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Abstract

In this paper we study elliptic and parabolic boundary value problems with inhomogeneous
boundary conditions in weighted function spaces of Sobolev, Bessel potential, Besov and
Triebel-Lizorkin type. As one of the main results, we solve the problem of weighted L,-
maximal regularity in weighted Besov and Triebel-Lizorkin spaces for the parabolic case,
where the spatial weight is a power weight in the Muckenhoupt Ao-class. In the Besov
space case we have the restriction that the microscopic parameter equals to g. Going beyond
the A,-range, where p is the integrability parameter of the Besov or Triebel-Lizorkin space
under consideration, yields extra flexibility in the sharp regularity of the boundary inho-
mogeneities. This extra flexibility allows us to treat rougher boundary data and provides
a quantitative smoothing effect on the interior of the domain. The main ingredient is an
analysis of anisotropic Poisson operators.
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F. Hummel, N. Lindemulder

1 Introduction

The idea to work in weighted function spaces equipped with temporal and/or spatial power
weights of the type

v =1* (teJ) and  w)9(x) =dist(x,00) (x € 0), -1)

has already proven to be very useful in several situations. In an abstract semigroup setting
temporal weights were introduced by Clément & Simonett [18] and Priiss & Simonett [75],
in the context of maximal continous regularity and maximal L ,-regularity, respectively.
Other works on maximal temporally weighted L ,-regularity are [53, 57] for quasilinear
parabolic evolution equations and [68] for parabolic problems with inhomogeneous bound-
ary conditions. Concerning the use of spatial weights in applications to (S)PDEs, we would
like to mention [1, 8, 9, 15, 16, 26, 31, 45, 52, 54, 55, 59, 60, 62, 64-66, 74, 88].

An important feature of the power weights (1-1) is that they allow to treat “rougher”
behaviour in the initial time and on the boundary by increasing the parameters p and y,
respectively. In [59, 60, 64, 68, 75] this is for instance reflected in the lower regularity of the
initial/initial-boundary data that can be dealt with. In the L ,-approach to parabolic problems
with Dirichlet boundary noise, where the noise is a source of roughness on the boundary,
weights are even necessary to obtain function space-valued solution processes [1, 31, 65].

As in [60], in this paper we exploit this feature of the power weights (1-1) in the study of
vector-valued parabolic initial-boundary value problems of the form

u(x, 1)+ A(x, D, Hu(x,t) = f(x,t), x€ O, te€J,
Bi(x',D,0u(x’,1) =g;j(x',1), x' €dl, tel, j=1,....m, (1-2)
u(x,0) =up(x), xe0.

Here, J = (0, T) for some T € (0,00), & C R" is a sufficiently smooth domain with a
compact boundary 8¢ and the coefficients of the differential operator A and the bound-
ary operators By, ..., B, are B(X)-valued, where X is a UMD Banach space. One could
for instance take X = CV, describing a system of N initial-boundary value problems.
Our structural assumptions on A, By, ..., B, are an ellipticity condition and a condition
of Lopatinskii-Shapiro type. For homogeneous boundary data (i.e. g; =0, j =1,...,m)
these problems include linearizations of reaction-diffusion systems and of phase field
models with Dirichlet, Neumann and Robin conditions. However, if one wants to use lin-
earization techniques to treat such problems with non-linear boundary conditions, it is
crucial to have a sharp theory for the fully inhomogeneous problem.

Maximal regularity provides sharp/optimal estimates for PDEs. Indeed, maximal regu-
larity means that there is an isomorphism between the data and the solution of the problem
in suitable function spaces. It is an important tool in the theory of nonlinear PDEs: hav-
ing established maximal regularity for the linearized problem, the nonlinear problem can be
treated with tools as the contraction principle and the implicit function theorem (see [76]).

The main result of this paper is concerned with weighted L,-maximal regularity in
weighted Triebel-Lizorkin spaces for the problem (1-2), where we use the weights (1-1).
In order to elaborate on this, let us for reasons of exposition consider as a specific easy
example of the problem (1-2) the heat equation with the Dirichlet boundary condition

ou—Au = f on JxO,
o =g on J x40, (1-3)
u@) =uy on O,
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where J = (0, T) with T € (0, co) and where & is a smooth domain in R” with a compact
boundary 90

In order to introduce the weighted L,-maximal regularity problem for Eq. 1-3 in an
abstract setting, let ¢ € (1,00), u € (=1, — 1) and E C D'(0) a Banach space of
distributions on & such that there exists a notion of trace on the associated second order
space E2 = {u € D/(0) : D*u € E, |a| < 2} that is described by a bounded linear operator
Trye : E2 —> F for some suitable Banach space.

In the L, ;-E-maximal regularity approach to the problem (1-3) one is looking for
solutions u in the maximal regularity space

W, (J v BY N Lg(J, vs B2, (1-4)

where the boundary condition u|3¢ = g has to be interpreted as Trysu = g. The problem
(1-3) is said to enjoy the property of maximal L ,-E-regularity if there exists a (neces-
sarily unique) space of initial-boundary data &; . C Ly(J, vu; F) x E such that for every
f € Ly(J,vy; E) it holds that the problem (1-3) has a unique solution u in the maximal
regularity space if and only if (g, ug) € Z;p.. In this situation there exists a Banach norm
on %; p., unique up to equivalence, with

‘@lh — Lq(‘lv v,u: IF) @Ev

which makes the associated solution operator a topological linear isomorphism between the
data space L, (J, v, E) @ Z; 5. and the solution space qu (L, v EYN Ly (J, vy; E2). The
maximal Ly, -E-regularity problem for Eq. 1-3 consists of establishing maximal L, ,-E-
regularity for the problem (1-3) and explicitly determining the space Z; ..

In the special case that E = L, (0, wgﬁ), E? = sz(ﬁ, wgﬁ) and F = L,(30) with
pe(l,o0)and y € (—1,2p — 1), Ly ,-E-maximal regularity is referred to as Ly ,-L -
maximal regularity.

Establishing L ,-L ) ,-maximal regularity with p # ¢ allows one to treat more
nonlinearities than in the case p = ¢, as it provides more flexibility for scaling or
criticality arguments (see e.g. [34, 53, 77-79]). Such arguments have turned out to be
crucial in applications to the Navier-Stokes equations, convection-diffusion equations, the
Nerst-Planck-Poisson equations in electro-chemistry, chemotaxis equations and the MHD
equation (see [77, 79]).

The L, ;,-L p,,, -maximal regularity problem for Eq. 1-3 has recently been solved (besides
some exceptional parameter values) in [64]. Here, the boundary datum g has to be in the
intersection space

F) (] v Lpy@0)) N Ly(J, vu; BY (00)) (1-5)

withd =6,, :=1— 1;7;/, which in the case g = p coincides with Wg(], vu; Lp(80)) N
L,(J,vy; W[%‘S (00)); here F;,p denotes a Triebel-Lizorkin space and W; = B;’p a non-
integer order Sobolev-Slobodeckii space or Besov space.

Note that § € (0, 1) can be taken arbitrarily close to 0 by choosing y sufficiently close
to 2p — 1. In [60] the maximal L, ;-L ,-regularity problem with y € (=1, p — 1) was
solved for the more general case (1-2), which in the special case (1-3) gives the restriction
8 (3, D).

The restriction y € (—1, p — 1) for the spatial weight w]"iﬁ in [60] is a restriction of

harmonic analytic nature. Indeed, (—1, p—1) is the Muckenhoupt A ,-range for wgﬁ: given
p € (1,00) and y € R, it holds that
w)? =dist(-,90) € Ap(R") = ye(-1,p—1). (1-6)
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The Muckenhoupt class A,(R") (p € (1,00)) is a class of weights for which many
harmonic analytic tools from the unweighted setting, such as Mikhlin Fourier multi-
plier theorems and Littlewood-Paley decompositions, remain valid for the corresponding
weighted L ,-spaces. For example, the Littlewood-Paley decomposition for L ,(R", w) with
w € A,(R") and its variant for Wk R"*, w), k € N, can be formulated by means of
Triebel-Lizorkin spaces as

L,(R", w) = F ,(R", w), WhR", w) = F5 ,(R", w). (1-7)

The main difficulty in [64] in the non-A, setting is that these standard tools are no longer
available.

One way to avoid these difficulties is to work in weighted Besov and Triebel-Lizorkin
spaces instead of E = L (0, w}a,ﬁ). The advantage of the scales of weighted Besov and
Triebel-Lizorkin spaces is the strong harmonic analytic nature of these function spaces,
leading the availability of many powerful tools (see e.g. [10-12, 4144, 62, 6971, 87]). In
particular, there is a Mikhlin-Hormander Fourier multiplier theorem.

In the special case E = F} (0, waﬁ) E2 = F“‘z(ﬁ wa‘ﬁ) and F = L,(30) with
p,r € (1,00),y € (—1,00) ands € (H'y -2, 1';)’ ), Lg,;.-E-maximal regularity is referred
toas Ly ,-F; . -maximal regularity.

The L4 ,-F3 . -maximal regularity problem for Eq. 1-3 has recently been solved

p.ry
(besides some exceptional parameter values) in [59]. Again, the boundary datum g has to

be in the intersection space (1-5), but now with§ =8, 5, s :== 5 + 1 — H'Ty
As a consequence of the characterization (1-6) and the identities (1-7), Ly -FO° p2y”

maximal regularity coincides with L, ;-L ) ,-maximal regularity when y € (-1, p — 1).
For other values of y the two notions are independent. However, there still is a connection
between the L ,-F), ., -maximal regularity problem and the Ly ,-L ,-maximal regu-
larity problem provided by the following relaxation the identities (1-7) to an elementary

embedding combined with a Sobolev embedding:
v—y

For 7 (0, %) < FE (O, wd9) > W@, wl),  v>y.rellioo). (1-8)

Indeed, in view of the embeddings (1-8) and the invariance
v—-Vy
8=208pvs=20py, s = )
pv.s Py p
in connection with the sharp space of boundary data (1-5), in order to obtain a solution
operator for the problem (1-5) with f = 0, ug = 0 it suffices to treat the Lq ,-F} , . -case.
As one of the main result of this paper, we solve the L, ,-F ;.W—maximal regularity

problem for Eq. 1-2 with y € (—1,00) and s € (HTV + m* — 2m, 1+V + m,), where

m = %ord(.A), m* = max{ord(B)), ..., ord(B,,)} and m, = min{ord(Bl), ...,ord(B,)}.
Besides that the L, ;,-F IS,‘ r’y—maximal regularity problem for Eq. 1-2 is already interesting
on its own, it also contributes to the corresponding Lg, ;,-L ), ,-maximal regularity prob-
lem through the above discussion, reducing that problem to the case g1 = ... = g, = 0.
The latter can be treated in an abstract operator theoretic setting, leading to the problem of
determining R-sectoriality or even a stronger bounded H ®°-calculus (see [76]). It would be
very interesting to extend the boundedness of the H°-calculus for the Dirichlet Laplacian
onL,(0, w?ﬁ) obtained in [64] to realizations of elliptic boundary value problems corre-
sponding to Eq. 1-2 and thereby solve the L, ;,-L , ,-maximal regularity problem (at least
for the case of trivial initial datum ug = 0).
Whereas, giveny € (=1, p —1), Ly , Fp 2, y-max1mal regularity coincides with Lg -

L, ,-maximal regularity in the scalar-valued setting (or even the Hilbert space-valued
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setting), they are incomparable in the general Banach space-valued setting. However, we

also provide a solution to the L, ,-H} ,-maximal regularity problem for Eq. 1-2 with

ye(—l,p—1)ands € (HTV + m* — 2m, H'TV + my), yielding Ly ,-L, ,-maximal
regularity when s = 0. In the L, ,-L ,-case the proof even simplifies a bit on the func-
tion space theoretic side of the problem (see Remark 5.4). In particular, this simplifies the
previous approaches ([21] (u =0,y =0), [68] (¢ = p, n € [0, p — 1), y = 0) and [60]).

We also solve the Ly, — Bj, ,, -maximal regularity problem with inhomogeneous

boundary data for Eq. 1-2 and parameters y € (—1, 00) and s € (L +m*—2m, 2 4m,,).
This result is new even for the special case (1-3) of the heat equation where the optimal
space of boundary data is given by

B (J,vu: Lpy(00) N Ly(J, vyu: BY (0)). (1-9)

Here 6 is again givenby 6 =6, ,, s = % +1-— HTV. Note however, that we assume that the
time integrability parameter and the microscopic parameter in space coincide.

The main technical ingredient in this paper is an analysis of anisotropic Poisson operators
and their mapping properties on weighted mixed-norm anisotropic function spaces. The
Poisson operators under consideration naturally occur as (or in) solution operators to the
model problems

ou(x, 1)+ (1 + AD)u(x,t) =0, xeRY, r1eR,

Bj(D)M(x/’ t) :gj(x,,t), x e Rnfl’ te R, ]: 1....m, (]-]O)

where A(D) and B;(D) are homogeneous with constant coefficients. Moreover, they are
operators K of the form

Kg(x,x', 1) = Qm)™" / ¢ E DL g T)EE, T AE, 1),
Rr—1xR

g€ SR xR, (1-11)

for some anisotropic Poisson symbol-kernel k.

The anisotropic Poisson operator (1-11) is an anisotropic (x’, r)-independent version of
the classical Poisson operator from the Boutet the Monvel calculus. The Boutet the Monvel
calculus is a pseudo-differential calculus that in some sense can be considered as a relatively
small “algebra”, containing the elliptic boundary value problems as well as their solution
operators (or parametrices). The calculus was introduced by, as the name already suggests,
Boutet de Monvel [6, 7], having its origin in the works of Vishik and Eskin [89], and was
further developed in e.g. [36-38, 48, 80]; for an introduction to or an overview of the subject
we refer the reader to [38, 39, 85].

A parameter-dependent version of the Boutet de Monvel calculus has been introduced
and worked out by Grubb and collaborators (see [38] and the references given therein).
This calculus contains the parameter-elliptic boundary value problems as well as their solu-
tion operators (or parametrices). In particular, resolvent analysis can be carried out in this
calculus.

In the present paper we also consider a variant of the parameter-dependent Poisson oper-
ators from [38] in the x’-independent setting. Besides that this is one of the key ingredients
in our treatment of the parabolic problems (1-2) through the anisotropic Poisson operators
(1-11), it also forms the basis for our parameter-dependent estimates in weighted Besov,
Triebel-Lizorkin and Bessel potential spaces for the elliptic boundary value problems

A+ A, D)u(x) = f(x), x€0

Bix',Du(x’) =g;j(x), x' €d0, j=1,...,m. a-12)
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These parameter-dependent estimates are an extension of [62] on second order elliptic
boundary value problems subject to the Dirichlet boundary condition, which was in turn in
the spirit of [23, 40] (see Remark 6.3).

In the latter the scales of weighted B- and F-spaces, the dual scales to the scales of
weighted B- and F-spaces, are also included. These scales naturally appear in duality the-
ory and can for instance be used in the study of parabolic boundary value problems with
multiplicative noise at the boundary in a setting of weighted L ,-spaces, see Remark 6.9.

1.1 Outline

The outline of the paper is as follows.

e Section 2: Preliminaries from weighted (mixed-norm anisotropic) function spaces, dis-
tribution theory, UMD Banach spaces and L,-maximal regularity, differential boundary
value systems.

e Section 3: Sobolev embedding and trace results for mixed-norm anisotropic function
spaces.

e  Section 4: Introduction and basic properties of Poisson operators, solution operators to
model problems and mapping properties.

Section 5: L4, ,,-maximal regularity for the parabolic boundary value problem (1-2).
Section 6: Parameter-dependent estimates for the elliptic boundary value problem
(1-12).

1.2 Notation and convention

By N we denote the natural numbers including 0, i.e. N := {0, 1, 2, ...}. For the natural
numbers starting from 1 we write N, i.e. Ny = {1,2,3,...}. We write Xy = {z € C\ {0} :
| arg(z)| < ¢} for the open sector in the complex plane with opening angle 2¢. For a € R,
we putay = 0Va=max{0,a}and a_ = —(—a);+ = a A 0 = min{a, 0}.

In the whole paper let

. 1+y 1+y
Oso,s1,p,y -=— MaX -1 =S50, | —/— + 51,81 — S0
p + 14 _
1), (5E) o)
Os.pyy =055 py =max | —— — 1 -5, | —— +s5,0¢.
oy oy {( p n p _

Note that oy, , = |s|if y € [-1, p —1].

Let X be a Banach space and (S, <7, u) a measure space. Throughout the paper we
write Lo(S; X) for the space of all equivalence classes of strongly measurable functions
f: S — X, where as usual the equivalence relation is the one of functions that coincide
almost everywhere.

and

2 Preliminaries
2.1 Weighted Lebesgue Spaces
A reference for the general theory of Muckenhoupt weights is [35, Chapter 9].

A weight on a measure space (S, <7, i) is a measurable function w : § —> [0, oo] that
takes it values almost everywhere in (0, 0c0). We denote by W(S) the sets of all weights
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on (S, 2, ). For w € W(S) and p € [1, 0o) we denote by L, (S, w) the space of all
f € Lo(S; C) with

1/p
e s,w = (fs |f ()P w(x) dM(X)) < 00.

1

If p € (1,00), then w' = w), := w 7T is also a weight on S, called the p-dual weight
of w. Furthermore, for p € (1, 00) we have [L,(S, w)]* = L,(S, w’) isometrically with
respect to the pairing

Ly(S,w) x Ly(S,w) — C, (f,g)H/ngdu. 2-1)

Supppose (S, o, 1) = ®lj:1 (S, @}, ;) is a product measure space. For p € [, 00)!
and w € ]_[‘ll-zl W(S;) we denote by L,(S1 x ... x §;, w) the mixed-norm space
Lp(S,w) =Ly (S, w)l...[Lp (S, w)]...],
that is, L, (S, w) is the space of all f € Lo(S) with
1/p

p2/pi
Il 5w = (/S ( g If(X)Ip‘wl(xl)dm(m)) ...wz(xz)dm(xz)> < o0.
! 1

We equip L, (S, w) with the norm || - ”LP(S,w)’ which turns it into a Banach space. As an
extension (and in fact consequence) of Eq. 2-1, for p € (1, co) we have [L,(S, w)]* =
Ly (S, w},) isometrically with respect to the pairing

Lp(S,w) x Ly(S, w/p)—>(C, (f,g)i—)/sfgdu, (2-2)

where p’ = (p{, ..., p;) and w}, = (w;,l, e w;,[).
Given a Banach space X, we denote by L, (S, w; X) the associated Bochner space

Lp(S,w; X) == Lp(S, w)(X) ={f € LoR"; X) : [ fllx € Lp(S, w)}.

For p € (1, 0o) we denote by A, = A,(IR") the class of all Muckenhoupt A ,-weights,
which are all the locally integrable weights for which the A ,-characteristic

1 1 ,
[w]Ap = chsbl;]iaan <|Q|/Qw(x) dx) (|Q|/pr(x)dx> € [1, oo]

is finite. We furthermore set Ao = U (1. 00) Ap-

For p € (1, co) we denote by A;fc = A;f’c (R™) the class of all rectangular Muckenhoupt
A p-weights, which are all the locally integrable weights for which the A;fc-characteristic
[w]Arpec € [1, oo] is finite. Here [w]Arpec is defined as [wla, by replacing cubes with sides
parallel to the coordinate axes by rectangles with sides parallel to the coordinate axes in the
definition.

The relevant weights for this paper are the power weights of the form w = dist(-, 00)Y,
where 0 is a C*°-domain in R” and where y € (—1, 00). If & C R" is a Lipschitz domain
and y € R, p € (1, 00), then (see [33, Lemma 2.3] or [74, Lemma 2.3])

wf = dist(-,90) € A, = ye(-1,p—1); (2-3)

in particular,
w! =dist(-,00)" € Ay & y € (—1,00). (2-4)
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. . . R%
For the important model problem case & = R we simply write w, := w,t =

dist(-, OR%)Y.
Furthermore, in connection with the pairing (2-1), for p € (1, o) we have

weA, < wed, < wuvw el
Let p € (1, 00). We define [Aoo]’p = [Aoo];,(Rn) as the set of all weights w on R” for

1
which w;, =w 7T € Ax.If & C R" is a Lipschitz domain and y € R, p € (1, 00), then

€(—=1,00) &= ye(-oo,p—1) (25

6 / r_ 4
w) €lAxl, = ypi=——g

in view of Eq. 2-4.
2.2 UMD Spaces and Lg-maximal Regularity

The general references for this subsection are [46, 47, 56].

The UMD property of Banach spaces is defined through the unconditionality of martin-
gale differences, which is a primarily probabilistic notion. A deep result due to Bourgain
and Burkholder gives a pure analytic characterization in terms of the Hilbert transform: a
Banach space X has the UMD property if and only if it is of class HT, i.e. the Hilbert trans-
form H has a bounded extension Hy to L,(R; X) for any/some p € (1, 00). A Banach
space with the UMD property is called a UMD Banach space. Some facts:

Every Hilbert space is a UMD space;
® If X isa UMD space, (S, X, ) is o-finite and p € (1, 00), then L, (S; X) is a UMD
space.
UMD spaces are reflexive.
Closed subspaces and quotients of UMD spaces are again UMD spaces.

In particular, weighted Besov and Triebel-Lizorkin spaces (see Section 2.4) are UMD spaces
in the reflexive range.

Let A be a closed linear operator on a Banach space X. For g € (1, 00) and v € A4 (R)
we say that A enjoys the property of

® [L,(v, R)-maximal regularity if d; + A is invertible as an operator on L, (v, R; X) with
domain W, (R, v; X) N Ly (R, v; D(A)).

® L4(v,R;)-maximal regularity if d; + A is invertible as an operator on L, (v, Ry ; X)
with domain Oqu Ry, v; X) N Ly(Ry, v; D(A)), where

oW, Ry, v: X) = {u € W (Ry, v; X) : u(0) = O}.

In the specific case of the power weight v = v, with ¢ € (—1,qg — 1), we speak of
L, (R)-maximal regularity and L, (R )-maximal regularity.

Note that L, (v, R)-maximal regularity and L, (v, Ry)-maximal regularity can also
be formulated in terms of evolution equations. For instance, A enjoys the property of
L, (v, Ry)-maximal regularity if and only if, for each f € L, (v, Ry; X), there exists a
unique solution u € qu Ry, v; X)N Ly Ry, v; D(A)) of

u' +Au=f, u(0)=0.

References for L, (R)-maximal regularity and L, (R)-maximal regularity include [5,
73] and [28, 56]. Works on L, (R, v)-maximal regularity include [13, 14, 32].
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Lemma 2.1 Let X be a Banach space, q € (1,00) and v € A4(R). Let A be a linear

operator on X and let ||| - ||| be a Banach norm on D(A) with (D(A), ||| - |||) < D(A). If
0+ A: W,,I(R, v; X) N Lg(R, v; (D(A), I -1ID) —> Lg(R, v; X)
is an isomorphism of Banach spaces, then ||| - ||| = || - | p(ay and 1R C p(—A) with

B 210 + A)_l”B(Lq(]R,v;X),qu(]R,v;X))
B(X) ~ L+ &

In particular, A is a closed linear operator on X enjoying the property of Ly (v, R)-maximal
regularity.

H(zs+A)*1H .,  EcR

Proof A slight modification of [73, Satz 2.2] gives a mapping R : R — B(X, (D(A),
[ - 1)) with the property that

~1
2@+ A (L, @ ;%) W) (R.0:X)

1+ |&]

Similarly to [28, Theorem 4.1], using [28, Theorem 3.7] modified to the real line, it follows
from the construction of R(§) from [73, Satz 2.2] that also R(§) (1§ + A) = Ip(a) for each
& € R. This shows that :R C p(—A) with (1& + A= R (). But then

Hxlll = RO Ax[|| S 1 Axllx < Ixlpcay - x € D(A). O

(E+ARE)=1Ix and [[RE)lpx) S ; §eR.

Lemma 2.2 Let X be a Banach space, q € (1, 00) andv € Ay(R). Let A be a closed linear
operator on X with C;. C p(—A) enjoying the property of Ly (R, v)-maximal regularity,
where Cy = {z € C : Re(z) > 0}. Suppose that A — ||(A + A)_1||B(X) is polynomially
bounded on C,.. Then —A is the generator of an exponentially stable analytic semigroup
on X and A also enjoys the property of Ly (R, v)-maximal regularity.

Proof As A enjoys the property of L, (R, v)-maximal regularity, Lemma 2.1 applies with
[Il-11l = Il - I pcay- Therefore, CrCcp(=A)and i — A+ A)landr — AL+ A)7!
are well-defined analytic functions C4 — B(X). Moreover, both mappings satisfy the
assumptions of the Phragmen-Lindelof Theorem (see [19, Corollary V1.4.4]) so that both
mappings are bounded. Hence, by the solution formula for the Poisson equation in the half-
space (see [30, Chapter 2, Theorem 14]) we have that

sup ” A+ Aa)7! H < sup H 16+ A)~! ” < 00
1eCy BX)  geRr B(X)
and
su Hm +4)~! H <su Hze(ze + 4)~! H < 00
,\ecp+ B(X) ge]ﬁ B(X)

It follows that — A is the generator of an exponentially stable analytic semigroup (e ~"4),>¢
on X.

Finally, as —A is the generator of an exponentially stable analytic semigroup on X, the
variation of constants formula yields L, (R, v)-maximal regularity. Indeed, viewing ()Wq1
Ry, v; X) N LRy, v; D(A)) and Ly(Ry, v; X) as closed subspaces of qu R, v; X)
NLy (R, v; D(A)) and L, (R, v; X), respectively, through extension by zero, the formula

(@ + A7 f10) = / eI f(s)ds,  feLyRv;X),teR,

—0o0
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shows that (3, + A)~! maps Ly (R, v; X) to qul Ry, v; X)NLy(Ry, v; D(A)). O

As an application of its operator-valued Fourier multiplier theorem, Weis [90] character-
ized L, (IR, )-maximal regularity in terms of R-sectoriality in the setting of UMD Banach
spaces. The corresponding result for L, (R)-maximal regularity involves R-bisectoriality,
see [5]. Using [32, Theorem 3.5] and Theorem A.1, these results carry over to the weighted
setting.

Let us introduce the notion of R-boundedness. Let X be a Banach space. Let (¢x)xen be a
Rademacher sequence on some probability space (€2, F, P), i.e. a sequence of independent
random variables with P(gy = 1) = P(gx = —1) = % A collection of operators T C
B(X) is called R-bounded if there exists a finite constant C > 0 such that, for all K € N,
To,...,Tx € T and xq, ..., xx € X,

K
Z erTixk

k=0

K
Z EkXk

k=0

<cC

Ly(2:X) Ly (€2;X)

The least such constant C is called the R-bound of 7 and is denoted by R(7).
The space Rad, (N; X), where p € [1, 00), is defined as the Banach space of sequence
(x1)ken for which there is convergence of Z,fozo exxx in L, (82; X), endowed with the norm

00 K
1 Ccken IRag, v x) = | D e =sup | Y e
k=0 k=0 =0

Lp(€2:X) - Lp(€2;X)

As a consequence of the Kahane-Khintchine inequalities, Rad, (N; X) = Rad, (N; X) with
an equivalence of norms. We put Rad(N; X) = Rad;(N; X). Note that a collection of opera-
tors 7 C B(X) is called R-bounded if and only if {diag(Ty, ..., Tx) : To, ..., Tx € T} C
B(Rad(N; X)) is a uniformly bounded family of operators, in which case the R-bound
coincides with that uniform bound; here

diag(To, ..., Tx) (x)ken = (Toxo, - .., Tkxk,0,0,0,...).

Furthermore, note that, as a consequence of the Kahane-Khintchine inequalities and Fubini,
given p € [1, 00) and a o-finite measure space (S, <7, ), there is a natural isomorphism
of Banach spaces

Rad(N; L,(S; X)) >~ L,(S; Rad(N; X)).

Having introduced the notion of R-boundedness, we can now give the definition of R-
sectoriality, which is an R-boundedness version of sectoriality.

Recall that an unbounded operator A on a Banach space X is a sectorial operator if A is
injective, closed, has dense range and there exists a ¢ € (0, ) such that X, _4 C p(—A)
and

sup (1A +A) " s < oo.
AEE;T,(;,
The infimum over all possible ¢ is called the angle of sectoriality and is denoted by w(A).
In this case we also say that A is sectorial of angle w(A). The condition that A has dense
range is automatically fulfilled if X is reflexive (see [47, Proposition 10.1.9]).

We say that an unbounded operator A on a Banach space X is an R-sectorial operator
if A is injective, closed, has dense range and there exists a ¢ € (0, ) such that ¥,_y4 C
p(—A) and

RUAG+A) " he ) <00 in B(X).
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The infimum over all possible ¢ is called the angle of R-sectoriality and is denoted by
wpr(A). In this case we also say that A is R-sectorial of angle wr(A).

A way to approach L,-maximal regularity is through operator sum methods, as initiated
by Dore & Venni [29]. Using the Kalton—Weis operator sum theorem [51, Theorem 6.3] in
combination with [64, Proposition 2.7], we obtain the following result:

Proposition 2.3 Let X be a UMD space, q € (1,00) andv € A;(R). If A is a closed linear
operator on a Banach space X with O € p(A) that is R-sectorial of angle wr(A) < %, then
A enjoys the properties of Ly (v, R)-maximal regularity and L, (v, Ry )-maximal regularity.

2.3 Decomposition and Anisotropy

Letn=|dli=d1+...+dwithd =(dy,...,4d) € Nll.Thedecomposition

R*=R%4 x ... x R4,

is called the d-decomposition of R". For x € R" we accordingly write x = (x1, ..., x;)
and x; = (x 1, ...,xj,L{j),wherexj cR% andx;; eR(j=1,....Li=1,...,d;). We
also say that we view R” as being d-decomposed. Furthermore, for each k € {1, ...,1} we

define the inclusion map
=gt R — R, x> (0,...,0,x,0,...,0),
and the projection map
Tk = g4 - R —> R%, x = (x1,..., %) — xk.

For x € R and y € R" we define

4
Xogy =) Y Xy
i=1i=1

Given a € (0, 00)!, we define the (d, a)-anisotropic dilation 8/(\’{’”) on R" by A > 0tobe
the mapping ng{,a) on R" given by the formula

8,(\4"1))6 =AM, L A, x eR™

A (d, a)-anisotropic distance function on R” is a function u : R" — [0, 00) satisfying

(i) u(x) =0ifand onlyif x = 0.
(i) u@ " x) = ru(x)forall x € R and % > 0.
(iii)  There exists a ¢ > 0 such that u(x + y) < c(u(x) + u(y)) for all x, y € R".

All (4, a)-anisotropic distance functions on R” are equivalent: Given two (d, a)-anisotropic
distance functions « and v on R”, there exist constants m, M > 0 such that mu(x) < v(x) <
Mu(x) for all x € R"

In this paper we will use the (4, a)-anisotropic distance function | - | 7 4 : R* — [0, 00)
given by the formula

, 172

xlga o= | D lxj |2 (x e R").
j=1
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2.4 Distribution Theory and Function Spaces
As general references for this subsection we would like to mention [3, 10, 58].
2.4.1 Distribution Theory and Some Generic Function Space Theory

Let X be a Banach space. The spaces of X-valued distributions and X-valued tem-
pered distributions on R” are defined as D'(R"; X) := L(D®R"), X) and §'(R"; X) :=
L(S®R™), X), respectively; for the theory of vector-valued distributions we refer to [3] (and
[2, Section II1.4]).

Let E — D'(U; X) be a Banach space of distributions on an open subset U C R”.
Given an open subset V C U,

E(V):={f eD'(V;X):3g €E, gv = f}
equipped with the norm

I fllgy) == inf{ligllg : g € E, gjv = f}

is a Banach space with E(V) < D'(V; X). Note that f +~ fy defines a contraction
E — E(V). Furthermore, note that, if E < F < D’(U; X), then E(V) — F(V). More
generally, given Banach spaces E < D’(Uy; X1) and F < D'(Uy; X3), T € B(E, F) and
open subsets V| C Uy, Vo C U, with the property that

Vi g€k, fivy=8vi = T, =T,

T induces an operator T e B(E(W1), F(V,)) satisfying (T f)y, = f(f‘vl) for all f € E.

Given a Banach space Z, Oy (R"; Z) denotes the space of slowly increasing Z-
valued smooth functions on R”. Pointwise multiplication (f, g) — fg yields separately
continuous bilinear mappings

Ou@®R"; B(X)) x SR"; X) — SR"; X),

Oy R": B(X)) x SR"; X) — S'(R"; X). (2-6)

As a consequence, (m, f) — F '[m £ yields separately continuous bilinear mappings
(2-6). We use the following notation:

T f = OP[mlf = m(D) f := F ' [mg).

Let E < D'(U; X) be a Banach space of distributions on an open subset U C R”". For
a finite set of multi-indices J C N we define the Sobolev space W’ [E] as the space of all
f € E with D* f € E for every o € J, equipped with the norm

I Flwigy == Z 1D £l -

ael

Then WY[E] is a Banach space with W/[E] — E < D'(U; X). Note that if F <>
D'(U; X) is another Banach space, then

E < F implies WY[E] — W/[F].
Given n € N!, we define WAIE] := W/nd[E], where

l
. d .
Jnsi=qa€ UL[,{;]]N’ Dojl < nj
Jj=1
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Suppose R” is d-decomposed as in Section 2.3. For a Banach space Z, a € (0, oo) and
N € N we define M('[’a) (Z) as the space of all m € CN (R"; Z) for which

Il g7y = sup sup (1+[&]4a)"“* [D*m(&)] , < oo.
la|<N &EeR"

When a = 1 we simply write My (Z) = MY ().
Let a € (0, 00)'. A normed space E ¢ S’(R"; X) is called (4, a)-admissible if there
exists an N € N such that

m(D)f e E with [m(D)fllg < el gy 1 F e (m, f) € OuR"; C) x E.

In case a = 1 we simply speak of admissible.

To each 0 € R we associate the operators JJ'M I e L(S'(R"; X)) and JU‘["’ €
L(S'(R"; X)) given by

T = FA 4 e ) DPPF) and g = Z Tfun I

We call 7@ the (4, a)-anisotropic Bessel potential operator of order .
Let E < S’(R"; X) be a Banach space. Given n € (Nl)l, ¢,a € (0, oo),and s € R,
we define the Banach spaces H;[IE], H‘;a[]E] — S'(R"; X) as follows:

HYE] ={feS®): T fek j=1,...1)
HE] = {f € SR : T f € B},

with the norms

I
d:j —
1 g = D2 [TE 7] 1 g
<

Note that /Hi[E] — H% p; “[E] contractively in case that ¢ = (s/ay, . .., s/a;). Furthermore,
note that if F < S’(R"; X) is another Banach space, then
E < F implies []E] — H* 7IF1, 'H3 “E] — f;a[]F]. 2-7
We write
Tog = {0} U {njt[d;j]ef‘{” =1, 0= 1,...,.15}, neN,
where elw] is the standard i -th basis vector in R% . If E <> S'(R"; X)isa (4, a)-admissible

Banach space for a given a € (0, oo)l , then
WYEl = HUE]l = HYEl,  seRn=sa ' €N, Js CJClyg, (2-8)

and
HYE] = HYEl,  5s>0,¢6=sa . (2-9)
Furthermore,
“ e BHEL Hy ““““[ED), seRaeN. (2-10)

Let E,F — S'(R"; X) be (d, a)-admissible Banach spaces for a given a € (0, oo).
If (-, -) is an interpolation functor (e.g. (-, -) € {[-, 19, (-, -)o,q : 0 € [0,1],9 €
[1, 001}, (E,F) — S'(R"; X) is (4, a)-admissible as well. Moreover, it holds that

(He[E], HE[F]) = HE[(E, F)], s €(0,00). (2-11)
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2.4.2 Function Spaces

Anisotropic mixed-norm spaces Let X be a Banach space and suppose that R" is
d-decomposed as in Section 2.3.

Let 0 = ]_[lj:1 O; C R" with J; an open subset of R4 for each j. For p € (1, o0)!
and a weight vector w € ]—[ljzl W(0;) with p-dual weight vector w/p € ]_[[j:l Li10c(0}),
there is the inclusion L, (&, w; X) — D'(0; X) (which can be seen through the pairing
(2-2)). So we can define the associated Sobolev space of order k € N

WEO, w: X) = WEDIL, (0, w; X)1.
An example of a weight w on a C>°—domain & C R" for which the p-dual weight w"D =
1 P

w771 € Ly oc(0) is the power weight w)‘iﬁ = dist(-, d0)" with y € R. Furthermore,
note that w;, € Axc(R") C L1 10c(R") forw € [Aoo]’p(]R”) D A,RM.

Let p € (1,0o) and w € [}y Ap,(RY). Then w), € []j_; A, RY), so that

)
S(R"™) & Ly ®R", w’p). Using the pairing (2-2), we find that L ,(R", w; X) — S"(R"; X)
in the natural way. For a € (0, 00)/, s € Rand ¢ € (0, c0)! we can thus define the Bessel
potential spaces
o ) ,(a,

HSR" w; X):=HE OIL,®", w; X)), HJR", w; X):=H D [L,®R", w; X)1.

If X is a UMD space and w € ]_[lj:1 A;fj,c(R‘{f)l, then L,(R", w; X) is (a, 4)-admissible
(see [32]). In particular, if X is a UMD space, then Egs. 2-8, 2-9 and 2-10 hold true with
E = L,R", w; X).

Leta € (0,00). For0 < A < B < oo we define @Z”% (R™) as the set of all sequences
© = (@n)nen C S(R™) which are constructed in the following way: given a ¢y € S(R")
satisfying

0=<¢o =<1, @) =1if[§lsq <A, ¢o(§) =0if [§]44 = B,

(@n)n>1 C S(R") is defined via the relations

~ ~ d ~ d N d,
on (&) = G100 6) = go0)578) — o850 E)., EeR . n 1.

Observe that
supp @o C {€ | |&l4a < B} and supp@, C{€ |2" 'A< |élsq <2"B}, n=>1

We put oLa(R?Y) = Uo<a<B<oco dJi”‘;(R”). In case I = 1 we write ®4(R") =
PLAR"), D(R") = B (R), @4 ,(R") = &1 (R"), and P o (R") = Y p(R").
To ¢ € CD‘[’“(]R") we associate the family of convolution operators (S,),eny =
(SHnen C L(S'R™; X), Oy (R™; X)) C L(S'(R"; X)) given by
Suf =S{f=gnx f=F Gufl  (f € SR, X)), (2-12)

It holds that f = Y o2y S,f in S'(R"; X) respectively in S(R"; X) whenever f €
S’ (R"; X) respectively f € S(R"; X).

'w e ]_[]j:1 Ap, (R%) should already work, but this is not available in the literature and not needed in this
paper anyway.
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Givena € (0, oo)l pEll, oo)l g e[l,o0]l,s e R,andw € H[J IAOO(R’{/') the Besov
space B J(R” w; X) is defined as the Banach space of all f € S’(R"; X) for which

e ns @
”f”B;‘.‘;[(R",w;X) = “ (2 Sn f)nEN||Kq(N)[Lp(]R”,w)](X) <X

and the Triebel-Lizorkin space F ,[(]R” w; X) is defined as the Banach space of all f €
S’'(R"; X) for which

c.a o— ns Qo
”f”FI“,'.q,‘{(R",w;X) = || @™ s f)neN||L,,(R'1,w)[zq(N)](X) <

Up to an equivalence of extended norms on S'(R"; X), |-[gsea (R w: X) and
p.q. T

|| psa (R w:X) do not depend on the particular choice of ¢ € oda Ry,
pP.q. T

Let us note some basic relations between these spaces. Monotonicity of £4-spaces yields
that, for 1 < go < ¢q1 < oo,

pq (R w; X) — qu R w; X), pq J(R" w; X) — F (]R”,w; X).
(2-13)
For ¢ > 0 it holds that
B, R wi X) — B IR, w; X). (2-14)
Furthermore, Minkowksi’s inequality gives
s,a s,a s.a .
Bp,min{p ~~~~~ P14}, J(R w; X) > FP» R, w; X) — Bp max{py,..., p/»q}stf(Rn’ w’(;()l.S)

The real interpolation of weighted isotropic scalar-valued Triebel-Lizorkin spaces from
[10, Theorem 3.5] (see [69, Proposition 6.1] in the Banach space-valued A ,-setting), can
be extended to the mixed-norm anisotropic Banach space-valued setting. This yields the
following interpolation identity: if p € [1, oo)], q0,91,9 € [1,0], 50,51 € R, 50 # s1,
we ]_[ljz1 AOO(R‘[J'), 0 € (0,1)ands = (1 —8)sg + Osq, then

(F“’q‘; (R w; X)), F“q‘j AR w; X))g g = B;’,‘;J{(R”, w; X). (2-16)

The Besov space B L{(]R” w; X) and the Triebel-Lizorkin space F 5.4 J(R” w; X)
are examples of (4, a)- admlss1ble Banach spaces. In fact (see [58, Proposmon 5.2.26)), if
E = B;” (R w; X)orE = prq‘ (R", w; X), then there exists an N € N, independent
of X, such that

Im(D) flle Sp.g.aw 1Ml gt gsiyy 1l (m. f) € Ou (R BXO) x B (2-17)

Lemma 2.4 Let X be a Banach space, a € (0, 00)l, p € [1, 00, g € [1,00),
w e ]_[lj=1 Aoo(R%), o/ € {B, F}and s € R. There exists N € N, only depending on
a,p,q,n,w, suchthat if # C Oy R"; B(X)) satisfies

Moo = sup R{(1+§[1a)" D m(E) 1§ €eR"\m € MY,
RMy la|<N

then

R{Ty :m € MY Sapgnw |4 B(ety ,(R", w; X))).

in
RN
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Proof For simplicity of notation we only treat the case & = F. Let N be as in Eq. 2-17
for E = F,  (R", w;Rad(N; X))). Now consider M C Oy (R"; B(X)) satisfying
||///}|Rm<,f,a) < o0.Letmy,...,my € 4. Then

N

m(§) = diag(m(§), ..., my(§))
defines a symbol m € Oy (R"; B(Rad(N; X))) with [[m|l o1y (BRad(y: X)) < H///HRmN.
So, by Eq. 2-17, T, € B(F;‘r(]R”, w; Rad(N; X)))) with

1Tl By, R, wiRad(N; X)) Sa.p.gn,w ||///||RDJIN .
Now note that
F;’q(R", w; Rad(N; X))) ~ Rad(N; F;,q(R”, w; X))

as a consequence of the Kahane-Khintchine inequalities and Fubini. Finally, the observation
that T,, = diag(Ty, . . ., Tm,,) completes the proof. (]

Leta € (0,00)), p € [1,00), g € [1,00], and w € 1‘[] | Aco(R%). For s, 59 € R it
holds that

B, SR wi X) = M By (R wi X)L Fy (R wi X)

= Wy LF,) " R w; X)) (2-18)

Let p € (1,00) and w € ]_[j:1 A,,J.(R ) If

L E:WI’]’J(R”,w; X),neN n=sa';or
e E= H;’?[(R”, w; X); or

e E=H, (R" w;X),ac(000), ¢=sa",
then we have the inclusions

®R" w; X) > E— F? (R" w; X). (2-19)

p 1 d
The following result is a representation for anisotropic mixed-norm Triebel-Lizorkin

spaces in terms of classical isotropic Triebel-Lizorkin spaces (see Paragraph 2.4.2.b).

Theorem 2.5 ([61], Example 5.9) Let X be a Banach space, | = 2, a € (0, 00)2%, p,q €
(1,00), s > 0, and w € A,(R%) x A,(R®). Then

Foo (RE x RE, wi X) = F/s>(R®, w: LP(RY, wy; X)) N LI

R, wy; F3/8 R, wy; X)) (2-20)

with equivalence of norms.

This intersection representation is actually a corollary of a more general intersection
representation in [61], see [61, Example 5.5]. In the above form it can also be found in
[58, Theorem 5.2.35]. For the case X = C, 4] = 1, w = 1 we refer to [22, Proposition 3.23].

There is the following analogue of Theorem 2.5 in the Besov space case:

Theorem 2.6 ([61], Example 5.9) Let X be a Banach space, | = 2, a € (0, oo)z, p.q €
(1,00), s > 0, and w € A,(R%) x A,(R®). Then

R, w; X) = B[R, wy; LP R, wy; X)) N LIR®E, wy; BYS (RA, wy; X))
(2-21)

(pq)q
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with equivalence of norms.

In the parameter range that we have defined the spaces H If I{(R”, w; X), H;";(R”, w
X), B;”‘;’ J(R", w; X) and F;”Z’ ,{(R”, w; X) above, the corresponding versions on open
subsets & C R" are defined by restriction:

gd(ﬁ w; X) = [H, (R w; X)), H)Y(O, w; X) :=[H,3R", w; X)|(0),

BYY (O, w;X) =By (R", w; X)(0), F;‘;”(ﬁ w; X) = F“‘ AR w X)(O0).

Isotropic spaces

Parameter-independent spaces In the special case [ = 1 and a = 1, the anisotropic mixed-
norm spaces introduced in Paragraph 2.4.2.a reduce to classical isotropic Sobolev, Bessel
potential, Besov and Triebel-Lizorkin spaces W};(ﬁ, w; X), Hls,(ﬁ, w; X), B;yq(ﬁ’, w; X),

F;,’q (O, w; X), respectively. In the case that & is a C*°-domain and w = w}a,fj, we use the
notation:
LSO X) =WEO, wd?: X), HS (O:X) :=H(0,w); X),

(0 X) := B}, (ﬁ,w : X), (0:X) :==F} (0, wi?; X).

P‘[V P‘i)’

If X is a UMD space, p € (1, 00) and w € A,(R"), then L, (R", w; X) is an admissible
Banach space of tempered distributions. By lifting, H, (R", w; X) is admissible as well.
In fact, there is an operator-valued Mikhlin theorem for H [§ (R", w; X) (obtained by lifting
from L, (R", w; X)):

Proposition 2.7 Let X be UMD space, p € (1,00) and w € A,(R"). If m € C"P2(R" \
{0}; B(X)) satisfies

Imlzem,,, = sup RUEDmE) : & € R\ {0}) < oo,

then
Ty : SR"; X) —> Loo(R™; X), m — F ' [mf],

extends to a bounded linear operator on H ; R", w; X) with

I Ton ”B(H;;(R”,w;X)) ,SX,p,w,n [lm ||7g9ﬁn+2

Proof The case s = 0 can be obtained as in [72, Proposition 3.1], from which the case of
general s € R subsequently follows by lifting. O

If X is a UMD space, k € N, p € (1,00) and w € A,(R"), then, as a consequence of
the admissibility,

Hy(R", w; X) = Wi (R", w; X). (2-22)

In the reverse direction we for instance have that, given a Banach space X, if H pl R; X) =
W; (R; X), then X is a UMD space (see [46]).
In the scalar-valued case X = C, we have

H;(]R”, w) = F;,z(]R”, w), p e (l,00),we A (2-23)
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In the Banach space-valued case, this identity is valid if and only if X is isomorphic to a
Hilbert space. For general Banach spaces X we still have (see [69, Proposition 3.12])

F, R, w; X) = HyR", w; X) = F, (R", w; X), pe(l,00),we AR,

(2-24)
Fy (R, w; X) = WER", w; X) < F (R", w; X), p € (1,00, we AR,
(2-25)

and (see [64 (7.DD
FE (00 = W, (0:X),  keNpe(,o).ye(-1,00, (226

where & C R" is R/} or a C*°-domain with compact boundary.
For UMD spaces X there is a suitable randomized substitute for Eq. 2-23 (see [72, Propo-
sition 3.2]).
Let & C R” be a Lipschitz domain, p € [1, 00), ro, r1 € [1, o], ¥, Y1 € (—1, 00) and
50,51 € R. By [69, 70, if yo > y1 and 59 = 51 + M, then
F, (R, wh?: X) — F3' (R", wi?; X). (2-27)

For the next result the reader is referred to [63, Proposmons 5.5 & 5.6].

Proposition 2.8 Let X be a UMD space and p € (1,00). Let w € Aj be such that
w(—x1,%) = w(x1,X) forall x; € Rand ¥ € R"~ L.
1) HFPREL, w; X) = WEP(R™Y w; X) forall k € N.
(2) Let9 € [0, 1] and sg, s1,s € R be such that s = so(1 — 0) + 510. Then for O = R" or
O =R, one has
(H*P(O, w; X), H'VP(O, w; X)1g = HP (0, w; X)

(3) Foreachm € N there exists an EF' € B(H™™P (RS, w; X), H™P(R", w; X)) such
that

o forallls| <m, &Y € BAH*P R, w; X), H>P(R", w; X)),
® forallls| <m, f— (EY Plre equals the identity operator on HSP(RE, w; X).

Moreover; if f € LP (R, w; X) N C™(R:; X), then ET f € C™(R"; X).

Theorem 2.9 (Rychkov’s extension operator [83]) Letr & be a special Lipschitz domain in
R”" or a Lipschitz domain in R™ with a compact boundary and let X be a Banach space.
Then there exists a linear operator

&: D) cD(0;X) — D'[R"; X)
with the properties that

® (&f)o=fforal f € D(&);

] &75 (O, w; X) CD(éa)WlthéaGB(d‘ (O, w; X), & ,(R", w; X)) whenever p €
[1, oo) g € [1,00] and w € AOO(R”) In particular, S(ﬁ X) C D(&) with & €
B(S(0; X), BC®(R"; X)).

Proof The existence of such an operator for the unweighted scalar-valued variant was
obtained in [83, Theorem 4.1]. However, the proof given there extends to the weighted
Banach space-valued setting. O
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Let O be either R’} ora C"-domain in R” with a compact boundary 3¢, where N € N.
Let X be Banach space, p € [1,00), g € [1,00], y € (—1,00) and s € R. It will be
convenient to define

l+y l+y

9B, ,(00:X):=B,," 30;X) and 3F), (30;X):=F,," (00:X).

If o € {B, F},s > HTV and s > max {s, (HTV — 1) + 1 — s}, then we have retractions

tryp : Qflj"q(R”, 7. X) — 39S, (00; X)

P q.y
and

Trye : pqy(ﬁ X)— 0 pqy(aﬁ X)
that are related by trys = Trye o &, where & is any choice of Rychkov’s extension operator
(from Theorem 2.9). There is compatibility for both of the trace operators try s and Try s on
the different function spaces that are allowed above.

Let us now introduce reflexive Banach space-valued versions of the B- and F-scales, the
scales dual to the B- and F-scales, respectively, as considered in [62]. Let X be a reflexive
Banach space, p,q € (1,00), w € [Aoo];)(]R") and s € R. Recall that w;) € Ax by
definition of [Aoo];,(R"). For o/ € {B, F}, ,Q%pT“q,(R”, w;); X*) is a reflexive Banach space
with

d
SRY; X) < o R Wl X > SR X)),
so that
SR X) <& [, (R, wp: X9 — S'(R"; X)
under the natural identifications. We deflne
Bs (]R” w; X) —[B_A ,(R", w ; XM and }‘;yq( ,w; X): —[F_A ,(R", w T X
For w € A, we have
B, (R", w;X) =B} (R",w; X) and F; (R", w;X)=F5 (R" w;X). (2-28)

Notationally it will be convenient to define

B, &/ =B,
o __ -F, %= F,
{B,F,B,F} — {B,F,B, F}, o > &° = B. of — B
F, o =F.
Let X be a reflexive Banach space, p, g € (1,00), y € (—oo, p — 1) and s € R. We put
1+y 1+y
0B, , (00 X) =B, " 00:X) and  dF, (00:X):=F,," B0;X).

Parameter-dependent spaces We now present an extension to the reflexive Banach space-
valued setting of the parameter-dependent function spaces discussed in [62, Section 6],
which was in turn partly based on [40]. As the theory presented in [62, Section 6] carries
over verbatim to this setting, we only state results without proofs. The reflexivity condition
comes from duality arguments involving the dual scales that are needed outside the A -
range. Although for the B- and F-scales duality is only used in Corollary 2.11, for simplicity
we restrict ourselves to the setting of reflexive Banach spaces from the start.
Foro € Rand p € [0, 00) we define Ef, € LSRR, X)) N LS (R"; X)) by

B9 f = '(- . fl. feS®R:X),
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where (5, 1) = (1 + [§> + u)'/2.
Let X be a reflexive Banach space and let either

1) pell,o0),q€[l,o0],w € Axx(R") and &7 € {B, F}; or
(i) p.qe(1,00), w e [Ax],(R") and o/ € (B, F}.

For s, so € R and & € [0, 0o) we define

—5—50

= /o
”f”@{;:g‘jo(Rn,w;X) = ” S f”szfpsf)q(R”.w;X) ’ fe S R"; X)

and denote by %If,’ff’so(R”, w; X) the space {f € S'(R"; X) : ”f”m""“""o(Rn )
P.q sW;

equipped with this norm. For the Bessel-potential scale we proceed in a similar way.

Suppose that X is a UMD Banach space and let p € (1, 00) and w € A,(R"). We define

< 00}

A gm0 @ e xy = ”Eft_sof”H;O(R",w;X)

and write H,"**(R", w; X) for the space {f € S'(R"; X) : I gm0 ey < 09}
» Jw;
endowed with this norm.
It trivially holds that

(]

L. S, 1,80 (TR . = S—t, 14,50 (TN . . .
wi Dy PR w X) — (R", w; X), isometrically,

~ (2-29)
EL DH O R, wy X) — H;_”“’XO(R”, w; X), isometrically.
It furthermore holds that o7, °(R",w;X) = 3 (R",w;X) as well as

Hy"(R", w; X) = H »(R", w; X), but with an equivalence of norms that is y-dependent.
If 5, 50, S0 € R with s < 5p, then

42/;”"1“0(R", w; X) < d;:g’yo(R", w; X) uniformly in o € [0, 00),
H;’“’SO(R”, w; X) — H;'“'FU (R", w; X) uniformly in u € [0, 00).
For an open subset U C R" we put
AU, wi X) = [0 R, wy W), Hy (U, w; X)
= [H;"“0 R™, w; X)1(U).

If s > so and & is either R”, R’} or a Lipschitz domain in R" with a compact boundary 30,
then it holds that

1N 290 sy = W Ny i) + (0 T UF N 0 5y »
LE 050 6.y = W Warscows) + 0 O NE N0 () - (2-30)
feS®RY, uel0,00)

Let X be a reflexive Banach space, p,q € (1,0), (w, &) € Ax(R") x {B, F} U

[Aoo];](R") x {B, F}and & = &/°. For s, s¢ it holds that
[/ 10 (R, w; X)]* = t%’;,‘f;;f’*m (R", w;,; X*), uniformly in u € [0, 00).

Next we consider a vector-valued version of the parameter-dependent Besov spaces as
introduced in [40], but in the notation of [62, Section 6]. Let X be a reflexive Banach space,
p €[l,00),q €[1,00] and s € R. For each i € [0, c0) the norm || - IIBSI;Z(R,,;X) is defined
by:

d
s—<
“f”]B;,Z(R”,X) = </¢(/> P ”M[_Lf‘ Bf),q(R”;X) ) f € S/(Rn7 X),
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where M, € L(S[R"; X)) N L(S'(R"; X)) denotes the operator of dilation by (wy~1.
We furthermore write }Bii,’ff] (R"; X) for the space {f € S'(R"; X) : ||f||IB;-f;(R)1;X) < o0}
equipped with this norm. Then
IB%S o (]R” X) = IBS ! “(R" X), uniformly in p. (2-31)
If s > 0, then it holds that
||f||B§,l;(Rn;X) ||f||B\ R X) + ) I1f Il (R X) > feS®R"X), uel0,00).

(2-32)
If p e (1,00) and g € [1, 00), then

Bk @®R"; X)I* =B " “(R” X*) uniformly in € [0, 00). (2-33)
For a compact smooth manifold M we define B),’; (M) in terms of B}, (R") in the

standard way. Then the analogues of Egs. 2-32 and 2-33 for ]Bi,’ffl (M) are valid.
It will be convenient to write

_1+‘;/
5, ”’(aﬁX)sz%e{BB}
eyl (00;X) = P‘ﬂ

(8@’ X), o € [F,F}
as well as

AHSM (B0 X) _Bp,, H@o: x).

Proposition 2.10 Let X be a reflexive Banach space, let O be either R} or a C N_domain
in R" with a compact boundary 00, where N € N, let U € {R", 0}, let either

1) pell,o0),qgell,c] y € (—1,00)and &/ € {B, F}; or
(i) p,ge€(1,00),y € (—oo, p—1)and o € (B, F},

1+y

and let s € ( » ,00) and sg € (—o0, 1Jr’/) Assume that

max {s, (HTV — 1>+ +1- so}, in case (2.10),

N > I
rnax{ — 50, — (Ty) +1 —|—s}, in case (2.10).
Then
trye : ,!Z{]‘;”(’;’SO(U, wa(j X) — 842%;,‘;},(8@ X) uniformly in u € [0, 00),
that is,
e QT 00 .
||tr80’f||3g{]jgy(aﬁ;x) 5 ”f”d;::]‘v‘o(u’wsﬁ;x)a fe JZ{p,q U, w, " X), n € [0, 00).

The respective assertion also holds for the Bessel potential scale if X is a UMD Banach
space and if y € (—1, p — 1) and N > max{s, —so}.

Corollary 2.11 Let X be a reflexive Banach space, p,q € (1,00), (y, &) € (—1,00) x
{B, F}U (=00, p — 1) x {B, F}, s € (—o0, ”TV —Doandsy € (HTV — 1, 00). Then

1, d—1,
”80 ® f”d;:g'so(R",wy;X) 5 ||f||8,d§;}i/lL(Rd71;X) ) f € 8;2{5:57]/“(]1{ 5 X)? n e [07 OO)
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2.5 Differential Boundary Value Systems
2.5.1 The Equations

Here we introduce some of the notation and terminology that will be used in Sections 5 and
6 on parabolic and elliptic boundary value problems.

Let X be a Banach space, & C R" a C*°-domain with a compact boundary 9& and
J C R an interval. Let m € Ny and let m1, ..., m, € N satisfy m; < 2m — 1 for each
ief{l,...,m}

Systems on O': Consider

AMD) = ) a,D

ler] <2m

Bi(D) = Z bi’ﬁtraﬁDﬁ, i=1,...,m,

|Bl<m;

with variable B(X)-valued coefficients a, on ¢ and b; g on 30 which we are going

to specify later in Section 6. For the moment we just assume the top order coefficients

ag, l¢| = 2m, and b; g, |B| = m;, to be bounded and uniformly continuous. We call

(A(D), Bi(D), ..., B, (D)) a B(X)-valued boundary value system (of order 2m) on 0.
Systems on O x J: Consider

AD) = Y a,D%

lot|<2m

Bi(D) = Z bi,ﬁtraﬁDﬂ, i=1,...,n,

|Bl<m;

with variable B(X)-valued coefficients a, on & x J and b; g on 0’ x J which we are going
to specify later in Section 5. We call (A(D), By (D), ..., B,y (D)) a B(X)-valued boundary
value system (of order 2m) on & x J.

2.5.2 Ellipticity and Lopatinskii-Shapiro Conditions

Let us now turn to the two structural assumptions on A, By, ..., B,,. For each ¢ € [0, )
we introduce the conditions (E)4 and (LS)g.

The condition (E) is parameter ellipticity. In order to state it, we denote by the sub-
script # the principal part of a differential operator: given a differential operator P(D) =
2 ly|<k PyD? of orderk € N, Py(D) =}, py D"

(E)y Forallt e J,x € O and |€] = 1 it holds that o (Ax(x,&,1)) C Zg. I&ﬁ is
unbounded, then it in addition holds that o (Ax(c0, &,1)) C C, forall t+ € J and

51 = 1.
By Ay(co, &, ) we mean that the limit limjy|— 00 A#(x, &, 1) exists for all # € J and all
|&] = 1 and that Az (00, &, 1) is defined as this limit.

The condition (LS)y is a condition of Lopatinskii-Shapiro type. Before we can state it,
we need to introduce some notation. For each x € 84 we fix an orthogonal matrix O,(x)
that rotates the outer unit normal v(x) of & at x to (0,...,0, —1) € R”", and define the
rotated operators (A", BY) by

A'(x, D, 1) = Ax, 0]\ D.1), B'(x,D,1) :=B(x, 0] )D.1).
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(LS); Foreacht € J,x € 30,1 € T,_4 and £ € R"~! with (A, &) # 0 and all
h € X™, the ordinary initial value problem

rw(y) + Ay(x, &, Dy, Hw(y) =0, y>0
B}f,#(x, &, Dy, Hw()|ly=0 = hj, j=1,...,m.
has a unique solution w € C*°([0, 00); X) with lim,_, o, w(y) = 0.

In the scalar-valued case, there are several equivalent characterizations for the Lopatinskii-
Shapiro condition. It is a common approach to consider the polynomial

m
AT =@ -1, E )
j=1
where 71(x,&",1),..., Tn(x, &', 1) are the roots of the polynomial Ajy(x, &', -,¢) with
positive imaginary part. If we write ij',#(x’ &, t,t) for the equivalence classes of
B;’,#(x, &,7,t)in C[r]/(A;’+(x, &, 1, 1)), then we can formulate the following result:

Proposition 2.12 The Lopatinskii-Shapiro condition is satisfied if and only if
B}f‘#(x, &,1,1) (j=1,...,m) are linearly independent in C[t]/(A;’+(x, &, 1,1)).

This condition is sometimes called covering condition. A proof for this statement can for
example be found in Chapter 3.2 of [81]. A similar condition can be formulated using the
so-called Lopatinskii matrix. If B;’,#(x, &, 7,t) are the representatives of B;’#(x, &,1,1)
with minimal degree, then their degree is smaller than m. Hence, there is a unique matrix
L(x,&', 1) € C™" guch that

By ,(x.&.7,1) 70
: =L(x. &1
By (x, &, T,1) -l

This matrix L(x, &', r) is called Lopatinskii matrix. From Proposition 2.1.2 one can easily
derive the following result:

Proposition 2.13 The Lopatinskii-Shapiro condition is satisfied if and only if the Lopatin-
skii matrix L(x, &', t) is invertible.

Using Proposition 2.13 one can easily see that if B;(x, &,t,1) = 7771, then the
Lopatinskii-Shapiro condition is satisfied for all elliptic operators. In particular, this
includes the usual Dirichlet boundary conditions for second order equations. Also Neu-

mann boundary conditions satisfy the Lopatinskii-Shapiro condition. For further examples
we refer to Section 11.2 in [91].

3 Embedding and Trace Results for Mixed-norm Anisotropic Spaces
3.1 Embedding Results

Proposition 3.1 Let X be a Banach space, p,p € (1,0), ¢,§ € [1,00], 5,5 € R,
a e (0,00), andw, w e ]_[lj:] Aco(R%). Suppose that
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* pir<pLpj=pjandwj=w;forje{2,... 1}
®  wi(x)) = |x1|" and W (x1) = |x1|"7 for some y1, Y1 € (—di, 00) satisfying

% di + 7 d +
Qfﬂ and 1~)/1< LT
P1 P1 P1 P1

If s —alm ZE’—alm, then
P Pl

Fo (R w; X)<—>Fi‘i[(]R" w; X).

Remark 3.2 Proposition 3.1 is a partial extension of [69, Theorem 1.2] to the mixed-norm
anisotropic setting. In the scalar-valued setting, there also is a generalization of [69, Theo-
rem 1.2] to the general A, case, see [70, Theorem 1.2]. It would be nice to have a similar
extension also in the Banach space-valued anisotropic mixed-norm setting. This would also
remove the restriction that p, p € [1, oo)l \ (1, oo)l is not allowed in Proposition 3.1.

Remark 3.3 In this paper we only apply Proposition 3.1 in the case that p = p. In this
case the embedding result takes the form: if y; > 7] and s > § + a; % then

F“’J(R" w; X) — F“’J(R" w; X).

One of the nice things about this embedding, which has already turned out to be a pow-
erful technical tool in the isotropic case (see e.g. [59, 62, 65, 71]), is the (inner) trace
space invariance in the sharp case s = 5 + a; 2=, see Proposition 3.7 below. In the two
other embedding results in this section, Lemmas 3.4 and 3.5 below, there also is such an
invariance.

Proof of Proposition 3.1 The embedding can be proved in the same way as [69, Theo-

rem 1.2 (2)=(1)], as follows. It suffices to consider the case § = 1 and s — a; ‘{I’H“ 5

=5 -
ai ‘[' +V‘ . Furthermore, in order to prove the norm estimate corresponding to the embeddmg

we may restrict ourselves to f € S(R"; X). Let @ € (0, 1) be such that

_ Y1/P1 — (1 —0)y1/p1 N

T i,
1 pi
let r be defined by ;17 = 111;19 + ; and let ¢ be defined by r — a; '{1“ =73 - alﬁ;{ﬂ_

Note that r € [p1,00), t € (—00,5),5 = 0t + (1 — §)s and Qrﬂv + “‘p@yl = 7.
Therefore, as [69, Proposition 5.1] directly extends to the setting of mixed-norm anisotropic
Triebel-Lizorkin spaces,

< -
”f”FV“ (R" w X) ”f”FS‘l (R" w; X) ”f”F(tya’) ‘{(Rn’(l,lv,ﬁ/);x) . (3 1)

Furthermore, as a consequence of [69, Proposition 4.1], since

n_v_ 1_9<——Q)zo,
pior 0 P11 Pl
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we obtain that

(d,a)
£ g = |@5SE Pren] _
f Fopry g ® - 17.00:0 e e Ly ¢ (R @[ (NILy (RA |- 1)]1(X)

< | @S e

‘Lp/f ®=W)[e5 NILg ®A]- 7)1
= ” f”F;‘ylf’J(R",ﬁ;X) . (3—2)
Indeed, here we apply [69, Proposition 4.1] to S,i’{’a)f( -, x') for each x’ € RY~%  which is
a Schwartz function with Fourier support in [—c25@1 | ¢2%@114 (with ¢ independent of f and
n), to obtain

di+v 447

s rc <@y TR

SO fCx

LRV X) Ly (RA |- 715 X)

— Zk(t—E‘)

S f ¢ x

Ly R, 7107
from which ‘<’ in Eq. 3-2 follows. A combination of Egs. 3-1 and 3-2 gives the desired
estimate

T < 3
||f||F§i‘1’"{(R",E);X) ~ ”f”F;:‘:[“{(Rn,w;X) . O

Lemma 3.4 Let X be a UMD Banach space, q, p,r € (1,00), v € A;(R), y € (=1, 00),
s€Rand p € (0,00). Lets € (0,00) withs > s,y :=y + ( —s)p and o ::%-}—I.Let
8 € (0, 00) be such thaty — ép € (—1, p — 1) and put n := ﬁ& Then

o+, (L1
F(p,qg,lp R x R, (Wytnp, v); X)
> W) R, v; Fy (R, wy: X)) N Lg(R, v; Fy3P (R, wy: X)). (3-3)

Proof This can be shown as the scalar-valued case in [59, (27)]. Note that the duality
arguments therein remain valid as X is a UMD space and therefore reflexive. O

Lemma 3.5 Let X be a UMD Banach space, g, p € (1,00), v € A;(R), y € (=1, 00),
s € Rand p € (0, 00). If 0 € [0, 1] satsifies s + 0p € (0, 00) N (”TV -1, HTV), then
W) (R, v; Fy (R, wy): X) N Lg(R, v; Fy (R, wy); X) (3-4)
> H7PR,vi LR, wy—(16p)p): X) N Ly (R, v3 HS' PP (R, wy—(5190)p): X).

Note that s +0p € (HTV -1, HTV) is equivalentto y — (s +6p)p € (—1, p — 1), which
is in turn equivalent to wy, _(s19p)p € Ap.

Proof The proof given in [59, Lemma 3.4] on the scalar-valued case carries over verbatim.

O
3.2 Trace Results
Proposition 3.1 with p = P (see Remark 3.3) enables us to give an alternative proof of
the trace theorem [60, Theorem 4.6] for anisotropic weighted mixed-norm Triebel-Lizorkin

spaces. The special case 41 = 1 in Proposition 3.7 actually yields [60, Theorem 4.6], which
is the only case that is used in this paper.
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For the statement of Proposition 3.7 we need some notation and terminology that we first
introduce.

3.2.1 Some notation

We slightly modify the notation from [60, Sections 4.3.1 & 4.3.2] to our setting.

The working definition of the trace Let ¢ € ®%4(RR") with associated family of convo-
lution operators (Sp)keny C L(S'(R"; X)) be fixed. In order to motivate the definition to
be given in a moment, let us first recall that f = Z,fio St f in S(R"; X) (respectively in
S’(R"; X)) whenever f € S(R"; X) (respectively f € S’(R"; X)), from which it is easy
to see that

oo
Fiogixzna = 2 (SeDjo upr-a n SRAX), - f € SR X).
k=0

Furthermore, given a general tempered distribution f € S'(R"; X), recall that Sy f €
Oy (R"; X). In particular, each Si f has a well-defined classical trace with respect to
{04} x R"=4 This suggests to define the trace operator t = t¥ : D(y¥) c S'(R"; X) —>
S'(R"4; X) by

=) (S0, yxrr (3-5)
k=0

on the domain D(7¥) consisting of all f € S'(R"; X) for which this defining series con-
verges in S'(R"~4; X). Note that .Z~1& (R"; X) is a subspace of D(r¥) on which 7%
coincides with the classical trace of continuous functions with respect to {04 } x R4 of
course, for an f belonging to .7 ~'£'(R"; X) there are only finitely many Sj f non-zero.

The distributional trace operator Let us now introduce the concept of distributional trace
operator. The motivation for introducing it comes from Lemma 3.6.

The distributional trace operator 7 (with respect to the plane {04 } x R"~4) is defined as
follows. Viewing C(R%; D'(R"~4; X)) as subspace of D' (R"; X) = D' (R4 x R"~4; X)
via the canonical identification D' (R%; D' (R"~%; X)) = D'(R4 x R"~%; X) (arising
from the Schwartz kernel theorem),

CRY, D'R"4; X)) > DR, D'(R"4; X)) = D'R" x R* 4, X),
we define r € L(C(R%; D'(R"4; X)), D' (R"~%; X)) as the ‘evaluation in 0 map’
r:CRY DR X)) — DR, X), > evof.
Then, in view of
CR"; X) =CRY xR" 4 X) = CRY; CR" 4, X)) — CRY; D'(R" 4 X)),

we have that the distributional trace operator r coincides on C(R"; X) with the classical
trace operator with respect to the plane {04 } x R4 e,

r:CR": X) — CR";X), fr> Fitog =i

The following lemma can be established as in [49, Section 4.2.1].
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Lemma 3.6 Let p € S(R®) such that p(0) = 1 and suppp C [1,21%, a; € R4, ¢ €
NS with & = (d1,d), @ € (0,004, and (¢pp)nen € DTERI~4). Then, for each
g e S'RI7H; X),

extg := Z p (2K ) @ [y * g] (3-6)

k=0
defines a convergent series in S'(R"; X) with

supp Z[p ® [¢o * g1l C {§ | [§l4,a < ¢}
supp Z[p(2F ) @ [dx + gl C {5 | 712X < |§lg0 <2} Lk > 1,

for some constant ¢ > 0 independent of g. Moreover, the operator ext defined via this
formula is a linear operator

ext: S'(RT™M; X) — Cp(RM; S'(RI™4; X))
which acts as a right inverse of r - C(R4; S'(R4~4; X)) — S'(R4~4; X).

(3-7)

3.2.2 Theresults

We will use the following notation. We write d’ = (d, ..., d;). Similarly, given a €
0,00), p € [1,00) and w € ]_[lj=1 Ao (RE), we write @' = (a,....a), p =
(p2,...,p)and w := (wy, ..., wp).

Proposition 3.7 Let X be a Banach space, a € (0, 00)l, p € (1, oo)l, q € [1,00],
y € (—dj,00) and s > %(z{] + y). Let w € ]_[lj:1 Ao (R%) be such that wi(x)) =
|x1)Y and w' € HljzzApj/,j(R‘{f)for some ¥' = (ra,...,r1)) € (0, D=1 satisfying
§— %(1{1 +y) > le:z ajtfj(rij —1).2 Then the trace operator T = t% (3-5) is well-defined

a

on F;’ p ‘[(R”, w; X), where it is independent of ¢, and restricts to a retraction

—2L(1+y).a’
TP RN w X) — F 0 U e x) (3-8)

p.q.4 p.p1.d’

for which the extension operator ext from Lemma 3.6 (with d = d’ and @ = a') restricts to
a corresponding coretraction.

Proof Using the Sobolev embedding from Proposition 3.1 with p = P (see Remark 3.3) in
combination with the invariance of the space on the right-hand side of Eq. 3-8 under this
embedding, we may without loss of generality assume that p; = g. So

LyR", w)[tg(N)] = Ly R, w")[£,(N[L,, RE, | - [)]1.

Now the proof goes analogously to the proof of [58, Theorem 5.2.52]. O

Corollary 3.8 Let X be a Banach space, a € (0,00)!, p € (1, 00)}, y € (—di, di(p1 — 1))
and s > %(1{1 +y). Let w € ]_[l/-=1 Ap; (]R‘{j) be such that w(x1) = |x1|”. Suppose that
either

e E=Wr R wX)ne @) n=sa";or

o [E= H;’_“’[(R”, w; X); or

2This technical condition on w’ is in particular satisfied when w’ € ]_[l/-:2 Ap,; R%).
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e E=H; (R, w;X),s€ (0,00, a=sa".
Then the trace operator T = t% (3-5) is well-defined on E, where it is independent of ¢,
and restricts to a retraction

_a ’
S r1 (+y).a Rdfl

. /.
t.E—)Fp/’pl,‘[, ,wh X)

for which the extension operator ext from Lemma 3.6 (with d = d' and @ = a’) restricts to
a corresponding coretraction.

Corollary 3.9 Let X be a UMD Banach space, q, p € (1,0), v e A;(R), y € (-1, 00),
s € (—o0, HTV), p € (0,00)and p e N. If s+ p —|B] > H'Ty, then trapn © Dfisa
bounded linear operator

W) (R, v; F3 (R wy: X)) N Ly (R, v; Fp S (RY, wy: X))

5 GHo=IBI= 155D
4 P P n—1 .

(P.a).p R xR, (1,v); X).

Proof Let € [0, 1] be such that s+6p € (0, OO)ﬂ(HTy -1, HTV). Such a 6§ exists because
5= HTV ands +p >s+p— Bl > HTV Using Lemma 3.6 together with

1-6,(4,1)

1-6
Hy, RL xR, (wy, v); X) NL4(R, v; H;(z (R, Wy —(s+6p)p); X)
1-0-L1Bl.(4,1)
=H, PP RY X R, (wy—(s40p)ps 0): XD,

we find that DP is a bounded linear operator from
W) (R, v FS (RY wy: X)) N Ly(R, v Fy b (R, wy: X))

to
1-6-51Bl.(5. 1)
H(p’q) ° ’ (Ri X R, (Wy —(s46p)p> V) X).
The desired result now follows from Corollary 3.8/[60, Corollary 4.9] and the observation
that

I+[y — (s +0p)p] 0

1 1 1
S4Bl - )= (16— —1p) -
p p P

Combined with the elementary embedding (2-24), the above corollary immediately
leads to:

Corollary 3.10 Let X be a UMD Banach space, g, p € (1,00), v € A;(R), y € (=1, p—
1), s € (—oo0, HTV), p€(0,00)and B € N". Ifs +p — |B] > HTV then trygy o DPisa
bounded linear operator

W, (R, v; Hy (R, wy s X)) N Ly (R, v; Hy ™ (R, wy; X))

1
+(s+p=IBI= ). (5. D)

r.9).p ' R xR, (1,0); X).

The following lemma allows us to derive a Besov space variant of Corollary 3.9 by real
interpolation.
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Lemma 3.11 Let X be a UMD Banach space, q, p € (1,00), r € (1,00), v € Ay4(R),
w € Ac(R"), s € Rand p € (0,00). Let O be either R" or as in Theorem 2.9. Let
50,81 € Rand 0 € (0, 1) be such that s = so(1 — 0) + s516. Then

(Wa R, w5 F30,(0, w3 X0) 0 Ly (R, w3 F2# (6, ws X)),
Wy (R, Fyl, (0, w5 X0) 0 Ly R, v; FyLE0,wi X)),

= Wy (R, v; B} (0, w; X)) N Ly(R, v; BS+P(@’ w; X))

Proof Thanks to Theorem 2.9 we may restrict ourselves to the case & = R". The
result now follows from Eq. 2-11 with E = L,(R,v; F;?,(]R", w; X)) and F =
L;(R,v; F,S,f,(]R", w; X)). Indeed, E and F are (4, a)-admissible with ¢ = (n, 1) and
1
a=(;1),
p

(218) 1 29
W (R, v; F (R, w5 X0) 0 Ly (R, v; F? (R, w; X) U= (T[] )Hw V) B
(2.18) 1 (29)
qu(]R, v; F[S,f,(]R”, w; X)) N Ly(R, v; sz;"p(Rn, w; X) = "Hgg’]))[lﬁ‘] (n 1) []F]
E.Flog = Lg®R v (FY,R", w; X), F,',(R", w; X))g,4)
2.16)

Ly[R, v; By, ,(R", w; X)),
where we used [47, Theorem 2.2.10] for the real interpolation of L,-Bochner spaces, and

( l

Ho 7 LE Fogl B HEDIE P )

(n,1)

W, (R, v; B}, ,(R", w; X)) N Ly (R, v; By LR, w; X)). -

2.18)

Corollary 3.12 Let X be a UMD Banach space, q, p € (1,00), v € A;(R), y € (-1, 00),
s € (—o0, 1Jr’/) p € (0,00)and p e N. If s+ p —|B] > H—y thentraRn oDPisa
bounded lmear operator

W) (R, v; B (R, wy: X)) N Ly (R, v; BYP (R, wy; X))

B}](v+p 1BI—55), (5. 1)

oy ®"™" xR, (1, v); X).

Proof This follows immediately from Corollary 3.9 by the real interpolation results from
Lemma 3.11 and Eq. 2-16. O
4 Poisson Operators

4.1 Symbol Classes

In this subsection we give the definition and derive some properties of the symbol classes
we want to work with. We will restrict ourselves to symbols with constant coefficients and
infinite regularity in the parameter-dependent case. For the main results of this paper, treat-

ing the general symbol classes which are usually considered in the framework of the Boutet
de Monvel calculus is not necessary. Nonetheless we will treat them in a forthcoming paper
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for the discussion of pseudo-differential boundary value problems. Our symbol classes are
variants of the classical symbol classes considered in [38] and the other references we gave
in the introduction.

In this section, our parameter-dependent symbols usually depend on a complex variable.
If we say that the symbol is differentiable with respect to that variable, we interpret this
complex variable as an element of R? and mean that the symbol is differentiable in the real
sense. Likewise, if there is a complex variable appearing in the Bessel potential, we treat it
as a variable in R?,

In the whole section, we use the notation and conventions of Section 2.3. Solet/ € N
and de Nll such that |d| = n.

Definition 4.1 Let Z be a Banach space, d € R and ¥ C C open. Let further a =
(ai,...,a) € (0, 00).

(a) The parameter-independent Hormander class of order d with constant coefficients
denoted by SY(R"; Z) is the space of all smooth functions p € C*°(R"; Z) with

1P = sup (&)~ | DEpe)| < o0
£cRN VA
aeN" |a|<k

for all k € N. Here, as usual the Bessel potential is defined by (§) := (1 + R RES
(b) The anisotropic parameter-independent Hormander class of order d with constant

coefficients denoted by SZ «(R"; Z) is the space of all smooth functions p €

C®(R"; Z) with

d —(d—a-
1PN = sup (&) O DE p©)llz < 00

aeN" |a|<k

for all k € N. Here, the anisotropic Bessel potential is defined by
(§)da = (LI +. 1522,

Definition 4.2 Let Z be a Banach space, d € R and ¥ C C open. Let further a =
@, ai11) = (ai,....a;41) € (0,00) x (0, 00).

(a) The isotropic parameter-dependent Hormander class of order d and regularity co with
constant coefficients denoted by S%*°(R" x X; Z) is the space of all smooth functions
p € C®(R" x ¥; Z) with

n P .
[(( 0) — sup (2)_-’ M) d—lal=1jl) H DngJLP(E’ /’L) H < 00
(&, WeR xB z
aeN, jeN2 |a|+|jl<k

Ipl

for all k € N. Here, the parameter-dependent Bessel potential is defined by

(&, 1) = (1+ [EP + V2

(b) The anisotropic parameter-dependent Hormander class of order d and regularity oo
with constant coefficients denoted by SZ’EO(R” X X; Z) is the space of all smooth
functions p € C*(R" x X; Z) with

d, —(d—a"-qo—a41lj j
11 = sup & T IDED] pE Mz < o0
.a, , &

(ENERT X T
aeN" jeN2 |a|+|j|<k
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for all k € N. Here, the anisotropic Bessel potential is defined by
(E Mg = (LGP 4 g a2,

In the special case / = 1 we also omit 4 in the notation and write Sf,l PR x X; Z)

and ||p||(d ) instead.

Definition 4.3 Let Z be a Banach space,d € Rand 1 < p < oo. Let further 4 = 1 and
a=(a,a)=(ay,...,a) € (0,00) x (0,00)/ 1.
(a) By Sd(RrR 1 Sy ,(R4; Z)) we denote the space of all smooth functions
Ry xR 5 Z, (x1. &) > k(x1, &)
satisfying
IRl sa@rt:s,, @229y 0
y—(d=metm' =)+ =1 H

= sup (&)

x1 > Dl DE R, €]
s/eRn—l

< o0
LP(R+.Z)

for all ' € N"~! and all m, m’ € N. The elements of $¢(R"~L; Si,(Ry; Z)) will be
called parameter-independent Poisson symbol-kernels of order d + 1 or degree d.
(b) We denote by SZ’ a RS, » (R4; Z)) the space of all smooth functions

kK:Ry xR"™ — Z, (x1,&) > k(x1, &)
satisfying

|| 75” S?a(SLp R1:2)),a,m,m’

—(d—(m-m")ay—a’- ga')+a (5 -1) m pym' pe' 7 ’
= sup (E), L Hx1|—>x D D/k(xl,§)|
geRn-1 d'.a P on e LyR+;2)
< o0

for every o’ € N"~ Lan all m, m’ € N. The elements of Sf{l (R" 1L, SLp Ry; 2)) will
be called anisotropic parameter-independent Poisson symbol kernels of order d + a;
or degree d. In the special case a; = ... = @; we omit 4 in the notation and write

d —1. . T i
SeR"™": Sp, (R 2)) and [k ga 51, (Bs:2)).amn iDStERC.

Definition 4.4 Let Z be a Banach space, ¥ C C open,d € Rand 1 < p < oo. Let further
4 =landa = (a1,d, a;41) € (0, 00) x (0, 00)' ! x (0, 00).
(a) By S4°@R1 x x; SLp (R4; Z)) we denote the space of all smooth functions
KRy xRV xS > Z, (x1, &, 1) > k(x1, €, )
satisfying
1Kl ga.00 @t x 38, (R 2)).0 sy
/ / l_
= swp (g T
(¢ . WeR—Ix%

51 <o D DYE €, )

LP(Ry,Z)
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for all ' € N*7!, 3 € N? and all m,m’ € N. The elements of §%-°(R"~! x
%; 81, (R4 Z)) will be called parameter-dependent Poisson symbol-kernels of order
d + 1 or degree d and regularity co.

(b) We denote by Sj:zo(]R”’l x ;8L » (R4; Z)) the space of all smooth functions

iRy xR Y — Z, (01, &, 0) > k(x1, €, )
satisfying
HkHSZ:ZO(SLP(]RJr;Z)) o \m,m’y
(d (m—m)a)—a-pa *|V|d1+|)+ll1(**1)
= sup (€', ) ) 4'.a
(' MeR-1xx

< o0

— xM m’Da/’
Hxl P Py L,(Ry:Z)

for every ' € N*!. m,m’ € Nand y € N2 The elements of SdOO(R" I x
PN SL (R4+; Z)) will be called anisotropic parameter-dependent Poisson symbol-
kernels of order d + a; or degree d and regularity co. In the special case a; =
. = a; we omit 4 in the notation and write S*®@®R"! x ¥; S, (Ry: Z)) and

H k instead.

S4°°(SL, (Ry:Z)).0 ,m.m'y
Lemma 4.5 Let X be a Banach space. For p € [1,00], m,m’ € N let

1f sy, ®esx)mm = llx = X" DI fO)lL,@x)  (f € SRy X)).

We write SL,,(R+; X) if we endow S(Ry; X) with the topology generated by {|| -
lse, ®s.x)mm 2 m,m" €N}

(@) The topology on S(Ry; X) generated by the family {|| - ||SL,,(R+;X),m,m’ :m,m’ € N}
is independent of p.

(b) The symbol-kernel class s fa R x 3 S1,(Ry; Z)) is independent of p. The
respective assertion also holds in the isotropic or parameter-independent case.

Proof Equation 4.5: We simply show that S, (R+; X) < S, (R4; X) for all choices of
p,q € [1,00]. If ¢ < p we can use Holder’s inequality. Let m, m’ € N, r € [1, oo] such
that 1/g = 1/r + 1/p. Then, we have

x> X" DI FOllz,@e:x) < X = %) 2@ llx = ()2 DY F(O) L, @:x)
Smax{|lx = x" DY fF()L,®x). X = X" 2D F) L, @ex)

If ¢ > p we use the embedding W’}(RJF; X) < L4Ry; X) (cf. Proposition 3.12 in
combination with Proposition 7.2 in [69]). This embedding yields

e > 2" DY f(OllL,@ex) S x> X" DY T lwiex
< max{|lx > X" D f (), @y, x> X" DI +l.f(x)||Lp(R+;X),
x> X" DI F )L, @ex)}

for all m, m" € N. Altogether, we obtain the assertion.
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Equation 4.5: We will derive this from Eq. 4.5 by a scaling argument. For simplicity of
notation we restrict ourselves to the isotropic parameter-dependent case. Consider a smooth
function

%:R xR 2 = Z, (01, ) > k(x, €L ).

Leto’ € N*~!, y e N? and put ky , (x1, &', 1) := Dy I Dk(x1, €, ) and g, (11, €', 1)
= ke (€', 1)~ 11, &', 11). Then

<‘§ I’L> b’ ”k"‘ V( g /’L)HSL m,m'’

= “hva("SI’M)”‘S‘Lp,m,W’ m,m €N, pe[l, ool

Applying the seminorm estimates associated with Eq. 4.5 to Ea/,y( -, &', ) the desired
result follows. (]

Remark 4.6 (a) Occasionally, we will need the estimates in the definitions of the Poisson
symbol-kernel classes with m being a non-negative real number instead of a natural
number. But the respective estimates follow by using Young’s inequality. Indeed, for
example in the anisotropic parameter-dependent case we have for all 6 € [0, 1] that

(g A>(m+9)a1 {7(m+9) =<S/ >m(1 0)a; pm(l 9)<S/ >(m+1)9a1 {7(m+1)9

< (1 _ 9)(5-/ >mal pm + 9(&/ >("’1a+l)a1xf7(m+1).

Using the triangle inequality for the L, (R ; Z)-norm yields the desired estimate.
(b) Letg > 0. Then we have that SZ:;O = SZZ’ZO
since
(€. Mg = Q102+ G+ hPnl/?
~ (L 181 4 [ P94 4 AP0 = (g0

for all the anisotropic symbol classes,

(¢) Letm,m e N,y € N2 as well as oz € N” ! Then, it follows from the definition of
the symbol-kernels that k> x D’" Dg‘, Dyk is a continuous mapping

Sqa R X 2581, Ry 2))

d—( 8] e’ =yl
> S Al el 5 Sy (Res 7).

The respective assertion also holds for the other symbol-kernel classes as well as for
the Hormander symbols.

(d) Letd;, d> € R and suppose that we have a continuous bilinear mapping Z| x Z; — Z
for the Banach spaces Z1, Z, and Z. Then, the bilinear mapping

SE R X 3, Z1) x SEX (R x 35 Z) — S PR < 25 2), (p1, pa) > p e p

is continuous. The respective assertions also hold for the other classes of Hormander
symbols.

Remark 4.7 Consider the situation of Definition 4.4. Suppose that ¥ = X, is a sector with
opening angle ¢ > m/2. Let further k € SZ:ZO(]R"—I X 2 SL,,(R+§ Z)) and n > 0. Then
K. (xy, €, 0) > k(x1, &, 1+n+i6)is an anisotropic parameter-independent Poisson
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symbol kernel in S(dd 1 o R Sr » (R4; Z)) in the sense of Definition 4.3. Moreover, for all
o e N7 m,m’ e Nand y € N? we have that

Q)
16 sd (51, Ry 20,00 mmy

ld—(n—m"ar—d-gro/ ~lylare1=a1 (G =Dlv) H

< , x
~ol sm,m’y (1+n k”SZ'ZO(SLP(R+;Z)),a’,m,m’,y :

Proposition 4.8 Let Z be a Banach space and d € R. Let further df = 1 and a =
(@@, a11) € (0,00) x (0,00)"! x (0,00). Let ¢ € Nand T, := {2 : z € T} for
some open . C C. Let k € SZZEO(R”_I x Xq; Si, (R4, Z)) an anisotropic symbol. Then,
the transformation ). = p4 leads to a symbol in SZ‘Z;:O(R’“l x ;81 Ry, Z)) where
a, :=(qay, ..., qa;, at1), i.e. we have that

(1,8 ) > R, €, u] € SR x 25 81, Ry, 2)).
Proof First, we note that

q

. q\ 7.. -7

pd = (ui+ip)? =y <~>M?UM2)" 7.
o \d

q
We show by induction on |y | with y € N2 that 8?,/ 8}; E(x 1, &', n9) is a linear combination of
terms of the form pJ/ =% f(x1, &', u9) where j, i € N2 such that j —i € N? and % +i| =
ly| as well as f € Sz_j'”{’a _(‘jla’“)/(q_l)(SLl). Obviously, this is true for y = 0. So let
8?,8,’2%@1, &', u?) be a sum of terms of the form w’/ % f(x1, £, ¢) where j,i € N? such

that j —i € N2 and L + Ji| = |y]as well as £ € Sy~ V900G, ) we
consider the summands separately. Then, we have

Oy [~ f(x1, 8 )]
q
L j—i— i—i ~(q\ §-1,. -7
= [ —in ) 77 (e, &) + 1(261(5)#({ (ip2)? q)(aulf)(xl,é/, n).
=1
A similar computations holds for 9, [uj’if(xl , &', u9)]. Hence, by Remark 4.6 (4.6) the
induction is finished. Estimating such terms, we obtain

LA i—i —(m—m’' —a-pa’—(|j —1
e R T

d.a
_ j—i qld—(m—m"a1—a- g a'1-(qljla+1)/(g—=1)
= Lwd T ), T
d—q(m—m")ay—aq- o' ~(1jl/(g=D+liDar+1
< / qa—q q° 4 +
< (& Wi

€' >qd*q(mfm’)a17?1q~4/0/*|)/|az+1
’ d,a,

This proves the assertion. O

Definition 4.9 (a) Given a Hérmander symbol with constant coefficients p or p, :=
p(-, ) in the parameter-dependent case, we define the associated operator

Pf:=0P(p)f =F 'pFf (f € S®R"X)).
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or

Puf =OP(p)f =F 'puF [ (f €S R":X)).
respectively.

(b) Given a Poisson symbol-kernel k or k;, := k(-, -, u) in the parameter-dependent case,
we define the associated operator

K := OPK(k)g(x)

= Q)i / R, E986) dE (x e RY, g e SR X)),
Rr—
or

K, := OPK(k,)g(x)
= Qm)'™" / k(& WEENdE  (x eRY, g e SR X)),
Rr—1
respectively.

Definition 4.10 Let Z be a Banach space, d € R. Let further 4; = 1anda = (ay, ..., q;) €

(0, 00)".

1. We denote by SR Lo, (R; Z)) the space of all smooth functions
piRxR™ — Z, (5,E) > p1.£)

satisfying

IPllsa( 7, ®:20)0mm = SSUHS (g~ (dmmm=lech HE{"DQ D¢ p1, &) Hz <00
e n

forevery o’ € N*~!and m, m’ € N.
2. We denote by Sia(R”’l; 1. (R; Z)) the space of all smooth functions
piRxR'"™ — Z, (¢.8) > p1.&)
satisfying

—(d+m—m"a;—a’- ya’) ’ ’
”p”Sja(yLoo (R;2)),a',m,m ::;uﬂg ('i:/)d’,a’ I ! HE{HDQ D?’ P&, E/) HZ <o
5 e n

forevery o’ € N*~! and m, m’ € N.
Definition 4.11 Let Z be a Banach space, ¥ C Copen,d € Rand 1 < p < oo. Let further
di = land a = (a1, @, a;11) € (0, 00) x (0, 00)! =1 x (0, 00).
(a) We denote by S§d-ooRr-1 5 3. 1. (R; Z)) the space of all smooth functions
PiRXR'TIXE — Z, (61,6 w) > pE1.8 )
satisfying

. ’ —(d+m—m'—|a'|—
||P||sd,00(yLoo(R;z)),a/,m,mgy = sup (&', ) @dtm=m —lo|=ly])
EeR" uex

&' Dy D D per € )|, < oo
foreverya’ € N*~! m, m’ e Nand y € N2.
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(b) We denote by Sj:ZO(R"’l x X; Y1, (R; Z)) the space of all smooth functions
P RxR"Ix % — Z (&.,6, 1) pEL &N

satisfying

IA0) —(d+(m—m")ay—a- g0’ ~|ylaj41)

”p”S‘;:ZO(yLoo(R;Z)),Ot’,m,m’,y = sup (E 4.

£cR" Jex
et oz D DY per €' 0| < o0
forevery o’ e N*"! m,m’ e Nand y € N2,
Lemma 4.12 Consider the situation of Definition 4.11. We have the continuous embedding
SRR X B S, (R 2) = SYER" x B; Z).

The respective assertion holds within the isotropic or parameter-independent classes.

Proof We only prove the result for the anisotropic and parameter-dependent case, as the
other cases can be proven in the exact same way. For given & € N” and y € N? we obtain

d—
sup (&, 1), a8 ) p( W)l

(ENERM XS
d—

S sup [ I 50 8Y p(E bl

(ENER XS

Li—(d-a"ga—ar1y)ls
+H—d—a" -ga—alyDI+IIE" ga) p(&, Mliz]
< 0.
Here we used the first part of Remark 4.6. O

Note that Lemma 4.12 shows us that we can define an operator to a symbol in
Sd OO(R” Iy s 1. (R; Z)) by the means of Definition 4.9.

Lemma 4.13 Let X,Y be a Banach spaces and d € R. Let further dy = 1 and a =
(ar,a,ai+1) = (ai, ..., ai+1) € (0, 00) x (0, 00)! =1 x (0, 00). There is a continuous linear
mapping

ST R x 81 Sp, (Rys BIX, Y)) —> STER™! x ;.77 (R BX, Y))). K +> p,

which assigns to each k a p such that r OP[p](50 ® -) = OPK(%). More explicitly, the
mapping k — p can be defined by means of the diagram

ST % B S, (Ry: BX, ¥)) —5— SYR®R™! x 2: 81, (R; B(X, Y)))

~ l&g.xp—ﬂgl
k—p

COR™! x TS, (R B(X, Y)))
where E denotes the Seeley extension as in [86] and the space SZ:ZO(R"_I x XS, R, B

(X, Y))) is defined analogously to SZ’EO(R”’I x 2; 81, (Ry; B(X, Y))). The respective
assertions also hold within the isotropic or parameter-independent classes.
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Proof Before we give the proof we should note that our approach here is strongly influ-
enced by [48, Proposition 4.1] where the Poisson symbol-kernel was also mapped to the
corresponding Hormander symbol (cf. [37, 38]).
We only prove the result for the anisotropic and parameter-dependent case, as the other
cases can be proven in the exact same way. The proof consists of three steps:
(i) We show that the Seeley extension is bounded from s fa ORI x 3 S, (Ry; B
(X, V) to ST R x £: 81, (R: BX, Y))).
(i) We show that %, ¢ is bounded from SZ’EO(R”_I x 2; 8., (R; B(X,Y))) to
SERR X B S, (R B(X, ).
(i) We show that OP[.Zy, ¢, EK1(80 ® -) = OPK[X].
So let us prove the three steps one by one:
(i) For the Seeley extension we fix two sequences (ax)reN, (bx)keN C R such that
(i) by < 0 for allk eN,
() D52 lakllbgl/ < ooforall j € N,
(iii) Yoo, axb{ = 1forall j € N,
(iv) by > —o0ask — oo.
It was proven in [86] that such sequences indeed exist. Moreover, we take a function

¢ € C®°[R;) withop(r) =1 forO <t <1land¢(¢t) =0 fort > 2. Then, the Seeley
extension for a function f € 54 fa (R T X 2 SL (R4; Z)) is defined by

(Ef)(t, €', 0) =) axp(but) f(bxt, &', 1) (& < 0).

k=1

The assertion regarding the smoothness has already been proved by Seeley in [86].
Hence, we only have to show that the estimates of the symbol classed are preserved
under the Seeley extension. But they indeed hold as

lx1 — xi Dm Do‘ DY Ek(x1, &', M), R_:BX,¥))

= |x1 > 2" DY Dg D] Zakqb(bkxl)k(bkxl E M Loy

k=1
s ml m/ ’ ~
= o DE DL Y Y ()i D %D
k=1 q=0 q
(bx1, g/! A) ”L (R_:B(X,Y))
o0 m' / ’ ~
Zakbm > ( >||x1 — x}' Dg, D} (DY, ¢) (bex1)(D3, k)
k=1 q=0 q
(brx1, &
o0 m’ m/ ’ ~
<> ab Yy (q ) |x1 > x}' D DY (DY, ¢) (bx1) (DY, ~ k)
k=1 q=0

/
(bk-xl ) 5 ) )‘) ”LI(R,;B(X,Y))
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o

<Y @by " 12( >“Y1 = 31D D (DY $) )
i 4=0
(DY, (1,80 ||L,(1R+;B(X,Y>)

00 m’
<Y abp ! Z( >||D)1¢||Loo<R |yt = ¥ DE DY (DY, R
k=1

/
(yl ) ;): ’ }\) ”Ll(RJr;B(X,Y))

) m’ ,
' —m—1 m
< E akbzn m § (C] >”D(y]‘|¢||L°°(]R1)Ca’,m,m’—q,\y|
k=1 =0

S )\ d (m m +q)a1 —a-pd —yaq

d—(m—m')ay—a- gpa’'—|y|a
SC(g/’ML{u(z’ Nay—a- g \VI1+1

(i) This follows directly from the above computation together with the definition of the
symbol classes and the fact that ng—m maps Li(R; B(X,Y)) continuously into
Lo(R; B(X,Y)).

(ili) Forallg e S(R* ') andallx € R’ we have that

OP(Fy, e, EK) (80 ® 8)(x)

— Qm) /R Ty ER 1 € 101 P (0 @ ) dE
= @m) / LT ERE1 € 10116 F e 8 €) d
= en' [ R € L wEE) de’

= en' [ R € R e
= OPK(k)g(x).

This finishes the proof. O

Remark 4.14 Note that in Lemma 4.13 we can also apply r OP[p](dp ® -) to elements
of S’(R"~!; X), cf. Section 2.4.1.

Lemma 4.15 Let Z, Z1, Z>, Z3 be Banach spaces and dy, dp, ds € R. Let further dy = 1
and a = (aj,a,ai+1) = (ai,...,a+1) € (0,00) x (0, 00)!/=! x (0, 00). A continuous
trilinear mapping Z1 x Z> x Zz — Z induces by pointwise multiplication a continuous
trilinear mapping

SR x 3 Z1)
X
SECRT X 5 S (R 22) —> ST TR @ X 5 S (R 2)),
X
SER! x B Z3)
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where (p1, p2, p3) > p is given by

&1L & w) = pi1E wp2E, wWp3E', w.
It also holds that
OP[p] = OP[p1] o OP[p2] o OP[ p3].

Again, the respective assertions also hold within the isotropic or parameter-independent
classes.

Proof In order to keep notations shorter, we first show the assertion for constant p3. Hence,
we omit it in the notation and estimate the term

|67 DI D D] p1 (61, €', M pa(€r. &' V) 2.
By the product rule and the triangle inequality, it suffices to estimate expressions of the form
IDE Dg, D) p1(€1, €', ME, DE! Dg, DY pa (€1, €', Wiz,
where || + |&'| = ||, |7] + 17| = | j| and @’ + /i’ = m’. But for such an expression, we
obtain
IDZ Dg D) pi (61,6, 1)&" DEy DY D pa(61.§'. Mllz

d]*'%/alfﬁu{/a/

S €05 W g DI DE D pa €1, €' Wiz,
dy—mt'ar—a- na — ’7 — - T
S{E A e T e DI DT D] p 81,8 M)z,

1 ~ A~ T
- - ~ m+——[di—m'ay—a- &' —|jlaj411+
+Hdy —m'ay —a -0 & — |jla]llE,

D} D D] p2(51, €', Wiz,

1y iy — (AT —m)ar —a- g @ +@)— (] 1+ a1
5 (E s )“)z{/,a’

~ AT di+dy— '+ —m)ar — @ +@)— (| f1+Da
Hdy —i'ar —a -0 @ —|jla] € Ay .7 : !

1y \di+da—(m —m)a) —aray—...—aja;—| jlag1
S (L .

A similar computation shows the respective assertion for the case that p; is constant and p3
is arbitrary. The formula for the operators is trivial. O

4.2 Solution Operators for Model Problems

In this subsection we consider the boundary value model problems

(1+Mv+AD)v =0, onRY, (4-1)
B;j(Dyv =g;, on R j=1,...,m.
and
du+1+n+AD)Yu =0 onRY xR, 4-2)
B;(D)u =gj, onR"1 x R, j=1,...,m, )

for n > 0. Here, A(D), Bi(D), ..., B,(D) is a constant coefficient homogeneous B(X)-
valued differential boundary value system on R’ as considered in Section 2.5. In this
subsection we restrict ourselves to g1,...,gm € S (]R”_l; X) so that we can later extend
the solution by density to the desired spaces.
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The following proposition and its corollary are the main results of this subsection. They
(together with the mapping properties that will be obtained in Section 4.3) show that the
Poisson operators introduced in Section 4.1 provide the right classes of operators for solving
(4-1) and (4-2).

Proposition 4.16 Let X be a Banach space and assume that (A, By, ..., By) satisfies
mj'+l

(E) and (LS) for some ¢ € (0, ). Then there exist Ej IS S(_] m ’T;(R”’l X Xr_¢; S,
200> 2
(Ry; B(X))), j =1, ..., m, such that, for each . € Xz _,

m
K i SR X)" — SR X), (g1.-.-.8m) > Y OPK(k;.2)g;,
j=1
is a solution operator for the elliptic differential boundary value problem (4-1). Moreover,
there is uniqueness of solutions in S(R"_; X): if u € SR”; X) is a solution of Eq. 4-1,
thenu = K; (g1, ---, &m)-

Remark 4.17 Proposition 4.16 together with Proposition 4.8 shows that I;J belongs to
S=mi=L (R e gy jams S1, (R, B(X))) after the substitution » = ™. To be more
precise:

[2m

P =, & e kG, £ 2™ e ST R X Bir gy jams Sy Ry, B(X))).

Corollary 4.18 Let X be a Banach space and assume that (A, By, ..., B,) satisfies
1

mi+

J
T2 -1
N ml ])(R” x

(2m > 2m?

(E) and (LS) for some ¢ € (O, %). Then there exist EE.") e S
R; Sp, Ry B(X))), j =1, ..., m, such that

m
KD SR xR X)" — SR x R; X), (g1.....gm) = »_ OPK(K{")g;.
j=1

is a solution operator for the parabolic differential boundary value problem (4-2). The semi-
norms of the symbol-kernels admit polynomial bounds in n as described in Remark 4.7.
Moreover, there is uniqueness of solutions in SR, x R; X): if u € SR x R; X) is a
solution of Eq. 4-2, then u = K (81, ---s8m)-

Proof Under Fourier transformation in time, Eq. 4-2 turns into

[ A+n+i0)Fou+ AD)Fu =0,
B/(D)]:t—n:u :]:t—>rgj, j=1,...,m.

The result thus follows from Proposition 4.16 through a substitution as in Remark 4.7. [J

In order to prove Proposition 4.16, we use a certain solution formula to Eq. 4-1. Follow-
ing the considerations in [20, Proposition 6.2] we can represent the solution in the Fourier
image as

(1, 3) = &PRCDNM b, 0)E, )
where

® Ap is some smooth function with values in B(X?", X?") that one obtains from A —
A(Dy,, ') after some reduction to a first-order system,
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e M is some smooth function with values in B(X™, X?") which maps the values of the
boundary operator applied to the stable solution to the vector containing all normal
derivatives of this solution up to order 2m — 1,

® p is a positive parameter that can be chosen in different ways and in dependence of &’
and ),

* b=E/p,o=(1+1/p"and g, = (G1/p™, ..., 8&n/p"")T.

Another operator that we will use later is the spectral projection &Z_ of the matrix Ag to the
part of the spectrum that lies above the real line. This spectral projection hast the property
that Z_(b,oc)M(b,0) = M(b, o).

For our purposes, we will rewrite the above representation in the following way: For j =
1,..., m we write

. gi®ej
M, j(b,0)g; = M(b,a)’ij
so that we obtain
m
T = eipAO(b’U)XlM(b, U)?p — ZeipAo(b,a)xl Mp,j(b, U)gj- (4-3)

j=1

The functions (¢§/, 1) — e"”A"(h’“)X'Mp,j(b, o) (note that p, b and o depend on (&, 1)
where we oppress the dependence in the notation for the sake of readability) are exactly
the Poisson symbol-kernels k; in Proposition 4.16. In the following, we will show that they
satisfy the symbol-kernel estimates in order to prove Proposition 4.16.

Lemma4.19 Let N € Nandlet Xy, ..., Xn C C be some sectors (or lines) in the complex
plane. Let further m: H,N: 1 i \ {0} — C be differentiable and homogeneous in the sense
that there are numbers oy, . ..,ay,a € R such that

mE*xy, ..., r'"xy)=r*m(xy,...,xy) (r>0,x;€X;,i=1,...,N).
Then, we have

@m)(r*'xy, ..., r"Nxn) =1 m(x, ..., xn) (r=0,x € 5,0, j=1,...,N).

Proof For the sake of simpler notation, we only consider the case ¥1 = ... = Xy = R.
In the other cases, one only has to consider derivatives in more directions, but the proof
remains the same. Letr > Oand x; € X; fori = 1, ..., N. Define x = (x1,...,xy) and
Xy 1= (¥ xy, ..., r* x,). Let further e; be the j-th unit normal vector. Then we have

m(x—i—%ej)
r.

- m(x(y + hej) «; m(x —|~— hej)

) = f PO it
= r®7%@jm)(x). O

Proposition 4.20 Let ay,a, > 0 such that i é € N. Then the function (§,A) +—>

(@ i>a1 , (;%))22) is a symbol in ST (R" x ¥, C1,

Proof The function
X+ A

m: R xR x 2\ {0}: (x,§,2) — 2 T e g pa)ar
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is homogeneous in the sense that

m@r®x, rYE, r2)) =m(x, &, 1).

Moreover, since -, - € N we also have that m € C®(R x R" x £ \ {0}, C). In particular,

a’a

for all « € N and k € N? we have that aaakm is bounded on the set

Sa = {(x,&, 1) e Rx R" x T\ {0} : x%/% |9 4+ |24 =1}
and satisfies
g afm) (rx, r1E, 1) = rm =l G akm) (x, £, 3).
Thus, we have the estimate

sup (&, Mgz otm (1, g, 0|
EMeR"XX
aile| | alk|
< sup (M2 &P ) T2 T og o m(x, £, L)
(x,&E,1)eRxR" x £\ {0}

IA

1905 m | L.y (50)

so that we obtain that (&, 1) — @1;% is a symbol in 52’°°(]R” x X, C). A similar approach

also shows the desired estimates for the other components. O

For the rest of this section, in Eq. 4-3 we fix
pE 1) = (&, 0y
& 1+X
’ ._ ’ —
bE, L) = L and o(&', 1) = o >2ma1

In particular, if we choose a = (aj, az) = ( ﬁ 1) then we obtain

g 1+
b, ) = Eoa and o (&', 1) := e
so that (b, o) coincides with the function in Proposition 4.20.
Proposition 4.21 Let again ay, ay > 0 such that 2 o a— € N and let A be smooth with val-

ues in some Banach space Z. We further assume that A and all its derivatives are bounded
on the range of (b, o). Then, we have that

Ao (b,0) e SOXMR"! x %, 2).

Proof We show by induction on |a’| + |y | that D"‘ Dy (Ao (b, 0)) is a linear combination of

terms of the form (D DVA) (b,o) - f with f € Siallo{| —alrloo -1 o 3y & e Nt

and 7 € N2. Obv1ously, this is true for &'l + ]y = 0.Solet j € {1,...,n — 1}. By
induction hypothesis, we have that Dg‘, DkA o (b, o) is a linear combination of terms of

the form (D 'DYA) o (b.o) - f with f e ;172 @n—1 » 57 § e N*~! and
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y e N2. Hence, for Dg Dg‘/ DVA o (b, 0) it suffices to treat the summands separately, i.e.
we consider Dg; ((D"’ DVA) o (b,0) - f). By the product rule and the chain rule, we have

Dy, ((D"‘ DyA) o(b,0)- f)

= (DZ'D] A) o (b, o)) (Dg, f) + (2 Dg_l_(%’) . f - [(Dg DE DY A) o (b, a)])
=2

+Dg, (452) - f - [(Dg DY ‘D7 A) o (b, 0)]

By the induction hypothesis and Remark 4.6 (4.6) and (4.6) we have that

p2m

I ’
(De, £). (ngg—‘)f,...,(Ds,- L) (Dg, ) f e sy HFD=arlyloo a1 o 5y
P Top

The same computation for dy, and d;, instead of d; also shows the desired behavior and
hence, the induction is finished. Finally, the assertion follows now from Proposition 4.20
and Remark 4.6 (4.6) and (4.6). O

Lemma 4.22 Letni,ny € Randa = (a1, ap) = (ﬁ, 1). Let further fo € Sg (R x
T, B(X*™, X)) and gy € Sq* ™ (R"™! x %, B(X, X*™)). Then, for all o' € N"~! and
y € N? we have that

07 foexp(ipAo(b. 0)x1) P (b, o)go
is a linear combination of terms of the form
fexplipAg(b, 0)x1) P (b, 0)gx]" "

where f c SZ]_(11|a/|—02|)/‘+(al—02)P2»00(R11—1 N> B(XZWL sz)) g€ SZZ_‘Z1|&/|_”2|7|»OO
R x , BX, X*), ||+ 7|+ p2 = ly| and [&'| + |&@'| + p1 = |e/].

Proof We show the assertion by induction on |&’| + |y|. Obviously, for |&’| + || = O the
assertion holds true. So let o’ € N"~! and y e N2. Let further

9¢'9) foexp(ipAo(b, )x1) P (b, 0)go
be a linear combination of terms of the form
fexplipAo(b, 0)x1) P_(b, o) gx!' P2
where f € Sgn—alIE’\—az\J7|+(a1—az)pz,oo(an X %, B(X2m, X)) ¢ € Strlzz—a1|a’|—a2|7|,oo

R x X, B(X, X¥)), 19| + 7] + p2 = |y| and |&'| + |[&@| + p1 = |&’|. We treat the
summands separately. Then, for j = 1,...,n — 1 we have

3;[ felPAb ¥t 2 (h, 5)gxP1 TP

;[ f P_(b,0)eP0bD1 P _(p 5)gxl' T2

[0 f12— (b, 0)e P40 (o) gx 1P

+f[8; Z_(b, a)]eirAol-o)x1 gp_(p, o)gxflﬂ72
+fePAbDN P (b 6)[3ipAo(b, )P (b, ) gxl TP
+fP_(b, 0)e PPN D_ (b, 5)d;[P_(b, 0))gxl T
+fP_(b, )PP (b o) g1xl" T2,
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Here, we used that the spectral projection Z_ (b, o) commutes with e?40-9)%1 Using
Remark 4.6 (4.6) and (4.6) and Proposition 4.21 we obtain that in each summand, we have
that either |&'|, |@’| or p; increases by 1. The same computation as above also yields the
desired estimate for 9y, and 9,,, where either |y|. || or p; increases by 1. Hence, we obtain
the assertion. O

Proposition 4.23 Let again a = (a1, a2) = (ﬁ, 1). Then, we have the estimate
rnk no nY ipAgb,o)x) X k—mj—r—la/\—%\yl —prl
lx} Dy, De D; e My j (b, 0)lpx,x2my = Cp e 20

forallr,k e N, o' € N*~Land y € N2,

Proof By Lemma 4.22, we have that Dg‘,’ D/’\’ eiPAo(b.o)x| M, j(b, o) is a linear combination
of terms of the form

ipAg(b,o) P1+p2
fePAOING (b, o)gx;

—aymj—a|@'|—az|y|,00

where f € S;al|&/|*a2|17|+172(al*42),00(Rn—1XE B(XZm X2m)) g€ Sa
R x =, B(X, szi)), |V| + 17|+ p2 = |y| and |&'| + |@'| + p1 = |&’|. But for such a
term, we have that
Ixf DX &, we 20N Z_ (b, o) g, x5 xom,
k

< Cx] DO IFE e 0N b, o)lip Ao, ) g (&, wx)” T N xom
1=0
S bt - 2 PP+ 2 g2 ~

SCX{ZP mj—lo| =l | =+ (1Y I+ YD +p2 alee—cpxlxl[erpz I+
1=0
a k—l—m ;— —Ny—r—|@ |- @ |- 2 (7 |+]7 —%

ECX{Z/O mj=[prtpr—lly—r—l&|=lo'| =z IV I+[YD+p2—7) P2
1=0

e—%px1x£m+m*1]+*[m+P2*l]+*r

k -~
~ e ) .
< :,Z k—mj—r—(\o/|+|a’\+p1)—ﬂ(k+k+p2)e_§pxl

=0

o — %2 c
EC/Ok mj=r=le] allyle_szl
This is the desired estimate. O

Corollary 4.24 We have that

(1, &' 1) PN b o)) € Sy R X S S, (R BIX, X)),
Proof This is obtained by computing the L;-norms in Proposition 4.23. O

Putting together the above gives Proposition 4.16:
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Proof of Proposition 4.16 A combination of the solution formula (4-3) and Corollary 4.24
gives the desired result, where the uniqueness statement is clear from the construction of
the solution formula. O

4.3 Mapping Properties
Recall the notation from Section 3.2.2.
Theorem 4.25 Let X be a Banach space, dy = 1, p € (1, oo)l, r ell,o0], y € (—1, 00),

w € ]_[l/-:2 As(R%), s € Rand a € (0, 00)!. Then (k, g) — OPK(E)g defines continuous
bilinear operators

S+d— l+y’ ’
Sq AR S Ry BXO)XF, R W X)—Fyf (R, (wy, w); X)
and
d s+d—a 11+;/7 ’
R SL,(R+,B<X>>)xB,, r | @®TLwX) —BY (R, (wy, w); X).

Note that Theorem 4.25 is an extension of the isotropic unweighted scalar-valued setting
in [48, Theorem 4.3] in case of constant coefficients. But in contrast to [48, Theorem 4.3] we
take p € (1, 00)'. Since we use Proposition 3.1 in the proof we do not allow p € [1, co)! in
this formulation. However, it should be possible to remove this restriction, see Remark 3.2.
The proof of Theorem 4.25, which adjusts the line of arguments in [48, Theorem 4.3] to our
situation, will be given at the end of this section.

Corollary 4.26 Let X be a UMD Banach space, q, p,r € (1,00), v € A;(R), y €
(=1,00), s e Rand p € (0,00). Let d = (1,n — 1,1) and a = (%, % 1). Then (k, g)

OPK(%)g defines a continuous bilinear operator

d-1 Te=ED+d by
S¢a ®"SL Ry BOO) x Fl PR XR, (1,0); X)
— W (R, v; Fyy (R, wy; X)) N L

R, v; F”"(R”,wy,X))

Proof Let7, ¥, o and n be as in Lemma 3.4. Then note that we have the embedding (3-3)

while
11+ + 1 1+
(HQ)H_,M:,@_J)M
p P P P p

Observing that

rr+ﬁ,(l, 1) 41 (l 19 1
F(p’q’;,lp R xR, (Wytpp, v); X) = o )p r (R xR X R, (Wygnp, 1, v); X),
the result thus follows from Theorem 4.25. O

Combined with the elementary embedding (2-23), (2-26), the above corollary (with r =
1) yields the following two results.
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Corollary 4.27 Let X be a UMD Banach space, q, p € (1,00), v € A;(R), y € (=1, p—
1), s € Rand p € (0,00). Let d = (1,n — 1,1) and a = (%, % 1). Then (k, g)

OPK(%) g defines a continuous bilinear operator

-1 Ls—M2ypa,Ln
Sy R SL Ry BXX))) x Fooo v

) R xR, (1,0); X)

— Wy (R, v; Hy (R}, wy; X)) N L,

(R, v; H3 TP (R™, wy: X).
Corollary 4.28 Let X be a UMD Banach space, g, p € (1,00), v € A;(R), y € (-1, 00)
andk e Ny. Let d = (1,n—1,1) and a = (%, %, 1). Then (k, g) — OPK(k)g defines a
continuous bilinear operator

— D
(P q) p (R x R, (1,v); X)

— Wq(]R,v; L,(R%, wy; X)) N L,
(R, v; Wy (R, wy; X)).

SR 81, (Ry; BOXO) x

Remark 4.29 Corollary 4.28 could also directly be derived from Theorem 4.25 using the
elementary embedding ([64, Lemma 7.2])

_ L1
Ry x R xR, (wy, 1,0); X) = F, 1| (RY X R, (wy, v); X)

> Wq](R, v; L,R, wy; X)) N LR, v; Wﬁ(R” s wys X)),

11
Fl,(;,;,l)
(p,p.q),1

A combination of the real interpolation results Lemma 3.11 and Eq. 2-16 with Corol-
lary 4.26 yields the following:

Corollary 4.30 Let X be a UMD Banach space, q, p € (1,00), v € A;(R), y € (—1, 00),
seRandp e (0,00). Let d = (1,n—1,1) and a = (%, % 1). Then (k, g) — OPK(k)g
defines a continuous bilinear operator

=3 Le=1)+d. 5.1
S% o (R S, (Rys B(X)) x B,

oo R xR, (1,0); X)

— W, (R, v; B} (R, wy: X)) N Ly

(R, v; B) P (RY, wy; X)).
Theorem 4.31 Let X be a reflexive Banach space, ¥ C C open, d € R and p, g € (1, c0).
Let further (<, y) € {B, F} x (-1, oo)U{B]:}X( oo,p—1),s € Rand sy €
(H'Ty — 1, 00). Then (ku g) — OPK(kM)g defines a continuous bilinear operator

SRR x 21 S, Ry B(X))) x a4y 1 (R X) — a7y S IHO®RY; X)

uniformly in Q.
We should refer the reader to [40] where related results have been obtained in the
unweighted isotropic finite-dimensional L ,-setting over manifolds. The proof of Theo-

rem 4.31, which is again inspired by [48, Theorem 4.3], will be given at the end of this
section.
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We also obtain the same assertion for the Bessel potential scale by the elementary embed-
ding Fy SISO @Y X) e Hy M HORY; X) for y € (=1, p— 1). Hence, the following
corollary holds

Corollary 4.32 Let X be a reflexive Banach space X C Copen, d € Rand p € (1, 00).
Let further y € (=1, p — +V w8 OPK(k,lL)g
defines a continuous bilinear operator

SRR % 21 Sy, Ry B(X))) x dHYWI(RY; X) — Hy~ oY ; X)

uniformly in [t.

Lemma 4.33 Let X be a Banach space, a € (0, oo)l, p € [1, oo)[, g € [1l,00], y €
(—di,00) and s € (—0o0, a; [% — a]]). Letw € ]_[ljzl Aco(R%) be such that wy(x]) =
|x11Y. The linear operator

T:S®R";X)— SR X), fr>38Q f.

s4aj (tfl ity

o)
restricts to bounded linear operators from B _, b ! (R w'; X) to B pa L{(]R”,

+111<t{1—M a

w; X) and from F, " ) R4 w'; X) to Fyo (R, w; X).

Proof The Besov case is contained in [60, Lemma 4.14]. So let us consider the Triebel-
Lizorkin case. Using the Sobolev embedding from Proposition 3.1, we may without loss of
generality assume that p; = g, so that

Ly «R", w)t;(N)] = Lp/,L{/(R"_’[l, W)l (N)[Ly, RA, | - )],
Now the desired estimate can be obtained as in the proof of [60, Lemma 4.14(i)]. O
Lemma 4.34 Let X be a Banach space, a € (0, oo), s e R pell, 00)!, q € [1,00] and
d € R. Then (f, p) — OP(p) f defines continuous bilinear mappings
S§ (R B(X)) x Fy (R", w; X) —> F) “OR", w; X)

and

S§ J(R"; BX) x By (R", w; X) —> B “0(R", w; X).
Proof This follows directly from the fact that F’ p”,; '[(R" w; X) and BT " '{(R" w; X) are
(d, a)-admissible Banach spaces of tempered distributions with Eq. 2- 18 O

Proof of Theorem 4.25 Letk € 5§ " R"™ I 181, (Ry: BX))). Let p ST R AL (R BX)))
be as in Lemma 4.13 for this given k, SO OPK(k) = r+ OP[p ](80 ® -). Then, for every
o eR,

OPK(%) = ry OP[p1T % (50 ® )TX % = ry OP[ps1(80 ® )TL (4-4)

where p,(§) = p(g)Jf:;”/ (§). By Lemmas 4.12 and 4.15, p — p, defines a continuous
linear mapping

P Po d a1 U(]R" L. yLM(R B(X)))

SN Sd “=o R, B(X)). (4-5)

ST A (R B(X))
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Choosing ¢ € R such that s — 0 < al(H—IV — 1), a combination of Eqs. 4-4 and 4-5,
Lemma 4.33, Lemma 4.34 and the lifting property of weighted mixed-norm anisotropic B-
and F-spaces (see Eq. 2-18) gives the desired result. Indeed, we obtain the commutative
diagram:

4y 4 .d 4y
s+d—ay a T s+d—o—ay a
o ®TLWIX) S F R W' X)

J{(50® 9
OPK() FyHaroa®e, (wy, w'); X)
J’OP[pa]

Pr[{(R”»(u}y,w/);X) % F;i‘:’,{(Rns(wva/xX) 0

Proof of Theorem 4.31 We take p as defined in Lemma 4.13 so that we have the identity
r+ OP(p)(8 ® g) = OPK(K)g.
Now, for o € R we define
P7(E ) = (€ W) T P& (g, W) TITORHIE )70
so that we obtain
OPK(k,) = r4 OP(p,) (80 ® +) = ry B4 OP(p) &} T~ 17[8) @ -1E,.

By Lemma 4.15 and Lemma 4.12 we obtain that

§ALO®RT % 8 81 Ry, B(X))) — SO®®R" x £), k — p°
is continuous. We even obtain that (p? (-, u))uex defines a bounded family in SORM).
Taking o > s — 17 in combination with Corollary 2.11 yields the desired result as can be
seen in the following commutative diagram

Dy R X) — 1 9. SR X)
l(&o@ -)
—1-

%[f,q U,WLSO(RVL’ wy; X)
OPK (k) ls‘,;“’“"“o
OQ{I;V%W\,SO (Rn’ wy; X)

lOP[pz]

%s —d, IMI SO(R" . X) " +d . %Ps?é\m,so(Rn! wy; X) _

5 Parabolic Problems

In this section we consider the linear vector-valued parabolic initial-boundary value problem
(1-2). As the main result of the paper, we solve the Ly , H Dy -maximal regularity problem,
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the Ly, ;.- F), ., -maximal regularity problem and the L, ,,-B;, , . -maximal regularity prob-
lem for Eq. 1-2 in Theorem 5.3. This simultaneously generalizes [60, Theorem 3.4] and
[59, Theorem 4.2].

Before we can state Theorem 5.3, we first need to introduce some notation.
5.1 Some notation and assumptions

Let & be either R’} or a C"-domain in R" with a compact boundary 3¢, where N € N
is specified below, and J = (0,T) with T € (0, 00). Let X be a Banach space and
let A(D), Bi(D), ..., By(D) be a B(X)-valued differential boundary value system on
O x J as considered in Section 2.5 where the coefficients satisfy certain smoothness
conditions which we are going to introduce later. Put m* := max{mi,...,m,} and
My :=min{my, ..., My}.
Letg € (1,00)and u € (—1,g — 1). Let E and E2” be given as either
(@ E=H) (0;X)and E*" = H3t?™(0; X) with p € (1,00),y € (=1, p— 1) and
s € (H—V +m* —2m, HTV + my) (the Bessel potential case); or
) E= Ff,,y(ﬁ; X) and E*" = F3+2m(0; X) with p,r € (1,00), y € (—1, 00) and
s € (1+V +m* —2m, Hy + my) (the Triebel-Lizorkin case),
© E= B;q , (03 X) and E2m = B2 (0 X) with p € (1,00), y € (—1,00) and
s € (1+y m* — 2m, 1+y + my) (the Besov case),

and set
_s+2m—m; l+y
2m 2mp

€ (0, 1), j=1,....m

as well as

H”’"(ﬁ X) incase (a),
= [E,.E*lo/2m = F,jtoy(ﬁ, X) in case (b),

+ ) .
By q”y(ﬁ, X) incase (¢),

for o € [0, 2m]. Consider the following assumptions on & and A(D), B1(D), ..., By, (D):

(SO) Case(a) O isCN with N > max{s + 2m, —s}.

Case (b)and (c) is CN with N > max{s—|—2m (1;}’ — 1) +1 —s}.
+

(SAP) Case (a) withs =0 For || = 2m we have a, € BUC(O x J; B(X)). If O
is unbounded, the limits a, (00, 1) := lim|y|— o0 do(x, 1) exist uniformly with
respecttot € J, |a| = 2m.

Case (a) withs 20 Leto > |s|. For |«| = 2m we have a, € BUC(J; BUC?
(0; B(X)) such that for all & > 0 there is a § > 0 such that for all xy € & and
all ¢ € J it holds that

R{ag(x,t) —aq(xo,t) : x € B(xp,8) N O)) < s.

If & is unbounded, then for all |¢|] = 2m the limits ay(0c0,1) =
limy x| o0 @q (x, t) exist uniformly with respect to t € J and for all ¢ > 0 there
is an R > 0 such that

R{ag(x,t) —ag(0co,t) : x € O, |x| > R}) < &.
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Case (b) and (¢) For |a| = 2m we have a, € BUC(J; BUC? (0; B(X)) where
0 > 0y, p,y. If O is unbounded, the limits aq (00, 1) := lim|y|- 00 dq (X, ) exist
uniformly with respectto ¢t € J, || = 2m.

(SAL) For the lower order parts of A we only need ay D%, |a| < 2m to act as lower order
perturbations in the sense that there exists o € [2m — 1, 2m) such that a, D* is
bounded from ,

H" (J, v E) N Ly (J, v E7)
to Ly(J, vy; E).
(SBP) Foreach j € {1,...,m}and|B| = m; thereexists; g € [g,00)andr; g € [p, o0)

with . .
KjE > — o and M>i—1
Sj.p 2mrjp Sj.B
such that
bjg e FVE (J5 Ly, 005 BOXO) N Ly, , (; Brrn 2 (903 B(X)))  in cases (a) and (b),
s K 2mk; .
" EIE (T Ly, (00 BOO) N Ly, 4 (J: By, yi™ (00 B(X)))  in case (c).

If 0 = R, the limits b; g(00, 1) 1= lim|y| oo bjp(x’, 1) exist uniformly with
respecttor € J, j € {l,...,m}, |Bl =m;.
(SBL) Thereisao € [2m — 1,2m) such that b g trye DP# is bounded from
HPW(J;EYN Ly . (J; E7)
to
Fyly(J; Ly(@0; X)) N Ly u(J; F
By (J; Ly(30; X)) N Ly u(J: B,

2mK]]E

(00; X)) incases (a) and (b),
(00; X)) incase (c),

ij]E

(5-1

Example 5.1 Now we give some examples regarding the conditions on the coefficients.

(i) In the Hilbert space case, both R-boundedness conditions can be dropped as
R-boundedness and uniform boundedness are equivalent.

(ii)) The condition on the R-boundedness in case (a) of assumption (SAP) with s # 0
is satisfied if o € (0, 1) is large enough and if & is bounded and smooth. We refer
the reader to [47, Theorem 8.5.21]. Therein, R-boundedness of the range of functions
with fractional smoothness depending on the type and cotype of the involved Banach
spaces and the geometry of the underlying domain is derived.

(iii) Condition (SAL) in case (a) with s % 0, case (b) and case (c) is for example satis-
fied for ay € Loo(J; ng’l(ﬁ, B(X))) with k4 > Osyom—|al,s,p,y (| < 2m), see
Proposition B.6. In case (a) with s = 0 it is satisfied for ay € Loo (0 x J; B(X)).

(iv) Condition (SBL) is for example satisfied for

2mk .
by e S:jff,,u Ly, ,(00: B(X)) N Ly, ,(J; BEL’;;:;E(M; B(X))) in cases (a) and (b),
B Us Ly, s (00 BX) N Ly, ,(J5 By, ey (807 B(X)))  in case (c).
where
1 -1 —m;
/cj,]E>—+n +|'3| " and /L>i—1
Sip 2mr; g 2m 5.8

for some s 5 € [g,00) and rj g € [p, 00).
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In the L, ,,-E-maximal regularity approach in Theorem 5.3 we look for solutions

ue W, (J, v BYNLy(J, v B

of the problem
u+ ADu = f, on0 x J,
Bi(Du =gj, ond0 xJ, j=1,...,m, (5-2)
u(0) =up, on 0.
and characterize the data f, g = (g1, ..., gn) and ug for which this actually can be solved.

Let us now introduce some notation for the function spaces appearing in this problem.
For an open interval I C R and v € A, (R), we put

Dy v(GE) =Ly, v; E),
My (1 E) =W, v;E)N Ly, v; E*™),
FYE (1 v Ly(00: X)) N Ly (I, v; F,sz’;w(a ;X)) in cases (a) and (b),
Byl (1, v; Lpy(30; X)) N Ly(1, v; By " (905 X)) in case (c),
for j=1,...,m,

m
By w(I;E) = @B, I E).
j=1

By, j(I;E) :=

For the power weight v = v, with u € (—=1,q — 1), we simply replace v by u in
the subscripts: Dy, (15 E) := Dy o, (I; E), My, (I; E) := Mgy, ([;E), By (I E) =
By.v,.; (s E)and B, , (1; E) = B, ,, (I; E). In this case we furthermore define

s+2m(171+7“)

Iy (I E) :=Bp gy
In Theorem 5.3 we will in particularly see that

Mq,;t(-’? E) — Bq,u(-l; E)® Hq,p,(J; E), u — (B(D)u, ugp),

(0; X).

which basically just is a trace theory part of the problem. In view of the commutativity of
taking traces, trypp o try=g = try=0 = trys, when well-defined, we also have to impose a
compatibility condition on g and ug in Eq. 5-2. In order to formulate this precisely, let us
define
B(D) = )" b0, HiryeDP, ji=1,....,m,
|Bl<m;

and
]HBq,/A(I; E) := {(g, up) € Bq,;/.(1§ E)® Hq,,u(]; E) : rr=08; — B;‘ZO(D)MO

l+u}

= 0 when «;g >
q

where I € {J, R, }.

Remark 5.2 Let I € {J, R;}. Regarding the compatibility condition
I+un

tr—0g; — B;ZO(D)MO =0 when «;g >

in the definition of B, , (1; IE), let us remark the following. For simplicity of notation we
restrict ourselves to cases (a) and (b), case (c) being analogous. Suppose « ; g > HT". Then
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(gj,uo) = try—ogj — BEZO(D)MO is a well-defined bounded linear operator B, ,(/; E) &
Iy u(I;E) > L,(30; X) as

By (I: E) < Fyl (1, v; L, (30; X))
and
s+2m(17“§7’*)7m

D? :Hq,u(1§ E) — Bp,q,y J(ﬁ; X), 1Bl < mj,

with

1 1 1 1
s+2m(1—ﬂ)—mj=2m</cj,]];— +M+ +y>> —l—y.
q

q 2mp p

5.2 Statement of the Main Result

Theorem 5.3 Let the notations be as in Section 5.1 with v = vy, © € (=1,q — 1).
Suppose that X is a UMD space, that O satisfies the smoothness condition (SO), that
A(D), Bi(D), ..., B,(D) satisfies the smoothness conditions (SAP), (SAL), (SBP) and
(SBL) as well as the conditions (E)y, (LS)y for some ¢ < (0, %), and that kg #*
P?TM for all j € {1,...,m}). Then the problem (1-2) enjoys the property of maximal
Ly, ,.-E-regularity with 1B, ,, (J; E) as the optimal space of initial-boundary data, i.e.

My u(J;E) — Dy o (;E) @ IBy (J; E), u— (3;u + A(D)u, B(D)u, up)

defines an isomorphism of Banach spaces. In particular, the problem (5-2) admits a unique
solutionu € My, ,(J; E) if and only if (f, g, uo) € Dy, (J; E) ® 1By ,(J; E).

Remark 5.4 Inthe L, ,-L, ,-case the proof simplifies a bit on the function space theoretic
side of the problem, yielding a simpler proof than the previous ones ([21] (x = 0, y = 0),
[68] (¢ = p, i € [0, p— 1), y = 0) and [60]).

Remark 5.5 In case (c) of Theorem 5.3 we have only allowed the special case that the
microscopic parameter of the Besov space coincides with the temporal integrability param-
eter. On a technical level this restriction comes from a real interpolation argument. It is
unclear to us what the correct space of boundary data should be in the general Besov case.

Analogously to [59, Section 4.3], we obtain the following smoothing result as a corollary
to Theorem 5.3. It basically says that, in the case of smooth coefficients, there is C*°-
regularity in the spatial variable with some quantitative blow-up near the boundary for the
solution # when f = 0 and ug = 0 (see the discussion after [59, Corollary 1.3]).

Corollary 5.6 Let the notations and assumptions be as in Theorem 5.3. Assume that, in
addition, we are in cases (a) or (b) and that a, € BC*®(C; B(X)) for each |a| < 2m. Then

{u e My ,(J;E) : du + A(D)u =0, ug = 0}
s+ s+=L+2m
= [W;,M(J; Foo) (O X)N Ly (s Fyy ) (O X))]

v>—1

o OV [Wou s WEO 0l X0) O L W0, wd T 30)].
keN
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5.3 The Proof of Theorem 5.3

For the proof of Theorem 5.3 we will first look at model problems on & = R’} , from which
the general case can be derived by means of a localization procedure.

Proposition 5.7 Let X be a UMD Banach space and assume that (A, By, ..., By) is
homogeneous with constant-coefficients on 0 = R’ and satisfies (E)gy and (LS)y for
some ¢ € (0, %). Let g € (1,00) and v € Ay(R). Let E and E2" be given as in either
(@), (b) or (c) (with O = R%). Assume that k; # HT“ forall j € {1,...,n}. Then
u > (0 + (1 +n+ A(D))u, B(D)u) defines an isomorphism of Banach spaces

My o (R E) — Dy, o (R; E) @ By o (R; E),

where M »(R; E), D, ,(R; E), B, (R; E) are as in Section 5.1. Moreover, the norm of the
solution operator can be estimated by a bound which is polynomial in 1.

Proposition 5.8 Ler X be a UMD Banach space and assume that (A, By, . .., By,) is homo-
geneous with constant-coefficients on ¢ = R’ and satisfies (E)¢ and (LS)y for some
¢ € (0, %). Let] € {J,R,}. Letqg € (1,00) and n € (—1,q — 1). Let E and E*" be given
as in either (a), (b) or (c) (with 0 = R’} ). Then u — (d;u + (1 + A(D)u, B(D)u, u(0))
defines an isomorphism of Banach spaces

My (I E) — Dy ,(1; E) @ 1B, , (I; E),
where My, (I; E), Dy, (I; E), B, ,(I; E) are as in the beginning of this section.

Lemma 5.9 Let X be a UMD Banach space and assume that (A, By, ..., By) is homo-
geneous with constant-coefficients on 0 = R’ and satisfies (E)y and (LS)y for some
¢ € (0, %). Letq € (1,00) and v € Ay4(R). Let E and E2" be given as in either (a), (b) or
(c) (with @ =R, ). Then

B(D) : My ,(R; E) — B, ,(R; E), u = (Bi(D)u, ..., Buu), (5-3)

is a well-defined bounded linear operator and the differential parabolic boundary value
problem
{B,u—l—(l—l—n-i-A(D))u =0, (5-4)

Bij(Du =gj, j=1,...,m,
admits a bounded linear solution operator
7 . By v (R; E) — My (R E), (g1, ..., 8m) — u,

for all n > 0 where M ,(R; E), By ,(R; E) are as in the beginning of this section. The
norm of &V can be estimated by a polynomial bound in n. Moreover, there is uniqueness
of solutions in My ,(R; E): ifu € My y(R; E) and g = (g1, ..., &n) € By »(R; E) satisfy
(5-4), thenu = .S Mg.

Proof That Eq. 5-3 is a well-defined bounded linear operator follows from Corollaries 3.9,
3.10 and 3.12. So we just need to establish the existence of a bounded linear solution opera-
tor M : (SR"; X)™, || - Ilg) —> M. But the existence of such a solution operator as well
as the polynomial bounds in 7 follow from a combination of Corollary 4.18 with Corollary
4.26, 4.27 or 4.30.

Finally, let us prove the uniqueness of solutions. For this it suffices to show that S(R} x
R; X) is dense in M. Indeed, using this density, the uniqueness statement follows from a
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combination of Eq. 5-3, the uniqueness statement in Corollary 4.18 and the continuity of
our solution operator . : B —> M.

For this density, note that qu (R, v; Ez’”) is dense in M by a standard convolution
argument (in the time variable). So

d d d d
SR) ® S(R}: X) C S(R) @ B C S(R; E*") <> W, (R, v: E*") < M,
yielding the required density. O
Lemma 5.10 Let X be a Banach space. Suppose A(D) = ZM:M aq D% with ay € B(X)

is parameter-elliptic with angle of ellipticity ¢ 4 and let ¢ > ¢a. Then, for all s =
(s1, 52, 53) € R3 we have that

ka = RO D1+ 520+ 3P+ 2+ AE) ' 11 € B, 6 € RY)
< oo in B(X) (5-5)
forall @ € N*.

Proof In order to establish (5-5), we define
FiRXR X Sp g = BX), (1,61 > (137" + 500+ s3&P") 62" + 2+ AE) !,
where ¢4 < ¢’ < ¢ as well as
fa(x, 8,0) = (4 EP 202 f(x,6,0),  galx, &, 1)
= (0 [P+ A 20g f(x, 6,0
for « € N". By geometric considerations, we obtain that
[x* + 1€ + 21|

cos (% — max{%, d)’})

g <

forall (x,&,1) € R x R" x ¥,_4. Hence, Kahane’s contraction principle yields
KO(:R {fa(laSsk):)"ezﬂ—(ﬁaSERH}
<R {fa(l,s,k) LA € Sp_g. & € R" such that 4] < & or 3] < 1}

+R {ga(l,f, A): k€ Tr_g, & € R" such that [A| > [£/*" and |A| > 1}.

Obviously, we have that f(cx, c§, M)y = f(x, &, ) forall c > 0. Lemma 4.19 shows that
the same holds for f,, and g,. Hence, by choosing ¢ = (1 + |&|> + |A|1/")!/2 and defining

Dy :=cl {(g £ %) : A€ Br_g. £ € R" such that ] < |§[*" or [A| < 1} ,

Dy = cl{(g, g ﬁ) ) € By_p, & € R" such that [A| > |£[>" and |A| > 1},
we obtain

ke SR (f(DD) +R(f(D2)).

But since fy is holomorphic on

R xR" X Ty g \{(0,0,¢3) : c3 € Tx_g} D Dy
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and since g, is holomorphic on
RxR"x Zr_ ¢ \{(c1,¢2,0):c1 €R, 2 €R"} D Dy
we obtain that [20, Proposition 3.10] implies
ko S R{fa(D1)} + R{ga(D2)} < o0.

~

by the compactness of Dy and D;. O

Lemma 5.11 Let X be a Banach space, p,r € [1,00), w € Axc(R"), & € {B, F} and
s € R. Suppose A(D) = } =0 @a D* with aq € B(X) is parameter-elliptic with angle
of ellipticity ¢ 4. Let A be the realization of A(D) in .!Zf,‘;r (R”", w; X) with domain D(A) =
MPS}'Z’" R"*, w; X). Then0 € p(1+A) and 1+ A is R-sectorial with angle wr(1+A) < ¢ 4.

Proof By Lemma 5.10 with s = (0, 1, 0) and Lemma 2.4, we have

RAMI A1+ A) " he T4} <0 (5-6)
where ¢ > ¢ 4. This shows the R-sectoriality of 1+ A. Hence, it only remains to show that
D(A) = o3 72" (R", w; X). But choosing (s1, 2, 53) = (1,0, 1) in Eq. 5-5
ke = R{(s)‘“‘Dg‘(l FIEPA+A+AE) " A €Sy g b e R”} <00 in B(X), aeN.

Using Eq. 2-17 together with Eq. 2-18, we obtain that (1 + A + A)~! maps %;’,(R”, w; X)
into .73 t2™(R", w; X). This shows that D(A) = &3 F*" (R", w; X). O

p.r

Proof of Proposition 5.7 We first show that the differential parabolic boundary value
problem

du+ (1 +n+ AD)u = f,

BJ(D)M =gj, J:l,,m, (5_7)

admits a bounded linear solution operator
T LR v;EY®B — M, (f,81,...,8m) — u
To this end, for k € {0, 2m} let

) H3TRR", wy; X), in case (5.1),
E = { FyP*R", wy; X), incase (5.1),
By (R, wy; X), in case (5.1),

and put M := W!®R, v:E) N Ly(R, v; E™"). The realization of 1 + A(D) in E with

. =2 .. . . . . .
domain E”" has 0 in its resolvent and is R-sectorial with angle < %, which in the cases

(b) and (c¢) is contained in Lemma 5.11 and which in case (a) can be derived as in
[20, Corollary 5.6] using the operator-valued Mikhlin theorem for H,(R", wy; X) (see
Proposition 2.7). As a consequence (see Section 2.2), the parabolic problem

du+U+n+ADNu=f on R'xR
admits a bounded linear solution operator

R:LyR,v;E)— M, f>u.
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Choosing an extension operator
£ e B(LyR v B), LR, v; D)),

recalling (5-3), denoting by r, € B(M, M) the operator of restriction from R” x R to
R x R and denoting by .’ the solution operator from Lemma 5.9, we find that

y(fvgl""agm) = r+‘@gf_y8(l))r+%gf+y(gl’7gm)

defines a solution operator as desired.
Finally, the uniqueness follows from the uniqueness obtained in Lemma 5.9. O

Lemma 5.12 Let X be a UMD Banach space and assume that (A, By, ..., By) is homo-
geneous with constant-coefficients on 0 = R’ and satisfies (E)y and (LS)y for some
¢ € (0, %). Let g € (1,00) and v € Ay(R). Let E and E2" pe given as in either
(@), (b) or (c) (with O = R ). Let Ap be the realization of A(D) in E with domain
D(Ap) = {u € E¥ : B(D)u = 0}. Then there is an equivalence of norms in D(Ap) =
{u € B : B(D)u = 0}, —(1 + Ap) is the generator of an exponentially stable analytic
semigroup on E and 1 + Ap enjoys the property of Ly (R, v,,)-maximal regularity.

Proof As aconsequence of Proposition 5.7, 14-n+ A p satisfies the conditions of Lemma 2.1
with ||| - ||| = || - |[gzm . Therefore, there is an equivalence of norms in D(1 +n 4+ Ap) =
D(Ag) = {u € E* : B(D)u = 0} and 1 + n + Ap is a closed linear operator on
E enjoying the property of L, (R, v)-maximal regularity. Moreover, it follows from the
polynomial bounds in Proposition 5.7 and Lemma 2.1 that C; C o(1 + Ap) and that
n+ (n+ 14 Ap)~! is polynomially bounded. Thus, 1 + Ap satisfies the conditions of
Lemma 2.2 and the desired result follows. O

Lemma 5.13 Let the notations be as in Section 5.1 with v = vy, u € (—1,q — 1), and
suppose that X is a UMD space. Then Tri—o : u — u(0) is a retraction

Tri— : My (J; E) — 1 u(J; E).

Proof This can be derived from [71, Theorem 1.1]/[76, Theorem 3.4.8], see [60, Section 6.1]
and [59, Lemma 4.8]. O

Proof of Proposition 5.8 Thatu — (u'+(1+.A(D))u, B(D)u, u(0)) is a bounded operator
My, (R E) —> Dy, (Ry; E) @ By, (Ry; E) & 1y, . ()

follows from a combination of Proposition 5.7 (choosing an extension operator
My (R E) — M, ,(R;E)) and Lemma 5.13. That it maps to D, ,(R;;E) &
IB,, .. (Ry; ) can be seen as follows: we only need to show that

Tri—oB;(D)u = B;(D)Tr;—ou, ueM, , Ry E), (5-8)

I

when «; g > 7

(also see Remark 5.2), which simply follows from

d
W, Ry E*) < My Ry E).

Here this density follows from a standard convolution argument (in the time variable) in
combination with an extension/restriction argument.
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Let Ap be as in Lemma 5.12. Then there is an equivalence of norms in D(Ag) = {u €
E2" : B(D)u = 0}, —(1 + Ap) is the generator of an exponentially stable analytic semi-
group on E and 1 + Ap enjoys the property of L, (R, v,)-maximal regularity. Now the
desired result can be derived from Proposition 5.7 as in [64, Theorem 7.16]. O

Proof of Theorem 5.3 This can be derived from the model problem case considered in
Proposition 5.8 by a standard localization procedure, see Appendix C. O

6 Elliptic Problems
6.1 Smoothness Assumptions on the Coefficients

Let & be either R or a CVN-domain in R" with a compact boundary d¢&, where
N € N is specified below. Let further X be a reflexive Banach space and let
A(D), Bi(D), ..., B,(D) be a B(X)-valued differential boundary value system on &
as considered in Section 2.5, where the coefficients satisfy certain smoothness condi-
tions which we are going to introduce later. Put m* := max{mi,...,m,} and m, :=
min{my, ..., my}. Let p,q € (1, 00). For s € R let F* and 0F* be given as either

(A F .= H;,V(ﬁ, X) and 0F* := BH;SW(E)@’, X) where y € (—1,p—1)and X is a
UMD space.

B) F .= ﬂ;’q,y(ﬁ, X) and 0F° = aﬂ;ﬁq,y(aﬁ, X) where (y, &) € (—1,00) x
{B, F}U (—o0, p — 1) x {B, F}.

In the following, we use the notation

1
ﬁjys::s+2m—mj—ﬂ j=1,...,m.
p
Consider the following assumptions on & and A(D), Bi(D), ..., B, (D):
(SO); Case (A) Ois CN with N > max{s + 2m, —s}.
Case (B) with (y, ) € (—1,00) x {B,F} € is C with N > max{s +
Iy _
2m, (5 1)++1 s).
Case (B) with (y, &) € (—o0, p — 1) x {B, F} O'is C" with N > max { —
s,—(%) +1 —|—s—|—2m}.
(SAP); Case (A) withs =0 For |a| = 2m we have a, € BUC(O; B(X)). If 0 is
unbounded, the limits a4 (00) := lim|x|- o0 do (x) (|| = 2m) exist.
Case (A) withs #0 Let ¢ > |s|. For |¢|] = 2m we have a, €
BUC? (0; B(X)) such that for all ¢ > 0 there is a § > 0 such that for all
xo € O it holds that

R{aq(x) — ag(x0) : x € B(x9,8) N O}) < s.

If &' is unbounded, then for all |«| = 2m the limits a4 (00) := lim|x|— oo da (x)
exist and for all ¢ > 0O there is an R > 0 such that

R{ag(x) —ag(00) : x € O, |x| > R}) < &.

Case (B) For |a| = 2m we have a, € BUC?(0; B(X)) where 0 > oy p . If
0 is unbounded, the limits a, (00) := lim|y|— o0 da (x) (Ja| = 2m) exist.
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(SAL); There exists ¢ € [2m — 1, 2m) such that a, D® is bounded from F°+5 to [F*.
(SBP); Foreach j € {1,...,m} and |B| = m; there exists r; g € [p, 00) with ¢; ; >

1=l quch that bj s € By ,(00; B(X)). If 6 = R, the limits bj 5(c0) =

rj, B

im0 b, g(x") exists forall j € {1,...,m}and |B] =m;.
(SBL); Thereis a o € [2m — 1,2m) such that bj g tryo DP# is bounded from F**° to
a]Fs—t-Zm—mj.

Example 6.1 1. Regarding the R-boundedness condition in case (A) of (SAP); with s #
0, the same as in Example 5.1 applies.

2. Condition (SAL); in case (A) with s # 0 and case (B) is for example satisfied for
ay € ng’l(ﬁ, B(X)) with ko > Os4om—|al,s,p,y (lt] < 2m), see Proposition B.6. In
case (A) with s = 0 it is satisfied for ay, € Loo(0’; B(X)).

3. Condition (SBL); in case (A) with s # 0 and case (B) is for example satisfied forb; g €
ng:’i(aﬁ, B(X)) withkg j > 05y.5,,p,0 (IB] < m;) where so = s+2m —|B|— 147 and

p
s1=s+2m—mj— HTV, see Proposition B.6. Note that with this choice of parameters

we have oy 5 po > 51 > 0.
6.2 Parameter-dependent Estimates

Theorem 6.2 Let the notations be as in Section 6.1. Let further sy € (H'TV -1, Ly 4
my) and 51 € [sg, 00) and assume that the smoothness conditions (SO),;, (SAP),, (SAL),,
(SBP); and (SBL); are satisfied for all t € [so, s1]. Suppose that also (E)y and (LS),
are satisfied for some ¢ € (0, 7). Then, there is a Ay > 0 such that for all A € Xy _y,
t € [s0,s1] and all

m
(f,g1,---,8m) € F' ¢ @ aFt+2m—m/
Jj=1
there exists a unique solution u € Fi+2m.p  the problem

A+2rp+AC,DY)u = f on O, ©1)
Bj(Dyu =g on 30, j=1,...,m.

Moreover, for this solution there are the parameter-dependent estimates (independent of t)

luligso = NS llge + 1212 1Lf g

m t+2n17Mj7|T—7y
+ Z g HBIE"”’"””./’ + 2] " i ”L,,({Jﬁ;X) :

=1

t+2m—sq
2m

||M||]Ft+2m + |)\|

Remark 6.3 Parameter-dependent estimates as in Theorem 6.2 have been obtained in an
unweighted L ,-setting with so = 0 in [23, 40], also see the references given therein. To the
best of our knowledge the case so # 0 has not been treated before, except for [62] where
estimates as in Theorem 6.2 have been obtained for second order elliptic boundary value
problems subject to Dirichlet boundary value problems. The main additional tool compared
to [23, 40] is that we allow parameter-dependent function spaces with base spaces that are
different from just L,. By real interpolation we could even derive parameter-dependent
estimates for Besov spaces with Triebel-Lizorkin spaces or Bessel potential spaces as base
spaces. This also includes the cases treated in [23, 40] with L, as a base space.

In the proof of the above theorem we will use the following lemmas.
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Lemma 6.4 Let X be a reflexive Banach space, p,q € (1,00), (w, ) € Ax(R") x
{B, F}U[Aoo];,(R”) x{B, F}andsy,t € Rwitht > so. Let A(D) be a differential operator
of order 2m with constant B(X)-valued coefficients satisfying (E)g for some ¢ € (0, ].
Given f € ,;Zflf?q(R", w; X) let u := (A + A(D))"' f. Then, for all Ay > 0 we have the
estimate

2m+t—sg
”u”dpt:zzm(R",w;X) + AT ”u”Jzi;pq(R”,w;X) ~io ”f”yf[ﬁ'q(lR",w;X)

=5
T2 NS M oo, oy P € (Ro + 2g)).

Proof We substitute A = u2" so that (£, u) — (u?" + A€))lisa parameter-dependent
Hoérmander symbol of order —2m and regularity co. Hence, if we define

Pam(E, 1) = (&, )P (™ + AE) T = (&, w) T+ AE)THE, 1)

then (p(-, w)pex,/2m and (p(-, ,u)_l),tezq,/zm are bounded families in the parameter-
independent Hormander symbols S?(R", B(X)) of order 0. In particular, by Eq. 2-17
together with a duality argument for the dual scales, we have that

_ 2m —1
Il ps2mnsn gy = N2+ AN LU rvamsso g

_ r;wSQ—l‘—Zm =t—50
- ” o OP(PZm( ) :u') o f”'Q{p’Zz’”vM'SO(RH’w;X)

| OP(P2n (- IVEL F 1L g0 )

2

=I—50
”“M f”&zf;f)q(R”,w;X)
= ”f”szfpt::;‘SO(R",w;X).
Using the equivalence (2-30) we obtain

t+2m— _
" SO”“”%}:%(R",W;X) ~ I llers e wix)

”u”mﬁzzm(]gn‘w;x) + (u) ha

+(M>I*S0 ” f”ﬁ{;?q (anwzxr

Replacing 12" by A again yields the assertion. O

Lemma 6.5 Let X be a UMD Banach space, p,q € (1,00), w € A,(R"), 50,1 € R with
t > so. Suppose that A(D) is a homogeneous differential operator of order 2m with con-
stant coefficients in B(X) satisfying (E)g for some ¢ € (0, 7). Given f € H:,O @R", w; X)
letu == (A + A(D))™! f- Then, for all .y > 0 we have the estimate

2m+t—sq
”u”H;*z”‘(R",w;X) + A7 ”u”H;O(R",w;X) ~xo ”f”H[’)(R",w;X)

FHIAZ NS o @ e xy (& € (o + Zg)).
Hy’ (R",w; X)

Proof The proof is almost the same as the one of Lemma 6.4. But instead of Eq. 2-17 we
use Proposition 2.7 together with Lemma 5.10. O

Proof of Theorem 6.2 First, we consider case (B). By localization, we only have to treat the
case of a homogeneous system with constant 3(X)-valued coefficients on & = R/, see the
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comments in Appendix C. Taking Rychkov’s extension operator & (see Theorem 2.9), we
can represent the solution as

U= riGo— ADNRIE f+ Y OPK(®;3)(g; — Bi (D) + AD) i f).

j=1

Here, (A — A(D))ITM1 denotes the resolvent in the whole space as in Lemma 6.4 and ’12,, ) are
the Poisson symbol kernels as in Proposition 4.16. For the estimate, we treat the summands
separately. We write

up =ry(A— .A(D))ﬂ@}gf,
uzj = OPK(K;)B;(D)(h + AD)RI & .
usj = OPK(’Ej,A)gj-

First, by Theorem 2.9 and Lemma 6.4 we have that

ram=so
”ul”dHer(Rn; X) + |)"| ”ulH.Qf (R’_;_;X)

(6-2)

2

‘|£}f“,szfp’_q(R”,wy;X) + |)\|W ‘gf}‘tdlf?q(ﬂ@”,wy;x)

2

=S
”f”d;g,q.y(Rz-;X) + (A2 ||f||‘Q{;quV(R1;X) .

For uy we substitute A = u?” again. Then, Theorem 4.31, Proposition 2.10, Lemma 6.4
and Theorem 2.9 yield

; S < 1B (D) (» D)ol &
2,71 a0 gy S VBHDYG+ ADDGESN, rstmonyi g

SN+ AD)gh & f|| s
(WAl st

pqy I(Rn X)
" t—=so—m; ot s
1 fless,, ) + () L1 ot

P-q:Y X))

TR, w3 X)

A

2

S F ot ) + N f s

Substituting A = " again yields

t+2m—sq
||“27J'Hg¢;f;f';(m;>() A ”“2,]'” SR X) Sro 1 Ly A o RLX)
2m S
Finally, it follows from Theorem 4.31 that
||M3 j ” H»Zm [el,s0 (R” X) ~ ”g] ”ad;;?zl—mjv\ll\(Ri;x)

so that Eq. 2-32 together with the substitution A = 2" yields

“”3 J ||d’+2'"(ﬁ x T |)‘| “”3 J “g{;(’ (0:X)

t+2m—m_,~—1+Ty
S)»O ”gj ”3 ’+2’" i (96:X) + (Al 2 ”gj ”Lp(aﬁ;X) !
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Summing up u = uy Y7 ua,j +u3,; yields

||M||dt+2m(]Rn :X) + |)‘| ”u”gg SRL:X)

S Wy, @0 + 5 1

t+2m—m j— I+y

J
+Z(||g,|| s I Lol omn )

The inverse estimate follows from Proposition 2.10 together with the estimate

" < .
G A ADDu o iy ) Sao 1] ysszminso g .

Case (A) can be carried out in almost the exact same way. One just has to use the exten-
sion operator from Proposition 2.8 instead of Rychkov’s extenstion operator, use Lemma 6.5
instead of Lemma 6.4 and use the elementary embedding F ; Ly R", X) > H ;’V R", E)
for the Poisson operator estimates. O

6.3 Operator Theoretic Results

The L,-maximal regularity established in Theorem 5.3 for the special case of homoge-
neous initial-boundary data gives L,-maximal regularity and thus R-sectoriality for the
realizations of the corresponding elliptic differential operators:

Corollary 6.6 Let U be either R, or a C N_domain in R" with a compact boundary
00, where N € N. Let X be a UMD Banach space and let (A(D), B1(D), ..., B, (D))
be a B(X)-valued differential boundary value system on O as considered in Section 2.5
and put m* := max{mi,...,my}. Let E and E" pe given as in Case (a), Case (b) or
Case (c) as in Section 5.1. Let (A(D), B1(D), ..., B, (D)) be a B(X)-valued differential
boundary value system of order 2m on O that satisfies (E)g and (LS)y for some ¢ € (0, 7).
Moreover, we assume that the coefficients satisfy the conditions (SO)s, (SAP);, (SAL)s,
(SBP), and (SBL); from Section 6.1.3 Let Ap be the realization of A(D) in E with domain
D(Ag) = {u € E?" : B(D)u = 0}. For every 6 € (¢, T) there exists g > O such that
Wo + A is R-sectorial with angle wg (g + Ap) < 6.

Proof This is a direct consequence of Theorem 5.3 and Proposition 2.3. Indeed, if we write
A(x, D) = Z\a\me aq(x)D* and Bj(x, D) = Z\msm,- trye bj,ﬁ(x)Dﬁ, then it follows

from our assumption that @, := a, ® 17 and 5]', g :=bj g ®1 satisfy the conditions (SAP),
(SAL), (SBP) and (SBL) from Section 5.1. (I

The following result is an immediate corollary to Theorem 6.2.
Corollary 6.7 Consider the situation of Theorem 6.2 with s = so = s1. Let Ap be the

realization of A(D) in F* with domain D(Ap) = {u € Fs+2m . B(D)u = 0}. For every
0 € (¢, ) there exists j1g > 0 such that g + Ap is sectorial with angle ¢, 4 < 0.

3Here, we identify Case (a), Case (b) and Case (c) from Section 5.1 with Case (A), the Triebel-Lizorkin
version of Case (B) and the Besov version of Case (B) from Section 6.1, respectively.
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Remark 6.8 From the R-sectoriality and sectoriality in Corollary 6.6 and Corollary 6.7,
respectively, one could derive boundedness of the H°°-functional calculus using interpola-
tion techniques from [27, 50]: [50, Corollary 7.8] and [27, Theorem 3.1] give a bounded
H*-calculus of the part of Ap in the Rademacher interpolation space (E, D(A))g and in
the real interpolation space (IE, D(A))g, 4, respectively. In this way one could improve the
R-sectoriality to a bounded H *°-functional calculus in Corollary 6.6 and the sectoriality to
a bounded H *°-functional calculus in the B- and B-cases in Corollary 6.7. We expect that
this way, one should be able to obtain a bounded H *°-calculus in the B- and B-cases, as
there are results on interpolation with boundary conditions also in the vector-valued case,
see [4, Chapter VIII.2, Theorem 2.4.4]. If they extend to the weighted setting, then the
boundedness of the H*-calculus in the B- and B-cases can be derived.

Remark 6.9 The scales of weighted B- and F-spaces, the dual scales to the scales of
weighted B- and F-spaces, naturally appear in duality theory. In [62] they were used to
describe the adjoint operators for realizations of second order elliptic operators subject to
the Dirichlet boundary condition in weighted B- and F-spaces (see [62, Remark 9.13]),
which was an important ingredient in the application to the heat equation with multiplicative
noise of Dirichlet type at the boundary in weighted L ,-spaces in [65] through the so-called
Dirichlet map (see [62, Theorem 1.2]). The incorporation of the scales of weighted - and
F-spaces in Theorem 6.2 and Corollary 6.7 would allow us similarly to describe the adjoint
of the operator Ap from Corollary 6.6, which could then be used to extend [65] to more
general parabolic boundary value problems with multiplicative noise at the boundary.

Appendix A: A Weighted Version of a Theorem due to Clément
and Priiss

The following theorem is a weighted version of a result from [17] (see [46, Theo-
rem 5.3.15]). For its statement we need 1 some notation that we first introduce. _

Let X be a Banach space. We write C2°(R"; X) := .Z ~!C®(R"; X) and L' (R"; X) :=
Z~LY(R"; X). Then

Lijoc(R"; B(X)) x CRR"; X) —> LI®R"; X), (m, f) > F ' [mf1=: Ty f.

For p € (1,00) and w € A,(R") we define 9L ,(R", w; X) as the space of all m €
L110c(R"; B(X)) for which T, extends to a bounded linear operator on L,(R", w; X),
equipped with the norm

”m”WLp(]R”,w;X) =T ||B(L,,(R",w;X))~

Theorem A.1 Let X be a Banach space, p € (1,00) and w € A,(R"). For all m €
ML, R, w; X) it holds that

{m(&) : & is a Lebesgue point of m}
is R-bounded with

lmllL @By < RpUAm(&) : & is a Lebesgue point of m}) Spw lmllon L, @ w:x)-
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Proof This can be shown as in [46, Theorem 5.3.15]. Let us comment on some modifica-
tions that have to be made for the second estimate. Modifying the Holder argument given
there according to Eq. 2-2, the implicit constant C, ,, of interest can be estimated by

Cpw < liminfe?|lp(e )L, @ .w ¥ (e, @),
e—0 P r

where ¢, ¥ € S(R™) are such that ¢, ¥ are compactly supported with the property that
f ¢y dé = 1. By a change of variable,

116 (& )L, @ew 1¥ (€ L, @ w) = 191, @ we ) Iz, @ w, e -

Since S(R") — L,(R", w) with norm estimate only depending on n, p and [w]4 , (asa
consequence of [69, Lemma 4.5]) and since the A ,-characteristic is invariant under scaling,
the desired result follows. O

Appendix B: Pointwise Multiplication
Lemma B.1 Ler O be either ]Ri or a C®-domain in R? with a compact boundary 30, let
X be a Banach space, U € {R?, O} and let either

(i) pell,o0),qgell,o0l v e (—1,00) and & € {B, F}; or
(ii) X be reflexive, p,q € (1,00), y € (—o0, p — 1) and </ € {B, F}.

Let 50,51 € Rand o € R satisfy o > 0yy.5,,p,y- Then for all m € BZ, | (U; B(X)) and
fe sz/[ff)qul U, w)a,ﬁ; X) there is the estimate

5 P < - —_ S s
I f gy w030 5 120, 5070 00 1 1t g0
+||m||BgO’1(U:B(X))”f”((zg;f)q(u‘w;a/@;xy (B-1)
Proof The proof of [62, Lemma 3.1] carries over verbatim to the X-valued setting. O

Remark B.2 In connection to the above lemma, note that

. —(s0—S1)+ /77. _ Loo(U; B(X)), $1 = S0, )
LOO(Us B(X)) + BOO,I (Uv B(X)) - { Bglo’—ISO(U’ B(X)), Sl < SO’ (B 2)
as a consequence of Bgo,l — Log — Bgo’oo and Bj, o, <> B;ﬁ s e R,e >0
Furthermore,
BZ, (U; B(X)) = Loo(Us B(X)) + BV (U; B(X)) (B-3)

aso > 51 — 5o > —(50 — 1) +-

Remark B.3 Lemma B.1 has a version for more general weights: Ao-weights in case (i)

and [Aoo]/p-weights in case (ii). The condition o > oy, 5, p,, then has to be replaced by

1 1
o > max ( —1) — 50, — —1 + 851,81 =50 ¢ »
Pw,p + Pwi,,p' i

where py, , :=sup{r € (0,1) : w € A/, } with the convention that sup J = oo and é =0.
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Definition B.4 Let (S, <7, 1) be a measure space and X a Banach space. Then we define
the space R L (S; B(X)) as the space of all strongly measurable functions f: § — B(X)
such that

| I RLs(S;Bx)) = ir;fR{g(w) twe St <oo

where the infimum is taken over all strongly measurable g: S — B(X) such that f = g
almost everywhere.

Lemma B.5 Let O be either Ri or a C®-domain in R? with a compact boundary 30,
let X be a UMD Banach space, U € (R4, 0}, p € (1,00) and w € A,(R"). Let further
50,51 € Rand o € R satisfy o > max{—so, s1, 51 — so}. Then for allm € B7_ | (U; B(X))
and f € Hf,‘ vSO(U, w; X) there is the estimate

”mf”H;] U,w;X) S ”m”RLoo(U;B(X)) ”f”H;)l U, w;X) + ”m”Bgcv](U;B(X)) ”f”H;,O(U,w;X)'
(B-4)

Proof It suffices to consider the case U = R?. We use paraproducts as in [82, Section 4.4]
and [72, Section 4.2].

By [72, Lemma 4.4], the paraproduct I1; : (m, f) + I11(m, f) gives rise to bounded
bilinear mapping

M) : RLoo (R B(X)) x Hy(RY, w; X) — Hy(R?, w; X).

By a slight modification of [72, Lemma 4.6] (see [62, Lemma 3.1]), for i € {2, 3}, the

paraproduct I1; : (m, f) — II;(m, f) gives rise to bounded bilinear mapping
I; : B, \(RY: B(X)) x F0 (R, w; X) — F;}I(R", w; X)

and thus a bounded bilinear mapping

M; : B, ,(RY; B(X)) x HY (R, w; X) — H3'(RY, w; X). O

Proposition B.6 Under the conditions of Lemma B.1 with so > s1, we have the continuous
bilinear mapping

BZ,(U: B(X)) x 0, (U, wd?; X) — /3! (U, wd?, X), (m, f) > mf. (B-5)

Under the conditions of Lemma B.5 with so > s1, we have the continuous bilinear mapping

%.1(U; B(X)) x H;O(U, w; X) — H;‘ U, w, X), (m, f) — mf. (B-6)

Proof Equation B-5 is a direct consequence of Lemma B.1. The case s = 0 in Eq. B-6
follows from [72, Proposition 3.8]. The case s9 > s1 in Eq. B-6 follows from the A ,-version
of Eq. B-5 (see Remark B.3) as 0 > 0 _¢ s+, p,w for sufficiently small & > 0. O

Appendix C: Comments on the Localization and Perturbation
Procedure

The localization and perturbation arguments are quite technical but standard, let us just say
the following. The localization in Theorem 5.3 can be carried out as in [67, Sections 2.3
& 2.4] and [60, Appendix B], where we need to use some of the pointwise estimates from
Appendix B as well some of the localization and rectification results for weighted Besov and
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Triebel-Lizorkin spaces from [62, Section 4] (which extend to the vector-valued situation)
in order to perform all the arguments. Furthermore, the localization in Theorem 6.2 can
be carried out as in [62, Theorem 9.2]. The results in [62, Section 4] are a generalization
of results on the invariance of Besov- and Triebel-Lizorkin spaces under diffeomorphic
transformations such as [84, Theorem 4.16] to the weighted anisotropic mixed-norm setting.
They lead to the conditions (SO) in Section 5 and (SO); in Section 6.

We would also like to mention [24] and [25], where the authors treat maximal L;-L -
regularity for parabolic boundary value problems on the half-space in which the elliptic
operators have top order coefficients in the VMO class in both time and space variables.
In their proofs, they do not use localization for the results on VMO coefficients, but they
extend some techniques by Krylov as well as Dong and Kim.

While the geometric steps of the localization procedure in our setting are the same as
in the standard L ,-setting, there are some differences in what kind of perturbation results
we need. The main difference lies in the treatment of the top order perturbation of the
differential operator on the domain. More precisely, the following lemma is a useful tool in
the localization procedure for our setting.

Lemma C.1 Let E be a Banach space and A: E D D(A) — E a closed linear operator.
Suppose that there is a constant C > 0 such that for all A > 0 and all u € D(A) it holds
that

lullpay + Allulle < Cll(A + A)ullg. (C-1)
Let ||| - |I|: E — [0, 00) a mapping and 6 € (0, 1) such that
aalll < Nl gl (C-2)

holds for all u € D(A). Let further P: D(A) — E and suppose that there are constants
8, C" € (0, 00) such that

IPa)llE < llullpcay + C'lllull] (C-3)

forallu € D(A). Then there is Ao € (0, 00) only depending on §, C' and 0 such that for all
A > doand all u € D(A) we have the estimate

IP)lle =28C|I(A + A)ullE. (C-4)

Proof For u € D(A) we have that
IP@lle < 8lullpeay + C'lulll < Slullpeay + C lully lullhay
26||lullpcay + 8Csllulle

with Cs := (%)9/“’9) (1 —0). Here, we used Young’s inequality with the Peter-Paul trick.
Using Eq. C-1 with A > Cj/2, we can further estimate

IP)lle <28CII(A+ Aulle

IA

so that Ag = Cs/2 is the asserted parameter. O

If one wants to apply Lemma C.1 for a localization procedure, then one can treat
the top order perturbation as follows: Suppose that the differential operator has the form
1+ Zm:zm (aq + po(x))D® with p, being small in a certain norm. The mapping P in
Lemma C.1 can be chosen to be P(u)(x) = Z|a|=2m Po(x)D%u(x) and A can be chosen
to be the realization of 1 + 3, _,,, @¢ D* in E with vanishing boundary conditions. Now
one can use Lemma B.1 in combination with Remark B.2 in the Besov-Triebel-Lizorkin
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case and Lemma B.5 in the Bessel potential case to obtain an estimate of the form Eq. C-3.
In order to do this for example in the parabolic case, one chooses ¢ € (0, 2m) such that
0 > 05 py + &> O5—¢ ¢ py. Then one chooses s)o = s — ¢ and 51 = 5. These choices lead
to the estimate

P Dulle S I Palli lullgzn + Ipallsuce lullgzn— (o =2m)

in the Besov and Triebel-Lizorkin cases and

IPa Dulle S I PallRL lullgzn + Nl pallsuce lullgzn—  (lee| = 2m)

in the Bessel potential case. It holds that || - [[pa)y ~ || - [lgzn on D(A) C E2" . Hence, if
6 =1— 5 and E = E, then these estimates would correspond to Eq. C-3 in Lemma C.1
where ||| - ||| = M|| - |lg2n— for a suitable constant M > 0 such that Eq. C-2 holds. Note
that Eq. C-1 follows from the sectoriality of A. Therefore, if p, is small in Lo, or R Lo-
norm, respectively, then Lemma C.1 shows that P is just a small perturbation of a suitable
shift of the operator A.

Acknowledgements The authors would like to thank Mark Veraar for pointing out the Phragmen-Lindelof
Theorem (see [19, Corollary 6.4.4]) for the proof of Lemma 2.1. They would also like to thank Robert Denk
for useful discussions on the Boutet de Monvel calculus.

Funding Open Access funding enabled and organized by Projekt DEAL. The first author thanks the Studi-
enstiftung des deutschen Volkes for the scholarship during his doctorate and the EU for the partial support
within the TiPES project funded by the European Union’s Horizon 2020 research and innovation programme
under grant agreement No 820970. This is TiPES contribution #102. The second author was supported by
the Vidi subsidy 639.032.427 of the Netherlands Organisation for Scientific Research (NWO) until January
2019.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alos, E., Bonaccorsi, S.: Stability for stochastic partial differential equations with D,irichlet white-noise
boundary conditions. Infin. Dimens. Anal. Quantum Probab. Relat Top. 5(4), 465-481 (2002)

2. Amann, H.: Linear and quasilinear parabolic problems. Vol. I, volume 89 of Monographs in Mathemat-
ics. Birkhéduser Boston, Inc., Boston. Abstract linear theory (1995)

3. Amann, H.: Linear and quasilinear parabolic problemsVol. II, volume 106 of Monographs in Mathemat-
ics. Birkhéduser/Springer, Cham. Function spaces (2019)

4. Amann, H.: Linear and quasilinear parabolic problems. Vol. II, volume 106 of Monographs in
Mathematics. Birkhduser/Springer, Cham. Function spaces (2019)

5. Arendt, W., Duelli, M.: Maximal /”-regularity for parabolic and elliptic equations on the line. J. Evol.
Equ. 6(4), 773-790 (2006)

6. Boutet de Monvel, L.: Comportement d’un opérateur pseudo-différentiel sur une variété a bord. II.
Pseudo-noyaux de Poisson. J. Analyse Math. 17, 255-304 (1966)

7. Boutet de Monvel, L.: Boundary problems for pseudo-differential operators. Acta Math. 126(1-2), 11-51
(1971)

8. Brewster, K., Mitrea, M.: Boundary value problems in weighted S,obolev spaces on Lipschitz manifolds.
Mem. Differ. Equ. Math. Phys. 60, 15-55 (2013)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Elliptic and Parabolic Boundary Value Problems in Weighted...

12.

13.

14.

15.

17.

18.
19.
20.
21.
22.

23.

24.

25.

26.

27.
28.

29.

31.
32.
33.
34.
35.

36.
. Grubb, G.: Pseudo-differential boundary problems in /,, spaces. Comm. Partial Differ. Equ. 15(3), 289—

. Brzezniak, Z., Goldys, B., Peszat, S., Russo, F.: Second order PDEs with Dirichlet white noise boundary

conditions. J. Evol. Equ. 15(1), 1-26 (2015)

. Bui, H.-Q.: Weighted Besov and Triebel spaces: interpolation by the real method. Hiroshima. Math. J.

12(3), 581-605 (1982)

. Bui, H.-Q.: Remark on the characterization of weighted Besov spaces via temperatures. Hiroshima.

Math. J. 24(3), 647-655 (1994)

Bui, H.-Q., Paluszyriski, M., Taibleson, M.H.: A maximal function characterization of weighted Besov-
Lipschitz and Triebel-Lizorkin spaces. Studia Math. 119(3), 219-246 (1996)

Chill, R., Fiorenza, A.: Singular integral operators with operator-valued kernels, and extrapolation of
maximal regularity into rearrangement invariant Banach function spaces. J. Evol. Equ. 14(4-5), 795-828
(2014)

Chill, R., Krél, S.: Real interpolation with weighted rearrangement invariant Banach function spaces. J.
Evol. Equ. 17(1), 173-195 (2017)

Cioica-Licht, PA., Kim, K.-H., Lee, K.: On the regularity of the stochastic heat equation on polygonal
domains in R?. J. Differ. Equ. 267(11), 64476479 (2019)

. Cioica-Licht, P.A., Kim, K.-H., Lee, K., Lindner, F.: An L ,-estimate for the stochastic heat equation on

an angular domain in R?. Stoch. Partial Differ. Equ. Anal. Comput. 6(1), 45-72 (2018)

Clément, P., Priiss, J.: An operator-valued transference principle and maximal regularity on vector-valued
L p-spaces. In: Evolution equations and their applications in physical and life sciences (Bad Herrenalb,
1998), volume 215 of Lecture Notes in Pure and Appl. Math., pp. 67-87. Dekker, New York (2001)
Clément, P, Simonett, G.: Maximal regularity in continuous interpolation spaces and quasilinear
parabolic equations. J. Evol. Equ. 1(1), 39-67 (2001)

John, B. Conway. Functions of One Complex Variable, Volume 11 of Graduate Texts in Mathematics,
2nd edn. Springer, New York (1978)

Denk, R., Hieber, M., Priiss, J.: R-boundedness, Fourier multipliers and problems of elliptic and
parabolic type. Mem. Amer. Math. Soc., 166(788), viii+114 (2003)

Denk, R., Hieber, M., Priiss, J.: Optimal L?-/9-estimates for parabolic boundary value problems with
inhomogeneous data. Math. Z. 257(1), 193-224 (2007)

Denk, R., Kaip, M.: General parabolic mixed order systems in [, and applications, volume 239 of
Operator Theory Advances and Applications. Birkhduser/springer, Cham (2013)

Denk, R., Seger, T.: Inhomogeneous Boundary Value Problems in Spaces of Higher Regularity. In:
Recent Developments of Mathematical Fluid Mechanics, Adv. Math. Fluid Mech., pp. 157-173.
Birkhéuser/Springer, Basel (2016)

Dong, H., Gallarati, C.: Higher-order elliptic and parabolic equations with VMO assumptions and
general boundary conditions. J. Funct. Anal. 274(7), 1993-2038 (2018)

Dong, H., Gallarati, C.: Higher-order parabolic equations with vmo assumptions and general boundary
conditions with variable leading coefficients. International Mathematics Research Notices, pp. rny084
(2018)

Dong, H., Kim, D.: Elliptic and parabolic equations with measurable coefficients in weighted Sobolev
spaces. Adv. Math. 274, 681-735 (2015)

Dore, G.: H* functional calculus in real interpolation spaces. Studia Math. 137(2), 161-167 (1999)
Dore, G.: Maximal regularity in /” spaces for an abstract Cauchy problem. Adv. Differ. Equ. 5(1-3),
293-322 (2000)

Dore, G., Venni, A.: On the closedness of the sum of two closed operators. Math. Z. 196(2), 189-201
(1987)

. equations, L.C.Evans. Partial Differential Volume 19 of Graduate Studies in Mathematics, 2nd edn.

American Mathematical Society, Providence (2010)

Fabbri, G., Goldys, B.: An LQ problem for the heat equation on the halfline with Dirichlet boundary
control and noise. SIAM J. Control Optim. 48(3), 1473-1488 (2009)

Fackler, S., Hytonen, T.P., Lindemulder, N.: Weighted estimates for operator-valued Fourier multipliers
Collect. Math. 71(3), 511-548 (2020)

Farwig, R., Sohr, H.: Weighted L?-theory for the Stokes resolvent in exterior domains. J. Math. Soc.
Japan 49(2), 251-288 (1997)

Giga, Y.: Analyticity of the semigroup generated by the Stokes operator in /. spaces. Math. Z. 178(3),
297-329 (1981)

Grafakos, L. Modern Fourier Analysis, Volume 250 of Graduate Texts in Mathematics, 2nd edn.
Springer, New York (2009)

Grubb, G.: Singular Green operators and their spectral asymptotics. Duke Math. J. 51(3), 477-528 (1984)

340 (1990)

@ Springer



F. Hummel, N. Lindemulder

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

Grubb, G. Functional calculus of pseudodifferential boundary problems, volume 65 of Progress in
Mathematics, 2nd edn. Birkhiduser Boston, Inc., Boston (1996)

Grubb, G.: Modern Fourier analysis, volume 250 of Graduate Texts in Mathematics. Springer, New York
(2009)

Grubb, G., Kokholm, N.J.: A global calculus of parameter-dependent pseudodifferential boundary
problems in [, Sobolev spaces. Acta Math. 171(2), 165-229 (1993)

Haroske, D.D., Piotrowska, I.: Atomic decompositions of function spaces with M,uckenhoupt weights,
and some relation to fractal analysis. Math Nachr. 281(10), 1476-1494 (2008)

Haroske, D.D., Skrzypczak, L.: Entropy and approximation numbers of embeddings of function spaces
with Muckenhoupt weights. I. Rev. Mat. Complut. 21(1), 135-177 (2008)

Haroske, D.D., Skrzypczak, L.: Entropy and approximation numbers of embeddings of function
spaces with Muckenhoupt weights, II. General weights. Ann. Acad. Sci. Fenn Math. 36(1), 111-138
(2011)

Haroske, D.D., Skrzypczak, L.: Entropy numbers of embeddings of function spaces with Muckenhoupt
weights, III. Some limiting cases. J. Funct Spaces Appl. 9(2), 129-178 (2011)

Hummel, F.: Boundary value problems of elliptic and parabolic type with boundary data of negative
regularity J. Evol. Equ. https://doi.org/10.1007/s00028-020-00664-0 (2021)

Hytonen, T.P., van Neerven, J.M.A.M., Veraar, M.C., Weis, L.: Analysis in Banach spaces. Vol. I. Mar-
tingales and Littlewood-Paley theory, volume 63 of Ergebnisse der Mathematik und ihrer Grenzgebiete.
3 Folge. Springer (2016)

Hytonen, T.P., van Neerven, J.M.A.M., Veraar, M.C., Weis, L.: Analysis in Banach spaces. Vol. IL. Proba-
bilistic Methods and Operator Theory., volume 67 of Ergebnisse der Mathematik und ihrer Grenzgebiete.
3 Folge. Springer (2017)

Johnsen, J.: Elliptic boundary problems and the Boutet de Monvel calculus in Besov and Triebel-Lizorkin
spaces. Math. Scand. 79(1), 25-85 (1996)

Johnsen, J., Sickel, W.: On the trace problem for Lizorkin-Triebel spaces with mixed norms. Math.
Nachr. 281(5), 669-696 (2008)

Kalton, N.J., Kunstmann, P.C., Weis, L.: Perturbation and interpolation theorems for the 2*°-calculus
with applications to differential operators. Math. Ann. 336(4), 747-801 (2006)

Kalton, N.J., Weis, L.: The h*°-calculus and sums of closed operators. Math. Ann. 321(2), 319-345
(2001)

Kim, K.-H.: L (I,)-theory of parabolic PDEs with variable coefficients. Bull. Korean Math. Soc. 45(1),
169-190 (2008)

K&hne, M., Priiss, J., Wilke, M.: On quasilinear parabolic evolution equations in weighted /,,-spaces. J.
Evol. Equ. 10(2), 443-463 (2010)

Krylov, N.V.: Weighted Sobolev spaces and Laplace’s equation and the heat equations in a half space.
Comm. Partial Differ. Equ. 24(9-10), 1611-1653 (1999)

Krylov, N.V.: The heat equation in [, ((0, t), [ ,,)-spaces with weights. STAM J. Math. Anal. 32(5), 1117-
1141 (2001)

Kunstmann, P.C., Weis, L.: Maximal L ,-Regularity for Parabolic Equations, Fourier Multiplier Theo-
rems and H°°-Functional Calculus. In: Functional Analytic Methods for Evolution Equations, Volume
1855 of Lecture Notes in Math., pp. 65-311. Springer, Berlin (2004)

LeCrone, J., Pruess, J., Wilke, M.: On quasilinear parabolic evolution equations in weighted /,-spaces
II. J. Evol. Equ. 14(3), 509-533 (2014)

Lindemulder, N.: Parabolic Initial-Boundary Value Problems with 1Nhomoegeneous Data: A Weighted
Maximal Regularity Approach. Master’s thesis, Utrecht University (2014)

Lindemulder, N.: Second Order Operators Subject to Dirichlet Boundary Conditions in Weighted
Triebel-Lizorkin Spaces: Parabolic problems (2018)

Lindemulder, N.: Maximal Regularity with Weights for Parabolic Problems with Inhomogeneous
Boundary Conditions. Journal of Evolution Equations (2019)

Lindemulder, N.: An intersection representation for a class of anisotropic vector-valued function spaces.
J. Approx. Theory 264(61), 105519 (2021)

Lindemulder, N.: Second Order Operators Subject to Dirichlet Boundary Conditions in Weighted Besov
and Triebel-Lizorkin Spaces: Elliptic Problems in preparation (2021)

Lindemulder, N., Meyries, M., Veraar, M.C.: Complex interpolation with Dirichlet boundary conditions
on the half line. To appear in Mathematische Nachrichten, https://arxiv.org/abs/1705.11054 (2017)
Lindemulder, N., Veraar, M.C.: The heat equation with rough boundary conditions and holomorphic
functional calculus. J. Differ. Equ. 269(7), 5832-5899 (2020)

Lindemulder, N., Veraar, M.C.: Parabolic Second Order Problems with Multiplicative Dirichlet Bound-
ary Noise. In preparation (2021)

Springer


https://doi.org/10.1007/s00028-020-00664-0
https://arxiv.org/abs/1705.11054

Elliptic and Parabolic Boundary Value Problems in Weighted...

66.

67.

68.

69.

70.

71.

72.

73

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

Maz’ya, V., Shaposhnikova, T.: Higher regularity in the layer potential theory for L,ipschitz domains.
Ind. Univ. Math J. 54(1), 99-142 (2005)

Meyries, M.: Maximal regularity in weighted spaces, nonlinear boundary conditions, And Global
Attractors. PhD thesis, Karlsruhe Institute of Technology (2010)

Meyries, M., Schnaubelt, R.: Maximal regularity with temporal weights for parabolic problems with
inhomogeneous boundary conditions. Math. Nachr. 285(8-9), 1032-1051 (2012)

Meyries, M., Veraar, M.C.: Sharp embedding results for spaces of smooth functions with power weights.
Studia Math. 208(3), 257-293 (2012)

Meyries, M., Veraar, M.C.: Characterization of a class of embeddings for function spaces with
M,uckenhoupt weights. Arch Math. (Basel) 103(5), 435-449 (2014)

Meyries, M., Veraar, M.C.: Traces and embeddings of anisotropic function spaces. Math. Ann. 360(3-4),
571-606 (2014)

Meyries, M., Veraar, M.C.: Pointwise multiplication on vector-valued function spaces with power
weights. J. Fourier Anal. Appl. 21(1), 95-136 (2015)

. Mielke, A.: UBer maximale /”-Regularitit fiir Differentialgleichungen in Banach- und Hilbert-Riumen.

Math. Ann. 277(1), 121-133 (1987)

Mitrea, M., Taylor, M.: The Poisson problem in weighted Sobolev spaces on Lipschitz domains. Ind.
Univ. Math. J. 55(3), 1063-1089 (2006)

Priiss, J., Simonett, G.: Maximal regularity for evolution equations in weighted L ,,-spaces. Arch Math.
(Basel) 82(5), 415431 (2004)

Priiss, J., Simonett, G.: Moving interfaces and Quasilinear parabolic evolution equations, volume 105 of
Monographs in Mathematics. Birkhduser/springer, Cham (2016)

Priiss, J., Simonett, G., Wilke, M.: Critical spaces for quasilinear parabolic evolution equations and
applications. J. Differ. Equ. 264(3), 2028-2074 (2018)

Priiss, J., Wilke, M.: Addendum to the paper “On quasilinear parabolic evolution equations in weighted
Ip-spaces 11”. J. Evol. Equ. 17(4), 1381-1388 (2017)

Priiss, J., Wilke, M.: On critical spaces for the Navier-Stokes equations. J. Math. Fluid Mech. 20(2),
733-755 (2018)

Rempel, S., Schulze, B.-W.: Index Theory of Elliptic Boundary Problems. Akademie, Berlin (1982)
Roitberg, Y.: Elliptic boundary value problems in the spaces of distributions, volume 384 of Mathematics
and its Applications. Kluwer Academic Publishers Group, Dordrecht. Translated from the Russian by
Peter Malyshev and Dmitry Malyshev (1996)

Runst, T., Sickel, W.: Sobolev Spaces of Fractional Order, Nemytskij Operators, and Nonlinear Partial
Differential Equations, Volume 3 of De Gruyter Series in Nonlinear Analysis and Applications. Walter
de Gruyter & Co., Berlin (1996)

Rychkov, V.S.: On restrictions and extensions of the Besov and Triebel-Lizorkin spaces with respect to
Lipschitz domains. J. London Math. Soc. (2) 60(1), 237-257 (1999)

Scharf, B.: Atomic representations in function spaces and applications to pointwise multipliers and
diffeomorphisms, a new approach. Math. Nachr. 286(2-3), 283-305 (2013)

Schrohe, E.: A Short Introduction to Boutet De Monvel’s Calculus. In: Approaches to Singular Analysis
(Berlin, 1999), Volume 125 of Oper. Theory Adv. Appl., pp. 85-116. Basel, Birkhduser (2001)

Seeley, R.T.: Extension of ¢*° functions defined in a half space. Proc. Amer. Math. Soc. 15, 625-626
(1964)

Sickel, W., Skrzypczak, L., Vybiral, J.: Complex interpolation of weighted Besov and Lizorkin-Triebel
spaces. Acta Math. Sin. (Engl. Ser.) 30(8), 1297-1323 (2014)

Sowers, R.B.: Multidimensional reaction-diffusion equations with white noise boundary perturbations.
Ann. Probab. 22(4), 2071-2121 (1994)

Visik, M.L., Eskin, G.L: Elliptic convolution equations in a bounded region and their applications. Uspehi
Mat. Nauk. 22(1 (133)), 15-76 (1967)

Weis, L.W.: Operator-valued Fourier multiplier theorems and maximal L ,. Math. Ann. 319(4), 735-758
(2001)

Wiloka, J.: Partial Differential Equations. Cambridge University Press, Cambridge. Translated from the
German by C. B. Thomas and M. J. Thomas (1987)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Elliptic and Parabolic Boundary Value Problems in Weighted...
	Abstract
	Introduction
	Outline
	Notation and convention

	Preliminaries
	Weighted Lebesgue Spaces
	UMD Spaces and Lq-maximal Regularity
	Decomposition and Anisotropy
	Distribution Theory and Function Spaces
	Distribution Theory and Some Generic Function Space Theory
	Function Spaces
	Anisotropic mixed-norm spaces
	Isotropic spaces
	Parameter-independent spaces
	Parameter-dependent spaces



	Differential Boundary Value Systems
	The Equations
	Ellipticity and Lopatinskii-Shapiro Conditions


	Embedding and Trace Results for Mixed-norm Anisotropic Spaces
	Embedding Results
	Trace Results
	Some notation
	The working definition of the trace
	The distributional trace operator

	The results


	Poisson Operators
	Symbol Classes
	Solution Operators for Model Problems
	Mapping Properties

	Parabolic Problems
	Some notation and assumptions
	Statement of the Main Result
	The Proof of Theorem 5.3

	Elliptic Problems
	Smoothness Assumptions on the Coefficients
	Parameter-dependent Estimates
	Operator Theoretic Results

	Appendix A A Weighted Version of a Theorem due to Clément and Prüss
	 Pointwise Multiplication
	Appendix B Pointwise Multiplication
	 Comments on the Localization and Perturbation Procedure
	Appendix C Comments on the Localization and Perturbation Procedure
	References


