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Abstract 

Turbulent Combustion poses a lot of challenges in various aspects of engineering. Since Direct 

Numerical Simulations (DNS) take an unbearable computational effort to accurately predict 

the nature of these flames by resolving to the lowest possible turbulent scales without 

modelling, these processes need to be modelled using appropriate methods for better 

understanding. Non-premixed turbulent combustion is of great interest to research in the field 

related to modelling of particle treatment in a particular defined method. For this purpose, the 

statistical approach to turbulent reactive flows is adopted by the help of Probability Density 

Functions (PDF). In this same regard as the use of detailed reaction mechanisms take a lot of 

computational power in the aim to take Turbulence-Chemistry Interactions into account, 

reduced description of the kinetics with appropriate number of species in considered with the 

help of methods based on Reaction-Diffusion Manifolds (REDIM). This work is mainly 

concentrated towards two different Particle Mixing Models – Modified Curl’s Model (MCM) 

and Velocity Conditioned Multiple Mapping Closures (MMC) which are coupled with the 

above methods to simulate piloted non-premixed methane flames (Sandia Flame D) and 

validated with the experimental data. 

Secondly, partially premixed turbulent flame using inhomogeneous inlets is modelled using 

RANS and Finite Rate Chemistry, as LES for partially premixed turbulent flame still remains 

an open challenge despite its greatness. Sydney Burner is simulated in Ansys Fluent in order 

to gain insight on behavior of different species and temperature at different axial locations for 

a particular configuration and operating condition. Results are validated with Experimental 

Temperature Measurements from Sydney University taken with the help of line-imaged 

Raman/Rayleigh scattering and Laser induced Fluorescence (LIF) of CO.  
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Zusammenfassung 

Turbulente Verbrennung stellt viele Herausforderungen in verschiedenen Aspekten der 

Technik. Da direkte numerische Simulationen (DNS) einen unerträglichen Rechenaufwand 

erfordern, um die Natur dieser Flammen durch Auflösung in die niedrigstmöglichen 

turbulenten Skalen ohne Modellierung genau vorherzusagen, müssen diese Prozesse zum 

besseren Verständnis mit geeigneten Methoden modelliert werden. Die turbulente 

Verbrennung ohne Vormischung ist von großem Interesse für die Forschung auf dem Gebiet 

der Modellierung der Partikelbehandlung in einem bestimmten definierten Verfahren. Dazu 

wird der statistische Ansatz für turbulente reaktive Strömungen mit Hilfe von Probability 

Density Functions (PDF) übernommen. Ebenso wie die Verwendung detaillierter 

Reaktionsmechanismen viel Rechenleistung erfordert, um Turbulenz-Chemie-

Wechselwirkungen zu berücksichtigen, wird eine reduzierte Beschreibung der Kinetik bei 

entsprechender Anzahl der betrachteten Spezies mit Hilfe von Methoden basierend auf 

Reaktions- Diffusionsverteiler (REDIM). Diese Arbeit konzentriert sich hauptsächlich auf 

zwei verschiedene Partikelmischmodelle – Modified Curl's Model (MCM) und Velocity 

Conditioned Multiple Mapping Closures (MMC), die mit den oben genannten Methoden 

gekoppelt sind, um pilotierte nicht vorgemischte Methanflammen (Sandia Flame D) zu 

simulieren und validiert mit die experimentellen Daten. 

Zweitens wird eine teilweise vorgemischte turbulente Flamme mit inhomogenen Einlässen mit 

RANS und Finite-Rate-Chemie modelliert, da LES für teilweise vorgemischte turbulente 

Flammen trotz ihrer Größe immer noch eine offene Herausforderung bleibt. Sydney Burner 

wird in Ansys Fluent simuliert, um Einblicke in das Verhalten verschiedener Spezies und 

Temperaturen an verschiedenen axialen Positionen für eine bestimmte Konfiguration und 

Betriebsbedingung zu erhalten. Die Ergebnisse werden mit experimentellen 

Temperaturmessungen der Sydney University validiert, die mit Hilfe von linienbildender 

Raman/Rayleigh-Streuung und laserinduzierter Fluoreszenz (LIF) von CO aufgenommen 

wurden. 
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1. Introduction 

Combustion has become a necessity in almost every aspect of industrial engineering especially 

in domains of mechanical and aerospace engineering [1-3]. Today, simulations have taken 

methodology of design of a particular model to a whole new level. Especially for the processes 

that have been quite difficult to conduct physically or experimentally, simulations have helped 

in progress to a great extent. 

As of this consequence, different challenges are posed towards development of various 

methods and modelling techniques in order to tackle this area, especially in turbulent 

combustion [3-7]. Combustion consists of dealing with both aspects of Fluid Mechanics as well 

as Chemical Kinetics [1,3,5]. Quantities like velocity, turbulent kinetic energy etc. need to 

determined well to describe phenomenon of turbulent Flows. Moreover, taking care of fluid 

mechanics doesn’t fully solve the purpose as Chemical Kinetics further pose complex 

problems. Chemical Kinetics is concerned towards determining of rate of formation of products 

and consumption rate of reactants. Both of these phenomena are themselves in complex that 

simulations of turbulent Reactive Flows which couples both fluid mechanics and chemical 

kinetics, raises the level of complexity by a significant level as modelling required to study 

turbulence-chemistry interactions poses a major challenge. 

Though there are different turbulent scales eg: - as those in DNS and LES [7] that can be 

considered while solving a problem, RANS [3,5,7] gives quite a good advantage in terms of 

computational cost and grid requirements giving the reason to use its methodology in this 

thesis. Besides this, use of Probability Density Functions (PDFs) [16] is adopted in this work 

which takes the statistical nature of turbulent flows. It enables to express the variables in 

thermo-kinetic space within their event of occurrence in their respective sample space. 

Transported PDF equation is derived from Navier-Stokes after in which conditional diffusion 

terms needs to be modelled. In the aim to achieve that, various mixing models are proposed in 

the past [20-23]. However, each one or the other has a limitation that can’t be neglected. In this 

thesis, major focus is towards the molecular mixing models and as that of which Modified 

Curl’s Model (MCM) and newly proposed methodology for Velocity Conditioned Multiple 
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Mapping Closure Model (VC-MMC) are tested for turbulent non-premixed methane piloted 

flames, Sandia Flame Series D.  

Secondly, research in partially premixed form of combustion has also quite progressed in the 

past few years [50-55]. So as to get insights of the same, Sydney partially premixed methane 

piloted flame is simulated in Ansys Fluent with Finite Rate chemistry under a particular burner 

configuration. 

This thesis commences with some introduction to basics of combustion in chapter 2 which 

summarizes the general concepts, governing equations and different types of flames. Further, 

the concept of turbulent reactive flows is explained in chapter 3. Then in Chapter 4, approach 

to turbulent reactive flows using probability density functions is explained how it is used to 

deal with scalars. Chapter 5 highlights the concept for MCM and approach for VC-MMC 

Model along with their algorithms used in this thesis. Afterwards, the methodology used in 

turbulent non-premixed piloted flames is described in chapter 6 along with the solution and 

numerical procedure used to model these flames i.e. by the PDF particle approach. Further in 

chapter 7, methodology for modeling Partially premixed flames is explained followed by the 

proper solution procedure followed for its treatment. Finally, results and observations are 

discussed in chapter 8 as drawn from the two methodologies proposed in each of the respective 

chapters and a final conclusion is stated in chapter 9 after reviewing all the results.  
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2. Basics of Combustion 

2.1 General Theory  

The explanation of basic and phenomenon combustion processes can be very well described 

with the help of basic definitions and fundamental concepts at the molecular and global frames 

of reference in regard to which [1] they have been described in brief below. 

1. Heat of Reaction 

The Heat of Reaction (also known and Enthalpy of Reaction) is the change in the 

enthalpy of a chemical reaction that occurs at a constant pressure. It is a thermodynamic 

unit of measurement useful for calculating the amount of energy per mole either 

released or produced in a reaction. Since enthalpy is derived from pressure, volume, 

and internal energy, all of which are state functions, enthalpy is also a state function. 

2. Standard Heat of Reaction 

It is defined as the heat of reaction at some standard pressure and temperature as 

required to describe a combustion application or process. 

For example: - say at 1 bar, 298 K,  Δ𝐻𝑓𝑜
→ 300 𝐾𝐽/𝑚𝑜𝑙𝑒. 

3. Heat of Formation 

Heat of Formation defined for a particular pressure and temperature is the negative heat 

of reaction at those state values for a component formed from its ‘reference elements’. 

Reference Elements can specifically be categorized as 𝐶(𝑠), 𝐻2, 𝑁2, 𝑂2 etc. 

 

𝐻2 +
1

2
𝑂2 → 𝐻2𝑂 

𝐶(𝑠) + 𝑂2 → 𝐶𝑂2 

 

The above two reactions (1) and (2) can be perfectly described as the formation 

reactions for 𝐻2𝑂 𝑎𝑛𝑑 𝐶𝑂2 respectively. 

Formation of one species from its own element(s) can also be described as the formation 

reactions. For example, 

 



18 

 

1

2
𝑂2 → 𝑂

𝑂2 → 𝑂2

 

 

4. Sensible Enthalpy 

Sensible Enthalpy basically describes how good a fuel is. Let’s consider a general 

example of heat of reaction through the following equation. 

 

𝛥𝐻 = 𝐻2 − 𝐻1 = ∑ 𝑛𝑖
′′𝛥ℎ𝑓𝑚𝑖

(𝑃2, 𝑇2)

𝑁

𝑖=1

− ∑ 𝑛𝑖
′𝛥ℎ𝑓𝑚𝑖 ,

(𝑃1, 𝑇1)

𝑁

𝑖=1

 

Where, 𝑛𝑖
′′is number of moles of species ‘𝑖’ in the products, 𝑛𝑖

′ number of moles of 

species ‘𝑖’ in the reactants. Subscripts describe the states before and after the chemical 

reaction respectively. 

 

ℎ𝑓𝑚𝑖
(𝑇) = Δ𝐻𝑓

𝑜

298
+  ( ℎ𝑓𝑚𝑖

(𝑇) −   ℎ𝑓
𝑜

298𝑚𝑖
) 

Again, ℎ𝑓𝑚𝑖
(𝑇) is specific molar enthalpy, Δ𝐻𝑓

𝑜

298
 as the standard heat of formation 

and (ℎ𝑓𝑚𝑖
(𝑇) −   ℎ𝑓

𝑜

298𝑚𝑖
) is the Sensible Enthalpy. 

Sensible Enthalpy can be expressed as: - 

 

ℎ𝑓𝑚𝑖
(𝑇) −   ℎ𝑓

𝑜

298𝑚𝑖
 =  ∫ 𝐶𝑝𝑚𝑖

(𝑇)𝑑𝑡
𝑇

𝑇𝑟𝑒𝑓
 

 

For calorifically perfect gas, sensible Enthalpy = 𝐶𝑝𝑚𝑖
(𝑇 − 𝑇𝑟𝑒𝑓)  , where 𝑇𝑟𝑒𝑓 is 

preferred as 298.15 K. 

Since the process is adiabatic, hence we’ll have 𝐻2 = 𝐻1. Now comparing the LHS and 

RHS after expanding the equation for Δ𝐻. 

∑ 𝑛′′
𝑖 {Δ𝐻𝑓

𝑜

𝑇𝑟𝑒𝑓
+   hf

𝑜(𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐) − ℎ𝑓
𝑜(𝑇𝑟𝑒𝑓)}

𝑀𝑖

 

𝑁

𝑖=1

=  ∑ 𝑛′
𝑖 {Δ𝐻𝑓

𝑜

𝑇𝑟𝑒𝑓
+  hf

𝑜(𝑇1) − ℎ𝑓
𝑜(𝑇𝑟𝑒𝑓)}

𝑀𝑖

 

𝑁

𝑖=1
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The above equation simply means that the sensible enthalpy of the products will be 

high, consequence of which the heat of formation needs to be low (as the RHS is fixed). 

Mixture composition significantly has an enormous effect on heat of formation for 

stable products. For example, stoichiometric mixtures (which will be explained later in 

this chapter) have the highest negative heats of formations which ultimately leads to 

the highest Adiabatic Flame Temperature (𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐). 

 

5. Chemical Kinetics 

 

Chemical Kinetics, also known as the reaction kinetics is the branch of physical 

chemistry dealing with the concepts and understanding of the rates of the chemical 

reactions. Chemical Kinetic modelling is an important aspect in describing a basic 

combustion phenomenon. These are coupled with fluid mechanics models in the aim to 

understand the practical combustion ideas [2].  

 

   

a) Mass concentration of species 𝑖 = 𝜌𝑖 (density) = 
𝑚𝑎𝑠𝑠 𝑜𝑓 𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑖

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑖𝑥𝑡𝑢𝑟𝑒
 

 

b) Molar concentration of species 𝑖 = 𝐶𝑖 = 
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑚𝑜𝑙𝑒𝑠 𝑜𝑓 𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑖

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓𝑡ℎ𝑒 𝑚𝑖𝑥𝑡𝑢𝑟𝑒
 

Density of the mixture = ∑ 𝜌𝑖
𝑁
𝑖=1  

Concentration of the mixture = ∑ 𝑐𝑖
𝑁
𝑖=1  

 

6. Mass Transfer Concepts 

 

a) Mass Averaged Velocity of a mixture  

It is defined as the average velocity of the mixture with which it is progressing 

independent of what other species are doing in the whole mixture.  

𝑣⃗ =(
∑ 𝜌𝑖

𝑁
𝑖=1  𝑣𝑖)⃗⃗ ⃗⃗ ⃗⃗

∑ 𝜌𝑖
𝑁
𝑖=1

 

 

b) Molar Averaged Velocity of the mixture  
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It can be stated as in the similar context with mass averaged velocity but molar 

concentration of species is considered instead of density of individual species. 

𝑣∗⃗⃗⃗⃗⃗=(
∑ 𝑐𝑖

𝑁
𝑖=1  𝑣𝑖)⃗⃗ ⃗⃗ ⃗⃗

∑ 𝑐𝑖
𝑁
𝑖=1

 

c) Mass diffusion Velocity of species 𝑖 = 𝑉⃗⃗ = 𝑣𝑖⃗⃗⃗ ⃗ − 𝑣⃗ 

d) Molar diffusion Velocity of species 𝑖 = 𝑉∗⃗⃗⃗⃗⃗ = 𝑣𝑖⃗⃗⃗ ⃗ − 𝑣∗⃗⃗⃗⃗⃗ 

𝑉 ⃗⃗⃗⃗  𝑎𝑛𝑑 𝑉∗⃗⃗⃗⃗⃗ represent what species are doing instead of going along with the 

flow. 

e) Mass and molar flux of species 𝑖 can be stated as  𝑚𝑖⃗⃗ ⃗⃗ ⃗ = 𝜌𝑖𝑣𝑖⃗⃗⃗ ⃗ and 𝑛𝑖⃗⃗⃗⃗  = 𝑐𝑖𝑣𝑖⃗⃗⃗ ⃗. 

 

f) Relative Mass and molar diffusion flux for particular species 𝑖 can be written 

as 𝐽𝑖
⃗⃗⃗ = 𝜌𝑖(𝑣𝑖⃗⃗⃗ ⃗ − 𝑣⃗) and 𝐽∗⃗⃗⃗ ⃗ = 𝑐𝑖(𝑣𝑖⃗⃗⃗ ⃗ − 𝑣∗⃗⃗⃗⃗⃗). 

 

 

7. Equivalence Ratio (𝜙) 

It is defined as the ratio of actual fuel to air ratio in a mixture to stoichiometric fuel to 

air mixture. 

If 𝜙 = 1 , stoichiometric condition i.e., if fuel and oxidizer consume each other 

completely. 

𝜙 < 1 signifies the fuel lean condition (oxidizer rich). 

𝜙 > 1 signifies the fuel rich condition (oxidizer lean). 

 

 

2.2 Governing Equations 

Combustion Processes involve a vast space of transport equations i.e., convection, 

diffusion and Chemical Reactions [3,4,1] and they are solved using different 

discretization schemes in space and time. All the equations thereby will be presented in 

their respective differential forms. Different terms describe different aspects of problem 

required to model. 
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Continuity Equation 

𝜕𝜌

𝜕𝑡
+ ∇. (ρV)   = 0 

Momentum Conservation Equation 

𝜕𝑌𝑖

𝜕𝑡
+ 𝑣. ∇𝑣 =  −∇. 𝑞/𝜌 + 𝜌 ∑ 𝑌𝑖𝑓𝑖

𝑁

𝑖=1

 

Species Mass Conservation Equation 

𝜕𝑌𝑖

𝜕𝑡
+ 𝑣. ∇𝑌𝑖 =

𝑤𝑖

𝜌
−

[∇. (𝜌𝑌𝑖𝑉𝑖)]

𝜌𝑖
       𝑖 = 1,2, … . 𝑁 

Energy Conservation Equation 

𝜌
𝜕𝑢

𝜕𝑡
+ 𝜌𝑣. ∇𝑣 = −∇. 𝑞 − 𝑃: (∇𝑣) + 𝜌 ∑ 𝑌𝑖𝑓𝑖 . 𝑉𝑖

𝑁
𝑖=1             𝑖 = 1,2, … . 𝑁 

Ideal Gas Equation 

𝑝 = 𝜌𝑅𝑜𝑇 ∑(𝑌𝑖/𝑊𝑖)

𝑁

𝑖=1
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2.3 Different division of Flames 

In combustion, the nature of flames mainly depends on whether the fuel and oxidizer are 

mixed before burning (premixed) or after burning (non-premixed) [3]. When the flow is 

also laminar alongside burning of these flames, they are often categorized into Laminar 

premixed and Laminar Non-premixed Flames. Similarly, if the flow becomes turbulent, 

they can be termed as Turbulent Premixed or Non-premixed Flames. A special combustion 

case popularly known as partially premixed is the one in which unburnt mixture is not 

completely or fully mixed before entering the combustion zone. The following illustration 

from [5] presents the applications for all these flames along with their occurrences in 

different engineering fields and applications. 

 

Figure 1: Different Applications for different flames [5] 
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3. Turbulent Reacting Flows 

3.1 Conceptual Description 

The Most important non-dimensional quantity describing the nature of the flow and its 

tendency to exhibit a turbulent regime from a lamina is the Reynolds Number, which is often 

described as the Ratio of Inertial forces to viscous forces [6]. 

𝑅𝑒 =
𝜌𝑢𝐿

𝜇
 

Where 𝜌 is the flow density, 𝑢 is the flow velocity, 𝐿 is the characteristic length (diameter in 

case of circular pipes) and 𝜇 is the dynamic viscosity. If the Reynolds number of a flow is low 

beyond a certain limit, flow is stable and stays laminar. However, in case of a turbulent flow 

where Reynolds number is predominantly high, it generally leads to the description of turbulent 

flow [7]. Moreover, turbulence of a flow is also promoted because of the energy cascade 

phenomenon in governing turbulence. The large eddy breaks up process is further transferred 

to small eddies in the process of energy transfer from former ones to latter, thus leading to 

dissipation of Kinetic Energy [7]. The efficiency of resolving the turbulence significantly 

depends on the length scales taken into consideration which will be described briefly in next 

section (3.1.1). 

3.2 Length Scales in turbulent Flames 

Turbulent Length Scales (length scales related to turbulence only) 

The concept of Energy Cascade as discussed [7], gives a quite well description about 

dissipation of kinetic energy w.r.t the inertial subrange. The size of the eddies varies widely in 

a turbulent flow from largest eddies of length scale (𝑙𝑜) or integral length scale upto smallest 

length scale (𝑙𝑘) (kolmogorov length scale) [7,8]. Therefore, taking the proper length scale into 

consideration for a characteristic velocity 𝑢′ , reynolds number for a turbulent flow can be 

related as follows [7], 

𝑅𝑒𝑙𝑜
=

𝜌𝑢′𝑙𝑜

𝜇
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𝑅𝑒𝑙𝑘
=

𝜌𝑢′𝑙𝑘

𝜇
  

 

Where, 𝑅𝑒𝑙𝑜
 and 𝑅𝑒𝑙𝑘

 is the turbulent Reynolds number and Kolmogorov Reynolds number. 

The ratio of smallest to largest length scales can be approximated [7] as: - 

𝑙𝑘

𝑙𝑜
~ 𝑅𝑒𝑙𝑜

−
3
4 

 

CFD simulations which involve direct modelling with resolving eddies to smallest possible 

scale (Kolmogorov scales) are termed as Direct Numerical Simulations [7]. However, the 

computational cost for a DNS over other available turbulence models still tends to be a 

challenge [9,10]. Dependency over grid points for a 3-Dimensional DNS is presented by the 

following relation. 

𝑁𝑇𝑜𝑡𝑎𝑙 = 𝑅𝑒
9
4  

 

 

 

Figure 2: Variation of length scales w.r.t Turbulent Reynolds Number 
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Flame related Length Scales  

In turbulent flames, especially non-premixed flames, not only turbulent length scales related to 

turbulence need to be resolved, but length scales related to flame size and structure must also 

be resolved [1,8,3], which further increase the computing demand for these simulations and 

make them more complicated. 

Different length scales are defined especially in terms of thickness in context of flame 

configuration are described below briefly. 

• 𝛿𝑑 – Diffusion thickness: - This is the layer for diffusion process that fuel and oxidizer 

diffuse towards each other and mix with each other according to the requirements [1,8]. 

Grid size should at least be this much refined in order to capture these diffusion 

processes and can be appropriately resolved. 

• 𝛿𝑟 − Reaction thickness -: This are the regions in the computational domain where the 

reaction between different species takes place. They are usually smaller than quite a 

large factor than diffusion thickness [1,3]. Another condition on modelling of the 

computational domain is imposed i.e., the cell or the grid size must be small enough so 

that reaction zone can be well determined.   

 

Generally, 𝛿𝑑~𝑙𝑘  ≫ 𝛿𝑟  

Figure 3: Grid size requirements for increasing Reynolds Number 



27 

 

  

Since the above requirements definitely require a significant increase in the number of cells 

required to model the computational domain than those described in the previous section the 

overall cost of a Direct Numerical Simulation is tremendously increased [11].  

To conclude, due to heavy computational cost it’s not wise to apply DNS approach to various 

engineering Applications. To overcome this issue, Reynolds Averaged Navier Stokes (RANS) 

model has been quite successful despite having some issues to capture detailed turbulent 

descriptions [3,5,7]. Large Eddy Simulations (LES) approach is quite popular as it is the mid-

way between RANS and DNS [7] despite having some limitations [7]. 

3.3 RANS Model 

3.3.1 Fundamental 

In Reynolds Averaged Navier Stokes (RANS), all the governing equations are solved for the 

averaged quantities [7]. RANS simulations as compared to DNS and LES, has noticeable 

advantages in terms of computational requirements and geometry considerations [7] as of 

which it is quite well adopted in engineering and industrial applications [12]. Further ahead in 

the section, highlighted topics will include the major discussions for this model and its 

limitations and its measures. 

Time Averaging and Favre Averaging  

All the major quantities in the turbulent flows are characterized over steadiness and art of 

variation with time. If these quantities are not sufficiently damped (means having a large 

variation over time), time or Favre averaging has to be done depending upon the nature of flow. 

        Oxidizer Side 

𝛿𝑑 

𝛿𝑟 

   Fuel Side 

Figure 4: Different Length Scales in Turbulent non-premixed flames 
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Averaged Quantity is defined by taking average over a certain time interval over time given by 

a specific range Δ𝑡 = 𝑡2 − 𝑡1.  

𝑓(𝑥)̅̅ ̅̅ ̅̅ =
1

Δt
∫ 𝑓(𝑥, 𝑡)𝑑𝑡

𝑡2

𝑡1

 

where 𝑓(𝑥, 𝑡) is a random turbulence quantity (velocity, temperature or species mass fraction) 

at any random location. Once the above instantaneous quantity 𝑓(𝑥, 𝑡) is obtained, it can be 

split into its average value 𝑓(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅  and fluctuating value 𝑓′(𝑥, 𝑡) for the same defined physical 

properties as, 

𝑓(𝑥, 𝑡) = 𝑓(̅𝑥) + 𝑓′(𝑥, 𝑡) 

For most turbulent combustion problems as illustrated [5], Favre averaging is proved to be 

more useful as compared to time averaging because of large variations in density [3,7]. Thus, 

a density weighted average, 𝑓(𝑥)̃, which is called Favre average. 

𝑓(𝑥)̃ = (
𝜌. 𝑓(𝑥, 𝑡)

𝜌̅
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 

Similar to the equation for Reynold’s average, Favre instantaneous quantity can be presented 

as Favre averaged quantity 𝑓(𝑥)̃ and favre fluctutation 𝑓″(𝑥, 𝑡)̃ , given in the below equation as 

follows: - 

𝑓(𝑥, 𝑡) = 𝑓(𝑥)̃ + 𝑓″(𝑥, 𝑡)̃  

3.3.2 Governing Equations 

Based on Favre averaging (this being the most relevant in turbulent reactive flows [3]), 

following equations can be formulated [3,7]. 

Favre Averaged Mass Conservation Eqn 

𝜕𝜌̅

𝜕𝑡
+

𝜕𝜌̅𝑢𝑗̃

𝜕𝑡
= 0 

Favre Averaged Momentum Conservation Eqn 

𝜕𝜌̅𝑢𝑖̃

𝜕𝑡
+

𝜕 

𝜕𝑥𝑗
(𝜌̅𝑢𝑖̃𝑢𝑗̃ + 𝑝̅. 𝛿𝑖𝑗)  =

𝜕

𝜕𝑥𝑗
(𝜏𝑖̅𝑗 − 𝜌̅𝑢″𝑢𝑗

″̃) 
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Favre Averaged Species Conservation Eqn 

∂(𝜌̅𝑤̃𝑘)

∂t
+

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢𝑗̃𝑤𝑘̃) =

𝜕

𝜕𝑥𝑗
(𝜌̅𝐷𝑘 (

𝜕𝑤𝑘̃ 

𝜕𝑥𝑗
) + 𝜌̅𝑤̃̇𝑘 −

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢𝑗

″𝑤𝑘
″̃)  

For statistically stationary turbulent flows, terms with derivatives w.r.t time do not change with 

time, so therefore, 

𝜕(𝜌̅)

𝜕𝑡
= 0 

𝜕(𝜌̅𝑢̃𝑖)

𝜕𝑡
= 0 

𝜕(𝜌̅𝑤̃𝑘)

𝜕𝑡
= 0 

Apparently, the averaged Reynolds stresses 𝜌̅𝑢″𝑢𝑗
″̃ in the momentum conservation 

equation, 𝑤̃̇ in 𝜌̅𝑢𝑗
″𝑤𝑘

″̃ for species conservation need to modelled to close the set of equations 

and have equal equations for same number of unknowns [7]. This can also be defined as the 

closure problem in RANS modeling [7,13,14]. 

Overcoming Closure Problem 

As discussed in the previous section, one needs to overcome the closure problem in RANS 

modeling to get appropriate results. A method described by Pope [7] is the most popular 

approach in the turbulent viscosity model to tackle this problem. The turbulent viscosity model 

is given by: - 

𝜌̅𝑢″𝑢𝑗
″̃ = −2𝜇𝑇 (𝑆𝑖𝑗̃ −

1

3
(

𝜕𝑢𝑘̃

𝜕𝑥𝑘
)) +

2

3
𝜌̃𝑘𝛿𝑖𝑗

 

where 𝜇𝑇 is the turbulent viscosity, 𝑘 is the specific turbulent kinetic energy and 𝑆𝑖𝑗̃ is the mean 

strain rate tensor are given by the following expressions. 

𝑘 =
1

2
𝑢𝑖𝑗 

″ 𝑢𝑖𝑗
″̃  

𝑆𝑖𝑗̃ =
1

2
(
𝜕𝑢𝑖̃

𝜕𝑥𝑗
+

𝜕𝑢𝑗̃

𝜕𝑥𝑖
) 
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One method described briefly below is to determine  𝜇𝑇 is using two equation standard  𝑘 − 𝜖 

turbulence model governing equations for 𝑘 and 𝜖 thus making it quite easy to model Reynold 

stresses. Alternatively, one equation model [7] and 𝑘 − 𝜔 model can also be used instead of 

proposed turbulence model. 

The most widely used two equation model is the standard 𝑘 − 𝜖 turbulence model [13-15]. The 

underlying assumption of this model is that the turbulent viscosity is isotropic, in other words, 

the ratio between Reynold stress and mean rate of deformations is the same in all directions. 

Governing equations can be derived for both the variables using properties of conservativeness, 

tranportiveness and boundedness [7] and are illustrated as follows: - 

For turbulent Kinetic energy 𝑘,  

𝜕(𝜌𝑘)

𝜕𝑡
+

𝜕(𝜌𝑘𝑢𝑖)

𝜕𝑥𝑖
=

𝜕

𝜕𝑥𝑗
  [

𝜇𝑡𝜕𝑘

𝜎𝑘𝜕𝑥𝑗
] + 2𝜇𝑡𝐸𝑖𝑗𝐸𝑖𝑗 − 𝜌𝜖 

For turbulent dissipation rate 𝜖, 

𝜕(𝜌𝜖)

𝜕𝑡
+

𝜕(𝜌𝑢𝑖𝜖)

𝜕𝑥𝑖
=

𝜕

𝜕𝑥𝑗
  [

𝜇𝑡𝜕𝜖

𝜎𝜖𝜕𝑥𝑗
] + 2

𝐶1𝜖𝜖

𝑘
𝜇𝑡𝐸𝑖𝑗𝐸𝑖𝑗 −

𝐶2𝜖𝜌𝜖2

𝑘
 

where 𝜇𝑖 represent velocity component in corresponding direction, 𝐸𝑖𝑗 represents component 

of rate of deformation, 𝜇𝑡 represents eddy viscosity is related to 𝑘, 𝜖, 𝜌 and 𝐶𝜇 as follows: - 

𝜇𝑡 =
𝜌𝐶𝜇𝑘2

𝜖
 

The above governing equations also consist of model constants 𝜎𝑘, 𝜎𝜖 , 𝐶1𝜖 , 𝐶2𝜖 and 𝐶𝜇 and 

default values are considered [7,16] until any further changes are required. 

 

Modelling of Averaged Reaction Rate 

The high non-linearity of the term averaged reaction rate 𝜔̃̇ poses a major issue in the modelling 

of the essential equations [1,3]. This is cause from two main issues, first being the non-linearity 

due to species concentrations and second being its highly non-linear dependency on 

temperature. 
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4. Probability Density Functions 

4.1 Introduction 

The aim of using the probability density functions is to calculate the basic flow properties like 

velocity, temperature, enthalpy and species concentrations for treatment of turbulent reactive 

flows. The PDFs provide a statistical description of the state of fluid at each point in the flow 

field along with its statistical behavior [16]. 

Firstly, in section 4.2 along with its statistical concept, advantages and limitations of one-point 

PDFs will be described. Secondly, the concept of joint-pdfs will be explained in the section 4.3 

closed finally with a modelled transport equation for the widely used velocity-composition 

joint pdf (for the three components of velocity and composition variables i.e., species mass 

fractions and enthalpy) [16]. Finally, the last section highlights the method of particle method 

in order to obtain solution of the transported PDF Equation. Main idea behind the particle 

approach is the modelling of particle velocity, frequency, molecular mixing (along with 

corresponding particle mixing models) which will be briefly described. Evolution of particle’s 

thermo-kinetic state (vector for composition variables) will also be highlighted. 

4.2 Statistical Definition 

4.2.1 Random Variable Concept 

The basic understanding of the random variables is required in the conceptual clearance of 

PDFs. To illustrate this, a mixing layer experiment is considered in which two consecutive 

values of the random variable 𝜙 is measured at a certain location 𝑥𝑜 and time 𝑡𝑜[16] and are 

locally termed as 𝜙′(𝑥𝑜 , 𝑡𝑜) and 𝜙″(𝑥𝑜 , 𝑡𝑜). They can be thought of obeying the below relation:  

𝜙′(𝑥𝑜 , 𝑡𝑜) ≠ 𝜙″(𝑥𝑜 , 𝑡𝑜) 

Due to the nature of the turbulent flows, these two quantities have to be certainly different 

[7,16]. This is mainly because of the reason that initial and boundary conditions, though 

mathematically same, are not identical. Small perturbations before the start of the experiment 

due to first one lead to slight change in boundary conditions for the second. Governing 

equations for the flow, theoretically being the same, can change due to the changes in the fluid 
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or air properties.  These differences, however small, can create a lot of differences in 

temperature and velocity fields [16]. 

One can conclude that in any turbulent flow experiment, the boundary and initial conditions 

can’t be controlled for the nature of flow to be accurately determined [16]. Therefore, it gives 

the reason to treat the flow properties as a random variable. Temperature (𝑇(𝑥𝑜 , 𝑡𝑜)), axial 

Velocity (𝑈(𝑥𝑜 , 𝑡𝑜)), enthalpy (ℎ(𝑥𝑜 , 𝑡𝑜)) etc... can be treated as the flow random variables 

[16]. 

4.2.2 One Point joint PDFs 

Two random variables along with their consecutive sample space are considered in order to 

make things much easier to comprehend. Let 𝜙(𝑥𝑜 , 𝑡𝑜) and 𝑈(𝑥𝑜 , 𝑡𝑜) be the random variable 

for the normalized temperature and normalized axial velocity at a particular location 𝑥𝑜 and 

time 𝑡𝑜, 𝜓 and 𝑉 being their sample spaces so that any value for a particular random variable 

(𝜙 and 𝑈) can be plotted on them [16]. 

For random variable 𝑈 with sample space 𝑉, distribution function and pdf can be written 

respectively as 𝐹𝑢(𝑉) and 𝑓𝑢(𝑉) [16] and can be defined as follows: - 

𝐹𝑢(𝑉) ≡ 𝑃(𝑈 < 𝑉) 

and, 

𝑓𝑢(𝑉) =
𝑑𝐹𝑢(𝑉)

𝑑𝑉
 

These exact can definitions and properties can be constituted for 𝜙 as well. Mean and Variance 

can consecutively be defined as in [16]: - 

⟨𝑈⟩ = ∫ 𝑉𝑓𝑢(𝑉)𝑑𝑉
∞

−∞

 

𝐃(𝑈) = ⟨𝑢2⟩ = ∫ (𝑉 − ⟨𝑈⟩)2𝑓𝑢(𝑉)𝑑𝑉
∞

−∞

 

where u is the fluctuation i.e., the difference between normalized and averaged or mean 

component, 

𝑢 ≡ 𝑈 − ⟨𝑈⟩ 
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The distribution functions 𝐹𝜙(𝜓) and 𝐹𝑢(𝑉) provides all the information about their respective 

random variables separately but not any joint information [16]. The probabilities for their joint 

occurrences can’t be properly known despite of having each one of them. This information is 

provided by the joint event 𝜙 < 𝜓 and 𝑈 < 𝑉 having its joint distribution function 𝐹𝑢𝜙(𝑉, 𝜓) 

which is defined [16] as 

𝐹𝑢𝜙(𝑉, 𝜓) ≡ 𝐏(𝑈 < 𝑉, 𝜙 < 𝜓) 

The following properties of the joint distribution function are prescribed as follows: 

0 ≤ 𝐹𝑢𝜙(𝑉, 𝜓) ≤ 1, 

𝐹𝑢𝜙(−∞, 𝜓) = 𝐹𝑢𝜙(𝑉, −∞) = 0, 

𝐹𝑢𝜙(∞, 𝜓) = 𝐹𝜙(𝜓), 

𝐹𝑢𝜙 (𝑉, ∞) = 𝐹𝑢(𝑉), 

The joint pdf of 𝑈 and 𝜙, i.e.,  𝑓𝑢𝜙(𝑉, 𝜓), can be defined as, 

𝑓𝑢𝜙(𝑉, 𝜓) ≡
𝜕2

𝜕𝑉𝜕𝜓
𝐹𝑢𝜙(𝑉, 𝜓) 

It must be considered that 𝐹𝑢𝜙(𝑉, 𝜓) and 𝑓𝑢𝜙(𝑉, 𝜓) exists in a two dimensional 𝑉 − 𝜓 sample 

space. Following properties for joint pdf 𝑓𝑢𝜙(𝑉, 𝜓) can also be defined as the same way [16] 

for joint distribution function as follows, 

𝑓𝑢𝜙(𝑉, 𝜓) ≥ 0 

∫ ∫ 𝑓𝑢𝜙(𝑉, 𝜓)𝑑𝑉𝑑𝜓 = 1
∞

−∞

∞

−∞

 

∫ 𝑓𝑢𝜙(𝑉, 𝜓)𝑑𝑉
∞

−∞

= 𝑓𝜙(𝜓) 

and 

∫ 𝑓𝑢𝜙(𝑉, 𝜓)𝑑𝜓
∞

−∞

= 𝑓𝑢(𝑉) 
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Similarly, one-point joint probability density function 𝑓𝑢𝜓Θ(𝑉, 𝜙, Θ; 𝑥, 𝑡) for random variables’ 

velocity field 𝑉(𝑥, 𝑡), thermo-kinetic scalar space 𝜙(𝑥, 𝑡) and the turbulent frequency Θ(x, t) 

with their respective sample space variables (𝑉, 𝜓, ω) can be written as: - 

𝑓𝑢𝜓ω(𝑉, 𝜙, Θ)𝑑𝑉𝑑𝜙𝑑Θ = P{𝑉 ≤ 𝑢(𝑥, 𝑡) ≤ 𝑉 + 𝑑𝑉, 𝜙 ≤ 𝜓 ≤ 𝜙 + 𝑑𝜙, Θ ≤ 𝜔 ≤ Θ + 𝑑Θ} 

Hence it also satisfies the general properties for PDF such as, 

𝑓𝑢𝜓ω(𝑉, 𝜙, Θ; x, t)𝑑𝑉𝑑𝜙𝑑Θ ≥ 0 

∫ ∫ ∫ 𝑓𝑢𝜓ω(𝑉, 𝜙, Θ; x, t)𝑑𝑉𝑑𝜙𝑑Θ
∞

−∞

∞

−∞

∞

−∞

= 1 

If 𝑡(𝑢, 𝜓, Θ; 𝑥, 𝑡) is a function of any of the random flow variables discussed above, its averaged 

value can be defined as follows, 

𝑡(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ = ∫ ∫ ∫ 𝑡(𝑢, 𝜓, Θ; 𝑥, 𝑡). 𝑓𝑢𝜓ω(𝑉, 𝜙, Θ; x, t)𝑑𝑉𝑑𝜙𝑑Θ
∞

−∞

∞

−∞

∞

−∞

 

Similarly, Favre averaged quantity for 𝑡(𝑢, 𝜓, Θ; 𝑥, 𝑡) can be obtained as, 

𝑡(𝑥, 𝑡)̃  = ∫ ∫ ∫ 𝑡(𝑢, 𝜓, Θ; 𝑥, 𝑡).  𝑓̃𝑢𝜓ω(𝑉, 𝜙, Θ; x, t)𝑑𝑉𝑑𝜙𝑑Θ
∞

−∞

∞

−∞

∞

−∞

 

where  𝑓̃𝑢𝜓ω(𝑉, 𝜙, Θ; x, t)𝑑𝑉𝑑𝜙𝑑Θ is the Favre-averaged PDF as given in [16]. 

4.3 Transported PDF Equation 

The main objective for obtaining the probability density function (PDF) is to get the one-point 

statistical description such as mean, variance and co-variance [16,17]. As described in the 

previous section (4.2.2), if the one-point joint-composition frequency PDF given in section 

4.2.2 is known, mean or Favre-averaged quantities can be easily determined [16]. 

The PDF transport equation described in [16] for a joint pdf 𝑓(𝑉, 𝜓; 𝑥, 𝑡) (in the above section) 

is: 
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𝜌(𝜓̲)
𝜕𝑓

𝜕𝑡
+ 𝜌(𝜓̲)𝑉𝑗

𝜕𝑓

𝜕𝑥𝑗
+ (𝜌(𝜓̲)𝑔𝑗 −

𝜕⟨𝑝⟩

𝜕𝑥𝑗
)

𝜕𝑓

𝜕𝑉𝑗
+

𝜕

𝜕𝜓𝑎
 [𝜌(𝜓̲)𝑆𝛼(𝜓̲)𝑓]

=
𝜕

𝜕𝑉𝑗
[⟨−

𝜕𝜏𝑖𝑗

𝜕𝑥𝑖
+

𝜕𝑝′

𝜕𝑥𝑗
| 𝑉̲, 𝜓̲] +

𝜕

𝜕𝜓𝛼
[⟨

𝜕𝐽𝑖
𝛼

𝜕𝑥𝑖
|𝑉̲, 𝜓̲⟩]      

The mean pressure ⟨𝑝⟩ can be obtained from the Poisson equation [7] and 𝜌(𝜓) and 𝑆(𝜓) are 

known functions [16]. Thus, all the left-hand side terms are on closed side. Terms that need to 

be modelled (𝜏𝑖𝑗, 𝑝′ and 𝐽𝑖
𝛼)  will be explained in the next section (Particle Approach) except 

for the ones that are needed as the input. 

Since the joint pdf does not provide any information about the time or length scales regarding 

capturing turbulence, this information needs to be provided as the input before solving the 

problem [16]. All the models involve a turbulent time scale 𝜏(𝑥, 𝑡) which is defined as [5,7,16], 

𝜏 = 𝑘/𝜖, 

where 𝑘 is the turbulent kinetic energy, 

𝑘 =
1

2
⟨𝑢𝑖𝑢𝑖⟩ = ∬

1

2
(𝑉𝑖 − ⟨𝑈𝑖⟩)(𝑉𝑖 − ⟨𝑈𝑖⟩)𝑓𝑑𝑉̲𝑑𝜓̲, 

and 𝜖 is the rate of dissipation of 𝑘, 

𝜖 = ⟨𝜏𝑖𝑗
′

𝜕𝑈𝑗

𝜕𝑥𝑖
 ⟩ /𝜌 

The closure problem posed by RANS modeling described earlier (section 3.3.2) i.e., dealing of 

Reynolds averaged stresses 𝑢𝑖
″𝑢𝑗″̃ can now be treated as the same way as done in section 4.2.2 

for 𝑓𝑢𝜓Θ(𝑉, 𝜙, Θ; 𝑥, 𝑡).It can be defined as, 

𝑢𝑖
″𝑢𝑗″̃ = ∫ ∫ ∫ (𝑉𝑖 − 𝑢̅𝑖). (𝑉𝑗 − 𝑢̅𝑗) . 𝑓̃𝑢𝜓ω(𝑉, 𝜙, Θ)𝑑𝑉𝑑𝜙𝑑Θ

∞

−∞

∞

−∞

∞

−∞

 

Similar expression for 𝛼 − 𝑡ℎ thermo kinetic scalar space (𝑆𝛼̃) [16] can be written as follows, 

𝑆𝛼̃  = ∫ ∫ ∫ 𝑆𝛼(𝜙).  𝑓̃𝑢𝜓ω(𝑉, 𝜙, Θ)𝑑𝑉𝑑𝜙𝑑Θ
∞

−∞

∞

−∞

∞

−∞
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The averaging for highly non-linear terms is solved and hence no modelling is required. A 

more general way is to solve a transported PDF evolution equation [16] to obtain the 

instantaneous PDF 𝑓𝑢𝜓ω(𝑉, 𝜙, Θ; x, t) at every location in the flow field. It is derived from 

Navier-Stokes equations and scalar conservation equation [16,17] and after the derivation 

presented in [16], it can be presented as follows, 

𝜕𝜌̅𝑓

𝜕𝑡
+

𝜕𝜌̅𝑉𝑖𝑓

𝜕𝑥𝑖
− (

𝜕𝜏𝑖̅𝑗

𝜕𝑥𝑗
+

𝜕𝑝̅

𝜕𝑥𝑖
) (

𝜕𝑓

𝜕𝑉𝑖
) +

𝜕𝜌̅𝑆𝛼𝑓

𝜕𝜙𝛼

= −
𝜕

𝜕𝑉𝑖
{(

𝜕𝜏𝑖𝑗
′

𝜕𝑥𝑗
−

𝜕𝑝̅

𝜕𝑥𝑖
| Θ, 𝑉, 𝜙)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
. 𝑓} +  

𝜕

𝜕𝜙𝛼
{(

𝜕

𝜕𝑥𝑗
(𝐷𝛼𝜌

𝜕𝜙𝛼

𝜕𝑥𝑗
 )| Θ, 𝑉, 𝜙)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
. 𝑓}

−
𝜕

𝜕Θ
{(

𝐷𝜔

𝐷𝑡
| Θ, 𝑉, 𝜙)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
. 𝑓} 

4.4 Particle Approach for transported PDF Equation 

The transported evolution equation PDF described in the above section is an integral 

differential equation with 𝑛 + 8 variables (𝑛 being the thermo-kinetic scalars, 3 velocity 

components, 3 for physical space, turbulent frequency and time). The Monte-Carlo method for 

turbulent reactive flows [17] is found to be quite beneficial as compared to conventional 

methods such as Finite Element, Finite Difference and Finite Volume method [7,16,17]. 

The perfectness of Monte Carlo method in solving PDF evolution Equation comes from the 

finding [16,17] that the computational effort increases only linearly with the increasing 

dimensionality of sample space variable. 

The position (or spatial location) and turbulent frequency are modelled using their respective 

governing equations as illustrated in [8,16,17] and will be explained in section 6.3. To model 

the thermo-kinetic scalar or composition space, different molecular mixing models that 

concentrate on the particle interaction within a particular cell are adopted. This will be 

explained in detail in section 5. 
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5. Molecular Mixing Models 

5.1 Basic Concept 

Modelling the conditional diffusion term in the transported PDF evolution equation is one of 

the major tasks in the PDF solver [16] as this term inherently describes the nature and accuracy 

of the molecular mixing process among the particles in a particular cell. It can be illustrated 

using the following expressions as below: 

𝐽𝑖 = −Γ
𝜕𝜙

𝜕𝑥𝑖
 

where 𝜙 is the molecular flux,  ⟨𝜙⟩ is the mean, with corresponding variance ⟨𝜙′2⟩ and Γ being 

the constant diffusion coefficient. Consequently, its transport equation in context of random 

variable concept [16] can be presented as: 

𝜌
𝐷𝜙

𝐷𝑡
= Γ∇2𝜙 

For the case considered, 

𝜕⟨𝜙⟩

𝜕𝑡
= 0 

signifying that mean ⟨𝜙⟩ is constant. An equation for variance can be obtained [16] by 

multiplying eqn 15 by 𝜙 and then taking the mean, 

1

2

𝜕⟨𝜙2⟩

𝜕𝑡
= −𝜖𝜙  

where 𝜖𝜙 is the scalar dissipation and can be defined as, 

𝜖𝜙 = (
Γ

𝜌
) ⟨

𝜕𝜙′

𝜕𝑥𝑖

𝜕𝜙′

𝜕𝑥𝑖
⟩ 

which shows that variance continuously decays for 𝜖𝜙  ≥ 0. 

As the time scale ratio (𝜏 = 𝑘/𝜖) presents the decay of velocity fluctuations [16], similarly 

𝜏𝜙 ≡
1

2
⟨𝜙′2⟩/𝜖𝜙 is the decay time scale of scalar fluctuations. Detailed explanation for 
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𝜖𝜙 along with its derivation can be found in [16]. The both time scales ratio are related [18] to 

each other by a mixing model constant [19] as, 

𝜏𝜙 = 𝜏/𝐶𝜙 

The value of this parameter (𝐶𝜙) changes for different mixing models [20-30]. Equation for 

variance can be derived [16] in its terms as, 

𝜕⟨𝜙′2⟩

𝜕𝑡∗
= ⟨𝜙′2⟩𝑜exp (−𝐶𝜙𝑡∗) 

where, ⟨𝜙′2⟩𝑜 is the initial condition at 𝑡∗ = 0. 

The pdf of 𝜙, 𝑓(𝜓; 𝑡) (as in section 3.1) can be said to follow the gaussian condition if it 

satisfies the below expression. 

𝑓𝜙(𝜓) = (2𝜋⟨𝜙′2⟩)−
1
2exp (−

1

2
[𝜓 − ⟨𝜙⟩]2/⟨𝜙′⟩2)    

Evolution PDF equation can be derived [16] for 𝑓𝜙(𝜓; 𝑡) as, 

𝜕𝑓𝜙

𝜕𝑡
= −

𝜕

𝜕𝜓
[𝑓𝜙 ⟨(

Γ
𝜌) ∇2𝜙|𝜓⟩] 

It is quite evident that the evolution of the above equation depends on the term ⟨(
Γ

𝜌
) ∇2𝜙|𝜓⟩ 

which needs to modelled. This term also takes the account of determination of flow variables 

in the composition space [17]. 

Different mixing Models with different pros and cons have been developed over past few 

decades [20-23] to overcome the modelling problem for this diffusion term. Interaction by 

Exchange with mean (IEM) [20] and Curl’s Coalescence and dispersion (C/D) [21] model 

previously proposed are two basic ones which pose problems like relaxation to gaussian 

distribution, mixing in reference or composition space, conditional effects on mixing 

timescales and reference space as described in detail [8,11,19,22,29]. 

In the upcoming sections (4.2 and 4.3), detailed explanations for Modified Curl’s model and 

Multiple Mapping Closure Model (Velocity Conditioned) (proposed in this thesis) will be 

described in each of the different section as MMC approaches have shown quite a significant 

improvement in the past few years [22,25-31]. 
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5.2 Modified Curl’s Model (MCM) 

Modified Curl’s model is the advanced implementation of the curl’s Coalescence and 

dispersion model [21]. It is a stochastic model where a pair of unmixed particles in a particular 

CFD cell are selected randomly (using a PDF-MCD approach [30]). 

To illustrate this, a rectangular cell like domain with 50 particles are considered to describe the 

particle selection adopted in MCM model. Consequently, particles with their default 𝛼 

and 𝛽 values are distributed in 𝛼 − 𝛽 space where 𝛼, 𝛽 can present either scalar or any other 

reference space. If ‘p1’ is the one of the first particles selected randomly, it can be paired with 

a second unmixed randomly selected particle ‘q2’ from the ensemble and become a pair 

(p1,𝑞1).  

 

It must be taken into consideration that the other set of pair which need to be selected randomly 

in the same fashion from the ensemble, does not need to be premixed. It means that it has to be 

from (N-2) remaining unmixed particles in the cell. This process in continued until there are 

no unmixed particles left in the cell. It can be illustrated in the Figure 5. 

The pair selected in the whole process is allowed to mix according to the following algorithm 

presented in [24,30], 

 

Figure 5:  Particle Selection in MCM Model 
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𝜙∗,𝑝(𝑡 + Δ𝑡) = 𝜙∗,𝑝(𝑡) + 𝜇(𝜙𝑝,𝑞(𝑡) − 𝜙∗,𝑝(𝑡))
Δ𝑡

𝜏
  

𝜙∗,𝑞(𝑡 + Δ𝑡) = 𝜙∗,𝑞(𝑡) + 𝜇(𝜙𝑝,𝑞(𝑡) − 𝜙∗,𝑞(𝑡))
Δ𝑡

𝜏
  

where, 

𝜇 = 1 − exp (−
𝑤𝑝 + 𝑤𝑞

𝑊

𝑁

2
) ≈

𝑤𝑝 + 𝑤𝑞 

𝑊

𝑁

2
   

𝜙 = {𝑍, 𝑌1, 𝑌2 … … . 𝑌𝑛} represents the scalar space, 𝑁 is the number of particles within the cell, 

𝑤𝑝, 𝑤𝑞 are the weights of the pair of unmixed particles (𝑖𝑝, 𝑖𝑞) selected directly from the 

ensemble, 𝑊 = ∑ 𝑤𝑖
𝑊
𝑖=𝑁  (i.e., the sum of weight of all the particles in the ensemble),𝜙𝑝,𝑞(𝑡) is 

the weighted average of the particles pair (𝑝, 𝑞) at a particular time instant 𝑡′ given by  

𝜙𝑝,𝑞(𝑡′) =
(𝑤𝑝𝜙𝑝(𝑡′) + 𝑤𝑞𝜙𝑞(𝑡′))

𝑤𝑝 + 𝑤𝑞
 

Moreover, 𝜏 is the mixing timescale [18] given by the below equation, 𝐶𝜙 being the mixing 

parameter. 

𝜏 =
1

𝐶𝜙

𝑘

𝜖
  

The above algorithm is implemented in MM-INTAS library which was developed by group 

INTAS contributing to the INTAS project (www.instas.be) concerned towards the 

development of turbulent mixing models. The computer program was used as a tool to test the 

above micro-mixing models in context of lagrangian modelling. Evolution of composition PDF 

is obtained in a small domain where a frozen homogeneous turbulence exists, characterized by 

turbulence frequency ‘𝜔’ and is defined as the ratio of dissipation of turbulent kinetic energy 

to the turbulent kinetic energy. The evolution of the composition of each of the assigned 

particles in a cell at particular time step of 1e-03 evolves due to the mixing and chemical 

reactions. To illustrate the same, pictorial presentations of PDF of the mass fraction of methane 

(𝑃(𝑌𝐶𝐻4
)) have been plotted against the methane mass fraction (𝑌𝐶𝐻4

) in the figure below, 

http://www.instas.be/
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Figure 6:PDF Evolution in MCM Model 

5.3 Velocity Conditioned Multiple Mapping Closure (VMMC) 

Modified Curl’s Model (MCM) described in the above section doesn’t satisfy the localness in 

the composition or reference space [27,29,30,31] accounted by the random selection of 

particles from the ensemble. Multiple Mapping Closure Model uses reference variables 

simulating properties of the turbulent flow not only from the composition space but other 

fundamental quantities. The theory behind MMC lies behind the concept that particles must be 

selected that are close to each other in reference space [27,31] as presented in the figure below,  
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The approach of adopting the mixture fraction like reference variable 𝜉 [29,34] is used to 

determine what particles are permitted to mix. Alternatively, in the generalized MMC, 

magnitude velocity, fluctuating component of velocity, scalar dissipation, enthalpy or other 

combustion useful quantities can be taken as a reference variable [34-36]. 

The diffusion term which needs to be modelled is considered to be independent of the velocity 

statistics in the PDF model. Various implementations for mean conditioning models especially 

IE(C)M (Interaction by Exchange with conditional Mean) [32,33] earlier proposed takes the 

effect of velocity conditioning on the diffusion term. This physically means that particles with 

the nearest convection are allowed to mix accordingly in a particular cell.  

Therefore, in this thesis, in order to take the velocity conditioning into effect, first the particles 

in a particular cell are sorted according to their mean velocity magnitude and then the 

neighboring particles are allowed to mix. Results will be compared between MCM and MMC 

models for further conclusions and to gain insights about the constructed logic. 

  

Figure 7: Particle Selection in MMC Model 
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6. Turbulent Non-premixed piloted Flames 

6.1 Introduction 

In non-premixed combustion, the fuel and oxidizer streams are mixed separately, and 

combustion occurs after the fuel and oxidizer mix on the molecular scale. Many practical 

combustion devices, such as furnaces, steam boilers, diesel engines, liquid rocket motors, gas 

turbine engines and scramjet engines involve turbulent non-premixed combustion. In these 

devices, mixing occurs by a combination of turbulent stirring of the fuel and oxidizer streams 

and molecular diffusion.  Turbulence greatly enhances the mixing process by increasing the 

surface area of the thin mixing layers where most of the molecular diffusion occurs.   The 

interaction between turbulent mixing and combustion chemistry is extremely complex and 

remains an active research area [15-30,40-44]. The   emphasis   is   on   fundamental   

phenomena   that   have   been   experimentally studied in relatively simple burner 

configurations but are also relevant to the understanding and predictive modeling of complex 

combustion systems.   

Sandia Flame series D-F is a well-known flame for study of turbulent non-premixed flames 

[37,38] that will be discussed in the next section. 

6.2 Methodology 

Sandia Flame Series D-F consist of a fuel jet with diameter 𝐷 =7.2 mm. The fuel is a mixture 

of 25% methane and 75% air by volume. The mixture is beyond the flammability limits and 

flame burn like a diffusion flame. The jet is surrounded by the co-axial pilot with an outer 

diameter 𝐷 = 18.2mm with a mixture of C2H2, air, CO2 and N2 and is operated at a fuel lean 

condition with equivalence ratio of 0.77 with its regular thermodynamic properties. 

Experimental studies were conducted by Barlow and Frank [37]. However, in this work only 

Sandia Flame Series D will be studied due to the numerous reasons. First, a detailed 

experimental database in available online [37,38,43] that makes it possible to judge merits or 

demerits of the new method. Second, it has been the object for numerous modeling attempts 

for PDF simulations [39]. Last but not the least, this flame exhibits very low levels of local 

extinction [29,30] hence fulfilling the need to have a valid platform to test different mixing 
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models. Sandia Flame D has a Reynolds number of 22,400 for the jet corresponding to the jet 

velocity of 49.6m/s. 

 

Computational domain or flame is used in an axi-symmetric case to reduce the computational 

efforts across the axial direction. Proper boundary conditions are used in order to eliminate 

pipe of the domain. Simulation is performed with a domain with dimensions 120D (axial) x 

40D (radial) hence with a good agreement with the experimental wind tunnel configuration 

[37] discretized by a total of 1500 cells. A grid sensitivity study has demonstrated sufficient 

resolution for the RANS flow and mixing fields. 

 

Figure 9: Grid for Sandia Flame D 

Boundary Conditions are provided on the jet exit plane at x/D = 0 as they are readily provided 

in [44]. The mean axial velocity [44], Reynolds stresses (𝑢1″𝑢1″ ̃ , 

𝑢2″𝑢2″,̃  𝑢1″𝑢2″ ̃ ) which are conditioned in a good agreement with [45].Turbulence 

frequency at the inlet along with its variance are adopted as in [45]. Last, the ratio of dissipation 

of turbulent kinetic energy 𝑘 is specified as unity. 

Co-Flow 

Pilot (𝐷𝑃) 

Main Jet (𝐷𝑀𝑗) 

Figure 8: Computational Setup for Sandia Flame D 
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Boundary conditions for the thermo-kinetic or the composition state (with a limited number of 

species) is provided as shown in the table below. Thermodynamic properties for the main jet 

were respectively taken as 294 K (Temperature), 1 Bar (Pressure) with a mixture of 25% 𝐶𝐻4 

and 75% dry air. The co-flow consists of pure dry air with a temperature of 292 K and pressure 

of 1 bar. The pilot composition at the inlet can be a mixture of 𝐶𝐻4/air premixed flame with an 

equivalence ratio of 0.77. An inlet profile of 1880K and 1 bar is considered in validation with 

the experimental measurements [45]. 

Scalar/Inlet Profile Main-jet Co-flow Pilot 

H -725.7 Kj/Kg -7.18Kj/Kg -206.7 J/Kg 

𝑝 1 Bar 1 Bar 1 Bar 

𝜙𝑁2
 23.21mol/Kg 27.30 mol/Kg 26.22 mol/Kg 

𝜙𝑂2
 6.088 mol/Kg 7.35 mol/Kg 1.65 mol/Kg 

𝜙𝐶𝑂2
 0.0 mol/Kg 0.0 mol/Kg 2.50 mol/Kg 

𝜙𝐶𝐻4
 9.66 mol/Kg 0.0 mol/Kg 0.0 mol/Kg 

𝜙𝑂𝐻 0.0 mol/Kg 0.0 mol/Kg 0.17 mol/Kg 

 

Table 1: Thermo-Kinetic States for various inlet profiles 

6.3 Solution Procedure 

6.3.1 Hybrid FV/PDF Method 

In Fig, the flow chart of the hybrid algorithm developed at ITT-KIT is presented. Initially, 

Finite Volume Method [6,7] with particle method code are initialized with the initial conditions 

and boundary conditions. FVM is performed to obtain the Favre-averaged density 𝜌̅ and 𝑢̃ for 

each of the cells, which are further used as an input in PDF particle method. A particular no. 

of particles (user input) is assigned to each CFD cell in the discretized domain. Each particle 

constitutes its own position in physical space 𝑥∗, velocity fluctuation 𝑢″, turbulent frequency 

𝜔∗ and the progress variable 𝜑∗. Each of the particle’s progress variable is passed into the 

REDIM interface which acts as a reduced chemistry code and feed backs the updated progress 

variable and Temperature 𝑇∗ at the time 𝑡 + Δ𝑡 to the particle code. In the next step, velocity 

fluctuation 𝑢″ and Temperature 𝑇∗ is known for each particle. Thus, all the particles belonging 
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to a particular cell contribute towards calculating the Favre-averaged Reynolds stresses 𝜌̅𝑢𝑖
″𝑢𝑗

″̃ 

and temperature at this cell center. Afterwards, time averaging is applied to all Favre averaged 

quantities to reduce the statistical errors. Then the updated time-averaged temperature 𝑇̃ is used 

or determination of the averaged pressure by ideal gas equation given by, 

𝑝̅ = 𝜌̅. 𝑅𝑔𝑇 ̃  

Thus, it eliminates the use of Poisson equation [3,7] to be used for correcting the vector field. 

This updated pressure and other time-averaged quantities are fed back again into FVM code 

for the next iteration. The process is iterative until the desired number of iterations are reached. 

For a better and more detailed explanations along with the coupling or projection methods used 

to deal with Reaction Diffusion Manifolds (REDIM) interface, reader is referenced to [8,46]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Total Iterations 

Avg. Cell Values 

PDF Particle 

Approach 

Time Averaging 

FVM Code 

REDIM Interface 

Ideal Gas Eqn. 

Initial & B. Cs 

End 

Figure 10: Flow Chart for Solution Procedure for the Hybrid FV/PDF Method 
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6.3.2 Numerical Implementation  

In this sub-section, the numerical implementation of the above hybrid FV/PDF Method is 

briefly explained. First of all, finite volume method as described [7,14] is used to present 

partial differential equation for all the conservations equations (compressible Navier-Stokes 

Equations) as described in section 3.3. The scheme adopted is an explicit Runge-Kutta 

Method [7,14] with an accuracy of 4th order in time. A flow charted has been illustrated in 

Figure 11 below. For detailed theory behind this method, reader is advised to go through 

these references [7,8,14]. 

 

 

The averaged density 𝜌̅ and Favre-averaged velocity 𝑢̃ are extracted from FVM and fed into 

the PDF particle code for further advancement in the algorithm. As discussed in the section 

4.3, particle state can be determined by its position, velocity fluctuation, turbulent frequency 

and its mixing and reactions with other particles. Each of them will be described in this section 

briefly. 

  

Domain Definition 

Conservation Eqns. Grid Generation 

Algebraic Eqns. 

Overall eqn. distribution over domain 

Solution 

Figure 11:General Implementation for Finite-Volume Method 
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Particle Position 

Particle position in a particular CFD cell is given by the following equation, 

𝜕𝑋∗

𝜕𝑡
= 𝑢̃(𝑋∗) + 𝑢″ 

Integrating the above equation over an interval of Δ𝑡/2 from 𝑡𝑛 → 𝑡
𝑛+

1

2

 through, 

𝑋𝑡
𝑛+

1
2

∗ = 𝑋𝑡𝑛
∗ + (𝑢̃∗(𝑡𝑛) + 𝑢″∗(𝑡𝑛)).

Δ𝑡

2
 

hence giving its position at time 𝑡
𝑛+

1

2

.  

A flow chart can be presented for a single time-step during the implementation of the whole 

algorithm in the Figure 12. After the integration through whole the process, particle’s position 

at 𝑡𝑛+1 can be calculated as follows, 

𝑋𝑡𝑛+1
∗ = 𝑋𝑡𝑛

∗ + (𝑢̃∗(𝑡𝑛) + 𝑢″∗(𝑡𝑛)).
Δ𝑡

2
 

 

Position 𝑋∗ 𝑎𝑡
Δ𝑡

2
𝑖. 𝑒 𝑋𝑡

𝑛+
1
2

∗  

Velocity fluctuation:𝑢𝑡𝑛+1

″  

Turbulent Frequency:𝜔𝑡𝑛+1

∗  

Mixing & Reaction → 𝜓𝑡𝑛+1

∗  

Position 𝑋∗ 𝑎𝑡 Δ𝑡 𝑖. 𝑒 𝑋𝑡𝑛+1

∗  

 

Model Parameter 𝐶𝑜 

Model Parameters 

𝐶Ω, 𝐶𝜔1 
, 𝐶𝜔2 

, 𝐶3, 𝐶4 

Mixing Parameter 𝐶𝜙 

Figure 12: Numerical Implementation for FV/PDF Method 
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Particle Velocity Fluctuation 

Particle Velocity can be known using the Simplified Langevin Model (SLM) as proposed in 

[16]: 

𝑑𝑢𝑖
∗(𝑡) = −

1

𝜌̅ 

𝜕𝑝̅

𝜕𝑥𝑖
𝑑𝑡 − (

1

2
+

3

4
𝐶𝑜) Ω(𝑢𝑖

∗(𝑡) − 𝑢̃𝑖)𝑑𝑡 + √𝐶𝑜𝑘Ω 𝑑𝑊𝑖 

where Ω and 𝑘 are respectively the Favre averaged turbulent frequency and turbulent kinetic 

energy. Since, Favre-averaged is known from the RANS, it is recommended to use velocity 

fluctuation along with modified Simplified Langevin models [16,48]. 

𝑑𝑢𝑖
∗″(𝑡) = −

1

𝜌̅ 

𝜕(𝑝̅̅̅𝑢𝑖″𝑢𝑗″̃ )

𝜕𝑥𝑖
𝑑𝑡 − 𝑢𝑗

″∗
𝜕𝑢𝑗

″

𝜕𝑥𝑗
𝑑𝑡 −   (

1

2
+

3

4
𝐶𝑜) Ω(𝑢𝑖

∗″(𝑡) − 𝑢̃𝑖)𝑑𝑡 + √𝐶𝑜𝑘Ω 𝑑𝑊𝑖 

Therefore, particle’s position can be determined by equation for 𝑋∗ as stated above. 

For its numerical solution, above equation can be integrated within a time interval (Δ𝑡) as 

follows, 

Δ𝑢𝑖
″,∗ = (𝑎𝑖 + 𝑏𝑖𝑗. 𝑢𝑗

″,∗(𝑡𝑛)) . Δ𝑡 + √𝑐. Δ𝑡. 𝜉𝑖
𝑢,   

thus, giving the fluctuation as the time 𝑡𝑛+1 as, 

𝑢𝑖
″,∗(𝑡𝑛+1) = 𝑢𝑖

″,∗(𝑡𝑛) + Δ𝑢𝑖
″,∗ +

1

2
𝑏𝑖𝑗 . Δ𝑢𝑖

″,∗. Δ𝑡, 

where 𝑎, 𝑏, 𝑐 are notations described [8] in the equation for  Δ𝑢𝑖
″,∗

 described above. 

Particle Turbulent Frequency 

Since turbulent frequency to take proper time-scales into account, stochastic model for 𝜔∗(𝑡) 

proposed in [49] is used, 

𝑑𝜔∗(𝑡) = −𝐶3(𝜔∗ − 𝜔̃)Ω𝑑𝑡 − 𝑆𝑤Ω𝜔∗𝑑𝑡 + √2𝐶3𝐶4𝜔̃Ω𝜔̃𝑑𝑊  

where 𝑆𝜔 is the source for turbulent frequency defined as, 

𝑆𝜔 = 𝐶𝜔2 − 𝐶𝜔1

𝑃

𝑘Ω
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𝐶3, 𝐶4, 𝐶𝜔1 and 𝐶𝜔2 are respectively the model parameters, values for 𝐶3 and 𝐶4 being 1.0 and 

0.25 as in [16,49] but values for 𝐶𝜔1 and 𝐶𝜔2 depend upon the case which is being 

investigated. 𝑃 is the turbulence production calculated as in [16,49]: 

𝑃 = −𝑢𝑖
″𝑢𝑗

″̃
𝜕𝑢𝑖̃

𝜕𝑥𝑗
 

Molecular Mixing  

For the particle mixing and reaction, the following equation can be integrated at each time 

step, 

𝑑𝜑∗(𝑡)

𝑑𝑡
= 𝑀∗ + 𝑆(𝜑∗) 

for which the nomenclature can be found in section 4. After integration, the above equation 

results as, 

𝜑∗(𝑡𝑛+1) = 𝜑∗(𝑡𝑛) − [𝑆̂(𝜑∗(𝑡𝑛) + 𝑀̂∗(𝜌∗(𝑡𝑛))]𝑑𝑡  

REDIM tables eases in the way that at every time-step, chemical source terms can be 

extracted from them thus eliminating the requirement of any further step in the process. The 

projection methods which have been described in detail [8,49] are used to give a proper 

evolution of the particle in thermo-kinetic state which follows several sub-steps for which 

reader is referenced to [8,49] for detailed explanations. REDIM uses the mass fraction of 

𝑁2 (𝑌𝑁2
) and mass fraction of 𝐶𝑂2 (𝑌𝐶𝑂2

) as the reduced coordinates to represent the mixing 

state and reaction progress. REDIM lookup tables are then used to determine other scalars 

such as chemical species, temperature and density. Unity Lewis Number (ratio of thermal to 

mass diffusivity) assumption [1,3] is used in this methodology. 
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7. Turbulent Partially Premixed Piloted Flames 

7.1 Introduction 

Partially-Premixed Combustion is classified as the form of combustion in which incomplete 

mixing of fuel and the oxidizer takes place in the reaction zone. Inhomogeneity is common in 

most combustion devices such as Gas Turbine Engines where fuel injection is a little upwards 

of the swirling airflow from the compressor [50-52], gasoline direct injection engines where 

various methods are deployed to improve spark ignition, efficiency and as low emissions as 

possible[53], diesel or IC engines where processes occur in the premised zone with a 

diffusion flame [55] and industrial burners where turbulent sprays are lifted to counter direct 

contact with the burner [55]. Large Eddy Simulation (LES) is a great tool for analyzing 

turbulent combustion [57,62] but due to limited computational resources for this work, only 

RANS and Finite Rate Chemistry have been adopted. 

In this work section, the well-known Sydney flame [56-60] operated under partial premixed 

conditions is simulated in Ansys Fluent under a single setup condition from the cases 

experimented in [56]. Experiments were conducted by Barlow [56], in which the line-imaged 

measurements of temperature and major species based on Rayleigh/CO-LIF techniques, are 

used to study and validate the behavior of species at different axial locations. 

7.2 Numerical Setup and Methodology 

Various cases had been studied under different setup conditions for the burner in [56] but in 

this work only one case with a nominal Reynold’s number of 26,800 i.e., FJ200-5GP-Lr75-

57 will be studied. 

The burner shown in the Figure 13 consists of two concentric pipes surrounded by the pilot 

with an inner diameter of 18 mm and a 0.2 mm wall thickness. The inner or central retractable 

main jet tube has an inside diameter of 4mm with a wall thickness of 0.25mm and serves as the 

inlet for fuel. The main tube or the annulus tube has an inside diameter of 7.5mm and a wall 

thickness of 0.25mm acting as the air inlet. The volumetric ratio 𝑉𝐴/𝑉𝐹 for air-fuel is 2.0. The 

burner is setup up in the wind tunnel with a square cross-section of 15 x 15 cm. 
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200 in the case name represents the volumetric air-fuel ratio of 2.0. 5 Gas Pilot (or ‘5GP’) 

represents the mixture of 5 components (𝐶2𝐻2, 𝐻2, 𝐶𝑂2, 𝑁2 and air) for the pilot in proper 

proportions to match the stoichiometric mixture of 𝐶𝐻4/air with an adiabatic flame 

temperature of 2226K. ‘FJ’ represents the injection of fuel through the central tube and air in 

the annulus .Two digit numeric (75) with its Coefficient as ‘Lr’ is the recessed distance of the 

main jet tube or fuel inlet.  

 

Figure 14: Grid for Sydney Flame 

The case is treated as the axi-symmetric in nature with no swirl component for velocity. 

Computational domain was extended to 100 and 20 times in the axial and radial direction 

respectively. The grid was generated in ICEM-CFD with proper refinement across inlets for 

fuel, air and pilot. 

 

 

Figure 13: Burner Configuration with different inlet profiles 
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Mean temperature across the centerline in the axial direction was monitored with the solution 

procedure specified in section 7.3 for each of the grid size and a grid sensitivity test helped in 

finalizing a mesh of 4000 elements as shown in Figure 15. 

7.3 Solution Procedure 

The standard 𝑘 − 𝜖  turbulence model is used as the RANS model with Finite Rate Chemistry 

[1,3,5]in Ansys Fluent incorporated with compressible Navier Stokes (density based Navier 

Stokes as termed by Ansys Fluent) solver. GRI 3.0 mechanism [45] is adopted for chemical 

kinetics with 27 species and 159 reactions without 𝑁𝑂𝑥 and soot. 

Boundary conditions were imposed for co-flow, fuel, air and pilot inlets as in Table 2, 

Phase/Species 𝑌𝐶𝐻4
 𝑌𝑂2

 Temperature 

(in K) 

Velocity (in 

m/sec) 

Co-Flow 0.0 0.233 300 15 

Fuel Inlet 0.055 0.217 300 67.0 

Air Inlet 0.0 0.233 300 59.5 

Pilot Inlet 0.055 0.233 2226 25.6 

 

Figure 15: Grid sensitivity test for Sydney Flame 
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Table 2 : Inlet Boundary Conditions for Sydney Flame 

The integral length scale was prescribed as 1/8th of the main tube diameter, 0.07 of the 

hydraulic diameter in the pilot and from L = 𝜅y in the co-flow (𝜅 = 0.41) is the von Karman 

constant and y is the perpendicular distance from the pilot surface. 

Upper wall was conditioned with no-slip condition and pressure outlet with 0-gauge pressure. 

The coupling of pressure and velocity is done through SIMPLE Algorithm to avoid any 

complexities in order to have a statistically stable and convergent solution. Spatial 

discretization for energy, momentum and all the species have been through second order 

upwind scheme [7] hence making them 3rd order accurate throughout the simulations, while 

for pressure, turbulent kinetic energy and dissipation rate was through 1st order upwind 

scheme, hence 2nd order accurate. Least Squares method was used for the gradient treatment 

in the upwind schemes. The convergence criteria were set to 0.0001 for continuity and 

momentum equations. Hybrid Initialization was used as an initialization method to initialize 

all the cell values. Instantaneous values for mean temperature (𝑇𝑀𝑒𝑎𝑛)and carbon dioxide 

mass fraction (𝑌𝐶𝑂2
) were monitored at each different probe locations including the complete 

outlet until a constant stationary and convergent solution is obtained before they can be post-

processed.  

 

 

 

 

 

 

 

 

 

 

 



58 

 

  



59 

 

 

8. Results and Discussions 

8.1 Sandia Flame D 

The methodology described in section 6 is implemented for Sandia Flame D series. This 

section highlights the results obtained from implementation of MCM and VC-MMC model 

coupled with Hybrid FV/PDF method. 

8.1.1 Sensitivity to number of particles 

Each CFD cell contains a particular number of particles which plays a major role in determining 

the accuracy and extent up to which a particular mixing model can be used for determining the 

thermo-kinetic space. Each proposed model in recent times [20-23] is sensitive to number of 

particles and shows significant and distinguishable variations in mean and rms values of scalar 

quantities [19]. Therefore, for this purpose, checking the mixing model’s sensitivity to this 

number poses a major task. Sensitivity of the mixing model is studied by drawing conclusions 

from variations in mean, rms and conditional averages values for a particular mixing timescale 

ratio and turbulence model in order to have a known value for how much particles must be 

reasonable for further simulations. The root mean square (rms), mixture fraction (𝜉𝑟𝑚𝑠), Mean 

temperature (𝑇𝑀𝑒𝑎𝑛) along the centerline in axial direction, and Cond Avg Mean temperature 

w.r.t mixture fraction 𝜉 are examined for an overview to finalize an exact number. These 

quantities are measured and analyzed for {20,50,80,100} particles per cell turn by turn for 

MCM and {20,50,100,200} for VC-MMC model respectively. 

 

Figure 16: rms mixture fraction along the centerline in axial direction (a) Mean temperature along the same (b), 

and conditional averaged mean temperature w.r.t mixture fraction (ξ) (c) for MCM Model 

a) b) c) 
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For the Modified Curl’s Model, it is evident from Figure 16 (b) that mean temperature along 

the centerline predicts with an excellent agreement of the experimental results with 50 

particles/cell which is having the least deviation from the experimental data far downstream in 

the axial direction as comparison with all other cases. 20/cell predicts well till mid-centerline 

but declines away with the major dip afterwards. Taking 𝜉𝑟𝑚𝑠 into consideration (Figure 16(a)), 

large sensitivities can be observed from each other’s prediction especially in the region covered 

from z/D=30 & z/D=50. Results for 50 matches well within this region against the experimental 

data although 80’s results don’t have a large difference from that of 50’s but from Figure 16 

(c) 50 seems can be concluded to be as the final one. For the conditional Averaged mean 

temperature, almost all are insensitive thus making 50 particles per cell to be a best choice for 

MCM model and further analysis. 

 

 

On the other hand, for Velocity Conditioned Multiple Mapping Closure (VC-MMC) Model, 

consequently 20 particles /cell is concluded to be the best one. In Figure 17 (b) mean 

temperature values for 20’s can be better compared to experimental data as compared to others. 

Not only that, ξrms values in 30-50 𝑧/𝐷 region reaches the same peaks for 20/cell as compared 

well with those of experiments (Figure 17 (a)). Moreover, not much differences are observed 

(Figure 17 (c)) for cond. avgd. temperature as thereby proving 20 particles /cell as the best 

choice for this model. 

a) b) c) 

Figure 17 : rms mixture fraction along the centerline in axial direction (a) Mean temperature along the same 

(b), and conditional averaged mean temperature w.r.t mixture fraction (ξ) (c) for VC-MMC Model 
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8.1.2 Mixing Parameter Sensitivity Analysis 

Values for Mixing Parameter often denoted by 𝐶𝜙 changes from model to model used in PDF 

calculations as illustrated in [19]. Each model is sensitive to its predictions within a specific 

range. 𝐶𝜙 for MCM model is taken as 3.8 as specified in [30]. In this section, for prediction of 

best value for VC-MMC model, a proper sensitivity analysis has been done. 𝜉𝑟𝑚𝑠 (rms mixture 

fraction), burning Index (BI) (for flame extinction), 𝑌𝑁𝑂 (Nitrogen Monoxide mixture fraction) 

have been previously considered [19] to predict the nominal value of mixing parameter. 

However, in this work, only 𝜉𝑟𝑚𝑠 and 𝑌𝑁𝑂 have been analyzed along the axial direction 

(centerline position) to study the effect of mixing parameter for this model. Averaged 

Conditional Mean Temperature w.r.t mixture fraction 𝜉 is also considered to study the 

variations across conditional quantities. 

As observed in Figure 18 (a) the peak of cond. Avgd. Mean temp is seen to increase with 

increase in 𝐶𝜙, with no significant change in the values after 3.5, thus giving an ideal range of 

3.5 and above. In the Figure 18 (b), it is quite evident that for rms mixture fraction (𝜉𝑟𝑚𝑠), each 

value seems fluctuating from another with a notable deviation from the experimental results 

especially in the region between z/D=20 and z/D=40. Results for 𝐶𝜙 with value 4.5 are in good 

agreement with that of experimental data. Also, simulation results for 4.5 is also the best out 

of all in 𝑌𝑁𝑂2
 case thus it is finalized for all the further simulations. 

8.1.3 General results and observations  

To study and check the behavior and accuracy of VC-MMC model, mainly scalars quantities 

such as species mass fractions (including mixture fraction) and temperature (Avg. and rms) are 

analyzed at different locations. Moreover, the conditional averaged quantities (conditioned on 

mixture fraction 𝜉) which are studied w.r.t mixture fraction and will be described later in this 

section. 

Figure 18: 𝐶𝜙 Sensitivity Analysis for VC-MMC model. Conditional averaged mean temperature w.r.t mixture 

fraction (ξ) (a), rms mixture fraction (𝜉𝑟𝑚𝑠) along the centerline in axial direction (b), and 𝑌𝑁𝑂2
 along the same 

(c). 

a) b) c) 
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Mean or time averaged results 

First, the mean values are shown across the centerline (𝑟/𝐷 = 0) in the axial direction and 

observations are shown in direction Figure. In context of 20 particles per cell, MMC model 

takes less computational effort than MCM model taking approximately 4 hours to reach a 

converged solution on a single core. It took around 75,000 iterations as compared to 3,50,000 

for MCM (8-9 hours on the same machine) to reach convergence. It is evident that particle 

selection for mixing on the basis of their velocities takes less iterations than random selection 

from the ensemble. Nevertheless, sorting particles too takes additional computational efforts 

that can’t be ignored and need to accounted for. 

 

All the major mean scalar quantities are plotted along the centerline as shown in Figure 19. All 

the simulation results are in well agreement with the experimental data. Mass fraction for 

Methane (𝑌𝐶𝐻4
) is almost accurately predicted for by both the models. Prediction of 𝑌𝐻2𝑂 is 20 

% higher than that of experimental in different regions. Both the models show the same 

behavior till 𝑧/𝐷 = 40 , MMC model predicting it well till 𝑧/𝐷 = 60 and further MCM till 

𝑧/𝐷 =  80. Case of 𝑌𝐶𝑂2
 seems to be opposite to that of 𝑌𝐻2𝑂 as it is observed to be 

Figure 19: Temperature and species mass fraction along centerline in the axial direction 
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underpredicted. Though MCM model predicts it well at further downstream than MMC model 

(of which the rate of underpredicting goes on increasing). This same scenario is followed by 

both in case of Avg. Mean Temperature and 𝑌𝑁𝑂. However, 𝑌𝑁𝑂 remains a little bit over and 

under predicted throughout the centerline. Fluctuations in predictions for 𝑇𝑟𝑚𝑠 and 𝜉𝑟𝑚𝑠 are 

commonly observed. However, MMC is observed to give better predictions for 𝜉𝑟𝑚𝑠 and 𝑌𝑂𝐻 

except at the peaks i.e. at 𝑧/𝐷 = 50. Underprediction of results in also noted in case of mixture 

fraction for MMC after 𝑧/𝐷 = 60. 

 

Figure 20: Contour presentations for root means square temperature, mixture fraction and rms mixture fraction 

(a) Mass fraction for Nitrogen and oxygen (b) 

The comparison of radial profiles of the major scalar quantities also show good agreement with 

the experimental results and does not show any significant difference posing the need to present 

here and hence have been omitted from this work. 

2D contour plots (only for MMC Model) for rms temperature and mixture fraction (rms & 

mean) in Figure 20 (a), YN2
 and YO2

 (Figure 20 (b)) and chemical species (with mean 

temperature ) discussed have been presented further (Figure 21). All the quantitates are 

presented to be as fully converged and a stable solution. It is obvious from the plots that effects 

in the flow field for scalars such as mean temperature, 𝑌𝐶𝑂2
 𝑎𝑛𝑑 𝑌𝐻2𝑂 are observed for the radial 

direction 𝑦/𝐷 = -5 to 5. Although they are the products when the fuel is burnt and can be 

expected to show this much variation. Other scalars are mainly confined from region 𝑦/𝐷 = -

2 to 2. 
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Figure 21:Contour presentations for mean temperature and mass fractions for major chemical species 

  



65 

 

Conditional Averaging 

Although the results shown are quite interesting in determination of the structure of turbulent 

flames, they only give a description of time-averaged quantities. Another important aspect is 

the conditional averaging of these quantities on basis of mixture fraction which provide a better 

overview of turbulence-chemistry interactions. Scatter plots for selected species are shown in 

Figure 22 at the axial location of 𝑧/𝐷 = 30 for MMC model. Scatter plots provide the 

statistical description for a particular scalar and provide an overview of local extinction and 

repetitive ignition as described [8]. 

 

Figure 22: Scatter Plots for selected species at axial location of z/D =30 for MMC Model  
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A better comparison and validation for the simulations can be through conditional Averaged 

Values for scalar quantities presented against the mixture fraction (𝜉) radially in Figure 23 and 

Figure 24. Three axial locations of z/D = 15, 30 and 45 are considered and will be discussed 

in the next go. 

 

Figure 23: Conditional Statistics (1) for different axial locations in the computational domain 

First at z/D =15, temperature and other species mass fraction seems to be in good agreement 

with the experimental results. Conversion of fuel to products is demonstrated by mass fractions 

of CO2 and H2O which are seen to be slightly overpredicted. Since mass fractions for O2 and 

CH4  are underpredicted, this can be very well the reason for the products overprediction. 

Temperature is also predicted good till a mixture fraction of ξ = 0.6 further with a small 

deviation from the branch. Moreover, a bump can be seen in cases of CO and H2 which’s been 

accurately predicted for CO whereas the latter having a 40 % increase from the experimental 
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value. Mass fraction for H2 is generally overpredicted in many studies as well in the past [43-

45]. YOH and YNO also show a sudden increase on the fuel lean side. YNO  is seen to be quite 

overpredicted by a margin at a mixture fraction of ξ = 0.5 and goes improving gently towards 

the richer side. At z/D =30, temperature agrees with a good match up to mixture fraction of 

ξ = 0.8, further decreasing with a much faster rate than in the previous case. Prediction of mass 

fraction of main reactants (YCH4
& YO2

) and products (YCO2
 & YH2O) is in notable agreement 

with the experimental measurements. Improvements can also be noticed on the lean side of NO 

and OH, rich side of NO being notably underpredicted. YH2
 which was overpredicted by a large 

extent in the previous case, shows satisfactory results in this case. Overall results can be 

considered to be very good in comparison to those of experimental ones. Variations are found 

negligible in most of the species.  

 

Figure 24: Conditional Statistics (2) for different axial locations in the computational domain 

Finally, at z/D=45, since due to the lack of experimental data for some quantities at the rich 

side, simulation results are mainly validated against the data at the lean side and predictions 

have been stated. Temperature can be observed to be in good match on the lean side with a 
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sudden decrease after the mixture fraction of 0.6. Results for products i.e. YCO2
 and YH2O can 

be considered to be good on the lean side but YH2O can be seen to be underpredicted. Out of 

reactants, YO2
 seem to be in predicted good but YCH4

 is overpredicted by a constant variation at 

least on the lean side. Similar constant deviation can be observed in YNO as well. Same plateau 

can be noticed for YOH and be considered in good agreement as in the previous locations. 

8.2 Sydney Flame  

Methodology proposed in section 7 about the partially premixed flames is carried out and 

time-averaged results for temperature and mass fractions for chemical species is presented 

in this section.  

8.2.1 Validation 

For validation of simulation results for Sydney flame, mean temperature at three axial locations 

(z/D = 1,5 and 10) are compared to the experimental results from [56] in Figure 25. 

 

Figure 25: Time Averaged Temperature for three different axial locations 

Since RANS is used for turbulence modelling with Finite Rate Chemistry in the aim to take 

Chemical Kinetics into account, an excellent agreement of simulation results with the 

experimental results can always definitely not be expected. However, in this case they are in 

the position that they can be validated to state further discussions. Temperature seems to be in 

good agreement at the starting (r/D = 0) and ending points (r/D >2) for all the three locations. 

Deviation of simulation results from experimental results in the positive slope region can be 
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observed to continuously increase in the axial direction, best being at the first one. Similar trend 

can be noticed in the plot with negative slope, with the best agreement in second one. Overall 

agreement can be considered to be as nominal for a study of behavior of other chemical species 

as discussed in case of Sandia Flame for this methodology as well. 

8.2.2 General Results & Observations 

In this sub-section, behavior of mass fraction for different chemical species CH4, O2, H2O, CO2 

(Figure 26) and CO, H2, OH, O2 () will be discussed. Consequently, three axial locations z/D 

=1,5 and 10 have been considered. Unlike the previous cases, only simulation results will be 

presented followed by the validation in this section. 2D Contour plots for the same have also 

been presented along with the 2D plots.   

 

Figure 26: Mass fractions for mass fraction of chemical species 𝐶𝐻4, 𝑂2, 𝐻2𝑂 & 𝐶𝑂2 , at different axial locations 

Firstly, the behavior of main products (CO2 and H2O) and reactants (CH4 and O2) is discussed. 

As observed in the Figure 26, mass fraction for methane and oxygen tend to stretch towards 
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the axial locations. Opposite behavior is seen from each other after r/D = 0.5. On the other 

hand, both the products show the similar trends.i.e. increasing a maximum value till r/D = 0.5 

and further declining at a constant rate. 

In the Figure 27, variations of mass fractions of chemical species CO, H2, OH and N2 over a 

particular radial section are shown. First three species, i.e. CO, H2 and OH almost show a 

similar variation of increasing up to a certain limit and then decreasing logarithmically. N2 can 

be expected to show a constant behavior till certain limit due to a limited availability in the air 

component. 

 

Figure 27: Mass fractions for mass fraction of chemical species 𝐶𝑂, 𝐻2, 𝑂𝐻, 𝑁2  at different axial locations 
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Figure 28: Contour Plots for major scalar quantities and Velocities (Axial and Radial) 
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9. Conclusion 

9.1 Sandia Flame 

Comparison of different time-averaged quantities along with their conditional averages 

variations for Sandia Flame D has been carried out using joint-composition PDF transport 

method for two different mixing models i.e. Modified Curl’s Model and Velocity- Conditioned 

Multiple Mapping Closure. Both models have shown a good agreement of their predictions 

with the experimental data, each one of which is observed to satisfy criteria for choosing best 

value of number of particles needed for each CFD cell and the mixing parameter as described 

in section 8.1.  

Since, MCM is found to be more computationally intensive than MMC, MMC can seem to be 

a good replacement for MCM model, former taking around 75,000 iterations as compared to 

latter with 3,50,000 - 4,00,000 to reach to a fully converged solution. Not only that, the best 

number of particles per cell found for each model are also less (20) in case of MMC in 

comparison with MCM (50). Overall, methodology for VC-MMC model is found to be quite 

good to be implemented or further development in combustion’s research area especially in 

PDF composition transport model. 

9.2 Sydney Flame 

Sydney Flame has been successfully simulated in Ansys Fluent in order to get an overview of 

inhomogeneous mixing in partially premixed combustion. Standard 𝑘 − 𝜖 turbulence model is 

used to take account of RANS with Finite Rate Chemistry (for Chemical Kinetics with GRI 

3.0 Mechanism without 𝑁𝑂𝑥 and soot) with unity Lewis number assumption. It can be 

concluded that despite after a grid sensitivity test, Finite Rate chemistry is only able to well 

capture the turbulence chemistry interactions up to a certain limit.  But for getting an overview 

and experience for such the piloted flames (which was the purpose of this work), this 

methodology has helped a lot to achieve the aim. Better methodology including approach to 

Large Eddy Simulations can be adopted to have better results. 
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