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Abstract

We calculate the polarized massive operator matrix element qu) (N) to 3-loop order in Quantum Chro-

modynamics analytically at general values of the Mellin variable N both in the single- and double-mass
case in the Larin scheme. It is a transition function required in the variable flavor number scheme at O (a?).
We also present the results in momentum fraction space.

© 2021 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The variable flavor number scheme (VFNS) can be used to translate twist-2 parton distribu-
tions from a scheme with N light flavors to a scheme with N + 1 light flavors at a scale 3.
Thus, it allows for a process-independent description of the transition from a massive quark to a
massless quark. In the single heavy mass case this has been worked out to 2-loop order in [1] and
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to 3-loop order in [2]. In terms of the Np-flavor distributions the new (Ng + 1)-flavor massless
parton densities are given by
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The quark and antiquark parton densities are denoted by f; and f, respectively, and G(NF, w?)
is the gluon density. We write Z(Np, u?) = Z,](V: (fk + fp) for the singlet-quark density. The
massive operator matrix elements (OMEs) A;; (N, m?/1u%) are process-independent quantities
and have an expansion in the strong coupling constant a; = o /(47),

Aij(N) =8 +Z LA, (1.2)
k=1
Here, 1 denotes the decoupling scale and m is the mass of the decoupling heavy-quark flavor Q.

The OMEs explicitly depend on the mass through logarithms. In total, there are seven different
OMEs contributing to the matching relations. Moreover, we introduce the shorthand notations

J(NF)
Np '

f(Np)= f(NE)=f(Np + 1) = f(NF). (1.3)
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The VENS is important for obtaining parton distribution functions at very large virtualities as
they are required for, e.g., scattering processes at the Large Hadron Collider (LHC), the Teva-
tron, RHIC and the EIC, in particular for precision measurements of observables in Quantum
Chromodynamics (QCD) and the determination of the strong coupling constant as(Mz) [3]. The
relations (1.1) apply structurally to both the unpolarized and polarized case.

The corresponding relations have to be generalized in the case of two heavy-quark contri-
butions, as for charm and bottom quarks, the masses of which are very similar, cf. [4-0]. We
also provide the 2-mass 3-loop OME A{))-"0~mass
obtained [7].

The individual OME:s start contributing at different orders: The OME ASQ o starts already at

1-loop order, while Azsq, AquS’Q, Agg’Q and qu,Q
At 3-loop order, also APS’ and Ag ¢,0 appear. The complete 2-loop corrections were calculated
in Refs. [1,6,8—13] for the unpolarized and polarized cases. Mellin moments for the OMEs at
3-loop order were calculated in [2,14] and for transversity A?KIS”ER in [15]. Depending on the
process, the moments reached up to N = 13 at most.

In [16], the unpolarized OMEs Agg o(N) and A; 1.0(N), as well as the O(NFT2Ca,F) cor-

rections to the OMEs AS‘Q e Azsq, AI;qS 0 and AEQSER have been calculated at 3-loop order. Here,

Tr=1/2,C4=N,,Cr = (ch —1)/(2N,) denote the color factors for the gauge group SU (N,).
For Ag 2.0 and Ag 7.0 the corresponding contributions were calculated in [17]. Furthermore, the

unpolarized 3-loop OMEs qus’ 0’ Azsq, AZ 7.0 and A; .0 Were obtained in [18-22] and the loga-

rithmic contributions to 3-loop order in Ref. [23]. Partial results for A~(Q3) were calculated in [24].
The massive 3-loop polarized OMEs are known in the non-singlet and pure-singlet cases [18,25].
The two-mass contributions up to 3-loop order are known in the unpolarized case [4,5,26,27] and
in the polarized case in [28,29], in both cases up to A~(Q3;, Heavy-flavor contributions to charged

, for which a closed form expression can be

only contribute from 2-loop order onward.

current processes up to 3-loop order and the polarized structure function g%\ls (x, Q%) were dealt
with in [30-33].

In the present paper we compute the complete polarized OME Azfé (N) for general values
of N in both the single- and two-mass cases. Note that we will drop the superscript S in the
following, since for this OME only the singlet part contributes. Due to the crossing relations, cf.
[34], only the odd moments contribute and they are used to construct the analytic continuation
to complex values of N or the Bjorken x-space, respectively. From the O(1/¢) pole term one
obtains the contribution to the 3-loop polarized anomalous dimension )/;2) x TF, cf. [35,36]. We
perform the calculation using the Larin scheme [37], which is a consistent scheme w.r.t. the y5
problem, see also [35]. It is convenient to work in this scheme also for the description of the
observables in polarized deep-inelastic scattering. This requires that also the polarized parton
distribution functions are evolved using this scheme and that one calculates the massless Wilson
coefficients in this scheme. Observables, such as the deep-inelastic structure functions, are then
scheme-independent. The OME A;(;q),Q(N ) requires to use a special projector for the external
quark lines, which has first been derived in Ref. [35], Eq. (11).

The paper is organized as follows. We discuss technical details of the calculation in Section 2.
In Section 3, we present the constant part of the unrenormalized single-mass 3-loop OME qu)’ 0
in Mellin-N space and discuss its small- and large-x behavior. Section 4 is devoted to the ana-

Iytic calculation of the OME A (®)-two—mass

29.0 . Section 5 contains the conclusions. In the Appendix,



A. Behring, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 964 (2021) 115331

©)
849.0Q T
space, treating the heavy-quark mass in both in the on-shell and MS scheme.

we present the polarized single- and two-mass OME A in Mellin- and momentum-fraction

2. The formalism

Concerning the formalism, we follow closely Ref. [21], in which the corresponding result in
the unpolarized case has been calculated. Renormalizing the heavy-quark mass in the on-shell

scheme and the coupling constant in the MS scheme, the massive operator matrix element ASI) 0
has the structure [2]

(0) 2
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This expression depends on the Riemann ¢ -function evaluated at integer values, {x = Y oy 1=,
k € N, k > 2, the polarized anomalous dimensions yi(k) up to three-loop order (i.e. k =0, 1, 2)
[35,36], the expansion coefficients of the QCD g-function [38—45], terms from mass renormal-
ization [46] and the constant parts of the unrenormalized massive OMEs al.(l,‘) in the polarized
case [0,11-13], again up to three-loop order. The expansion coefficients related to the QCD g-

function are given by

11 4
Bo=—Ca— 5TrNF, 2.2)
3 3
4
Bo,o = —§TF , (2.3)
5
B1,0=—4 <§CA+CF> Tr , 2.4)
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1) 32

ﬁl,Q=_gTFCA+15TFCF’ (25)
g0 = B e~ (2ea+cr) e (2.6)
Lo = Ty AT g APEE AR\ 3RATRE )52 '

and the terms stemming from mass renormalization read

sm{™V =6Cr , 2.7)

sm\” = —4Ck (2.8)
3

sm\" = cp <4 + Z{z) . 2.9)

From the logarithmic terms one can extract the complete 2-loop anomalous dimension y;;) [35,

36,47,48] and the contributions o TF of y;? (N), one of the anomalous dimensions at 3-loop
order [35,36].

We use a well established approach to calculate the 86 contributing Feynman diagrams. First
the diagrams are generated with an extension of QGRAF [49] which can deal with local oper-
ator insertions [2]. The Feynman rules are then inserted in TFORM [50] where also the Dirac-
and color-traces are calculated. The local operator insertions are resummed into generating func-
tions using the auxiliary variable ¢, cf. [51]. This introduces on top of the usual denominators
from particle propagators denominators which depend linearly on the loop momenta and the
variable ¢. The scalar integrals are subsequently reduced to a minimal set of master integrals us-
ing the implementation of integration-by-parts reduction [52] in Reduze2 [53], which can also
deal with linear propagators. The solutions of the master integrals are obtained using standard
techniques.' This includes methods based on hypergeometric functions [9,51,55-58], Mellin-
Barnes representations [59] and differential equations [60,61]. For the analytic continuation of
Mellin-Barnes integrals, the packages MB [62] and MBresolve [63] were used. When applying
methods based on direct integration and Mellin-Barnes representations the results are typically
given by multiple sums over hypergeometric expressions which can still depend on the dimen-
sional parameter ¢ = D — 4. These expressions can be expanded in ¢ and the resulting sums
can afterwards be performed utilizing modern summation technology [64—72] as encoded in
the packages Sigma [73,74], HarmonicSums [75-77], EvaluateMultiSums, SumPro-
duction [78], and p-Sum [79]. For one of the master integrals it was essential to apply the
multivariate Almkvist-Zeilberger algorithm [80] as implemented in the package MultiInte-
grate [60,76] on the Mellin-space representation of the master integral. This way we were able
to directly compute a difference equation for the Mellin-space result which we solved using the
same summation technology cited before. The final results for individual master integrals, dia-
grams and the full final result have been checked by computing a number of integer moments
with MATAD [81].

As in the unpolarized case, the polarized OME A?)’Q can be completely expressed by har-
monic sums S;(N) and ¢-values [82] in Mellin-space and harmonic polylogarithms H;(x) and
¢-values in Bjorken x-space. The definitions of harmonic sums and harmonic polylogarithms are
given by the iterative formulas [83]

' For a recent review, see Ref. [54].
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N . k
SpaN) =Y Slg;#sa(k), Sy(N)=1; a;. b€ Z\ {0}, N e N\ {0} (2.10)
k=1
and [84]
: 1
Hb,a(x)=/d2fb(Z)Ha(Z) Hy(x) =1, Ho o(x) —111'1(35) (2.11)
0 nnmes
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1 1
h@=1—7 fo=_. fal)= (2.12)
— X X

14+x
The full renormalization and mass factorization of all massive operator matrix elements in-

cluding Al q) o Up to 3-loop order has been presented in Ref. [2] for the single mass case and in
Ref. [4] for the two-mass case. The necessary steps are the renormalization of the masses, the
coupling constant and the twist-2 light cone operators. Furthermore, collinear singularities have
to be removed by mass factorization. Contrary to the massless case, the Z-factors related to the
ultraviolet renormalization in the massive case are not inverse to those describing the collinear
singularities. Moreover, the coupling constant is first renormalized in a MOM scheme using the
background-field method [85] and afterwards translated to the usual MS scheme in order to fulfill
the on-shell condition of the external partonic states.

3. The single-mass correction

In the single-mass case, the renormalized OME (2.1) can be expressed in terms of lower-

order terms as well as the newly evaluated constant part ag{)(N ) of the unrenormalized OME.

We define
_ 24+ N
= 3.1
Psa =N+ Ny G-D

and use the shorthand notation S3(N) = S;. One obtains
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64 16(48 — 27N + 11N? — 14N?)
+—— 5 251>52— — 3 3 82,1
(N —DN2(1+N) 9(N — DN2(1 + N)
B 64 P 32(1+2N —37N? —20N?) .
(N—1DN2(1+N)2"" 27(N — )N(1 + N)2 '
N 64 S < 4 Pg
(N —DN2(1+ N2 " 9N3(1 4 N)3
4(60+ 70N + 135N% + 53N?)
B IN2(1 + N)? 1) 2} } (3.2)
with the polynomials
Pi =40N* + 83N> —22N% — 11N + 36, (3.3)
P, =89N* +370N> — 169N? + 30N — 608, (3.4)
Py =136N* + 152N% —43N? — 53N — 138, (3.5)
Py =204N* +390N3 + 187N? + 37N + 114, (3.6)
Ps = 697N* + 1283N3 + 736 N? + 60N + 72, (3.7)
Ps=7N> —5N* —9N3 +29N? — 100N — 12, (3.8)
P; =231N° + 408N* + 77N? — 602N? — 1202N + 8, (3.9)
Pg=1141N> +3817N* 4+ 4142N3 + 2708 N> — 396 N — 288, (3.10)
Py =106N% +389N° 4+ 96N* — 920N3 — 800N? + 27N + 238, (3.11)
Pio =230N® + 1179N> + 2481N* + 2354N> + 1074N> + 198N + 108, (3.12)
P11 =281N® +891N> + 423N* — 799N3 — 1112N? — 500N + 240, (3.13)
Pio =511N% + 1431N° +457N* — 1131N3 — 428 N? + 240N + 648, (3.14)
P13 =4307N7 + 19468N° + 33504 N> 4+ 31031N* + 11038N3 + 1608N2 — 1440N
—432, (3.15)
P14 =2207N8 + 8327N7 + 8423N® — 451 N> — 5122N* — 4636N> — 4860N?
+1296, (3.16)

Pi5s =7027N"? +39120N " 4 73621 N0 + 17722 N° — 143181 N8 — 181350N”
+17183N% +97038N> + 11306 N* — 53746 N> — 5916 N> — 2808 N — 432,
(3.17)
Pio = 14748N'? + 83610N " + 133975N 10 — 53587N° — 315078 N® — 143766 N
+221994N° + 176898 N> — 29869N* — 10811 N> 4 44106 N> + 684N
+1512. (3.18)

The color factors in QCD take on the values C4 =3, Cr =4/3, Tr = 1/2. The nested sums and
constants in aé(%) (N) have weights up to w =4 and the constant

2 13 1
a2y 4 2 by 13 (L
By =45 1n2(2) + ' @) — =6 + 16L14(2) (3.19)

8
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appears. Here, we write Lix(x) = Y /2, x!/1%, |x| <1 for the classical polylogarithm. As a
cross-check, we compared this result to an independent calculation of the moments N =3,5,7
using MATAD [81] and we find agreement.

The nested sums can be mapped to a basis using algebraic reduction [86] after which only the
sums

S1,82,83,84,8-1,8-2,8-3,84,8,1,5,-1,52,-1, 52,1, 52,2, 83,1, S_3.1,
S$2.1,1.8-2.1,1 (3.20)

appear. In addition, structural relations, such as multiple argument relations and differentiation,
[87], can be applied, which leaves us only with

81,821, 8-2,1,8-3,1,82,1,1, 52,11 (3.21)

as basic sums. At N = 1, the OME ag) (N) has a removable singularity. In this limit the expres-
sion becomes

(3)(N—>1)—C ol 508+8 n 256 N 7858+4g2 11223
FIr\TF 31 ¢) §3 Al 5 : :
26665 432¢5 11705
Cr|— + 48B4 — 918y — 364 Ci.l —=
+ F|: 54 4 ) 5 + |+ Ca 2
109 432¢2 682
2By R T 3{3} } (3.22)

This agrees with the expectation that the rightmost singularity for gluonic OMEs occurs at N = 0.
As was observed in [88], removable singularities can also appear at rational values of N > 0 for
massive OMEs. The OME A?q) (N) is a meromorphic function [87] since it can be expressed in
terms of harmonic sums [83] over Q(N) with rational weights whose denominators factorize,
with factors of the form (N — k), k € Z, 1 € N. The poles of this OME are located at negative
integers, N < 0.

We now turn our discussion to the behavior of ag) (N) in the limits N — oo and N — 0, i.e.
the ‘leading singularity’ in the polarized case. These limits correspond to the large x and small
x limits, respectively. The limiting behavior is interesting to know, since it corresponds to the
soft and virtual region at large x on the one hand, and to the high energy region at small x. The
corresponding expansions can be performed using the algorithms implemented in the package
HarmonicSums [75-77], using the command HarmonicSumsSeries.

Around N — oo the constant part of the OME the asymptotic behavior is given by

al)) (N — o0)

. (c c )L4(N) 1172C 788C

= CLFILF A F 81 A 81 F
16(2+N )T, L3(N) (2+N VT 4+ Cp (2138 4 3262
27 F)IPEI™N FIRETEE\Tg1 T 9

4564 88z, LZ(N) 928 128, 320 642,
—Tx | == No [ == 4 2522
A<81+9)}N+ g t9 TV g+

9
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c,p (1340 5366 89653\ . (3456 1126 142455\ TL(N)
243 27 27 A\ 243 3 27 N

+0 (%) , (3.23)

where we abbreviate L(N) = In(N) 4+ yg and we write yg for the Euler-Mascheroni constant.
The N — oo limit in N-space corresponds to the x — 1 limit in x-space. This allows us to
deduce that in this limit the leading singular term is oc ot In*(1 — x).

The position of the so-called ‘leading-poles’ can be inferred from an analysis of the anoma-
lous dimensions of different scattering processes in fixed-order perturbation theory. For massless
vector operators they are located at N = 1 [89], for massless quark operators at N =0 [90,91]
and for massless scalar operators at N = —1 [92]. The leading term of a (N ) in an expansion
around N = 0 reads

(3) 112 1 32 1024 1
¢ (N—>0)=CrTF CA —+|=Ca+—Cr|—

9 N5 |3 27 N4
200 80;“2 37636 5200, 6453\ 1
F\ 781 9 3 )| N3
380152 3296§2 768{22 N 17623
243 27 5 3
102800  1024¢, 1
C — 25603 ) | —
+ A( W3 T Q)} N2
[ (5024, 128, 1024 (30424 640, 448%s
Fl\oa3 T 2T g BN (g3 9 9
cp (11972, 64, | 28510 18016 , 736 o
F 3 3 B4 31 & — 45 & 4“3 gs
365768 32 1124¢, 126422 2488¢3\ | 1
—C4 ——Bs+ - - —
243 3 81 9 9 N
+0 (NO) . (3.24)

The leading behavior in x-space is af In*(1/x), but the coefficients of the sub—leading terms
have an oscillating sign while their magnitude increases with increasing logarithmic order, which
strongly compensates the leading term in the physical region which is relevant, for example, at
the EIC [93]. One obtains

1 1
al)) (x — 0) ~ 0.082304526748971 In* (—) — 4.587105624142661 In> (—)
X X

1 1
+124.7515234361702 In* (—) — 808.87051481499401n (—) . (3.25)
X X

This is in line with earlier observations in other cases, cf. Refs. [91,92,94,95]. For the complete

OME A;(:q) 0 in N and x-space we refer to the Appendix.

10
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4. The two-mass correction

The 2-loop two-mass OME has been calculated in [6]. The 3-loop two-mass OME
A?q)’two_mass is calculated as follows. Using the projector for the external quark lines given
in [35] the following representation is obtained

1536

2 (3),two— 2 d—6
A;;!Qwo mass _ Cp T2 [384m1gq,Q(N) + -l o(N =D+ (m1 <—>m2):| , (4.0)

where the function /44, o (N) is given by

47 \*¥/2 76 — 3d/2)T'(N + 1)
fea.0 )= <_) T(N +d/2)

1 1
X dz1/dzzde3 [z1(1 — 2182 [22(1 — 2p)]1T¢/2
0 0

o _

2 ) 3¢/2
z3mj - z3)m2} 42)

z71(1—z1) 221 —22)

x [23(1 — z3)] 17/ [

The N-dependence completely factorizes from the dependence of the masses. The integral can
be performed with analytic Mellin-Barnes integral techniques. We define the mass ratio by

<1 (4.3)

m3
n=—
1

m

(™ (™
Li=In 5 |- Ly=1In A E “4.4)
2 1%

For the unrenormalized OME one obtains

and

. 1024 1 256
(3),two—mass 2 3
A =CrTf(N+2)S){ —————+ 5| ——-(L1+ L
24.0 FTF(N + )8{9N(N+1)a3+82[3N(N+1)( k)
512(2+5N) 512 1 2, 2
- S | ———(7+ L
IN(N + 12 ON(N + 1) 1}JFS[N(NH)( k)
128(2 + 5N) 64
5 Ho(n) — oSt | L1
ON(1+ N) N(1+N) 3N(1+N)
128(2 + 5N) 64 128
> = Hom) — <51 | L2
IN(1+N)2  N(1+N) 3AN(1+N)
N 128 B2 + 128(25 + 48N +29N?)  256(2+ 5N)
T 27IN(1 + N)3 27N+ N2
128 128 128
S2 S (3),two—mass
ToNa+m T ToNaE N 2+3N(1+N)§2]}+agq

(4.5)

11
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B 322+ 5N)
(3),two mass=C T2 N +2 L3 L3
“aq rTEN D S B R (3yaewye
48 32 322+ 5N)
T Ho) — —5 sy 12 (2222
T eI Y 1) 1+(3N<I+N)2
48 32(25 + 48N +29N?)
- Hy) - — 5 )12
NI+ N O T R aEm 1) 2+< IN(1+ N)3
322+ 5N) 2,
220 g _ 2 _u
NI N o(n)+N(1+N) o (M)
64(2 +5N) 3 2,
— — Ho$S) + ——=_5
{ IN(1+N)2  N(1+N) 0(")} INaE N
L2 . Lot 32(25 + 48N +29N?)
NG T NaEm ) IN(I+ N)3
322 4+ 5N) 2, 64(2 + 5N)
=T H " H bl B S
O T R Ty vy 007”{ ON(1+ N)2
422 Ho(n) 1 S1 + 2 e, 2
NA+N) O TN a Ty T AN+ ) 2
32 20(1 — n?) 1 2
_Z ) gy - ——L_H
+N(1+N)§2> 2 ¥ NG T vy o~ 3y o
16 X 32 )
- % B -—"  _HmH
ON(1 £ ) 10 0D = 35 vy Ho (D HL ()
S e ) 4 8T
AN+ Ny VPRI T g Ny OO T s N (1 + N

(L+m)(5+22n+59%)
6n3/2N(1+ N)

~ B0 {Ho -1 (V) + s (V7)) + 8 (Hoo -1 (V) + Hooa (V)]

[0 (- () + 1 ()

64(25 + 48N +29N?) 64 2 64
- [ TNGEN?  anaLm Dt onaeay Sz}sl
642+ 5N) , 64 5 64(2+5N) 128
INA+ N2 T 2INA+ N T 2INA N2 2IN(+ N)
. [ 642+5N) 64 Sl}g o128 Q}’ “6)
9N(1+N)> 3N(+N) IN(1+ N)
with S, = exp[5 (£ — In(4x))] and the polynomials
T, = 57N +5n> — 787N — 149 + 5N + 5, 4.7
T> = 4057* N> + 121572 N? + 12157 N + 4057% — 32387 N> — 7626 N>
— 62587)N — 14385 + 405N> + 1215N? + 1215N + 405. (4.8)

Since the color-factor contribution of O(Cp TI%) does not receive a finite renormalization, it is
directly given in the M scheme [36,96]. We have checked the results using g2e/exp [97] by

12
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calculating the moments N = 3,5 expanding in the first powers of 7, cf. also [4]. Note that
by expanding the OME in powers of 1 the root-structures in the above expressions disappear
showing a dependence on 7 only.

We can recover the (’)(T,%) part of the single mass OME A ¢q,0 by performing the limit n — 1.
For the O(&) part one obtains

0L} _ o 2 Paa 32(157 + 957N + 1299N? + 607N?) . 25+ 48N +29N?
agq,Q =LFrip 2 243(N+])3 27(N+1)2
64 64(2+5N) , 64 5 64(2+5N)
+ oSSt ST T S e T 2
9 27(N + 1) 27 27(N +1)
128 2+5N 1 1024
i e L e —3¢, 4.9
73T |:9(N+1) 3 1}2 9 “} “+9)

which agrees with the result given before. The renormalized two-mass OME in N and x-space
is given in the Appendix.

5. Conclusions

In this paper we have calculated the single and two-mass contributions to the massive opera-
tor matrix element qu) (N), which contributes to the matching relations of the VENS at 3-loop
order. On the technical side of the calculation, we have used the integration-by-parts program
Reduze?2 to reduce the scalar integrals with local operator insertions to a minimal set of master
integrals. The master integrals have been computed using different techniques based on gener-
ating functions. These techniques allowed us to find difference equations for the Mellin space
results, which were subsequently solved with the packages Sigma, EvaluateMultiSums,
SumProduction, p-Sum and HarmonicSums. As in the unpolarized case, the polarized
matrix element Ai,Sq)(N ) can be expressed in terms of harmonic sums up to weight w=4 in
Mellin space and harmonic polylogarithms up to weight w =5 in Bjorken x-space. For the two-
mass relation the dependence on the Mellin variable N and the squared mass ratio n factorize.
Note that other massive operator matrix elements [19,20,22,29] also depend on more compli-
cated structures like generalized harmonic sums and finite binomial sums. As in the unpolarized
case [21], diagrams of the Benz topology contribute. Additionally, we presented the results for
the renormalization of the heavy-quark mass in the on-shell and MS scheme.
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Appendix A

The massive OME Agz, o(N) with the strong coupling constant renormalized in the MS
scheme and the heavy-quark mass in the on-shell scheme obeys the following expansion up
to 3-loop order:

Agg.0(N.ag) =a?AS) ((N)+a}AS) (N) (A.1)
with a; = aMS(,uz)/(4n) The 2-loop OME A )Q(N) is given in Ref. [6]. The 3-loop OME
reads

3)
A o)
1 4(6+ N+ N?)(—4+3N +3N?)
=—|1=DN|cpTr!L3 | Crp
2[ =D ] F F{ M[ Fpgq( IN2(1 + N)2
16S i 8(4+11N+11N2)+16S +32_ T+ @+ Ne)
9! APsq IN(+ N) g o) T g Pealr F
4010 _ 8
L3 Caf —=10 —2§%2 85, — 165_
" M[ A(9N3(1+N>3+”g"( 30T 2)
16(6 — 8N 4+ 9N? + 5N?) _ 204 16(3 —4N)
2 2 +CrPeg\ ~ona 7~ S
9N2(1+ N) IN?2(1+ N) 9N
L8 400N (RSN 2N (992
3917 302 TPt P\ Tg )y T 3! M| PeaTr\ o7
N 32(40 + 83N +34N?)  32(2+5N) 16, 16,
F 27(1+ N)2 o1+N) 3T 3
320, 8011
Cal - Sop——o=l
+ A( 3N = DN2A+N)2° 2 2IN3(1 + N)3 !
8013 L (138 o B 56 256 64
27N — DNA(1+ N)# | Pea T3 o2l TRl T o2 T TS T o3
6o e 4(12—110N—63N2—13N3)S2
3 o211 0383 INZ(1 + N)? 1
4(20 — 2N + 15N% + 9N?) Lc 2015
3N2(1 + N)2 F\T 27N = DNS(+ N)?
_ 405 803 88
S 2s)s
+pgq( ova+m2 2 T\ anveaeae T3 2) !

s34 1765 3S 64¢
IN(1+ N) ! Py T 3

4(12—7N —25N?%) , 8
9

N 128 s ) +C< [ 4014 +(_ 80s
(N—DN2(1 + N2~ 2 A\ Psa| QINA(1 + N SIN(1+ N)3
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S -
IN(I+N) 2t

N 1_652>S%_ 4(8+ 19N +31N?) 51 16
3 IN(1+ N) 9
4(16 + 59N + 68N +49N°?) 8(8+ 11N + 11N?)
ON(I+N)? 2T TUON(HN)
2
+ <23—05% +48 + 8S_2>Cz + <8(4 ;];l(iv:]\]])]N ) _ g 1)(3}
409 4(60+ 70N + 135N% + 53N?)
<9N3(1 TN INZ(1+ N)? 1) 2)

27IN(1 + N)?

4(24 441N +53N?) 32 )S <4(48+371N+568N2+389N3)
- 1

S4

3

3 32(98 + 369N +408N?% + 164N?)
+pquF[_ S0+ N)?
N (_ 32(98 + 369N + 408N?2 + 164N°?) <32(22 +41N +28N?)
81(1+4 N)> 27(1+N)2
16 16(2 + 5N 16 16(2+ 5N
+?SZ>S - 9E1+N))Sl 95~ 9E1+N))S 353
< 16(2+5N) —SI)C2—¥§3> (32(22+41N+28N2)
91+N) 3 9 27(1+ N)?
16 )s 162+ 5N) 16 5 16(2+5N)

—S 24— - —— 5+ —S
T3 9(1+N) B WY 9 >3
64

L (_RC+sN) 3 e 80
o N) T3 o1)eT g | T CrPa| Tgaa
4012 O 807 32
3 392+ 7] 5 370
27N3(1+ N) 162N*(1 + N) SINI+N) 9
4(6+ 17N+29N2)S ) +( 4(12+ 116N + 175N? + 161N?)
.

S3

IN(1+ N) 27N (1 + N)?
16 42+ 11N +23N? 16 16 2
2s,)s? ( )53——S 4 00 (20
3 IN(1+ N) 9 3 IN2(1 + N)2
4(12+5N+11N2)S 2oS 28 \o 4 (16
IN(1+N) ) 32)et g
2 2
_4(6+N+N)(—4+3N+3N) e a®
IN2(1 + N)2 847

where we define

m2
12

The polynomials Q; read
01 =5N*+9N> —4N? —4N +6,
0, =7TN*+ 14N> + 23N% + 16N — 36,
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03 =23N* — 149N3 — 88N? — 6N — 36, (A.6)
Q4 =69N* + 66N> + 43N? 4 46N + 96, (A7)
Qs = 145N* 4+ 248N> + 79N? — 24N + 72, (A.8)
Q6 =204N* 4+ 390N + 187N% + 37N + 114, (A.9)
Q7 =472N* 4+ 1269N> + 1551N? + 724N + 132, (A.10)
Qg = 1252N* +2997N3 + 3360N> + 1819N + 528, (A.11)
Q9 =7TN> —5N*—9N>4+29N? — 100N — 12, (A.12)
010 =69N> +276N* +263N> + 12N? + 172N + 48, (A.13)
011 = 197N + 791N* 4+ 952N> + 148N? + 348N + 144, (A.14)
Q12 = 175N% + 552N° + 657TN* 4+ 376 N> 4 204N? 4 540N + 216, (A.15)
013 =8N8 +341N7 4+ 1276 N® + 617N> — 1835N* + 44N> + 1037N? + 204N
+36, (A.16)
Q14 = 3347N% + 11540N7 + 16090N°® + 10202N° + 3200N* + 430N3 + 3N?
+36N + 108, (A.17)
015 =51N° —300N® — 674N7 — 360N® — 1775N°> 4+ 456 N* — 662N> — 4296 N>
—216N + 864, (A.18)
016 =2067N° + 12639N8 4+ 23134N7 + 12958 N® + 2319N> + 691 N* + 448N3
+23136N% + 15840N + 4752. (A.19)

The methods to obtain the analytic continuation of harmonic sums to complex values of N are
presented in Refs. [87,98—100].
For the Bjorken x-space representation it is convenient to define

1
Pag0) = —[1- (1 =x7]. (A.20)

The massive operator matrix element A?q) o) in Bjorken x-space is given in terms of harmonic
polylogarithms [84]. To shorten the expressions we use H;(x) = Hj as a shorthand notation. The
full expression is given by:

(3)
qu, o ()

16 , 16

32 4
= CFTF{LL[EpquF(2+ NF) + CF <pgq <—?H0 — 3H1> + 5(—844- SSX)

8 8 16 16
= 54+ 530 Ho | + Cal =510 +x) + @ + ) Ho + - Pgq H

+12 2T(4+ 32 TeH 4+ C V6HoH, + om? — 2 g
M 9F X) 3pgqF1+Fpgq 01+31 3 0,1

16 2 4 8 5
— 302 ) = 540 = 217x) — (194 + 1610) Ho — 5 (8 — x) H;
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16 16 8 ,\ 4
+ 5 (=T H; | +Ca( pog | 5 HoHr = 3 HT ) = 5(72 = 950)

8 32 , 80
(51441130 — 16Q + ) Hoy | Ho+ 5 (1 + ) Hf — (4= 50 Hy

64 16
— ?(1 +x)Hp1 — 162+ x)Hp,—1 + ?(8 +5x)8

4 16 8 32
+ LM[CF <pgq<g oy - ?H(%H] — §H13 + 5 HiHo. — 64HoHo, -

64 192
+32HoHo,0,1 + 128 Hp,0,—1 — 96 Ho,0,0,1 + ?H1§2 + T;“zz + 64Hyl3

4 5\ 2 4
— 5(25+36H0) H} | = 5(1794 = 1777x) + ( 5 (43 — 1949x)

L R0 +00 =50
X

2 2 4 3
_1 |Ho + §(400+X)H0 + §(26 +5x)Hy

8 16 16
— (35470~ 493x) — —=(73 — 63:x)Ho | Hi — ( (247 — 176x)

3201+ 01 -50)
0

X —1 —96(4+3X)H0’0’1

— 484 + 3)6)1’10) Hp1—

16 32
- <3(44 —13x) + (10 + x)H0> o+ 64(1 + 7x)§3)

16 5 , 8 5 64 256
+Ca Pgq ?H()Hl —8Hy(x)H{ + §H1 — ?H()Ho’l — THO’O’_I
16H 8 (2215 —2207x) 8 (569 + 1550x)
312 )5 Y \27 *
. 323 +2x)(1 —4x)H
3x

64 ) 4
—1—?(2+X)H_1 Hy + 5(32+137x)
32 , 8 3 8 32
—?(2+x)H_1 H; —5(2+x)H0 + ﬁ(32—229x)+?(1+4x)H0 H

4 , (16 64
+ 534 = 1210 H} — (516170 + - 2 +0)H1 | Ho,

+

(32(3+2x)(1 —4x) 32
+ -
3x 3

128
(10 — 3x)Ho — T(2+X)H—1>Ho,—1
32 128 64 64
+ ?(2 —S5x)Ho,0,1 + T(l +x)Hp 1,1+ ?(2+X)H0,1,—1 + ?(2 +x)Ho —1,1
128 16 64 128
+ T(Z +x)Ho 1,1+ <3(74 —25x) + ?(5 +x)Hy + T(Z +X)H1>§2

32 64 32
+ ?(19 - 15x)§3) + NFTF<E(4O —23x) + 3(4+x)H1>

992 16, 16
Trl — — —NrpH Tr| ——— (862 — 485
+ Pgq F(27 3 F 1):|+ F|: 243( X)
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+N 128(161 67x) 64(6 5x)H 3’2(4+ YH? 32(6 5x)H
P\ 243 YTy AT Al AT Vi

16 v om ] o elve (2 256, \ , 16,5 , 448
270 TV pg"FF27‘ g &) T g i+ 56
8 32 8 32
+ Ca| 16B4x — 5=(30001 — 31508x) + pg —?B4+27H0H1 9HOH1

+16HH lOH+ 64HH +32H Ho,1 + l04H
g ML T o by | g o r ) Ho g 110

64 32 128 8 5
+ §H1 HoHy 1 + ngHO,O,l - THIHO,O,—I —16HHo1,1 + §H1 '9)

16(9 4 173x 4 70x* + 12x7)

224
- —H ———(4960 + 25273 H_
9 14“3) + ( 243( + x) + 7 1

8(—27+58x +5x%)
+ HZ,
27x

176 ;
+ 7(2 +)C)H_1 H()

4(45 —238x — 203x?)
27x

4 2
+( g7 (973 +2677x — 722%) + H-

_§(2+x)H21>H3+<1 (3—2x)+—(2+x)H_> —(4+x)H0

4(243 — 2488x + 1967x?)
(2980 - 15310) +
243 81x

16(1 — x)(1 + 5x 4(—36—38x +61x?
16 =na sy N4 )12\,
X 27x
4(27 +218x — 205x2)
27x
N 4(243 —2408x +1735x%) [ 16(18 —22x — 373x?)
8lx 27x
8(1—
( x)(3+53x)H
3x

8 8
— (5(331 — 344x) + H()) Hf — o7 (136 — 1432) H}

64 8
+5C +x)H_1>Ho + §(14+9x)H02 -

16(27 — 52x — 119x?)
B 27x

32 5 32
H_ | — 3(2 +x)HZ; + 3(22 +7x)Hp,—1 |Ho 1

16(9 + 173x 4 70x% + 12x3)
27x
B <8(1 17 — 238x — 495x?) - g(z +x)H_1>H0 N 16(1 —x)(1+ 5x)H
27x 3
16(27 — 58x — 5x2)
+ 27x

32(1 — 5x2) 8(36 —94x —1775x%) 16
+————HoH-1.1+ 7 — - (22+49%) Ho

32 )
+ 5 O+ BOH + (-

X

2
)CHO’_1

176 ) 32
H_; — ?(2+X)H_1 Ho, 1+ 3
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8(189 —238x — 787x ) 16
+ =5 (50— 47x) Ho

160
+ TQJHC)H])HOO 1+

8 27+622 — 698 3
* x) + 5 (84 15x)Ho

16
- ?(2 +x)H_1 )Hp0,—1 —

128
- 7(2 +X)H1>H0,1,1 +

— 3(18+5x)H0

16(27 4 52x — 151x 32
) + 5 (18— 13:) Ho

(-
*
(16 (27 —52x —119x%) 32
(*

64
+ §(2+X)H1>Ho 1,-1—

16(27 — 58x—5x) L1800  som
27x HERRR

64

— ?(2+x)H—1 Ho,—1,1 —
352 16 16

— T(Z +x)H_1 |Hy—1,-1+ 3(304- 137x)Hop 0,01 — 3(74 — 101x)Hp.0,0,—1
128 160 32

- T(2+X)Ho,o,1,1 - 7(2+X)H0,0,1,—1 - ?(10+41)C)H0,0,—1,1
16 32 128

+ ?(2+X)Ho,o,71,71 + ?(4— 17x)Ho,1,1,1 — T(Z‘FX)HO,],],J

128 64 32
- —(2 +x)Ho1,-1,1 — —(2+X)Ho,1,—1,—1 - —(10 +19x)Hp,—1,0,1

12
——(2+X)H0—111——(2+X)H0—11—1——(2+X)H0—1—11
352 16 5
——(2+x)Ho_1—1—1+ a(499+58x+36x)— E(4—43x)
16(27 + 199x — 206x2
—(2+x)H_> 0——(1+2) H§ - ( P )H1

16(27 — 139x — 86x )
B 27x

16 16 , (20
+ 5 (26— 110 Ho_1 &2 + 12 (365 — 41303 + ( 3 (326 +403x)

40 , 16
Hoy+ @+ 0)H2 = (50 + 310 Ho g

128 112
+ 7(13 +3x)Hy — T(2+X)H_1)C3i| +Cr |:—3234x

8 16 32

1 64
—(316242—278981x)+1?gq< 3Bt 3HOH] +3 HIH? + = 5 HoH;

10 64 16 64 , 64
+ —H! 4+ —HoH, — ng Hoy1 + ?Ho Hy, 1 — 3H1HO,O,1

27 9
128 32 128
- THO - 3H1 Hop 1,1 +64HoHp,—1,1 +64HoHp 00,1 + THO,O,I,I
112 16 128 80
- 7H0,1,1,1 —256Hp,0,0,0,1 + (—5 0~ —HyH; — EHIZ - 32H0,—1>§2

384 128 4
+ 5 i3 + 3 HG +32H) )63+ 25605 | + ( 5,5 (54424 + 484991)
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16(1 +x)(—5 — 13x +4x?)

9x

32(1 1-5

L 320400 —5%)
3x

2 2
H_{ )Hy — 5(3373 + 55x — 144x )

2 14 3 4 4
Hoy | + o (86 = 55x) Hi + - (13 = 5x) H

16 16(3 + 5x — 10x2 16(27 — 367x + 182x2
+(%(2227—1634x)— (3+5x X)H2+<—( al )

9x 0 27x

32(1 —x)(1+5 8 8
p2d=nas x)H_1>H0>H1+<g(652—545x)—ﬁ(62—x)Ho>H12
16(81 — 818x +220x?) N 16(18 4 428x — 655x2) .
81x 27x 0
32(1 1-5
(T4 x)( x)H_
X

X

40
+ 570 —4x)H} + (

8 , 16
— 5 B8+ S0 HG + - (46— 170) Hy + |

16(14+x)(5+ 13x —4x2)  64(2 — 4x — 13x2
—64(2-|-X)H0,1)Ho,1 - < ( o ) - ( i )

32(1 — x)(1 4+ 5x) 64(1 — 5x2
+ P HI)HO,—I - —( )HOH_M

Hy

16(18 + 806x — 1249x2) 16
3 = — 75 (206+ 143x) Ho ) Ho,0.1
X

64(3 —4x —21x%) 128
- i + 7(4 —3x)Ho | Ho,0,-1 +

32(1 +x)(1 — 5x)
_< )

X
27 0,1,1
32(1 — x)(1 4 5x
X

—64(2+x)Ho>Ho,1,—1 + —1,1

592
— 7(14—}— 11x)Ho,0,0,1 + 256(1 — x)Hp,0,0,—1 + 256x Hp,0,—1,1 + 128xHo,—1,0,1

6 w16 16(27 + 124x — 119x?)
_ (8_1(121 — 326x +36x7) + 5(20—)6)11’0_ 27x :
16(1 1-5 32 32
_I60 DA =50 32 0 g He o 4 22 (323 + 50932
. 9 45
3 32
n <E(986— 1861x) + 3(74+71x)1t10):3”. (A21)

For the polarized massive operator matrix element the same set of harmonic polylogarithms
contribute as in the unpolarized case. The full set is reads:

Hy, H_y, Hy, Ho,1 Ho,—1, H-1,1, Ho,0,1Ho,0,—1, Ho,1,1, Ho,—1,—1, Ho,1,—1.Ho,—1,1,

Ho 0,0,1, Ho,0,0,—1, Ho,0,1,1, Ho,0,—1,—1, Ho,0,—1,1, Ho,0,1,—1, Ho,—1,0,1, Ho,1,1,1,
Ho,—1,-1,—1, Ho,—1,—1,1, Ho,1,—1,—1, Ho,—1,1,—1, Ho,—1,1,1, Ho,1,—1,1, Ho,1,1,—1,
Ho,0,0,0,1- (A.22)

Methods and programs for the numerical evaluation of harmonic polylogarithms are given
in [101].
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At 2-loop order the OME is not altered when changing the renormalization scheme of the
heavy quark. The additional terms when changing from the on-shell scheme to the MS scheme
for m = m are given by:

2 2
RONS ne 3,25 = 2 (M m N-2
gq 0 (N) ’Q(N)_32a3CFTFpgq|:ln <F)+1n (F) (m_sl)

_4Q+5N) 4 }

9N +1) (A.23)

and

m? m? 4 —5x
A s 0 =45 0~ 3% cFTFpgq[l (i) () (= ~ma-0)

44 +x) 4 ]

—In(1 —x) |.

—9(2 > ~3 (A.24)

Here we identified the masses in the on-shell and MS scheme m = 7 to shorten the expressions.
It is straightforward to obtain the relation between the two renormalization schemes [46] while
keeping also the scale dependence. The corresponding relation has been given e.g. in [102].

The two-mass contributions to qu) (N) read

128 3
A () .two—mass N)=C T2 N+ ————— L3+ 13+ZL.L,(L L
% (N)=CrTr(N +2) oNN |2tk 2(L2+ L)
642+ 5N) 4 13) 4 [ HHE2HAIN £ 28N7)
INN+1? 3N(N + D> 2IN(N +1)?
642+ 5N) 2 32
— L L
ONN +1)2"" 3N(N+1) S 3N(N+1) N(N+1)Q]( 2

64(98 4+ 369N +408N? + 164N3)  /64(22+41N + 28N?)
8IN(N + 1)* 2TIN(N + 1)3

L3 32Q2+5N) , 32 5 32(2+5N)

NN D ) TN+ 12T TONNF )T T ON(N + 12
64 64(2+5N) 64 128

too o T 9 7~ SU)2 — oo o 03
IN(N +1) ON(N + 12 3N(N+1) IN(1+N)
(3),two—

+agq WO mass(N).

(A.25)
Correspondingly, the x-space result is given by
_ 160 32
AQ)MOTMESS () = Cp T { 7(2 — (L} +L3) - ?(2 —x)L1La(Ly + L)

32(4 +x)
2
+L1<—

9 +48(2 —x)Ho(n) — 33—2(2—x)H1>

+L§<w —48(2 — x)Ho(n) — 33—2(2 —x)Hl)
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992 32
+m<37@_xyn?m+wﬂhmy+na—xﬂ%m)
+3ﬂ2—xﬂmmnﬁ>

2 2
+m<%%@—xy+%{4+ﬂHMm+3%2—ﬂH&m

—322 - X)Ho(n)H1>

1+ /1)’Q—x)T
-I-( \/2)173(/2 ») 3(1‘10(77)219—1(\/5)—41'1’0(77)1'10,—1(«/5)
2
1— 20T
+8H001 (7)) + ( @;2 I8 (o (i)

8T

—4Ho(n)Ho,1 (/1) + 8Ho 0,1 (ﬁ)) + YN

20(2 =202 —x +n%x)Ho(n) T 16
L2 ) + 2 H3 () — — Q2 —x)H} ()
3n 3n 9

64 64 32
—(5(6 —5x) + ?(2 —x)HOZ(n))HI — ﬁ(4 +x)H}

32 ;256
+E(Z_X)H1 - 7(2—)6){3} (A.26)
with
T3 =—10n°% 4+ 50% + 42 — 10/ + 5, (A.27)
Ty = 10132 + 51% + 421+ 10/77 + 5, (A.28)
Ts = 5n*x — 100> + 50nx + 287 + 5x — 10, (A.29)
Ts = 405n°x — 81052 + 1130nx — 18281 + 405x — 810. (A.30)
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