the norm bounded by 2 and by (2.11)

(2.16) v=(I = Acp)  hepr,
so by the above and by (2.12)
< ||(I — A _1H Be p
ol o, S (0= A7 e el e

< 2¢ ([l fellzoe vy + c)llullwan(yy) < oo

N Np
Hence v € LN (V) and, since v = von U C Q and U is arbitrary, we finally get u € L;> " (2) as
claimed. This finishes the proof of Case I.

Case II: 5p > N.

We proceed similarly as in Case I. Fix any % < g < oo and define r := N9_  Then we have

N—1 N+4q-
1< r < 4 < 2. We employ the Sobolev embedding W (V) C L(V), (2.10), (2.9) and (2.5) to
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estimate
Hhe rHLq < CSoboleVHT (fe + K( ))HW‘M(V)
< CSobolevcera + K( )HL"(V)
@1 < (Il 3y, + I )

< (Il + clDllalwvasy) )

for some constant ¢ > 0. We bound the norm of A., : LY(V) — L%(V) by exploiting the Sobolev
embedding W4 (V) c L4(V) and (2.10)

(2.18) ”Aa,r”LfI(V) < CSobolevHTT’(QaU)”W‘LT(V) < CSobolevCr”QEU”L”"(V)'
We use Holder’s inequality with exponents
1 1
Nt N T,
1 N—4ir
1
g
and (2.7) to obtain
(2.19) llgevllpr(vy < ||QEHL71}(V)HUHL‘I(V) <ellvllzaqvy-

We choose ¢ = (2CSoboleVCr)_l and from (2.18), (2.19) deduce that

1
|AerllLasre < =.

2
As in the last part of Case I, we then show that v € L?(V'). This implies that u € LY(U) and, since U C 2
the proof of Case II is completed. O

2N
Proof of Theorem 1.1. Let u € W;22(€) be a weak solution to (1.1). Then u € Wioe LN (€22). We show

loc
that w € L{ (Q), forevery ¢ > 1. If N = 5or N = 6 then by Lemma 2.2, u € L{ (), for every
5p1 < N, and we use Lemma 2.2 to obtain

loc
q > 1, and we are done. If N > 6, then we define p; :=
Npy

N—5p1 : Np1  _ 2N
we L. " (£2). Since Nt = N6

N+4’

Npp, N-6 2N N

PLsP = T Ny Ni2 o4

Fix U CC €. Observe that pg% = Z and by the Holder inequality

N—6
/ lg(z,u)|P? dx Sc/ la(x)|P? dx+c(/ \a(a:)]f”QNs+2 N” / ]u\N S dx M <o
U U U

(Q). Since u € VVlo’Cpl(Q) L2 (), we
use Lemma 2.1 to get u € W P2 (RY). Let K be the largest natural number less than %. We continue
applying Lemma 2.2 in this fashion and get a finite sequence (pk)kK:1 such thatfor k =1,.... K

for some constant ¢ > 0. Therefore we get A%u = g(z,u) € Lﬁfc

N
PE= N6 — ok
N+6-2k N
pk78 R

Npe N—4-2
Prgy = Pk L

N —5pp N + 4 — 2k’
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Npg
By the definition of K, we get bpr < N, NN ’;f; > Nandu € Ll’(:’c °PK (()). Finally, by Lemma 2.2 we

obtain that u € L (€2), for every ¢ > 1. Since A%y = g(z,u) € L] (), for every 1 < ¢ < oo, by

Lemma?2.1,u € Wf‘)cq(Q), q > 1, so by the Sobolev embedding u € c> (), forevery 0 < o < 1. O

loc

3. Pohozaev identity
Proof of Theorem 1.2. One can find ¢ € C*(R) satisfying ¢|(_sc.1) = 1, ¢lj2,00) = 0and 0 < ¢ < 1. For
||

every n > 1, we define ¢, € C5°(RN) by ¢, () == ¢ (—)
By Theorem 1.1, we may assume that u € Ci’)co‘(RN) N W4q(RN) 0<a<1,1<qg<o0,s0

loc
0= A% —g(z,u) ae. inRY,
Thus, for a.e. z € RY and for every n, we obtain
3.1 0= (A%u — g(x,u))pnz - Vu.
The following identities hold
g(z, u)ppx - Vu = div (¢, G(z,u)x) — G(z,u)x - Vo, — Np,G(x,u) — ppz - 0,G(x, u)
and
Aupnz - Vu = div (on (2 - Vu)VAY) — (- Vu) (Ve - VAU) — 0,V (z - Vu) - V(Au).
We transform the rightmost term of the above equation
onV(z - Vu) - V(Au) = —pp, Aull(x - Vu) + @pdiv (AuV (z - Vu))
= —ppAu(2Au + z - VAu) + div (g, AuV (x - Vu)) — AuVep, - V(z - Vu)
= 20, (Au)? — v, Aux - VAU + div (0, AuV (x - Vu)) — AuVp, - V(z - Vu).

Finally, we rewrite the second term of the above line as follows

2
onAuz - VAu = div (gpn (A;) :E> - %(Au)QVgDn cx— %gﬁn(Au)Q.

Putting the above identities into (3.1) we get
0 = —div (¢, G(z,u)x) + G(z,u)x - Vo, + N, G(x,u) + ppx - 0,G(x,u)

+ div (n(2 - VU)VAY) — (2 - Vu) (Ve - VAU) — div <cpn (AuV(z V) — %Q)

N -4 1
- Tgpn(Au) - E(Au)% -Vn + AuVe, - V(z - Vu)

or, equivalently,

2
(3.2) div < < z,u)x + AuV(z - Vu) — x - VuVAu — (A;L) 3:))
= G(

(x,u)x - Vo + NppG(z,u) + ppx - 0,G(x,u) — (x - Vu)(Ve, - VAu)

N —4 1
— ——pn(Au)? — g(Au)zx -Von + AuVe, - V(z - Vu).

2
Fix n > 1 and take R > 0 such that supp ,, C Bpr. By the divergence theorem, we obtain
0= G(z,u)x - Vi, + NopyG(x,u) + onr - 0,G(z,u) — (- Vu)(Ve, - VAu)
Br
N -4

1
5 (Au)*, — §(Au)2x -Von + AuVe, - V(z - Vu) dz.



BIHARMONIC NONLINEAR SCALAR FIELD EQUATIONS 9

Note that
—/ (z-Vu)(Vp, VAu) dx = AuV @,V (z-Vu)+Aulp,z-Vudr— div (z - VulAuVy,) dz.
Br Br Br
=0
Summing up, we have
3.3)
0= / Gu)x - Von, + No,G(z,u) + ppx - 0:G(x,u) + 2AuV e, - V(z - Vu) + Aulp,z - Vu
Br
- %(Au)zwn — %(Au)% -V dz
= . G(u)x - Vo, + No,G(x,u) + ppx - 0:G(x,u) + 2AuV e, - V(z - Vu) + Aulp,z - Vu
- %(Au)%on - %(Au)zaj -V dz.

We return to (3.3) and pass to the limit as n — oo to obtain

0=N G(z,u)dr + / x - 0,G(x,u) dr — N4 / |Aul|? dz,
RN RN 2 RN

where we used Lebesgue’s dominated convergence theorem and the properties of ¢,,. The proof is com-
pleted. O

4. Lions lemma

We prove a biharmonic variant of Lion’s lemma, cf. [15,16], [20, Section 2].

LEMMA 4.1. Suppose that (uy,) is bounded in D*?(RN) and for some r > 0

4.1) lim sup / [, |* dzz = 0.
B(y,r)

n—oo yERN
Then
/ U(up)dr -0 asn— oo
RN

for every continuous U : R — R satisfying
v LG
(4.2) lim 28 _ iy X

sgr(l] |8|2** - |2** -

[s| =00 |8
We prove the following result, which implies the variant of Lions’s lemma in D>2(R™).

LEMMA 4.2. Suppose that (u,) C D>?(RN) is bounded. Then u,(- + y,) — 0 in D>2(RYN) for any
(yn) C ZN if and only if

/ U(up)dr -0 asn— oo
RN
for any continuous ¥ : R — R satisfying (4.2).

PROOF. Let (u,) be a sequence in D>2(R") be such that u,(- + y,) — 0 in D2(RY) for every
(yn) C ZN. Take any € > 0 and 2* < p < 2** and suppose that W satisfies (4.2). Then we find 0 < § < M
and c(e) > 0 such that

U(s) < els|*”  forls| <9,
U(s) < els|>”  forl|s| > M,
U(s) < c(e)|s|P for|s| € (4, M].
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Let us define (w,,) by

[l for [ur ()| > &
wn(x) T {|un($)|2**/2*51—2**/2* for |Un(l')| <.

We are about to show that (w,,) is bounded in 12" (R¥). First of all, we have

/ o ()2 dx:/ 522 gy 12 d:n+/ | da
RN (Jun|<5) {funl25}

ik
e RN
{Jun| <8} {Jun|>6} [Unl

S (52*_2** / ‘Un’2** dx +/ SovE g% dx
{Iu”l‘gé} {Iun‘>6}

2*_2**
=0 /N [un,
R

By the absolute continuous characterization (see §1.1.3 in [18]), we infer that each w,, is absolutely contin-
uous on almost every line parallel to the Ox;-axis, for i = 1,..., N. Thus the same holds for each w,,, since

4.3)

2" dx.

w, = F(uy,), where F(t) = min{6'=2""/2"|t|*""/2" |t|} is a globally Lipschitz function. Moreover, for
everyi=1,..., N, we have
Qw, _ [58" 2 sign () un 27T/ TG for fuy (x)] < 6,
Oz; sign(un)%‘T’;, for |up ()| > 0.
Thus
/ n dm=<*> 5% / fu |22 | T2 daz+/ L
RN | O; 2 {|un| <5} O {lun|>6} | O%i
. 2% 2% 2%
(4.4) < (2* ) / Oun | g 4 / Oun | 4
2 {lunl<s} | OTi {funl>8} | OTi
e 2% 2%
YL
2% RN (%EZ

By (4.3), (4.4) (again using an absolute continuous characterization on lines from §1.1.3 [18]) and the fact
that (uy,) is bounded in D%2(R”), we conclude that (w,,) is bounded in 12" (RY),
Let Q = (0,1)" and y € R" be arbitrary. Then, by the Sobolev inequality one has

/ U(uy)de = / U(uy,) dx +/ U (uy,) dx
Q+ty (Q+y)n{6<|un|<M} (Q+y)N{Jun |>M}PU{|un|<5})

< c(s)/ |wn|pd:13—|—6/ | da
(@ +y)n{<lun|<M)} @+ ({fn > M)Ufunl <5Y)
* * 1_2*/ * ok
< c(s)C’(/ fwonl? + [Vewn|? daz)(/ o] de) p+e/ 2 dz,
Q+y Q+y Q+y

where C' > 0 is a constant from the Sobolev inequality. Then we sum the inequalities over y € Z” and get

1-2%/p
/ U(uy,)de < c(e)C </ lwn|?” + |Vw,|* dw) (sup / |wn (- + )P dw) + E/ lun|?” da.
RN RN yezN JQ RN

Let us take (y,) C Z such that

sup / \wn(-+y)\pdw§2/ (- + yo) P da
yezZN JQ Q
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for any n > 1. By the assumption wu,,(- + ,) — 0 in D*2(R%) and passing to a subsequence we obtain
Un (- + yn) — 0in LP(Q).
Since |wy, (z)] < |up(2)

, we infer that wy, (- + y,,) — 0 in LP(Q2). Therefore

limsup/ U(uy,) de < Elimsup/ lun|®" de,
RN RN

n—oo n—oo

and since € > ( is arbitrary, the assertion follows.

On the other hand, suppose that wu,,(- + ;) does not converge to 0 in D%2(R"), for some (yy,) in Z",
and ¥(u,) — 0in L' (RY). We may assume that u,, (- +y,) — ug # 0 in LP(£2) for some bounded domain
QCcRVand1 < p < 2**. Take any ¢ > 0, ¢ > 2** and let us define ¥(s) := min{|s|’,eP~9|s|} for

s € R. Then
/ U(u,)de > / |un|? dx +/ el Pluy, | dx
RN Q+ynN{|un|>e} Q+ynN{|un|<e}
- / fun P der + / P~ | — P d
Q+yn QtynN{lun|<c}
> [ jualdo-ergl,
Q+yn
Thus we get u,, (- + y,,) — 0in LP(£2) and this contradicts ug # 0. O

Proof of Lemma 4.1. Suppose that there is (y,,) C ZN such that Un (- + yp) does not converge weakly to 0
in D%2(RY). Since u,,(- + y,) is bounded, there is ug # 0 such that, up to a subsequence,

Un(- 4+ yn) = uo in D2’2(RN),

as n — oo. We find y € RY such that UpXB(y,r) # 01in L?(B(y,r)). Observe that, passing to a subse-
quence, we may assume that u,, (- + ) — ug in L?(B(y,r)). Then, in view of (4.1)

/ (- + )P da = / g dz 5 0
B(y,r) B(yn+y,r)

as n — 0o, which contradicts the fact u, (- + y,) — ug # 01in L*(B(y,r)). Therefore u, (- + y,) — 0 in
D22(RY) for any (y,,) C Z" and by Lemma 4.2 we conclude. O

5. Proof of Theorem 1.3
In this section we adapt a variational approach from [20, Section 3] for the bi-Laplacian. Let
G_(s) Jo max{—g(t),0}dt fors >0,
_(s) :=
fso max{g(t),0}dt  fors < 0.

Notice that G4, G_ > 0and G = G — G_.
First, we sketch our approach with an approximation J. of J and present some auxiliary lemmas. The
proof of Theorem 1.3 is postponed to the end of the section. Let

g4(s) = Gy(s) and g (s) = gu(s) —gls), sER.

Notice that G_(s) = [ g—(t)dt > 0, for s € R. In view of (g1) and (g3), there is some ¢ > 0 such that for
every s € R

(5.1 |G4(s)] <cl|s

so G4 (u) € LYRY) whenever u € D>?(RY) ¢ L?"(RY). On the other hand, G_(u) may not be
integrable, for u € D?%(RY), unless G_(u) < clu|?>”" for some ¢ > 0. To overcome this problem, for

2**
)
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€ (0,1), we define ¢. : R — [0, 1] by

( ) 8—7 27-1 for |S| é g,

s) =

e 1 for |s| > e.

We introduce a new functional
1

(5.2) Je(u) = —/ |Aul? +/ G- (u) dx — G+ (u)dx
2 RN RN RN

where G= (s) := [ (t)g—(t) dt, s € R. By (g0), there is ¢(g) > 0 such that

(5.3) lo-(s)g—(s)] < cle)]s|* 71, seR.

This implies that G (s) < ¢(g)|s|>” forany s € R and some constant c(g) > 0 depending on ¢ > 0. Hence,
for e € (0,1), J. is well-defined on D>2(R"), continuous and J!(u)(v) exists for any u € D*2(R") and
v € C(RYN). Therefore, we say that u is a critical point of J. provided that J.(u)(v) = 0 for any
v € C(RY).

We define, for e € (0, 1),

GE = G+ - GE_7

M. = {ue DY)\ {0} /RN Auf?— 2 [ G(wde =0,

RN

P = {ueDZ’Z(RN): G (u) dz >o} £,
RN
c. = inf J.(u).
ueEM,

and introduce the map mp_ : P. — M. given by

mp. (u) = u(re-),

where

=

(u) (2** Sy Ge(u) dw) YE (2 Ja Ge(u) da)
re =1re(u) := =

C Jrn 1Auf? Hulll/2

We check that mp_ is well-defined. If u € P;, then

/RN |A(mep, (u) ()] doe = ri- N/ Aulds
= <2** dx>
) <2** dx) (2= fRN’uHQ ) dz)
= <2** da:)

=27 | Ge(mp.(u)(2)) dx

el 2

=z

r

LEMMA 5.1. For every § > 0 there is cs > 0 such that
Gelu+v) = Ge(u) = 8luf*™ < cslo*”
forall u,v € R.
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PROOF. First, we show that for every ¢ > 0 there is ¢(4) > 0 such that
(5.4) IGE (u+v) — G= (u)| < 0lul*" + (@), u, veR.
Fix 0 > 0 and u, v € R. By the mean value theorem, there is § € (0, 1) such that
|G (u+v) = GZ(u)] < |pe(u+ Ov)g—(u+ Gv)][v]
< c(e)u + v Tyl

< er(@)ul” Mol + er(e)v

Q¥

)

where we used (5.3). We exploit the Young inequality with §/c; (¢)

sk 5 sk ok
[ul*" Mol < —=[u|®T TPt ep(8,) 0], where p =

61(6)

- :2**
2**_17q )

to obtain

Qi
Y

IGZ (u+v) — G= (u)] < Sul*" +e3(8,€)|v

what proves the assertion.
Now, we show that for every ¢ > 0 there is ¢(§) > 0 such that

Gy (u+v) — Gy(u) —8lu)®>” < e()|v*, u, veR.
Fix 6 > 0 and u, v € R. By (gl) and (g3), there are 0 < n < M such that

2
Gi(s) < o7

ols|*,

if [s| < nor|s| > M. We consider four cases.
Case I: [u+v| <nor|u+v| > M.
We use the fact that G+ > 0 and obtain
2

G (u+0) = Gy (w) < Gi(u+0v) < mdfu+ o <6 (\uy?‘* v w**) ,

what proves the assertion.
CaseIl: n < |u+v| < M and |v| > M.
There is ¢ > 0 such that G, (s) < ¢|s|?", for every s € R, so

Go(u+v)—Gi(u) <Gylutv) <clutv)? <eM? <cp*”

and we are done.
Case III: n < |u+v| < M and n/2 < |v| < M.

The set C := {(u,v) € R?* |n < |u+v| < Mandn/2 < |v]| < M} is compact and the function h :
G (utv) =Gy (u)—6lul>”
R

max(, y)ec h(u,v) < ¢(§) and we are done.
Case IV: n < |u+v| < M and |v| < n/2.
By the continuity of g4 and by (g0), there is ¢(n) such that

C — R, given by h(u,v) = , is continuous. Thus, there is ¢(d) > 0 such that

ok n
g+ () <et)ls* 5 sl = 5

By the mean value theorem, there is 6 € (0, 1) such that
Gi(u+v) —Gi(u) = g+ (u+ 0v)v.
Notice that |u + 6v| > |u+v| — (1 — 0)|v| > n — /2 = n/2, so combining the above we obtain
Gy (u+v) — Gi(u) < c(n)u+ 0v]* o).

We then proceed as in the first part of the proof.
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Finally, we use the above results to deduce
Ge(u+v) — Ge(u) = G(u+v) — Gy (u) — (Ge_(u +v) — Ge_(u))
< Slul®” + e()]* +|GE (u+ v) — G (u)]
<2 (5|u 2y c(5)|u|2**) .

LEMMA 5.2. Suppose that (u,) C Mg, J-(u,) — ¢ and
Up — U # 0in DPXRY), up(z) = u(z)  forae zeRY
for some u € D*2(RN). Then u,, — @,  is a critical point of J. and J. (1) = c..
PROOF. It follows, by Lemma 5.1, that for every 6 > 0 theres is ¢(d) > 0 such that
G (u+v) — Go(u)] < 8lul*" +c(®)|v|*”, u, veR.
Thus taking any v € C§°(R”) and ¢t € R we observe that (G (u,, + tv) — G<(uy,)) is uniformly integrable

and tight. In view of Vitali’s convergence theorem we have

lim Ge(up + tv) — Ge(uy) de = Ge(u+ tv) — Ge(u) d.

n—oo RN RN

Since each u,, € M., we get

1 2**
Ce < Je(up) = 3 /RN |Auy,|? de — /RN Ge(up)dr = < 5~ 1> x Ge(up,) dz,

o)
, 1 /1 1\'
(5.5) A= nh_}rrgo . Ge(uy,) dx = o <§ — 2**> ce > 0.
Combining the above we have
lim Ge(up +tv)dr = lim G- (uy) dx + Ge(u+tv)dr — Ge(u)dx

(56) n—oo RN n—oo RN RN RN

=A+ Ge(u+tv)de — Ge(u) dz.

RN RN

By (5.5) and Lemma 5.1, u,, + tv € P for sufficiently large n and sufficiently small |¢|. Thus and by (5.6),
for sufficiently small |¢|, we have
N

1 e N
lim — < Ge(uy + tv) da:) — < Ge(up) dx)
n—oo t RN RN

1 N—4

== <<A+ o Ge(u+ tv) dx — Ge(u) dx>¥ —A—> .

t RN

and, consequently, by the Lebesgue dominated convergence theorem
6.7

N—-4
1 ~ - N — N—-4 - ~
lim — <<A—|— Ge(u+ tv)dz — G:(u) d$> —ANN4) ALY / g:(w)v de,
t—0 t RN RN RN
where g. 1= GL = g1 — 9.
If u, + tv € P, then J.(mp_ (un + tv)) > cg, 50

1 1
re(up + tv)*=N <§ — 2**> /N |A(up + tv)|? dz > c..
R
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Raising both sides to the 4/N-power yields

4 N—-4

1 1\~ 1 =
(5.8) - — / |A(up 4 tv)|* de > & (2% / G:(up +tv) dex .

2 2** RN RN
Assumptions u,, € M. and J(u,) — ¢ imply that

1 1\!
(5.9) / |Au, | dz — c. <— — > .
RN 2 2**

For all n and ¢, we have

[ awvae s [ nepar= 0 ([ iarmpa- [ awa),
RN 2 RN 2t RN RN

Hence, by (5.8) and since u,, € M, fort > 0,

/ AunAvdﬂz+E/ |Av|? dz >
RN 2 RN
N—-4 N—-4

1 + 1 1 %4 *ok ]\7 *ok 2 %
— e (= — 2 Ge(up, + tv) dz — 12 Ge(uy,) dz |Auy, | dz .
2t 2 2% RN RN RN

Letting n — oo, by (5.6), (5.5) and (5.9), we deduce that, for sufficiently small ¢ > 0,

t
AﬂAvdaz+—/ |Av|? dz
2 RN

14 /1 1\~ - - & Noa
> —c <— - ) (2** <A + Ge(u+tv) de — / Ge(u) dw)) —(2"A) N
2t 2 2** ]RN ]RN

2**
=—A
2

RN

2|

N4
1<<A+ G.(T + tv) dz — Ge(ﬂ)dw> —A¥>.
t RN

RN

We pass to the limit as £ — 0" and use (5.7) to get

2" N — 4
AuAvdr > —_—
]RN N ]RN

ge(u)vdr = /]RN ge(W)v dx.

Since v € C’go(RN ) was arbitrary we infer that u is a critical point of J.. We use the Pohozaev identity
Theorem 1.2 to the equation A%u = g.(u) with G. € L*(R"), to deduce that & € M., what leads to

- 1 1 ~ - 1 1 .
e < Jo(u) = <5 — 2**> /]RN |AT? dx < hnrr_1>1£f <§ — 2**> /]RN |Auy|? de = nh_)H;O Je(up) = ¢,

where the weak 1.s.c of the norm was used. Thus, J-(%) = c. and |ju,|| — |[@]|, so u, — @ in D*2(RY).
U

PROOF OF THEOREM 1.3. Take a minimizing sequence (uy) in M. of J, i.e., J-(u,) — c.. Since
U, € Mg, n > 1, we have
1 1
Je(up) == — / |Auy,|? dz — c.,
2 2% ) g~

and so (u,) is bounded in D>2(R"). Moreover, we have

1 1
2% Gy (up)de > / |Au, > de — (— — —) Ce.
RN RN 2 2**

By the assumption G satisfies (4.2), so (4.1) is not satisfied. Passing to a subsequence, we may choose

(yn) in RY and 0 # u. € D>2(RY) such that

Un(- + ) = ue  inDPARY), wu(z+y,) = uc(z) forae zeRY,
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as n — oo. In view of Lemma 5.2, u. € M. is a critical point of J. at the level c..
Choose &, — 07. Fix an arbitrary u € M. Since G.(s) > G(s), forall s € Rand e € (0,1), we

deduce that )

/ Ge, (u)dx > G(u)dx = / |Au|? dz > 0,
RN RN 2** RN

somp, (u) € M., is well-defined. We have

4—N

1 1 2% G, (u)dz\ *
Tolten) = e, (1) = <§ B 2**) ( ffﬂiNlAZPd:g ) /RN A do
R

)47]\7

1 )

= (3-7=) ([ 12wl a0)
1 1 ) T

<[z _

< <2 2**> </]RN |Aul dx)

—(fon [Auf2dz) T

(1 1 9,
= <2 2**>/RN\Au] de = J(u).

Thus J, (ue, ) < infq J and

rep (U

<2** /R Ge,(w) da:) -

(= [ car)

=z
I

=z

-1
(5.10) /RN |Aug, |? dz < (% - 2%) i/]\a/(f J, for every n.
We have G(s) < G /o(s), forall s € Rand € € (0,1/2), so

1
/ Gijo(ue) do > / Ge(ue) dx = / |Auc|?de >0 = u. € P12,
RN RN 2%* RN

and some calculations yield

Je(ue) = Jyjo(mp, ), (ue)) = Jyja(ussa).

Therefore, we get

. 1 1\ 1 1\ !
2 RN G+(u5n) dx 2 /]RN ‘AuanP dr = <§ - 2**) Jan(uan) 2 <§ - W) J1/2(U1/2) > 0.

By (5.10), (uc,) is bounded in D**(RY) and [pn G4 (uc,)dz > ¢ > 0, for some constant c. In view of
Lemma 4.1, (4.1) is not satisfied. Passing to a subsequence, there is (y,,) in R such that uc, (- + y,) —
ug # 0and u., (z+y,) — up(x) a.e. in RN, We write u,, := u., (- + ¥y ) for short. Since g_ is continuous
and g_ (0) = 0, one may check that, for every v € C§°(RY),

1 ~ 2%*_q ~
62**_1 ’un’ X{|an‘§5n}g_(un)v
n

< ‘X{‘ﬂﬂg&n}g—(an)v‘ —0 ae inRY

and

[ X{(an|>entg—(Un)v — g—(ug)v| = 0 ae.in RY.
Due to the estimate |g_ (i, )v| < ¢ (1 + |G,|*" 1) |v], the family {g_ (&, )v} is uniformly integrable (and
tight because of the compact support). In view of Vitali’s convergence theorem

/ e (Tn)g— (@) — g—(0)0] di
RN

/1v
S
R €

Q¥

e [l T Xl <en) 9- (U)o

n

dr + /RN [ X{[an|>entg—(Un)v — g—(ug)v| da — 0,
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as n — oo. Similarly, we obtain
/ g+ (tn)vde — g+ (uo)v dz.
RN RN
Gathering the above we deduce that

Jén(ﬁn)(v):/ AﬂnAvdw—/ g+(ﬂn)vdx+/
RN RN

e, (Un ) g—(Up )v dz
]RN

— AugAv dx — / g+ (up)vdzr + / g—(up)vde.
RN RN RN
Each u,, is a critical point of .J; , since so is u.,, (translation invariance), hence

Aquvd:E:/ g(up)v dx,

RN RN

i.e., ug is a weak solution to (1.1). By Lebesgue’s dominated convergence theorem one may show that
G () — G_(ug) ae. in RY,
as n — oo, and, on the other hand,

2% / G () do = 2°*
RN

where we used the fact that u,, € M., (5.1) and (5.10). By Fatou’s lemma and by the above

G () dx — / |AT,|? dz < ¢ <sup HﬂnHDQ,z(RN)> < 00,
RN RN n>1

G_(ug) dz <liminf G () dx < oo,
RN n—o0 RN

namely, we have shown that G_ (ug) € L'(R"). By the Pohozaev identity, we infer that ug € M. Lastly,
we show that J(ug) = inf g J. We use the weak 1.s.c. of the norm and (5.10) to find that

11 ) (1 1 .
=(Z = < -
J(ug) <2 2**> /RN|Au0| dm_lhnilonof <2 2**>/RN | Ay, |* dx

o 1 1 2 :
_lhni)gf <§— 2**>/RN |Au, | dwgljl\l/lfj.

6. Biharmonic logarithmic inequality

LEMMA 6.1. Ifu € D*?(RN) and [n |u|? dz = 1, then

1/2
/ \Vul|? de < (/ | Aul? dm) .
RN RN

PROOF. We rely on ideas from [4]. Let us define the Fourier transform u of « (whenever possible) as

a(e) = ﬁ /R @) dr, RN,
If u € D*2(RY) and [ |uf? dz = 1, then u € H*(R") and by the Plancharel theorem
[ull 2@y = [l L2 @y
IVaull 2@y = [IVull 2@y = 1168] 2@,
AUl p2@ry = [1Bull 2@y = 11€PEl L2gy)-
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By the Cauchy—Schwartz inequality we get

([ eora) < ([ reraera)” ([ mora)”

and the assertion follows with the non-strict inequality. Recall that the equality in the Cauchy—-Schwartz
inequality holds if and only if |¢|?%(£) = \u(€) for some A, what implies % = 0. Hence the inequality in
the statement is in fact strict. U

Proof of Theorem 1.4. Observe that the following inequality holds

N
(6.1) (/ |Au|2d:n> > CNlog/ |u|?log |u|dz, for any u € D*?(RY),
N
where .
Y e
C(N,logz2 (5_2**) (lIlfJ)N

Indeed, it is enough to consider u € D*%(RY) such that [,y |u|2 log |u| dz > 0. We then obtain u(r-) €
M, where

<2** fRN |u|? log |ul d:n>1/4
ri= .
Jan 1Aul?
Hence J(u(r-)) > infaq J and we get (6.1).
Now note that (6.1) is equivalent to

N
(6.2) (/ | Aul® dx) M > Oy oy max {6_0‘2** / le®ul* log |e®u| dx}, for u € D?(RY).
RN aeR RN

Assuming that fRN |u|? dz = 1, the maximum of the right hand side of (6.2) is attained at o = % —

Jan [u]?log |u| dz. Hence we get
N
N -4

log </]RN | Aul? dx) > 10g(CN 1og) — @2 + 2a + log (%)

that is

N N—4 8
1 Auf?dz) > 1 — ’1
N1 og(/RN| ul daz) > log (C’N,log 5 )—I—N 4/ |u|*log |u| dz

%log (/N \Au!zdw> >
R

thus (1.7) holds.
We show that the constant in (1.7) is optimal, i.e., there is u € D*2(R") such that the equality holds.
First of all, notice that if u( is a minimizer given by Theorem 1.3, then for uy we have the equality in (6.1):

and

N —4
log (C’Nlog 3 _1) + /N lu|? log |u| dz
R

2 i 2
(6.3) (/ [ Auyg| d$> = C’NJog/ |ug|” log |ug| dz.
N RN
We use (6.1) for the family of functions Tacl ” ug € D>2(RV), a € R, to get
St o
(6.4) </ | Aug|® d$> > Coglluol|?s ~2e72)e / lug|? log | ———ug| dz, o€ R.
RN RN [[wol| 2

Now let us consider the function f : R — R given by

ea

N
up| da — </ | Aug|? dx)
RN

F(@) = Ctoglluo||Zs 2627270 / luo|? log
]RN

[uollz2
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Note that
N —4

I [ e B T

8 rN | [[uoll 22 l|uol| 2

On the other hand, f attains maximum at o = log(||ug||z2) in view of (6.4) and (6.3), thus

i

—4

N
r = 8 log(HugHLz)

g
[uoll 2

ug
l|uol| 2

or, equivalently,
1 N

— Augl? dz = —
Huouig/ﬂw’ Fdr ="

where we used the fact that ug € M. Therefore we obtain the equality in (1.7) for the function —=2

fluoll 2
Let us now suppose that

N 8¢ (N-4/N ) )
glog <<—CN,log(N_4)> /RN |Aul|” dx _/[RN |u|”log |u| dz

for some u € D*2(R™) such that |ull2(mny = 1. Then

N
(/ | Aul? dx) Nt = CN,loge_O‘Q**/ le%u|? log |e®u| dz:
RN RN
N—4

ior o =822 — [on [ul?log |u| da and the equality in (6.1) holds for u; := e®u. Hence J(ug) = infrg J
or

*k 1/4

2% feon [u1 | log Jur| da\
fRN |Auq|? dz '

Let us sketch the proof that u is a critical point of J. Firstly, note that, for every v € C$°(RY), G(ug+v) €

LY(RY), for G(s) := s?log|s|. Fix an arbitrary v € C§°(R”Y). We use the fact that G is C'-smooth and
the Lebesgue dominated convergence theorem to get

up :=wuy(r-) € M, wherer = <

1
lim — < G(up + tv) de —
RN

t—0 ¢t

G(uo)dx> = /]RN g(up)v dz.

RN
By the continuity, [, G(ug + tv)dz > 0, for sufficiently small |t| > 0, so (ug + tv)(r-) € M, where

<2** Jaw Gug + o) dw> 1/4
r =
fRN |A(ug + tv)|2 dz

Hence

J((ug + tv)(r-)) > iMfJ = J(ug)

or, equivalently,

(N—4)/N
2 2 RN > '

<— — ) / |A(ug + tv)]2 dx > J(u0)4/N <2** G(up + tv) dx
RN
We then proceed similarly as in the last part of the proof of Lemma 5.2 to conclude that

AqufudwE/ g(up)v dzx,

RN RN

which yields that ug is a critical point of J.
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Finally, we show the estimate of the constant C'y ;o4 from Theorem 1.7. Observe that if u € D32 (]RN )
and [pn |u|? dz = 1, then u € H*(RY). In view of Lemma 6.1 and the logarithmic Sobolev inequality
(1.8) we obtain

N 2 1/2 N 2 \2
2 2 2
/N |u|*log(|u]) dz < 1 log ~ (/N | Al d$> =3 log << GN) /N | Al dm) )

and so
8e (N—=4)/N 2 \2
<CN7,Og(N = 4)) < (ﬂeN> :
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