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Abstract

We consider elliptic systems of order 2m in dimension 2m which are generalizations of
extrinsic and intrinsic polyharmonic maps. We show the existence of a conservation law for
these systems by using a small perturbation of Uhlenbeck’s gauge fixing matrix.

1 Introduction

The regularity of critical points of geometric variational problems for maps between two Rie-
mannian manifolds attracted a lot of attention over the last two decades. The most prominent
example are the harmonic maps which are critical points u € W12(M, N) of the Dirichlet
energy

1 2
E(u) == [Vul” dvg,
2 Ju

where (M, g) and (N, h) are two smooth and compact manifolds without boundary and N
is isometrically embedded into some euclidean space R". They solve the elliptic system

—Au = A(u)(Vu, Vu),

where A is the second fundamental form of the embedding N < R”. The Dirichlet energy is
scaling invariant in dimension two, which is called the critical dimension, and it was shown
by Hélein [10] that weakly harmonic maps are smooth in this case.
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This result was substantially extended by Riviere [15] to more general elliptic systems of
the form

—Au=Q-Vu,

where Q € L2(B?, so(n) ® A'(R?)) and B? denotes the unit ball in R2. Riviere obtained
the regularity of weak solutions as a consequence of a conservation law which he derived
using the antisymmetry of Q2. The key ingredient here was the use of the Uhlenbeck gauge
fixing result [20], see Theorem 3.2. Note that the Euler-Lagrange equation of all quadratic
and conformally invariant variational integrals satisfies an equation of the type above. We
sketch a version of this result in Sect. 3.

The regularity result of Hélein was than extended to the so-called weakly biharmonic
maps in R*, i.e. critical points of the functional

1
Er(u) = 5/ |Au|? dvg
M

by Chang-Wang-Yang [3] for spherical targets and by Wang [21] for general targets. Later,
the second author and Riviere [14] were able to show a conservation law for a suitable
generalization of the biharmonic map equation in the spirit of the before mentioned paper of
Riviere. A modified version of this conservation law was later obtained by Struwe [18].

De Longueville and Gastel [5] recently extended this result to systems of order 2m in
the critical dimension. The motivating example behind this system are the m-polyharmonic
maps u € Wm*z(Bzm, N), which are critical points of the functional

1
Ep(u) = 5 /Bzm V™ ul* dv,.
The Euler-Lagrange equation for E,, was calculated by Angelsberg-Pumberger [1] resp.
Gastel-Scheven [6]. In the latter paper the authors also showed the regularity for these critical
points using Hélein’s moving frame technique.

In the following we consider systems of the from

m—1 m—2
AMu =" ANVi, du) + ) AFS(widu). (1.1)
k=0 k=0
with coefficient functions
wy € Wkt2—m2(p2m pnxny fork € {0, ...,m — 2},

Vi € WkHI=m2(p2m mrxn o AlR2My - fork € {0, ..., m — 1}, where
VO :dn+ F, ne W27m,2(32m,s0(n)), Fe sz’"’%s](gz’”,[[{”x" ®/\1R2m).

It was shown by De Longueville and Gastel [5] that m-polyharminic maps are solutions of a
system of this type. Note that the definition and the basic properties of the negative Sobolev
spaces arising in this equation are collected in Sect. 2.

In our main Theorem 2.13 we establish a new conservation law for systems of the form
(1.1). The novelty here is that we use a small perturbation of the gauge fixing matrix P in a
suitable variant of the Uhlenbeck result, see Theorem 4.1.

The paper is organized as follows. In Sect. 2 we recall some basic definitions and proper-
ties for negative Sobolev and Lorentz-Sobolev spaces and we show a suitable higher order
generalization of the Wente Lemma. Moreover, we state and comment on our main Theorem.
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In Sect. 3 we review the second order case of our main result, a proof of which was already
sketched by Riviere in [16].
In Sect. 4 we finally show our main Theorem.

2 Lorentz-Sobolev spaces and the main result

In this section we start by recalling the definitions of the relevant function spaces we need
in order to obtain the desired conservation law. Moreover, we show a preliminary result on
a higher order version of the famous Wente lemma [22] and we state our main result.

2.1 Lorentz- and Lorentz-Sobolev spaces

Important function spaces in our paper are the so called Lorentz spaces. They are interpolation
spaces of the classical L”-spaces and in the following we briefly collect a few properties of
these spaces. For detailed proofs see for example [5,8,11,12,19,23]. We start with a Lemma
on the Holder inequality for these functions
Lemma 2.1 (Holder inequality) Let f € LPV9'(R") and g € LP>92(R"™) with % + p% =
3o ar g =g and p1.p2 € (1,00), q1, g2 € [1, 00l Then

fgllLramny < Il fllLrva @nllgllLraa ey .
Additionally, we also need the following estimates.
Lemma 2.2 Let f : R" — R be measurable.

1. Letl < p<ooandl < g < Q < oo. Then we have

S llLro@ny = cllfllLramn).

2. Letl < p< P <00, 1=<gq1,q <ooandlet 2 CR" be bounded. Then we have

1_1
fllzrar@) < clQIP PP g)-
_Next we come to Lorentz-Sobolev spaces. If a function f € LP9(R") has derivatives
D’ f e LPA4(R") forall 1 < j < k € N, then f is an element of the so-called Lorentz-
Sobolev space wk.p-a(R").

Definition 2.3 Letl < p <00, 1 < g <ooandk € N.Let f € LP9(R") be k times weakly
differentiable and for all multiindices o € Nj with o] < k let gyl f € LP4(R).

Then f is an element of the Lorentz-Sobolev space W*7-4 (R") with norm

glal
WA llwerany ==Y

0%1x7...0% x;
0<lal<k ! n

LP-4(RM) .
We have a generalized Sobolev embedding theorem for these spaces.

Lemma24 Letk,neN, 1 <p < %andl < q < 0. Then
WkPa(B") s LP"(B")
1 L, k- .
for =5 with the estimate

WA Lot any < Wl flwtpacgny — forany f e WoPe(B"),
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Similar to Lemma 2.1 we have a product estimate for Lorentz-Sobolev functions.

Lemma25 Let s,k € N, p,p',q,qg ¢ Rwithl < p,p',q,q < oo, kp < n,sp’ <

n,s < k,t = npp’ > > 1 and % = min{% + %, 1}. Further let B" C R". If

P
n(p+p"—kpp"
f e Wkra(Bmy, ¢ e WP 4 (B"), then

fg € WH(B")
and
Ifgllwseucpny < Il fllwkrapnl18llws.ra pn)
with ¢ = ¢(B").
Furthermore, we need an optimal Sobolev embedding result.
Lemma2.6 Let B CR". If f € W1 (B), then [ is continuous on B".

Later on we also use Lorentz-Sobolev spaces W k.14’ These are distribution spaces and
for p, g > 1 they are the dual spaces of W574.

Definition 2.7 Let 1 < p, g < oo, % + # = é + % = land k € N. Then W_kvp’q(B") is
the space of distributions ® € (C2°(B"))’ such that

|q>[f]| SC”wak,p’.q’(Bn) Vf S CLOO(Bn)
Each element of W —%7-9 has a representation in terms of derivatives of Lorentz functions:

Lemma2.8 Letrl < p,q < o0, k € N, B" C R" and f € W5P49(B"). Then there exist
fo € LP9(B™) so that
f=Y 0"fu

lo| =<k

Note that this representation is not unique. We define the norm on W=5P4(B") by

1wty = inf § Y W fallerapn s f =) 0% fa

| <k | <k

The definition of negative Lorentz-Sobolev spaces as dual spaces does not hold for p, g =
1 since LP!, L?" are not reflexive. In this case we define the space w kPl a5 follows

Definition 2.9 Let 1 < p < o0, k € N. Then

W—k,p,l(Bn) =1f= Z 0% fo: fu € val(B”)

|| <k

with norm

W w-rkriggny =10F 3 > | fallppign : £ =D 0% fa

|| <k la| <k

Finally we have an embedding theorem and a Holder inequality.
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Lemma2.10 Let B" C R, 1 < p <n 1 <q < p, l,s,t € Ngwithtp < n and
_ _np_
f e WSPa(B" AIR"). Then f € W~ T =54 (B" ATR") and

11005225 < €l s oy

Lemma2.11 Lets,t € N, t <s, 1 < p,p' < oowith%—l—% <landtp <n, sp’ <
n, 1<q,q <oo.Let f € W "P4(B")Yand g € W' (B"). Then

fg e WTEY(B)

’
with x = L — and% = min{l,

m } Further

1 1
aq
1f8llw-rxyny < cllf lw=p.ac8ml18llys.p ' (gny-

More details about these spaces and proofs of the above results can be found in [4].

2.2 A generalized Wente lemma

A key ingredient in the proof of the main Theorem later on will be the following Wente-type
lemma in the spirit of Bethuel and Ghidaglia [2]. A fourth order version of this result can
already be found in [14].

2m
lemma212 Let 0 > 0, f e L =01 (B2 R") for |y| < m —2 and P €
Wm2(B2™ SO (n)) with [ldP||ym-12 < o. There exists o9 > 0 such that if o < oy

. . . 2m—1, 5201 pom
there exists a unique solutionu € W m=T=-y["*(B“™ M (n)) of

m—1 _ . 2m
:A(A w-P) =8f  in B>, o

Ay =0 on dB¥ forj=0,..,m—1,
with

2m—1
1D ull o + lull oo gamy < clIf]

2m .
L2m=T1=Ty ‘I(BZm) L?m—l—yl’l(BZm)

Proof The boundary conditions determine a solution u of (2.1) uniquely. To see this we
assume there exist solutions u;, us and we let v := u; — uy. Then A(A" v . P) = 0.
Testing this equation with A”~!v . P and integrating by parts gives

0:/ A(A’”*lu-P)(M*lu-P)z—/ ID(A™ 'y - P)J2.
BZm BZm

Thus we have D(A” v P) = 0 and therefore A"~ 'v. P = const. Because P is invertible
and A"~y = 0 on dB>" we get A"y = 0. Iteratively we get v = 0 and thus u; = us.
Now we approximate f by f € C° (R>™) so that f = 0 on R*" \ B*>" and

Il cllf1l

1L2m=1=Ty] 1 [yT> (le) LQ%*\V\’I(BZ'").
Standard L?-theory and interpolation results (see [11] Theorem 3.3.3) yield
cllfll

DA™ uP)|| _ow
L2m=1=[y]" (BZ ) L2m ] [yl (BZ'")
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With Hoélder’s inequality for Lorentz spaces and the embedding theorem we estimate

DA™ Ul on |
L2m=1=[y[" (BZM)

2m—2
a C( LZWE?L\VI’I(BZW:) I u” 2 w12 ||d ||L2m,2(32m)>
u dP||yyn-r. .
(”f“Lm ( + || ||W2m—1,2#"7|y‘,1(32m)” ||Wm 12(32)}1))

We interchange derivatives and apply the Calderon-Zygmund inequality
102" u|

2m 1
L 2m=1=Ty[" (32’”)

c u dP —1, .
= <||f||L2mE+|y['l(32’") +1l ||W2’"_1’?#ily\=l(32m)” [l ym IZ(BZm)>

Since ||d P||ym-12(g2my < o we absorb the second term to the left-hand side. The density of
C?O(Bz’”) in L?+4(B%™") finishes the proof. O

2.3 The main result

Before we are able to state our main result we introduce some more notation. Let AXR2" | k €
Ny be the space of k-forms on R>" . Further let

d: WhP@RY™, AFR2™Y S PR, ARFIR2M)
be the exterior derivative and
§: WhP @™ AFRP™) — LP (R, AR
the codifferential. We have dd = §§ = 0 and the Laplacian is given by
A=dé+éd.

If f is a function, the exterior derivative of f is just the gradient V f. Let 0 < k < 2m with
k € N, then we let

AKR2M _y \2m—kp2m
be the Hodge-Star operator. For a k-form » we have
dw = (=1)?mEDH 4 4w 2.2)
and
% (—l)k(szk) c AKRZM _y AKR2ZM 2.3)

(seee.g. [13]).
The following is the main result of this paper.

Theorem 2.13 Assume m > 2, n € N. Let coefficient functions be given as
wy € WHF2—m2(g2m Xy fork € {0, ....,m — 2},
Vi € WkHl=m2(g2m guxn g AIRZMY  fork € {0, ..., m — 1}, where
Vo=dn+F, neW*™2(B™ so(n)), FeW>™uin!(B2m R™" @ AIRZ™)
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We consider the equation

m—1 m—2
AMu =" AV duy + > AFS(wedu). (2.4)
k=0 k=0

For this equation, the following statements hold.

(i) Let
m—2 m—1
o = Z ||U)k||w2k+2—m42(32m) + Z ||Vk||W2k+]’m‘2(Bzm)
k=0 k=1 2.3)
+ lInllwz-m2gomy + ||F||szm,,3$1,1(32m)'

There is o9 > 0 such that whenever o < oy, there exist & € W™2 N L°°(Blz7‘2; M(n))
with

||8||W’"12(B]275) + ||5||Loo(312712) =< co,

a function P € W’”’Z(B]/z; SO (n)) and a distribution B € Wﬁ;m’z(BlZ%, R"™" &
AZR2™MY which solves

m—1 m—2
8B =Y AN((id+e)P)Vi — Y dA*((id + &) Pywy +dA™ ' ((id + £) P).
k=0 k=0

(ii) A function u € W”"Z(Blz;"z, R™) solves (2.4) weakly if and only if it is a distributional
solution of the conservation law

m—1 m—2
5[ Z AN(Gid + &) P)A" T qu — Z dAY((id + &) PYA™ 1y
=0 =0

3
\
L
T
L

- AN(id + &) P)AFI"1a (v, du)

~
Il
=}

3
|
~ o~
|l
—_ O

dA'((id + &) P)A* =YV, du)

+
Nng

3

|

N

= |l
<)

Al(id + &) PYd A7 s (widu)

i
]

3
|
8]
~ o~
!
—_ O

+

dAY((id + &) P)AF'"1 s (widu) — (B, du)] =0. (2.6)

~
S
—
Il

(iii) Every weak solution u of (2.4) is continuous.

A different variant of this result has been obtained earlier by Lamm and Riviere [14] in the
case m = 2 and by De Longueville and Gastel [5] for general m. The key difference to these
papers is that we use a small perturbation (id + ¢) P of the Uhlenbeck gauge matrix P, see
Theorem 4.1, to establish the conservation law. This Ansatz highlights the strong connection
between the conservation law and the matrix P more explicitly than the previous papers.
Another new ingredient in our approach is Lemma 2.12, a generalization of an estimate by
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Bethuel and Ghidaglia [2], which we use instead of a Wente type result for the poly-Laplace
operator. This allows for more general elliptic operators in divergence form and simplifies
the argument.

We also remark that in a recent paper by Guo and Xiang [9] it was shown that weak
solutions of (2.4) are not only continuous but even Holder continuous for some positive
exponent.

3 Second order case

In this section we briefly review the second order case of the main Theorem 2.13. We will not
discuss the original proof in [15] but we will focus on Riviere’s subsequent idea to establish a
conservation law by using a small perturbation of the Uhlenbeck gauge matrix P. This proof
was already sketched in [16], chapter VI, but since we will follow the same strategy in the
proof of our main Theorem we decided to include this argument here.

Theorem 3.1 Let n € N and N be an oriented submanifold of R". Let u € W-2(B?, N) be
a solution of

—Au=Q-Vu, (3.1)

where Q@ € L*(B%, so(n) ® A'R?) and let o := [|R2]| ;2. There exists oo > O such that
whenever o < oy, there exist & € WH2 N L®(B2, M(n)), P € WL2(B2, SO®n)) and
£ € WH2(B2, so(n)) with

el o2y + 1IVEN 282y + 1E w1282y + IV Pl 2(2) < cO,
and B € W'2(B?) that solve
VLB =VeP — (id + ¢)V*EP.
Further u solves (3.1) if and only if it is a solution of
—div((id + €)PVu) = V*B - Vu
and u is continuous.

The proof of Theorem 3.1 relies heavily on Uhlenbeck’s gauge theorem, see for example
[15,17,20].

Theorem 3.2 [Uhlenbeck gauge] There exists ¢ > 0 and ¢ > 0 such that for every Q €
L?(B2,s0(n) ® AR?) satisfying ||2|| 2(p2) < o there exist P € Wb2(B2, SOn)) and
Ee WI'Z(BZ, so(n)) such that

Q=pP'viep+plvp
and
[Elw12es2) + IV Pll2p2) < cl|Q12(p2)-

Proof of Theorem 3.1: Assume ||S2||;2(52) < o as in Theorem 3.2. Then we get P €
WL2(B2,50n)), £ € W2(B?, so(n)) such that

Q=P 'Viep+ P7'VP and
Ellwi2g2) + IV P22y < clIUlp252)-
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We multiply (3.1) with (id + &) P, where ¢ € W12 N L (B2, M(n)) and id is the identity
matrix in R”, and obtain

—({d+¢e)PAu=(id+¢e)PQ-Vu
& —div[(id +&)PVu] =[-VeP 4+ (id + ¢)(—=VP + PQ)] - Vu

& —div[(id + &) PVu] = [—VgP T (d + e)vlgp] V. (3.2)
We choose ¢ € W12 N L®(B2, M (n)) such that
div [—VeP +Gd + s)ngP] —o. 3.3)
To do this we apply a fixed point argument. Let
Y W L®(BY) — W2 n L™ (B?)
& > solution Lof (3.4)

where

{div[VAP] =V((id+&P)-V'E inB (3.4)

A=0 on 3 B2.

Letey, e € W"ZOL“(Bz) and ¥ (e1) = A1, ¥ (&2) = A be the corresponding solutions
of (3.4). Then A := A1 — A; solves

{ div[VAP] = V((¢; —&)P)-V*&  in B2,
A=0 on 3 B2.

Since P takes values in S O (n) it satisfies the assumptions of Theorem 1.3 in [2] and we have
||A||LOO(32) + ||VA||L2(32) = C<||V81 - V52||L2(BZ)||P||L°<>(B2)

+ller — 82||L°°(32)||VP||L2(32)) “NIVEI 22y
< co ([IVer = Veall 2y + ller — e2ll00(52)) -

For o small enough we conclude that v is a contraction. To show that v is a self-map from
a small ball in W2 N L>(B2) into itself, we use again Theorem 1.3 in [2] to get

Al Lo g2y + VA 282y < lIVEN 282 (11 Vel 1252
+ (L llell oo )V Pl 2c2))-

The Banach fixed point theorem yields a unique ¢* € W2 N L°(B2, M(n)) solving (3.4)
and hence also (3.3) and with the estiamte above we get

||5*||L°°(BZ) + ||V5*||L2(32) = co.
By the Poincaré lemma there exists B € W2 (B?) such that
VLB = —Ve*P + (id + ¢")V*EP
and (3.1) is equivalent to

—div((id + £)PVu) = V*B - Vu.
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Now that we have our equation in the desired divergence-free form, we can show the continuity
of the solution u using the Hodge decomposition (see Corollary 10.70 in [7])

(id + € )PVu = VV + V+W
and arguing as in [15]. O
4 Proof of theorem 2.13
We split the proof of this result into several steps and present each step in a separate subsection.

4.1 Gauge fixing

Following the work of de Longueville and Gastel in the proof of Theorem 4.1 (i) in [5] we
repeatedly solve Neumann problems to find Q2 € wmn=L2(B2m so(n) ® AYR?™) such that

A"728Q=—n in B” and 4.1)
||Q||Wm—l,2(32m) < C||T]||W2—m,2(32m) < co. (42)

Next we need the following higher order version of the Uhlenbeck gauge fixing result which
is due to De Longueville and Gastel.

Theorem 4.1 [Theorem 2.4 in [5]] Assume that m,n € N and B, C R* is a ball of radius
r. Then there is ¢ > O such that for all Q € wn=L2(B,. so(n) @ AIRZ™) satisfying

2 ym-12¢p,) < &
there are functions P € W””Z(B,/z; SO n))andé € Wm'z(B,/z, so(n) @ AZR¥™) such that
Q=rPrdP ' 4 Psep! (4.3)
holds on B, j>. Moreover, we have the estimate

||dP||Wm_1'2(Br/2) + ||8E||Wm—l.2(3r/2) < C||Q||Wm—l.2(3r). (44)

We apply this result for o > 0 sufficiently small, and get & € W”"Z(Blz;"z, so(n) @ A2R¥™M)
and P € Wm'z(BIZ;"z, SO (n)) such that

dP = PQ —86P and

4.5
1Pl + 1 sz < €lilmrzgony. 4
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4.2 Rewriting the system

Welete € W2 N L°°(B1/2, M (n)) and we multiply (2.4) with (id + €) P and calculate

m—1 m—2

(id + &)PA"u = (id + s)P[ Z AV, du) + Z AkS(wkdu)j|
k=0 k=0
m—1 m—2
& [ Z A (Gid + &) P)Vy — Z dAX((id + &) P)wy +d A" ((id + e)P)] -du
k=0 k=0

m-l m—2
= 5[ Z Al((id + &) P)A" " du — ZdA[((id +e)P) A"y,

1=0 1=0

m—1k—1
> Al(id + &) P)A T d (Vi du)

k=0 [=0
m—1k—1

+ > Y dA!((id + &) P) AT (Vi du)
k=0 [=0
m—2 k

- Z Z Al((id + &) PYd A8 (widu)
k=0 [=0
m—2k—1

+ dA((id + e)P)Ak—’—la(wkdu)]. (4.6)
k=0 (=0

The right-hand side of this system is already in divergence form, hence in order to obtain a

conservation law we need to find e € W2 N L°°(Blz7’2, M (n)) such that

m—1 m—2
5[ > A¥(id +e)P)Vi — Y dAN((id + &) Pywi +d A" ((id + s)P):| =0 4.7
k=0 k=0

on BIZ;"Z Asin Sect. 3 we want to apply a fixed point argument to solve this problem. However
to do this we need to have a certain control on the terms in (4.7) and the terms involving Vy
are problematic. We know that Vy = dn+ F and we control F' € w2 %'I(BZ’") by (2.5)
but dn € W="2(B?") is a priori not bounded. Thus our goal is to remove d7.

To do this we take a closer look at dA™~1((id + £) P) and note that we can rewrite the
highest order term (id + €)d A™~1 P so that it cancels (id + &) Pdn in (4.7). To see this we
use (2.2), (2.3) as well as (4.1) and (4.5) .

dA"'P = dA™ 25 (PQ — 86 P)

=dA"2(dPQ) +dA"2(P§Q) — dA" 2 (xd * (xd * & P))
2m—2 ) )

= > aVIPV"TIIQd(Py) +dA" P (x(d % & AdP))
i=1
2m—2 ) )

= Z iViPV2TIQ —dPy— P(Vo — F) +dA™2(x(d x € AdP)),
i=1
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125 Page 12 of 23 J.Horter, T.Lamm

with constants ¢; € Ng, 1 <i <2m — 2 and

k A%, if k even,
Vvt = k—1 .
2, if k odd.

Plugging this back into (4.7) and rearranging we get

2m—2 2m—2
AA" e . P) = 5[ = Y &GVievITip —(id +s)( > VPV
j=1 i=1

—dPy+ PF +dAN" " 2(x(d % £ A dP)))

m—1 m—2
=Y ANGd +e)P)Vi+ Y dAM((id + s)P)wk] in BYJ3.
k=1 k=0
(4.8)

where ¢; are constants in Ng. Now that we have removed the “worst” terms we want to
examine this equation further and take a closer look at the function spaces of the summands.
We separate the € component from the rest and use the embedding results for Lorentz-Sobolev
spaces in Lemma 2.10 and Lemma 2.11 repeatedly. We use the notation D¥ AxD! B for any
linear combination of D¥ A and D' B and D denotes the full derivative. For the first term we
have

2m—2 2m—2
Z ng*D2m—l—jP — Z Wm—j,2 . W_m+l+j’2,
j=1 j=1

For the third and fourth term we get

2m ]

(ld + E)dpn — LOO . Wmfl,Z . szhl,z s LOO . W2—m mi1

2m l

(id+ &)PF = L® . L® . W2 mir

The second term is of the from

2m-3
(id + 8)( Z DI QxD*"27i p 4 Q*Dzm—zp)
j=1

2m—3
— Z L. Wmflfj,Z . W7m+2+j,2 + L. Wmfl,Z X W27m,2
j=1
m—2 ) 2m—3 )
. m i 2143
s Z L. w2t ] + Z L® . wm i mteged

j=m—1
2m 1

_i_LOOW/2 e

2,
c_)Loo W2 mmi’] 1

where we used Lemma 2.11 in the first step and Lemma 2.10 withs = m —2 — j, p =

mﬂnﬂ,t=jforj=1,...,m—2ands=—m+1+j, p=#,t=2m—3—j
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for j =m — 1, ..., 2m — 3 in the second step. The fifth term follows in the same way

2m—2
(id + &)dA""* («(dP Ad % §)) = (id +&) Y DI&«D™ '~/ P
j=1
2m—2
— Z L. Wm—j,2 . W—m+l+j,2
j=1
< L. Wrmatn !,

2m

For the last two terms we apply again Lemma 2.11 and 2.10 withs = m — 2k — 1, p =

oy 1 =2k—jfor2k+1—m <m—2k+jands =2k—j—m, p= 52— 1 =
2m — 2k — 1form —2k+ j <2k+1—m.
m—1 m—1 ,2k—1
Y Afd+e) PV =Y < 3" DIexD* TP 4 (id + &) AFP + AksP> Vi
k=1 k=1~ j=1
m—12k—1 m—1
— Z Z Wm—j,Z . Wm—2k+j,2 . W2k+1—m,2 + Z L. Wm—2k,2 . W2k+l—m,2
k=1 j=1 k=1
N Z Wwm—i2 | yktlom g

Jj.keN, j<2k—1, k<m—1
2k+1—m<m—2k+j
T Z W2 . m=2k+j e

Jj.keN, j<2k—1, k<m—1
m—2k+j<2k+1-—m

2 2
+ Z L0 y2kHlom, gy Z L® . W2k s |

keN, k<m—1 keN, k<m—1
2k+1—m<m—2k m—2k<2k+1—m
2m—3
N Z wm—Ji-2 oy mElt)2 o poo, szm*n%ﬁl 1
j=1

and analogously

m—2
> VAK((d + &) Pyuy
k=0
m—2 2k
=> <Z D/exD* 1= P 4 (id + )5AFP + éAk8P>wk
k=0 ©j=1
m—2 2k m—2
— Z Z Wmfj,Z . Wm72k71+j,2 . W2k+27m,2 + Z L>®. Wm72k+l A W2k+27m,2
k=0 j=1 k=0
2m—3
N Z Wm—i2 yymmt+i2 y poo w2mody 1

j=l1

Observe that all terms on the right-hand side of (4.8) consist of products W™~/ .
. 2m
witl-mz2 j=1,...,2m —2and L*° - w2~ m+1°! Thus we can simplify (4.8) further
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and write

2m—2
AN e P) = 5( Z Djs*Kj + (id + 8)*K0) (4.9)
j=1

. 2m
with K; € W/H1=m2(Bim), Ky e W>~" st (BI). Moreover with (4.4) and (2.5) we
estimate

2m—2
K D UKy < co. 4.10
|| 0||W27’"'13111‘1(B]2;"2) + = || ]||W./+1 m,2(3127£) = ( )

However the equation still contains distributions. To take care of these we apply the same
technique as de Longueville and Gastel and use the representation of negative Lorentz-
Sobolev spaces (see Lemma 2.8).

2m
&= Z 0%y, saeW2m71’2’"*1*\a|'1(3127§),
lee|<m—2
2m_
Ko = Z 3*K(, KgGLn1+]’1(B]2712)7 4.11)
loe|<m—=2
Kj= ). O"Kj. KjeLXBip.
loe|<m—1—j
Together with (4.10) we get
D Kl < cllKjllyisionzg, < co
le|<m—1—j
4.12)
KN 2n < cllKoll_ 5, 2m < co.
|a|§72 0 Lm+|’1(B127£) w? ’m+l'1(312712)

Note that we assume & € W’"+]’mz%’1 for this representation, which is slightly better than
the original assumption ¢ € W2 N L>°. We will see that we can solve (4.8) in this better
space and since W’"'H’"?%’l (B¥"y < W™2 N L%°(B?") we get the desired result.

This new representation allows us to shift derivatives away from the distributional part.
Let cqy, cgy € Z. With the product rule we getfor j =1, ...,m — 2

DiexKj= > DIo%eexd’Kl =Y Y 97(cp, 877 0" DIeaxK?)
la|<m—2 le|<m—=2 y<p
Bl <m—1-] Bl=m—1-j

The case j = 0 follows analogously

(id+eKo= Y KJ+ > %eaxd’K}

lylsm—2 loe|<m—2
|Bl<m—2
= Z SVK())/—i— Z ZaV(cﬁyaﬂ—Va%a*K{f).
lylsm—2 le|<m—=2y<p
|Bl<m—2

Forj=m—1,...,2m —2with |o| < j+ 1 —m we get

DiexKj= Y DIg%xKj= Y > 3" (cayD/eaxd* 7 K}).

la|<m—2 la|<m—2y=<a
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If |¢| > j+1—m we choose 8 < o with || = j + 1 —m and

DiexKj= Y D/3%y*K;

loe] <m—2

Yo Y 97 (cpyd* P DIegxd? TV K).
lo|<m—=2  y<p
|Bl=j+1-m
We rewrite the left-hand side of (4.9) in the same way.

A" e Py= " AA" 9%, - P)

lo|<m—2

> > 0 Alcay A" eqd* Y P)

la|<m—-2y=a

DA ey P+ YD 0 Alcay A 600V P).

lyl=m=2 le|<m—2y <o

For the last term note that P € W™ 2(Bl 20 SO (n)). Thus we identify P with Ko,,—; and
write

DD 0 Alcay A 60TV P)

la|<m—-2y<a

1
:5[ Yo N (cayDZ’"*Z*"sa*a“*VDI*"KQm_I)}.

la|<m—-2y<ai=0

Putting all of this together we get an equation equivalent to (4.7)

Y A" ey, - P)

lylsm=2
:3[ SO KD+ DY 97 (cpy PV 0% aK])
lylsm—2 lal<m—2y<B
|Bl<m—2
m—2

+3 Y Y 97 (cpy 970" DI egxK?)

j=1 Ja|=sm=2 y=p
[Bl=m—1-j

2m—2

+ D Y Y 07 (Cay D eV K )

j=m—1 |a|<m-2y=a
lorj < j+1-m

2m—2

+ Y Y Z 87 (cpy 39 P DI eoxd? 7 K })

j=m—1 |a|<m-2
\ot\>j+1 m |Bl= j+l m

1
30 3 30 (cuy DI g™ DT Ky ) }

i=0 |a|<m—-2y<«a
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We simplify this further by setting

> aVA(A’"*lsy~P)=:5[ > BV((e,K)y+Kg)} (4.13)
ly|<m—2 lyl<m—2
with
K + 1|, K i
||0nLﬁjﬁﬂ(B%) 1 K2 o,
(4.14)
<co| Y leall -1, 2 1

Im—1—Tal"! (g2
lo| <m—2 il (Bl;"l)

for every y with |y| < m — 2. To see this last inequality we use (4.12) and estimate each
term separately

K! 2 K < co;
L OHLQ#AVI’I(BIZ%) cll 0” Ty T

since Ko € Lm+" and LmH’ <> L2m=T-T 2E el (Bl/z) by Lemma 2.2. Further we have

.2
WL lBlHy =lal = 5 L

N L,-H%Tiw Lm=1=11 senill (31/2)

by Lemma 2.4 and Lemma 2 2 since |B| < m — j — 1. With Lemma 2.1 and 2.2 we have
2m

Ll 2 e poe == 7! and sincey < f

18777 0% DT ek || .
L 2m— l vl (31712)

IA

B
Neall s etz Kl
o W2m 1—j—la| |/3\+W\,2m,|,|a‘ »1(312712) J L (BI/Z)

IA

CO'||801|| 2m 12"&271”40411(32’")

The remaining terms follow in a similar way. With Lemma 2.4

w2 1=IBHly 1=l g

1 2m
> Llﬂl—lv\’ ( 1/2)
and by Lemma 2.1 and 2.2 with |B| <m — 2
2m 1 2m_ 1 2m 1
LIBI=lyI"" o [ mF1°" s [ m+BI-Iy[+1"" s

2m
==t (B 1/2)
With thisand y < 8

19577 9%ow K|

LTt
< C||£a|| 2m I—la|= B+, 2m ‘a‘ '||KO ||L2 < CO‘”Ea” 2m71’2m—2’1n—|a\’]'
For the next term we have with Lemma 2.4 and 2.1
w2 lmi gt L it emeleltiv )2 o p Pl L w2

2m
s L2m—l—\y| (BI/Z)
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so that with y < «
[| D/ eqxd* Y K || B
< clleqll SESS 1 ]||Kj||W/+1 “mty—lal2 < colleq]| w2z 2HM’1'

In the fifth term we use |B| = j + 1 — m, Lemma 2.4 and 2.1 to get

. 2
w1l 8= gy U i lem =Bl L2 ] Lm T

2
< [Tt ] (BIS)
and
1% F DI eqxdP VK| |
LT
< clléall R K G w1 =meiy-181.2
< colleall a1 p2p i
Finally we estimate for i = 0, 1 with (4.4)and y < «
1D w7 DI K| g
< ||8°’||W‘+"'2m—2'1"—\a\" ||P||Wm—|a|+\w—l+i<2 < CU||<9a||Wzm_1.2m},r[‘a‘.1
and this proves (4.14).
4.3 The fixed point argument
Instead of solving (4.13) we solve the system
A(A’"_lsy - P) =35 ((e, K)y"’Kg) for every y with |y| <m — 2. (4.15)
To do this we apply a fixed point argument: Let X, := {u € M (n) : ||ul| I ]( 1/2)
< oo} and X = @|y|<m—2X, . We define maps ¥, : X, = X, by
Yy : &y, > solution A, of (4.16)
with
{A(Aml)\?, -P) =6((e.K), +K}) inBI, 416
Al )y, =0 on 8312/2 forj=0,....m—1.

LetA =3 cyoryand & =3 _, ,é&y, where 1, is a solution of (4.16) for every y
with corresponding &,,. Let ¥ = @), |<n 2V, and

A 2 1
=3y = Y D™ eyl

lyl=m—2 Lt ay
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We apply Lemma 2.12 and (4.14) to estimate

D> N1l om <cll(e, K)y + K
L2m=T1=Ty]" (3212) Z—IT (312712)

<co E € 2 +1
= || V||W2m—1,2m7'{i‘y‘.I(Bzm)
lyl<m—2 172

<cio(u+1).

"
We choose o < 2o (o get

[1A11x

N\t

2

Next we show that v, is a contraction. Let AL )\f, be solutions of (4.16) with 5},, 2

respectively. Then A, := )L)l/ - }»f, is a solution of
AN, - P) =58((e' =€ K),) in Bl/z,
AN, =0 on dB{/y for j =0, ...,m — 1.
Applying Lemma 2.12 and (4.14) again yields

L2m 1 vl (B2m)

<co Z ||8 _8 || 2m 12m 1 w le
lyl=m—2 ‘

")
With this we have
121 = 22|1x < col|8! — 8%|x.

Choosing o0 < mln{m f} shows that W is a contraction. Now we can apply the

Banach fixed point theorem which yields a unique £* € X solving (4.15) and by Lemma
2.12 and (4.14)

*
E & 2 < co.
|| y”wzmil‘Wm—M‘](BZm) -
lyl<m—2 172

Thus we have
0=5(damtes - P — (e, K)y + K] ) .17)

for every y with |y| < m — 2. What is left to show is that these 8; are the Sobolev functions
in the representation (4.11) of ¢ and this ¢ solves (4.7).

4.4 Going back to the original system

In order to go back to our original system, we reverse the abbreviations we made at the
beginning to get a detailed look at (4.17). To do this we go back to (4.8). As we have seen
before, each term of this equation is a product of a distribution and a Sobolev function.

2m
More precisely, the terms are of the form L - W2~ w=T and W™ —k.2 . w—m+l+k2 j —
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1, ..., 2m — 2. We use the following representations for the distributions according to Lemma
2.8

FP —dA"™28(QP) + dA" 28QP — dA" 2(x(dP A d % £))

= Z <FP —dA"T2S8(QP) + dA"T2QP — dA" T2 (x(dP A d % g))) ,

la|<m—2

o
(FP —dA"28(QP) +dA"T2SQP — dA" T2 (x(dP A d * g))) e Ll (B

APV = Z APV, (AFPV)Y € Lutr! (Bif3). k #0
Jor| <m—2

dNPw = " 0%(dAF Py, (dAPwy)® € Lt (B Bi3)
|| <m—2

v*=lp .y, = Z I (VET PV, (VR Py ELZ(Bl/z) k #0

la|<m—1-1

v2k+1—lP Cwy = Z aa(v2k+l—lpwk)a’ (V2k+1 lek)ol = L2(B1/2)
la|l<m—1-1
V2m—1—kP — Z aa(v2m—1—kp)a’ (v2m 1— kP)Ol = LZ(BI/Z)
la|<m—1—k

Then we shift derivatives to get an equation of the form Z\y|§m72 07(...), =0asin (4.13).
Using this we see that (4.17) is equivalent to

0= 5|: Z Ck’ayaa—yvkaﬁSE(VZm—l—kP)a

1<k<m-2
lo|<m—1—k

+ Z Chay VEetge v v2m=1-kp

m—1<k<2m—1
la|<k+1—m

+ Y a0 VR af vk p
m—1<k<2m—1
la|>m—1—k
|Bl=m—1—k

Y
+ (FP —dA"T28(QP) + dAT"TIQP — dA" T2 (%(dP A d % g)))

+ > 05y3ﬂ_V8“sZ<FP—dAm_z(S(QP)—l-dAm_z(SQP

lal.|Bl<m—2
B
dA"2(x(dP A d * g)))

- Z(A"PVk)V + Z Y e P 0%er Ak PV
k=0 lal.|pl=m—2

et
+3 Y a0 VI (VT PV
k=1 1<l<m-2

=<2k

la|<l4+1—m

@ Springer



125 Page 20 of 23

J.Horter, T. Lamm

m—1
+Y > aw Ve vEIPY,
k=1 m—1<l<2m-2

<2k

loe|<l+1—m

m—1
+> Y ap PVl r v Py,

k=1 m—1<l<2m-2

1<2k
la|>I+1—m
|BI=I+1—m
m—2 m—2
=Y @A Pw) =Y N e, 0P 0% (d AN Pun)?
k=0 k=0 [al,|B|=m—2

m—2
=30 Y awd* Ve (VI Puy)”
k=0 1=<I<=m-2

1<2k+1

la|<l4+1—m

m—2
=3 ) Ve VIR Py
k=0 m—1<I<2m-3

12k+1

la|<l+1—m

m—2
- ) c,_,gya“—ﬁv’e;aﬁ—yvz"“—’Pwk]

k=0 m—1<I<2m-3
[<2k+1
la|>l+1—m
|Bl=l+1—m

=5[],

1, 2m
By the Poincaré Lemma (see Lemma 10.68 in [7]) there exist B,, € WIOCZWHV‘

AZR?M) for |y| < m — 2 such that

5By =1..1,

(31275’ R

A% * p —
Now we transform &* = 3, |, ,¢) and B = 3, > By back. Then we have ¢ €

WL S (B3 M (n)) with

||8||Wm+l, 2m. .1

+|le my < CO
gy Lol

and

e= Y 9e) solves (4.7).
ly|=m=2

Further B = Y\, 2 9" By € Wi, ™2 (BYA. R™" @ A2R?™) with

loc

m—1 m—2

8B = Z A ((id + ) P)V, — Z dAX((id + &) P)wg +d A" ((id + &) P)

k=0 k=0
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and

m—1 m—2
3[ > Ald +e)P)A" ! du = Y dA (id + &) P)A" T
=0 =0
m—1k—1
=3 Ald + &) P)A T (Ve du)
k=0 [=0
m—1k—1

+ > > dal((d + &) PYA TN (Vi du)
k=0 =0
m—2 k

- Z Z Al(id + &) PYd AF71 s (wydu)
k=0 [=0
m—2k—1

+ )Y dA(id + &) P)A T 8 (widu) — (B, du)] =0.
k=0 [=0

4.5 Regularity

To show (iii) we abbreviate the conservation law (2.6)

A((id+e)PA™ 'u)+8C=0 on Byj, (4.18)

where C € W2 w411 (BYS) Since e € W1 nsT I NL®(BY), P € W™2NL™ (B
and A"y, € Wz"”’z(Blz;”z) we have

(id +&)PA"'u € W>"™2(B). (4.19)
Set f = (id + &) PA™ 'u. Then
—Af=38C onByj.

By Theorem 6.2 in [4] we get f € W37m’%’1(B;L) on a smaller ball with radius 0 < A <
1/2. Since (id + €) P is invertible we rewrite (4.19)

A" Yy =[Gd+e)P)' f

and A"y € W3_’”’r%‘1’1(3/%m). But this means u € W"’H’%’I(Bfm) and Wt ]
(B#) — C°(B™) (see Theorem 2.3 in [5]).

Up until now we have assumed that o is arbitrarily small so that it satisfies the assump-
tions of Theorem 4.1 and the fixed point argument. A priori this is not true for components
Vi, wy of a system of the form (2.4). However any solution u is continuous. To see this
we rescale u (see [4] for a detailed proof). Let xg € B and r > 0 small enough so that
uy : B¥ — R", u,(x) := u(xo + rx) is a solution of (2.4) on BZ" with corresponding
rescaled components Vi , and wy_,,

m—2 m—1
Oy = Z ||U)k,r||w2k+2—m,2(32m) + Z ||Vk,r||w2k+1—m,2(32m)
k=0 k=1

+ [nrllwe-m2gomy + ||Fr||W2_m,mZ$|.1(BZm),
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o, < op and Brzm (xo) C B, By the above we have u, € CO(B%’") which is the same as
uecC O(Brzi" (x0)). A simple covering argument yields u € C 0(p2m). O
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