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ABSTRACT

In the first part of the thesis we consider elliptic systems in the critical dimension 2m that contain
a term with antisymmetric structure. An example for such a system is the m-polyharmonic map
equation which we investigate throughout the thesis. Following the work of Riviere in the two-
dimensional case, we aim to write the system in divergence-free form and establish a conservation
law by using a small perturbation of Uhlenbeck’s gauge fixing matrix.

In the second part we focus on the m-polyenergy and consider the higher order approximation
E.(u) = 3 [o(|D™u|? + g|D™+1u|?), which was first introduced by Lamm in the case m = 1. We
show that critical points u, : @ — N”, Q C R?>™ compact without boundary, of E. are smooth.
Further we prove that a sequence (u) of critical points converges strongly to an m-polyharmonic
map away from finitely many points as € — 0. At the points of energy concentration bubbling occurs
and we perform a blow-up to show convergence to quasi-m-polyharmonic spheres. To establish the
energy identity in the limit we show that no energy is lost in the neck region between bubble and m-
polyharmonic map. For mappings into the sphere this is always true. For arbitrary target manifolds
N"™ we need to impose an additional entropy condition.

Finally, we consider the e-approximation of the Dirichlet energy and investigate whether every
harmonic map occurs as a limit. The answer to this question is no and we derive a gap theorem for
e-harmonic maps u. : S2 = S2 of degree zero and +1. We show that e-harmonic maps of degree zero
with energy below 87 are constant and maps of degree +1 with energy below 127 are of the form Rz
with R € O(3). This stands in contrast to the fact that all rational maps between two-spheres are
harmonic. Moreover, we construct non-trivial e-harmonic maps of degree zero with energy > 8.
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Chapter 1

Introduction

What is the shortest path from one point in space to another? What type of house has the least
possible surface area for a given interior volume? And how should a plane be shaped to minimize its
resistance to air? For centuries mathematicians all around the world have been pondering questions
like these with the goal of finding the optimal object for any given situation. This hunt for maxima
and minima is called Calculus of Variations and dates back to Bernoulli and Euler in the eighteenth
century. Since then it has become one of the most important analytical techniques with wide ranging
applications in mathematics and physics.

All of the above questions can be translated into an abstract mathematical setting. To construct
the optimal house, think of a slice made of rubber that bends in every direction. How do you bend
it to enclose the most volume? The Inuit got that one right.

To answer the first question, think of many different paths that connect two points A and B.
They differ in length and speed given the terrain. Thus, the problem is to minimize one given
quantity (the way from A to B) inside another one (the terrain). While a path is a one-dimensional
quantity with given start and end point, one can also think of a two-dimensional elastic surface S
and look for the optimal way to place S in a given surrounding. Mathematically this translates to
a variational problem. There are many different ways to place the surface, we can bend or stretch
it. The optimal placement is the one that minimizes the elastic deformation energy. To see if there
exists an optimal placement and how to find it, let us transfer this problem into mathematical terms.

Let (M,g) and (N,h) be smooth, compact Riemannian manifolds without boundary and let
N be isometrically embedded into R?. For u € W12(M, N) we define the Dirichlet energy

1
E(u) = §/M |Vul|?dAys,

where dAjy; is the volume Element of (M, g). Critical points of this energy are called (weakly)
harmonic maps and they satisfy

Au L T, N,

where A is the Laplace-Beltrami operator on M and T, N is the tangent space of N at u. The
Euler-Lagrange equation of E, which is called harmonic map equation, is given by

Au+ A(u)(Vu, Vu) = 0. (1.0.1)

Here A denotes the second fundamental form of the embedding N™ — R%. More precisely, A
is a symmetric bilinear form with A(u)(X,Y) = Z;l:nH (X, Dye;)e;, where (eni1,...,eq) is an
orthonormal basis of (T, N)* and X,Y € T,,N.

If M is a two-dimensional surface and u is not just harmonic but also conformal, which means
that it preserves angles, then u(M) is a minimal immersion in N. This is the optimal placement
that we have been looking for at the beginning. But is it always possible to find an optimum?
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Existence and regularity of critical points of F depend on the choice of M and N. If M = R™,
N = R™ with the euclidean metric on both the domain and the target, then critical points are the
well known harmonic functions and the harmonic map equation simplifies to the linear equation
Awu = 0. In this setting, existence, uniqueness and smoothness of solutions u are fairly easy to
prove, since we have powerful tools such as the maximum principle at our disposal. This is no
longer the case in the general setting because of the nonlinearity in (1.0.1), and especially domain
manifolds of dimension > 2 cause problems.

If M has dimension m > 3, Schoen and Uhlenbeck [65] showed that minimizers of E are smooth
on M except for a closed subset of Hausdorff dimension < m—3, and Bethuel [7] showed that station-
ary harmonic maps are smooth up to a closed subset whose (m — 2)-dimensional Hausdorff measure
is zero. However, Riviere [59] discovered everywhere discontinuous weakly harmonic maps for m = 3.

Let us restrict ourselves to the two-dimensional case, where M is a surface. In 1948, Mor-
rey [53] showed that if u is a minimizer of E, then v € C*°(M, N). Later Griiter [28] extended this
result to conformal weakly harmonic maps. In 1984, Schoen [66] proved regularity of stationary
harmonic maps and in 1991, Hélein [32] showed regularity for weakly harmonic maps by applying
his famous moving frame method. With a completely different Ansatz Riviere [58] established a
conservation law for the harmonic map equation and used this to show continuity of solutions. We
will come back to this technique in a short while.

Of course there are many other aspects of harmonic maps that have been studied in the
literature (e.g. [14],[17],[18],[31],[49],[51],[56],[71],[79]). Harmonic maps between surfaces and Lie
groups (o-models) play an important role in physics as well. They have strong connections to
the Skyme-, Higgs- and Ginzburg-Landau models and are used in the context of (anti)self-dual
Yang-Mills connections on 4-manifolds.

For the moment let us ask ourselves if there is a higher order equivalent to harmonic maps
that is worth examining. We consider

1

Emm):§/;2|Dmm%AMm (1.0.2)

for some m € N, where D™ is the m'" total derivative of u : M?>™ — RY and M?™ is a 2m-
dimensional smooth closed manifold. F,, is called the m-polyenergy and critical points are called
(extrinsic-) m-polyharmonic maps, i.e. uw € W™2(M?*™, N) such that

A"y 1 T,N. (1.0.3)

Here E,, depends on the choice of the embedding N <+ RY. The more natural energy from a
geometric point of view is the intrinsic energy which uses covariant derivatives of maps M?™ — N.
However, the extrinsic energy has analytic advantages such as the bound of u in the full W™2-norm

||u|‘%/vma2(M2m,N”) < cEp (u),

which we will use throughout this thesis. For m = 2, critical points are called biharmonic maps
and just like harmonic maps they have been studied extensively. In 1999, Chang, Wang and Yang
[11] showed regularity for weak biharmonic maps into the sphere (see also [75],[80]), later Wang
[78] extended the result to Riemannian manifolds. In 2008, Lamm and Riviere [48] established a
conservation law for the biharmonic map equation (see also [72]).

Most of these results carry over to the general case m > 2. In 2009, Gastel and Scheven [21] used
moving frames to show regularity of critical points of (1.0.2). In the same year, Goldstein, Strzelecki
and Zatorska [26] showed regularity for m-polyharmonic maps into the sphere. A conservation law
was first established by de Longueville and Gastel [20].
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Conservation laws

We want to take a closer look at the aforementioned conservation laws. To begin, let us focus on
harmonic maps v € W12(B2,8%1) into the sphere. In this case, the harmonic map equation has
the form

—Au = u|Vul?. (1.0.4)

Note that the Laplacian of u is only in L!. This prevents us from applying Calderon-Zygmund
estimates (see [25]) to get a control on the full second derivative and use the embedding W2! —
C°(B?) ([1] 4.12). Hence we need to find other ways to improve the regularity of u. One idea is to
write the equation in divergence-free form and apply some version of the Wente lemma. Shatah [67]
noticed that divergence-free form can be achieved by adding a zero term to (1.0.4). Since w itself is
a normal vector in the normal space N, S%~!, we have Z;l:l u;Vu; = 0. Thus (1.0.4) is equivalent
to
d
—Aui = Z [uiVuj - ujVui] . V’LLj, 1= ]., ,d (105)
j=1

Moreover, any solution of (1.0.4) satisfies
div [u;Vuj — u;Vu,;] = 0.

Hélein [31] later used this to establish a conservation law: By the Poincaré lemma (see [24] Theorem
10.68) there exists B € W12(B?) such that

VLBij = UiVUj — ujVui
and (1.0.5) is equivalent to
~Au=V*B-Vu < div(Vu+ BVtu) =0,

where V= is V rotated by 90°. (Note that divV+ = 0) This new structure of (1.0.5) allows us to
apply Wente’s lemma (see [10]) and thus u € C°(B2,5971).

Now the question is: Can divergence-free form or ”Wente structure” be achieved for arbitrary
targets as well and does this method carry over to the m-polyharmonic map equation? This will
be the focus of chapter 2.

Let us consider v € WY2(B2? N), where N is an oriented codimension one submanifold of
R”. In this case, the harmonic map equation is given by

n
—Aui = anVn] . Vu]', 1= 1, ey 1, (106)

j=1

where n(y) is the Gauss map of N at y. Since n is orthogonal to Vu, i.e. Z?Zl n;Vu; = 0, we can
add a term to (1.0.6)

—Au; = Z [ann] - njVni} : Vuj. (107)

j=1

However, we cannot assume that [n;Vn; —n;Vn;] is divergence free and thus a conservation law is
not immediately obvious. What we can derive is that [...] is antisymmetric and we will see in the
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following that this is enough to establish a conservation law. Consider the equation
—Au = Q- Vu, (1.0.8)
with Q € L?(B?, so(n) ® A'R?). Note that this is equivalent to (1.0.7) if we set
Qi; =n;Vn; —n;Vn,.

A crucial step on our way to divergence-free form is the so-called Uhlenbeck gauge, a nonlinear
Hodge decomposition for antisymmetric matrix-valued one-forms (see Theorem 2.1.3). Due to the
antisymmetry of 2 we can write

Q=P iviep+ P lvp,
where P € W12(B?,50(n)) and ¢ € W12(B2, so(n)).

In section 2.1 we use a small perturbation of the Uhlenbeck matrix P to establish a conser-
vation law. We proceed as follows: We multiply (1.0.8) with (id + )P, ¢ € Wh2 N L>°(B?, M(n))
and use the chain rule to write this new equation in the form

div((id + €)PVu) = [(id + ) PQ] - V.

We want to choose € such that [...] is divergence free. At this point we use Uhlenbeck’s decomposition
of € to improve the regularity of this new equation. While the improvement is very small, it is just
enough to allow for a version of the Wente lemma by Bethuel and Ghidaglia [6]. Using this, we solve
a fixed point problem and find the correct € to construct the conservation law.

The idea for this approach stems from Riviere’s lecture on Conformally Invariant Variational
Problems ([62], chapter VI) and we will develop this in more detail in section 2.1. Then we transfer
Riviere’s Ansatz to the higher order case and examine elliptic systems of the form

m—1 m—2
A =" AN Vi, du) + Y AFS(widu), (1.0.9)
k=0 k=0

with m > 2, where u € W™2(B?™ R") and

wy, € W2H2Z=m2(pg2m Rnxn) for k € {0,...,m — 2},
Vj € W2kHlmm2(g2m Rnxn g AlR2m) for k € {0,...,m — 1}, where

2m

VO _ dn+ F, n c W27m,2(B2m’50(n))’ Fe WQfm,erl,l(BQm’Rnxn ® /\1R2m).

De Longueville and Gastel [20] showed that the m-polyharmonic map equation is of this form.
As in the second order case, the crucial assumption is that 7 takes values in so(n). A priori
dn € W1=m2(B™) is not bounded and we need a suitable version of Uhlenbeck’s gauge theorem
(Theorem 2.3.2) to remove the terms we cannot control. To establish the conservation law we proceed
as before and multiply (1.0.9) with an arbitrary perturbation of P, remove problematic terms via the
Uhlenbeck decomposition and solve a fixed point argument to determine the suitable perturbation.
An important ingredient is a Wente type lemma (Lemma 2.4.1) adapted to our situation.

What makes the computations in the higher order case more challenging is that some compo-
nents of (1.0.9) are distributions (elements of negative (Lorentz-)Sobolev spaces). To handle these
we use a representation in terms of derivatives of Lorentz functions (see Lemma A.2.6) and shift
derivatives evenly. For more details on (negative) Lorentz-Sobolev spaces see Appendix A.

Once we have established the conservation law, it is easy to show continuity for solutions wu.
This provides an alternative to Hélein’s moving frame method ([21],[31]).
All in all we show the following
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Theorem 1.0.1. Assume m > 2, n € N. We consider the equation

m—1 m—2
A=Y AV, du) + Y AF§(wydu) (1.0.10)
k=0 k=0
with coefficient functions
wy, € W2kH2-m2(p2m Rnxny for k€ {0,....m — 2},
V), € W2kHI=m2(p2m gnxn g alRZm) for k €{0,....,m — 1}, where (1.0.11)

Vo =dn+F, neW2>"™2(B> so(n)), FeW?> ™mit!(B¥ R g A'R?™).
Then the following statements hold.
(i) Let

—2 m—1

‘|U/k||W2k+27m,2(B2m) + Z ||Vk||W2k+177n,2(321n)
k=1 (1.0.12)

3

Q
i
+ I

H’rIHW27'm.,2(BZ'nL) + ||F||W2*m‘%v1(32m)'
There is oo > 0, such that whenever o < og, there exist e € W™?2 N L[> (Bf/”;; M(n)) with
lellwn sz + lellze (o2 < co.

P € W™2(By 5,50(n)), and a distribution B € W2 ™2(B2m R™ " @ AZR2™) which solve
/ 1/2

loc
m—1 m—2
§B= > AF((id+e)P)Vy — Y dA*((id + &) P)wy, + dA™}((id + ) P).
k=0 k=0

(i) A function u € Wm’2(Bf’/g,R”) solves (1.0.10) weakly if and only if it is a distributional
solution of the conservation law

m—1 m—2
5{ > Al(id+)P)A™ " du — Y dA'((id + e) P)A™ M
=0 =0
m—1k—1
=Y > Al((id + &) P)AR AV, du)
k=0 =0
m—1k—1
+ 3 dA((id + ) P) AR NV, du)
k=0 [=0
m—2 k
= Al((id + &) P)dA 5 (wydu)
k=0 1=0
m—2k—1
+ 3> dA((id+ &) P) AN 5 (wydu) — (B, du) | = 0. (1.0.13)

k=0 [=0

Corollary 1.0.2. Weak solutions u € W™2(B?™) of (1.0.10) are continuous.

A different variant of this result has been obtained earlier by Lamm and Riviere [48] in the case
m = 2 and by De Longueville and Gastel [20] for general m > 3. Here we use a small perturbation
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(id+¢) P of the Uhlenbeck gauge matrix P to establish the conservation law. This Ansatz highlights
the strong connection between the conservation law and the matrix P more explicitly than the
previous papers. For the sake of completeness and to highlight the differences we include these
results in section 2.1. Another new ingredient in our approach is Lemma 2.4.1, a generalization of
an estimate by Bethuel and Ghidaglia [6], which we use instead of a Wente type result for the poly-
Laplace operator. This allows for more general elliptic operators in divergence form and simplifies
the argument.

We also remark that in a recent paper by Guo and Xiang [29] it was shown that weak solutions of
(1.0.10) are not only continuous but even Holder continuous for some positive exponent.

Approximate energy functionals

Now let us consider m-polyharmonic maps as critical points of the functional (1.0.2). In chapter 2
we have assumed that solutions of the m-polyharmonic map equation exist. However, existence of
critical points is a priori not clear because F lacks compactness and does not satisfy the Palais-Smale
condition. In chapter 3 we will focus on this problem.

In 1981, Sacks and Uhlenbeck [63] introduced their famous a-energy

Eo(u) = 1/ (1 + |Vul|?)*d Ao,
2 Sz
with a > 0. This perturbation of the Dirichlet functional satisfies the Palais-Smale condition and
the existence of critical points of F, follows. Further, Sacks and Uhlenbeck studied the behavior of
critical points u, as o — 1 and they were able to show strong convergence to a smooth harmonic
map on all of M? except at finitely many points where bubbles form. More precisely, u, splits into
a harmonic map u* : M? — N and finitely many non-trivial minimal two-spheres u’ : S — N in
the limit. Additionally, they showed the energy inequality

I
+ Z E(u') < limsup B, (uq)

1 a—1

vol(M?)

E(u*)+ 5

1=

(see [63] Theorem 4.7). What remained open was the question if equality holds in the limit. To
answer this, one needs to take a closer look at the neck region between bubble and harmonic map
and determine if energy is lost as & — 1. In 2010, Lamm [43] (see also Jost [39]) solved this problem
and established the energy identity

. . vol(M?)
Jim Ba(ue) = B +—5—
assuming the entropy condition

lim inf (o — 1)/ log(1 + |Vua|*)(1 + |[Vua|?)*dApe: = 0.
a—1 M2
This condition was first introduced by Struwe in [73]. Later, Li and Zhu [50] showed the energy
identity if the target manifold is a sphere without this additional assumption. However, the entropy
condition cannot be omitted in general (see [51] for a counterexample).

Sacks and Uhlenbeck’s idea of approximating the Dirichlet energy to improve compactness was
also used in other settings. One example is the Willmore energy

1
W) = /M2 \H2dA e,
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where H denotes the mean curvature vector. W is invariant under conformal transformations and
therefore does not satisfy the Palais-Smale condition. Kuwert, Lamm and Li [40] defined the p-
Willmore energy in the spirit of Sacks and Uhlenbeck

WP () = + / (14 [H]?) ¥ dAyp.
4 Jure
For p > 2 this functional is just coercive enough to satisfy the Palais-Smale condition for sequences
(ug) with Willmore energy smaller than 87. Using this, Kuwert, Lamm and Li proved existence and
regularity of critical points of WP.
Of course one can imagine other types of approximations, for example by adding a regularizing
term to the functional. Riviere [60] introduced this approximation of the Willmore energy

1
Wg(u) = W(U) —+ O'/ (1 —|— |H‘2)2dA]\/[2 + 710(’111)
M2 log ()
with parameter o > 0 and there are many other examples throughout the literature (e.g.
[43],[44],[571,[73]). We want to focus on the e-approximation of Lamm ([43],[44])

E(w) = /M2 (IVuf® + e Auf?) dAy:.

For € > 0, E. satisfies the Palais-Smale condition. Lamm studied sequences of critical points (u.)
of F. as ¢ — 0 and discovered the same bubbling phenomenon as Sacks and Uhlenbeck. Moreover,
he showed the energy identity in the limit

I
lim B (u.) = Eo(u") + > Eo(u).

i=1

To prevent energy loss in the neck region, he had to assume an entropy condition for general target
manifolds similar to the a-energy case

1
lim inf ¢ log () / |Aug|*dA e = 0.
e—0 £ M2

We use his approach and extend it to higher order energies in the critical dimension. To simplify
the calculations and for the sake of legibility we choose €2 C R?™ smooth, open and bounded as the
domain. However, we expect the results to hold for general domain manifolds M?™ as well, since
we only pick up lower order curvature terms. For u € W™+12(Q, N) we define

1
E.(u) = 5/ (ID™ul®* + e| D™ uf?) dz, e >0. (1.0.14)
Q
We show that F. satisfies the Palais-Smale condition and that critical points are smooth. Following
the work of Lamm we establish the energy identity and prove the following two theorems.

Theorem 1.0.3. Let Q C R?*™ be an open and bounded domain and let N = S%1 < R? be the
standard sphere. Further let (u:). € C™(Q) be a sequence of critical points of E. with uniformly
bounded energy E.. Then there exists a sequence e, — 0 and at most finitely many points x1, ..., x, €
Q such that u., — uo weakly in W™2(Q, N) and strongly in C32,(Q\ {x1,...,xp}, N) for allm € N
and ug:  — N is a smooth m-polyharmonic map. Moreover, there exist at most finitely many
non-trivial smooth quasi-m-polyharmonic maps whd S2m — N, 1 < j < j;, sequences of points
zy? € Q, xzp?! — x; and sequences of radii t;? € RY, t) — 0, such that for k — oo

th7 00 dist(akd, ap
max{ ’“]’Cj(j’“f)} —oo  V1<i<p 1<jj <ji, j#J (1.0.15)
t by ty + 1y,
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k40 Vi1<i<p, 1<j,<js (1.0.16)
(ty')?
and
p .
lim E., (ue,) = Eo(ug) + Y _ Eo(w'). (1.0.17)
k—o0 P

Theorem 1.0.4. Theorem 1.0.3 holds true for any smooth closed n-dimensional Riemannian target
manifold N — R? if we assume additionally that

1
e log (513) / | D™, |2de — 0 as k — oo. (1.0.18)
Q

Remark 1.0.5. A quasi-m-polyharmonic map is a map w : S*™ — N which satisfies (3.5.8). (see

(8, [12])

Chapter 3 is structured in the following way. In sections 3.1 and 3.2 we derive the Euler-Lagrange
equation and verify the Palais-Smale condition. Once we know that critical points exist, we employ
a hole filling argument and show higher regularity of critical points (see section 3.3).

In section 3.4 we establish a small energy regularity result for critical points u. in the spirit of
Lamm’s work in [44]. Then we show strong convergence of (u.). away from finitely many points and
perform a blow-up analysis to show convergence to a quasi-m-polyharmonic sphere at the energy
concentration points.

In section 3.6 we prove our main theorem for mappings into the sphere by adapting work of
Wang [80] and Wang/Zheng [81]. We reformulate the Euler-Lagrange equation and use a Hodge
decomposition to get a good control on the highest order term. With the results from section 3.4
and Lorentz space theory we show that there is no energy lost in the neck region as e tends to zero.

In section 3.7 we prove the energy identity for a general target manifold N. Here we have
to assume the entropy condition (1.0.18) and we estimate the radial and tangential parts of the
derivatives separately. This is influenced by work of Ding and Tian [14] in the approximate harmonic
case, Lamm [43] in the e-harmonic case and Wang and Zheng [82] in the biharmonic case. To
estimate the tangential part we approximate u., on annuli around a concentration point by radial
m-polyharmonic maps. To estimate the radial derivatives we apply a Pohozaev type argument
and introduce cylindrical coordinates (see Ai and Yin [2]) to separate the purely radial derivatives.
Together with the entropy condition we show that E. tends to zero in the neck region.

Finally, we show existence of critical points u. that satisfy the entropy condition. This part is
based on the work of Struwe [73] (see also Lamm [43]).

In the last part of this thesis we return to harmonic maps and focus on approximations of the
Dirichlet energy. As mentioned before, sequences of critical points (u,) and (u.) of E, and E.
respectively converge to a harmonic map and finitely many bubbles as « — 1, ¢ — 0. Now one can
ask whether every harmonic map is captured by this procedure.

To answer this question, we restrict ourselves to the case M = N = S2. It was shown by Wood
and Lemaire ((11.5) in [17]) that all harmonic maps between 2-spheres are precisely the rational
maps and their complex conjugates (i.e. rational in z or z). Further note that a rational map
u : S? — S? has Dirichlet energy E(u) = 47| deg(u)|, which is the least energy that a map of this
degree can have.

However, Lamm, Malchiodi and Micallef [47] showed that the only a-harmonic maps
Uq : S? — S? with energy E, below a certain threshold are the constant maps and rotations. In
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chapter 4 we establish a similar result for critical points of the e-approximation of degree zero and +1.

The degree of a map u : S — S? is defined by
1
deg(u) = / JWdAg:  with  J(u) = u-e1(u) A esu),
47 S2

where (e1,eq) is a local oriented orthonormal frame of T'S%. For every u € W2?2(S2,5?%) with
deg(u) = 1 we have

4m(1l 4 2¢) = /

S2

2
< E(u)+ % (/32 |Vul? dAsz>
< E(u) + %/ |Vult dAge

S2

J(u)dAge + % < /S ) dA52>2

< E.(u), (1.0.19)

where we used that Au = (Au)T — u|Vu|? and

/ (D)2 dAg: +/ IVl dAg: = / Al dAg:
52 52 52
in the last step. If u is harmonic, then (Au)” = 0. Thus equality holds in (1.0.19) if and only if u

is a conformal map (first inequality) with constant energy density (second inequality)

2
e(u) := |V;| 1.

For every R € SO(3) and map u’(z) = Rz we have
E.(u®) = 4 + 8ne. (1.0.20)

Hence rotations are the only minimizers of E. among all maps of degree 1. If we compare this to
the statement of Wood and Lemaire above, we see that not every harmonic map is approximated
by E.. For example, a dilation is a rational map of degree one that does not minimize E. for € > 0.

We show the following two results.

Theorem 1.0.6. For any 6 > 0 there exists € > 0 such that the only critical points u. of E. of
degree zero which satisfy Ec(u:) < 81 — § and € < & are the constant maps.

Theorem 1.0.7. For any p > 0 there exists € > 0 such that the only critical points u. of E.
of degree +1 which satisfy E.(u.) < 127 — p and € < & are maps of the form u®(z) = Rx with
R e O(3).

Note that we have to include reflections if degu = —1. The proof of Theorem 1.0.6 follows
analogously to [46],[47]. We use the energy identity (1.0.17) and a result by Duzaar and Kuwert
[16], which shows that the degree of a sequence (u.) is preserved in the limit. The gap theorem for
e-harmonic maps with small energy (Lemma 4.5.1) concludes the proof.

To show Theorem 1.0.7, we use a group of conformal transformations of the sphere called the
Mbobius group. In section 4.1 we will see that these transformations correspond to M € PSL(2,C)
via stereographic projection to the complex plane. We follow Lamm, Malchiodi and Micallef’s idea
[47] and apply a Mobius transformation to a critical point u.. Then we show that there exists
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M € PSL(2,C) such that (ug)p is equal to the identity. Moreover, we will show that this M
defines a rotation on the sphere.

In a first step we investigate how FE. changes once we apply up,. We will see that the
transformation relation depends only on the eigenvalue A of MM™* and it is therefore enough
to demonstrate that A = 1. To do this we show that critical points u. are close to a Mobius
transformation in the /eW??2?-norm and simultaneously establish a bound on .

Moreover, we construct rotationally symmetric e-harmonic maps of degree zero whose e-energy is
bigger or equal to 87. This shows that the bound in Theorem 1.0.6 is optimal.

Theorem 1.0.8. For every § > 0 there exists eg > 0 depending only on § such that, if 0 < € < &g,
there exists an e-harmonic map u. : S* — S? with deg(u.) =0 and

81 < E.(ue) < 8w + 4.
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Chapter 2

Conservation laws for even order
elliptic systems

In this chapter we establish a conservation law for elliptic systems of the form (1.0.9). Before we
get to the higher order case, we take a closer look at second order elliptic equations in dimension
two. This will give us a better understanding of the motivation behind our result. Throughout this
chapter we denote by B the d-dimensional unit ball.

The following is based on joint work with Tobias Lamm [36].

2.1 Second order case

In the introduction we saw how divergence-free form is achieved for mappings to the sphere. In
this section we examine the general case and consider u € W12(B2, N), where N is an oriented
submanifold of R™. As seen in the introduction, the harmonic map equation is equivalent to an
equation of the form (2.1.1). In his celebrated paper [58], Riviere used the antisymmetry of  to
show the following results.

Theorem 2.1.1 (Riviere [58]). Let n € N and let Q € L?(B? so(n) ® A'R?), A € Wl2n
L*(B?,M(n)) and B € WH2(B2 M (n) ® A’R?) satisfying

VoA :=VA-AQ=V'B.
Then every solution to (2.1.1) satisfies the following conservation law
div(AVu + BV*u) = 0.

Theorem 2.1.2 (Riviere [58]). Let n € N. For every Q € L*(B2% s0(n) ® A'R?) every u €
Wh2(B2,R") solving

—Au=Q-Vu (2.1.1)
18 continuous.
The proof relies heavily on Uhlenbeck’s gauge theorem (see [58], [77] or [64]).

Theorem 2.1.3 (Uhlenbeck gauge). There exists o > 0 and ¢ > 0 such that for every
Q € L*(B? so(n) @ N'R?) satisfying ||Q||p2(g2)y < o, there exist P € Wh?(B? 80(n)) and
& € WH2(B2, s0(n)) such that

Q=P 'viep+ P lvp
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and

ellwrz(s2) + IV PllL2(82) < cf|€]L2(52).-

We will not discuss Riviere’s original proof but focus on his subsequent idea to establish a
conservation law by using a small perturbation of the Uhlenbeck gauge matrix P. (see [62], chapter
VI)

Assume ||| 2(p2) < o as in Theorem 2.1.3. Then there exist P € W'2(B?,50(n)), ¢ €
W12(B2,s0(n)) such that

Q=P 'VtepP+ PIVP,
€llwr2(2) + [IVP||L2(B2) < cl|Q]L2(B2).-
We multiply (1.0.8) with (id + €)P, where ¢ € W12 N L>°(B?%, M(n)) and id is the identity matrix
in R™.
—(id +e)PAu = (id + &) PQ - Vu

& —div[(id + e)PVu] = [-VeP + (id + €)(—VP + PQ)| - Vu

& —div|((id + e)PVu] = [~VeP + (id + ¢)V*¢P] - V. (2.1.2)
As in the case N = S"~!, we want to apply a Wente-type estimate to get continuity for a solution

u. If [...] on the right-hand side of (2.1.2) were divergence free, we could apply Poincaré’s lemma to
get the desired Wente structure. Thus we have to choose e € W12 N L> (B2 M (n)) such that

div [-VeP + (id + ) V(P = 0. (2.1.3)

To do this we apply a fixed point argument. Note that div[(id +¢)VLEP] is a matrix whose ij-term
is a sum of div-curl terms V((id + E)ZP;L)) - V1Lek. In the below we will abuse notation and write

this as V((id + &) P) - V€. Let
¢ W2 N L>®(B%) — Wh? N L™ (B?)
€ + solution A of (2.1.4)

{div[V)\P] =V((id+e)P)- V¢ i B (2.1.4)

A=0 on OB2.

To show that 1 is a self-mapping and contraction, we use the following Wente-type estimate by
Bethuel and Ghidaglia.

Theorem 2.1.4 (Bethuel/Ghidaglia [6]). Let ¢ be a solution of
— i (Aij(z)%i) =Va Vb in B2
o =0 on 0B2,
where A;; are bounded functions on B? such that

2
3 A& > o +&3)  forallz € B R

ij=1
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and some « > 0. Then there exists a universal constant C' > 0 such that
C
llellLee(B2) + [V@llL2(B2) < E||va”L2(B2)||Vb||L2(B2)-

Let e1,60 € W12 N L>°(B?) and 9(g1) = A1, ¥(g2) = Ay the corresponding solutions of (2.1.4).
Then A := A\; — Ay solves

{dz‘v[VAP] =V((e1 —e2)P)-V*+¢  in B
A=0 on OB2.

Since P takes values in SO(n) it satisfies the assumptions of Theorem 2.1.4 and we have

A Lo B2y + [IVAl 282y < ¢ ([[Ver — Vea|lr2p2)||Pl| L (B2) + lle1 — 2|l (52)| VPl L2(52))
[IVE|| L2 (B2)
<co (||V€1 — V82||L2(32) +le; — EgHLoo(Bz)) .

For o small enough, we conclude that v is a contraction. (To show that ¢ is also a self-map we
proceed analogously.) The Banach fixed point theorem yields a unique e* € W12 N L (B2, M (n))
solving (2.1.3) and with Theorem 2.1.4

le¥[[Loe(B2) + [IVE™|| L2(B2) < co.
By the Poincaré lemma there exists B € W12(B?) such that

VB = —-Ve*P+ (id + ")V EP
and (1.0.8) is equivalent to

—div((id + £*)PVu) = VB - Vu.

Now that we have our equation in the desired divergence-free form, we can show continuity of a
solution u. We follow [58] and apply a Hodge decomposition (Corollary 10.70 in [24])

(id + £*)PVu = VV + VW
with V € W, ?(B?,R") and W € W2(B2 R"). Taking the Laplacian of both V and W yields
AV = divVV = div((id + £*)PVu) = —V*+ B - Vu
AW = —V+V*IW = —V*((id +€*)P) - Vu.

Both AV and AW are of the form E-F with divE = V1 F = 0 and we can apply results by Coifman,
Lions, Meyer and Semmes [13] which yield V,W € VVIQOCI(BQ) Since (id +¢*) P is invertible we have
u € W2t COB2, N) (see [1] 4.12).

Remark 2.1.5. The harmonic map equation is not the only second order elliptic equation with
antisymmetric structure. Riviére [58] showed that all critical points of the Lagrangian

F(u) = /32 (IVul]* + w(u)(dpu, dyu)) dz A dy,

where w is a C' two-from on N with ||dw||r~ < ¢, satisfy an equation of the form (1.0.8) with
Q € L*(B?,s0(n) ® A'R?) and are therefore continuous. This proves a conjecture by Hildebrandt

([33],[34])-

Let’s summarize the results so far:
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Theorem 2.1.6. Let n € N and N be an oriented submanifold of R™. Let w € W12(B? N) be a
solution of

—Au=Q-Vu, (2.1.5)

where Q € L*(B?, so(n) ® N'R?) and o := ||Q||12(p2). Then the following holds.

(i) There exists og > 0 such that whenever o < oq there exist ¢ € W12 N L>®(B% M(n)), P €
Wh2(B?,80(n)) and £ € WH2(B?,s0(n)) with

llellze + [IVellzz +1[llwr2cp2) + [1Pllwr2(s2) < co,
and B € WY2(B?) that solve
V1B = VeP — (id 4 )V EP.
(ii) u solves (2.1.5) if and only if it is a solution of
—div((id + €)PVu) = VB - Vu.

(iii) w is continuous.

Remark 2.1.7. Note that the antisymmetric structure of € is crucial and there are counterexamples
for Q € L?(B%, M (n) ® A'R?), where the solution u is in L™ but not continuous (see Frehse [19)]).
One can even construct an example where the solution is not bounded. (see [58])

In the following we want to apply Riviere’s Ansatz to derive conservation laws for higher order
elliptic systems in critical dimension.

2.2 Notation

Before we get to the higher order case let us introduce some notation. Let A¥R?>™, k € Ny be the
space of k-forms on R?™. Further let

d: WHP(R?™, AFR?™) — LP(R*™, AFHIR?™)
be the exterior derivative and
§: WHP(R?™, AFR?™) — LP(R*™, AFZIR?™)
the codifferential. We have dd = §d = 0 and the Laplacian is given by
A =dé +dd.

If f is a function, the exterior derivative of f is just the gradient Vf. Let 0 < k < 2m, k € N. Then
let

s : NFR2™ 5 \2m—kR2m
be the Hodge-Star operator. For a k-form w we have
dw = (=1)2mE+D+ 4 gy (2.2.1)
and
sk 1 (—1)REM=R) L ARRZM _y ARR2M (2.2.2)

(see e.g. [38]).
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2.3 Higher order systems

So far we have introduced a conservation law for the harmonic map equation in two dimensions. In
[61], Riviere and Struwe explored this example further and gave a new proof of partial regularity for
harmonic maps in higher dimensions. In 2008, Lamm and Riviere [48] applied the same procedure to
a fourth order problem such as the biharmonic map equation. Biharmonic maps are critical points
u € W22(B* R") of

/ |AU|2dAB4
B4

or equivalently solutions of the biharmonic map equation

~A%y = i <A<Vu, (dv; o u)Vu) + 6(Au, (dv; o u)Vu)

1=m-+1

+ (VAu, (dy; o u)Vu>> v; ou,

where {v;}i,,,, is an orthonormal frame of the normal space of N™ — R" near u(z). Lamm and
Riviere showed that the biharmonic map equation is of the form

A?u = (V, du) + 6(wdu) + A(V4, du) (2.3.1)
with

w e L2(B4,Rn><n), Vl c W1’2(B4,Rn><n ® /\1R4), ‘/0 c Wfl,Q(B47Rn><n ® /\1R4)
with Vo =dn + F, n € L*(B*, s0(n)), F e L3 (B R™" @ A'RY).

Here V decomposes into the gradient of an antisymmetric term 1 and a term F', which is of higher
integrability. Using this antisymmetry they were able to write (2.3.1) in divergence form and show
continuity of solutions u (see Theorem 2.3.1 for m = 2). Struwe [72] established partial regularity
results for biharmonic maps in dimension greater or equal to four with the same method.

De Longueville and Gastel [20] recently extended the results of Lamm and Riviere to sys-
tems of the form (1.0.9). The motivating example behind this equation are the m-polyharmonic
maps u € W™?2(B?*™ N), which are critical points of

/ |Vmu|2dABzm.
B2m

They satisfy a 2mt"-order elliptic system called the m-polyharmonic map equation (see [5] or [21])
which is of the form (1.0.9) with antisymmetric component n (see [20]).

Theorem 2.3.1 (Lamm/Riviere [48] and de Longueville/Gastel [20]). Assume m > 2, n € N.
Let coefficient functions be given as in (1.0.11). For equations of the form (1.0.10) the following
statements hold.

(i) Let
m—2 m—1
0:= 3 Iwkllwerea—magmony + D Villwarcimapen
k=0 k=1
+nllwa-ma2(gom) + 1P| 2

m, 2l 1 (B2m)’
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There is 0y > 0 such that whenever 6 < 0o, there are a function A € W™?2 ﬂLoo(Bf;’jl, GL(n))
and a distribution B € W27m’2(Bf7}1,R”X" ® A2R?*™) that solve

m—1 m—2
AT AA+ D (AR AV = Y (AFdA)wy, = 0B,
k=0 k=0

(ii) A function u € Wm’Z(BIQ%,R”) solves (1.0.10) weakly in B1/4 if and only if it is a distribu-
tional solution of the conservation law

-1 m—2

0= 5{ (A'A)A™ !y — Y (dALA) ATy

=0 =0
m—1k—1 m—1k—1

- (AP )AL AWV, du) + ) C(dALA) ARV, du)
k=0 [=0 k=0 [=0
m—2 k m—2k—1

=)D (ALAYAT T S (wydu) + Y Y (dALA) AT S (wydu)
k=0 =0 k=0 1=0

- (B,du}]

(here dA™15 means the identity map)

(iii) BEvery weak solution of (1.0.10) on B*™ is continuous on B%’/"w if the smallness condition

0 < By holds.

The proof of Theorem 2.3.1 shows that the matrix A is a small perturbation of the Uhlenbeck
matrix P. However, the methods applied are rather technical and involve solving a dual fixed point
problem by using Wente-type estimates for the poly-Laplace operator. Our version is more straight
forward and reduces to a simple fixed point problem which we can solve thanks to Lemma 2.4.1.
This Lemma is a higher order version of Theorem 2.1.4 and holds for more general elliptic operators

in divergence form.
We follow the same method that we used in the harmonic case at the beginning of this chapter.
To do this, we need the following version of Uhlenbeck’s gauge theorem

Theorem 2.3.2 (de Longueville/Gastel [20]). Assume that m,n € N and B, C R*™ is a ball of
radius r. Then there exists ¢ > 0 such that for all Q € W™= L2(B,. so(n) @ A'R*™) satisfying

Q] [wm-12(8,) <o,
there are functions P € W™2(B, 2, S0(n)) and £ € W™2(B, /2, so(n) @ A’R*™), such that
Q= PdP~ ! + Ps¢pt (2.3.2)
holds on B,.;3. Moreover, we have the estimate

APl w135, + 15l w1208, ) < cllQlwm-2(5,). (2.3.3)

Before we get to the proof of Theorem 1.0.1 let us note that (1.0.10) contains elements of
negative Sobolev and Lorentz-Sobolev spaces. For a definition of these distribution spaces and a
brief introduction into Lorentz space theory see Appendix A.
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2.4 Main Theorem

An important ingredient for the proof of Theorem 1.0.1 is the following lemma in the spirit of
Bethuel and Ghidaglia [6].

Lemma 2.4.1. Leto >0, f € L2”L*2T*WI’1(BQY”,R”) for |v| <m —2 and P € W™2(B?™ SO(n))
with ||dP||ywm-12(p2my < o. There exists ag > 0 such that if o < oq there exists a unique solution

u e WL EEtmTl(B2m M (n)) of

A(A™ Yy - P) =6f in B*™, (2.4.1)
Ay =0 on OB*™  forj=0,..,m—1, o
with
1D | + [Jul| Lo (B2my < €| f]]

L2m— = TR (B2m) Lm t(B2m)’

Proof. The boundary conditions determine a solution u of (2.4.1) uniquely. To see this we assume
there exist solutions w1, us and let v := u; — us. Then A(Am_lv - P) = 0. Testing this equation
with A™~ 'y . P and integrating by parts gives

0= A(A™ . PY(A™ - P) = —/ |ID(A™ 1y - P2
B2m B2m

Thus we have D(A™ 1y - P) = 0 and therefore A™ v .- P = const. Because P is invertible and

A"y =0 on OB?*™ we get Ay = 0. Iteratively we get v =0 and thus u; = us.

Now we approximate f by f € C°(R?™) so that f =0 on R?™\ B?™ and

I1£1] <l

,2m— T AT R2m) ,2m— T AT (Bzm)'

Standard LP-theory and interpolation results (see [31] Theorem 3.3.3) yield

<7l

IDA™ uP)| | |
L2m—1—]v] (B27n [ 2m— 1 2m—1—[~[’ (B27n)

With Holder’s inequality for Lorentz spaces (Lemma A.1.3) and the embedding theorem for Lorentz
spaces (Lemma 3.6.3) we estimate

[DA™ ul]

2m 1
L2m—1-[~[" (B2m)

+ ||D2m—2u||

LIt (B LIBT3 (B ||dP||L2’”2(Bzm)>

<c(||f||

< ¢ (11, e gy g [Pl ey )

We interchange derivatives and apply the Calderon-Zygmund inequality

1D Y|
L2m—=1—[~[" (BQm)

< ¢ (12t gy + 100 [P 28 )

Since ||dP||ym-1.2(g2m) < o, We choose ¢ > 0 small enough, so that we can absorb the second term
to the left-hand side. The density of C2°(B*™) in LP:9(B?™) finishes the proof.
O

Proof of Theorem 1.0.1. We split the proof in several steps:
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Step 1: Gauge fixing

Following the work of de Longueville and Gastel in the proof of Theorem 4.1 (i) in [20] (see also [52])
we find Q € W=12(B?™ so(m) @ A'R?™) by repeatedly solving Neumann problems such that

m—2 _ : 2m
{A () =—n in B*™, (2.4.2)

||Q||Wm—1,2(B2m) S C||"7HW2—m,2(BZm) S CO.

For o > 0 sufficiently small we apply Theorem 2.3.2, a higher order version of Uhlenbeck’s gauge
theorem, and get £ € Wm’Q(Bf/"%, so(n) @ A’R?™) and P € Wm’Q(BIQ%, SO(n)) such that

dP = PQ — §¢P,

AP Jym—1.2 (520 HIE lwm-1.2(527) < el | m—1.2(p2m). (2.4.3)
Step 2: Rewriting the system
Let ¢ € W™2 N L®(BY)3, M(n)). We multiply (1.0.10) with (id + )P and calculate
m—1 m—2
(id + £)PA™u = (id 4 ¢) P [ > ARV, du) + ) Aké(wkdu)]
k=0 k=0
m—1 m—2
@{ > AF((id + e)P)Vi = Y dA*((id + £)P)wy, + dA™ 1 ((id + E)P)] -du
k=0 k=0
m—1 m—2
= 5[ Al((id +e)P)A™ " du — Z dAN((id + e)P)A™ "1y

=0 =0
m—1k—1

- Al((id 4 €) P)A* 14V, du)
k=0 [=0
m—1k—1

+ dA((id 4 €) P)AF'1(V,,, du) (2.4.4)
k=0 =0
m—2 k

= > Al((id + &) P)dAF T 5 (wydu)
k=0 1=0
m—2k—1

+ dA((id + E)P)Ak_l*&(wkdu)} .
k=0 [=0

The right-hand side is already in divergence form, thus we need to find e € W™2nN Lm(Bf/’g, M(n))
such that

) [mz_: Ak ((id + €)P)Vy — mz_: dA*((id + €) P)wy + dA™ 1 ((id + E)P)} =0 on B (24.5)
k=0 k=0

As in section 2.1 we want to apply a fixed point argument to solve this problem. However, to
do this, we need to have a certain control on the terms in (2.4.5) and the terms involving V; are
problematic. We know that V) = dn + F and we control F' € szm’%’l(B%”) by (1.0.12) but
dn € Wi=m2(B?™m) is a priori not bounded. Thus our goal is to remove dn.

To do this, we take a closer look at dA™~1((id + ¢)P) and note that we can rewrite the highest
order term (id + €)dA™ 1P so that it cancels (id + £)Pdn in (2.4.5). To see this we use (2.2.1),
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(2.2.2), (2.4.2) and (2.4.3).

dA™ TP = dA™ 25 (PQ) — 6¢P)
= dA™ 2(dPQ) + dA™2(P5Q) — dA™2(xd * (xd * £P))
2m—2
= Y VPV 2T — d(Py) 4+ dA™ T (x(d x £ A dP))
=1
2m—2
= Y VPV — dPy — P(Vy — F) + dA™ 2 (x(d x £ A dP)),
i=1

with constants ¢; € Ny, 1 <7 < 2m — 2 and

vk Ag, if k even,
T ldAF, if k odd.

Plugging this back into (2.4.5) and rearranging yields

2m—2 2m—2
A(Am—lg . P) =4 |: _ Z éjvjEvzm_l_jP — (Zd + E) ( Z Civinzm—Q—iQ

j=1 i=1

—dPn+ PF +dA™ 2(x(d x £ A dP))) (2.4.6)

m—1 m—2
" AR((id+ ) P)Vi + Y dAR((id + E)P)wk} in B3,
k=1 k=0

where ¢; are constants in Ny. Now that we have removed the ”worst” terms, we want to examine
this equation further and take a closer look at the function spaces of the summands. We separate
the € component from the rest and use the embedding results for Lorentz-Sobolev spaces in Lemma
A.2.8 and Lemma A.2.9 repeatedly. We use the notation D* A x D'B for any linear combination of
D¥ A and D'B, where D denotes the full derivative. For the first term we have

2m—2 2m—2
D‘jE * D2m717jp — Wmfj,Q . me+1+j,2
E § )
i=1 i=1

For the third and fourth term we get

(’Ld + E)dPn = [°. Wm—l,Z . W2—m,2 — L. Wg_m)%J’
(id +¢)PF = L™ - L™ - W2 mmgrl

The second term is of the from

2m—3
(id +¢€) ( > DIQxD*™ P4 Qx D2m_2P)
j=1
2m—3
— Z L. Wm—l—j,Q . W—m+2+j,2 + L. Wm—1,2 . W2—m,2
j=1
m—2 2m—3
AN Z L. W—m+2+j>ﬁ»1 + Z L>®. Wm_l_j%m{n;fj i1
j=1 j=m—1

2m
+ L w2mmwil
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2
o L® . W2memin !

where we used Lemma A.2.9 in the first step and Lemma A28 withs=m—-2—j, p= %’{’H, t=j

forj=1,...,m—2and s=-m+1+j, p= 3m = = t=2m—-3—jforj=m-—1,...,2m — 3 in
the second step. The fifth term follows in the same way

2m—2
(id+ )dA™ 2 (x(dP A d * §)) = (id +€) Z Di¢x D*m—1-ip
j=1
2m—2
Z L. Wm—j,Q X W—m+1+j,2
j=1
s [ W2l

For the last two terms we apply again Lemma A.2.9 and Lemma A.2.8 with s =m —2k—1, p=
m+2k ],t—2k jfor2k+1—-m<m—2k+jand s=2k—j—m, p= 37713#7t:2m—2k—1
form—-2k+j5j<2k+1-m

m—1

m—1 ,2k—1
AF((id + &) P)Vy = (Z ng*DQk’—J'PJr(id+e)A’“P+Ak‘5P)Vk
k=1

k=1 j=1
m—12k—1 m—1
_ mfj,2 . Wm72k+j,2 . W2k+17m72 + E L. Wm72k,2 . W2k+17m,2
k=1 j=1 k=1
. 2m
N E Wmfj,Q . W2k+1—m,m

7,keN, j<2k—1, k<m—1
2k+1—m<m—2k+j

+ E Wm—i2 =2kt sty

J,keN, j<2k—1, k<m-—1
m— 2k+j<2k+1 m

4 E Loo WQk‘Jrl m, m%:’ék 1 + E Loo Wm 2k 73m272”k T 1

kEN, k<m—1 keN, k<m—1
2k+1—m<m—2k m—2k<2k+1—m
2m—3

N § Wm7j72 . W7m+1+j72 + L. W27m,"2L%,1
Jj=1

and analogously

-2
VAF((id + &) P)wy,

3

x>
.1

(]

—2 2k
< > Diex D*HIP 4 (id+ £)JARP + 6Ak5P> wi

k=0 J=1
m—2 2k m—2
— § Wm ]2 Wm 2k— 1+]2 W2k‘+2 m2_|_ E LOO Wm 2k+1 W2k‘+2 m,2
k=0 j=1 k=0
2m—3

N Z Wmfj.,Q . meJrlJrj.,Q + L. W2—m,%,l.



2.4. Main Theorem 21

Observe that all terms on the right-hand side of (2.4.6) consist of products Wm=32. Witl-m2" j —
1,....,2m — 2 and L - W25 Thus we can simplify (2.4.6) further and write

2m—2

A(A™ e . P) :5< Z Dje*Kj+(id+€)*Ko) (2.4.7)

j=1

with K; € W/T=m2(Bin), Koy € WQ—W#TM(B%). Moreover, with (2.3.3) and (1.0.12) we
estimate
2m—2

HKOHW2_M’W2LT1’1(3575) + Z ||Kj||Wj+17m,2(Bf7§) S Cco. (248)
j=1

However, the equation still contains distributions. To take care of these we apply the same technique
as de Longueville and Gastel and use a representation of negative Lorentz-Sobolev spaces (see Lemma
A.2.6).

= Z %o, = W2m71,2m_27§”_|a‘,1(3%712)7
la|<m—2
2m
s 2T Wermiem, 249
|| <m—2
Kj= > 0Ky, K{eL*(BY).
la|<m—1—j

Together with (2.4.8) we get

S IS emy < AlKsllwoomaezy < oo,

jal<m—1-j ” (2.4.10)
l% IS, ) S Bl s ) < 0

Note that we assume e € W™Tha¥r! for this representation, which is slightly better than the
original assumption e € W2 N L>. We will see that we can solve (2.4.6) in this better space and

since WMHLmET 1 (B2m) <y W2 0 L°(B2™) we get, the desired result.

This new representation allows us to shift derivatives away from the distributional part. Let
Cavy, Cpy € Z. With the product rule we get for j =1,...,m —2

DiexKj= > Do%%a+0°Kl= Y Y 0(cpy0°70°DIeq + K
|| <m—2 la|<m—2 ~<p
|B]|<m—1—j |8|<m—1—j

The case j = 0 follows analogously

(id+e)* Ko = Z K] + Z 0% % PKY

ly|<m—2 |a|<m—2
|l<m—2
= > TKI+ Y Y (e 0" 0% x K.
rl<m—2 o <m—27<p

|B]<m—2
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For j=m—1,..,2m — 2 with |a| < j + 1 —m we get

DiexKj= Y DIo%eaxKij= > Y 0(cayDieax0*K;).

|a|<m—2 la|<m—-2v<a
If |a| > j + 1 —m we choose § < o with |8] = j+ 1 —m and

DiexKj= Y D/d%q*K;
la|<m—2

= Y > 0 (cpy0° P DIen x0°TEK;).

la|<m—2 <8
[Bl=j+1-—m

We rewrite the left-hand side of (2.4.7) in the same way.
AA™ e P)= > AA™19%, - P)
la|<m—2

= D D Ay A" 00" P)

la]l<m—2v<a

= > PAA e P+ Y Y A (car AT 00T P).

vl <m—2 la|<m—27<a

For the last term note that P € Wm’Q(Bf;’;, SO(n)). Thus we identify P with Ks,,_1 and write

> > 0 A(cay A" ea0*TTP)

la]<m—27v<a
1
= 5[ D YD 0 (car DT o0 0% I D T Ky ) |
la|<m—27<a i=0

=

Putting all of this together we get an equation equivalent to (2.4.5)

> A" e, P)

[y|<m—2

= 5{ Yo K+ D0 D 07(cpy 0 T0% 0 K

ly|<m—2 la|<m—2~<8
|Bl<m—2
m—2
+ Y Y 0 (p07 0" DI x KY)
J=1 |al<m-2 <8
|Bl<m—1—j
2m—2

+ Y S >0 (cayDiea x 0°VK))

j=m—1 |a|<m—2v<a
la|<j+1-m

2m—2

+ ) > > 0(epy 0 P DIeg x0°TK;)

j=m—1 |a|<m-—2 v<pB
la|>j+1—m |8|l=j+1-m

1
+30 3 307 (car DT ey % 0D T Ky |

i=0 |a|<m—27<a
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We simplify this further by setting

:5[ > 87((5,K>7+K3)] (2.4.11)

[y|<m—2
with

1G] + [[{e, K) |l

2m 1 5 2m 1 5
L2m—1—]v] (8172) L2m—1—]~] (317;)
(2.4.12)
<co § HsoeH 2m—1,5—2m +1
w 2m—1—Jal’ (Bf}ré)

lal<m—2

for every v with |y| < m — 2. To see this last inequality we use (2.4.10) and estimate each term
separately. This has been done in great detail by de Longueville [52]. We include a short explanation
for the sake of completeness.

1Kl < ¢f| K || < co;

2m <
L2m—1—\'y|‘ (B2m) Lm +1 (Bf;ng)

since K] € Lafrt and Lrdr ! <y Lonimr! (B.f’/g) by Lemma A.1.4. Further we have

Ww2m=1=Bl+h=lal=d 52yt y [ RmT ! oy [T (31/2)

by Lemma A.2.2 and Lemma A.1.4 since |3] < m — j — 1. With Lemma A.1.3 and A.1.4 we have
2m 2m
L=t 2 < Lzt and since v<p
107779 Die, KV ||

2m
L2m—1—[~[" (31/2)

< C||5a||W2m71—j—\a|f|ﬁ|+m,#"”_|a‘,1 HKfHL?(Bf;g) < CUH%HW%A

5 227m 5
(3175) m—1—Taf (B m)

1/2
The remaining terms follow in a similar way. With Lemma A.2.2
W2m 1= B+ v ~lel, 5 2rar 1 N LW o (Bl/2)

and by Lemma A.1.3 and Lemma A.1.4 with |5] <m — 2

LBERTY . pafrl oy [rre=me ! oy [omeinr! (B2,
With this and v < 8

109~ 70% o % KJ||
L2m— 1 [~ (Bf;ré)

KB
< C||5a||W2m717\alflﬁl+lv\7Mfﬁ (31/2 H 0 ||L2(Bf7;) < co\|€a\|W2mfl,#@H (31/2)

For the next term we have with Lemma A.2.2 and Lemma A.1.3

' . 4 om 5 2m
W2m_1_J,2m77M71 ) W]+1_m_|a‘+|7|’2 < Lj,y‘n,” ,1 . L2m+\a\7"\1'7|*j—112 o L2m—;nf\'ﬂ 71(B%7S>

so that with v < «

j —y .
[|[D7eq * O KJHLszi’fim (B2

SC”EO‘”W?*"*“L#M—M* (B )|| j||WJ+1 m|y|— |a\2(32m) <CUH£O¢H . 1m (Bf%).
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In the fifth term we use |5] = j + 1 — m, Lemma A.2.2 and Lemma A.1.3 to get

_1— 5 2m : 2m _2m __2m
LG e e RS 7 R et I R IE RN S SN S 7 FE RN Lz (BY)

and

|0 DI, % OPTVK||

2m 1 5
LZn=1=PT" (B27)

< C|‘€a|‘W2m71—jf\a\+\ﬁ\,#[‘a|,l( ||Kj||WJ'+1*M+\"%|*|L*|~2(B§;”2) < CUHSO‘HW%"*L%ﬂMJ(BQm :

B%;nz) 1/2)

Finally we estimate for ¢ = 0,1 with (2.3.3) and v < «

|D*™ 2, x 0 YD " Koy 1|| __2m
1
L2m—1—]~] (Bf%)

S ||5a||W1+ ||P||Wm—|a\+\7\—1+i,2(312%) S CU||5a||W2m71,#’L‘QI,I(32m)

i, 2m 1
2m—1— || (B2m)
1/2 1/2

and this proves (2.4.12).

Step 3: The fixed point argument

Instead of solving (2.4.11) we solve the system
A(A™ e, - P) =6 ((e, K), + K{) for every v with |y] <m — 2. (2.4.13)

To do this we apply a fixed point argument: Let X, := {u € M(n) : ||u||W2m,1, ) < oo}

2m 1
2m—1—[~[’ (Bf;né

and X = @, |<m—2X,. We define maps 9., : X, — X, by
Y €4 — solution Ay of (2.4.14)

with

{A(M—W-P) =0((e. K)y+ K3)  in B, (2.4.14)

ATX, =0 on 83%% for j=0,....m—1.

Let \ = Dy<m—2 Ay and & = >7 5 e,, where A, is a solution of (2.4.14) for every v with
corresponding e,. Let ¥ = @,<p,—2¢ and

L ~ L 2m—1
pe=lellx = Y D eyl o

1 .
B2m
|[y|<m—2 ( 1/2)

We apply Lemma 2.4.1 and (2.4.12) to estimate

1D i < cf[{e, K)y + K|

T e e SRR - T g2
L2m—1—[v] (31/2) L2m—1—]v] (Bl/é

<o | )
s Cco ||€7||W2n1*1v27n,—2%1n—|7\’1(32'm) + 1
Iv|<m—2 e

<cio(p+1).

We choose 0 < to get

K
2c1(u+1)

Allx < £.
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Next we show that 1), is a contraction. Let X!, )\3 be solutions of (2.4.14) with &’

3 53 respectively.
Then A, := A} — X2 is a solution of

A(A™TIA, - P) =6 ((e' — €2 K),) in B%;’;,
AN, =0 on 8B12;"2 for j =0,...,m — 1.
Applying Lemma 2.4.1 and (2.4.12) yields

2m—1y1 _ 12m—142
D7 = DN a2y

< co Z et —€2|| om_1—2m .
Lo, e

With this we have
1A'= N||x < ca0lE! - &%|x.

Choosing o < min{m, i} shows that ¥ is a contraction. Now we can apply the Banach fixed

point theorem which yields a unique é* € X solving (2.4.13) and by Lemma 2.4.1 and (2.4.12)

*
E <
||€W||W2m71’ T t(B2my = ca.
[v|[<m—2 1/2

Thus we have
0=0(dA™ el - P— (", K), + K) (2.4.15)

for every v with |y[ < m — 2. What is left to show is that these €7 are the Sobolev functions in the
representation (2.4.9) of € and this ¢ solves (2.4.5).

Step 4: Back to the original system

We reverse the abbreviations we made at the beginning to get a detailed look at (2.4.15). To do
this we go back to (2.4.6). As we have seen before, each term of this equation is a product of a

2m

distribution and a Sobolev function. More precisely, the terms are of the form L> - W2~ ™ m=1 and
Wm—k2 . Womtltk2 p— 1 2m — 2. We use the following representations for the distributions
according to Lemma A.2.6

FP —dA™2§(QP) + dA™26QP — dA™ 2(x(dP A d * £))

= Z <FP — dA™25(QP) + dA™T26QP — dA™ 2 (%(dP A d * g))) a,

laf<m—2

2m_ |

(FP — dA™25(QP) + dA™26QP — dA™ 2 (x(dP A d * g))) e Lm+1Y(BY73)

APP V= YT 9%(AkPY)Y, (AFPVL)* € La#r Y (BI), k# 0
la|<m—2
dAFPwy, = " 0(dAF Pwy)*, (dA*Pwy)™ € La# (B2
a|<m—2
VAP V= > 0V, (V' PV)* € L*(BiJ3), k#0
la|<m—1-1
va—‘,—l—lP Cwy = Z 6a(v2k+1—lpwk)oz, (v?k—‘rl—lpwk)oz c LQ(B%%),

la|<m—1-1
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v2m—1—kP — Z 8a(v2m—1—kp)a, (V2m—1—kp)a e LQ(B%/np

la|<m—1—k

Then we shift derivatives to get an equation of the form . ., ,07(...)y =0 asin (2.4.11). Using
this, we see that (2.4.15) is equivalent to

0= 5|: Z ck)avaa—’yvkaﬂgz(v2m—1—kp)a
1<k<m-—2
la|<m—1-k

k_* qa— 2m—1—k
+ E ckMV Eaa 1Y P
m—1<k<2m-—1
|a|<k+1—m

+ Y ap 02 Ve 0PIk P
m—1<k<2m-—1
|la|>m—1—k
|Bl=m—1—k

)
+ (FP — dA™2§(QP) + dA™26QP — AA™ 2 (+(dP A d g)))

+ ) 0P (FP — dA™725(QP) + dA™T25QP

o], |B|<m—2

B
— dA™2(x(dP N d * g)))

m—1 m—1
Y APV > YT 5,0770% (AR PP
k=1

k=0 |al,|8|<m—2

m—1
+3 Y a0V e (VL PY,)”
k=1 1<I<m-—2

1<2k

|| <I+1—m

m—1
+) > Loy V'en 0 IVHLPY,
k=1 m—1<I<2m—2
<2k
|a|<i+1-—m

m—1
+Y > a0 V0V PY,

k=1 m—1<I<2m—2

1<2k
|a|>l+1—m
|81 =1+1-m
m—2 m—2
- (dA* Pwy,)Y — Z cp,0°770% (dAF Pwy)?
k=0 k=0 |a|,|8|<m—2
m—2

- Y a0V e (VT Py )®
k=0 1<I<m—2
1<2k+1
|| <l+1—m

m—2
— E E ClLayV'er 0 TV Py
k=0 m—1<I1<2m—3
1<2k 41
|| <l+1—m
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m—2
- E E 15,0 PV er 9P TV Py
k=0 m—1<I<2m—3
1<2k+1
|a|>l+1—m
|Bl=l+1—m

=:0[...]5.

R e
By the Poincaré Lemma (see Lemma 10.68 in [24]) there exist B, € W, " > (Bf%,]R"X” ®
AZR?™) for |y| < m — 2 such that

0By =[],

Now we transform &* = 7 _ ¢} and B = > y|<m—2 By back. Then we have e €

2m

WmH’m—l’l(Bf%aM(n)) with

H€||Wm+1,w2L7T'l,1(Bf712) + ||€||L°°(Bf7'2) S Cco

and

€= Z el solves (2.4.5).

[v|<m—2

Further B = 33| ,, » 0By € W™ (B, R™" @ AZR?*™) with

loc

m—1 m—2
6B = AF((id+e)P)Vi — Y dA*((id + £)P)wy, + dA™ ' ((id + £)P)
k=0 k=0

and

m—1 m—2
5[ Z Al((id + ) P)A™ " Ldu — Z dA ((id + ) P)A™ 11y
1=0 =

3
[
-
o
|
-

— Al((id 4 ) P)A* =1V, du)

3 =
o
—- o
T e~
[l
— o

dA'((id 4 €) P) AR 1 (V. du)

+
=~

Il

<}

o~

Il

<

3
b

M=

Al((id + €) P)dAF 115 (wydu)

3
|l
o ©
~ =
[l
—_ O

dA'((id + €) P)A* 715 (wydu) — (B, du) | = 0.

+
£

Il

o

-

Il

o

Proof of Corollary 1.0.2. We abbreviate the conservation law (1.0.13)

A ((id+e)PA™ 'u) +6C =0 on B%%, (2.4.16)
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where C € Wz—mv#’hvl(Bf;g). Since ¢ € W™l aml 0 L>(Bp), P e W™ n L>(B}) and

Am=ly € WQfm’z(Bf%), we have
(id 4+ ) PA™ 'y € W ™(B}T). (2.4.17)
Set f = (id + ) PA™ 1u. Then
—Af=6C on Bf;”z

2m_ 1

By Theorem 6.2 in [52] we get f € W* ™ m+1:1(B)) on a smaller ball with radius 0 < A\ < 1/2.
Since (id + €) P is invertible we rewrite (2.4.17)

A"y = [(id+e)P) " f

2m X 2m
and A™ 'y € WEMmrl(BYM). But this means u € W™Fhasn!(B#) and
2m

wrtbninl(B2my < 00(B?#™) (see Theorem 2.3 in [20]).

Up until now we have assumed that o is arbitrarily small so that it satisfies the assump-
tions of Theorem 2.3.2 and the fixed point argument. A priori this is not true for components
Vi, wr of a system of the form (1.0.10). However, any solution u is continuous. To see this
we rescale u (see [52] for a detailed proof). Let zg € B?™ and r > 0 small enough so that
up 2 B — R, u,(x) := u(wg + rz) is a solution of (1.0.10) on B?™ with corresponding rescaled
components Vj, . and wg,,,

m—2 m—1
R S TS, o o NS
k=0 k=1

+ ||77r||W2*m’2(B2m) + HFerz—m,,ﬁ—Tl,l(Bz,n)v
o, < o9 and B*™(z) C B?>™. By the above we have u, € C°(B3™) which is the same as u €
C%(B%(z0)). A simple covering argument yields u € C°(B?™).

O
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Chapter 3

Energy identity for an
approximation of polyharmonic
maps

In this chapter we focus on the e-approximation of the m-polyenergy. We show existence and
regularity of critical points u. and derive an energy identity for ¢ — 0. Many results in this chapter
focus on local properties and calculations are often conducted on a ball of small radius R. When
estimating certain quantities it is important to keep track of R especially once negative exponents
are involved. Thus all constants throughout this chapter are independent of R.

3.1 Euler-Lagrange equation

Let Q C R?™ be an open bounded domain, N a smooth, closed n-dimensional Riemannian manifold
isometrically embedded into R? and u € W™+12(Q, N). Throughout this chapter we consider the
extrinsic energy functional

1

E.(u) = E/Q (|Dmu|2 +€\D’”+1u|2) dz,

where D™ denotes the m!* total derivative of u : @ — R?. 1In a first step we derive the Euler-
Lagrange equation. Let ¢ € C°(2,R%) and define the variation u, = II(u + t¢) of u, where
I1: N5 — N is the nearest point projection map with IT € C®({x : dist(z, N) < 6}, R?) (see [69],
chapter 2.12.3). Further let Pry,[] : R — Tty N be the orthogonal projection onto the tangent
space Tiy,) N defined by Pr(y)[v] := D,II(y), y € Ns. The first variation of E. is

4
dt

1

5 /Q (|D™u|?® + e[ D™y |?) da
t=0

_ / (D™, D™(P,[))) + (D™ ', D™ (P[g]))) do with o € C(Q,RY)
Q
and thus we have
Lemma 3.1.1. Lete > 0. A map u: Q — N is a critical point of E. if and only if
(A™y — eA™ M y) L T, N. (3.1.1)

Angelsberg and Pumberger derived the Euler-Lagrange equation for m-polyharmonic maps in
[5], Lemma 2.2. Their results yield the following
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Lemma 3.1.2. A map u is a critical point of E. if and only if

AMu—eA™ My =a+ Y diviAbytele+ Y divi-Aldy
4,120 J,1>0
1<2j+1<m 1<25+1<m+1

—: [+ eq, (3.1.2)

with

la| < C Z H | DFu| ™ with Zuw,# = 2m for every A € A,

AEA p=1 Iz
b < C Z H | DFu|™m with Z,ww\,“ =2m — (2§ + 1) for every A € Ay,
AEA; p=1 o
m+1
le] < C Z H | DFu|Yr . with Z:“'th =2(m+1) for every k € K,
KEK p=1 I
m—+1
|d < C Z H | DFu|Yon with Z:“'Vmu =2(m+1) — (2§ +1) for every k € Kj;.
KEK ;; p=1 ”w

A, Ay, K, Ky are sets of finitely many indices and v, > 0 for every A € A or Aj;, v, > 0 for
every kK € K or Kj; and 0 < pp < m.

We want to rewrite (3.1.2) in a form more suitable to our computations. To simplify the notation
let D¥1u x D*2u, ki, ko € N denote any bilinear combination of D*'u and D*2u. Then

|D¥1u s D*24| < ¢| D* u||D*2ul,
D(D* u x D¥2v) = DM1H1y « DF2yy  DF1oy « DRy,

Using the results of Angelsberg and Pumberger we simplify (3.1.2) to

AT — e A"y = Z (D*P,)[u] = (Du)k1 ¥ ..k (D2m71u)k2m—1

8,k1,-. s k2m—1€Ng
ki+2ko+...+(2m—1)kam_1=2m

+e Z (D*P)[u] % (Du)** % .. % (D™ Hy)kamst

8,k1,...,k2m+1€Ng
k1+2ko+...+(2m+1)kopmy1=2m~+2

(3.1.3)

3.2 Palais-Smale condition

In this section we show that F. satisfies the Palais-Smale condition for every € > 0. Let

Wm+1,2(u;fTN) = {w e W™2(Q,RY) | w(z) € Tu;)N}
and

dEE(uj)(w) = ‘/Q (<Dmuj7me> + E<Dm+1uj7Dm+1u;>)

for u; € Wmth2(Q, N) and w € W™+12(usTN). Then the following holds.
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Theorem 3.2.1. Lete >0, ¢ >0, m € N and let (u;)jen € WMmTH2(Q, N) be a sequence such that

E.(uj) <c and lim sup{dE. (u;)(w) | [[wl|lwm+r2s7Nn) < c} =0. (3.2.1)

Jj—o0
Then there exists u® € W™T12(Q, N) and a subsequence again called (u;)jen such that
u; — u’ strongly in W™HL2(Q,RY) as j — oo.

Proof. Let ¢ > 0 be fixed and let (uj);en be a sequence in W™12(Q, N) satisfying (3.2.1). In
the following we apply results that only hold up to subsequences. To simplify the notation we will
denote these subsequences again by (u;);en.

With Banach-Alaoglu’s theorem, Rellich’s theorem and the Sobolev embedding theorem we have
the following convergence

u; — u’ weakly in W™mH12(Q, RY)
) 2
uj — u’ strongly in W"Pi (Q,RY) V1 < p; < ,—ml, 1<i<m (3.2.2)
i—
uj — u’ strongly in C%*(Q,R%) V «a € (0, 1),

and further

2m <c for2<i<m+1,
L=t (3.2.3)
[[Dujl|e () < ¢ forall 1 <p; < oo.

[

The strong C%*-convergence in (3.2.2) implies that the limit u® maps into N. Let P[] be the
projection onto the tangent space Tij(,)/N as described in section 3.1. Because u; — u? weakly in
WmHL2(Q N) and (3.2.1) we have for j — oo

0 +— dE. (uy)(Py, [uy — u¥]) — . (u)(Pyou; — u])
- / (D™uj, D™ (P, [u; — u])) — / (D™, D™ (Pyofu; — )
Q Q

e [0y DB fuy =) ¢ [ (DD (Pualy — )

= [ D™ =) D (P fus — )+ [ (D™ s =), D P s = o))
Q Q

- / (D™, D™ (Pao — Py, )y — ) — g/ (D™, D™ (Poo — Py — uO))-
Q Q
(3.2.4)

Note that we can bound the derivatives of the projection Pry(,)[v] by the derivatives of v €
Wm+L2(Q R?) itself using Faa di Bruno’s formula

[ D™ (Priguw) [v])]

m! ki+...+km (1 i .
- 2. T P“<w))[”]H<¢!D “)

k;€Np, 1<i<m =1
k1+2ko+...+mkm=m

<c Z \(Dk1+“'+kaH(w))[v]| | Dul*r - | DMk (3.2.5)

ki;€Ng, 1<i<m
ki42ka+...4+mkp=m

and |[(DFF+km Py )[0]]| e < ¢ (see [69]). With this we show that each term in (3.2.4) converges
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to zero as j — oo. For the first term we use (3.2.5), Holder’s and Young’s inequality (p; = 7%, i =

Zki
1,...,m), (3.2.2) and (3.2.3) to estimate

S0 0, 0P s = )

< / <Dm(ua‘ —u?), > (DMt m Py Y [uy — )|
Q ki€No, 1<i<m
ki42ka+...4+mkp=m
DG = a0 D7y — ) ) \
< || D™ (uj — u®)|| 20 > [(DF - rm Py Y[ug — 6] oo o)

ki€Np, 1<i<m
k1+2ko+...4+mky,,=m

m

m
DD (wj = u)]
i=1

L7 (Q)

—0 as j — oo.

Analogously we estimate the third and fourth part in (3.2.4)
[0 D7 (R = Pl = D)
o .

muo ki+...+km 0 — ) U‘—UO .
/Q<D Y o (P — P,y — o]

ki€Np, 1<i<m
k1+2ks+...4+mkp,=m

Dy — a7y u°>|km>

<c

< ||| 2o > [(DFFEm (Pro — Py, )y — a1 (0

j
k;€Np, 1<i<m
k1+2ko+...+mky=m
m

> lIDi s - )

—0 as j — o0

m
i

L (@)

and
\ [ 0m 0 D (P = Py - u‘ﬂ»\

/Q <Dm+1u0, Z \(Dk1+“'+k"”+1(Puo _ Puj))[uj _ u0]|-

ki€Np, 1<i<m+1
k1+2ka+...
+(m~+1)kmy1=m+1

<c

Dy — ) - | D7 u°>|’“m+l>

< e[ D™ | L2 o [[D™ ! (uj — u®)|| L2 [[(DPyo — DPy,) [y — u°]|| o (o)

+el[ D" a0y Y (ll(Dli“*k’” (Puo = Pu,))uj = u]l| o2

ki €Ng, 1<i<m
k142ko+...
)

+mkpy,=m+1

AND(uj = u®)[* - D™ (g — u) [
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< ||D™ 0| 2o 1D (uj — uO) | 2o |u® — wjl| L (o)
1
ol / (D2 Prygu, s 4(u0 )t — ) - DII(ut; + £ — 1))dt]| o=

+ [ D™ 0| 2 > <|(Dk1+”'+km (Puo = Pu, )y — 6] oo (@)
ki€Np, 1<i<m
k1+2ko+...+mky,,=m—+1

(ZIDZ ST D - T )
@) LFIFI/20 T hm) T

—0 as j — oo,

where we used the fundamental theorem of calculus and Holder’'s and Young’s inequality (p; =
k1+1/2(k2T...+k =1 Pi = W7 i = 2,..,m) in the last estimate. Note that the last term

[|D(u; —u®)]| 2m arises only if k1 > 1 and is therefore well-defined. Thus we are
LFIFI/20R 4 Fhm) 1 (Q)
left with

/(Dmﬂ(uj - uO),DmH(PuJ [uj —u°])) = 0 as j — oo.
Q
Let (/'(-))¢=]" be an orthonormal frame on the normal bundle N N. Then
d—n
Py —u) = (u; —u®) = > v () (v (u)), w5 — uf)
=1

and for the first derivative

D(Puj [U‘j - UO])

d—n
= D(u; —u°) - Hug) (V! (ug), Dy —u®))
d—n - d—n
= > Dt (uy) Duy (v (ug), uy — u®) = > v (uy)(DV (u) Duy, uj — )
1=1 1=1
d—n
= D(uj —u’) = ) v'(uy) (V' (u;) — ' (u), Du®)
=1
d—n d—n
- ZDV (u;) D (v v ( uj), ujy —u’) — Vl(“j)<DVl(uj)Dujauj —u?),

=1 =1

where we used that (v!(u;), Du;) =0 and (V' (u®), Du®) =0Vl = 1,..,d — n. Using this we have

/Q <Dm+1(uj _ uO)7 Dm+1(Puj [Uj _ uO])>

d—n
= mA s — m l/lu (uj) —v 9, Du’
= [ (s ). 0" (Dt o) = 300 05) A, Dl
d—n d—n
=Y DV () Duy (v (), uy — u®) = >~ 0! (uy)(DV! () Duy, uy — u0>)>
=1 =1

=[O = ) D™ ;)
Q
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d—n

= [t =00 () ) = o), )
Q =1
d—n d—n
+ > Dvt(uy) Duy (v (uj), uy — u®) + > v (uy)(Dv! (ug) Dug, uj — u0>> > (3.2.6)
=1 =1

As in (3.2.5) we can bound the m" derivative of v!(u;) by derivatives of u;, j € No:

m k;
m m! 1 i g
D™ (v (uy)] = ‘ > kal+ ) T (i!D “j)

k;€Np, 1<i<m Teovme i=1
ki42ka+...4+mkp=m
<c > | DRty ()| - | Dug F - D™ P

ki€Np, 1<i<m
k1+2ko+...4+mkp,=m

with |[DF1 -k (4[| Lo () < . Using this we estimate the second term in (3.2.6) with Holder’s
and Young’s inequality, (3.2.2), (3.2.3) and the fundamental theorem of calculus

‘/ <Dm+1(u — ), pm (Z_: —Vl(uo),DuO>> >‘

DY /. (le“u-—uO)i-D’”(vl( 11D () = a0) |10

=1 r,s,teNg
r4+s+t=m

d—n
< CZ D™+ (uj — u®)|| 2@
=1

1 X ) e,

r,s,t>1
r4+s+t=m

D0 DT () = W) |2 g [1D7 (7! () ||

r,s>1, t=0
r4+s=m

+ Y D () = ()], 2
s,t>1, r=0
s+t=m

+ > W) = V(@)@ 1D (v v () ||z g 1Dl 2
rt>1, s=0
r+t=m

+ ) V() = PO e @)1V () s (o) 1D || 20

r=s=0

m l L/, 0 1 0
£ ID™ () = O, oy o [ )] 0D om0

r=t=0
s=m

+ Y IV (ug) = V()| o o 1 D™ (V! ()

s=t=0
s=m

d—n

< CZ D™+ (uj — u®)|| 2 (@)
=1

T t+1,,0
2?’(Q)HD( (J))H HD ||L*(Q)

17227 o 1P llzam @)

1! ()| s (e[| D) 2

e (?) L7 ()

(@)

o |Du|| Lam (0
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i t+1, 0

{ 3 (;HDi (u; — u°) 22?,(Q)> (;IID%

r,s,tEN
r+s+t=m
Z <: :||D’L (uJ - || 2m ) (Z ||DZU]|| i— 12/”2l > ||Du0||L4(Q)
r,s€N i=1 72 ()
r+s=m
Z Z 4 ; t+1, 0
s,teN <i—1 1" e = ) [V ()] oo () || DM HL¥(Q)
S(-llt:m n
1 d .
+ E (H/ %V (Uj - t(uj — UO))dt||L°°(Q)||Uj _ UOHLOC(Q)>
r,teN 0
r+t=m

T

(D g YD
=1
'd
+ H/ aul(uj — t(u; — u”))dt
0 L=(Q)
m m—1/2
+ D (u; —u%) || 712 ) v (u;
(@ (=) 2, k)
! d l 0 0
(|| [ g ot - nar| =l
0 L= (Q)

(wav v ) ||Du°||L4m<mﬂ

—0 as j — o0.

(2)

| oo () [| D[ Lam ()

We estimate the third and fourth term in (3.2.6) with the same technique

‘ /Q<Dm+1( 0 Dm((jX::DV () Dy (1 (uy), 1 — u) + ! (w;)(Dv! (u;) Dy,

<CZ Z /|Dm+1 _u)| ‘D?”Jrl( (uj))| |D (l(uj))|~\Dt(uj—u0)\

=1 r,s,teNg

r+s+t=m
Z(IID’"“ - )y
=
r+1 l . s ! .
| X 0 ) g g 107 G g 105 = O
r,s,tENg
s>1,t>1
T+s+t m
|ID" (v m D* (v (u; m = || oo
b3 D )t g ID° D 2 1 = =
7,8, 0
s>1, t=0
r4+s=m
r+1 . l . t . _.,0
D DI L=ias U | P P U [ T [
r,8,tENg
s=0, t>1
r+t=m

D™ (1 ) g 194 () ety — u0||Leo<mD

|uj — UO|\LOO(Q)||VJZ'(UJ‘)HL°°(Q)||Dm+1uo||L2(Q)

)
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d n
<e <|ID’”“ w; — )12
=1

r+1 ) r1/2 s—1/2 0
Z DZU i— 1/2 Z Dz i 1/2 Dt —u om
[ i:1|| ey 1P, D=l
r+s+t m
r+1 s—1/2

+ Y ZHD’%II‘ ”2 ZIIDl Jllfmz lluj = u®[ L)
r€Np,seN 1=1 ()
r+s=m
r+1 41/
Y It S )= s 1D = )]
rENp,teN i=1 72(Q)
r+t=m

2m
Ltfl/Z(Q)
m+1
S W)( ) ol —u°|Lx<Q>])
=1

—0 as j — o0

Thus we are left with

/(Dm+1(uj —u®), D" (u; —u®)) = 0 as j — oo.
o

3.3 Regularity

Theorem 3.3.1. Let e > 0 and let u € W™HL2(Q, N) be a critical point of E.. Then u is smooth.

Proof. Let ¢ > 0 fixed and let u € W™+12(Q, N) be a critical point of E. with ¢ > 0 such that
E.(u) < c. Then u € C%® for any 0 < o < 1 by the Sobolev embedding W™+12 — C%(Q, N)
and thus

lu(z) —u(y)| < Clz —y|v, Vz,y € Q and some C > 0.

‘We use the hole-filling technique to show higher regularity. Without loss of generality we can assume
Diu(0) =0, i =0,...,m — 1. Let 0 < R << 1 such that Bg(0) C Q and let n € C°(Q) with

0<n<l, n=1on Bz and n=0on Q\ Bg.

Further let Ar = Bg \ B% and define w = —fAR u to be the mean value over the annulus Agr. We
construct a polynomial U of degree at most m such that

Di(u—U) =0, for every i =0, ..., m.

U has the form
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with recursively defined constants bg

B
bs—o
bp=1, b =0,  and 25][ 2’dz B >2.

5]). Note that DU (x —fA D™u. Further bs ~ R? and for x € Bg with (3.2.3)

|U(z)| < ¢ Z R~/+ﬂ| D”*Bu\

(see also [1

0<y+B<m
wgﬁ*a
<c Z Ry+B-2m (/ |D7+Bu|~+2f;n—°> R*m==Fta < R,
0<v1B<m Br
Therefore
(3.3.1)

lull o (Br) + [|(u = U)lLoe () < cR™.
We multiply (3.1.3) with n?(™+1(y — U) and integrate over Q. Then
< e AMTL, 2(m+1)(u _ U)>

/ Dmu D™ 2(m+1)(u - U)> + E/ <Dm+1u,Dm+1 (nQ(mH)(u - U)>
Q

1 i , ,
/ ,'72(m+1) (‘Dmu|2 + E|Dm+1u|2) o Z / |Dm—zn|2|Dz(u _ U)|2
i=0 Q

> =
-2
—602/ |Dm+1 1’17| |Dz /Dm 1 DmU772(m+l)>
1 )
> 7/ n2(m+1 (‘Dmu|2 + E|Dm+1 — e Z R 2(m—1 / |D’(u _ U)‘Q
2 Ja AR
m . ) 2
- CEZR_Q(W'H_” / |D(u —U)|*> — cR™? | D™ y? — cR?™ ( Dmu>
i=0 AR AR AR
1
> 7/ D (|D™uf? 4 e| D™ uf?) 70(5+R2)/ | D™ )? —c/ |D™u)?
2 Q AR AR

m—1

—c (/ |Dm1u|n21’fl)
AR

1
> 7/ ,r]2(m+1) (‘Dmu|2 +€|Dm+1u|2) _ C/ (332)
Q AR

= (|Dm+1u|2 + |D™ul?) — cR**,
where we applied the Poincaré inequality for the annulus (Theorem A.10 in [74]) repeatedly as well

as the Gagliardo-Nirenberg inequality

m—1

m—1 7
( / |Dm1uwf’fl> < ( / |Dmu2>
AR AR

S/ |D™u|? 4 cR**.
AR

(3.3.3)

For the right-hand side of (3.1.3) we use integration by parts until the highest order terms are
pi=2 i =1,.,m; p = A0 =
7 i, PR b ’L i )

D™y and D™y respectively. With Young’s inequality (
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1,...,m + 1) and Holder’s inequality (p; =

m . — m —_—m. 5 _— M ; —
ik’ t=1..m-1, p = T Ps = 553 Pi = 5 V=
L,....m, pr = ;7, Ps = ) we estimate

i

(—1)’"/ < E (D P,)[u] % (Du)* ... x (D Ly)kem—1
2 b,k; ENg
k1+2ka+...
+(2m71)k2m,1:2m

+ € Z (D Py)[u] % (Du)* ... % (DM 1y)kemtr nQ(mH)(u — U)>
b,k; €Ng
k1+2ka+...
+(2m~+1)ka2m41=2(m+1)

< c/ Z |DulFt - ... - | D™u|Frp?2 D (4 — U))|
Q

ki€Ng
k1+2ko+.. +mkm_2m

vee | 3 D « . | D2 D)y 1)
Q

k; €Np
k1 +2ko—+...
+(m+1)kmi1=2(m+1)

+c/ > |Du|** - ... | D™u|Fm | DT (D) || D (u — U)|
Q reN, s,ki€No
1<s+r<m-—1
k1+4+2ko+...4+mky, +r+s=2m

+ ce/ > |Dul* - ... | D™y Fmer | DT (2D | D3 (u — U))
Q €N, s,k;€Ng
1<s+r<m
k1+2ko+..+(m+1)kmi1+
+r+s=2(m+1)

< (CRO( +5)/ 2(m+1) (|Dmu‘2 +€|Dm+1 | + ¢R% Z |Dzu‘ +cRa / Z |D1u|2(m+1)
Q2 Br =1 Br =1

m—1

iy - .

. om m . 2m m s 2m m

() () (] o)
reN, s,k; €Ng i=1 AR Ar Ar

%
1<s+r<m-—1
k1+2ke+...4+(m—1)km—1
+r+s=m

ik; r—1

+ cs¢ > ﬁ(/AR|Diu|2:">’"’l</ARDr

r>2, s,k;€Ng i=1
1<s+r<m
k142ko+...4(m)km+
+r4+s=m+1

iky

m

vas Y RP] (/AR |Diu|22") " (/AR |D3(u—U)22");". (3.3.4)

r=1, s,k;ENg 1=1
1<s+1<m
k14+2ko+...+mkpy+
+r+s=m+1

To estimate the last three terms we apply the Poincaré-Sobolev inequality (m — s)-times to the
D*(u — U) term and in the last step we use the Poincaré inequality

s+1

(/ DS(u—U)|2;”>"” <C</ D (1) 31’3)
Ar .

< c/ D™ (0 — U) 2
AR

IN
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gcRQ/ DMy 2. (3.3.5)
AR

The Gagliardo-Nirenberg inequality and (3.3.1) yield

[opta e ([ 1m0l
Br Br

< eR*F (/ |Dmu|2) teR*™ Vi=1,..,m—1, (3.3.6)
Br
2(77L+1) m 2(m+1—1) 2(m+1)
5/ |Diul <ece (/ |D L+1u|2) ull oo (B + cellull i ay)
Br Br
< ceR* ( / |Dm+1u|2> S e Vi=1,..,m.  (3.3.7)
Br

With (3.3.1), (3.3.5), (3.3.6), (3.3.7) and the bound E.(u) < ¢ we have for (3.3.4)

(_1)m/ <Amu _ 5Am+1u,n2(m+1)(u _ U)> < (CR(X +6)/ ,’72(m+1) (|Dmu\2 +E|Dm+1u|2)
Q Q
a(m+2)

R / (ID™uf* + D™ uf?)
Br
+ cR* + c/ | D™y,
AR
Together with (3.3.2) and R,d > 0 small enough we arrive at

a(m+2)

/ D™l + | D < R / (D™ uf? + (D™ uf?)
BR BR

2

+ cR?*® + ¢4 / (|Dm+1u|2 + |Dmu|2) ,
AR

where ¢ does not contain any factor R~¢,
Adding c¢; fBR/z |D™ w2 + [ D™ uf? on both sides

<5<<1

(Cl + 1) / |Dmu|2 + |Dm+1u|2 < (Cl +5) (/ |Dmu|2 + |Dm+1u2) +CR2Q
BE BR

and rearranging we get

6
/ |Dmu‘2 4 |Dm+1u|2 § ¢+ </ |Dmu|2 4 |Dm+1u|2> + CR20¢’
Br c1+1 Br

where iiﬁ < 1. With Lemma 2.1 in [23] (see p. 86) we have

R
/ (|D™u|* + | D™ ul?) < cp®® VO<p< 3 (3.3.8)

B,

and with Morrey’s Theorem 5.5 in [24] Du € C%*(B,).
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To show that u € C?® we use difference quotients and repeat this procedure. Let R < p,
h < p— R and

up(z) = %(u(m—i—hel,)—u(x)), ved{l,..2m}.

As before there exists a polynomial Uy of degree m such that

Di(up, —Uy)=0  Vi=0,..,m.
AR

Since u € CH* N W™ 2(B,) we have |[Dul| = (p,) < ¢cR* and, if D! € LP(Bg), then
1D un|lr () < D ulliopry,  i=1,..,m (3.3.9)
(see [25] Lemma 7.23). For € Br(0) we have with (3.2.3)
CTETD DI S
Ar

0<y+B<m
y+8

<c Z RYtB—2m (/ D’Y+B+1um> o R2m—7—8 <c
0<y+B<m Br

and [|(un — Un)l|p=(By) < ¢, with ¢ > 0 independent of R. Applying the difference quotient to
(3.1.3) yields

A"y — eA™ Ty, = Z ((DbPu)[u] * (Du)* ... x (DQm_lu)k?m*)h
bkt kam—1€Ng
k142ka+...
...+(2m71)k:2,,n,1:2m
+e Z ((DbPu)[u] s« (Du)* ... x (D2m+1u)k2m“)h
b,k1,...,k2m+1€No
ki42ko+...
+(2m+1)k2m+1:2m+2
(3.3.10)
With the same calculation as before we have
(—1)m/ <Amuh — e Ay, 2D (yy, — Uh)>
Q
1 — m m
> 5 [ (Dma 4 D™ ) — [ DD (Dm0,
Q Q
m—1 , ) m . )
e Y R [ Di U e 30 R [ i - 0
i=2 AR =2 AR
1
> 5/ 2D (|D™uy * + e| D™y ?) — c/ | D™y, |2 — cR?*, (3.3.11)
Q AR

where we used (3.3.3), (3.3.5), (3.3.8), (3.3.9) and

2
/ DmfluhD <n2(m+1)DmUh) < CR*Z/ |Dm71uh‘2 + cR2™ < Dmuh>
Q AR

m—1 2m_ " m 2
§c</ |D up|™ 1) +C/ | D™ up, |
AR AR

< c¢R?,

AR
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We have to be a bit more careful with the right-hand side of (3.3.10). Note that

1

(D'u(z) DIu(x)) .

[Diu(x + he,)DIu(z + he,) — D'u(z)Diu(z)

1 4 , . 4 , ,
=5 { (D'u(z + he,) — D*(2)) D u(z + he,) + D'u(z) (D?u(z + he,) — D u(x))
= D'up(z)Diu(x + he,) + D'u(z) DIuy ().
Iteratively the same follows for a product of arbitrarily many factors

((Du)’Cl * Lk (D2m+1u)k2’”+1)h = Duy, * (Du) =1 s .« (D?mHLy)k2m+
+ (Du)k1 x D?up, % (DQu)k?_1 % ...k (DQm"'lu)ka+1
+ ...
+ (Du)kr % .. % D>y, 5 (D2 Ly)kemer =1

As before we integrate by parts until the highest order terms are D™y and D™ty respectively and
estimate

(_1)7”/9 < Z ((DbPu)[u] * (Du)lﬁ % . % (D2m—1u)k2m71)h

bk1,....k2m—1€Ng
k14+2ko+...
...+(2m71)k2m,1:2m

+e > ((D°Py)[u] * (Du)™ 5 ..x (DM hy)Femer) - p2lm ) (g, — Uh)>

b,k1,...;kam+1€Ng
k1+4+2ko+...
A (CmA1) ko p1=2m+2

< c/ Z |DulFt - ... |Dtuy,||DtulFt - L D™ 2D (wy, — U
Q

k;€Ng, 1<t<m
k1+2ko+...4+mk,=2m

- / > [DulFt - | Dhup|| Dbl D Ee 2D (1)
Q

k;€Np, 1<t<m+1
ki42ka+...
+(m+1)kp41=2(m+1)

v [ Dl D D (D D7 RO D i, — Un)
Q reN, s,k;ENg

1§r+”;gm71
1<t<m
k14+2ko+...
+mky, +r+s=2m

+ 06/ Z |Du|k1 R |Dtuh||Dtu‘kt_l .. IDm+1u|km+1|Dr(772(m+1))||Ds(uh _ Uh)|
Q

reN, s,k; €Ny
km+1:1
1<r+s<m
1<t<m-+1
k142ko+...
+(m+1)km41
+r+s=2(m+1)

=I+1I+1IT+1V.

2m

We estimate each term separately. With Young’s inequality (p; = 5, i = 1,...,m), (3.3.6), (3.3.8)
and (3.3.9) we have

- > (DUl - (Db Do - (D™, — U
Q

ki€Np, 1<t<m
k1 +2ko+...4+mk,,=2m
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m . om m - fﬂ
SCHU’h_UhHLOC(BR)Z/ |DU, i +C‘|uh_Uh||L°°(BR)Z/ (‘DtuhHDtu‘ki 1) tht
i=17Br =1 Y Br

m m
scz/ |Diu|27m+cZ/ | Dty | %
i=1 7 Br t=1+“Br

< cR?*®.
The second term follows analogously with Young’s inequality (p; = 2(73:1)7 i=1,...,m+1), (3.3.7),
(3.3.8) and (3.3.9).
IT = 5/ > |Dul** - ... |Dtuy, || DtulFet - | D™y Fmr g 2mED) (4, — 1)
Q kieNo, 1<t<m-+1
k1+2ko+...
+(m+1)km+1=2(m+1)
A . 2(m+1) m 2(m+1)
< 5/ pm D) DLy 12 o Z / | Dy 25 +CZ/ (|D || Drufee 1) e
Q i=1 7/ Br t=1"/Br

m—+1

m
< 5/ 772(m+1)|Dm+1uh|2 + ¢s Z / |Diu|2(mi+1) +CZ/ ‘Dt'LLh‘%m’:rl)
Q i=1 7/ Br t=1"7Br

<$§ (/ 772(m-|-1)|‘Dm-i-1uh|2) -‘rCR% (/ |Dm+1uh2> +C§R2a.
Q Br

For the third term we use (3.3.5), (3.3.6), (3.3.8) and (3.3.9). With Holder’s inequality (p; = 22, i =

ik;?

17 sy My Pr = 2Tr-n7 Pbs = QTm) we get

111 = / > |Dul*t - ... |Dtuy, || DtulFe=t - | D™u|F | DT (MDY | D (uy — Uy
Q reN, s,k;ENg

1§r+”§gmfl
1<t<m
k1+2ko+...
+mkpy,+r+s=2m

<c Z {ﬁ(/A | D

reN, s,k; ENp i:l R
1<r+s<m-—1 1#t
1<t<m
k1+2ko+...
+mkmy+r+s=m

ik; tky

om \ 2™ ¢ 2m " 2m(ky—1) \ 2m
i |D up|#*¢ | D u‘ thye
AR

T s

Il

i _t
i 2m 2m ¢ 2m 2m
<cR E | D] | D up |t
reN, ski€Ng izl AR AR

1<r4+s<m-—1 i#
1<t<m

k1+2ko—+...
+mkpy+r+s=m

<c (/ Dm+1uh|2) +CR2a.
Ar

To estimate IV we use Cauchy-Schwarz and Holder’s inequality (if r > 2: p; = 7+, i =1,...,m, p, =
S, ps =y ifr =10 p = %, i=1,..,m, ps = ) as well as the Poincaré-Sobolev inequality in



3.3. Regularity 43

(3.3.5), (3.3.6), (3.3.8) and (3.3.9).

ot | D7 (20 || D g, — U

IV:5/ > |Du|* - ...« |Dtuy||DtulF=t - [ D™y
Q

reN, s,k;i €Ny
k)m+1:1
1<r+s<m
1<t<m+1
k14+2ks...
+(m4+1)kmy1+
+r+s=2(m+1)

< c/ (|Dm+1u|2 + |Dm+1uh|2)
AR

+ ce > [ﬁ(AR|Diu

ik t pad Ami 28
) ([ ) (], )
Ar Ar

reN, s,k;€Ng i_=1
1<r+s<m i#t
1<t<m
k1+2ko+...+mkp,+
+r+s=m+1
r—1 s
r 2(m+1)y| 22 " s 2m \ ™
: [D"(n )T |D*(up, — Up)| ™
AR Ar

+ ce > [ﬁ(AR|Diu

ik r—1
reN, s,k;€Np
1<r+4s<m
k14+2ko+...+mkpy+

2:n> m (/A |Dr(n2(m+1))‘ S
R
+r+s=m+1

(/A |D*(up, — Un) 23) }
’ m L 1+ ke —1)
9 i 2m m + 2m m + 2m m
+ceR Z | D | | D up| | D)™
. AR AR AR

r=1, s,k;ENg i=1
1<1+s<m it
1<t<m
k1+2ko+...+mkpy,+
+r+s=m-+1

. </AR | D% (up, — Up,) 2?‘)’?‘}

m

iky =
+ceR7 > 11 (/ |Diu"‘1"'> </ | D* (up, — Up) )
AR AR

r=1, s,k;ENp i=1
1<14s<m
ki1+2k2+...+mky+
+r+s=m-+1

§ c </ |Dm+1uh|2> +CR2a
AR
tkg—1)

ik t
+ce / |Diu ) </ |Dtuh|21“) </ |Dtu|2i”>
Z |: 1( AR AR AR

reN, s,k; €Ny i=
1<r+s<m i7#t
1<t<m
k142k2...4+mky, +
+r4+s=m-+1

(o)
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2?) m (/ |Dm+1uh|2>
AR

+ ce Z ﬁ(/AR|D%

reN, s,k;ENg i=1
1<r+s<m
1<i<m
k142ko+...4+mkp, +
+r+s=m+1

< C</ Dm+1uh2) +CR20¢
AR

I — 1V together yields
(_1)m/ <Amuh _ EAm+1Uh77]2(m+1)(uh _ Uh)>
Q
< 1) </ 772(m+1)|Dm+1uh|2> +c (/ |Dm+1uh|2) + C5R2a + CR% |Dm+1uh 2
Q AR Br
and with (3.3.11) and ¢ > 0 small enough

[ 0m a2 e [ Dt er® [ Dt g cre,
B

R Ar Br

2

Applying Lemma 2.1 in [23] as before yields

R
/ |D™up|? + | D™y 2 < ep?™® YO0<p< 3
B

P

Letting h — 0

R
/ | D™ hu)? 4+ [ D™y < cp** VO0<p< 3

P

and thus D?u € C%*(B,).
We iterate further. Let R < p and assume that for some 2 <i <m
/ |Dm+iu|2 S CR2a.
Br
Then

Diu € C*(Bg) for j=0,..,i and DjuEL%(BR) for j=i+1,...m+1.

Further we have by the Gagliardo-Nirenberg inequality

ji—i
(/ |Dju|ff1> <c (/ |Dm+iu|2) + [l oo 4y < cR*® (3.3.12)
AR AR

for j=i+1,....,m+i—1. Let U, be a polynomial of degree at most m + ¢ — 1 so that

DV (u, —Up) =0 Vji=1,..m+i—1,
Ar
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where Uy, is defined as earlier and || D"~ (up, — Up)||p(B,) < ¢, since

|Di—1Uh(x)| <ec Z R’y+ﬁ—i+1|][ D’y—‘rﬁuhl
i—1<y+B<m AR

y+B41—i
2m

<c Z R’Y+5—i+1—2m (/ |D7+6+1u|w+grli> RQm—’Y—B—1+i <e
i—1<y+B<m Br

for x € Bg. Then
(71)’”/Q (A" DNy, = e A Dy 32D DI (wy - U))
_ /Q <Dm+i71uh’Dm (n2(m+1)Di71(uh B Uh)>>
+ E/Q <Dm+iuh7 pmtl (nz(mH)Diq(uh . Uh)>>

1 i — m+i m4i— m m4i—
25/772(7714—1) (|Dm+z 1uh\2+E|D +uh|2)—/D + 2uhD (772( +1) pm+ th)
Q Q
m—1 m
e X [P IED T~ U~ Y [ DD D)
Jj=0 =0

> /9772(m+1) (|Dm+i71uh‘2+€|Dm+iuh|2) _C/ |Dm+i71uh|2

AR

m=1 m—1
—c </ |Dm+i2uh|"%ml) —c Z R72(mfj)/ |Di71+j(uh _ Uh)|2
AR =0 AR

—cy R / D" (up, — U2
i=0 An

N =

With the Poincaré inequality we get for the last two terms

J e O g B L ) L
Agr AR Ar

and with the Gagliardo-Nirenberg inequality

m—1

([ prezai®=) T < [ e, < oR
AR AR

Thus
/ ,,72(m+1) (|Dm+i71uh|2 + €|Dm+iuh|2)
Q
< (71)m/ 77Q(erl) <AmDi71uh - {_:AerlDifluh’ pi-1 (Uh . Uh)>
Q
+ c/ | D™ oy | + cR?.
AR
On the other hand we have (see Lemma 3.4.1)

(_1)m/ ,'72(m+1) <AmDi71uh _ 6Am+1Di71uh,Di71 (uh _ Uh)>
Q
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<e 3 / 2D Dyl

1<t<m+i
k;€Ng
k1+-~»+(m+i)km+i
=2m-+i—1

S [

1<t<m+1
k €Np
=2(m+1)+i—1

te > /|Du|k1~...-|Dt

1<t<m+1
kj,s€Ng, reN
km+ti=1
1<r+4+s<m-—1
ki+..
+(m+1)krn+7

|Dulfr - ... |D?
s

1<t<m+1
k;,s€Ng, reN
kmii=1
1<r+s<m
ki+...
+(m+i)km4q
+r+s
=2(m+1)+i—1

= I+IT+IIT+1V.

+ ce

+ ce

Ifkj =0V) =i,..,

terms by their L®-norm.' If k; # 0 for some j = i, ...,
m + i. Note that

—i+1,...,

pl:%’qnapj:%a]

- [ D up || Dl

. |Dtuh\|Dtu\k”1 .

up||DiulFt L

uh||Dtu|kt71

2m 4 14— 3 gk —

. ‘Deriu

| D™l P DT (g, — Uy

km+i

D' Muy, — Uy)|

(Dl D (D) | D (g, — U

. |Dm+lu|]€m+l

(i — Dk *sz—til

Dr(n2(m+1))”Ds+i71(uh _ Uh)|

m + i — 1, then II consists only of terms Diu € C1® and we estimate these
m + i, we use Holder’s inequality with

<1

since Zmﬂ k;j > 2 and Zmﬂ

II=¢

k;€Ng
1<t<m+z
ki4...+(m+i)kmiq
=2(m—+1)+i—1

> HR“’“

k; ENg
1<t<171
ki+...4+(G—1)ki—1
=2(m+1)+i—1

> HR“’“

k;E€Ng
1<t<7,71
kit (ma4i) ki
=2(m+1)+i+1

S CRQ’I’TL

+c

1 Note that we can estimate the L>®-norm of Diu, j = 1,...,

Diu(0) =0, j = 1,..,m — 1.

> / 2mAD) | Dykr .

()

|D*

2m

uh||Dtu\kf71

. |Dm+iu|km+i

)

= 2m + i + 1. Together with (3.3.12) we have

D" (up — Uy)|

. kj(i—14)
m+i . om J27n
I (f 1w

j=i+1 \W Br

i on Br by cR%, since we can assume wlog that
This holds until the last induction step, where i = m. Here D™u € C%% but

D™u(0) # 0 and ||[D™ul|poo(py) < c for some constant c. However our estimates still hold in this case because all
remaining factors can be estimated by at least R2%. For the sake of legibility we omit the case i = m and only write

the case i < m.
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; kj(i—i) .
, m+i C om 2m ) o .2m g
DY HR@ I1 (/[ 1) ™ ([ (owgpraph
keNo j=i+1 \/Br Br
ki+.. +(m+z) b
=2(m+1)+i+1
. : m
I DD | E | Sy
k; ENo j=1 j=i+1 \/Br
i+1<t<m+i j#t
k14 (m+i)km 4
=2(m+1)+i+1
=) K,

_2m 2m . Sm
. (/ (|Dtuh‘|Dtu‘kf*1) kt(ti)) </ |Dzu|2m> ]
Br Ba

i—1 mti ] k(=)
<cR* +c Z [H RoFi H (/ | D75
j=1 Br
ki+.. +(m+z) i

) 2m
k ENO j=i+1
=2(m+1)+i+1

1 kij—1
. 2m . 2m
. (/ |Dzuh|2m) (/ Dzu|2m> ]
Bgr Ar

i—1 m-+i kjG—9) —
+c Z |:Zl_[Ro¢kj ll_[ </BR D]u|fml)

%
([ )
Br

(hy=1)(t=i) g

()™ (o))

< CRD‘/ | D™ )% + cR*.
Br

k; ENo, j=1 j=it+1
i+1<t<m+i j#t
kid...+(m+i)kmiq
=2(m+1)+i+1

I can be estimated in the same way with Holder’s inequality (p; = %,
J

m+i1 2m+i7172] 1]k +(177’)Zm+lkj

0<> —= J <1.
=i pj 2m
if kj # 0 for some j =i,...,m +i. With (3.3.12)
I = Z / 2(m+1) \Du|k1 C |Dtuh||Dtu|kt71 o |Dm+iu Emti Difl(uh A
k;€No,
1<t<m+z
ki4...+(m+i)km4i
=2m-+i—1
< CRQm Z H Rozk
1<t<i—1,
k_ €Np,
Erto.+(i—1)ki 1
=2m+i—1
+c Z HRakj H (/ |D]u|1+11)
kj€No, j=1 j=i Br
1<t<7,—1

+
+(m+i)km:2m+i—1

Jj=1,....,m+1), since
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) ) kj(G+1—14) _
o k s : 2m ’ 2m 2m té}n :
+c E H R% H / | DI y| 71— / | Dty | 1=7
k;€No, j=1 j=i Br Br
i<t<m-+i Gt
ki+

T (mAti) ke =2mi—1

(ke —1) (t+1—1)
2m
: om
(/ |Du|t+1—z> :l
Br

SCRQ/ ‘Dm—HUh‘Q-‘rCRQa.
Br

To estimate IV we assume first that the difference quotient falls onto D™ *iu. As before we apply
Cauchy-Schwarz and Hélder’s inequality with p;

Note that

= %, j=i+1l,..m+i—1, p,

_m _m
_Taps_ P

- . i1
O<mi i+i+i_m+1—2§:13kj—12?:i11 kj<1
B j=it1 pj  DPr  Ds m

With (3.3.12) we have

1V, =

k}j,SENo, reN
kmii=1
1<r+s<m
ki+...
+(m+i) ki +r+s
=2(m+1)+i—1

S / ‘DeriUh |2
Ar

te > [ 1D D D D - U
k;,s€No, reEN AR
1<r+s<m
kit..+(m+i—1)kmyi1
+r+s=m+41

S / ‘Dm+iuh|2
AR
kj(i—1)

i m—+i—1 L =
+e > {Hmk-f 11 (/ Dju|f”%) (/ Drnﬂ")
kj,s€Ng, reN j= AR AR

j=1 j=i+1
1<r+s<m

ki+...+(m+i—1)kmii—1
+r+s=m+1

. (/ |Ds+i—1(uh _ Uh)z’;") :|
AR

< C/ ‘Deriuh‘Q
Ar
k(G —i)

[ m+i—1 1 -
v Y T T ([ "
A A
kj,s€Ng, reN R R

ST Ipu e D e DR [ DH )

j=1 j=i+1
1<r+s<m
kid...4+(m+i—1)kpmii1
+r4+s=m+1

< c/ \Deriu;L\z,
Ar
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where we used the Poincaré-Sobolev inequality in the second to last step (see (3.3.5))

(/AR D1 (g, — U)

If the difference quotient falls onto a term DJu with 1 < j < m + ¢, we apply Cauchy-Schwarz and
Holder’s inequality with p; = ﬁ, j=i,..,m+i—1 p. =" p, =" Note that

"‘) < c/ D™ (g, — U2 < cR2/ D™ 2.
AR AR

mA4i—1 i—1 . mi—1,.
1 1 1 m+1=> " gk —> ", i—1k.
OS g —t — 4+ — = ijlj] Z]* ( )]Sl
=i p;j  DPr Ds m

Then

Wy= Y /|Du\k1~...~\DtuhHDtu\k“I~...~\Dm+iu|km“
kj,s€Ng, reN Y
k'm+'i:1
1<r+s<m+1
1<t<m+i—1

D" (> D) |[DSH up, — Uy)|

=2(m+1)+i—1

§ C/ |Dm+iu‘2
AR

T o2k, 1T e \HOD o\
coy [T TT ([ )T (o)
j:1 AR AR

kj,SENo,T'EN Jj=i
1<r+s<m+1
1<t<i—1
kit (mti—Dkmyio1
+r+s=m-+1
s

. (/AR |D*H= 1 (), — Uy) m> m]

il 20k ; mtid . 2m kj(j:flii) . 2m #
ve Y I TT ([ ) (] o)
R R

kj,s€Ng,reEN j=1 j=i
1<r+s<m+1 VE
i<t<mti—1
ki+...
+(m+i—1)kmii-1
+r+s=m+1
ky(t+1—4) s
_ —2m - m . 2m m
. </ (|Dtuh||Dtu|kt 1)kt(t+1—1)) (/ |Ds+z l(uh *Uh) z > :|
AR AR
< CRQQ
i—1 i—1 m
9 ! Sk mit . 2m ki G+1=1) i 9
+cR > 1% ] | DIu| 755 | D™ iy
k;,s€ENg,reN j=1 =i AR AR
1<r4+s<m+1
1<t<i—1

ki+...+(m+i—1)kmyi—1
+r+s=m+1
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t+1—1

+ cR? Z [HRQ(’% H (/ |D3uj+1i) (/ |DtUh|t+1i)
AR AR

kj,s€Ng, reN j=1 Jj=t
1<r+s<m J#t
i<t<mi—1
Ei+...4+(m+i—1)kmyi—1
+r4+s=m-+1

(kg =1)(t+1—4)

: (/ Dtu|tfi”i)
AR

SC/ |Dm+iuh|2+cR2a
Ar

()

Analogously we estimate [11.

D" (P )| D+, — Up)|

nmr= > /|Du\k1-...-\Dtuh||Dtu|k"_1-...-|Dm+iu|k’"+’7
Q

reN, s,k;jeNg
1<r+s<m
1<t<m+1i

< c/ | D™ iy, |2 + cR*.
Ar

All in all we arrive at

/ | D™y |? < c/ | D™ | % 4 cRa/ | D™ % + cR*
BQ AR BR
2

With the same argument as before we get

; R
/ | D™y |2 < ep®® VO<p< 7
B

P

Letting h — 0 we have

/ | DMLY 2 < ep? and Dy e C%(B,).
B

P

We iterate until D™y € C’loo’g, then classical Schauder estimates show that u is smooth.

3.4 Small energy regularity

In this section we want to bound higher derivatives of u on a small ball Bg in terms of the radius
R. These estimates will be useful for the analysis of the neck region in section 3.6 and 3.7.

In the following we let ¢ > 0 be fixed and consider critical points u. of E. with uniformly
bounded energy

E (u:) <c. (34.1)
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We define a smooth cut-off function n € C2°(Q) satisfying
0<n<1, np=1on Bg(xzg), n=0o0nN\ Bar(xo),

c (3.4.2)
[ DFn| poe o) < Tk keN,

where 2o € Q and 0 < R < 1inj,(z¢). Further we define the local energy

m—1
(|D™ul? + | D™ ul?) +/ > D' (3.4.3)
Br(zo) ;=1

B.(u Bateo)) = [

Br(zo)
Globally we have

E.(u,Q) < E(u, Q) < cEe(u,Q) (3.4.4)

due to Sobolev embeddings. In a first step we want to calculate (A™ — e A™+1)Dky,_ for k € N. We
denote by G%(Du) all terms of the form

G;(Du) = Z (D*P,)[u] * D¥*(Du) * ... x D* (Du).
S,k‘l.,.ijNo
kit k=i, s<i
Differentiating gives

D(G5(Du)) = G5 (Du) + G5y, (Du).

Further let

P
ﬁp(u,A)zz/ DRl %
k=174

By induction we get

Lemma 3.4.1. Let u. € C*(2, N) be a solution of (3.1.3). Then

(A™ —eA™ ) DFy. = Y Gi(Du) + ¢ > Gi(Du) (3.4.5)
i+j=k+2m i+j=k+2(m+1)
j=2 j>2

for every k € Ny.
The following Lemma is a 2m-dimensional version of Struwe ([74], Lemma 6.7).

Lemma 3.4.2. Let xg € Q and R > 0 such that Bag(zo) C Q. Further let n € C(2) as above
and let f € C*°(Bagr(zg),N). Then
([ aosee g [ 1)
Bar(zo) R sptn

2(m41)
[ i)
Bar(zo) sptn
Proof. For Q C R?™ the Sobolev embedding yields Wi () — L?(Q). With g = nf% we have

3=

for some ¢ > 0 independent of R.

m+1

2(m+1) 2m m
[ = | g|2Sc(/ |Dg|m+1)
Q Q Q

m41 mt1

sC(/nﬁwai’h f|wil) +(/ | Dy f|2)
Q sptn
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1 m+41
<o [armse) ([ we) g ([ ) T
Q sptn sptn
where we used Holder’s inequality with p; = mT'H and po =m + 1.

Note that in the following we always assume ¢ < R2.

Corollary 3.4.3. Let u € CZ(Q,N). For all R > 0 and zo € Q such that Bap(xo) C
Q, E(u, Bap(z0)) <1 and ¢ < R? we have

m+1

. 2(m41) -
6/ Z |D*u|™ 7 < cE:(u, Bar(zo))- (3.4.6)
BR o

) =1

Proof. Without loss of generality we set zo = 0. The case i = m + 1 follows from (3.4.3). For i =m
we use Lemma 3.4.2 and (3.4.3) to estimate

< o) (e i o)
sptn Q R sptn

C ~
< gEa(U7B2R)-
For all other cases we use an induction argument. Assume (3.4.6) holds for i +1, 1 < i < m. Then

Lemma 3.4.2 and Young’s inequality (p; = Tj‘ll, p2 = 241 yield

i i ozm\ ™ s i, 2m=i) c ;2
/17|D (/ |Du|1> (/n|D+1u||D ul +ﬁ/ |D*u
sptn sptn
~ % Z+1 m+l) C ~
<o (BetwBon) " ([ 1D E 1 LB Ban)
i 2(m+1)
+3 [ 1D

C

< SB(uBan) 6 [ 77D

(m+1)

Choosing § > 0 small enough and absorbing this term to the left hand side finishes the proof.
O

Proposition 3.4.4. For all e, R > 0 such that e < R? there exists 0 < §g < 1 and ¢ > 0 such that
if uc(Q, N) is a solution of (3.1.3) and E(ue, Bar(xo)) < do, then

1

m

it (ttz, Br(0)) + 1 (e Br(2)) < 75 (Ex(uc, Bun(xo)))

Proof. Wlog xo = 0. Note that K11 (ue) < ﬁE} (te, Bygr) does not follow directly from Corollary
3.4.3, since € < R?. Let u. be a solution of (3.1.3). By Lemma 3.4.1 we have

/ 772m+2<(Am — EAm+1)DusaDus> = / 772m+2 < Z G;'(DUE)’DUE>
Q Q

i+j=1+2m
j=2

+5/Qn2m+2< > G§(Du6),Du€>. (3.4.7)

i+i=1+2(m+1)
j=2
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First we estimate the left-hand side from below using integration by parts at most (m + 1)-times,

the Leibniz rule as well as Young’s and Holder’s inequality (pi = 7%, ¢ = 70—, i =1,...,m —1)

(—1ym / P22 (A™ — A" Dug, Du.)
Q

Z/772m+2(‘Dm+1U5|2+5|Dm+2us|2)

m—1

-2 ( ) (D" D[P ()|

=0

EZ (m + 1> / | D24, | - | D Ly | - [ DL (22|

1=
it+1

772m+2 D™l 2 4 g| D2y |2) _ c (/ DLy, fl'i)
: sptn
m—1

itl
ce . 2m m ce
+1 s m-+1 2
E i (/ | D" u, +1> — ﬁ/ D™ g
i=0 sptn sptn

c -
/ n2m+2(|Dm+1uE|2 +€‘Dm+2u€|2) _ ﬁ (Es(us,B2R))
Q

»Jk\CO
:o\
1
o

oy

[V}

1

m

>

e~ w

We used E.(ue, Byr(xo)) < 6 and € < R? in the last line. Together with (3.4.7) this yields

/7]2m+2(‘Dm+1Ue|2 +€|Dm+2u6|2)
Q

< (_1)m /Q ,’72m+2 < Z G;(Due),Dug>

i+j=1+2m
j>2

+(1)m€/ﬂ772m+2< 3 G;(Dug),DuE> = (E (us,BQR)) . (3.4.8)

i+j=142(m+1)
j=>2

3|

Next we show

1

Z/ 2m+2|Dku |2(m+1) i (’U,E, BQR) T (EE(UE, BQR)) m / ’172m+2|Dm+1U5‘2~ (349)
Q

We start with the case k = m. Lemma 3.4.2 yields

1

[eipra S</ ) ([t s g [0
Q sptn Q sptn

1
S R2 (UE, B2R) Te (EE(UE, BQR)) m / n2m+2|Dm+1u8|2.
Q
Analogously we get with Lemma 3.4.2 and Young’s inequality (px = Wﬂl, qx = Z—f}c, k=1,...,m—

1)

! 2(m+1)
§ : / 7727;1-‘-2“Dku5‘T
k=179
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m—1 L
m m—RK m
<c (/ |Dku5|2’€> (/ 7]2m+2|Dk+1U5|2|Dk’u,6|2( : k) n % ‘Dkue‘zk )
ke sptn Q R sptn

1

m—1 n o .
<c 5(usz2R)> m </ U2m+2‘Dk+1ue‘ ey +/ ﬁ2m+2|Dku5|T

k=1 Q Q

c ~

+ @Ee(usa Bor)

 (F " 2(m+1) ¢ ~
= CZ (EE(UE’BQR)) / P Dru | TE T —3 Pe(ue, Bar).

k=1 Q R

Putting both inequalities together and choosing dg > 0 small enough so that we can absorb the
D*uy -terms to the left-hand side yields (3.4.9).

We use this to estimate the first term of the right-hand side of (3.4.8) further. Note that
it J=2m1, 32 G; (Dug) contains combinations where the degree of every derivative is less than

or equal to m 4+ 1. We will estimate these terms with Young’s inequality (p; = w i =
1,c.om 4+ 1, Pt = 2(m + 1)) and (3.4.9). The remaining combinations contain derivatives of
degree bigger or equal m + 2. We apply integration by parts until the highest order derivative
of u. is m + 1, derivatives D"(n*™*+2), 2 < r < m arise only in combinations with derivatives

D¥u, of degree k < m and no combination contains a single derivative D(n?"*+2). Then we use

Young’s inequality for r = 2 with p; = %, i=1,...,m and for r > 3 we use Holder’s inequality with

p=22% q= M{i”:” as well as Young’s inequality with p; = 2’“;7”2, i=1,0e,M, Dyl = 2’”5?1*2

and the definition of the local energy E to estimate these new terms.

o[RS @ D))

i+i=2m+1
j>2

<c Z / (7]2m+2|DU8|l1 R ‘Dm+1u5|lm+l|DuED
Q

1,€Ng, i=1,...,m+1
L2+ +(m+1)l 4 1=2m+1

+ > / (Duavl - |Dmug|lm|D*<n2m+2>||Ds+1ua)
sptn

reN, r>2; s,l;€Ng, i=1,....m
li+2lo+...4mly, +r+(s+1)=2m+2
2171:1 li>2, r+s<m

m
) (m
S(s/n2m+2|Dm+1Ug|2+CZ/ﬁ2m+2‘DZUE|2'7i+1)
Q — Ja

S S N (e
R sptn

s,l;€Np, i=1,....m
l1+2lo+4...4+mlyn+(s+1)=2m
S 1i>2, 24s<m

+e > ([ o)
reN, r>3; s,l;€Ng, i=1,....m Q2

li+2lo+...4mly, +r+(s+1)=2m+2
S 152, r4s<m

) (/ |Du6|2m277?+2 o |Dmu€|zﬁf"ﬁ2|Ds+1uszrf%) o
sptn
m . 2(m+1) C liis . 2 %
§5/772m+2|Dm+1Ue|2+CZ/772m+2Dte|i+QZ</ |D’u€ 7)
@ =179 B2 = \Jsptn
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1

< % (E(uszQR)) g <(5+c< (ug,BzR)>m> /Qn2m+2\DmHu5|2.

Going back to (3.4.8) we can absorb the D™y -term since E(u., Bag) < g, so that

[ (m e p ) < (e [ "2"”2< > Gé’-(D“s>’D“€>
Q Q

i+j=2(m+1)+1
j>2
1

+ ﬁ (Ea(ua‘a B2R)) "
and in particular

3

Km+1(te, Br) < ol (E(US,BQR))

+ (—1)7”5/ n2m+2< Z G;(Dus),Du5>. (3.4.10)
Q

i+j=2(m—+1)+1
j=>2

Analogously to (3.4.9) we have

m—+1

1

¢ = ~ ™

R—E - (ue, Byg) + ((EE(uE,BQR)) + 6) / "2 (ID™ e |? + el D™ PR ?) . (3.4.11)

Q

For k = m + 1 we have with Young’s inequality (p =m+ 1, ¢ = mT“) and Lemma 3.4.2

6/ n2m+2|Dm+1u8|% _ E/ PR DI Ly || D Ly 2

Q Q
< 6/ n2m+2|Dm+1ua|2 + csmTH / n2m+2|Dm+1u6|m
Q Q

S(S/ 772m+2|Dm+1u6|2
Q

m—+1

1
L </ |Dm+1us|2) </ ,’72m+2|Dm+2u6|2+%/ Dm+1u€|2>
spt n Q R spt m

1

S 6/ n2m+2|Dm+1us|2 +oce (E~5(U57B2R)> m / n2m+2|Dm+2u6|2 4 ﬁE (U/E’B2R)~
Q Q

The remaining terms can also be estimated using Young’s inequality (p = m+1, ¢ = ™), Lemma
3.4.2, Corollary 3.4.3 and Young’s inequality (p = 71?;:12’ q= m;{ )

m m
2(m+2) 2 X 2(m+1)
E :&./,'72m+2|DkuE|7,C — E :€/772m+2|DkuE|k|Dkua| 5
k=1 7% k=1 Y&
m 2m+2| Nk 2(m+1) m+1 i 2m+2| 1k 2(m+1)>2
Scz D22 DRy | TR 4 5 Z 22| DRy |2
170 m1/0
5 m m";t—l
<cZ/ 1242 Dl 2("‘“) L+ L9 ( / Dk |2<’”+1>)
2
R -1 spt n

m 1

+c§5m$1 Z (/ DkUEQ(TH)m (/ n2m+2|Dk+1uE| \Dku <m+1f<)>
k=1 spt m O
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m
2(m+1) c -~
< CZ/ 772m+2|Dkus| o4+ ﬁEE(uaaBélR)
_.JQ

m

1
+ cde Z B |Dku€|w m 772m+2 (IDkHu |2 + ‘Dku ‘2(7n+2))
spt n Q

k=1

o [ v

1 m—+1

) E Lo
Q

We add the case k = m + 1 and choose ¢ small enough so that we can absorbe the de(E.)Y™-terms
to the left hand side. Then (3.4.9) yields (3.4.11).

Using this we turn to the second part of (3.4.8). As before we use integration by part (m + 1)-times
until the highest order term D™t!u. appears only once and at least two derivatives fall onto the
cut-off function 7. Then we estimate the first term with Young’s inequality (p; = W, i =
1,..,m+ 2, ppys = 2(m + 2). The remaining terms, where derivatives fall on the cut-off qunction7
are estimated using Young’s inequality:

Forr=2: p; = 2(7?;1), i=1,..,m-+1, pm+2_ 2(::;1),

For r =3 : first g1 =2, g2 = 2, then p; = m, t=1,...,m, Ppy1 = SJ%;

For r=4: p7fz;",z:1 mpm+1:3_ﬁ.

For r > 5 we use Holder’s inequality (p =

2 4 2 4
mTiH-’Z_l Lm41, pm+2:m77“+)

Further we use (3.4.9), (3.4.11) and Corollary 3.4.3

(_1)m€/g772m+2< Z G;(DUE),DUE>

i+j=2(m+1)+1
Jj=2

<ee > |G D D)
Q

1,€Ny, i=1,...,m+2
L4204+ (m~+2)lpm42=2m+3

+ce Z / <|Du5|ll Cat |Dm+1u5|lm+1.
sptn

reN, r>2; s,l;€Ng, i=1,....m+1
h+2l+.. .+ (m+1Dlpp1+r+(s+1)=2m+4
SN >2, g1 =1, r+s<m+1

DTGP0 )

+ cde ( uE,BQR

—= ) and Young’s inequality for (p; =

m—+1
< (56/ 2m+2|Dm+2u |2 +ce Z/ 2m+2|Dlu |2(m+2)
Q
ce jlasy 2(m+1) ’ITL+1 i 2m
S22
i=1 /SpPtn ptn
ce 210 D™ 2lm D8+1 2
+ o1 > |Du. 't - .- | D™u 2 | D5 |
sptn

reN, r=3; s,l;€Ng, i=1,....m
li+2l2+...4mly,+3+(s+1)=m+3
SmA>2, 3+s<m+1
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ﬁ
|
IS

2 9\ 2m 2m
bes > [
reN, r>5; s,l;€Ng, i=1,...,m+1 sptn
l1+2l2+...+(m+1)lm+1+r+(s+1):2m+4
SrA L>2, bypa=1, T+s<m+1

2m—r+4
m Ml m 2m
| (/ [ Du |75 |Dm+1u53#r¢i|D8“ua|W>
sptn
1
<e <6 e (Ea(ue,BzR)) m> / P2 D2y |2
Q
. = c - ce W A 3
+c (Es(usa BQR)) ’ / 772m+2|Dm+1U5|2 + EEE(U& B4R) + ﬁ (/ ‘DZUE ¢ >
Q i=1 sptn

1 1
<€(§+C<E~E(uE7BQR))m>/n2m+2|Dm+2u€|2+C(E€(UE’BQR))W/n2m+2|Dm+1u6|2
Q Q

b 2
S
R sptn
1
<e <§ +ec (Es(us, BQR)) m) / n*m 2| DMty )2
Q

1
~ ™ C ~
+c (Es(us, B2R)) / ?m 2| DMLy |2 4 Vo (EE(U57 B4R)>
Q

m
C ~ ce i
+ BB+ 1 Y ([0
i=1 \/sptn

m

Going back to (3.4.8) and (3.4.10) and absorbing the first two terms yields

1

m

c ~
ekm42(Ue, BR) + Km1(ue, BR) < o (E(ug,B4R))

and the Proposition follows.
O

Lemma 3.4.5. There exist 0 < g < 1, ¢ > 0 such that for all cut-off functions n € C*(),
sptn C Bagr(zg), R << 1 and allu € C*(Q, N) there holds: If

tiqg—1(u, Bog (o)) < doR2MH1=9)
with ¢ > m + 1, then we have for all1 <k <qg-—1
_1
/Q | DRu|F < e(RET Dk, (u, Bap(wo))) T /Q 0| Dul®

+ CR_Qliq_l(u, BQR(I‘())).

Proof. Wlog o = 0. The case ¢ = m + 1 follows from Proposition 3.4.4 thus we can assume
2m

q > m + 2. For the case k = ¢ — 1 we use the Sobolev embedding W #+1(Q, N) < L*(Q, N)

and Hélder’s inequality with p; = 2L p, = 7(””1%(‘1*1)7 p3 = 7(7";1711(3;1) and p; = 7(’”*22‘1*1),

b2 = R

m+1
m

Diy| T |Dq1u|<qf>’<"m+1>)

/772‘1|D'1*1u|<12fq1 §C</nfﬂ'i
Q Q
+c</ | Dn
Q
=T 2(g—m—1)
Sc(/ n2quu|2> (/ Dq_1u|2) R~
Q Bar

m—+1

m

2m_ 2m(g—1) ___2ma
mTln T |Dq1u|(q1)(m+1))
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_a_
a1
+c(/ |Dq1u2>
Bar
=
SC(R2(qm1)/ Dq1u|2> /"72(]‘un|2
Bar Q

+cR™? | DI L2 (3.4.12)
Bar

For 1 < k < g — 2 we use Lemma 3.4.2, Holder’s inequality with p; = w, p2 =

qm

(g=1)(m+1) — _a _ _g(m+1) q(m+1) a(m+1)
—m—1  S1= 5410 52 = gmkm—k> 93 = gom—1 and Young’s inequality with p; = Ty P2 =
_q_ — _alm+l)
k+17 b3 = qgm—km—Fk*
29
[ Dbl
Q
1
_2gqm__\ ™ 2(gm—km_k) 2gm
<c </ |Dku| k(m+1)> (/ T]2k‘Dk+1u|2|DkU| R(m+1) + 72 |Dku‘ k(7n+1))
sptm Q R? Jpen
q
2(g=m=1)_ b 2(q 1\ (@ Dm+D)
< cRG=Dm+D) |D |
spt7n
k+1 qgm—km—

2 q 2 q(M+1) 2m(g—m—1)
. (/ n2(k+1)|Dk+1u|k+‘11) (/ n2k|Dku|,f) R a(m+D
Q Q
=
—2m 2(q 1) -
+ cRW=1D (/ |Dk | )
sptn
42
2m(q ~1)429 20a-1) (a=Dla—m—1) _2q_ 2q
gt ([ et ) T i [ ot
sptn Q Q

—2m k q 1) 2(m+1—q)
+ cRG@-D |D | R @D
sptn
2(qg—1

PEOIDR g [ DR
Q

< cR™? |

sptn

Summing over k =1,...,¢ — 1 and (3.4.12) yields

qg—1 —1

2k |k, |22 ¢
> | DR <) {/
k—l/Q k R sptn

q
=1

Q
=
+C(R2(q_m_1)/ |Dq_1u|2> ' /nzq\unF.
Bar Q

Choosing § > 0 small enough and absorbing the §-term to the left-hand side finishes the proof.

n%D’“UI?]

In the next theorem we extend Proposition 3.4.4 to higher order.

Theorem 3.4.6. For all e, R > 0 with ¢ < R? there exist 0 < 09 < 1, ¢ > 0 such that if u. €
C>(Q, N) is a solution of (3.1.3) satisfying E.(ue, Br(zo)) < dg for some xg € Q, then we have for
allpeN

p 1

. cC ~
> R (e, By-sisa o)) + ki, By-sivr plao))] < 7 (E (te, BR(:EO)))
=1

(3.4.13)

m
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Proof. We proof the theorem by induction on p. The case p = 1 follows from Proposition 3.4.4.
p — p+ 1: We assume that for some p € N and for £ > 0 small enough we have

p

Z RZ(i—p) [Kimjti (’LLE, BQ—31‘+1R(1'0)) + ERmM+1+1 ('LLE, BQ—3«L+1R(£C0)):|
i=1

<c (E(u BR(Q;O))) = (3.4.14)

From Lemma 3.4.1 we know

(A™ — e A™H) DPTLy, = E G%(Du.) + ¢ g G’ (Du,).
i+j=2m+p+1 i+j=2(m+1)+p+1
Jj>2 j>2

Wlog let g = 0. Let n € C°(92) be a smooth cut-off function with n =1 on Bs-3»r and 7 = 0 on
0\ By-spt1p. Multiplying this equation by n?>™*2DP+1y_ and integrating over  yields

n2m+2< > G;(Dug),D”+1ue>

i+j=2m+p+1
j>2

i+j=2(m+1)+p+1
Jj=2

Q Q

=T+1I.

As before we estimate the left-hand side using integration by parts and Young’s inequality
(71)m/n2m+2<(Am o eAerl)Derlus,DpHuE)
Q

Z/U2m+2|Dm+p+1U5‘2+6/ n2m+2|Dm+p+2u€‘2
Q Q
i m
—Z( k) DT Db D)
k=1

m—+1
m+1 m m — m
—EZ( k )/Q|D Ry DRy DR )|

k=1

> i/ ,'72m+2 (‘Dm+p+1u5|2 +5\Dm+p+2u5|2)
Q
m c m—+1 ce
= o Dby 25 p / | D2y 12
k=1 spt 7 k=1 sptn

3
Z 1/ n2m+2 (‘Dm+p+1us|2 +€‘Dm+p+2us|2)
Q
m m-+1
c ce
- Z ﬁﬂm+p+1—k(usy By-spi1g) — ﬁ/‘im+p+2—k(ua By-spt1R)
k=1 k=1
3 c ~ w
> i/9772m+2 (|D™ Py |? + | DT TP 2y 7)) — T (EE(uE,BR)) ,

where we used the induction assumption (3.4.14) in the last step. Next we want to estimate I

further. We use integration by parts (m — 1)-times as in the proof of Proposition 3.4.4. Note that

after integrating by parts {p4pyr1 = 1. With Young’s inequality (¢; = M7 t=1,...m+p+

il
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2 1 —r _ .
1, @mipte = % and t; = M’thlr, t=1,.,m+Dp, tmypr1 = %), Lemma 3.4.5 (for
¢ =m+p+ 1) and the induction assumption (3.4.14) we have

I= / et > GiDuc), D" u.
Q it j=2m-+p+1
i>2

<ec E / "2 Duc| - .. | DM P Ly, |ttt
l;€Ny, i=1,....m+p+1, Q
Li+2l+...+(m4+p+ 1) lmypt1
=2m+p+1

+e > / (|Du5|l1 o | DTy e | DR,
1,€Ng, i=1,...,m+p+1 sptn

Iy +212+--<+(m+p)l7n+p+(7n+p+1)
+r+s+p+1=2(m+p+1)
r,seN, s+r<m-—1

~ |Dr<n2m+2>||Ds+P+lua|)

\Dp+1u5|

m-+p

2(m+p+1)
Sa/ n2m+2‘Dm+p+1u€|2+CZ/n2m+2|Dku€|7k
Q k=1 Q

l;€Ng, i=1,...,m+p
Li+2l+...+(m4p)lpmyp+r+s+p+1
=m+p+1
r,s€N, s+r<m-—1

+ > | (lDual% o DA |DS+P“US|2>
R sptn

c molntr . 2(mtpti—r)
2 2 1 2 i 2\myprli—r)
< 6/ ?" 2D P 4 — Ky (e, Bo-spsig) + E E —Zr/ | D*ue| i

Q R R sptn

r=1 ¢=1

m—1
2m+2 +p+1,, (2 c
S 6/ n m ‘Dm P u5| —+ Z R2T’€m+p+1_T(UE,B2—3p+1R)
Q
r=1

1

m m c n m
< 6/ ,'72 +2‘D +P+1u5|2 —+ W (EE(UE,BR)) .
Q

Now we turn to II. Analogously to the above we integrate by parts at most m-times until
Lm+p+2 = 1. Using Young’s inequality (¢; = W

=i =1, mAp+2, Pm+p+3=%and
ti =T = 1 omAp+ L bgpre = PRI, Lemma 3.4.5 (for ¢ = m+p +2) and the
induction assumption (3.4.14) yield
II:@/ n?mt2 Z G’ (Du.), DP*lu,
@ i+j=2(m+1)+p+1
Jj=2
=ce Z / 772m+2|Dus|l1 Tt |Dm+p+2us|lm+p+2|DP+1us‘
1i€No, i=1,...,m+p+2 @
l14-2l24...+

oo (MAp+2) by 4 py2=2m~+p+3

+ce > / (|Du8|ll e | DR Ly [t
sptn

l;€Np, i=1,...,m+p+2
L2+ +(m4p+1)lmypt1+
+(m+p+2)+r+s+p+1=2(m+p+2)
r,s€N, s+r<m

DT Ry | D ()| DSHD““E)
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medt 2(m+p+2)
m4p
S(SE/ n2m+2|D7rL+p+2u€|2+CE § : /n2m+2|DkuE| 5
@ k=1 7
Cc
e 2 o [ (IDuf D e Dot )
1;ENg, i=1,...,m+p+1 sptn
li+2la+...+(m4p+1)lmypr1+
+r+s+p+l=m+p+2
r,s€N, s+r<m
m m+p+1
2m+2| mym+p+2 2 ce ce i 2(m+p+2—r)
< de n |D ua| + ﬁ’f7rz+p+1(ua;B2*3P+1R) + § § R2r |D ua| ‘
@ r=1 i=1 sptn

m
2m—+2 2.2 ce
< 55/ PR DM P 4 E :ﬁ’im+p+2fr(umBZ*3P+lR)
Q r=1
1

c . -
< 56/ 2R DT R 2 V) (Es(usa BR)) :
0

Combining the above estimates and choosing ¢ and E.(u., Bg) small enough we have
1
[ pmirttaf e [ et <o (EBufu, B) TR
Q Q

which finishes the proof.

With Theorem 3.4.6 and Sobolev embeddings we have

Corollary 3.4.7. Let &, R > 0, € < R? and let u. be a smooth solution of (3.1.3). There exist
00, C, ¢ > 0 such that if E:(ue, Bsar(xo)) < do for some xg € 2, then we have

|[uellor.a(Br(zo)) < C(R,d0)
for any a € (0,1) and any k € N. Further we have

k 1
> RUID el 3oy < ¢ (Belue, Baan(0))) ™"

i=1

3.5 Convergence and blow-up

In this section we investigate the limiting process as € tends to zero. Let (ue, )ren be a sequence of
critical points of (1.0.14). We show that there exists a subsequence ¢, — 0 such that u, : Q@ — N
converges weakly in W 2(£2, N) to a smooth m-polyharmonic map ug and that away from finitely
many points (u,., )ken converges in C* for all s € N. Afterwards we will perform a blow-up around
these singular points .

Remark 3.5.1. Since E., (ue, ) is uniformly bounded by (3.4.1) there exists a subsequence which
we will again call e, — 0 such that u., — ug weakly in W™2(Q, N).

Lemma 3.5.2. Choose 69 > 0 and let

Y= ﬂ {z € Q:limsup E., (ue,, Br(z)) > 6} (3.5.1)
R>0 k—o0

be the set of energy concentration points. Then |X| < oo.

Proof. To show that there are at most finitely many points where energy concentrates, we take
points 21, ...,z € ¥ and choose a radius R > 0 small enough so that Bg(z;) N Br(z;) = 0 for i # j.
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Using (3.4.1) and (3.4.4) we have
) L
C > E., (uc,,Q Z (e, , Br(x;)) > Ldo.

Since &g > 0 it follows that L < oco.
O

Corollary 3.4.7 implies strong convergence in a neighborhood of x € @\ ¥. More precisely, there
exists a radius R > 0 such that u., — ug in C*(Br(z), N) for all s € N. After covering Q \ ¥ with
such balls we arrive at u., — ug in C; (2\ X, N) for all s € N. Since g — 0 it follows that v is a
weakly m-polyharmonic map on 2\ ¥ which is smooth away from finitely many points.

Next we remove the singular points and extend ug to a smooth m-polyharmonic map on all
of Q. To do this we assume without loss of generality ¥ = {x¢}. (see [63] for the harmonic and [4]
for the biharmonic case)

Let ¢ € C(Q,R?), 0 > 0 and 5, € C>°(Q, R?) with

0<n, <1, Ne(z) =0 for |z — xo| < 0, Ne(x) =1 for |z — xo| > 20, |Dj770| SJ—CJ

and let A, = Ba, \ B, be the annulus around zy. Then ¢ = 1,7 € C°(Q\ {20}, RY). Using this
as a test function in the m-polyharmonic map equation and applying Faa di Bruno’s formula yields

0= / (D™ug, D™ (P [0])) = / (D™ug, D™ (P 1))

Q

n m) e . m 1 . k;
:/Q<D Ug, Z m(Dk_i_ th P 7701/1 E(Z'D (na¢)> >

ki€Np, 1<i<m
k14+2ke+...+mkp,=m

m' A . n ’L n
< Mg, PN km!<D‘“+~~+’%P [no1] <,.ZD 1o D w) >
k:ENo, 1<i<m i n

i—1 =0
k1+2k2+
Fmky,=m

2=

m

! 1
< UO, Z T m - (Dk1+...+kmp no_w H <7l DWJ) >

k;€Np, 1<i<m i=1
k14+2ko+...4+mky,,=m

. ki
! (1< ;
/ < "up, ,.T.km!(D’“*"*kauo)[nmHl(HZ_;D”Ww) >

ki GNO, kl.
The first part tends to

1<i<m
k?1+2k}2+
oo tmkp,,=m

/ (D™, D™ (P, [1]))
Q

as 0 — 0. We estimate the second part further

’ / < D,

m i ki
m! Dk1+"'+k"”P 1 D"n_ D'~ "ap
! i ol T { 5 22 Do
keN kile - k! o\t

0, = =

1<i<m

k1 42ko+...
cetmky,=m
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i ki
cof ol ¥ H(ZD%||D”¢)

g ki€Np, 1<i<m i=1 \n=1
k1+2ko+...4+mkp,,=m

SYNLETIEDS ( D”na|>
) n=1

o ki€Np, 1<i<m i=1 =
k1+2ko+...4+mkp,=m
< c/ | D™ | Z (o_kl . (U_’€2 + O'_ka) N (a_km + ..+ O‘_mkm))
As ki €Ng, 1<i<m

k14+2ko+...4+mk,,=m

< c Dmu 7k172k:27...7mkm
<cf 1wl Y G )

g k;€Np, 1<i<m
k1+2ko+...4+mkp,=m

< c/ | D™ uglo™™

o

<c (/ |Dmuo|2>
Ag

N

()

Thus we have
0= / (D™uo, D™ (P [])) Vb € C°(Q,RY)
Q

and ug is a weakly m-polyharmonic map on all of . Gastel and Scheven [21] showed that such a
map is smooth.

Next we study the behavior of (ue,)ren at the energy concentration points as k& — oo more
closely. Since this is a local problem and the set ¥ is finite we will assume in the following that

Y= {(E()}

Lemma 3.5.3. Let (u., )ken be a sequence of critical points of (1.0.14) with e, — 0 and let o € X.
Then there exist sequences (tx)ren € RY, tpx — 0 and (zx)ren € Q, x — 7o and a nontrivial,
smooth quasi-m-polyharmonic map w' : 2™ — N such that

- €k
Ek ‘= —&
t

e, (2 + t) — w! in Cy(R*™ N) for all s € N. (3.5.3)

—0 and (3.5.2)

Proof. We apply a technique introduced by Brezis and Coron in [9]. Let dp > 0 and Ry > 0 such
that Bop,(xo) C Q and E(ue,, Br,(z¢)) > do. For t < Ry we define the maximal concentration
function

m—1
Me(8) = | max [ / (el D™ e, P 4 (D™ ue, [P) + / Z|Diu5k|2§"].
Bi(y) Be(y)

yE€BR (z0) Pt

For €, — 0 there exist sequences xx — o and t; — 0 such that

O -
M., (t) = 50 = E., (ue,, By (z))  VkeN.
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Without loss of generality we can assume that z € Br,(xg), otherwise we choose a subsequence
(k) ken that is contained in Bg, (o). Now we perform a blow-up around the point xj by setting

vy, : Bry (0) C R*™ — N, v () = ug, (xx + tpz).
tg

Then vy solves (3.1.2) if we replace ¢ by 2k =: &. Further we have
k

=2

E: (vi, B1(2)) < = for all z € B (0) (3.5.4)
tg

2
and equality if z = 0. Because we are working with the local energy E. we can apply Corollary
3.4.7 for all s € N

S

> HDikaLw(BTlQ(z)) = G lID e, || (B, (@rttnz)) < €0
32

i=1 i=1

Hence vy — v in C2,(R*™, N) (up to subsequence) and v is not constant because of (3.5.4).

Next we want to show that £, — 0 and that v is a non-trivial m-polyharmonic map. First
we assume that & — ¢1, with 0 < ¢; < oo. We rewrite (3.1.2) in terms of vy and &

—5kAm+lvk + AM, = F[’UkL

where F[-] is defined as the right hand side of (3.1.2). The uniform energy bound for critical points
in (3.4.1) and (3.4.4) implies

m—1
0< 5k/ | D™y |2 +/ D™ 4+ / |Divy| 5 < c.
B R, (0) By (0) i=1 Y BRq (0)
tg

tg tg

From the above it follows that vj converges to a smooth bounded map v : R?™ — N — R in Cr.
for all s € N. Further v satisfies

—c]A™ Ty + A™y = Flv]  on R*™ (3.5.5)
and
m—1 )
0< cl/ | D™ y? +/ |D™v|? + Z / |Div| 7 < ¢ (3.5.6)
R2m R2m i—1 R2m

in the limit. We define a cut-off function ¢! € C°(R?™) with

0<¢ <1, ¢'=1onBy0), ¢ =0onR*™\ By(0) and |D*¢'||p= < —

= lis'
We multiply (3.5.5) with ¢!(z)z - Dv(z) and integrate over R?™. Observe that the right hand side
of (3.5.5) lies in the normal space of N and vanishes when multiplied by Dv € T, N. Thus
0= / (A™v(z) — et A™ M (z), ¢ () - Do(x))de. (3.5.7)
R2m

m_even: In the following we assume that m is even. Integration by parts yields

A™y(2)¢!(z)z - Dv(z)dr = /

R2m

AZy(z)A% <¢l(x):17 . Dv(w)) da

R2m
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1 m . m
<5 [ oAty @alde +m | AT (@)de
R2m R2m

m—1
1 m
be 7/ A% || D™Fy|
kZ:O I* Bu\By

m—1 m—1
<c (1 + Z llk> / Z | D™y
k=1 B

2\B1 ;—p

and
1 / A" y(z) ¢! (x)2 - Du(z)dx
R2m

= —0—21 9; (|IDAZ v|?) ¢l (z)a/dx — c1(m + 1)/ |IDA% v ¢! (x)dx
R2m R2m

—cic DA%U(QU)AM’;2 D - (D¢ (z)Dv(z))dx
R2m
—cic DA%’U(SC)DAMEQ D - (D¢ (z) Dv(z))zdz
R2m
=— / |IDAZ o> ¢! (x)dz + %1/ |DA v|?0;¢' (2)27 dz
R27TL R

2m

m

—cie | DABu(x)A™ D (D¢ (x)Du(x))dx

R2m

—cic | DA% v(x)DA™T D - (Dé'(z)Dv(z))xda.
R2'm

Inserting both of these terms into (3.5.7) yields

1 IDAZ o] < cl/ |IDAZ v ¢! (x)dx
B, R2m
=4 |DAE v|?8;¢! (z)2 dx
2 R2m
- A™y(x)d! (x)z - Dv(z)dx
R2m

—cic DA% v(z)A "D (D¢! (x)Dv(x))dx
R2m

—cic DA%v(x)DA%D - (D¢ (z) Dv(z))zdx
R2m

<c<1+illk> / Zm:ID’"“—%P.
k=1 5

2\B1 ;—p

The right-hand side tends to zero as [ — co because the W™+1-2.norm of v is bounded on R?™ by
assumption (3.5.6). Thus we have DA% v = 0 on R*™ and A% v = C. This constant C' must be zero

because Ez(v) is bounded on all of R?™. Subsequently we have DA™y = C and again C must be
zero by (3.5.6). Iteratively we get that Dv = 0 and thus v = const. which is a contradiction to (3.5.6).

Next we assume that &, — oco. Then, for all R > 0,

—0 as k — oo.

2o

0< / |IDA% v |2 < ~£E§k (v, Br) <
Br(0) €k

This implies that DAZ v = 0 on R?*™ and AZv = C. With the same argument as before we get
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the contradiction. Therefore &, must converge to zero as k — oo and with (3.5.6) v is in fact a
smooth non-trivial m-polyharmonic map from R?™ to N with finite energy.

We can lift this map to a so-called quasi-m-polyharmonic map from S?" to N by using
stereographic projection (for m = 2 see [41] Theorem 2.2 or [80]).
First we need to extend v to a map on R*™ U {oo}. We define the inversion on the unit sphere

ey a g {0,00),
o: R U {oco} — R*™ U {0}, o(z) = | oo, x =0,

0, T = 00.

Then v oo € C®((R*™ U {c}) \ {0}, N). Now we apply the extension result from earlier in the
section to remove the singularity at the origin. Then v oo € C°(R?*™ U {00}, N). Applying the
inversion again yields v € C°°(R?*™ U {oo}, N).

Now let IT: $?™ — R?™ U {00} be the stereographic projection and set w! = volIl: $?™ — N. Then
wl e C>®(8?™ N). w! does not satisfy (1.0.3) but

(nﬁ (—Agem + k(2m — k — 1))) w! L T,1N, (3.5.8)

k=0

where T[} 2, (—Agzm + k(2m — k — 1)) is the 2m-dimensional Paneitz operator on 2™ (see [12] or
[8]). Maps w: S?™ — RY that satisfy (3.5.8) are called quasi-m-polyharmonic maps on S2™.

m_odd: We repeat the calculations from before.

/ A™y(2)¢! (z)x - Dv(x)dx
RQM,

e v(z)DA™3

< —

djv(z)d (x)2) d

R2m

—-m DA
RZm

+CZ/ DA™ v||D*o!|| D™+ || z|da

1n

. ;0; (m)gbl(ac)aixjdm

“u(z)D

—I—CZ/ IDA™T" || DF || D™ Fv|da
-1 /R

v}l (x)2’ dx — m/ |DAMTAU|2¢l(x)dx
R2m

1 7n
+ed o DA™z v||[ D™ Fy|

m—1 m—1
1 )
< 1 - Dmf’L 2
= C( + 2 : lk) /le\Bz ;:0:| U|

and

c1 / A" ol (z)x - Du(z)dx
R2m

=5 | oA

2 R2m

m+1 +1

o) (@)ad dx + ¢q (m + 1)/ |A™

R2m

v?¢! (z)da



3.6. Energy identity for N = S9! 67

+cic A" v(a:)Am;1 (D¢! (x)Dv(x))dx
R2m

+cic A%v(x)Am;l D - (D¢!(x)Dv(z))zdz
R2m

— / N / A5 0206 (2)2 da
R2m 2 R2m

tee | A" u(@)A"T (D¢l (z)Du(z))dx
RQTIL

+ N v(m)Am;1 D - (D¢ (z) Dv(x))zdz.
R2m

Inserting this into (3.5.7)

o / A2 < ¢ / A= 26 (2)dx
Bl(o) R27n

= A"y (x)d! (x)z - Do(z) + %1 / |A™ 0|20, ¢! (2)a! da
R2m R2m

—cic AT v(z)A™z (D¢ (x)Dv(x))dx
R2m

- clc/ A" U(x)AmT_lD - (D¢!(z)Dv(z))zd
R2m

m 1 m )
SC 1+ - / |Dm+1—zv‘2

and the Lemma follows with the same argument as in the even case.

3.6 Energy identity for N = §%!

Now we want to prove the energy identity in Theorem 1.0.3 and Theorem 1.0.4. Note that if N < R¢
contains no non-trivial quasi-m-polyharmonic 2m-sphere, the energy identity is trivial.

In this section we show the energy identity for the target manifold S?~!. In section 3.7 we will prove
the general case assuming the entropy condition (1.0.18). The first results of this section, Lemma
3.6.2 and (3.6.12), hold in both cases.

By an argument of Ding and Tian [14] (p.552) it is enough to prove the identity under the assumption
that only one bubble forms along the sequence. Theorem 1.0.3 follows with an induction argument.

Theorem 3.6.1. Let (u.). satisfy all assumptions of Theorem 1.0.3, assume that ¥ = {xo} and
assume that only one smooth, non-trivial quasi-m-polyharmonic map w' : S>™ — N forms. Then
there exists a sequence g, — 0 such that

lim B, (ue,) = Fo(uo) + Bo(w"). (3.6.1)

By our previous results we know that there exist Ry > 0, sequences €, — 0 and x; — x¢ such

that u., — ug in Cy (Q\ Br,(x0), N) for all s € N. After performing a blow-up around zy we saw

in Lemma 3.5.3 that u., (zx + tx-) = w' in Cp (R*™, N) for all s € N. Thus, for every constant
M > 1 we have

Ee\ (uey, Bro(zk) \ Bro/m (k) + Eey (e, Brpe, (2r) \ Bre, (21)) = 0 (3.6.2)

as k — 0o, R — oo and Ry — 0. Note that Ry >> Rt; and the quotients of the radii are constant.
We have strong convergence on the first annulus and convergence to a bubble on the second annulus.



68 Chapter 3. Energy identity for an approximation of polyharmonic maps

With this (3.6.1) is equivalent to

lim lim lim B, (ue,, Br,(zx) \ Bre,(zx)) = 0. (3.6.3)

Ro—0 R—o00 k— o0

Lemma 3.6.2. Let (uc, )ren be a sequence of critical points, ¥ = {xo} and there exists only one
smooth, non-trivial quasi-m-polyharmonic map w': S?™ — N. Then there exists a subsequence
er — 0 such that

- / D™, |2 — 0 (3.6.4)
B ry \B2rt,, (z0)

as k, R — oo and ty, Ry — 0.

Proof. Wlog xqg = 0. We fix 6 > 0. By our assumption there exists only one non-trivial quasi-m-
polyharmonic sphere. Hence we claim that there exists k1 € N such that for all k& > k

R
E. (ue,,Bay \ B,) <6  with Rt <r< 70 (3.6.5)

To prove this claim we argue by contradiction and assume that for k — oo there exists ry, € [Riy, %]
such that

E., (ue,,Bar, \ Br,) = max ~ Eg, (te,, B2y \ By) > 4. (3.6.6)
r€[Rty, —52]

By the definition of the different radii and (3.6.2) we have

Rt
N and Tk

0. (3.6.7)
Tk Tk

As in the previous chapter we perform a blow up by defining

wg: Bro \ Brey, — N, wi(x) = ug, (rrT)
" ™

and wy, solves (3.1.3) with e, replaced by &, = 5—’% By (3.6.6)

T

Ee, (wk» By \ Bl) >0 (3.6.8)
and with (3.4.1) and (3.4.4)
B (wy, Bry \ Bry) < c. (3.6.9)
o o

By Lemma 3.5.3 and (3.6.7) we have for large enough k
Er < € — 0. (3.6.10)

With (3.6.7), (3.6.9) and (3.6.10) we can argue as in the previous section and assume that wi — wy
weakly in WZ?C’Q(RQW \ {0}, N), where wy is a weak m-polyharmonic map from R?™ to N with finite
energy. There are two possibilities now: Either there exists no point of energy concentration. Then
there exists a radius 7 > 0 such that

sup  sup  Es (wg, Bi(x)) < g

k€N x€Boa\B1 /64
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for 99 > 0 small. With Corollary 3.4.7 and a covering argument we have
Wy — Wo in C°(By\ B1,N) VseN.

Note that wy is non-trivial because of the definition of £, and (3.6.8). Since R?™\ {0} is conformally
equivalent to S?™ \ {NV, S} we can argue as at the end of the last section, remove the singularities
and lift wy to a smooth non-trivial quasi-m-polyharmonic map from S$?™ to N. However, this is a
contradiction to our assumption that there exists only one bubble w!.

On the other hand, if there exists a point y € Bgq \ B /64 with
Ez (wi,Bi(y)) >  VEEN, Vi>0,

we proceed as in the previous chapter by performing a blow-up around y and conclude that there
exists a non-trivial quasi-m-polyharmonic map from S?™ into N. This is again a contradiction to
our assumption of a single bubble. Therefore (3.6.5) must hold.

Next we choose y € Q with |y| € [2Rty, Z¢]. Then @, % € (Rty, £2) and By, (y) C Bay \ By -
With (3.6.5) we have

B (e, Biy () < 6
and Corollary 3.4.7 yields
l . .
Z\x|Z|D’uEk\(a:)§c%\z/g Ve By (y), VI eN.
3
i=1

Covering the annulus Br, \ Bag:, with such balls we get
4
l

] ] 2m R
> |al{|Diue, |(z) < ¢ V6 V 2Rt < |z| < TO’ Vvl € N. (3.6.11)

i=1
Together with (3.5.2) we have

m 1
5k/ |Dm+1u5k\2 S C \/ggk/ m
B Ry \B2rt, B Ry \Bart, 2|
a a

SC%%HO

as k — oo and R — oo.

It remains to show that

/ |D™u., | — 0 as k — oc.
B ry \B2rRt,,
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To show this note that we can bound |D™u,, | uniformly in the Lorentz space L** (see Definition
A.1.1) by using (3.6.11)

<c¢™s5 VkeN (3.6.12)
L2.00(R2m)

||Dmu5k”L2’°o(BiQ\BZRtk) S 02% W
4

(see Lemma 5.1.10 in [45]). Since L** is the dual space to L?! with respect to the L2-scalar
product (see Lemma A.1.5) it suffices to show that ||D™uy, || 121 (B g \Bane) is uniformly bounded.

As stated in chapter 2, Lorentz spaces LP'? are interpolations spaces of LP-spaces. In short,
we have the inclusions

Pt c [P0 [PP = [P C [P92 C [P

with 1 < p<oo, 1 <q1 <p< g < oo. Fora brief introduction into Lorentz space theory,
definitions and properties we use, and references in the literature see Appendix A. One of the main
tools in this section is the following Sobolev embedding (see [55] Theorem 8.1 and [31] Theorem
3.3.10).

Lemma 3.6.3. Let f: R?™ — R and Df € LP9(R?™) for some 1 < p < 2m and 1 < q < co. Then
f € L= 5 9(R?™) and

" o) < c||Dfl|Lrarem)-

In particular, if Df € L*(R*™) we have f € L2727:7l1’1(R2m) and

C||Df‘|L1 RZm)

RQm) -
Applying the first estimate repeatedly and using || f||pr.p(r2m) < || f||Lr®2m) yields
Corollary 3.6.4. Let f:R*™ — R as above. Fork=1,....m

||Dkf||LszzR2m) c|[D™ f[| L2 wem)-

Up until now our results hold for arbitrary compact target manifolds V. From now on we assume
N = 8§91 The following Lemma introduces an alternative formulation of the Euler-Lagrange
equation (see [80] for m = 2).

Lemma 3.6.5. Let N = S 1. Then (3.1.3) is equivalent to

31 k
= > AFFID(AF A Du) + ) AT (DAF A Du)
i—1 i=1
Ei £l m
g i—1 B
P ) (A%unA® >+;<2z—1)A D-(A%unDAT )
B L m1
JrE[ <m )AJ ID. (DA zLu/\A%+17ju) Z<m >AJ (DA%UADA%?ju)
= 25 — j=1 2j

(3.6.13)
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if m is even and

A™ D - (Du A w)

+

fHi-lp . (Am2 =i A Du)

m—1
e

= AT (DA - ‘u/\Du>—|— ZAm;
i=1

2@'nj 1> ATID- (

i
e () (ana o) - 3 (5 ) n (3 e

(3.6.14)

if m is odd.

Proof. Let u € C*(£2, S%1) be a solution of (3.1.2). We know from (3.1.1) that (A™u—eA™ 1) L
7,541 thus

(A™u — eA™ M y) Au = 0.

Using the product rule we have for even m:

341 3
A"y pu= Y <Z+1>Aj‘1D~ (DA% AAFTIy) =3 (m;; 1)AJ (DA% A DA% ~Iu)
Jj=1 j=1

and

m

A"MuNu = Z (Z:) A? (A%u A A%*iu) —

i=1

m i—1 n m_
(21_1)A D~(A u A\ DA u)

\:le\s

771 —1
m

=A""1D. (DuAu) — Z AZT1ID. Afiiu/\Du)

( ) A72u/\A7L*i )

z m i—1 o m_;
—;(22,_1)A D-(A2u/\DA2 u)

For odd m we have

m+1 E m+1 m41 m41_
A uAu= AJ (A 2 uANA2 ]u>

—ZAWH 1 El u/\Du

i MNF
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and
m ;1 m 7 ;1 > L_g
A"MuNANu = ;:1 (22) A (DA u A\ DA u)

'm+1

—Zl (22_1)N D (DA U AT )

m—1

— A" D. (DA””Elu/\u) - Z (mm 1)N‘1D~(
1=1

3 (1) (o =

m, 1 m+1

+ ¥ AT +“D(Az

iy A Du)

)N p. (DA"‘EluAAm’z“—iu)

O

Proof of Theorem 5.6.1. To show the uniform L?*!-bound of D™u,, in the neck region, we adapt
the methods of Wang [80] and Wang/Zheng [81]. Since u., : Q@ — S9! we have |u., | = 1 and the
general Leibniz rule yields

m—1
m— m m—1 4 m—i
0= D"Y(u., - Du.,) = D™u, -u., + § ( . )D Ue, - D™ g,

i=1
Thus

‘Dmu5k| < |Dmu8k ’ uEkI + |Dmu5k A u5k|
m—1 m—2
<c Z | D"ue, || D™ ue, | + |Dm_1(Du5k A “Ek)’ +c Z |DZ(Dm_1_lu€k A Due, )|
i=1 i=1
m—1
<Y |D'ug||D™ ug, | + [ D™ (Dug, Au,)|
i=1

With this we estimate

m—1

1D uEkHLQl(BRO\Bthk) <CZ |||Dzu€k| |D™™ lu5k|||L2 (B
i=1

+C||Dm 1(Du€k /\U‘Ek)”szl(Bﬂ\Bm%tk)' (3615)
8

R \Bzrty)
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Next we define a smooth cut-off function n € C2°(R?™) so that

n=1 on Bgy, 0<n<1 onBRO\Bi0 n=0 onR>*"\ Br,
8 8 4

and [D'n| < %, VI € N. We define @, € C5°(R*",5%"!) to be the continuous extension with
0

compact support ., = nue,. Then ., satisfies

Ug, = Ue, on Bry,
8
1D ticy ||, 2m = (gam) CZ D" e, ]|, S + clluc, |l (B 4y ) (3.6.16)
20 4
4
fori =1,...,m. To see this, we apply Holder’s inequality (p; = % q = ﬁ fori=1,..,m, 1 =1,..,1)

1D el 2 g < CZHID%\ Dl 2

0
4

l i—1
ScZHDuekHLaTm(B&)IID Ml gy + elltenlle o)

Rg) 4
1

<c) ||D Ue, || 2m +C|\Uek||Loo(B )-
" (Bnr
=1

Rg
70 4
4

Similarly we have with p; = 7, g = -4, I =1,...m

m
1D i, || p2@emy < 1D ue, |25 5y ) + 3 1D e, D™ |25,

4

)

Rg
4

C
< ||Dm+1usk|\L2(B@) + RT)H“%HL‘”(B@)
4

+Z||Dluak||m3 D™y

(B%l)

1 =1 1
(3.6.17)

Note that the constants in (3.6.16) and (3.6.17) are independent of Ry. Now we can estimate
the first term in (3.6.15) using Holder’s inequality for Lorentz spaces (see Lemma A.1.3) with
pi=2m g =2m =1, .,m—1, Corollary 3.6.4 and (3.6.16)

m—1
Z H|D2u6k| . |Dm71uak|||L2*1(B£Q\32Rtk) sc Z ||DZﬂEk||L%’2(R2m HDm lﬂe"HLm 7 (Rzm)
i=1 8 =
< o |D™ g, |72 g2y
m
<c 1D e, |I? 2 .l [ :
(3.6.18)

To estimate the second term in (3.6.15), we first assume that m is even. The case where m is odd
follows in the same way with minor modifications.
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m_even: With (3.6.13) we have

Amt (D - (D, A u))

m_ m
5 —1

= Z A%‘f’ile A%*Z,&/Ek A Dﬂ’sk) + ZA%"W'*I (DA?*Z,&Ek A D/&/ek)
= i=1

m_q

3 (AIIISTIVINEIN

1
(m;; )AJ (DA%, ADA%J4.)|  on Ba,. (3.6.19)

8

Let d be the exterior derivative or differential and d* be the codifferential. We define the Hodge
decomposition of the one-form

Dii., A, (= diie, A, ) € WM EB2(R2™ AL R?™)).

(For an adaption to Lorentz spaces see Gastel/Scheven [21] Lemma 3.1.) Given Di,, A 4., there
exist ®;, € W™2(R?™) and a two-form ¥, € W™2(R?>™ A%(R?™)) such that

diic, Nz, = d®y +d* ),  in R*™, (3.6.20)

with ¥y, =0, d*®;, = 0. To get a uniform bound on [|[D™ ! (Duc, Aue,)||r21(5 , \Bany, ) it suffices

to bound ||qu>k||L2,1(R2m) and ||Dm\I/k?HL2’1(R2'"‘)' For \Ifk we have

AS Uy, = (d*d+ dd*) % Uy, = (dd*)"7 (diie, A diie, ) =

7 (diie,, A diie, ).

The Calderon-Zygmund inequality (see [31]), Holder’s inequality for Lorenz spaces (p; = 22, ¢; =
2m. - j=1,..,m— 1), Corollary 3.6.4 and (3.6.16) yield

m—

||Dm\1/k”L2’1(]R2m) <c Z H|D uek‘ |l)m Za5k|HL2,1(R2m)

m—1
<c 2 1D ticy ||, 2m Rzm)HDm i -
(ZIIDluskIsz B T ey |17 (B 40)>. (3.6.21)
=1 4

For &, we first note that

A™ID - (Diie, Nie, ) = A™ 1 (dDy, + d*Ty) = ATy
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Together with (3.6.19) we have

31 z
A"y = > AFVTID (A% T, ADii.,) + > ATTTN (DA% Y, A D)
i=1 i=1
m_1

3 m ; mo_ m__; .
: ; (22')& (A% NAZ )

m

2 m i m m
+Z(%_1>Al 'D .- (A% d., A DA% .,

=1
B4
m . m m .
! 5[ D (23‘ - 1)AHD (DA%, A AT, )
=1

] 5

-3 <m2+ )AJ (DA% 4., ADA% Ji.) | in Ba,.
J
Fori=1,...,%5 — 1 we define

fllc(x) = C2m/ In|z — y|A%+i71D' (A%iiﬂsk A Dﬂ&c) (y)dy,
RQWL

) =~ (1) [ mle = ol (AT A AT ) )y
R2m
and for i =1,..., %

@) =can [ lo =yl AT (DA, A DAL ()
R m

G =ean (") [l = yIATID- (A% ADAE L) )y
71— R2m

in R?™. For j =1, ..., 5

; 1 . m s
V). (z) = —excam <m2—§ ) /]Rz In |z — y|A7 (DATQE,C A DAT_%]E,C) (y)dy,

and for j =1,..., % +1

- 1 . m m .
0] (z) = epcam (;Z + 1) /2 In|z — y|A]_1D . (DATfLEk A A7+1_7&5k) (y)dy
_ o

in R2™. We set

B z z 241
M=k — > (G- (EG+E) D - ) (3.6.22)
i=1 i=1 j=1 j=1

Since capm In |z — y| is the fundamental solution of A™ in R?*™ we get

Am’yk =0 in Br

0 -
8
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For &,& i=1,.. 1 we have with the Calderon-Zygmund inequality, Holder’s inequality for
Lorentz spaces (pi =, = 221_17 and s; =2, t; = mzm2 ) and Corollary 3.6.4

HDmgk”Lz 1(R2m) < CHAZ lD (A——zus /\Duek

2i—1
<e Y lom-a | pH b
b=0

Iz gy

€k | HL2,1 (R21n)

2i—1
§CZ 1D e, || 2y 2 oy 1P* e 2 o
SCHD ey |72 (rom)
and
[+ LR (g H'A e 1A m%%ﬁE’J 7t (R2m)
< c|[D™ g, || p2.2 @2y || D™ 2“sk|| L7202 (Ram)
< CHDmﬂakHQL?(RM)-
Analogously we estimate
1D &l 2 m2m) < €l | D™l |[fa(gemy  and
D 2GS D e By fori =1 2

With the embedding theorem for Lorentz spaces in Lemma 3.6.3 and (3.6.16) we have

||Dmfz‘|L2,1(R2m) + ||Dm£_]i.||L2,l(R2m) + HDmg]iHLQ,l(]Rzm) + ||Dmg]ic”L2,1(]R2m)

1 2 2
<ec <lz; ||D uskHLz;n(B&l) + ||u€k|Loo(BR40)> (3.6.23)
= 1
for i = L., —lori=1,.., %5 respectively.
For ¥, j = 1,..., 2, we use Holder’s inequality (p; = 2, ¢; = -2~ 2J) Corollary 3.6.4 and the

extension property (3.6.17)

D229 || o,
L2m—25"" (R2m)

< cep H\DA%TL&,J |DA%

7t (R2m)

< CE].CHDm—HuEkHLzz Rzm)HDm 2]+1’U,EkHLm - (RZm)

< CEk‘|Dm+1u5k||L2(B£Q)

CEL
‘R’ (Z 1D e |12 2.
0

Similarly we estimate ||D2m*2j+11§i| |L2m333+1 . j=1,..,% +1 and again with the embedding

2
) + |u€k||L°°(BFZO)> :

Rg
1

theorem for Lorentz spaces

CEL
HDm'ﬂJHLzl RQm)+||Dm/l9]||L21 (R2m) <C€k||D +1u8k”L2 Ry) + R2||u8k|‘LDO Bry)
4 4

ce
+ % Z 1D e 2 (3.6.24)
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for j = 1,...,% or £ + 1. Since A™y, = 0 on Br,, we can apply a standard estimate for m-
8
polyharmonic maps (see Lemma A.1.6)
1D Ykl 2B gy ) < ellD™VkllL2(B 5y )
8 4

< c|[D" x| 2(B gy
4

mo
ey (||D%z|m<3 o)+ D" 2205 R%))
=1

+cZ(|Dm5k||Lz<BR D8 25, )

i=1

m my
+CZ||D 19JHL2(BR y+e > |[pm 19J||L2BR )
j=1 j=1

Since L*! < L? we have estimated everything except for the first term. With (3.6.20)
- (D, Ae,)

A% D, = (dd* + d*d)"= d*(Diie, Adie, — d* V) =

in R?™. With the Calderon-Zygmund inequality and (3.6.16)

m
ID™ | 2(em) < €Y [|1D% ey | - D™ ticy ||| o o
=0

<$ o
§C<2||Dlu5k|im(3 +||u5k||L"° 40)>'
Using this together with (3.6.23) and (3.6.24) yields

D™ |20 (B gy ) < € (Z||Dzu5k||2zm

8

pm—ig I
Uey, L T (R2m)

o) + ||Usk\|2Loo(BRo )) + C€k||Dm+1u€kH%2(BRO)
4 4 i

CEL
T (ZIIDluaklliagn n) T eIz >>
=1

4

(3.6.25)

Our goal was to get a uniform bound on D™®;, in the L?!-norm. Using the decomposition of ®y,
n (3.6.22) and the estimates (3.6.23), (3.6.24) and (3.6.25) we arrive at

8

ID™ @[ 215y ) < /D™ VillL21(B gy)
8

mo_
-1

ey (||Dm5k|Lu<BRo> + ||Dm5k||m380>)

1

s (lleEile(B%) n ||Dm£;i||m1<3%>)
8 8

1

o
I

S

.
Il

myq

+CZ||Dm19J||L21(BRO) +c Z D™ || 25 1y )
j=1 8

w‘:

Jj=1
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) + |Uek||%oo(3m)>

4

m
< (Zmzmnj%h

i=1 0

.

+ C€k||Dm+1uEkH%2(BRO)
4

m
Ck l 2
+ 5z (NP e
0 \i=1

Going back to (3.6.15) we conclude with (3.6.18) and (3.6.21)

0
Rg P
1

e lleo >> .

m
1D ey [|L21(B g \Bare,) < € (Z 1Dy} 2 )+ ||u€k|%°°(B£Q)> +cer|| D™ e, |[72 (5 4, )
8 2o 4 4

i=1 1
cep [ &
k l 2
+ Il (Z 1D u5k||L2%(B
1=1

This is uniformly bounded because of (3.4.1), (3.4.4) and (3.5.2). Since we can choose § > 0 in
(3.6.12) arbitrarily small we get

) + ||u5k”%°°(BR )) .

0
Ro
2 4

D™ e, ||L2(B&81\B4Rtk) < C||Dmu5kHLz’OO(B%Q\Bu?,tk)”DmuEkHL2'1(B&SZ\B4R%) <c’Vo.
Together with (3.6.4) this shows
Eak(uek,B% \ Bagt,) + 0 as R,k — oo, Ry — 0,
and Theorem 3.6.1 follows.

m_odd:
If m is odd the proof needs some minor modifications. With (3.6.14) and (3.6.16) we have

A™ D (D, Aii,)

m2—1
=Y ATt (DA”E ", A Daak)
=1
m—1
2 m—1 . m+41 .
+ > AT (A, A D, )
=1
m—1
2
=1
m—1
2 m . m—1 m—1 .
+ (22,)N (DA ., A DA™ _uk)
i=1
m41
2L /m+1 . mtl mtl
re[3 (7)o (a7 narom)
=1
m+1
- m+1 ; m+1 m+1
- <2j i 1)AJ1D. (2", ADAzJaEk)} in Br, . (3.6.26)
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As in the even case we introduce the Hodge decomposition
diig, Niie, = d®y +d*¥),  in R?™,
where &, € W™2(R*™) and ¥, € W™?2(R?™ A%(R?™)) is a two-form with
d¥y =0, d*® = 0.

To get a uniform bound on ||[D™~!(Du., A Ue, )||L21(B gy \Bane, ) 1t suffices to bound [[D™ @[ 2.
8
and ||D™Wg|| 2.1 uniformly. For ¥ we have

m41 m —1 m—1

A"y, = (dd*) ™ Uy = (dd*) T (dite, Adiie,) = AT (diie, A diie, ).

If m = 1 we follow Lamm in [44] and apply the results of Coifman, Lions, Meyer and Semmes [13]
to estimate

\|diie,, A dite,, |32 m2) < || Diie, | |72 g2y
< ¢ (1Dl ) + i)
4

Q
4

(see Appendix A.3 for a definition of the Hardy space H') With the work of Fefferman and Stein
[70] we have

0l < (11D s )+ s e
4 4
and thus

100z ey < € (11D B )+ i e )
-

4

If m > 3 we proceed as in (3.6.21) and use the Calderon-Zygmund inequality, Corollary
3.6.4 and (3.6.16) to estimate

m—1
D7 s oy < D D™ |- 1D e ] 2
N
<c . HDmJﬂskHL,?]Lv2(Rzm)||D”1ﬂ€k||L%v2(R2m)
o

m
<o (1Dl
=1

With the embedding theorem for Lorentz spaces in Lemma 3.6.3 we have

2
) + ||u5k||L°°(B&4l)> :

D™y < ellD™ Wl s

7 2 9
<C<;||D usk|L21m(B§Q)+||usk||LOO(B%Q)> . (3627)

4
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For ®; we first note that

A™ID - (Dag, Aie,) = A™ N (d®y, 4+ d*Ty) = (d*d + dd*)™ " (d*dDy,)
= A"d,,

since d*®;, = 0. Together with (3.6.26) we have

m—1
2
Amq)k _ Z Anz2—1+i (DAmgl_iaek /\Daek)
i=1
m—1
2 m—1 . m-41 .
+Y amHip. (A i, /\Dﬂgk>
i=1
m—1
2 m 1 m—1 _ m4l .
- <2i_ 1)& D (DA™ i A AT 0, )
=1
m—1
2 m : m—1 m—1_ .
+ (2) A (DA™ o, A DA™ T, )
i=1 ¢
m+41
2 m + 1 . m+1 m+1 -
+€[Z( ) )AJ (A 3 aEkAAT—JaEk)
=1 N 4
m+1
2 m-+1 ’ m41 mdl -
-y (2, 1>AJ1D- (2™, ADAzJaEk)} in B, .
=0 N :
Similar to the even case we define for i =1, ..., mT’l

m—1

i (x) = czm/ Injz — y|A™
RZm

m—1_

i (DA > iaEkADﬁsk)(y)d%

& (z) = cam /}R In|z —y|A™7 t71D. (Amil—iagk A Dﬂgk> (y)dy,

Eh(r) = —com <2Xi 1) /Rz’ Injz —y|A" D - (DAmT_lﬂak ANA

mtl
2 U’Ek) (y)dy,

é}c(x) = Com (m) / In|z — y|Ai (DA = Ue,, N DA e _ifcsk) (y)dy
2’L R2m

: +1
and for j =1,..., 7=

i 1 ) m m )
V](z) = excam (m;}— ) /2 In|z — y|A? (A “jlﬂgk AA 2+1*Jﬂ5k> (y)dy,
R m

. 1 . . il
ﬂfc(x) = —€kCom (;;t 1) /}R2 In |z — y|A]71D- (A glﬂgk AN DA ;‘rlﬂﬂsk) (y)dy

in R?™. We set

m—1 m+1
2 2

=Pk — Y (GG +E+E) - (9 + D). (3.6.28)

i=1 j=1
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cam In|z — y| is the fundamental solution of A™ in R?™ and thus

ATy =0 in Brg.
8

With the Calderon-Zygmund inequality, Holder’s inequality for Lorentz spaces (p; = e =
m _ m _ m _ 2m—2i+1 _ 2m—2i+1 _ 2m—21 _ 2m—21
g P2 = s 2 T o P3 = T 3= S Pa = T = 055) and
Corollary 3.6.4 we have for i =1, ..., mT_l
2i—1
+b—2i ~ 2i—b~
HDmé-kHLQ J1(R2m) <c Z H‘Dm ¢ k| |D b €k|||L2 1(R2m)
b=0
2i—1
m+b—2i ~ 2i— b~
<C§HD u6k||L7”+b 550 (]Rzm)HD Ek”L?T (Rgm)

< Al D™ g

HD gk”L?l(Rzm <c ZH‘Derb 21+1~ | |D2l b= 1~€k|HL21 (R2m)

HD21 b— 1~

Lm+b2ln21‘+1*2(]R2m) ek||L21 b1 2 (R2m)

<c Z‘|Dm+b 2z+1~ ||
b=
|

IN

mﬂek 172 mamy.

2m—2i+1 &4 m ) mEl
1D il s amy < € [|DAT e 1A |y
< || D™ ey || 22 @2y [|D™ 2 G el 2 2 gamy
< || D™ e, |72 (gemy,
2 2 m—1 _ —1_ ;.
HD m— 7‘fZHLQm - (RQm) < A2 Usk| . 2 Z’ll,s;c| Lm’l(RQm)

< el | D™ e |lpza@am) 1D eIl 2 2
< Cl|D™ i 32 gmy
With the embedding theorem for Lorentz spaces in Lemma 3.6.3 and (3.6.16) this yields
D™ &L | 2remy + [ID™EL]| L2 mem) + [|D™Ekl| L2®emy + || D™ &L 2 (remy

< C(||Dm§]i||L2,1(R2m) + HDmgﬂ'L?’l(R?’”) + ||Dmé}i€”L2,1(R2m) + |Dm§~;€||L2,1(R2m)>

m
l 2 . m—1
<c) [ID u5k||L2Tm(BRO) + clue, |17 (Bry) fori=1,..,——. (3.6.29)

= 4
Analogously we estimate ﬂi, j =1,.. mTH,_ using Holder’s inequality for Lorentz spaces (p; =
A 2J7Q1 2:: ;f, D2 = 2m:5j+1>Q2 = Q,Zfzifll) and Lemma 3.6.3

2m—23 9] m+l ) m+1

D29 < e[| ] 1475 o

< eel | D7 ey |22 1D i || o
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< C€k||Dm+1ﬂEk ‘ |%2(R2m,)7

m

||D2m_2j+1?§i” < cep, H|AmTﬂﬂek\ -|DA Jl—ja€k|

2m s—2m ___ 1
L2m—25+1 (RZm) [ 2m—2j+1" (R2m)

< C{:‘kHDerlﬂsk ‘ |L212(R2m) | ‘Dm+272ja€k ||L#"’;+1,2(R2m)

< cep| D™ e, || 2o oy -

And again with the embedding theorem for Lorentz spaces in Lemma 3.6.3 and the extension
property (3.6.17)

||Dm’l9-]];;||L2(]R2"L) + ||Dm1§i||L2(]R2m) < ||Dm19£”L2,1(R27n) + HDm’l%;HLz,l(]Rzm)
m CEL
< CEkHD +1u‘5k||%2(BRO) + ﬁ”uskH%M(BRO)
a4 0 4

m
&k Ly (12
+ Ra ZHD uEkHLsz(BiQ) (3630)
1=1 3
forj=1,..., mTH Since 7, is a m-polyharmonic function on B g, , we can use the standard estimate
8

for m-polyharmonic maps (Lemma A.1.6)

HDkaHLll(B&sl) < C||Dm7k||L2(B&4l)

< ||D"®k||L2(B g, )

T0
m—1
2 . —
03 (D762 + D" €l 12,
i=1 4 4
D™ )+ ||Dm5:;|L2<BRO>)
4 4
m+l
2 . ~ .
+ey <||Dm19;€|L2(BRO) + IDmﬂilLa(Bm) .
]:1 4 4

We already estimated everything except for the first term. For this we note that

m—1

> (Diie, A i, — d* )

A" DO, = (dd*)"T d®y, = (dd*)

m—1

= (dd*) = (D, Ne,)

in R?™. With Calderon-Zygmund and (3.6.16)

m
HDm(I)kHLQ(R"’m) < CZ |||Dlﬂ5k‘ ! |Dmiiﬁ‘€k|||L‘2(R2m)
=0

m
<€D D el 2 oy |1 D™ iy |
=0

m
< (Z 1D e, 22y ||usk|%m<%>> .
i=1 1

4
4

2m
L m—i (R?'NL)
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Thus we have together with (3.6.29) and (3.6.30)

I[D"Vk||L21 (B gy ) S € (Z”DZUEkHQZW +||Usk\|L<>o(B 0)) +erel| D™ g, |[72p o)
4 4

8
[ >) (3.631)

4

CE
— (Z 1D e, |13 2

With (3.6.22), (3.6.29), (3.6.30) and (3.6.31) we can now estimate D™ ®y,.

Rg
4

m,l

D™ Bl sCz (107 il + D70,

8

+ HDmé/iHLN(B&l) + ||Dm£i|\L2»1(BR )

+
AR

+CZ (||1)msu||L21 BR )+\|qu9ﬂ\|L21 n )> +c||Dm'7k||L2~1(B&l)
J 1 8 8

<c (Z 1D eI} 2y )+ IIUEkIZLw(Bm) +cer|| D™ e, |[72 (5 4, )
Ro) 1 i

4

CEk
<Z 1D e, |2 2 ,t IIUEkI\Lw(BRO >> :

Jl
4

Going back to (3.6.15) we conclude

HDmUEk | |L2’1(Bm\Bthk)

m—1
<Y D ey - 1D ey || o 5,y + DTN (Ducy Auc)|l2 (8 gy )
(Brg)
=2 3

1=

=

m—

<CZ HD1+1~€1¢|| Hrl(RQm)”Dm Z+1~€k||Lm i1 (R2m)

+ c”qu)kHLQ’l(BEQ) + || D™ W[ 21 gy )
8 8

; R
i=1 TO

e [~ l 2 2
+ — E D uc, || 2m + ||te, || 7 00 .
Ra (l_1|| k||LT(B£4Q) H k||L (B%Q)>

The same argument as in the even case finishes the proof of Theorem 3.6.1.

m
<c <Z HDZUEkHi%m(B + |u6k||L°°(B40)> + ceg||[ D™ u5k||L2(BTO)

3.7 Energy identity for arbitrary target manifolds N

In this section we want to ease the restrictions on the target manifold and allow arbitrary compact
Riemannian manifolds V. Lemma 3.6.2 at the beginning of section 3.6 holds for arbitrary target
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manifolds. Thus it remains to show that

/ |D™u., | — 0 as k — oo
B ry \B2rRt,,
4

and Theorem 1.0.4 follows. In exchange for lowering the assumptions on the target manifold we
have to assume a so-called entropy condition introduced by Struwe in [73] (see also Lamm [43]),
namely

1
ex log <€k) / |ID™ |2 =0 as k — oo and ¢ — 0. (3.7.1)
Q

Using this we show the following result.

Theorem 3.7.1. Let (¢;)ren be a sequence such that e — 0 as k — oo and let (ue, )ken be a
sequence of critical points of E., satisfying all assumptions of Theorem 1.0.4. In particular let
(ue, )ken Satisfy the entropy condition (3.7.1). Further, we assume that ¥ = {zo} and only one
smooth, non-trivial quasi-m-polyharmonic map w': S*™ — N forms along the sequence. Then

lim E., (u.,) = Eo(uo) + Eo(w"). (3.7.2)

k—o0

Remark 3.7.2. The existence of a sequence of critical points (ue, )ken satisfying the entropy con-
dition (3.7.1) is shown in section 3.8.

We follow the work of Wang and Zheng [82] and consider the tangential and radial components
of D™u,, separately.

Lemma 3.7.3. Letu., be a solution of (3.1.2), 5 > 0 and E., (ue, , Bas\Bs) < 6 for all s € [Rty, Boj,
Then

_ m €k
Dy D™ ., 2 < e V5 (1 + ) :
/BRD\BW ‘ (Rtr)?
4

where D denotes the tangential component of the derivative.

Proof. We define the radial function g, = gi(|z|) on Bre \ Bzgt,, so that for i = 1,...,l; with
4

2l tiRy, = Bo

Amqk) = 0) on B2i+lRf,k \BQiRtk7
Dégp(r) = faBziJrlRt Diu,, , if r=2""Rty, s=0,...,m—1,
k
Doqy(r) = faBziRt Diu.,, if 7 = 2°Rty, s=0,..,m—1,
k

where D, denotes the derivative in radial direction. By (3.1.2) we have
A™(ug, — i) = f(ue,) +er (A" M ug, +§(ue,))  on Baivipg, \ Boipy, -

Multiplying with (u., — gx), integrating over the annulus Bgi+1py, \ Bai g, and using integration by
parts yields

/ D" (e, ~ )P
B

2it1 Rty \BQiRtk
Lo

=(L,

S

) (=1)"F "D A" (ue, — qr) D" (ue, — qr)

2i+1 Rty 20 Rty
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o [

With the mean value theorem, Lemma A.4.1 and Corollary 3.4.7 we have for x € Bgi+1p, \ Baipy,

u(@) — glx) = u(z) - (ﬁB u) n (ﬁB u> — qa)

< cRtg||Dul | oo ) + cRtg||Dyql| L5

(f(uak) + ek (A™ue, + é(uak))) (te, — qk)- (3.7.3)

2i+1 Rty \Bzim,C

Bz“rlmk\Bzim 2'H’1Rtk\B2iRtk)

§c2%+thk<Z Rt~ (|D?q(2°Rty,)| + | D7 q(2" ' Rty)|)
Jj=1

T (Bt (@ Rey) q<2iRtk>|)
<c 2%
and thus

OSCB, 41y \Byipy, (Ui — @k) < € oo V1<i<l. (3.7.4)

Summing (3.7.3) over 1 < i <[, yields

/ D™ (ue, — 1) ?
Br Bthk

2o

4

m

=, e A - D e
s—1 aBRO OBapt,,

_1)MZ/B

i=1 2i+1Rtk\B2iRtk

_ Z / / s+mDsAm S Dsfl(usk . qk)
s=1 8BR O0B2Ry,,
lk
1)mZ/
=1

Byi+1 Rty \B2iRtk

_|_

—~

(Flum) +2(A™ ey + () ) (e, = 1)

(Flu) + (A s, +3(u,) ) (e, — )
=T+IT+1III

The last equality holds because D®qy, (s € Ny) is constant on 0Baipy,, i = 1,...,1; + 1. To estimate
I we use the assumption E., (u.,,Bre, \ Bry) < 26 to apply Corollary 3.4.7 and estimate
2 8

IZ/

s+mDsAm s Ek DsfluEk _][ Dsflugk
BBR aBR

2m—1

2m
2m—1 B .
< CR()2m ||usk _q’CHL“’(@B&) / |DAm 1U,Ek‘2ﬁ_1
i 9B ry
4

m

2m—1 _ 2m _ 2m
+ 2 :CRO 2m / |D*A™ e, | Tm—s / |Ds 1Uek o1
83&4l 83&41
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Sc%

and analogously

=y (=1)°* DA™ 5u,, D> ue, — qi) < ¢ V0,
s=179Bz2Ry,

where c¢ is independent of R, ty, Ro. For the first part of 711 we use (3.7.4) and Corollary 3.4.7

Ir
>/ Flue) (e, — 1)

i=1 2i+1Rtk\BQiRtk

Ir
<oy )3 / Dut [P
i=1 B

k; €Ng 2'i+1Rtk\BziRtk
k1+2k2+...+(2m71)k2m_1:2m

173
m 1
<c¥6y [ o
i=1 B2i+1Rtk\BQiRtk ‘.’E|
< V6.

For the second part of 111 we use (3.7.4) and (3.6.11) to estimate

Ik
Z/B €k (Am+1u6k +§(U5k))(u5k - Qk)

i=1 2'i+1Rtk\BziRtk

Ro
S 1 Ek
< ¢ ¥oe / / —— _dudp < c Vs }
g 2Rty Jon, |T[2mHD) : (Rtg)?

Putting all of this together we arrive at

/ |D™ (ue, —Qk)2§6%(1+ - 2)
B gy \B2Rt, (Rtk)
1

and because ¢y is radial it follows that

/ Dy D" g, |2 < e Vo (1 4ok 2) . (3.7.5)
B ry \B2Rt,, (Rtk)
4

O

Next we want to bound the radial component D,D™ lu_, by the tangential component of
D™u,, . Note that Dy D™ tu,, = D™u., — D, D™ tu,,.
3.7.1 Radial energy estimate

We use a Pohozaev type argument to show the decay of purely radial derivatives in the neck region.
Ai and Yin in [2] developed a procedure for writing A™w in terms of its radial and tangential
components by using cylindrical coordinates (t,6), where r = e* and § € S*™~L. Then

BN d
Au(t,f) =e g u+2(m — l)au—FAsgmau
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and with Lemma 2.7 in [2]

8 p
Ay = 67277115 Z Qp q (625) Ag.z,n,lu (376)
1<p+2¢<2m
p,g€NU{0}

with coefficients a, , € R and

{( o apq =0 forp=1,3,....2m — 1, q € Ny; (3.7.7)
— 2

apo >0 for p=2,4,...,2m.

To simplify notation we assume in the following that m is even. The case where m is odd follows
analogously with minor modifications. Let 7 € (2Rt %). By (3.1.1) we have

-

/ AMug, (z- Due,) = 5k/ A"y, (x- Dug,) . (3.7.8)
B, B

For the right-hand side we use integration by parts

m
Ek/ A™ My, (z- Dug,) = e E AA™ Fu,, AF (z - Du,, ) v
B, o’/ oB-

m_
— €k Z / A" Ry 9 AF (x - Dug, ) V!
k=0 OB
- 5k/ DA% u, DA% (z- Du,),
B,

where ! = %Ll, l=1,...,2m is the outer unit normal. For the last term we have

m m DA% 2
€k/ DATUEICDA7 (a: . DUak) ‘ 2 u5k| )
B,

(m+1)€k/ \DA%u5k|2+ek/ x-D(
B B, 2

-

DA% 2 m
:Ek/ Div (17 |22uek|> +5k/ |DA7’UJEK_‘2
B. B.

DA% ., |? m
:ng/a [DA > ue, 5 A +5k/B |IDAZ u,, |2
B, ,

and thus

m
Ek/ Am_HUEk (aj ’ Duifk) =k Z alAm_kUekAk ('T ’ Du&k) V!
B. — JoB

m_q
2

— ek E A" Ry, O AF (x - Dug,) V!
o JoB

DA 2 m
—EkT/aB % —Ek/B |IDAZ u, | (3.7.9)

To calculate the left-hand side of (3.7.8) further we switch from spherical coordinates (r,8) to

cylindrical coordinates (t,6), where r = et and r% = %. Then we use integration by parts with
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respect to 0, (3.7.6), (3.7.7) and the chain rule (see [2] p.146)
/ A™u., x - Dug,

=/ Amugk 8u5kd0dr
0 or

ln(‘r B 9 p P
/5’2711 1 o Z Ap.q <6t> A%zm,l (u5k (t,0)) - &(usk (t, 9))62mtd9dt

1<p+2¢<2m
In(7)
A27n 1
1

p,g€NU{0}
o\’ 0
(100 (51 ) s (0.0)) 51 e 100
n(r) g
/ ( 1)q+p+12p 1a2pq
0t Jgam- 11<2p+2q<2m

p,9€NU{0}

+/1:T) (@A( DRSS 3 & ’““(a)w_l(wq,ek(um)

1<Z7+2q<2m
p,qeNU{0}

2

dédt

-/
/.
/.

<§t>ﬁ (wg.e, (£,0))

1325+2qum e
p,qeNU{0}
b 2p—k—l1
' (ane) (wq,ek(tﬁ))) dodt,
where

Algan - (e, (1,6 —

wg.e, (1,0) = 4 5" l(ul’“(7 ) q
Vam-1Dgomi(ue, (t.0)), ¢=20+1,  1€No.

Next we separate the purely radial derivatives, i.e. the terms where ¢ = 0. Then

/ A™uy,, x - Du,,
B [/ i(—l)ﬁ“zﬁ*am (6)]5“ Qde}t:mm
gom-1 7 @250 || 55 | Uen o
L 9\ ki1 5\ 2Pk t=In(r)

+ /Szm 1 Z:(IZpOZZ 1)k ( ) U, ((%) us,@dﬂ}

k=11=1 t=—o00

i B 5 t=In(7)
- /s2m Y. (TR, da]

t o 1<2pt2q<om t=—o0
p,q€NU{0}, g#0

2

(2 wyertton
p—1p—k

* gt /Sm Do (Dtazpe > Y (DM (wg e, (1,9))

1<2p+2g<2m k=11=1
p,9ENU{0}, g#0

o 2p—k—1 t=In(7)
. (815) (wg.en (1, 9))d9] .

t=—o0

Note that the integrals vanish for ¢ — —oo and we are left with the integrals evaluated at ¢ = In(7).
(To see this transform back into spherical coordinates. For every k € N, w,, is smooth and thus
bounded. Letting » — 0 we see that the integral converges to zero.)
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Now we put everything back into (3.7.8) and transform back into spherical coordinates. Note that
by (3.7.7) (=1)Pagzo > 0 for m even and (—1)Pagz; 0 < 0 for m odd. In the following we assume
m to be even. (In case m is odd the calculation follows analogously with switched signs on the
right-hand side.) With (3.7.9) we get

{/ Z pzp—az 0 ( a)ﬁ(u (r,0)) 2dtﬂ
=t 50 1\ "G ) (Herlld .
m bplpk o 5\ FHi-1 5\ 2Pk
_ TL??“ /52m 1 I;kzl ; ( Haggo (T6r> (ugy (1, 6)) (T6r> (usk_(r,@))>d0] .
5 2
+ {/Sm_l Z (—1)atPHizstly, (raar) (Wq.e, (1,0)) de]
1<2p+2¢<2m r=r

p,q€NU{0}, g#0
p—1p—k

+L§ [3 Y YS - kH( qa2,,q<r;)k+l_l<wq,ek<r,o>>

1<25+2¢<2m k=1 l=1
P,q€NU{0}, ¢#0

. (r;i) e (wq,e,, (7, 9))) dﬁ}

T=T
% 31
—ex Yy | A" Fug AP (- Du ) e > [ A" Fu, AR (@ Dug,) !
k=0 0B~ o J9B:

m

DAz m
+€k7/ %‘ka/ |DA2U5k|
OB, B,
Ro

Dividing by r = 7, integrating from 2Rt) to 5* and estimating with (3.7.5) and (3.6.11) yields
[ S
Rtk S2m—1 i)

> o|(r2) et

p—1p—k k+1—1 2p—k—1
_ 0 0
_ / (2m—1) E a25.0 § E k+l ( U, 7“6* U,
dBapi, UOB g r

Ko k=1 1=1
9 D
(rar> Wq,ey,
—1p—k

a4
- (2m=1) 1)athtg,
" /<932Rtk UOB r 2 Z 2 ( “2pa

Fo 1<2p42¢<2m k=1 =1

2
dfdr

m

2

—2 12p—1
- / e Z (-1t a2,
B gy \B2rRt,,

1<254-2¢<2m
P,qeNU{0}, ¢#0

P,gENU{0}, q#0

5\ k-1 o\ 2Pkl
(2)" () )

m

—skZ/ —BZA"’ k kA’“ (:r.DuEk)Z/l

—0 BRO\Bzmk ||
m_

1
+ ek Z / — A"y AR (2 Dug, ) v
k=0 BRO \Bthk | |
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Fo
|IDAZ u, |? 1 g m
e 2
+5k/ fk+ — |IDA= u,, |
BR: \Bzri, 2Rt, T JB,

1 m
Vo1 1 - DA% u,, |?.
f(*(R >>“’“0g<Rtk>/g' e

With this we can finally show that there is no energy lost in the neck region as k — oco. Recall
(3.6.4), Lemma 3.5.3 and Lemma 3.7.3 to estimate

By (e B, ) < [ A%, |+ ou(D)
\B2Rt,,

4
Rg = 2
1 - 1-2p AW
<c - E 5 025,0 || 5 | Uey,
- ’ or
2Rty T Js2zm—-1 <

p=1

<csklog< )/|DA2u€k| + 0x(1)

< Ok(l).

df + +0k:(1)

(R)

This finishes the proof of Theorem 3.7.1 and Theorem 1.0.4 follows by applying this procedure to
each bubble.

3.8 Entropy condition

To finish this chapter we show that we can always find a sequence (ej)ren, €x — 0, and critical
points (ue, )ren so that

]. m
ex log (Ek> / IDAZu,, |* =0 as k — oc.
Q

More precisely we show the following:

Theorem 3.8.1. Let e > 0 and let F C P(W™HL2(Q, N)) be a collection of sets. Let ¢: [0,00) x
WmHL2(Q N) — WmHL2(Q, N) be a semi-flow such that

#(t,-) a homeomorphism of W™TL2(Q, N) vt > 0.

E.(¢(t,u)) is non-increasing in t for any u € WmHL2(Q, N). Further assume that ¢(t, F) C F Vt €
[0,00) and VF € F. Let

Be = ;ESTS‘QEE <(u) (3.8.1)

and assume that B < co. Then for almost every e > 0 there exists a critical point ue € C*(Q, N)
of E- with E.(u:) = B and

hmslog( )/ |IDA% u.|? = (3.8.2)

Proof. We follow the work of Struwe in [73] who first introduced the entropy condition for semilinear
elliptic equations. With the minmax principle (Theorem 4.2 in [74]) and the results from section
3.2 we obtain existence of a critical point u. of E. with E.(u.) = S for all £ > 0. What is left to
show is the existence of a sequence of critical points u. satisfying (3.8.2) as ¢ tends to zero.
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At first we note that

e Be

is non-decreasing and therefore differentiable almost everywhere with % € LY([0,04]) for o1 > 0

small. Using this we have

dfe

s =0.

2A = liminf e log (1)
e—0 £

To show this assume that A > 0. Then we get for o € (0,07) small

7 dB. o
de > —A ——de =
/0 dz= = /0 elog(e) £
d

dﬂ; € L1([0,01]). We divide the rest of the proof in three steps.

which contradicts

Step 1: First we want to derive an estimate for 9.F.. We choose ¢ > 0 fixed such that (.
is differentiable in € and we choose a decreasing sequence ¢, | €. For every k € N we choose F}, € F

such that

sup E., (u) < Be, + (e —€).
u€ Fy

Further we choose v € F} such that
Be — (er —€) < Ec(v).
Since [. is differentiable in € we have

dfe
de

55k§66+< +1>(5k€)

for k sufficiently large. Putting all these estimates together we arrive at

dfe

Be — (e —€) < E.(v) < E,, (v) < sup B, (u) < e+ < pE + 2) (ex — €).

u€eFy
(3.8.4) and (3.8.5) together yield

E., (v) — E.(v) < dpe

— +3
e — € _ds+

and by the mean value theorem there exists € € [g, ] such that

dpe
_ < .
0-Be(v) < 7= +3

Because
0:-E.(u) = / |IDAZ ul?
Q

is independent of € we conclude

dﬁ5+3

EEE S
0-E.(v) e

(3.8.3)

(3.8.4)

(3.8.5)

(3.8.6)
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for all v satisfying (3.8.5).

Step 2: We show the existence of a sequence (uc )reny € W™MTL2(Q N) satisfying (3.8.5)
such that

[[DE;, (u, )|lwm+1.2(0,n) — 0 as k — oo. (3.8.7)
To prove this claim we first note that
sup{| (DE¢, (u)(w)) — (DE:(u)(w)) | : [|wllwmsrz@ern) <1} =0 (3.8.8)
as € — €, where
W2 (*TN) = {w € W™HH2(Q,RY) | w(z) € Ty N Vz € Q.

To see this we pick w € WmHL2(y*TN), u € WmH12(Q, N) and use the Cauchy-Schwarz inequality

|(DE., (u)(w)) — (DE(u)(w))| < (¢ ¢ / DA% u|| DA% w|

1/2 1/2
< (e —¢) (/ |DAT5Lu|2) (/ |DAT2"w|2>
0 0

<cley—e)—=0 as k — oo.
Now we assume that (3.8.7) is false, i.e. that there exists a § > 0 such that
[[DE;, (u)|[wm+1.2(0,8) > 46
for all u satisfying (3.8.5) and k large enough. In the following let w satisfy (3.8.5). We define
Xp: WnHLZ(Q N) — WmHL2(y*T'N) to be a locally Lipschitz continuous pseudo-gradient vector
field for E., with
[ Xk (w)|[wmtr2@erny <1

and

(DB, (), X)) < ~ 5 |IDEey (1)l svz(0, v < 26 (3.8.9)

Further we define a smooth cut-off function ¢ € C*°(R) with

0<y <1,
P(s) =0 for s <0,
Y(s) =1 for s > 1.

For k large enough let

) = (B = Bz fex )

Ekp — &
Then

Xi(w) = i (u) Xi(u)
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also defines a Lipschitz continuous tangent vector field. We define the flow generated by X as
b RE x WmHL2(Q N) — Wm+L2(Q, N) with
d -
%gbk(t,u) = Xi(or(t,u)) for t > 0,
ok(0,u) = u.

Let F as in (3.8.3). For v € F}, let v; := ¢y (t,v). By the assumtions of the theorem we have v; € Fy,
for all ¢ > 0 and together with (3.8.3)

sup E., (vt) < sup E., (v) < B¢, + (e —€).
vEFy veFy

Therefore

M(t) := sup E.(v:) > e
veF}

is only attained at points vg for which (vg); satisfies (3.8.5). Note also that ¢ ((v):) = 1 at these
points. Now we can estimate

& B((v0)e) = (dB-((w)e). - (x0)e)

dt

= ¢ ((v0)e) (dE=((v0)¢), Xk ((vo)e))
(dEz, ((v0)t), Xk((vo)e)) + [dEe((v0)e) — dEe; ((vo)e), X ((v0)e))!
—26 4 0k (1),

Ai’:\&

<
<

where we used (3.8.8) and (3.8.9) in the last line. With this we have

d

—M(t) < =6
p (t) <0

for large enough k and subsequently M(t) < (. for large ¢. However this is a contradiction to the
definition of 5. and therefore (3.8.7) must hold.

Step 3: In the last step we construct a Palais-Smale sequence to obtain strong convergence.
Let (ug)ren € W™HL2(Q, N) be a sequence satisfying (3.8.5) and (3.8.7). Note that (3.8.7) is not
the correct Palais-Smale condition since DE,, (-) depends on €5 and not on a fixed . However, we
will use this to show that limg_,o0 ||DE:(ug)|| = 0 is satisfied for (ug)ren.

By (3.8.5) the sequence (uy)gen is uniformly bounded in W™ +12(Q, N) and together with (3.8.8)
we have

sup Fe (ug) < 00 and [|IDE:(ur)|| =0 ask — oco.
keN

Therefore (ug)gen is in fact a Palais-Smale sequence and we have
U —> Ue strongly in W™ +12(Q, N)
and u. € WmTL2(Q, N) is a critical point of E.. Using (3.8.5) in the limit we get

Be = lim E, (ug) = E-(ue).
k—o0

0-E. is convex and thus lower semi-continuous on W™*42(Q, N). With (3.8.6) this yields

0:Fc(u.) < liminf 0, E. (ue, ) < %( )+ 3,
k—o0 de
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which finishes the proof.
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Chapter 4

Limits of e-harmonic maps

In this chapter we turn our attention to the fourth order approximation of the Dirichlet energy

1
Blu)= 5 /S VuPddg

introduced by Lamm [44] and classify e-harmonic maps between two-spheres of degree zero and
+1. The following is based on joint work with Tobias Lamm and Mario Micallef.

To recap, critical points u. € W22(S2,52%) of

1
E.(u) = 5[92 |Vul|? + e|Au?dAg»

exist for every € > 0, are smooth and satisfy
Au — eA*u = —u|Vul|* + cu (AVu2 + div(Au, Vu) + (VAu, Vu>> (4.0.1)

Sequences of critical points (ue, )ken, €x — 0 converge to a smooth harmonic map u* : S? — S?
and finitely many non-trivial harmonic maps v’ : S? — S2, and the energy identity

N
lim E., (u.,) = B(u*) + Z E(u') (4.0.2)

k—o0

holds (see [44]). While this approximation produces harmonic maps in the limit, it does not detect
every harmonic map as we will see in the following.

First we turn our attention to maps of degree one. As mentioned in the introduction, all
harmonic maps between two-spheres projected to the complex plane are rational with Dirichlet
energy F(u) = 4w|deg(u)|. Moreover, all rational maps of degree one are elements of the Mdbius
group PSL(2,C). In the following we examine this group more closely.

4.1 The Mobius group

Let C = CU {oo}. A holomorphic function

al+b

m: C — C, E’_)Cf‘i‘d’

with  ad —bc=1; a,b,c,d e C
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is called Mobius transformation. It is a rational function of degree one. We write the coefficients
a,b, c,d in matrix form

M_<“ b> with  det M = 1.
c d

M is an element of PSL(2,C), the projective special linear group or Mobius group. If we identify
C with S? via stereographic projection, then m describes conformal transformations of S? such as

translations, dilations or rotations.
There exist U,V € SU(2) such that

M=UDV*

is the singular value decomposition of M, where D is a diagonal matrix with eigenvalues D11, Dos €
R. Since det M = 1 it follows that det D = 1 and thus Dy, = %m‘ Let M* be the adjoint of M.
Then M M* has eigenvalues A = D%, and A=! = D32, (A > 0) and D has the form

1

D=+ <A2 01> . (4.1.1)

If M = D, the corresponding Mobius transformation is a dilation

my(€) = A&
. : A/2640 e =2Y2¢40
Note that the sign of D plays no role here, since GEE = X = IR e=veR

We want to take a closer look at the group of rotations SO(3) and its interaction with the
Mébius group on the complex plane (see [22]). We project S? = {(z,y,2) € R3 : 2% +y? + 22 =1}
onto the complex plane C. Let

m: 2 - C

(@,y,2) > & =& +if,  with & = — Y

1—2’ 52:172

)

be the stereographic projection from the north pole with inverse

ot C— s?
26, 282 P -1

— (x,y,2), with z = , = , z= .
$ (m,2) Trer YT IrEE CT EETl

Let R € SO(3) and the corresponding map

xr
$* 8% (zy,2) - R|y
V4

Then

HoRoIl™':C = C
& I(RITHY))



4.1. The Moébius group 97

defines a transformation on C. We want to investigate the structure of this transformation further.
Let ¢ € [0,27], then

cos¢p —sing 0
Ry =|sing cos¢p O
0 0 1

describes a rotation around the z-axis. On the complex plane this transformation has the form

1| R, ;C 1 igﬁ:g;gizz :xcosquysinq&;rz‘(xsind)+ycos¢)
z z —F
ez + ety iog ezgf +0
= —— =€ =
1—z2 Of + e—i% ;
which is a Mobius transfomation with
&
e'z 0
My = o |-
¢ ( 0 ez(2b>
Let ¢ € [0, 27] and
1 0 0
Ry=10 cosyp —siny
0 siny  cosy
be a rotation around the z-axis. On the complex plane this is
X x % )
Ccos 5 & + 1SN 5
IRy |y =1II | ycosy — zsiny :_.25—5),
z ysiny + zcos isin 5€ + cos 5

which is again a Mobius transformation with

T
COS & 781N &
Mw:( % 13)

7 S1n 5 COS 5

Every element of SO(3) is generated by the product of three elementary rotations Ry, RyRe, (see
[22]). An easy calculation shows that a combination of rotations R4, y¢,) = Rg, Ry Rg, corresponds
to

i 1192 v =i

P2—¢1 . 4
€ 2 COS e 2 s =
Mpyypgs) = Mo, My My, = <z‘e1’¢22¢1 5 itites j) ; (4.1.2)

sins e Z oS5
which is a Mobius transformation. (Note that we have to multiply the complex matrices in reverse
order.) Since My, pp, and —Mgy, e, give rise to the same Mobius transformation me,ye,, every
rotation R € SO(3) corresponds (up to sign) to a complex matrix of the form (4.1.2) . Clearly
(4.1.2) is not just an element of the Mobius group PSL(2,C) but of its subgroup

s ={( 2)apec ap+isr -1},
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On the other hand, each element of SU(2) corresponds to a rotation in SO(3). To see this, choose
a matrix U € SU(2) and define 9, ¢1 and ¢ so that

.Y o1+ @2
Ssin — _—

_ Po—¢1 T
2 2 +

— =argf.

81, 7

cos% = |a|, = arg «,

Then U = M4, p¢,) and II"1(U) = R4, 44,)- Hence SU(2) is the double cover of SO(3).

Let us go back to our original problem and use the Mobius transformations in the following
way: Let u. € W12(S?,8?) be a degree one critical point of E.. The idea is to compose u. with
a Mobius transformation M and show that (ug)as is close to the identity map Id : S? — S2. If we
are able to show that there exists M € PSL(2,C) such that (u.)as is actually equal to Id, then w.
itself has to be a Mébius transformation. Moreover, if M € SU(2) then u, is a rotation.

In a first step we investigate how E. transforms if we apply uy. To do this we work in
stereographic coordinates and consider u : C — S*. The Riemannian metric on S? in stereographic
coordinates is given by g;; = Wéij' For ¢ € C we have

2)\2
VeuP(© = veup©) ama jagae) =

(L+[¢)*

Ll acu (@),

where V¢ is the gradient on C and A¢ the Laplacian on C with the flat metric on both the domain
and the target. The area element is given by

dAg = SdAc,

4
(1+€1)
with dA¢ = gdf A d€ the Euclidean area element on C. We define uy; by

a +b
c§+d>'

(€)= w16 = u (

Using the above and the fact that M¢ is harmonic we have

2\4
AgeunrP©) = T A cuy2(e)

16
A+t d (a€+b)
16 |dg \cg+d
_ @+t 1 S
=96 Je g ap A (M)
_ (1+]¢2)* ,
= T ey el (ME).

4
|Acul*(M¢)

With the singular value decomposition in (4.1.1) we have

NP+

le§ + d*(1+ [ME[*) = |ag + b + | +d|* = Ki Z) @ A

and therefore

- ‘(Aé - ) (£>
“I\o az)\1
A1+ )

|AS2UM|2(§) = W‘AS2U|2(M§)- (4.1.3)
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Analogously we get

A2 1 2\2
Vseun6) = 7 ety Vs PO19) (4.0.0

Note that the transformation relation depends only on the eigenvalue A. Hence it is enough to
restrict our attention in the following to dilations my. To show that M € SU(2) it suffices to show
that A = 1. We set

u(ma(€)) = u(A) =: ur(§)
and

_ I+ AE?)?
X)\(g) - )\2(1 + |£|2)2
With (4.1.3) and (4.1.4) we have

Vs2u*(A6) = xa(§)[Vseual*(€)  and  [Agaul*(A) = X3 ()| As2url*(€)-

Applying all of this to E. we get

L 2 2 4
Ee(u) = §/C(|VS2U| (©) +elAs:ul(©) G epypdde(®)
1 4)\2
T2 [C (IVs2ul*(A8) + €| As2ul* (1)) Wdflc(f)
2 2 9 4)\2
= %/(C(X/\(g)|vs2u)\| (5) +€X/\(€)‘Aszu/\| (f)) Wdflc(i)
1 ) , 4
= 5 L (V50 PO + e ©lAsm () o igmadAc(©
= %/SQ (|VSQU)\|2 +€X)\|A52U)\|2) dA52
= Bealua). (4.1.5)

Hence u is a critical point of E. if and only if uy is a critical point of E. x. Since E. x(uy) =
E. x-1(ux-1) we will assume from now on that A > 1. In the following we omit the subscript and
write V = Vg2, A = Ag2. An easy calculation (see [11] Proposition 1.1) shows

Proposition 4.1.1. Let ¢ > 0. Every critical point v € W*2(5?%,S?) of E. \ satisfies the following

Euler-Lagrange equation

—Av+eA(xr\Av) = v<|VU|2 — eA(xA|Vv|?) = 22 div(xaAv, Vv) + &‘X)\A’U|2). (4.1.6)

4.2 Closeness to the Mobius group

In this section we consider critical points of E. of degree 1 whose e-energy lies below 47 (1 + 2¢) + p,
p > 0 small. These maps are W!2-close to a Mobius transformation as the following result shows.

Proposition 4.2.1. For any § > 0 there exists u > 0 such that, if 0 < & < 1 and if E.(u) <
4m(1 4 2¢) + p, where u is a critical point of E. of degree 1, then there exists M € PSL(2,C) such
that

19 Cunr = 1) s sy + VE IV Aluas = 1) o < 6 (12.1)
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Furthermore, there exists a fixed constant C' > 0 such that if A > 1 is the largest eigenvalue of M M*
(see (4.1.1)), then
(A2 —1) < Co. (4.2.2)

Proof. We prove (4.2.1) by contradiction using the energy identity (4.0.2). If (4.2.1) were not true,
then we could find a sequence y,, | 0, a sequence &,, € [0, 1], a sequence u,, € W*2(S?,52) of critical
points of E, of degree one, with E, (uy) < 4w(1+ 2¢,) + py, and 6 > 0 such that

Hv((un)kl - Id)HL2(S2) + \/a ||\/X7A((un)M - Id)HLQ(S'L’) >4 (423)
for all M € PSL(2,C). Now we have to consider two cases:
€n — 0

There exists ng € N large enough such that €,, < i and p, < % V¥n > ng. Then E. (uy,) is uniformly
bounded by 67 + 3 for all n > ng. By Theorem 1.1 in [44] and Theorem 2 in [16], (u,) converges
to a harmonic map u* and finitely many non-trivial harmonic two-spheres u’ : S? — S2? with
deg(u*) + Zle deg(u®) = 1. With the result of Lemaire and Wood mentioned in the introduction,
u*, u® are rational maps with energy E(u*) = 47| deg(u*)|, E(u') = 47|deg(u®)|. Since

k
dr = lim E., (u ):E(u*)#—ZE(uﬂ (| deg(u |—|—Z|deg

n— oo .
=1

u* is either a rational map with deg(u*) = 1 and k = 0, or v* is a constant map, k = 1 and
u' : 82 — S? is a harmonic map of degree one. In the first case, u* = m* with some corresponding
M* € PSL(2,C) which is a contradiction to (4.2.3).

In the second case, energy concentrates in a small neighborhood of some zg € S? and u,
converges to a constant map away from zy. Without loss of generality let xyp be the south pole
S. Let 0, | 0 and D,, be a sequence of small disks around S such that the energy on S?\ D,, is
smaller than o,,. We project D,, onto the complex plane. Then II(D,,) = B, (0), the complex ball
with radius r,, and r, — 0. We perform a blow-up around the origin and define

vp: C— S2, Vp(€) = up o IT1 (6) .

T'n

Note that this rescaling corresponds to dilations my, on the sphere with A, 7 and D,, gets

mapped to the lower hemisphere. v, is a critical point of E;, with &, = ig By Lemma 3.1 in [44]

we have
U = VF in O™ (C, §%) Vm € N,

where v*: C — S? is a non-trivial harmonic map. With the point removability result of Sacks and
Uhlenbeck [63] we can lift v* to a harmonic map from S? to S? with corresponding M* € PSL(2,C)
such that
0 11V (0 — 0l z2(s2) + VEmhal A — 1) |z2(s)
2 [[V(vn = v9)[lL2(s2) + VenllVXx, Avn = v7)|[12(s2)
= IV (un = (") pp)lz2(s2) + VeEnrllAlun = (%) a 1)z (s2)

= |[V((un) sy, (arey-1 — 1d)||L2(s2) + VEnll\/Xatn, (et A((Un) ary, (ar)-1 — 1d)[|L2(s52)-

En = €00 € (0,1] :

Here we have, at least for n large enough, a uniform W?22-bound for the sequence wu,. With the
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regularity results from chapter 3 we conclude that u,, converges strongly in W22 to a limiting map
Uoo Which is a critical point of E._ and which satisfies

E

€oo

(Uoo) = 4m(1 4 2e0).

By (1.0.20) this implies that u. is a rotation, contradicting (4.2.3).

To establish (4.2.2) we set v := ups and calculate as in section 5 of [47]

log(xA(€)) = 2log(1 + A*[¢]) — 2log A — 2log(1 + [¢[?),

d 4NE? 2
el —_Ask 2
d 2(\[¢)* — 1)
1 e 1
dlog \ Og(X>\(§)> (/\2|£‘2 ¥ 1) ’
to obtain J
- — . 2
7 log)\Es,A(v) 5/32 Xaz(A)|Av[” dAg:z,
where z(§) = Igﬁ% Since v is a critical point of E. \ we have E.,(v) = 0. Using E. .(v) =

EE,A(UAT_l) we get

d

d
—F 2= |7T—F _
dlog T err (V)= (TdT e (Uxr 1))

d
=F —Vy,—1
N e,)\(v) (TdTU,\T )

and thus

d
_* E —0.
d log A eA() =0

Further

Ea‘(m)\) = EE,A(Id) =dr + 26/
S

B a4+ 2e2 4
= drt 25/@ N+ e 1 ey el

(14 A%r2)? r
=1 16 d
T “/0 IR PR e P

) X\ dA52

A A
:47T+87T€ﬁ //\_1 w2d’w

=4r(1+ 23—6@2 +1+A77)), (4.2.4)

where we used the substitution w = iafr’f). Differentiating this explicit expression for E.(my)

with respect to log A\ yields

d 16me
E. = P
TTog x ema) = —5=( )
16me , 4 A2 41
=5 VU
16me

(A2 —1). (4.2.5)



102 Chapter 4. Limits of e-harmonic maps

Since ||z|| g (s2) < 1, we conclude that

d d
2 < R —
Ce(\*—-1) < 7 log)\EE’)\(Id) q log)\EE’)\(U)

- 5/ O (AT 2 — [Avf) dAsg:
S2

< VellVxaA @ = 1d) [ 22y Ve (VXA L2 (s2) + [[VXAAT [ 2(s2) ) (4.2.6)

By assumption,

(1 +2e) + p > E.(u) = Ec \(up) = Eo 2 (v) > 4m + %/ X)\lAU|2dA52,
SQ

where we used

1
7/ |Vo|? dAg> > 47
2 Jgo
in the second inequality, which holds because deg(v) = 1. Thus
el VXA A7 52y < 167 + 2p. (4.2.7)

By the triangle inequality

VeElVOATA [ 12(s2) < VE(IVRAT =0) [ L2(s2) + [V XAV L2(s2))- (4.2.8)
Using (4.2.1), (4.2.7) and (4.2.8) in (4.2.6), we get

e(A2—1) < C6.

4.3 /eW32-closeness

Next we want to improve the W '2-closeness result from the previous section and get a better bound
on the eigenvalue .

Proposition 4.3.1 (Polarisation Identity). Suppose v is a critical point of E¢ x. Setting ¢ := v—1d
we have

Aty + 1| Vip|2 4+ 20(Vep, VId) 4 2¢ + 1d |[V|? + 21d(Ve, VId) = ¢ 23: V;(¢,1d) (4.3.1)
=
with
Wy (1, 1d) = xa [A%p — 41 + (¢ + 1d) (4<VA¢, V) + 4(VAY, VId) + |Ap|? + 2| V2|2
+4(V*), V2 1d) — 4(Ay,1d) — 8(Vy, V Id)ﬂ ,
Uy(h,1d) = Vixa [zvimp — 4V, 1d +(¢ + 1d) (4<VN¢, Vi) + 2(A, Vi) + 4(V,;Vip, V 1d)

+ 2(Av, V; 1d) + 4(Vep, V;VId) — 4(V1h, Id>)] ,

W31, 1d) = Ay, {Aw +2¢ + (v +1d) (|w|2 + 2(V), VId))} .
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Proof. We use (4.1.6) and replace v with ¢+ 1d. Note that AId = —21d, |Id|> =1 and |V1d |* = 2.
Then we have

—AYp — Ald—(¢p + 1d) |V + VId |* = —eA (xa(AY + ALd))
+e( + Id)xa|Ap + ATd |?
— e+ Id)A (xA|VY + VId )
— 2e(¢p +1d) div{xa (A + AId), Vi + VId)
& A+ Y| VY2 + 20 + 20(Vy, VId) +1d V|2 + 21d(Ve, V Id)
=eA (a(AY + ATd))
—e( +1d)xa| A + ATd |2
+e( +Id)A (xa|VY + VId [?)
+ 2¢(p + Id) div(x»(AY + AId), Vi + VId)  (4.3.2)

We compute the right-hand side further.
eA (X (A% + AId)) = e (Axa(AY — 21d) + 2(Vxx, VAY) — 4(Vxa, VId) + xa A% + 4y, 1d) .

For the second term we have
—e(yp +Id)xa|Av + ATd |2 = —e(p + Id)xx <|A¢2 + 4] 1d > — 4(A, Id))
and for the third term
e(y + Id)A(mvw +VId 2> = e(¢y +1d)Axa <v¢|2 + 2+ 2(V, vm))
+4e(1p + Id) Vixa <<v¢, ViV) + (V; Ve, VId) + (V) VNId))
+2e(¢p + Id)x» (<VA¢, V) + |[V2Y|? + (VAY, VId)
— 2(Vp, VId) + 2(V*, V2 Id>).

For the fourth term we have
2e(¢+1d) div(xa(AY + AId), Vi + V1d)

= 2¢(¢) + 1d)Vixa <<A¢7 Vi) + (Ay, V; 1d) — 2(1d, vﬂm)
+ 2e(¢ + Id)xa ((VAz/;, Vi) + (VAY, VId) — 2(V1d, Vi) + |Ag|? — 4(Id, Aw).
Adding all these terms together yields
£Xa [A%p — 4+ (¢ +1d) (4<VA¢, V) + 4(V A, VId) + [Ap]? + 2| V2> + 4(VZ), V2 1d)
— 4(Ae,1d) — 8(V), vm%
+eVixa [wimp — 4V, 1d +(¢ + 1d) (4<viv¢, V) + 2(A%, Vi) + 4(V,;Vep, V1d)

+ 2(A, V; 1d) + 4(Vep, V;VId) — 4(V1h, Id>>}
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+eAxa |:A1/1 +2¢+ (¥ +1d) <V1/)|2 + 2(V, V1d>>:|
= €<\I/1 +\112+‘1/3>.

O

Before we get to the next lemma note that we can estimate y and its derivatives in terms of \.
Note that we assumed A > 1. It is easy to see that |x,| < A2. Additionally

_ 4G+ AP )( -1

and with 9ij = de
- 21611+ N2[€)2) (N2 -1
[Vs2xal = 1/990ix20xx = £1¢ 20 f|£)2()2 ) < (N -1). (4.3.3)
Further
[Veaxal? 4P+ N[EP)2 (N - 1) N(A+[€2)? 4PN —1)?
Xx AL A+ |€2) (T+A2[E2)2 A2(1 4+ [¢]?)?
<e(\2-1). (4.3.4)

To estimate the Laplacian of x) we calculate

: LS - 1)L 2X%E?) 24002 - DIEP(L + A2¢)
LU0 =" ma e T R e

and

1
|Ag2xa| = ‘ 7/ det 8JX>\)

detg
‘2 (A% — +2/\2|€| ) BIEPA 4+ A€ (A —
>\2 1+ £1%) A2(1+ [€]7)?

b <c(\?—1). (4.3.5)

‘With this we show

Lemma 4.3.2. There exist 0 < €9,d9 < 1 and a constant C' > 0 depending only on €9 and gy
such that for every 0 < e < g¢, every 0 < § < &y and every critical point v € W*2(S?,5%) of E. 5
satisfying (4.2.1) and (4.2.2) we have

VXAV L2(s2) + VEIIXAVZ Y| L2(52) < C(6 4 €)A,
with ¥ = v — Id.

Proof. Note that [[1)]|f(s2) < 2. We start by estimating the mean value of ¢ with (4.2.1), (4.3.2)
and integration by parts. Note that [¢, A (xA(Aty + Ald)) =

’2 WdAge
5'2

— ‘ — ][ <¢|W12 +2¢(Vy, VId) + 1d |Vy|? + 21d<V1/),VId>)dA52
SQ

+ 5][ (A (o (A% + ATd)) — (¢ + Id)xa|AY + ATd 2
S2

+ (¢ + 1A (xA| VY + VI1d |?)
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+2( +1d) div(xa(AY + AId), Vi) + VId))dA52

<o [ [VoPaas+e ( / |V¢2d1452)
S2 S2

][ ( — (W +1d)xA|AY + AT 2 + (¢ + T)A (xa| Ve + VId )
S2

+e€

+2(¢p + 1d) div(xa(AY + ATd), Vb + V Id)) dAge

<cd+e

][ (— (¢ +1d)xA|A% + AT [ + (Ay + ATd) (xa|VY + VId [?)
S2

—2(Vy + VId)(xa(AyY + AId), Vo + VId))dASz . (4.3.6)
We estimate the remaining terms using Young’s inequality, (4.2.1) and (4.2.2)
£ ][ (¢ +1d) x| A + ATd |?dAg2| < cs/ o (JAY2 +1)dAge
S2 S2
< (6% +¢) +es(N2 1)
<c(d+e)
and
| f (A0 + A1) (0V6 + VP dAs:
SZ
<ee [ xa(1av+ 1) (V0P + 1) diso
5‘2
< ce/ XalAp2dAge + cs/ XAl Vip[tdAge —l—cs/ XAV 2dAge + ceN?
52 52 52
<c(d+e)+ 05/ XA VY| *dAge. (4.3.7)
S2

For the last term we use the Sobolev embedding W1t — L2(52), (4.2.1) and (4.3.4)

2
/xAvw|4dAsz<c(/ 'V“'lvadAsz) +c</ xA|v2w|2dAsz) (/ w|2dAsz)
32 S2 /XA 32 S2

2
+ (/ \/XA|V¢|2dAs2)
S2

< 6\ + 62 (/ XA|V2¢|2dA52) .
SQ

To get an estimate on the full second derivative we integrate by parts and exchange derivatives. By
Lemma 2.1.2 in [42] we have |[VAY — AVy| < ¢(|VY[> + |V1|) and therefore

| olvtuiids <c [ Volvuliviulids +c [ olavPds
S2 S2 S2
e [ (el +VeP)dAs
S2

2
MOl gyaas,

<@ +n) [ olVePdas <o |
52 S2



106 Chapter 4. Limits of e-harmonic maps

+ 0/32 XalApPdAge + c62 N2
For 4, > 0 small we absorb the first term to the left-hand side and with (4.3.4) we have
/52 A V2PdAge < cd?)\? + 0/52 XAl AY|?dAge (4.3.8)
and thus

/ YA VY| dAge < ed* A2 + co? /
5'2

XalAyPdAge. (4.3.9)
SQ

Going back to (4.3.7) and using the above estimates we get

3

F(Bu+ A1) (76 + VI P) dis:
S2

< (0 +e¢).
Analogously we estimate

€ <c(d+¢).

][ —2(Vep + VId) (xr (A + AId), Vo + VId)dAg:
SQ

Combining all these estimates in (4.3.6) we obtain

pdAg| < c(b+¢). (4.3.10)

L.
Further we have with W1 — L2(5?), (4.3.4), (4.3.8), (4.3.9) and Proposition 4.2.1

2

2
[ giwueins < ([ [wolverias ) e ([ ovulivepids

2

+c€(/ X,\|V¢|3dASz>

SQ
2
< ( / XA|vw|4dAsz) ( R |vw|2dAs2)
52 s2 XA

+ce (/ XA|V2w2dASz) (/ XAV¢|4dAS2)
S2 S2

e ( / XA|V1/J|4dASZ> ( / XA|V1/J2dA32>
S2 S2

< edtA? 4 0(52/ XalA[PdAge
SZ

and similarly

2

. 2 3 B
@ [ atuliaas < (s [ VRimalviePids ) e (e [ divtulviviias )

202,12 2
+ (5/ X§\|V Y| dA52>
5‘2

VXl 2 12 >2 (/ 21w2.12 )
<cle ——Z AV Y|*dAg2 | +cle 2|V dAg>
( /82 \/X—AXA‘ | S SZXA| 1/)| S

+c(s / x§|v3w|2dAsz) ( / XA|V2¢|2dAsz>
S2 S2

2
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< oA\ + 0(525/

XAIVPW[PdAge. (4.3.11)
52

With this we can estimate the L?-norm of x,V31. As above we integrate by parts and exchange
derivatives. By Lemma 2.1.2 in [42] we have |V2Ay)—AVZ)| < c(|V2)|| VY| +| V2| +| V|1 +| V).
With Proposition 4.2.1 and the estimates above we get
213,),(2 2 3 2 2
e [ GV ePaAs <ce [ alVllVPulVuldAs +es [ 3IVAGPdAs
s s s
+ee [ ORIV (VITI + [9%0] + [VU]* +|V6]) dAse
2
< na/ 3| V3|2dAge +cn5/ XAMW%MQdASz
52 52 XA
—l—ca/ 3 |VAY|2dAg: +cn52/ 3| V2 dAge +c/ A V|tdAge
52 52 52
—|—05/ X3 |V2|2dAge —i—cs/ X3 |Vip|8dAge —i—cs/ X3 |Vap|2dAge
52 52 52
+n/ XA VY| PdAsge
8’2
< e82\? + (6% + 1) / XAl V2 2dAge + (c,0% +n)e / XA V3 [2dAs:
52 52
+c€/ 3 |VAY[PdAg:.
S2
and for 0,7 > 0 small enough
5/ 3| V3| dAge 3052/\2+(062+n)/ AV dAge +cs/ VIVAY[2dAg.  (4.3.12)
52 52 52
Now we multiply (4.3.1) with x\A and integrate over S2. After rearranging we get
/52 ((A = exa AP, xaA) dAg:
= [ (= olvur 2090, 10) - 20 - 10190 - 21007, 1))
S2
—‘y—E(\I/l —X)\A2’(/}+\I’2+\I/3>,X)\A’L/J>d1432. (4313)
We estimate the left-hand side further
/52 ((A = exaA%)p, xaA) dAge
:/ Ay dAge +g/ XA VAY[PdAs: +25/ VXA VAYAYdAg:
52 52 52
3
2/ XalAp[2dAge +Z€/ 3 |VAY|2dAg: —ca/ IVxal2|A[2dAge.
52 52 52
Together with (4.2.1), (4.3.4), (4.3.8) and (4.3.12) we have
/ XAV dAge +s/ A V3 PdAge
52 52

2
< c/ ((A = exaA%) P, XA AY) dAgz + ce/ XXW;*' |Ap|2dAge + 0%\
S2 S2 A
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< c/ (A = exaAA?)h, \aAY) dAgz + 62N> (4.3.14)
S2
On the right-hand side of (4.3.13) we have
/ <(— GV — 26(Ve, V1) — 26 — 14 [V — 2Id<w7v1d>)
S2

+ E((‘1’1 — aA%Y) + Ty + ‘1’3) , X,\Aw>d1452
= [ 1]+ 111+ 1IV. (4.3.15)

We estimate each term separately. With Young’s inequality, (4.2.1) and (4.3.9)
I= /S < — | V|2 — 2(Vep, VId) — 24 — 1d | Vo[> — 21d(Vp, V1d), XAA¢>dA52
< 77/S2 XalAY[PdAgz + ¢y /52 o (IVY + [V?) dAg: — 2/32 (0, \aA®)dAge
< (n+ ¢,0°) /S XA AYPdAge + ¢,0° N — 2/52 (0, XaAP)dAg:.

Let ¢ = + g2 ¥ be the mean value of 9. Integrating by parts, applying the Poincaré¢ inequality as
well as (4.2.1), (4.3.3) and (4.3.10) yields

-2 [ wooavdas = -2 [ (6= 5)+ 7] Avids
<0 [ olavPdde +e, [ ol —ifdas+20 [ vavidds
<0 [ olavPaas +o [ [ToPaas
e = 0fdl | WszSz)%
< n/52 XA AY[PdAge + ¢, 0(5 + ) A2
All in all we have
I <c(n+cy6®) /52 XA V20 PdAge + ¢,0(8 + ) A2
To estimate the second term we use (4.2.1), (4.2.2), (4.3.8), (4.3.9), (4.3.11) and (4.3.12)
IT=¢ /5 <XA { — 4+ (¢ +1d) (4(VA¢, Vib) + 4(V A, VId) + |Ay|? + 2| V3|2
+ 4(V?, V2 1d) — 4A¢ 1d —8(Ve), V Id))} 7x,\Aw>dAsz
<ce /S xi(IVAwIAszIWI + | VAP||AY] + V2] + [ V2| + V[ | Ay| + IAM)dAsz
<ue [ QIVUPdAs +0 [ aVRuRdAs +oc [ 90 s

—l—cne/ X§|V2w\2dA52+cn/ XAl VY|t dAge +ce/ X3 |Veh|2dAge —&-anQ/ X3dAg:
S2 S2 S2 52
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< (n+cy6°)e /S XAIVP9PdAg: + (1 + ¢,6°) /S XAIVZYPdAg: + c(6 +€)° A2
Similarly we get for the next term with (4.2.1), (4.2.2), (4.3.4), (4.3.8), (4.3.11) and (4.3.12)
= /S 2 <vm [wimp AV A+ (g + 1d) <4<viw, Vi) + 2(Ag, Vi)
+ AV, VId) + 2(Ap, Vi Id) + 4(Vep, V;V Id) — 4(Vp, Id))} ,X,\Aw>dAsz
<ce /52 XAl Vx| <|VA1/J|A¢| +[V2PRIVY| + [V + |AY]| V| + |A¢|)dz452

v 2
gng/ 3 |VAY|?dAg: +n/ Al V2 2dAge +cn5/ |XX’\|x,\A¢|2dA52
52 S2 52

A
v 2
+062/ 3| V2 dAge +c/ M‘V'[Z)FdASQ +ce/ XAl Vxal [ V2 [2dAge
S2 S22 XA S2
+cs/ XAVl Vep2dAge +c,,s2/ XAV xal2dAge
52 52
< (77+c<52)5/ X3 |V3eh|2dAge —H?/ XA V2 PdAgz + (6 + )22,
52 52
and finally we have with (4.3.5)
v = 5/ <AXA {Azp o+ (¢+Icl)(|w|2 + 2<w,v1d>ﬂ ,X,\Aw>dAsz
SQ
<ee [ olaul (186 + 10]IT6 + 184701 + 1801 )aAso
Sce/ XalAxA||AY[PdAge —|—c€/ XalAxA| Ve[ dAge —l—ce/ XalAxa| [V [2dAge
52 52 52

. / IABdAg: + e / GlAYa[2dAg
S2 S2

<o [ olAvPdds o+ <N
SZ

Now we put (4.3.14), (4.3.15) and the above estimates together. Choosing ¢ and 1 small enough so

that we can absorb these terms to the left-hand side we arrive at

/ A V2P dAge +s/ X2 V3|2 dAge < c(6 + €)%\
S2 S2

O

Corollary 4.3.3. There exist €9 > 0 and dy > 0, possibly smaller than those in Lemma 4.3.2, such

that if v € W22(S2,5?) is a critical point of E. x satisfying (4.2.1) and (4.2.2), then
N —1<c(0+¢)

for some 0 < e <¢gg, 0<d <dg. Moreover, for v =v —1d the following estimate holds

[[1h]| Lo (s2) + [|9]lw22(52) + \@HVBUJHL?(S% <c(d+e). (4.3.16)

Proof. With (4.2.6) and Lemma 4.3.2 we have

Ce(\V?—1) < E.\(Id) —

d d
_4 _ % g
d log A TTogx oA ()
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:e/ VO (AT — [Avf2) dAgs
S2

<VellVxaAw — 1d) || L2 s2) Ve (IIVxaAvl 2(s2) + [VXAA T [ 2(s2))
e+ )N =ce(d+e)(N2 = 1) +ce(d +¢).

For ¢ + ¢ small enough
N —1<c(6+¢)

and A2 < 2. But then

1 1
<< <A<
5 <32 ShalsA%<

With this and Lemma 4.3.2 we get
/ |V2)|2dAg + 5/ |V39|?dAge < c(6+¢)?.
52 52

By the Sobolev embedding W2 < L>°(5?%), the Poincaré inequality and (4.3.10) it follows that

]| oo (s2) < cll¥]lw22(s2y < (8 +€) + ¢l — Pl L2(s2) + ||
< (6 +¢) + | [V||p2(s2) < c(d +e).

Remark 4.3.4. Note that

A2 -1, 4 >1
|X/\—1|§{1 1’ %;XA;1}§A2—1SC(6+€). (4.3.17)
DA X\

4.4 Optimal Mobius transformation

This section follows in parts chapter 6 in [47]. For a better comprehension of the arguments we
repeat some of the calculations here.

So far our results suggest that there exists M € PSL(2,C) such that ups is close to the
identity in \ﬁW&Q, however there is still some freedom in the choice of M. To show that up; = Id
and A equal to one, we have to choose the optimal Mobius transformation M with corresponding
eigenvalue A which minimizes ||V (uns — Id)||z2(s2). To see that an optimal M € PSL(2,C) exists
note that

1V (uar = 1d)[[72(g2) = [[V(u = M7H)[[72(52)
= [|Vul[Z2(s2) + 2(Vu, VM) [2(52) + [[VM 722 (62)-
Up to rotations, M can only go to infinity if it approaches a dilation from the south pole to the north
pole by a huge factor A. In this scenario, the energy of m) is concentrated on a small disk D centered
at the south pole. Let § > 0 and choose D C S? small enough so that the energy of u on D is less than
¢ and the energy of m) outside of D is less than . Further note that |[VM || 2(g2) = [|[VId||12(s2)
due to the conformal invariance of the Dirichlet energy (see (4.1.5)). Then
(Vu, VM_1>L2(32) = <VU,, VM_1>L2(D) + <VU, VM_1>L2(SQ\D)
<O ([IVM Y| L2(p) + |IVull2(s2\0)) -
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Thus
||V(u - M_l)H%z(Sz) — HVUH%Z(S?) + ||VId H%z(sz) > 167
and it is enough to minimize ||V (ups —Id)||z2(s2) over a compact subset of PSL(2,C).

From now on we choose the optimal M € PSL(2,C) that minimizes ||V(upn — Id)||r2(s2).
Let v := uy; satisfy the assumptions of Lemma 4.3.2 and Corollary 4.3.3. Our goal is to improve
the bound in (4.3.16) to /(A2 —1). In (4.3.1), a problematic term to estimate is Id(V, V1d),
because it involves Vi) of order one. To eliminate this term we exploit that it is an element of the
normal space at the identity.

By (4.3.16) v converges pointwise to the identity map as § and ¢ tend to zero. Thus we
can write v in terms of the tangential component of ¢ at the identity

v=Id+y =exp ¥ (=Id+¢+O(P), o€ TaW?(5% 5?).

In the following we want to work with 1& instead of ¥. To do this we need formulas to express ’(/AJ in
terms of v and . Let x = (z,y,2) € S? C R3, then

v(x) =x\/1 = [P + d(x),  Px)-x=0,

Do) = () + (a0 P, () = Blx) — (1 Jie |z/3<x>2) x (4.4.1)

[P = [$17(1 = F1e%) < 97 =2(1 = /1 = []2).

With this we get for the error terms of higher order

[V = V| = O(I91[V]) + O(9 1) = O] [Vel) + O ),
(V26 = V20| = O(WIIV4N) + O(ViP) + O(F) = O(wlIV*l) + OVl + O, o,
(V36 = V2l = O(GIIV*dl) + OV ) + O(VH) + O(1ef)
= O(wIIV*¥l) + OV ) + (V%) + O(jul?).

Let xT be the orthogonal projection of x € S? onto the tangent space TxS2. The tangential
component of (4.3.1) is given by

T
S AAZY — A — 24 — 4exw] _ [(Id L) VP + 2(1d 1) (Ve ¥ 1d)

T
- e(wlw, 1d) — xa (A% — 49) + W (16, 1d) + W (i, Id%
& —e(AAD)T + (AD)T + 24 + 429
= 2)(V, Y Id) + O(I][V?]) + O(VHP) + OIIVi]) + O(4P)

+€((><A LA (A — )T + XA(A(M))N)T>
T
—& |:\I/1 - X)\Az’l/J + 4X)\1/) + \IIQ + \:[13 . (443)

We set
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J. can be written as a positive operator applied to J := ((A-)T + 2), namely
Je = (Id—=((A)" = 2)) (A)" +2).

Thus J and J. have the same kernel. Let ¢ = )y + 11, where ¢y € ker J. and ¢ € (ker J.)* with
respect to the inner product in L2. ATy = —21)y since J. and J have the same kernel. Further
note that J. is self-adjoint with respect to the inner product in L?(S?2, T'S?) and

/SZUH@D (M) TVdAge = —2/52 <Jel/31,1ﬁo>dAsz =-2 /32 <"/A}1>J€7/AJO>dA52 = 0.

With this we get

/52 <J51;, (Aﬁ)T>dAsg = /S2 <J81;1’ (A1/31)T>dASQ
:a/ |V(A¢1)T|2dAsz +/ |(A¢1)T|2dA52
52 52

+ (2 + 4e) /S ] (b1, (A1) T)dAge. (4.4.4)

We want to control the /ZW32-norm of 4 by the left-hand side of (4.4.4). The first two terms on
the right-hand side are positive, which leaves us with the last term. To get a control on this term
we decompose 1&1 € T'S? into eigenvectorfields of Argz2, the (rough) connection Laplacian on vector
fields on S2.

First we need to relate (A-)T and Apgz. Let e1, ez be an orthonormal basis for TyS? so that
D.,e;j(x) =0, where D is the covariant derivative on T'S?. Then we have

De,th(x) = es(9)(x) = (e:(dh) - %)% = () (x) + (h(x) - es(x))x,
since 1h(x) - x = 0 and

Arsah(x) = > (Do, (@) () + (%) - ealx))ei(x)) = (AD) (x) + (),
i=1
where we used that ¢)(x) = Zle(z[}(x) - €;)e;.
We decompose W?2(S?,T'S?) into the eigenspaces of Apg> such that W?(5% T'S?) = @32, E.,
with corresponding eigenvalues ); and eigenvectorfields 1/3 \;, € By, C W32(82,TS?). By the above,
the eigenvalues of Apg2 are the spectrum of A shifted up by one. Thus A\; = —j(j+1)+1, jeN

(see [68]). The first eigenvalue is Ay = —1 and the eigenvectorfield ¥y, lies in the kernel of .J..
Therefore 1y = Py Zw,\ Note that [, ( ’(/J,\L,w)\ ) =0if i # j. Then

/ (1, (Apy)T)dAge = Z./s2< -Arsathy,, (Aty,) >dAs2

2/52

/\E/SJA#JA T2dAS2+Z/ < ¢>\J, Arg2iby, —l/J,\)>dASz
j/52|A¢A )T 2dAgs +Z / [0, [2dAss.

M il

(A7 + 6, ) (@ )7 ) s

.
I|

M

S

2

<.
I

I
M8
>

<.
I|
o



4.4. Optimal Moébius transformation 113

Analogously we have
4e / (W, (A TYdAgs — —452 / (Vibs,, Via,)dAs:
52 =2/ s?

= —482/2 /\2 VATS2¢AJ>VATS2wA YdAg2

1 o R R
_ _45; /S By < (Adx) + Vs, V(AT + Vz/J,\j>dASz

1 " > 1. -
= —4¢ E A2 ﬁ|V(AwAj)T‘2dA32 —4e E /82 P|V'(/)/\j|2dAs2
j=2 j=2 J

_852/2 )\2 VATSQTZ)AJ- —V@,\j,vz/;/\»dASQ

- _452/ A2|v APy )T[PdAge +452/ J|W)A 2dAge.

Inserting this in (4.4.4) yields
[ (e @) dage == / V(A FaAs + [ ()T Pdds:
S2

+Z S RO T\ZdAs2+Z / [, PdAg:

) 1-2\ -
—4 —|V(Ady,)TPdAse +4 / : |2dAge
a;/w?lw da) A + 52:: v s

o0 2 _ 4 . [e¢] )\ +2 .
- [ V(80P g, / (Ad, )T PdAs:
j=2 7J 52 — J 52
o~ [ 41— 2))
+eZ/S27|w | dASQ+Z / |y, [P dAgz.
=2

Note that Ao = =5 and ... > A; > A1 > ... . Therefore

and
N s 21 B 2 2
[ (0. (807 ) e = el 9 (D) s+ SO0 o + 2l sy (445)

We want to bound the full second and third derivative of 11 in terms of (At;)7T and V(Adr)T. To
do this we take a closer look at the normal part (A;)Y = (At - x)x. Note that with e;, ey the
orthonormal basis for T,S? as before we have

Avf)l ‘X = 22:@1 (e; (v = Ze (el ) - (61'(12)1) . ei) (x)

i=1 i=1
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= Zei (ei (@/;1 x)) — e (z/AJl . ei) (x) — (61‘(1/;1) . ei) (x)

i=1
2 ~ ~
=2 (es(th) - €i)(x) = —2div iy, (4.4.6)
i=1

where we used that @[;1 is tangential in the second line and 1[}1 ce;(e;) = 1/3 - De,e; = 0 in the last line.
Then

eV(AY)T = eV(AYy) — 2V(divey -x)  and  (Ady)T = Ay — 2dive) - x.
and therefore

VEIIVAlzas2) < VEIV (A9 Ilzasz) + Ve (IIV20llas) + IVl s ) -

A1 [ L2(s2) < [[(A%1) " || L2(s2) + el [V [ z2(s2),-
Integrating by parts we get
L 19iPaae = = [ iisidas < nllAd s + el s
and for n > 0 small
VEIIVAY [ r2(s2) + [| A% p2(s2) + V1] |12 (s2)
<c (\/5||V(A1/31)T\|L2(S2) +[[(A%) T || 2(s2) + VEIIVEP L2(s2) + H@H%%s%) :

Going back to (4.4.5) this yields

VEIIVAYD: || L2(s2) + ||A%1 L2 (s2) + [V L2(s2) + |[P1]] 252

1

< [ b @iz ) + VBNl

To get an estimate for the full second and third derivative we integrate by parts and exchange
derivatives as in the proof of Lemma 4.3.2. All in all we arrive at

[N

VeIV || 2(s2) + [[9n]lwe(s2) < ¢ (/S2<Js@3, (Az@)TﬂAsz) : (4.4.7)

The kernel of J, and therefore the kernel of J., consists precisely of the span of the gradient of the
linear functions on S? and their 90° rotations. Thus, the kernel of J. is finite dimensional and all
norms are equivalent. We estimate

VeI V30|  L2(s2) + W0l lwe2(s2) < cl[tol|r2(s2)-
Together with (4.4.7)

1
2

VEIV3D | L2 (s2y + [0 [wze(s2) < (/32<J51A (Al/;)T>dAs2) + [0 2 (s2)- (4.4.8)

As noted above, the kernel of J; is the same as the kernel of J. Hence we can follow chapter 6 in
[47] to estimate 1)y. For the sake of completeness we include these calculations here. By assumption
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v minimizes ||V (v — Id)|[z2(g2). Therefore

0= | V(o—1d)-VédAg: = _/

v- AldAg2 V€ € ker J, (4.4.9)
52 52

where we used that VId-VE = divE and [, (divE)dAg: = 0. We decompose A into its tangential
and normal part.

Ag(x) = (AT (x) + (AL - x)x.

For the tangential part we have (A¢)T = —2¢, because ¢ is in the kernel of J and for the normal
part we have (A€ - x)x = —2xdiv{(x) by (4.4.6). Applying this to (4.4.9) yields

/ v-EdAge —l—/ (v-x)(divE)dAg2 = 0. (4.4.10)
S2 S2

With v = ¢ + x4/1 — |1h|2 (see (4.4.1)) we get
L (exi-tin) -ciag = [ -dns,

since & € Ty S%. On the other hand

/ (v - x)(div £)dAgs — / (& - x)(div €)dAgs + / 1= [[2(div €)dAg
S2 S2 S2

and (4.4.10) is equivalent to

[ destan == [ i pipaivgs = [ (1-yi-108) @vdas,

where we used fs2 (div&)dAg2 = 0 in the last step. Now we choose £ = 1/30, which we can do because
Yo € ker J. With (4.4.1) we estimate

WollEsgsny < 19152y [ [VoldAse.

Hoélder’s inequality, integration by parts and (Avg)T = —2¢q yield

/ |VaholdAgz < ¢ (/ |V1/302dAs2) =c (/ — Ay - QZJOdAS2> = 2C||1/Afo||L2(s2)
52 52 52

and therefore
1ol 3252y < 1191170 (2 /32 ViholdAsz < c[1h]]7 = (s2)l[th0] | L2(52)-
Dividing by ||1$0\|L2(Sz) and using the Sobolev embedding W22 — L>°(S?) we receive

llollza(sz) < elldlfee s2) < clldllzoe(s2) 9] lwzz2(s2).

Going back to (4.4.8) and choosing 6 + € in Corollary 4.3.3 small enough gives

Nl

VR lzzqon + illwaasn < ([ (.86 aae) (44.11)
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Now we estimate the right hand side further. By (4.4.3)
[ (g @0)7) dase
5'2
= /S < — 20(V4p, VId) + O(|9||V>3]) + O(IVPI*) + O[] V]) + O(|4]?)
+e (00 = DI + (B0 = DT + (a8
T
—€ [\pl — XaA%Y) + Ay + Ty + \1/3} , (AqL)T>dASz. (4.4.12)

We estimate each part separately. For the first part we use W1 — L2(S52), Holder’s inequality and
Corollary 4.3.3

/S (20(V4, V1) + O(B][V2]) + O(VEI2) + O] [V9]) + O(16]2), (Ad)T ) dAs:
< [ 19211009261+ 99 + 162 )
<Ot c@+e) [ VA + e [ (904 1017) dds:
2 712 2 712 712
< (77+c(5+€))/sz V2P 2dAg + (/S V24| dAsz) (/S Vil dAsz)

2 2
ten </s 'WFdAsz) + e (/S deAsz) (/S |¢|2dAsz> + e </S |¢|2dA52)

< (04 e(6+ )+ eq(+2)) [l sey.

Note that this is where the estimate fails if we include the term Id(V1), VId) and this is the reason
why we consider only tangential terms.

In the second part we use integration by parts, Wbl — L2(S?), (4.3.3), (4.3.17), (4.4.2) and
Corollary 4.3.3

o [ { 0o = AT+ (A = DT+ (A@HM ()T Ao
== [ o= DIV@HTE 40 (7 (A - ) T8 ) ass
— [0 (VWITUR) T (ah)T) das.
—e [ Vo (V@ @07 + o (7 (a0 - ) (@7 ) das
— [ v (VWITeR), (ah)T) das.
<e((W=1) +n+cy(d+ 5))/ V392 dAge
52
+ (e + (A = 1)e [3 IV IV + [l dAse +ee( =1) | [V29[PdAse
+e+ 02 =1)e [ [VU° + [PV LA

< clr+eq(6+9) [ V0P + 65+ )i
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In the same way we estimate
g/ (01 = 2 A% + Do), (AD)T ) dAss
SZ
= 6/ <X>\ {4<VA¢, V) + 2|V2w|2 + |A¢|2 + 6(VAY, V1d)
SQ
T ~
+4(V;V, V;VId) — 4(A, A1d) — 8(Vp, v1d>} , (Aw)T>dA52
<clr+e6+2) [ IVIPdAs: + erclilyncsny
For the third term we use (4.3.3), Wh! < L2(S?) and Corollary 4.3.3
[ (@i ang = [ {[Vioa) (4990, 90) + 40T:90,.T1) + 2(80,V20)
S2 S2
+2(AY, V; 1d) + 4(Ve, V;VId) — 4(V;1), Id>)
T A~
+2Vixx (V; Ay — 2V, Id)] : (A¢)T>dASQ
<o [ IVlIAH (V201 + V0901 -+ 920 + V0] + 1) dAse
< ey (N - 1)2/ (IV29? + V2V + V20 + [Vi|?) dAsa
SZ
+ n/ |V2|2dAge + ce(A2 — 1)/ IV24)|dAge
S2 S2
< en(6+)e(N = 1) + 277/ V202 dAge
S2
and with (4.3.5)
5/ <w§,(A¢)T> dAgs
S?
= 5/ <AXA ((1d ) (IVY[? + 2(Ve, VId)) + A +2¢) ", (M)T>dASQ
S2
<ot -1 [ (VR4 VUl + VU + 0P dAs:
S2
[ IV¥PdAs:
5’2
<o+ PR - 14y [ VR4S
S2
Thus we have in (4.4.12)
[ (G )T aA < cnt 2 +8) (VD + 1W1rmasn) +cl6+ )02 = 1)
We apply this to (4.4.11) and choose 7, e, > 0 small enough so that we can absorb the higher order
terms to the left-hand side.

1
2

VAT lzzcon + illwaasn < ([ (080 dA0 ) < oo+ VRO - 1), (4413
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To get the same bound for 1) we estimate with (4.4.2), W1 — L2(5?) and Corollary 4.3.3

e [ IVuPaas < [ [V0iPdAg e [ (WEITOUR + T+ V0L [UlY) dAs:
S2 S2 S2

2

< s/S2 V34| dAge +ca(6+5)2/s (|V3¢|2 V22 4 [V + |7/1|2) dAg
Analogously we get
/S2 [V2y[2dAg2 < /S2 (V2|2 dAg: + C/S2 (1021262 + |Vl + [1]*) dAsge
< /s? (V22 dAg: + c(5 +¢)? /52 (IV2]2 + V9| + [¢[2) dAsa
and
/52 |Vip|dAge < /Sz IV [2dAge +c(5+5)2/52 (V9P + [4]?) dAsgs,
/SQ [Y[?dAg> < /S [h|dAge +c(5+5)2/82 [[2dAg:.

Putting everything together and absorbing terms yields
1
2

VAT blazqen + ollwessn < ([ 0 (80 )iAs ) <+ VR - 1), (41t

With this we show the following

Theorem 4.4.1. There exist 6 > 0 and € > 0 small such that the only critical points us of E. of
degree +1 with E.(u.) < 4m(1+ 2¢) + & and € < & are maps of the form uf*(z) = Rz, R € O(3).

Proof. Since a map of degree —1 only differs from a map of degree 1 by a reflection, we can assume
without loss of generality that u. is a critical point of degree one. Let M be the Mobius transfor-
mation that minimizes ||(uc)n — Id||L2(s2) and let v = (u-)p. We use (4.4.14) to estimate (4.2.6)
further

d

d
CE()\z - 1) S @ 57)\(Id) — Wg)\E&)\(U)

< 2Vel [V A(w = 1d) || 2(s2)VE (VXA L2 s2) + (VXA T || 22(s2))
<cei(5+e)2 (A —1).

Choosing ¢ > 0 small enough yields A = 1. By (4.4.14) ¢ must vanish and therefore v = Id and the

Mobius transformation M must be a rotation. Hence w is a rotation.
O

Now we prove the Main Theorem 1.0.7

Proof of Theorem 1.0.7. If the statement is not true, there exist sequences 5 \, 0 and critical points
ue, with E, (ue,) < 127 — g and deg(ue, ) = 1 but u,, is not of the form u(x) = Rz, R € SO(3).
With Theorem 1.1 in [44] and Theorem 2 in [16] we get

m

127 > klim E., (us,) = E E(w') = 4r g | deg(w")| and deg(ue,) = E deg(w®) =1,
— 00
k=1 i=1 i=1
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with w’ non-trivial harmonic maps. Therefore m = 1 and deg(w!) = 1. Since w! is harmonic,
E(w!') = 4n. Thus for every § > 0 there exists a k large enough so that

E. (ug,) <4dr+6<4n(1+2)+46
and Theorem 4.4.1 implies that u., is a rotation which, is a contradiction to our assumption. The

proof follows analogously for maps of degree —1.
O

4.5 Gap Theorem for s-harmonic maps of degree zero

Now we turn our attention to e-harmonic maps of degree zero. Theorem 1.0.6 follows analogously
to [46]. Before we get to the proof, we need a e-version of the a-harmonic gap theorem of Sacks and
Uhlenbeck ([63] Theorem 3.3).

Lemma 4.5.1. There exists 6, > 0 such that if u. € W22(52,5?) is a critical point of E. and
E.(ue) <6, then E.(us) =0 and u. is a constant map.

Proof. Let ue be a critical point of E.. We multiply the Euler Lagrange equation (4.0.1) with Au,
and integrate by parts.

/ |Auc|* + | VAu|*dAge :/ (Aue — eAPu., Au.)dAge
52 S2

= / <—u€Vu€|2 + cu, <A|Vu5|2 + div(Au, Vue) + (VAu,, Vu,), Au€> dAg:2

5‘2
< 77/ |Au.|*dAg> —|—€n/ |VAu.|?dAge —|—c,,/ |Vu.|*dAge
52 52 52
—|—C77€2/ IV2u.|'dAge. (4.5.1)
S2

Now we integrate the Bochner formula (A.5.1) to estimate the full second derivative. The left-
hand side vanishes, the term involving the Ricci curvature is positive on the sphere and the second
derivative of the metric is bounded. After integrating the first term on the right-hand side by parts
we get

/ |V2u.|? + |Vue|*dAge < c/ |Auc|? + |Vue|*dAge.
52 52
By the Sobolev embedding W11 < L%(5?%) and E.(u.) < § we have
2
/ |Vu[*dAg: < c (/ |Vu5|2dAsz> (/ |V2u€|2dAsz) +ec (/ Vu5|2dASz)
52 52 52 52
< 65/ |V2u.|?dAg> + 05/ |Vuc|?dAge
52 52
and with J > 0 small enough
/ IV2u.|? + |Vue|?dAge < c/ |Aug|*dAg-.
52 52

Applying all of this to (4.5.1) and choosing 1 small enough yields

/ e|lVAu|? + |Vu.|? + |Vu.?dAg: < 052/ |V2u.|*dAg>.
S2 S2
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Using the Sobolev embedding W1l — L2(S5?) and E.(u.) < § again we get

2
52/ |V2u,|[*dAge < ce? (/ V2u5|2dA52> (/ |V3u€2dA52) + ce? (/ |V2u5|2dASz>
S2 S2 S2 52
<coe | |Vu.PdAg: +c<55/ |V2u.|?dAg:z,
52 52
e/ V. [PdAg < ce (/ |V2u5|2dA52) (/ |Vu5|4dA52)
S2 S2 S2
+ ce (/ |Vu€2dASz> (/ |Vu€4dASQ>
52 52

§c§2/ |V2u.|?dAge +052/ |Vu|?dAge.
S2 S2

Now we estimate the full third derivative of u.. After integrating by parts, exchanging derivatives
(see Lemma 2.1.2 in [42]) and using the above estimates we have

5/ |V3u.|?dAg: gca/ |V Au2dAg:
52 52
+ cs/ (1920 2|Vt 2 + (V222 + V20|V |+ [P0 [ Vi) dA e
SZ
§cs/ |VAu|?dAge +Cn52/ |V2u.[*dAge +c/ |V |*dAg:
52 52 52
+(n+ce) / V20 [2dAge + ce / Ve SdAge + ce / V. [2dAs:
52 52 52
<ce [ |VAu.|*dAs: +c,,55/ [V3u.|?dAge
52 52
—l—(cnds—&-n—&—ce—&—cd)/ |V2u5|2dA52+c(5+5)/ Vu2dAge.
52 52
For 6,e,m7 > 0 small enough we get with the above
/ (IVue|? + |V2u > + £| V3u. |?) dAg: < 052/ |V2u.|*dAge
92 52
< 55/ (IV3u|® + [V?u.|?) dAsge.
5’2

Hence E.(u.) =0 and u, is constant.
L]

Proof of Theorem 1.0.6. We assume there exists a sequence (ue, )ren of non-constant critical points
of E., with E., (uc,) < 8m —J. The energy identity (4.0.2) yields

N N
8w > kli)ngo E., (ug,) = ZE(U’) = 247‘(| deg(u")|,

i=1

where u? : 82 — 52, { = 1,..., N are harmonic maps, which are non-trivial for ¢ > 2. With the
results of Duzaar and Kuwert [16] we have

N
0= deg(uz,) = 3 deg(u’).
=1
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Thus N = 1 and u! is a constant harmonic map. Then limy_,, E., (uc,) = 0 and with Lemma 4.5.1

it follows that w., = const.
O

Next we construct explicit examples of e-harmonic maps of degree zero with E.(u.) > 87 which
are not constant. This shows that the bound in Theorem 1.0.6 is optimal. We follow [46] and start
by defining a class of rotationally symmetric maps. Let n € N and

[nm, (n + 1)7] x [0,27] — R3
(r,0) — (sinr cosd, sinr sinf, cosr)

be a parametrization of S2. For n even, this parametrization is orientation preserving and for n odd
orientation reversing. Further let f € C([0,7],R) with

f(0)=0 and f(m) =nm.
Then we define us: S? — 5% by

ug: [0,7] x [0,27] — R3
(r,0) — (sin(f(r)) cos(8), sin(f(r)) sin(), cos(f(r))) .

uy is rotationally symmetric and wraps n times around S2, reversing orientation after each round.
Hence uy has degree zero if n is even and degree one if n is odd.

Let n = 2,
X ={f:[0,7] = R:up € W??(S%,R?), f(0)=0, f(n)=2m}
and M* =infscx I(f), where

I(f) = Ex(ug).

E.(uy) is invariant under rotations about the z-axis and reflections in planes containing the line
(0,0, z). Thus, by the principle of symmetric criticality of Palais (see [54] or Remark 11.4(a) in [3]),
f is a critical point of I if and only if uy is a critical point of E,. We show that there exists f* € X
with I(f*) = M*. Let (f;) be a sequence in X with corresponding sequence (uy,) € W*?2(52,R?)
and I(f;) \« M*. (uy,) is bounded in W22(52 R?) and thus contains a subsequence (again denoted
uy;) with ug, — uf*'weakly in W22(S% R3) and uniformly in C°(S?,R?), with f* € X. By the
lower semi-continuity of E. with respect to weak convergence in W22(S% R3) we have I(f*) =
E (up) = M*.
Now we want to express E,(uys) in terms of f and compute

ou , . .
Oirf = f'(r) (cos(f(’r)) cos(6), cos(f(r))sin(f), — sm(f(r)))
% = ( —sin(f(r)) sin(f), sin(f(r)) cos(h), O)

66;;]« =f"(r) <COS(f(7“)) cos(), cos f(r)sin(), — sin f(r))

—(f'(r)? ( sin(f(r)) cos(6), sin(f(r)) sin(6), COS(f(T)))

(o)
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82Uf
062

— — (sinC () cos(e) s 1)) sn(0),0)

(1)) 2
rey o)

= —sin(f(r)) (sin(f (r))us +

Thus we have

Lo Z L (e, G0G0))
sVl =5 (07 + )F).

(sin(r

The Laplacian on S? is given by A = 8r2 4 cosr 0 (Sm oE 692 Therefore

sinr Or

Auj = Ouy <f”(7“) L cos(r) _ COS(f(T))SiH(f(T))> o ((f,(r))Q N Sin2(f(r))>

or \ f'(r)  sin(r) sin?(r) f'(r) sin?(r)
and
[Aug|? = |(Aug)" )P + [Vuy[*
_ 9wy 2[(f"(r)? | cos’(r) | cos®(f (T))SIH2(f( ) | o f"(r) cos(r)
or {(f’( )2 + sin?(r) * sin () (f(r))? +2 J'(r)sin(r)
_ o f" () cos(f(r))sin(f(r)) ., cos(r)cos(f(r))sin(f(r))
sin® (r) (f'(r ))2 sin® () f/(r)
oy SU)
(1o DY
cos2(r)(f'(r)2  cos?(f(r))sin?(f(r "(r) cos(r
() + 5(111)2({7~)( ) n (f(sil)“(r) (f(r)) n 2f'(r );"m((r)) (r)
~2f"(r) cos(f(r))sin(f(r))  2cos(r) cos(f(r))sin(f(r))f"(r)
sin?(r) sin®(r)
int(f(r sin?(f(r
et + S o)

We use this to get a lower bound on E. (us~)

s . *\2
Butug) = [ (0 Gl Jsmrar 5 [ 18uppans
0 52

(sinr)

> 271'/ ¥ (sin f*)dr.
0
There exist r; € (0,7) such that f*(r1) = 7 and

ﬂ'*/.*d Tl*/~*d_ﬂ-*/-*d
ALf@MNrZA f*'(sin £*) dr Af(mf)r

= —cos f*(r)|g" + cos f*(r)]y,
=4,

Hence
E (up+) > 8w

and u¢- is a non-constant e-harmonic map of degree zero. To complete the proof of Theorem 1.0.8
we show the following
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Proposition 4.5.2. There exists a universal constant ¢ > 0, such that for any 0 < e < %

E-(u.) < 87+ ce?, (4.5.2)

where u. is the minimizer of E. among all uy.

Proof. Let A > 1 and

) 2arctan(Atan(r)), 0
Jir) = {Zarctan(A tan(r)) +2m, %

We consider the corresponding map uy € X. As r increases from 0 to 5, f(r) increases from 0 to 7,
which means that vy maps the upper hemisphere to the full sphere with the equator being mapped
to the south pole (0,0, —1). As r increases from § to m, f(r) increases from 7 to 27, which means
that uy maps the lower hemisphere to the full sphere but with opposite orientation. Thus uy has
degree zero. We want to estimate E.(us). To do this we first calculate

ron 2A
fr) = cos?(r) + A2 sinz(r)7
1) = —2A(—=2cos(r) sin(r) + 2A? sin(r) cos(r)) _ 4sin(r) cos(r)A(1 — A?)
"= (cos?(r) + AZsin?(r))2 B (cos?(r) + AZsin?(r))2
and
(F(r)) = 1—A%tan?(r)  cos?(r) — AZsin®(r) (A2 +1)cos?(r) — A
GOSN = pz tan?(r) + 1 cos?(r) + A2sin?(r)  cos2(r) + A2sin?(r) ’
Atan
sin(f(r)) = 1—1?/\;&‘@5;)(7") = sin(r) cos(r) f'(r).
Using this and the above we have
2 a2 1+ cos?r
[Vugl" = 44 (cos?(r) 4+ AZsin?(r))2’
and
A2 = 16A2(1 — A?)2 cos?(r) sin®(r) 4A2? cos?®(r)
wi = (cos2(r) + AZsin?(r))* sin?(r)(cos2(r) + A2 sin?(r))2

4A? cos?(r)((A% + 1) cos®(r) — A%)?2  16A%(1 — A?) cos?(r)
sin?(r)(cos2(r) + A2 sin?(r))4 (cos?(r) + AZsin?(r))3

~ 16A%(1 = A?) cos?(r)((A? + 1) cos®(r) — A?)
(cos2(r) + A2sin?(r))4

B 8A? cos? (1) ((A? + 1) cos?(r) — A?) 16A*
sin?(r)(cos?(r) + A2 sin?(r))3 (cos?(r) 4+ A2 sin?(r))*
16A% cos*(r) 32A% cos?(r)

(cos?(r) + A2sin?(r))*  (cos?(r) + AZsin’(r))*
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Thus we have for the second part of E,(uy)

1 1
5/92 |AUf|2dA52 = 5/92 (|(AUf)T|2 + |VUf|4>dA52

:ﬂ/ﬂ [16A2(1—A2)2008 (r) sin?(r )+ 4A2 cos?(r)
0 (cos?(r) 4+ AZsin?(r))4 sin?(r)(cos2(r) 4+ A2 sin’(r))2

4A2 cos?(r)((A% + 1) cos?(r) — A?)? N 16A2(1 — A?) cos?(r)
sin?(r)(cos2(r) + A2 sin?(r))* (cos?(r) + AZsin?(r))3

- 16A%(1 =A%) cos?(r) (A% + 1) cos?(r) — A?)
(cos?(r) + A2sin?(r))4

8A2 cos?(r)((A% + 1) cos?(r) — A?) 16A%(1 + cos?(r))?

3 sin(r)dr
sin®(r)(cos?(r) 4+ A2 sin®(r))3 " (cos?(r) + A2 sin?(r))* ")
~on / [16A2<1 — A%)? cos?(r) sin? () 47 cos®(r)
o | (o) + AZsE)T s o) + A2 sin(r))?

4A% cos?(r)((A? + 1) cos®(r) — A?)? 16A2(1 — A?) cos®(r)
sin?(r)(cos2(r) 4+ A2 sin?(r))* (cos?(r) 4+ AZsin?(r))3

B 16A2(1 — A?) cos?(r)((A% + 1) cos®(r) — A?)
(cos?(r) + AZsin?(r))4

| 8% cos?(r)(A2 + Dcos’(r) —A%) | I6MM (Lt eo(1)® )
sin?(r)(cos?(r) + AZsin(r)) " (cos?(r) + AZsin® (1)) ’

where we used the symmetry of cos? and sin about Z. Substituting ¢ = cos(r) and setting a? :=
1 — A2 gives

1 Lo att? (1 —t?)
— Augl?dAge = 32 A2 gt
2/52| ug 52 =3 7r/O (1— a2t2)

t2 2((1+A"2H)2 —1)?
2 A2 dt
+8”/ M- aee dt““/ (1—2)(1 — a22)4

2,2 —2v42
2 @t ((1+ A2 — 1)
_327r/ A~ )dt+327r/ A~ (1= 22y dt

(L + A2 1) by (L+1?)?
/oA (17t2)(17 2t2) dt + 32w /0 A 7(17(12162)46&

1 442 2 2 2
a1 —t2) £2(1 — 2)

=32 A 2“7@: 327 / APt
i ”/o A—azzp T A Ay

1 242 2 1 2\2
a2t (1 — %) L, (1412

—ear [ A2EEN ) g gon /A L LY
677/0 0= aey dt +3 i 0
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t2(1 —t2)(a —1)2 ! (1+1¢2)?
2 —4
= 327 / AT a2y dt + 327r/0 A 7(1 —a7i2)i dt

e 2(1—12) (1+12)
=32 A~ Gidt 21 A2 7dt
& ”/o 1) ts / 1 a22)t

We estimate each term separately. First we note that ¢t € [0,1] and 0 <a <1

t2(1 — t2) < (a? — a®t?) < 1 _ 1 < 1
(1—a2t2)* = a2(1 —a2t2)* ~ a2(1 —a2t?)3  a2(1+at)3(1 —at)® = a2(1 — at)3’
Then
1 2 2
2(1 - t?) _ 1 1
32 A67dt<32/\ 7@::32/\6 —
7T/O 1 - a2t2)8 i / a2(1 — at)? i <2a3(1 —a)? 2a3>
¢ (1+a) 1 A2 1
< 327A 6(7<128 A2 =128 =128
= 0o a?(1 — a?)? T a? TT A2 1—A2 7TA 1’

where we used that A=2 = 1 — a2. Analogously we get for the second term

(1+1t%)2 - (1+1t)* 7 (a+ at)* 1
(1—a2t2)* = (1+at)*(1 —at)*  a*(1+at)*(1—at)* = a(1 —at)?

and therefore

! 14 1%)? ! 1 1 1
2 A*4(7dt< 2mA~ /7&: A [ — —
3 71-/0 (1 —a?t?)4 32m o a*(l—at)? 32m 3a%(1 —a)3 3db
(1+a) 1 A? AS

< 256TA%— = 256m—————— = 2567

< —4 — 5 -
- 32mA a4(1 _ a2)3 - a? (1 _ A—2)2 (A2 _ 1)2

All in all we get

6

1
2

Analogously we estimate the first part of E.(uy) (see [46] Proposition 3.2)

1 3 1+ cos?r
- Vus|?dAge = 8 / A? inrd
2 /52 Vsl g i 0 (cos?(r) + AZsin?(r))2 swrar

1 2
0

1_a2t2)2
<38 /11\_2 L, 1 dt
=T 22 \(—at)? " (1 +at)?
1 1 A?
—8rTA P = 87— = 8T
m a?(1 — a?) T2 A2 1

Together with the above we get

2 6

A 1
2 Augl? |dAg < 12 2 —_—-
/ <|Vuf| + e|Auy| )d s 87TA Tt 87reA Tt 567T€(A 71y

1
2
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We choose A? > 2, then AQ—: < 1+2A72 <2 and thus
2 2
E (up) <8m |1+ 2 + 1287e + 1024meA”.

We set A := e~ 4. Note that for ¢ € (0, %), A% > 2 still holds. Then we get
B.(ug) < 87 (1+2¢4) + 1152me} = 87 + 1168me.
Since u. minimizes F. among all maps in X, we have
E.(u.) < E-(uy) < 87 + ce3,

with ¢ = 11687.
O

Proof of Theorem 1.0.8. Given § > 0 we choose ¢ € (0, ) such that £ < (£)2, where c is the constant
in (4.5.2). With Proposition 4.5.2 and Theorem 1.0.6 we get

81 < E.(ue) < 87+ ce? < 87+ 0.
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Appendix A

A.1 Lorentz spaces

Lorentz spaces are interpolation spaces of the classical LP-spaces. They have many useful properties
including a version of the Holder inequality and Sobolev embeddings (see Lemma 3.6.3). In the
following we give a brief introduction to the theory and list the results we use in chapter 2 and 3.
For detailed proofs see for example [27], [31], [37], [45], [76] and [83].

Definition A.1.1. Let f: R™ — R be a measurable function, s > 0 and let
fe(s) = A(f(s)) = Hz e R™ [ [f(z)| > s}|
be the distribution function of f. We define the non-increasing rearrangement f* of f
fr(@) =inf{s > 0| fi(s) <t}.

Further let

*% 1 ¢ *
=7 [ 1o
0
Let 1 <p<oo,1<qg<oco. fisan element of the Lorentz space LP*4(R™) if

Ld

1/q
- 1<g< o0,
tdt) =400

lleraceey = ([ @270
110 gy = [1E72 F** ()] 250 0,00) q =00,
is finite. (LP4(R™),]| - ||pr.a(mn)) 45 a Banach space.

Lemma A.1.2. Let 1 <p < oo and f: R™ — R be measurable. Then we have

cillfllee@ny < I fllLer@ny < c2llfllLe@ny
(see [83] Lemma 1.8.10 or [45] Lemma 5.1.7)

Lemma A.1.3 (Holder inequality). Let f € LP»9(R™) and g € LP2%(R"™) with p% +L1l=1 14

P2 P @
1

72 = % and D, P1,P2 S (1700)7 q,491,492 S [1700] Then

fgllLe-a@ny < [ fllovar @n)llgllrz.a @n).-
(see [37] Theorem 4.5)
Lemma A.1.4. Let f : R™ — R be measurable.

1. Let 1<p<ooand1l < qg< Q < oo. Then we have

I1fller.e@ny < cllfllLea@n)-
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2. Letl<p<P<o00,1<q,q <00 andlet Q CR™ be bounded. Then we have
[ fllzpar ) < clQP ™ || f]l Pz (q)-

(see [45] Lemma 5.1.9)

Lemma A.1.5. Let 1 < p1,q1,p2,q2 < 00 such that p% + - =1 and q% + q% =1.

b
(i) LP»%2(R™) 4s the dual space of LP1% (R™).
(ii) The dual space to LPV(R™) is LP2:°°(R™) but LP11(R™) is not reflexive.
(see [37] (2.7))

If f is a m-polyharmonic function on R?>™, we can estimate the L?'-norm of D™ f locally in
terms of its L2-norm.

Lemma A.1.6. Let f € C?*™(R?*™,R") be a m-polyharmonic function, i.e. A™f = 0. For any
radius R > 0 we have

||Dmf||L2~1(B%) < C||Dmf||L2(BR)7

with ¢ > 0 independent of R.

Proof. We show this result for the case m even. The case m odd follows analogously with minor
modifications. Let n € C2°(R?™) be a smooth cut-off function such that n = 1 on Br,0<n<1

in Bp and 1) = 0 elsewhere. We want to estimate [, n***V|D™**u|? in terms of fBR |D™ f]2 for
k=1,....,m — 1. We do this iteratively using integration by parts and Young’s inequality.

[ riparigp < [ qpmipg-anis) ipariy]
R2m R2m

< 5 772m|DAm_1f|2 4 i/ ,',’2771—2|Am—1f|2
R2m R? R2m

and for k =2,4,...,m — 2

+hk

[PratE < [ Dy DA™ A
R m R m

+/ P DATET [ | DA™ |
]RQm

<o [ AR s [ peeian g
R2m R2m

m+k

+5/ 7]2k+4|DA 2 f|2
R2m

For k=1,3,....m—3
m+4k—1 m+k—1 m+4k—1
/ 72+ DA™ f\?s/ P2 Dyl - | f DA f)
R2m R2m
mtk—1 mtk+t1
[ PATE g A
R2m
s%/ nz’“lAm'+2’“_1f|2+5/ 2 DA 2
R? Jpom R2m

o [ A
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Putting everything together and choosing & > 0 small enough we get

m—2 m—1
2k+2 m+k 2 C 2k42 rn.+k: 1 2 C 2
Z T Zk/ AT ] +Zw/ DA f| _Rzm/ D™ f|.
=2 o k=1 R2m Br

k even k odd

(A.1.1)
Since A™ f = 0 we have
m—2 m 71 e
AT (A% f) = Z() Z() WA §
Koo K odd
and with the Calderon-Zygmund inequality (see [25]) and (A.1.1) we arrive at
/ ,'72m+2‘D2mf|2 S C/ ‘A ( m+1A f)|2 o / |Dmf|2.
RZTVL Rz’nL R BR
With Holder’s inequality we have
1/2
[ ormp<ern ([
Br Br
2 2
Applying the embedding Lemma 3.6.3 repeatedly we get
D™ fllz2a05 ) < 1ID7" Fllos ) < €llD™ o
with ¢ independent of R.
O

A.2 Lorentz-Sobolev spaces

If f € LP9(R™) has weak derivatives D¥f € LP9(R"), k € N, then f is an element of the so-called
Lorentz-Sobolev space W#:4(R"). These spaces play an important role in chapter 2.

Definition A.2.1. Let 1 <p < oo, 1 <g< oo and k € N. Let f € LP1(R"™) be k times weakly
differentiable and for all multiindices a € Nj with || < k let %f € LP9(R"™). Then f is
an element of the Lorentz-Sobolev space WFP:4(R™) with norm

1 llwera@n = D

0< || <k

oled

0%131...0% x,,

Lp,q(]Rn)

Since we work on the unit ball in R?™, we formulate all results in terms of B, n € N. For
detailed proofs of the following properties see [52].

Lemma A.2.2. Letk,ne€N, 1 <p< 7 and1 < q<oco. Then
WHkPa(B") s LP79(B")
1 1,k
for =5 Thn and

1fllowacpny < cllfllwrpacgny — for any f € WEPI(B™).
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Lemma A.2.3. Let s,k €¢ N, p,p',q.,¢ € R with 1 < p,p’,q,q < oo, kp < n,sp’ < n,s <

k,t :/= m > 1 and 1 = min{% + %,1}. Further let B* C R™. If f € WFP4(B"), g ¢

Wer'd (B"), then

fg € W (BY)
and

[fgllwstwmny < ellfllwerasnyllgllwsra g
with ¢ = ¢(B™).
Lemma A.2.4. Let B® C R". If f € W*#%:1(B"), the f is continuous on B™.

In chapter 2 we use Lorentz-Sobolev spaces W ™54 with negative exponent —k, k € N. These
are distribution spaces and for p, g > 1 form dual spaces to Wk,

Definition A.2.5. Let 1 < p,q < o0, 5+ 5 = ¢+ 5 =1 and k € N. Then W="P9(B") is the
space of distributions ® € (C°(B™))" such that

[@[f]] < cllfllwesrargny — VfECT(B").

Each element of W% has a representation in terms of derivatives of Lorentz functions:

Lemma A.2.6. Let 1 < p,q < 0o, k € N, B* C R" and f € W~FP4(B"). Then there exist
fo € LP9(B™) so that

f=Y" 0fa

o<k

Note that this representation is not unique. We define the norm on W—FP4(B™) by

[ fllw—#p.any == inf Z [ fallorany : f = Z 0% fa

|| <k la| <k

The definition of negative Lorentz-Sobolev spaces as dual spaces does not hold for p, ¢ = 1 since
LP-1, LP+>° are not reflexive (see Lemma (A.1.5)). We define the space W %71 as follows

Definition A.2.7. Let 1 <p < oo, k€ N. Then
WkPHBM) = f= " 0"fa: fu € L (B")
lee| <k
with norm
1 fllwrmagny =if ¢ > fallian : f= Y 0%fa
loe| <k loe| <k
Finally we have an embedding theorem and a Holder inequality.

Lemma A.2.8. Let B* ¢ R", 1 < p<mn 1 <q<p lIs,t € Ngwithtp < n and [ €
W=sPa(B" AR™). Then f € Wf(SH)’m’q(B",/\lR”) and

|\f||W—<s+t>,n";—’;p,q(Bn) < c|‘f||W—SvP=q(B")-



A.3. Hardy space 131

Lemma A.2.9. Let s,t e N, t < s, 1 <p,p’ < oo with %—i—ﬁ <landtp<mn, sp/ <n, 1<q,¢ <
0. Let f € W=tP4(B") and g € W*P"4'(B"). Then

fg e w=tmv(B)

; — dpp’ 1y 11
with x = T and ;= min{1, B q/}. Further

I1fgl |W*t~w~y(B") < \f||wa,q(Bn) \ |g||WSwP'«(I'(B")'

A.3 Hardy space

Definition A.3.1. Let n € N and let ¢ € C(R™) such that

=1

R'VL

Further let
e
bi(z) =t w(t) vt > 0.
For f € LY(R™) define
Jr (@) == sup [(¢y * f)(x)].

>0

Then f is an element of the Hardy space HY(R™) if and only if f* € L*(R™). The norm is given by

1 f 1l ey = |1 flLr@ny + 1] L1 @y
(see [31] Definition 3.2.4)

A.4 Radial m-polyharmonic functions

We adapt Lemma 5.1 in Hornung and Moser [35] for radial m-polyharmonic functions.

Lemma A.4.1. There exists a universal constant Caop, such that for all R > 0 and for all radial
solutions ¢ € C*°(Bar \ Br,R™) of A™q =0 on Bag \ Bg, the following estimate holds:

lg'lloo(B25\BR) < Com (Z RHq (R)| + ¢V (2R)[) + R™'a(2R) — q(R)> :
=1

Proof. Since q is radial we have

2m —1
||

Aq(lz]) = ¢"(Jz]) + ¢ (|z)).

We iterate this equation until A™¢ = 0. Then ¢’ is a solution of the (2m — 1)-order system

f(2m—2) (f) f(2'm—3) (t) f(t)

f(27n_1)(t) + Cmezf + C2m73t72 + ...+ CIW =0 (A41)

with constants ¢; € R, i = 1,...,2m — 2. Let X C C*°([R,2R],R"™) be the space of solutions of
(A.4.1) and let

L: X - R" x R?m~1,
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R

2R
fre (f(R%f(QR),f’(R),f’(QR%---7f<m_1)(R),f(’”_1)(2R)7/ f) :

If L is bijective then X is a (2m — 1)-dimensional subspace and all norms on X are equivalent. Thus
we have

I fllco(r,2r)rm) < CILf] VfieX

and subsequently

l¢'llco(Bar\BR) < C <Z R4 (R)| + ¢ (2R)|) + R™'a(2R) — q(R)|> :

i=1

It is left to show that L is bijective. Let a € R™ x R?™~1. The functional v fBQR\BR | D™vl|?
has a minimizer in the class of all radial v € W™?(Bag) with f(R) = a1, f(2R) = az, f'(R) =
as, f'(2R) = a4, ..., f" " V(R) = agm_3, "V (2R) = agpm_o, f;Rf = Gg9m_1. Thus v’ is a solution
of (A.4.1) and Lv' = a. Moreover as a solution of (A.4.1) v’ is uniquely determined by a.

O

A.5 Bochner formula

The following version of the Bochner formula was calculated by Struwe in [30].

Proposition A.5.1 (Bochner formula). Let (M,g), (N,h) be Riemannian manifolds and let u €
C3(M, N). In normal coordinates the following equality holds

L ap

1 . . , _ o
Age2 <2V32u|2> = 0, (Ag2u’)0,u’ + 8% w9 u+ Rog0qu'0pu’
L oo in i kg ol
+ iaklhij(u)ﬁﬂu 0,1t Opu” O, (A.5.1)

where R is the Ricci tensor on M.

Proof. We use normal coordinates around points g € M and u(zg) € N. Let g;; and h;; be
the metrics in normal coordinates on M and N respectively such that g;; = &;5, Jangi; = 0 at
xo and h;; = 0;5, Ouhij = 0 at u(xo). The second derivative of the inverse at zo is given by
Qzﬁgij = —8§ﬁgij. Further we have

1 y 1 .
2u) — Age = — N A . | ——08; (g¥ 2
Oa(Ag2u) — Ag2(0qu) = 04 ( detgal (g v/ det g(’“)ju)) ( detgal (g v/ det gajau)>

.. .. 1
= 821‘ (g” v/ det g) Oju = aﬁig”aju + §3iigkk6iu
1
= —02,9i0ju + iaiigkkaiu
and with this

1 2 L i j

Age §|VSQU| = Age 59# hij(u)auu o,
. 1 o . .
= Ag2(0,u")0,u’ + iaiag“”aﬂul&,u’ + 8§uu’8§ltul

1 . .
—+ 5A52 hij (u)@uuzﬁﬂuj
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. . 1 _ .
= 0, (Ag2u’)0,u’ + <3Zaga58[;uz - 28iagpp8auz) Ouu' + 02,
1 ) 1 ) )
- 5('92o“qm,@uu’(p)'yuz + §5l%lhij (u)@uulauujaaukaaul
= 0, (Ag2u’)O,u + 8§Wui6(%uui + RopOau'Opu’
1 o
+ §3zlhij(u)aﬂulaﬂujaaukaaul,

where we used that the Ricci tensor in normal coordinates is given by

1
(8§u9au + aiugﬁu) -5 (6Zugaﬂ + 6@69##) :

Rop = :

N —

i92 i
uaauu






135

Bibliography

[10]

[11]

Robert A. Adams and John J. F. Fournier. Sobolev spaces. Second. Vol. 140. Pure and Applied
Mathematics (Amsterdam). Elsevier/Academic Press, Amsterdam, 2003, pp. xiv+305. ISBN:
0-12-044143-8.

Wanjun Ai and Hao Yin. “Neck analysis of extrinsic polyharmonic maps”. In: Ann. Global
Anal. Geom. 52.2 (2017), pp. 129-156. 1SsN: 0232-704X. DOI: 10.1007/s10455-017-9551-7.
URL: https://doi.org/10.1007/s10455-017-9551-7.

Antonio Ambrosetti and Andrea Malchiodi. Nonlinear analysis and semilinear elliptic prob-
lems. Vol. 104. Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 2007, pp. xii+316. 1SBN: 978-0-521-86320-9; 0-521-86320-1. por: 10 . 1017 /
CB09780511618260. URL: https://doi.org/10.1017/CB09780511618260

Gilles Angelsberg. “Large solutions for biharmonic maps in four dimensions”. In: Calc. Var.
Partial Differential Equations 30.4 (2007), pp. 417-447. 1SsN: 0944-2669. po1: 10 . 1007 /
s00526-007-0095-8. URL: https://doi.org/10.1007/s00526-007-0095-8

Gilles Angelsberg and David Pumberger. “A regularity result for polyharmonic maps with
higher integrability”. In: Ann. Global Anal. Geom. 35.1 (2009), pp. 63-81. 1SsN: 0232-704X.
DOI: 10.1007/s10455-008-9122-z. URL: https://doi.org/10.1007/s10455-008-9122-2

F. Bethuel and J.-M. Ghidaglia. “Improved regularity of solutions to elliptic equations involv-
ing Jacobians and applications”. In: J. Math. Pures Appl. (9) 72.5 (1993), pp. 441-474. 1SSN:
0021-7824.

Fabrice Bethuel. “On the singular set of stationary harmonic maps”. In: Manuscripta Math.
78.4 (1993), pp. 417-443. 1sSN: 0025-2611. DOI: 10.1007/BF02599324. URL: https://doi.
org/10.1007/BF02599324.

Thomas P. Branson. “Group representations arising from Lorentz conformal geometry”. In: J.
Funct. Anal. 74.2 (1987), pp. 199-291. 1ssN: 0022-1236. DOI: 10.1016/0022-1236(87) 90025~
5. URL: https://doi.org/10.1016/0022-1236(87)90025-5.

H. Brezis and J.-M. Coron. “Convergence of solutions of H-systems or how to blow bub-
bles”. In: Arch. Rational Mech. Anal. 89.1 (1985), pp. 21-56. 1sSN: 0003-9527. DOI: 10.1007/
BF00281744. URL: https://doi.org/10.1007/BF00281744.

Haim Brezis and Jean-Michel Coron. “Multiple solutions of H-systems and Rellich’s conjec-
ture”. In: Comm. Pure Appl. Math. 37.2 (1984), pp. 149-187. 1ssN: 0010-3640. DOI: 10.1002/
cpa.3160370202. URL: https://doi.org/10.1002/cpa.3160370202.

Sun-Yung A. Chang, Lihe Wang, and Paul C. Yang. “A regularity theory of biharmonic maps”.
In: Comm. Pure Appl. Math. 52.9 (1999), pp. 1113-1137. 1SsN: 0010-3640. po1: 10. 1002/
(SICI)1097-0312(199909)52:9<1113::AID-CPA4>3.0.C0;2-7. URL: https://doi.org/
10.1002/(SICI)1097-0312(199909)52:9<1113: :AID-CPA4>3.0.C0;2-7.

Sun-Yung A. Chang and Paul C. Yang. “Extremal metrics of zeta function determinants
on 4-manifolds”. In: Ann. of Math. (2) 142.1 (1995), pp. 171-212. 1sSN: 0003-486X. DOTI:
10.2307/2118613. URL: https://doi.org/10.2307/2118613

R. Coifman et al. “Compensated compactness and Hardy spaces”. In: J. Math. Pures Appl.
(9) 72.3 (1993), pp. 247-286. 1sSN: 0021-7824.


https://doi.org/10.1007/s10455-017-9551-7
https://doi.org/10.1007/s10455-017-9551-7
https://doi.org/10.1017/CBO9780511618260
https://doi.org/10.1017/CBO9780511618260
https://doi.org/10.1017/CBO9780511618260
https://doi.org/10.1007/s00526-007-0095-8
https://doi.org/10.1007/s00526-007-0095-8
https://doi.org/10.1007/s00526-007-0095-8
https://doi.org/10.1007/s10455-008-9122-z
https://doi.org/10.1007/s10455-008-9122-z
https://doi.org/10.1007/BF02599324
https://doi.org/10.1007/BF02599324
https://doi.org/10.1007/BF02599324
https://doi.org/10.1016/0022-1236(87)90025-5
https://doi.org/10.1016/0022-1236(87)90025-5
https://doi.org/10.1016/0022-1236(87)90025-5
https://doi.org/10.1007/BF00281744
https://doi.org/10.1007/BF00281744
https://doi.org/10.1007/BF00281744
https://doi.org/10.1002/cpa.3160370202
https://doi.org/10.1002/cpa.3160370202
https://doi.org/10.1002/cpa.3160370202
https://doi.org/10.1002/(SICI)1097-0312(199909)52:9<1113::AID-CPA4>3.0.CO;2-7
https://doi.org/10.1002/(SICI)1097-0312(199909)52:9<1113::AID-CPA4>3.0.CO;2-7
https://doi.org/10.1002/(SICI)1097-0312(199909)52:9<1113::AID-CPA4>3.0.CO;2-7
https://doi.org/10.1002/(SICI)1097-0312(199909)52:9<1113::AID-CPA4>3.0.CO;2-7
https://doi.org/10.2307/2118613
https://doi.org/10.2307/2118613

136

BIBLIOGRAPHY

[14]

[16]

[17]

[19]

[20]

[21]

[22]

[25]

[26]

[27]

[28]

[29]

Weiyue Ding and Gang Tian. “Energy identity for a class of approximate harmonic maps
from surfaces”. In: Comm. Anal. Geom. 3.3-4 (1995), pp. 543-554. 1ssN: 1019-8385. DOI:
10.4310/CAG.1995.v3.n4.al. URL: https://doi.org/10.4310/CAG.1995.v3.n4.al.

Frank Duzaar, Andreas Gastel, and Joseph F. Grotowski. “Optimal partial regularity for
nonlinear elliptic systems of higher order”. In: J. Math. Sci. Univ. Tokyo 8.3 (2001), pp. 463~
499. 15SN: 1340-5705.

Frank Duzaar and Ernst Kuwert. “Minimization of conformally invariant energies in homotopy
classes”. In: Cale. Var. Partial Differential Equations 6.4 (1998), pp. 285-313. 1SsN: 0944-2669.
DOI: 10.1007/s005260050092. URL: https://doi.org/10.1007/s005260050092.

J. Eells and L. Lemaire. “A report on harmonic maps”. In: Bull. London Math. Soc. 10.1
(1978), pp. 1-68. 1sSN: 0024-6093. DOI: 10.1112/blms/10.1.1. URL: https://doi.org/10.
1112/blms/10.1.1.

James Eells Jr. and J. H. Sampson. “Harmonic mappings of Riemannian manifolds”. In: Amer.
J. Math. 86 (1964), pp. 109-160. 1sSN: 0002-9327. DOI: 10 .2307 /2373037. URL: https :
//doi.org/10.2307/2373037.

Jens Frehse. “A discontinuous solution of a mildly nonlinear elliptic system”. In: Math. Z. 134
(1973), pp. 229-230. 1SsN: 0025-5874. DOI: 10.1007/BF01214096. URL: https://doi.org/
10.1007/BF01214096.

Andreas Gastel and Frédéric Louis de Longueville. Conservation laws for even order systems
of polyharmonic map type. 2019. arXiv: 1909.05697 [math.AP].

Andreas Gastel and Christoph Scheven. “Regularity of polyharmonic maps in the critical
dimension”. In: Comm. Anal. Geom. 17.2 (2009), pp. 185-226. 1sSN: 1019-8385. DOI: 10 .
4310/CAG.2009.v17.n2.a2. URL: https://doi.org/10.4310/CAG.2009.v17.n2.a2.

I. M. Gel'fand, R. A. Minlos, and Z. Ja. Sapiro. [IpeacTaBieHns rpyInLl BPAIIEHY ¥ [Py IIILI
Jlopenna, ux npumenenus translated by G. Cummins and T. Boddington: Representations
of the rotation and Lorentz groups and their applications. Gosudarstv. Izdat. Fiz.-Mat. Lit.,
Moscow, 1958, p. 368.

Mariano Giaquinta. Multiple integrals in the calculus of variations and nonlinear elliptic sys-
tems. Vol. 105. Annals of Mathematics Studies. Princeton University Press, Princeton, NJ,
1983, pp. vii+297. 1sBN: 0-691-08330-4; 0-691-08331-2.

Mariano Giaquinta and Luca Martinazzi. An introduction to the regularity theory for elliptic
systems, harmonic maps and minimal graphs. Vol. 2. Appunti. Scuola Normale Superiore di
Pisa (Nuova Serie) [Lecture Notes. Scuola Normale Superiore di Pisa (New Series)]. Edizioni
della Normale, Pisa, 2005, pp. xii+302. ISBN: 88-7642-168-8.

David Gilbarg and Neil S. Trudinger. FElliptic partial differential equations of second or-
der. Classics in Mathematics. Reprint of the 1998 edition. Springer-Verlag, Berlin, 2001,
pp. xiv+517. 1SBN: 3-540-41160-7.

Pawet Goldstein, Pawel Strzelecki, and Anna Zatorska-Goldstein. “On polyharmonic maps
into spheres in the critical dimension”. In: Ann. Inst. H. Poincaré Anal. Non Linéaire 26.4
(2009), pp. 1387-1405. 15SN: 0294-1449. DOI: 10.1016/j.anihpc.2008.10.008. URL: https:
//doi.org/10.1016/j.anihpc.2008.10.008.

Loukas Grafakos. Classical Fourier analysis. Second. Vol. 249. Graduate Texts in Mathematics.
Springer, New York, 2008, pp. xvi+489. 1SBN: 978-0-387-09431-1.

Michael Griiter. “Regularity of weak H-surfaces”. In: J. Reine Angew. Math. 329 (1981),
pp. 1-15. 18sN: 0075-4102. DOI: 10.1515/cr11.1981.329.1. URL: https://doi.org/10.
1515/cr11.1981.329.1.

Chang-Yu Guo and Chang-Lin Xiang. Regularity of weak solutions to higher order elliptic
systems in critical dimensions. 2020. arXiv: 2010.09149 [math.AP].


https://doi.org/10.4310/CAG.1995.v3.n4.a1
https://doi.org/10.4310/CAG.1995.v3.n4.a1
https://doi.org/10.1007/s005260050092
https://doi.org/10.1007/s005260050092
https://doi.org/10.1112/blms/10.1.1
https://doi.org/10.1112/blms/10.1.1
https://doi.org/10.1112/blms/10.1.1
https://doi.org/10.2307/2373037
https://doi.org/10.2307/2373037
https://doi.org/10.2307/2373037
https://doi.org/10.1007/BF01214096
https://doi.org/10.1007/BF01214096
https://doi.org/10.1007/BF01214096
http://arxiv.org/abs/1909.05697
https://doi.org/10.4310/CAG.2009.v17.n2.a2
https://doi.org/10.4310/CAG.2009.v17.n2.a2
https://doi.org/10.4310/CAG.2009.v17.n2.a2
https://doi.org/10.1016/j.anihpc.2008.10.008
https://doi.org/10.1016/j.anihpc.2008.10.008
https://doi.org/10.1016/j.anihpc.2008.10.008
https://doi.org/10.1515/crll.1981.329.1
https://doi.org/10.1515/crll.1981.329.1
https://doi.org/10.1515/crll.1981.329.1
http://arxiv.org/abs/2010.09149

BIBLIOGRAPHY 137

[30]

[31]

Robert Hardt and Michael Wolf, eds. Nonlinear partial differential equations in differential
geometry. Vol. 2. TAS/Park City Mathematics Series. Lecture notes from the Summer School
held in Park City, Utah, June 20—July 12, 1992. American Mathematical Society, Providence,
RI; Institute for Advanced Study (IAS), Princeton, NJ, 1996, pp. xii4+339. 1sBN: 0-8218-0431-6.
DOI: 10.1090/pcms/002. URL: https://doi.org/10.1090/pcms/002.

Frédéric Hélein. Harmonic maps, conservation laws and moving frames. Second. Vol. 150. Cam-
bridge Tracts in Mathematics. Translated from the 1996 French original, With a foreword by
James Eells. Cambridge University Press, Cambridge, 2002, pp. xxvi4264. 1SBN: 0-521-81160-
0. po1: 10.1017/CB09780511543036. URL: https://doi.org/10.1017/CB09780511543036.

Frédéric Hélein. “Régularité des applications faiblement harmoniques entre une surface et une
variété riemannienne”. In: C. R. Acad. Sci. Paris Sér. I Math. 312.8 (1991), pp. 591-596. 1SSN:
0764-4442.

S. Hildebrandt. “Quasilinear elliptic systems in diagonal form”. In: Systems of nonlinear partial
differential equations (Oxford, 1982). Vol. 111. NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci.
Reidel, Dordrecht, 1983, pp. 173-217.

Stefan Hildebrandt. “Nonlinear elliptic systems and harmonic mappings”. In: Proceedings of
the 1980 Beijing Symposium on Differential Geometry and Differential Equations, Vol. 1, 2,
3 (Betjing, 1980). Sci. Press Beijing, Beijing, 1982, pp. 481-615.

Peter Hornung and Roger Moser. “Energy identity for intrinsically biharmonic maps in four
dimensions”. In: Anal. PDE 5.1 (2012), pp. 61-80. 1SsN: 2157-5045. DOIL: 10 .2140/ apde .
2012.5.61. URL: https://doi.org/10.2140/apde.2012.5.61.

Jasmin Horter and Tobias Lamm. “Conservation laws for even order elliptic systems in the
critical dimension - a new approach”. In: Calc. Var. Partial Differential Equations 60.4 (2021),
Paper No. 125, 23. 1SSN: 0944-2669. DOI: 10 . 1007 /s00526-021-01995-7. URL: https:
//doi.org/10.1007/s00526-021-01995-7.

Richard A. Hunt. “On L(p, q) spaces”. In: Enseign. Math. (2) 12 (1966), pp. 249-276. I1SSN:
0013-8584.

Jirgen Jost. Riemannian geometry and geometric analysis. Sixth. Universitext. Springer, Hei-
delberg, 2011, pp. xiv4+611. 1SBN: 978-3-642-21297-0. DOI: 10.1007/978-3-642-21298-7.
URL: https://doi.org/10.1007/978-3-642-21298-7.

Jiirgen Jost. Two-dimensional geometric variational problems. Pure and Applied Mathematics
(New York). A Wiley-Interscience Publication. John Wiley & Sons, Ltd., Chichester, 1991,
pp. x+236. ISBN: 0-471-92839-9.

Ernst Kuwert, Tobias Lamm, and Yuxiang Li. “Two-dimensional curvature functionals with
superquadratic growth”. In: J. Eur. Math. Soc. (JEMS) 17.12 (2015), pp. 3081-3111. ISSN:
1435-9855. DOI: 10.4171/JEMS/580. URL: https://doi.org/10.4171/JEMS/580.

Tobias Lamm. “Biharmonic map heat flow into manifolds of nonpositive curvature”. In: Calc.
Var. Partial Differential Equations 22.4 (2005), pp. 421-445. 1sSN: 0944-2669. DOIL: 10.1007/
s00526-004-0283-8. URL: https://doi.org/10.1007/s00526-004-0283-8.

Tobias Lamm. “Biharmonic maps”. In: Dissertation Albert-Ludwig-Universitit Freiburg
(2005). URL: https://freidok.uni-freiburg.de/data/1755.

Tobias Lamm. “Energy identity for approximations of harmonic maps from surfaces”. In:
Trans. Amer. Math. Soc. 362.8 (2010), pp. 4077-4097. 1ssN: 0002-9947. DOI: 10.1090/S0002-
9947-10-04912-3. URL: https://doi.org/10.1090/5S0002-9947-10-04912-3.

Tobias Lamm. “Fourth order approximation of harmonic maps from surfaces”. In: Calc. Var.
Partial Differential Equations 27.2 (2006), pp. 125-157. 1sSN: 0944-2669. DOI: 10 . 1007 /
s00526-005-0001-1. URL: https://doi.org/10.1007/s00526-005-0001-1.


https://doi.org/10.1090/pcms/002
https://doi.org/10.1090/pcms/002
https://doi.org/10.1017/CBO9780511543036
https://doi.org/10.1017/CBO9780511543036
https://doi.org/10.2140/apde.2012.5.61
https://doi.org/10.2140/apde.2012.5.61
https://doi.org/10.2140/apde.2012.5.61
https://doi.org/10.1007/s00526-021-01995-7
https://doi.org/10.1007/s00526-021-01995-7
https://doi.org/10.1007/s00526-021-01995-7
https://doi.org/10.1007/978-3-642-21298-7
https://doi.org/10.1007/978-3-642-21298-7
https://doi.org/10.4171/JEMS/580
https://doi.org/10.4171/JEMS/580
https://doi.org/10.1007/s00526-004-0283-8
https://doi.org/10.1007/s00526-004-0283-8
https://doi.org/10.1007/s00526-004-0283-8
https://freidok.uni-freiburg.de/data/1755
https://doi.org/10.1090/S0002-9947-10-04912-3
https://doi.org/10.1090/S0002-9947-10-04912-3
https://doi.org/10.1090/S0002-9947-10-04912-3
https://doi.org/10.1007/s00526-005-0001-1
https://doi.org/10.1007/s00526-005-0001-1
https://doi.org/10.1007/s00526-005-0001-1

138

BIBLIOGRAPHY

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

Tobias Lamm. “Geometric Variational Problems”. In: FU Berlin (2007). URL: https :
/ / www . math . kit . edu / ianal / ~lamm / seite / lecturenotes / media /
geometricvariationalproblems.pdf.

Tobias Lamm, Andrea Malchiodi, and Mario Micallef. A gap theorem for a-harmonic maps
between two-spheres. 2020. arXiv: 1903.10217 [math.DG].

Tobias Lamm, Andrea Malchiodi, and Mario Micallef. “Limits of a-harmonic maps”. In: J. Dif-
ferential Geom. 116.2 (2020), pp. 321-348. 1sSN: 0022-040X. DOI: 10.4310/jdg/1603936814
URL: https://doi.org/10.4310/jdg/1603936814.

Tobias Lamm and Tristan Riviere. “Conservation laws for fourth order systems in four dimen-
sions”. In: Comm. Partial Differential Equations 33.1-3 (2008), pp. 245-262. 1sSN: 0360-5302.
DOI: 10.1080/03605300701382381. URL: https://doi.org/10.1080/03605300701382381.

Tobias Lamm and Ben Sharp. “Global estimates and energy identities for elliptic systems with
antisymmetric potentials”. In: Comm. Partial Differential Equations 41.4 (2016), pp. 579-608.
ISSN: 0360-5302. por: 10.1080/03605302.2015.1116559. URL: https://doi.org/10.1080/
03605302.2015.1116559.

Jiayu Li and Xiangrong Zhu. “Energy identity and necklessness for a sequence of Sacks-
Uhlenbeck maps to a sphere”. In: Ann. Inst. H. Poincaré Anal. Non Linéaire 36.1 (2019),
pp. 103-118. 18SN: 0294-1449. DOI: 10.1016/j.anihpc.2018.04.002. URL: https://doi.
org/10.1016/j.anihpc.2018.04.002.

Yuxiang Li and Youde Wang. “A counterexample to the energy identity for sequences of
a-harmonic maps”. In: Pacific J. Math. 274.1 (2015), pp. 107-123. 1ssN: 0030-8730. DOTI:
10.2140/pjm.2015.274.107. URL: https://doi.org/10.2140/pjm.2015.274.107

Frédéric Louis de Longueville. “Regularitdt der Losungen von Systemen (2m)-ter Ordnung
vom polyharmonischen Typ in kritischer Dimension”. In: Dissertation Universitat Duisburg-
Essen (2018). URL: https://d-nb.info/1191692124/34.

Charles B. Morrey Jr. “The problem of Plateau on a Riemannian manifold”. In: Ann. of
Math. (2) 49 (1948), pp. 807-851. 1SsN: 0003-486X. DOI: 10.2307/1969401. URL: https:
//doi.org/10.2307/1969401.

Richard S. Palais. “The principle of symmetric criticality”. In: Comm. Math. Phys. 69.1 (1979),
pp- 19-30. 18sN: 0010-3616. URL: http://projecteuclid.org/euclid.cmp/1103905401.

Jaak Peetre. “Espaces d’interpolation et théoréme de Soboleff”. In: Ann. Inst. Fourier (Greno-
ble) 16.fasc. 1 (1966), pp. 279-317. 1SsN: 0373-0956. URL: http://www.numdam.org/item?id=
ATF_1966__16_1_279_0.

Jie Qing. “On singularities of the heat flow for harmonic maps from surfaces into spheres”.
In: Comm. Anal. Geom. 3.1-2 (1995), pp. 297-315. 1SSN: 1019-8385. DOI: 10.4310/CAG.1995.
v3.n2.a4. URL: https://doi.org/10.4310/CAG.1995.v3.n2.a4.

Tristan Riviere. “A viscosity method in the min-max theory of minimal surfaces”. In: Publ.
Math. Inst. Hautes Etudes Sci. 126 (2017), pp. 177-246. 1ssN: 0073-8301. por: 10. 1007/
$10240-017-0094-z. URL: https://doi.org/10.1007/s10240-017-0094-z.

Tristan Riviere. “Conservation laws for conformally invariant variational problems”. In: Invent.
Math. 168.1 (2007), pp. 1-22. 1sSN: 0020-9910. pDOI: 10.1007 /500222~ 006-0023~-0. URL:
https://doi.org/10.1007/s00222-006-0023-0.

Tristan Riviere. “Everywhere discontinuous harmonic maps into spheres”. In: Acta Math. 175.2
(1995), pp. 197-226. 1ssN: 0001-5962. DOI: 10.1007/BF02393305. URL: https://doi.org/
10.1007/BF02393305.

Tristan Riviere. “Willmore Minmax Surfaces and the Cost of the Sphere Eversion”. In: arXiv
e-prints, arXiv:1512.08918 (Dec. 2015), arXiv:1512.08918. arXiv: 1512.08918 [math.AP].


https://www.math.kit.edu/iana1/~lamm/seite/lecturenotes/media/geometricvariationalproblems.pdf
https://www.math.kit.edu/iana1/~lamm/seite/lecturenotes/media/geometricvariationalproblems.pdf
https://www.math.kit.edu/iana1/~lamm/seite/lecturenotes/media/geometricvariationalproblems.pdf
http://arxiv.org/abs/1903.10217
https://doi.org/10.4310/jdg/1603936814
https://doi.org/10.4310/jdg/1603936814
https://doi.org/10.1080/03605300701382381
https://doi.org/10.1080/03605300701382381
https://doi.org/10.1080/03605302.2015.1116559
https://doi.org/10.1080/03605302.2015.1116559
https://doi.org/10.1080/03605302.2015.1116559
https://doi.org/10.1016/j.anihpc.2018.04.002
https://doi.org/10.1016/j.anihpc.2018.04.002
https://doi.org/10.1016/j.anihpc.2018.04.002
https://doi.org/10.2140/pjm.2015.274.107
https://doi.org/10.2140/pjm.2015.274.107
https://d-nb.info/1191692124/34
https://doi.org/10.2307/1969401
https://doi.org/10.2307/1969401
https://doi.org/10.2307/1969401
http://projecteuclid.org/euclid.cmp/1103905401
http://www.numdam.org/item?id=AIF_1966__16_1_279_0
http://www.numdam.org/item?id=AIF_1966__16_1_279_0
https://doi.org/10.4310/CAG.1995.v3.n2.a4
https://doi.org/10.4310/CAG.1995.v3.n2.a4
https://doi.org/10.4310/CAG.1995.v3.n2.a4
https://doi.org/10.1007/s10240-017-0094-z
https://doi.org/10.1007/s10240-017-0094-z
https://doi.org/10.1007/s10240-017-0094-z
https://doi.org/10.1007/s00222-006-0023-0
https://doi.org/10.1007/s00222-006-0023-0
https://doi.org/10.1007/BF02393305
https://doi.org/10.1007/BF02393305
https://doi.org/10.1007/BF02393305
http://arxiv.org/abs/1512.08918

BIBLIOGRAPHY 139

[61]

[62]

[63]

[64]

[69]

Tristan Riviere and Michael Struwe. “Partial regularity for harmonic maps and related prob-
lems”. In: Comm. Pure Appl. Math. 61.4 (2008), pp. 451-463. 1SsN: 0010-3640. poI: 10.1002/
cpa.20205. URL: https://doi.org/10.1002/cpa.20205.

Tristan Riviere. Conformally Invariant Variational Problems. 2012. arXiv: 1206 . 2116
[math.AP].

J. Sacks and K. Uhlenbeck. “The existence of minimal immersions of 2-spheres”. In: Ann.
of Math. (2) 113.1 (1981), pp. 1-24. 1SSN: 0003-486X. DOI: 10.2307/1971131. URL: https:
//doi.org/10.2307/1971131.

Armin Schikorra. “A remark on gauge transformations and the moving frame method”. In:
Ann. Inst. H. Poincaré Anal. Non Linéaire 27.2 (2010), pp. 503-515. 1SSN: 0294-1449. DOT:
10.1016/j .anihpc.2009.09.004. URL: https://doi.org/10.1016/j.anihpc.2009.09.
004.

Richard Schoen and Karen Uhlenbeck. “A regularity theory for harmonic maps”. In: J. Dif-
ferential Geometry 17.2 (1982), pp. 307-335. 1sSN: 0022-040X. URL: http://projecteuclid.
org/euclid.jdg/1214436923.

Richard M. Schoen. “Analytic aspects of the harmonic map problem”. In: Seminar on nonlin-
ear partial differential equations (Berkeley, Calif., 1983). Vol. 2. Math. Sci. Res. Inst. Publ.
Springer, New York, 1984, pp. 321-358. DOI: 10. 1007 /978-1-4612-1110-5_17. URL:
https://doi.org/10.1007/978-1-4612-1110-5_17.

Jalal Shatah. “Weak solutions and development of singularities of the SU(2) o-model”. In:
Comm. Pure Appl. Math. 41.4 (1988), pp. 459-469. 1SsN: 0010-3640. DOI: 10.1002/ cpa .
3160410405. URL: https://doi.org/10.1002/cpa.3160410405.

M. A. Shubin. Pseudodifferential operators and spectral theory. Second. Translated from the
1978 Russian original by Stig I. Andersson. Springer-Verlag, Berlin, 2001, pp. xii+288. ISBN:
3-540-41195-X. por: 10.1007/978-3-642-56579-3. URL: https://doi.org/10.1007/978~
3-642-56579-3.

Leon Simon. Theorems on regularity and singularity of energy minimizing maps. Lectures
in Mathematics ETH Zirich. Based on lecture notes by Norbert Hungerbiihler. Birkhauser
Verlag, Basel, 1996, pp. viii+152. 1SBN: 3-7643-5397-X. DOI: 10.1007/978-3-0348-9193-6.
URL: https://doi.org/10.1007/978-3-0348-9193-6.

Elias M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory inte-
grals. Vol. 43. Princeton Mathematical Series. With the assistance of Timothy S. Murphy,
Monographs in Harmonic Analysis, III. Princeton University Press, Princeton, NJ, 1993,
pp. xiv+695. 1SBN: 0-691-03216-5.

Michael Struwe. “On the evolution of harmonic mappings of Riemannian surfaces”. In: Com-
ment. Math. Helv. 60.4 (1985), pp. 558-581. 1sSN: 0010-2571. DOIL: 10.1007/BF02567432. URL:
https://doi.org/10.1007/BF02567432.

Michael Struwe. “Partial regularity for biharmonic maps, revisited”. In: Calc. Var. Partial
Differential Equations 33.2 (2008), pp. 249-262. 1SsN: 0944-2669. DOIL: 10.1007/s00526-008~
0175-4. URL: https://doi.org/10.1007/s00526-008-0175-4.

Michael Struwe. “Positive solutions of critical semilinear elliptic equations on non-contractible
planar domains”. In: J. Fur. Math. Soc. (JEMS) 2.4 (2000), pp. 329-388. 1sSN: 1435-9855.
DOI: 10.1007/s100970000023. URL: https://doi.org/10.1007/s100970000023.

Michael Struwe. Variational methods. Fourth. Vol. 34. Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Applications
to nonlinear partial differential equations and Hamiltonian systems. Springer-Verlag, Berlin,
2008, pp. xx+302. ISBN: 978-3-540-74012-4.


https://doi.org/10.1002/cpa.20205
https://doi.org/10.1002/cpa.20205
https://doi.org/10.1002/cpa.20205
http://arxiv.org/abs/1206.2116
http://arxiv.org/abs/1206.2116
https://doi.org/10.2307/1971131
https://doi.org/10.2307/1971131
https://doi.org/10.2307/1971131
https://doi.org/10.1016/j.anihpc.2009.09.004
https://doi.org/10.1016/j.anihpc.2009.09.004
https://doi.org/10.1016/j.anihpc.2009.09.004
http://projecteuclid.org/euclid.jdg/1214436923
http://projecteuclid.org/euclid.jdg/1214436923
https://doi.org/10.1007/978-1-4612-1110-5_17
https://doi.org/10.1007/978-1-4612-1110-5_17
https://doi.org/10.1002/cpa.3160410405
https://doi.org/10.1002/cpa.3160410405
https://doi.org/10.1002/cpa.3160410405
https://doi.org/10.1007/978-3-642-56579-3
https://doi.org/10.1007/978-3-642-56579-3
https://doi.org/10.1007/978-3-642-56579-3
https://doi.org/10.1007/978-3-0348-9193-6
https://doi.org/10.1007/978-3-0348-9193-6
https://doi.org/10.1007/BF02567432
https://doi.org/10.1007/BF02567432
https://doi.org/10.1007/s00526-008-0175-4
https://doi.org/10.1007/s00526-008-0175-4
https://doi.org/10.1007/s00526-008-0175-4
https://doi.org/10.1007/s100970000023
https://doi.org/10.1007/s100970000023

140

BIBLIOGRAPHY

[79]

[80]

[81]

[82]

[83]

Pawel Strzelecki. “On biharmonic maps and their generalizations”. In: Calc. Var. Partial
Differential Equations 18.4 (2003), pp. 401-432. 1SsN: 0944-2669. DOIL: 10.1007/s00526-003-
0210-4. URL: https://doi.org/10.1007/s00526-003-0210-4.

Luc Tartar. “Imbedding theorems of Sobolev spaces into Lorentz spaces”. In: Boll. Unione
Mat. Ital. Sez. B Artic. Ric. Mat. (8) 1.3 (1998), pp. 479-500. 1SSN: 0392-4041.

Karen K. Uhlenbeck. “Connections with LP bounds on curvature”. In: Comm. Math. Phys.
83.1 (1982), pp. 31-42. 1sSN: 0010-3616. URL: http://projecteuclid. org/euclid.cmp/
1103920743.

Changyou Wang. “Biharmonic maps from R* into a Riemannian manifold”. In: Math. Z.
247.1 (2004), pp. 65-87. 1SSN: 0025-5874. DOI: 10.1007/500209-003-0620~1. URL: https:
//doi.org/10.1007/s00209-003-0620-1.

Changyou Wang. “Bubble phenomena of certain Palais-Smale sequences from surfaces to gen-
eral targets”. In: Houston J. Math. 22.3 (1996), pp. 559-590. 1SSN: 0362-1588.

Changyou Wang. “Remarks on biharmonic maps into spheres”. In: Calc. Var. Partial Differen-
tial Equations 21.3 (2004), pp. 221-242. 1SsN: 0944-2669. DOIL: 10.1007/s00526-003-0252-7.
URL: https://doi.org/10.1007/s00526-003-0252-7.

Changyou Wang and Shenzhou Zheng. “Energy identity for a class of approximate biharmonic
maps into sphere in dimension four”. In: Discrete Contin. Dyn. Syst. 33.2 (2013), pp. 861-878.
ISSN: 1078-0947. DOIL: 10.3934/dcds.2013.33.861. URL: https://doi.org/10.3934/dcds.
2013.33.861.

Changyou Wang and Shenzhou Zheng. “Energy identity of approximate biharmonic maps to
Riemannian manifolds and its application”. In: J. Funct. Anal. 263.4 (2012), pp. 960-987.
ISSN: 0022-1236. poI: 10.1016/j.jfa.2012.05.008. URL: https://doi.org/10.1016/j.
jfa.2012.05.008.

William P. Ziemer. Weakly differentiable functions. Vol. 120. Graduate Texts in Mathemat-
ics. Sobolev spaces and functions of bounded variation. Springer-Verlag, New York, 1989,
pp. xvi+308. 1SBN: 0-387-97017-7. DOI: 10.1007/978-1-4612-1015-3. URL: https://doi.
org/10.1007/978-1-4612-1015-3.


https://doi.org/10.1007/s00526-003-0210-4
https://doi.org/10.1007/s00526-003-0210-4
https://doi.org/10.1007/s00526-003-0210-4
http://projecteuclid.org/euclid.cmp/1103920743
http://projecteuclid.org/euclid.cmp/1103920743
https://doi.org/10.1007/s00209-003-0620-1
https://doi.org/10.1007/s00209-003-0620-1
https://doi.org/10.1007/s00209-003-0620-1
https://doi.org/10.1007/s00526-003-0252-7
https://doi.org/10.1007/s00526-003-0252-7
https://doi.org/10.3934/dcds.2013.33.861
https://doi.org/10.3934/dcds.2013.33.861
https://doi.org/10.3934/dcds.2013.33.861
https://doi.org/10.1016/j.jfa.2012.05.008
https://doi.org/10.1016/j.jfa.2012.05.008
https://doi.org/10.1016/j.jfa.2012.05.008
https://doi.org/10.1007/978-1-4612-1015-3
https://doi.org/10.1007/978-1-4612-1015-3
https://doi.org/10.1007/978-1-4612-1015-3

	Abstract
	Acknowledgements
	Introduction
	Conservation laws
	Approximate energy functionals


	Conservation laws for even order elliptic systems
	Second order case
	Notation
	Higher order systems
	Main Theorem

	Energy identity for an approximation of polyharmonic maps
	Euler-Lagrange equation
	Palais-Smale condition
	Regularity
	Small energy regularity
	Convergence and blow-up
	Energy identity for N=Sd-1
	Energy identity for arbitrary target manifolds N
	Radial energy estimate

	Entropy condition

	Limits of -harmonic maps
	The Möbius group
	Closeness to the Möbius group
	 W3,2-closeness
	Optimal Möbius transformation
	Gap Theorem for -harmonic maps of degree zero

	Appendix 
	Lorentz spaces
	Lorentz-Sobolev spaces
	Hardy space
	Radial m-polyharmonic functions
	Bochner formula

	Bibliography

