
 

Third order corrections to the semileptonic b → c and the muon decays
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We compute corrections of order α3s to the decay b → clν̄ taking into account massive charm quarks.
In the on-shell scheme large three-loop corrections are found. However, in the kinetic scheme the three-
loop corrections are below 1% and thus perturbation theory is well under control. We furthermore provide
results for the order α3s corrections to b → ulν̄ and the third-order QED corrections to the muon decay
which will be important input for reducing the uncertainty of the Fermi coupling constant GF.
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I. INTRODUCTION

The Cabibbo-Kobayashi-Maskawa (CKM) matrix deter-
mines the mixing strength in the quark sector and provides
furthermore the source for charge-parity (CP) violation in
the Standard Model (SM). It is thus of prime importance to
determine the parameters of the CKM matrix with highest
accuracy. In this article we address the elements Vub and
Vcb which are accessible via semileptonic Bmeson decays.
At present, the value of jVcbj from inclusive B → Xclν̄

decays is obtained from global fits [1–3]. The experimental
inputs are the semileptonic width and the moments of
kinematical distributions measured at Belle [4,5] and
BABAR [6,7], together with earlier data from CDF [8],
CLEO [9], and DELPHI [10]. The most recent determi-
nation in the so-called kinetic scheme jVcbj ¼ ð42.19�
0.78Þ × 10−3 [11] has a relative error of about 1.8%, which
is mostly dominated by theoretical uncertainties. Global
fits in the 1S scheme yield jV1S

cbj ¼ ð41.98� 0.45Þ × 10−3

[11,12].
A crucial ingredient for the determination of jVubj and

jVcbj is the total semileptonic decay rate. Branching ratios
of inclusive semileptonic B mesons were measured at B
factories with a relative precision of about 2.5% [4,13–15].
A relative uncertainty of 1.5% is obtained with the help
of a global fit: BrðB → XclþνlÞ ¼ ð10.65� 0.16Þ% [11].
Measurements are performed with a mild lower cut on the

electron energy [4], which excludes less than 5% of the
events, or extrapolated to the whole phase space based on
Monte Carlo [13,14]. A key goal for Belle II is the
reduction of the systematic uncertainties on the branching
fraction determinations, as well as to obtain more precise
and detailed measurements of B → Xclν̄l differential
distributions [16]. Recent analyses by Belle and Belle II
of leptonic and hadronic invariant mass moments [17,18]
show that a percent or even subpercent relative accuracy
can be achieved for certain observables.
With the help of the heavy quark expansion the total rate

can be written as a double series in αs and ΛQCD=mb. The
mb-suppressed corrections are obtained from higher-
dimensional operators. In the free-quark approximation,
corrections up toOðα2sÞ are available [19–27] together with
the leading β0 terms at higher orders [28], where β0 is the
one-loop coefficient of the QCD beta function. The power
corrections of order Λ2

QCD=m
2
b and Λ3

QCD=m
3
b have been

computed in [29–32] to tree-level and in [33–36] to OðαsÞ.
Also 1=m4

b and 1=m5
b terms are known, however, only at

leading order [37–40]. Note that linear 1=mb corrections
vanish to all orders. Missing higher-order perturbative and
power corrections limit the current extraction of jVcbj.
The relative size of the second order corrections to the

partonic b → clν̄l decays is about 1%–3% depending on
the quark mass scheme, with a theoretical uncertainty due
to renormalization scale variation estimated to be 1% [26],
which soon can become comparable to experimental errors.
In this work we make a major improvement in the theory
underlying B → Xclν̄ decays by computing the α3s correc-
tions to the total rate, at leading order in 1=mb. We
incorporate a finite charm quark mass via an expansion
in the mass difference mb −mc and show that precise
results can be obtained for the physical values of mc

and mb. Our analysis even allows for the limit mc → 0
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which provides α3s corrections for the decay rate
ΓðB → Xulν̄Þ.1
A process closely related to b → ulν̄ is the muon decay.

Its lifetime, τμ, can be written in the following form

1

τμ
≡ Γðμ− → e−νμν̄eÞ ¼

G2
Fm

5
μ

192π3
ð1þ ΔqÞ; ð1Þ

where GF is the Fermi constant, mμ is the muon mass and
Δq contains QED and hadronic vacuum polarization
corrections (see Ref. [41–43] for details). Note that all
weak corrections are absorbed in GF. Equation (1) allows
for the determination of GF if precise measurements of τμ
are combined with accurate QED predictions. We compute
for the first time α3 corrections to Δq by specifying the
color factors of our b → clν̄ result to QED and taking
the limit mc → 0. This allows for the determination of the
third-order coefficient with an accuracy of 15%.

II. CALCULATION

We apply the optical theorem and consider the forward
scattering amplitude of a bottom quark where at leading
order the two-loop diagram in Fig. 1(a) has to be consi-
dered. It has a neutrino, a lepton and a charm quark as
internal particles. The weak interaction is shown as an
effective vertex. Our aim is to consider QCD corrections up
to third order which adds up to three more loops. Some
sample Feynman diagrams are shown in Fig. 1(b–f).
The structure of the Feynman diagrams allows the

integration of the massless neutrino-lepton loop which
essentially leads to an effective propagator raised to an
ϵ-dependent power, where d ¼ 4 − 2ϵ is the space-time
dimension. The remaining diagram is at most of four-
loop order.
From the technical point of view there are two basic

ingredients which are crucial to realize our calculation.
First, we perform an expansion in the difference between
the bottom and charm quark mass. It has been shown in
Ref. [27] that the expansion converges quite fast for the
physical values of mc and mb. Second, we apply the so-
called method of regions [44,45] and exploit the similarities
to the calculation of the three-loop corrections to the kinetic
mass [46].
The method of regions [44,45] leads to two possible

scalings for each loop momentum kμ

(i) jkμj ∼mb (h, hard)
(ii) jkμj ∼ δ ·mb (u, ultra-soft)

with δ ¼ 1 −mc=mb. We choose the notion “ultrasoft” for
the second scaling to stress the analogy to the calculation of
the relation between the pole and the kinetic mass of a

heavy quark, see [46,47]. Note that the momentum which
flows through the neutrino-lepton loop, l, has to be
ultrasoft since the Feynman diagram has no imaginary
part if l is hard since the corresponding on-shell integral
has no cut.
Let us next consider the remaining (up to three)

momentum integrations which can be interpreted as a
four-point amplitude with forward-scattering kinematics
and two external momenta: l and the on-shell momentum
p2 ¼ m2

b. This is in close analogy to the scattering
amplitude of a heavy quark and an external current
considered in Ref. [46]. In fact, at each loop order each
momentum can either scale as hard or ultrasoft:

OðαsÞ h, u
Oðα2sÞ hh; hu; uu
Oðα3sÞ hhh; hhu; huu; uuu

Note that all regions where at least one of the loop momenta
scales ultrasoft leads to the same integral families as in
Ref. [46,47]. The pure-hard regions were absent in [46,47];
they lead to (massive) on-shell integrals.
At this point there is the crucial observation that the

integrands in the hard regions do not depend on the loop
momentum l. On the other hand, the ultrasoft integrals still
depend on l. However, for each individual integral the
dependence of the final result on l is of the form

ð−2p · lþ 2δÞα ð2Þ
with known exponent α. This means that it is always
possible to perform in a first step the l integration which is
of the form

(a) (b)

(c) (d)

(e) (f)

FIG. 1. Sample Feynman diagrams which contribute to the
forward scattering amplitude of a bottom quark at LO (a), NLO
(b), NNLO (c) and N3LO (d-f). Straight, curly and dashed lines
represent quarks, gluons and leptons, respectively. The weak
interaction mediated by the W boson is shown as a blob.

1Note that in our approach one class of diagrams for the b → u
transition is missing, namely the one where the charm quark
appears as virtual particle in a closed loop. At Oðα2sÞ these
corrections were denoted by UC [22,23].
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Z
ddl

lμ1lμ2 � � �
ð−2p · lþ 2δÞαð−l2Þβ : ð3Þ

A closed formula for such tensor integrals with arbitrary
tensor rank and arbitrary exponents α and β can easily be
obtained from the formula provided in Appendix A of
Ref. [45]. We thus remain with the loop integrations given
in the above table. Similar to Eq. (3) we can integrate all
one-loop hard or ultrasoft loops which leaves us with pure
hard or pure ultrasoft contributions up to three loops.
A particular challenge of our calculation is the high

expansion depth in δ. We perform an expansion of all
diagrams up to δ12. This leads to huge intermediate
expressions of the order of 100 GB. Furthermore, for some
of the scalar integrals individual propagators are raised to
positive and negative powers up to 12, which is a nontrivial
task for the reduction to master integrals. For the latter we
combine FIRE [48] and LiteRed [49].2 For the subset of
integrals which are needed for the expansion up to δ10 we
also use the stand-alone version of LiteRed [49] as a cross-
check. For all regions where at least one of the regions is
ultrasoft we can take over the master integrals from [46,47].
For some of the (complicated) three-loop triple-ultra-soft
master integrals higher order ϵ terms are needed. The
method used for their calculation and the results are given
Ref. [47]. All triple-hard master integrals can be found
in Ref. [50].

III. RESULTS

We write the total decay rate for the b → c transition in
the form

ΓðB→Xclν̄Þ¼Γ0

�
X0þCF

X
n≥1

�
αs
π

�
n
Xn

�
þO

�Λ2
QCD

m2
b

�
;

ð4Þ
with CF ¼ 4=3, Γ0 ¼ AewG2

FjVcbj2m5
b=ð192π3Þ, X0 ¼

1–8ρ2 − 12ρ4 logðρ2Þ þ 8ρ6 − ρ8 where ρ ¼ mOS
c =mOS

b and

αs ≡ αð5Þs ðμsÞ with μs being the renormalization scale.
Aew ¼ 1.014 is the leading electroweak correction [51]
and mOS

b (mOS
c ) is the bottom (charm) pole mass. The one-

and two-loop results are available from Refs. [20–27].
The main result of our calculation is X3. In the following
we set all color factors to their numerical values.
Furthermore, we specify the number of massless quarks
to 3 and take into account closed charm and bottom loops.
For μ ¼ mb we have

X3 ¼
X
n≥5

x3;nδn; ð5Þ

with analytic coefficients x3;n, which in general depend on
logðδÞ. For illustration purposes we show explicit results

only for the leading term which for dimensional reasons is
of order δ5. Our result reads

CFx3;5 ¼
533858

1215
−
20992a4

81
þ 8744π2ζ3

135
−
6176ζ5
27

−
16376ζ3
135

−
2624l42
243

þ 5344π2l22
1215

þ 179552π2l2
405

−
39776π4

6075
−
1216402π2

3645
; ð6Þ

where l2 ¼ logð2Þ, a4 ¼ Li4ð1=2Þ and ζn is the Riemann
zeta function. Analytic results up to δ12 can be found in
[52]. We note that the leading term given in Eq. (6) can be
cross-checked against the results from [53] where the b → c
transition has been computed in the limit mc ¼ mb.

3

In Fig. 2 we show X3 as a function of ρ ¼ 1 − δ ¼
mOS

c =mOS
b where the different curves contain different

expansion depths in δ. One observes a rapid convergence
at the physical point for the b → c decay which amounts to
ρ ≈ 0.3. In particular, the curves including terms up to δ10,
δ11 or δ12 are basically indistinguishable for ρ ≈ 0.3 which
leads to X3ðρ ¼ 0.28Þ ¼ −68.4� 0.3, where the uncer-
tainty is obtained from the difference of the δ11 and δ12

expansion, multiplied by a security factor of five.
For the numerical evaluation it is convenient to cast

Eq. (4) in the form

ΓðB → Xclν̄Þ ¼ Γ0X0

�
1þ

X
n≥1

�
αs
π

�
n
Yn

�
þO

�Λ2
QCD

m2
b

�
;

ð7Þ
with αs ≡ αð4Þs ðμsÞ as expansion parameter. In the following
we discuss various renormalization schemes for the charm
and bottom quark masses, where Γ0 and X0 are evaluated

FIG. 2. The third-order coefficient (see Eq. (4)) as a function of
ρ ¼ mOS

c =mOS
b for different expansion depth in δ.

2We thank A. Smirnov for providing us with the private
version of FIRE which was crucial for our calculation.

3After the submission of this paper, the authors of Ref. [54]
independently confirmed the terms proportional to the C3

F and
CFn2h color factors up to δ9.
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using the respective numerical values. In Table I we provide
the corresponding results for the coefficients Yn. At two
and three-loop orders we split the results into the large-β0
contribution and the remaining term

Y2 ¼ Yrem
2 þ β0Y

β0
2 ;

Y3 ¼ Yrem
3 þ β20Y

β2
0

3 ; ð8Þ

with β0 ¼ 11 − 2=3nl ¼ 9 where nl ¼ 3 is the number of
massless quarks. Note that the uncertainty of Y3 due to the
expansion in δ is of the same order of magnitude as for X3

discussed above.
For the transition of the on-shell quark masses to the MS

scheme we use the three-loop formulas provided in
Refs. [55,56]. Finite-mc effects in the bottom mass relation
are taken from Refs. [57]. The two- and three-loop
corrections to the transition from the on-shell to the kinetic
scheme are provided in [58] and [46,47], respectively. Note
that the transition to the kinetic scheme also requires the
renormalization of the parameters μ2π and ρ3D, which enter
the decay rate at order 1=m2

b and 1=m3
b, respectively. They

receive additive contributions, which enter Yi in Eq. (7)
[59,60]. The corresponding corrections up to three-loop
order can be found in [47]. Note that we assume a heavy
charm quark and thus we have ðnl ¼ 3Þ-flavor QCD as
starting point for the on-shell–kinetic relations. We use the
decoupling relation for αs up to two-loop order to obtain

expressions parametrized in terms of αð4Þs . For the decou-
pling scale we use μs. It has been shown in Ref. [47] that
there are no additional charm quark mass effects in the
kinetic-on-shell relation. For comparison we show in Tab. I
also results where the bottom quark mass is renormalized in
the PS [61] and 1S [62–64] scheme. In the latter case we
renormalize the charm quark mass both in the MS and via
the heavy quark effective theory (HQET) relation to on-
shell bottom quark mass and (averaged) D and B meson
masses (see, e.g., Ref. [63]). After each scheme change we
reexpand in αs to third order.

Note that our two-loop results for Yrem
2 differ from the

one of Ref. [2] due to finite charm quark mass effects in the
relation between the kinetic and on-shell bottom quark
mass and the renormalization of μ2π and ρ3D [47]. This leads
to a shift of about −0.5% in the leading 1=mb approxi-
mation of the decay rate and thus might have a visible effect
on the value of jVcbj.
For the numerical evaluation of the decay rate we

use the input values mOS
b ¼ 4.7 GeV, mOS

c ¼ 1.3 GeV,
mkin

b ¼ 4.526 GeV,mPS
b ¼ 4.479 GeV,m1S

b ¼ 4.666 GeV,
mkin

c ¼ 1.130 GeV, m̄bðm̄bÞ ¼ 4.163 GeV, m̄cð3 GeVÞ ¼
0.993 GeV, m̄cð2 GeVÞ ¼ 1.099 GeV, and αð5Þs ðMZÞ ¼
0.1179. We use RunDec [65] for the running of the MS
parameters and the decoupling of heavy particles. For the
Wilsonian cutoff in the kinetic scheme we use μ ¼ 1 GeV
both for the bottom and charm quark. In the case of PS
scheme we use μ ¼ 2 GeV. For the renormalization scale

of αð4Þs , μs, we choose the respective value for the bottom
quark mass.
For illustration purpose we provide in Table I also results

where both masses are defined in the on-shell scheme. It is
well known that in this scheme the perturbative series
shows a bad convergence behavior. In fact, we have
Y3 ≈ −163 whereas in the schemes where the bottom
quark mass is used in the kinetic scheme we have that
Y3 is between −1 and −29. Note, that in the scheme where
both quark masses are defined in the MS scheme the three-
loop corrections are more than twice as big which also hints
for a worse convergence behavior. The PS and 1S schemes
show a clear improvement as compared to the on-shell
scheme. However, the convergence properties are signifi-
cant worse than in the kinectic scheme in case the charm
quark mass is renormalized in the MS scheme. In case mOS

c

is expressed throughmOS
b and meson masses using a HQET

relation one observes an improved perturbative behavior.
Still, the analysis clearly shows the advantage of the kinetic
scheme which is constructed such that large corrections are
resummed into the quark mass value. In fact, all three
schemes which involve mkin

b demonstrate a good conver-

gence behavior. Using αð4Þs ðmkin
b Þ ¼ 0.2186 we obtain for

ΓðB → Xclν̄Þ=Γ0 in these three schemes

mkin
b ; mkin

c ∶0.633ð1 − 0.066 − 0.018 − 0.007Þ
≈ 0.575;

mkin
b ; m̄cð3 GeVÞ∶0.700ð1 − 0.116 − 0.035 − 0.010Þ

≈ 0.587;

mkin
b ; m̄cð2 GeVÞ∶0.648ð1 − 0.087 − 0.018 − 0.0003Þ

≈ 0.580; ð9Þ

where the different αs orders are displayed separately. Note
that in the PS and 1S schemes the third-order corrections

TABLE I. Numerical results for the coefficients Yn in Eq. (7)
for various renormalization schemes.

Y1 Yrem
2 β0Y

β0
2

Yrem
3 β20Y

β2
0

3

mOS
b ; mOS

c −1.72 3.08 −16.17 48.8 −212.1
mkin

b ; mkin
c −0.94 0.33 −4.08 −5.4 −15.4

mkin
b ; m̄cð3 GeVÞ −1.67 −3.39 −3.85 −97.7 69.1

mkin
b ; m̄cð2 GeVÞ −1.25 −1.21 −2.43 −68.8 67.9

m̄bðm̄bÞ; m̄cð3 GeVÞ 3.07 −21.81 35.17 −56.7 119.4
mPS

b ; m̄cð2 GeVÞ −0.47 −6.10 −2.31 −93.1 −7.19
m1S

b ; m̄cðm1S
b Þ −3.59 −0.98 −19.39 −39.83 −80.22

m1S
b ; mc via HQET −1.38 0.73 −7.05 5.04 −38.09
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amount to 3.4% and 3.9%, respectively, with mc in the MS
scheme. If one defines mc in the 1S scheme via a HQET
relation the third-order corrections reduce to 1%. For the
bottom mass expressed in the kinetic scheme we observe
that the third-order corrections amount to at most 1% and
they are a factor two to three smaller than the corrections of
order α2s. A particularly good behavior is observed for the
choice m̄cð2 GeVÞ where the corrections of order α3s are
below the per mille level. Its final result lies between the
other two kinetic schemes and deviates from them by about
0.9% and 1.2%, respectively.
In Fig. 3 we show the partonic decay rate as a function of

the renormalization scale μs. Figure 3(a) shows the bottom
quark mass renormalized in the kinetic and the charm
quark mass in the MS scheme. One observes that over the
whole range 2 GeV < μs < 10 GeV the dependence on μs

decreases after including higher order corrections. (The LO
order result is μs-independent by construction.) Whereas at
NNLO one observes still a 2.5% variation, it is far below
the percent level at N3LO. Fig 3(b) shows the correspond-
ing results for the 1S scheme where mc is defined via a
HQET relation.
The total partonic rate in the kinetic and in the 1S scheme

differ for the following reason. Higher power corrections
are not included in our partonic b → clν̄l prediction. In
particular the kinetic scheme absorbs μ2=m2

b and μ3=m3
b

terms from the redefinition of μ2π and ρ3D, while in the 1S
scheme we neglect higher 1=mb and 1=mc power correc-
tions when expressing the charm mass in terms of meson
masses within HQET. Only the B → Xclν̄l total rate
predictions can be compared.
In general the large-β0 terms provide dominant contri-

butions. However, in all cases the remaining terms are not
negligible and often have a different sign. In the kinetic
scheme where the charm quark is renormalized in the MS
scheme the remaining contributions are numerically even
bigger than the large-β0 terms.
It is impressive that the expansion in δ shows a good

converge behavior even for δ → 1 which corresponds to a
massless daughter quark. This allows us to extract the
coefficient X3 for the decay b → ulν̄. A closer look to
the δ10, δ11, and δ12 terms in Fig. 2 indicates that the
convergence is quite slow for ρ → 0. As central value for
the three-loop prediction we use our approximation based
on the δ12 term and estimate the uncertainty from the
behavior of the one- and two-loop [66,67] results for ρ ¼ 0,
where the exact results are known. Incorporating expansion
terms up to order δ12 we observe a deviation of about 3.5%
whereas the δ12 terms amount to less than 1%, both at one
and two loops. At three loops the δ12 term amounts to about
2%. We thus conservatively estimate the uncertainty to
10% which leads to

Xu
3 ≈ −202� 20: ð10Þ

In this result the contributions with closed charm loops are
approximated with mc ¼ 0.
In the remaining part of this paper we specify our results

to QED and study the corrections to the muon decay. A
comprehensive review of the various correction terms is
given in Ref. [42] where Δq in Eq. (1) is parametrized as

Δq ¼
X
i≥0

ΔqðiÞ: ð11Þ

Δqð0Þ is given by X0 − 1 [see Eq. (4)] with ρ ¼ me=mμ and
Δqð1Þ [41] and Δqð2Þ [67,68] are easily obtained after
specification of the QCD color factors to their QED
values (see Ref. [42] for analytic results). We introduce
Δqð3Þ ¼ ðαðmμÞ=πÞ3Xμ

3, where αðmμÞ is the fine structure

(a)

(b)

FIG. 3. Total partonic decay rate in the kinetic (a) and 1S
scheme (b) as a function of the renormalization scale μs. See test
for details. Note that the normalization chosen for the y axis is
scheme independent.
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constant in the MS scheme [42]. In Fig. 4 we show the
third-order coefficient Xμ

3 for 0 ≤ ρ ≤ 0.3. At the physical
point me=mμ ≈ 0.005 the convergence behavior is similar
to QCD. We estimate Xμ

3 using the same approach as for Xu
3

and examine the one- and two-loop behavior. Up to an
overall factor CF the one-loop term is, of course, identical
to the b → u transition. Including expansion terms up to δ12

at two loops leads to a deviation by about 8% from the
exact result whereas the δ12 term itself contributes by about
1%. The three-loop δ12 amounts to about 2%. Assuming the
same relative contribution thus leads to an uncertainty
estimate of about 15% and we have

Δqð3Þ ≈
�
αðmμÞ
π

�
3

ð−15.3� 2.3Þ: ð12Þ

In Ref. [43] the three-loop corrections were estimated
to Xμ

3 ∼ −20. With the help of Eq. (1) we obtain for
the α3 QED contribution to the muon life time
ð−9� 1Þ × 10−8 μs. This result has to be compared to
the current experimental value which is given by τμ ¼
2.1969811� 0.0000022 μs [69]. The new correction terms
are almost two orders of magnitude smaller than the

experimental uncertainty. Thus, an updated value of GF
can only be extracted once the latter has been improved.

IV. CONCLUSIONS

We have computed three-loop corrections of order α3s to
the total decay rate ΓðB → Xclν̄Þ including finite charm
quark mass effects. We perform an expansion around the
equal-mass case and demonstrate that a good convergence
at the physical point is observed after taking into account
eight expansion terms. Our result is one of the very few
third-order results to physical quantities available to date
involving two different mass scales.
We can extend our considerations to the case of a

massless charm quark and thus obtain corrections of order
α3s to ΓðB → Xulν̄Þ, although with a larger uncertainty of
about 10%. After specifying our findings to QED we
furthermore obtain predictions for the third-order correc-
tions to the muon decay. Here we estimate the uncertainty
to 15%.
The decay rate ΓðB → Xclν̄Þ is an important ingredient

for the determination of the CKM matrix element jVcbj.
However, a detailed analysis (see, e.g., Ref. [2]) also
requires the knowledge of moments of kinematic distribu-
tions. The method described in this paper can also be
applied to the calculation of such moments at order α3s,
although at the cost of significantly increased computer
resources.
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