Mathematische Annalen

https://doi.org/10.1007/500208-021-02235-1 Mathematische Annalen
q

Check for
updates

The action of the mapping class group on metrics of
positive scalar curvature

Georg Frenck'

Received: 8 January 2020 / Revised: 13 October 2020 / Accepted: 5 July 2021
© The Author(s) 2021

Abstract

We present a rigidity theorem for the action of the mapping class group o (Diff (M))
on the space R (M) of metrics of positive scalar curvature for high dimensional
manifolds M. This result is applicable to a great number of cases, for example to simply
connected 6-manifolds and high dimensional spheres. Our proof is fairly direct, using
results from parametrised Morse theory, the 2-index theorem and computations on
certain metrics on the sphere. We also give a non-triviality criterion and a classification
of the action for simply connected 7-dimensional Spin-manifolds.

1 Introduction

1.1 Statement of the results

For a closed manifold M of dimension (d — 1) let R* (M) denote the space of all
Riemannian metrics of positive scalar curvature on M. The diffeomorphism group

Diff (M) of M acts on the space R (M) by pullback and this action defines a group
homomorphism

O: I'(M) := mo(Diff (M)) —> mo(hAut(R(M)))
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from the mapping class group of M to the group of homotopy classes of homotopy
self-equivalences of R (M). Our main result is that the image of this map is often very
small. To state this precisely without too many technicalities, we confine ourselves
to the special case where M is simply connected and Spin in this introduction, but
remark that we prove results for all manifolds of dimension at least 6.

Let £ be a Spin-structure on M and recall that a Spin-diffeomorphism of (M, £)
is a pair (f, f ) consisting of an orientation preserving diffeomorphism f: M — M
and an isomorphism f f*€ — ¢ of Spin-structures. We denote by DiffSPi" (M, ¢)
the group of all Spin-diffeomorphisms and by SPIn(A | ¢) := 7o (Diff P (M, ¢)) the
Spin-mapping class group of (M, £). For adiffeomorphism f of M denote the mapping
torus by Tp:=M x [0, 1]/(x,0) ~ (f(x), D). If (f, f) is a Spin-diffeomorphism,
T inherits a Spin-structure. This construction defines a group homomorphism

. 1~Spi Spin
T:T5PN(M, 0) — Q)

to the cobordism group of closed d-dimensional Spin-manifolds. Our main result is
the following.

Theorem A If (M, £) is a simply connected Spin-manifold of dimensiond — 1 > 6,
there exists a group homomorphism

SE: P — mo(hAut(R* (M))),

such that the following diagram, where F is the forgetful map, commutes

FSpin (M, 0) T szin
F Jse
(M) © 7o(hAUt(R*(M))).

Note that Theorem A is true but vacuous for R+t (M) = @. Since Q?pm = 0 (cf. [29,
ThéoremeI1.16,p.49)), f*: RT(M) — R+ (M) is homotopic to the identity for every
Spin-diffeomorphism (f, f ) of a simply connected, 6-dimensional Spin-manifold M.
Using computations in characteristic classes we get the following.

Theorem B Let M be a simply connected, stably parallelizable manifold of dimension
d — 1 > 6, equipped with a Spin-structure. Let (f, f) be a Spin-diffeomorphism.
Then the map

f*:RT (M) — RT (M)

is homotopic to the identity unless d = 1,2 (mod 8). In the latter case, (f 2y* s
homotopic to the identity.

Remark Any orientation-preserving diffeomorphism f of M can be lifted to a Spin-
diffeomorphism if M is simply connected. Therefore f*: RT(M) — R (M) is
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homotopic to the identity for each orientation preserving diffeomorphism of M if
d # 1,2 (mod 8). This conclusion does not hold for orientation-reversing diffeomor-
phisms (for example it is false if f: S7 — S is an orthogonal matrix of determinant
—1).

For more examples we refer to [10, Chapter 4.1]. Using Theorem A one can also use
computational results on 7o (R (M)) and 7o (Diff ,(M)) (for example [3] and [14])
to find elements in g and m; of the observer moduli space of psc-metrics for certain
manifolds. In the situation of Theorem A, assume that f*g is homotopic to g for one
g € RT(M). Then the mapping torus admits a psc metric and hence a(Ty) = 0.
This has an interesting consequence for manifolds of dimension 7. Recall that the map
Q;pm —— Z®Z, [W] — (sign(W), a(W)) is an isomorphism. Since the signature
of a mapping torus always vanishes we deduce

Corollary C Let M be a simply connected Spin-manifold of dimension 7 and let f be
a Spin-diffeomorphism. If there exists a metric g € R (M) such that f*g lies in the
same path component as g, then the map f*: RY (M) — R*(M) is homotopic to
the identity.

PropositionD Letd > 7, let f: S~' — §?=1 be a Spin-diffeomorphism and let g,
denote the round metric. If f*g, and g, lie in the same path component, then f* is
homotopic to the identity.

Remark The first result concerning the action of the mapping class group on the
space of positive scalar curvature metrics was given by Hitchin [18], where he con-
structed a map inddiff : wo(RT(M4~1)) x mo(RT(M?~1)) — K O~%(pt) and used
the Atiyah-Singer index theorem to show that inddiff (g, f/*g) = «(7y). Hence,
the «o-invariant of the mapping torus of f is an obstruction to f acting trivially on
7o(RY(M)).For §4~! withd > 9andd = 1,2 (mod 8) there exist diffeomorphisms
f witha(Ty) # 0 which implies that RT(S471) is not connected in these dimensions.
Theorem A shows that these are the only dimensions where simply connected, stably
parallelizable manifolds admit such a diffeomorphism.

Remark 1In [3] a factorisation result similar to Theorem A is proven. It is shown that
for certain manifolds the image of 7o (Diffy (M?")) — mo(hAutR*(M))) is abelian,
where Diff j denotes those diffeomorphisms that fix a neighbourhood of the boundary
point-wise. Using an obstruction theoretic argument they conclude that this map factors
through 71 (M T Spin(2n)). This has been upgraded in [8] and [9] to hold for a bigger
class of manifolds. Theorem A directly implies abelianess of the image and improves

the named results since the map 71 (M T Spin(d — 1)) — szin has nontrivial kernel.

1.2 Outline of the proof

Theorem A follows from a more general, cobordism theoretic result which we will
develop in this outline. The main geometric ingredient is a parametrised version of
the famous Gromov-Lawson—Schoen—Yau surgery theorem due to Chernysh. Let
@: Sk x D47* < M be an embedding and let RT (M, ¢) :={g € RT(M)|p*g =
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8o + gior} be the space of those metrics that have a fixed standard form on the image
of ¢. Here g, denotes the round metric on S¥=1 and 8tor 18 a torpedo metric on D4k,
i.e.an O(d — k)-invariant metric of positive scalar curvature that restricts to the round
metric on the boundary.

Theorem 1.1 ([4, Theorem 1.1], [32, Main Theorem]) If d — k > 3, the inclusion
RY(M, ) — RT(M) is a weak equivalence.

As a consequence we obtain a map

Sp: RT(M) —— RY (M. 9) —> RF (M. ™) = R*(M,),

where the first map is the homotopy inverse to the inclusion and the second one is given
by cutting out ¢, (g, + gtor) and pasting in 0P (gior + &o). Here, p°P: DK x §d—k=1
My, denotes the surgery embedding complementary to ¢. Next we want to define the
map S for general cobordisms. In this paper, a cobordism between (d — 1)-dimensional
manifolds My and M is a triple (W, 9, ¥1) consisting of a d-dimensional manifold
W whose boundary has a decomposition dW = dgW L 91 W and diffeomorphisms
Yi: ;W — M; fori = 0, 1. We will only consider Spin-structures on cobordisms
in the final step of the proof. An admissible handle decomposition H of (W, ¥, ¥ 1)
is a collection of manifolds N, ..., N,, embeddings ¢;: S5~ x DIk < N;

with d — k; > 3 fori = 1,...,n and diffeomorphisms fo: dgW i Ny,

fa: (Nw)g, N W and f;: (Nj)y, —> Niyi fori = 1,...,n — 1 such that
there exists a diffeomorphism reld W

W = 9oW x [0, 1]Ug tr (1) Ug, tr (@) Up, - Up,_ tr(e,) Uy, 1 W x [0, 1]

and (W, ¥, Y1) is called an admissible cobordism if it admits an admissible handle
decomposition. By the theory of handle cancellation developed by Smale [27] (see also
[21,30]), a cobordism is admissible if the inclusion v, L m 1 <> W is 2-connected.
For a cobordism W with an admissible handle decomposition H we define the surgery
map Sw. g : RT(Mo) — RY (M) by

SW,H =1)s 0 (fn)* o S(pn Oo--+0 (fl)* o S(p] o (fO)* o (WO)*

LemmakE Letd > 7. Then the homotopy class of Sw.u is independent of the choice
of admissible handle decomposition H. We will write Sy := Sw_n. If the inclusion
Yo ' My < W is 2-connected as well, Sy is a weak homotopy equivalence.

Remark 1In [33], Walsh constructed a psc metric g on (W, H) that restricts to a given
metric go on dyW. He shows that the homotopy class of gg is independent of H.
Using boundary identifications v; this gives a well defined map Sy : 7o (R (Mp)) —
o(R T (M1)). We adapt the proof from [33] so that we obtain a well-defined homotopy
class of a map of spaces inducing Walsh’s map on .

To prove this one uses Cerf theory to show that different handle decompositions are
related by a finite sequence of elementary moves. The parametrized handle exchange
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theorem of Igusa [20] ensures that these moves keep the handle decomposition admissi-
ble. Igusa’s theorem is the point where d > 7 is used. Next we show surgery invariance
of § w-

LemmaF Letd > 7, let My, My be two (d — 1)-manifolds, let W be an admissible
cobordism and let ®: S¥~1 x D4=*+1 < Int W be an embedding with3 < k < d—3.
Then SW ~ SWq).

Now we are able to derive the general cobordism theoretic result. Let szln denote the
following category: objects are given by closed, simply connected, (d —1)-dimensional
Spin-manifolds M and morphisms from My to M; are given by cobordism classes of
compact d-dimensional Spin-cobordisms (W, v, ¥1). Note that every such cobor-
dism class contains an admissible cobordism and two admissible cobordisms in the
same class are related by a sequence of surgeries satisfying the index constraints from
the previous Lemma.

Theorem G Let d > 7. Then there exists a functor S : szin —>hTop into the homo-

topy category of spaces with the following properties:

(1) On objects, S is given by S(M) = RT (M),
() if f: My — My is a diffeomorphism, then S(Mg x [0, 11,id, f~1) = f*,

B) ifa e Qspin (Mg, My) is represented by (tr (@), id, id) for tr (@) the trace of a
surgery datum ¢ with codimension at least 3, then S(a) = S,.

Furthermore, S is uniquely determined by these properties, up to natural isomorphism.

This immediately implies Theorem A: For a closed Spin-manifold V let SE(V) :=
S(M x [0,1] 1 V,id, id) and since (M x [0, 1] LI Ty, id, id) is Spin-cobordant to
(M x [0, 1],1d, f 1y the given diagram commutes.

Structure of the paper. Section 2 contains the geometric arguments required
for proving the main results. After preliminaries on Riemannian metrics and handle
decompositions we analyse how two admissible handle decompositions are related.
We show that passing from one to another does not alter the homotopy class of S in 2.6
leading to the proof of Lemma E (Lemma 2.25). We then give a direct geometric argu-
ment that shows the surgery invariance of the homotopy class of S in 2.7 which proves
Lemma F (Lemma 2.30). There are no assumptions on the existence of Spin-structures
and connectivity until here. In Section 3 we introduce tangential structures and prove
the general version of Theorem G (Theorem 3.6). Afterwards we define the (struc-
tured) mapping class group as well as the (structured) cobordism group and we relate

these to the general version of the category szin described above. As an application
we prove Theorem B in 3.5. In 3.6 we take a closer look at the 7-dimensional case
which leads to the proof of Corollary C.
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2 Handle decompositions and the surgery map
2.1 Spaces of Riemannian metrics

For a closed manifold M we denote by R (M) the contractible space of all Riemannian
metrics on M equipped with the (weak) Whitney C*°-topology. The subspace of
metrics whose scalar curvature is strictly positive will be denoted by R (M).

Definition 2.1 Let M and N be compact manifolds of dimension d — 1 > 0 and let
¢: N — M be an embedding. For a metric g on N, we define

R (M, ¢; 8) :=1{h e RT(M): ¢*h = g}.

For N = [[/_; S%~! x D% and g = [ [, iy gtdo:k" we write RT (M, @) :=

RY(M, ¢; g). Here, glcf"*l denotes the round metric and gi; a torpedo metric!. If
there is no chance of confusion, we will omit the dimension of these metrics.

There is the following generalization of the famous Gromov-Lawson—Schoen—Yau
surgery theorem (cf. [12,28]) which is originally due to Chernysh [4] and has been
first published by Walsh [32]. A detailed exposition of Chernysh’s proof can be found
in [7]. Let M be a (d — 1)-manifold and fori = 1, ..., n let N; be closed manifolds
of dimension (k; — 1). Let d — k; > 3 for all i and let gy, be metrics on N; such
that scal(gy, + gior) > 0. Let N :=[[]_, N; x D4 ki g = L1, gn; + gior and let
¢: N — M be an embedding.

Theorem 2.2 [Parametrized Surgery Theorem [4, Theorem 1.1],[32, Main Theorem]]
The map

R (M, ¢; g) — RT(M)

is aweak homotopy equivalence. In particular, if M is obtained from My by performing
surgery along ¢ : SK=1 x D4=% < My of index k < d — 3 then there exists a zig-zag
of maps

RY(Mo) < RY (Mo, ¢) —> RY(My, o) < R*(M)).

If furthermore k > 3, the rightmost map in this composition is also a weak equivalence
and we obtain a zig-zag of weak equivalences from R (M) to R (My).

Remark 2.3 The space R (M) is homotopy equivalent to a C W-complex (see [25,
Theorem 13]). By Whitehead’s theorem, a weak homotopy equivalence of CW-
complexes is an actual homotopy equivalence. Therefore we may assume that weak
homotopy equivalences of R (M) have actual homotopy-inverses.

LA torpedo metric on D=k is an O(d — k)-invariant metric of positive scalar curvature that restricts to
the round metric on the boundary. For precise definitions see [4], [31] or [7].
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Fig.1 A standard trace

2.2 Handle decompositions of cobordisms

In this section we discuss handle decompositions of a cobordism W. First, we give a
model for attaching a handle. We adapt the one given in [26, Construction 8.1] which
is convenient.

Construction 2.4 [Standard trace] Let € € (0, %) be fixed and let k € {0, ..., d}. We
fix once and for all an O(k) x O(d — k)-invariant submanifold

Ti C [0, 1] x D* x D47k

with the following properties (see Fig. 1 for a visualization)
(1) (s,0,0) € Ty if and only if s = .

(2) The projection Tk LGN [0, 1] is a Morse function and (%, 0, 0) is the only critical
point of this Morse function. Its index is k.
(3) We have the following equalities for intersections

T N ([0, €) x K1 x D475y = [0, €) x $¥~1 x D?—*
Te N ((1 —e, 1] x D* x §97%=1y = (1 — ¢, 1] x D¥ x §¢=*-1
T N ([0, 1] x S5 x §47k=1y = [0, 1] x §¥! x g¢=*1

(4) The boundary of T is given by
AT =({0} x SK1 x DMy U ({1} x D* x S47*=1y U ([0, 1]x K1 x 947+ 1y.

We call T the standard trace of a k-surgery.

Definition 2.5 [Trace of a surgery] Let M be amanifoldandletg: S¥~1x D4=*F — M
be an embedding. We call such an embedding a k-surgery datum in M and we define
the trace of ¢ to be

tr (@) 1= (10, 11 x (M\img) ) Uiy T

@ Springer



G. Frenck

There is a Morse function Ay, : tr (¢) — [0, 1] with precisely one critical point with
value % and index k. We define M, := h;l(l) = (M\img) U (DF x §4=k=1y,

For a surgery datum ¢ in M there is an obvious reversed surgery datum ¢ : §¢=%=1 x

DF < M, and there is a canonical diffeomorphism (My)gor = M. We define the

attaching sphere of ¢ to be p(S¥~! x {0}) C M and the belt sphere of ¢ as ¢°° ({0} x

§4=k=1y c M,,.

Definition 2.6 (1) Let (W, ¥, ¥1): My ~» M be a cobordism and let ¢: S¥~! x
D?% < M be an embedding. We define the manifold W with a k-handle
attached along ¢ to be (W Uy, tr (@), Yo, id).

(2) A handle decomposition of (W, ¥, ¥1): My ~» M is a collection of manifolds

Ni, ..., Ny, embeddings ¢; : Ski=1 5 pd=ki <y N; fori =1, ..., n and diffeo-
morphisms fo: oW —> Ni, fu: (Nn)y, —> W and fi: (Ni)y, —> Niy1
fori = 1,...,n — 1 such that there exists a diffeomorphism rel W

W = 9gW %[0, 1] U tl‘((p])Uf] tr (¢2) Up - Up tr (¢,) Uy, W x|0,1].

We call f; the identifying diffeomorphisms and @; the surgery data.

Remark 2.7 For a diffeomorphism f: My —> M and a surgery datum ¢ in M there
exists a canonical induced diffeomorphism F: tr¢o — tr (f o ¢) that restricts to f
on the incoming boundary and to a diffeomorphism f,,: (Mg), — (M1) fop such that
foisequalto f on Mp\img and f, o ¢°? = (f o ¢)°P on the outgoing boundary.

In order to compare different handle decompositions of a manifold, we need to
describe a model for handle cancellation. Let W: Mg ~» M/ be a cobordism which
has a handle decomposition with two handles’: Let ¢: S¥~! x D?k < M, and
¢’ Sk x DI7k=1 — (My),, be two surgery data such that the belt sphere of ¢ and
the attaching sphere of ¢’ intersect transversely in a single point. By [34, Theorem
5.4.3] there exists an embedding of a disk D~! = D c My such that img C D
and img’ C D,,. Therefore it suffices to have a closer look at handle cancellation on
the sphere. Let My = D U D’ = S9! where D’ is another disk. Let a € S4*~!
and b € S¥ such that ¢°P(0, a) = ¢(b, 0) is the unique intersection point. Since the
belt sphere of ¢ and the attaching sphere of ¢’ intersect transversally here, there is a
disc Sf‘,r C S* such that <p’(Sf‘Ir x {0}) = ¢ (D* x {a}) after possibly changing the
coordinates of D. Let S := Sk\Si. Then ¢'(S¥ x {0}) € M\img (see Fig. 2).
Because of transversality we may isotopy ¢’ such that ¢/(S* x D?=%=1) ¢ M\img.
Then ¢(SK=1 x D%y U ¢/(S* x D?k=1)y = pd-1 (cf. [34, Lemma 5.4.2.]) and
also A:=S9-1\(p(Sk~1 x D4=k) U ¢/(Sk x Dd-k=1)) = p4=1 By choosing an
identification A = D* x D?7*=1 we have ¢/ (8K x D k=) U A = sk x pd—F-1,
We see that

S =(p(S T x DT U (SE x DR u A

>~k » pd—k—1

2 For ease of notation we assume that all boundary identifications are given by the identity.

@ Springer



The action of the mapping...

@P{0} x ST~ ©'(Six {0}

J—

/ ) ©'(Skx {0)
@S x Dd-k)/ Py T

Fig.2 .

and hence we can change coordinates on S?~! by changing the embedding D¢~! <
M such that ¢ is the embedding of the first factor of the solid torus decomposition

a: §971 S5 (551w DIy U (DF x sTRT,

i.e.ax 0 ¢ = ((gk-1 pa-ky. We get an induced map

ak: SIS (DF x $TTR U (DK x ST,
where we identify (D* x S¢ %~ U(DF x §4k—1) = §kx §4—-k=1 = (§kx pd—*—yy
(S¥ x D4*=1), Because of transversality we may change ¢’ by an isotopy so that
(a(];) o ¢’ is equal to the inclusion of the first factor in Sk x pd—k=1y gk x pd—k=1,
Then

@)y s (8971 —> DFH1 x gd7k=2y gk x pd=t-!

This is a solid torus decomposition of (Sg _1)(p/. We get a diffeomorphism Hy : $9~1 x

[0,2] — tr(p) U tr(¢') which fixes the strip D’ x [0,2] C (59~1) x [0, 2] and
the lower boundary point-wise. We may also assume that Hj restricts on the upper
boundary to a diffeomorphism 7y : sda-1 =, (Sg —1 )¢ Which translates (a(’;)(p/ into the
solid torus decomposition aktt, i.e.((agf,)w/ o nk) = gkt1. For everyk € {0,...,d} we
fix the diffeomorphisms Hj (and hence 7y ) once and for all. The following proposition
is well known and can be proven by analyzing paths of generalized Morse functions
using Cerf theory (see [15, Theorem 3.4] or [10, Proposition 1.5.7]).

Proposition 2.8 Let d > 7. Then any two handle decompositions of W only differ by
a finite sequence of the following moves:

(1) An identifying diffeomorphism is replaced by an isotopic one.

(2) A surgery datum is replaced by an isotopic one.

(3) A k-surgery datum is precomposed with an element A € O(k) x O(d — k).

(4) The order of two surgery data with disjoint images is changed.

(5) Let ¢ and ¢’ be k- and (k + 1)-surgery data such that the belt sphere of ¢ and
the attaching sphere of ¢’ intersect transversally in a single point. Then the two
handles are replaced by the identifying diffeomorphism id # ny.
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2.3 Hatcher-Igusa’s 2-index theorem

Since Theorem 2.2 has restrictions on the indices of surgery data, we need to consider
handle decompositions with index constraints. Let (Wd , Yo, ¥1): My ~» M be a
cobordism.

Definition 2.9 (W, v, V1) is called admissible if wl_l : M; — W is 2-connected.
An admissible handle decomposition is a handle decomposition where all surgery data
@i Ski—l 5 D4k s N; satisfy k; < d — 3.

Remark 2.10 1t follows from the proof of the i-cobordism theorem due to Smale
[27] (see also [21,30]) that every admissible cobordism admits an admissible handle
decomposition.

Next we want to analyze different admissible handle decompositions. Recall that a
birth-death-singularity of a smooth function f: W¢ — Ris a point p € W for which
there exist coordinates (x1, ..., xg) around p such that

A d
fO=fp)+x =Y x5+ Y
i=2

i=r+1

near p. In this case we call (A — 1) the index of f at p. A smooth function f: W —
R that has only non-degenerate and birth-death-singularities is called a generalized
Morse function.

Definition 2.11 We define H (W) to be the space of generalized Morse functions on
W with the C*°-topology. For i < j € {0, ..., d} we denote by H; ;(W) the space
of generalized Morse functions such that non-degenerate critical points have index in
{i, ..., j} and birth-death-singularities have index in {i, ..., j — 1}.

Theorem2.12 Let d > 7 and let M|y — W be 2-connected. Then the space
Ho,a—3(W) is path-connected. If furthermore My — W is 2-connected as well, the
space H3 q—3(W) is path-connected, too. In particular, there exists a Morse-function
without critical values of index{d —2,d—1,d}or{0, 1,2,d—2,d—1, d} respectively.

This follows from the parametrized handle exchange theorem. It was first proven by
Hatcher [16] “in a short and elegant paper which ignores most technical details” [20, p.
5]. A complete and rigorous proof has been given by Igusa in [20]. Note that there is an
index shift: Igusa considers n + 1-dimensional cobordisms, whereas our cobordisms
are d-dimensional.

Parametrized Handle Exchange Theorem ([20, p. 211, Theorem 1.1]) Let
i, j,k € N and assume that

(1) (W, My) is i-connected,

2 j=i+2,
B)i<d—-k—-2—min(j — 1,k —1),
@ i<d-—k—4.
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Then the inclusion H; 41, ; (W) < H; j(W) is k-connected. There is a dual version
of this: Assume that

(1) (W, M) is d — j-connected,

2 j=i+2,
B)d—j<d—-k—2—min(j —1,k—1),
4 d—-j=<d—-k—4

Then the inclusion H; ;1 (W) < H; ;(W) is k-connected.

Proof of Theorem 2.12 Consider the chain of maps

H3,a—3(W) = Hag—3(W) = Hig-3(W) — Hoa—3(W) —
— Ho,a—2(W) = Ho,a—1 (W) — H(W)

If Mi — W is 2-connected and d > 7, the last three maps are 1-connected. If
My — W is 2-connected, the first three maps are 1-connected as well. The theorem
follows as H (W) is connected.

Remark 2.13 There is a small mistake in [33, Proof of Theorem 3.1], where he only
requires d > 6. But the map Ho g4—2(W) — H(W) is only O-connected, i.e.mp-
surjective but not necessarily mp-injective under this assumption. Therefore it does not
follow, that Ho 4—2(W) is path-connected as claimed in loc. cit.. However, if d > 7
the map is not only mp-injective but also 1-connected which is more than needed.

The following result can again be proven by analyzing paths of generalized Morse
functions with index constraints: Any two admissible handle decompositions arise
from a Morse function having only critical points of index < d — 3. By Theorem 2.12
there exists a path of generalized Morse functions also having only critical points of
index < d—3 and birth-death-points of index < d —4. The rest of the proof is analogous
to the one of Proposition 2.8 (again, see [15, Theorem 3.4] or [10, Proposition 1.5.7
and Proposition 1.6.4]).

Proposition 2.14 [10, 1.6.4] Let W: My ~ M1 be an admissible cobordism of dimen-
sion d > 7. Then any two admissible handle decompositions of W only differ by a
finite sequence of the 5 moves from Proposition 2.8 with the following difference:

5" Letk <d — 4 and let ¢ and ¢’ be k- and (k + 1)-surgery data such that the belt
sphere of ¢ and the attaching sphere of ¢ intersect transversally in a single point.
Then the two handles are replaced by the identifying diffeomorphism id # ny.

2.4 The surgery datum category

We recall the following method to construct a category. For details see [24, pp. 48].

Definition 2.15 A graph is a tuple (O, A, 9y, 91), where O and A are sets called the
object set and the arrow set and dp, 91 are maps A = O. We say that two arrows
f,g € A are composable if dpg = 01 f.
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Definition 2.16 Let G = (O, A, dp, 91) be a graph. We define the category C(G) to
have elements of O as objects and morphisms of C(G) are (possibly empty) strings
of composable morphisms of A. We call C(G) the free category generated by G.

Proposition 2.17 [[24, p. 51, Proposition 1]] Let C be a small category and let R be
a binary relation, i.e.a map that assigns to each pair (a, b) of objects a subset of
morc(a, b)>. Then, there exists a category C/R with object set obj- and a functor
Q: C — C/R (which is the identity on objects) such that

(D) If(f, f)) € R(a,b) then Of = Qf".
(2) If H: C — D is a functor such that (f, f') € R(a, b) implies Hf = Hf', then
there exists a unique functor H': C/R — D such that H' o Q = H.

Let Bord, denote the category with objects (d — 1)-manifolds and morphisms given
by diffeomorphism classes of cobordisms (W, 19, ¥1). The main goal of this chapter
is to give a presentation of Bordy, i.e. a graph G, a relation R and an equivalence of

categories C(G)/R —> Bordy. Let us first construct the graph G. Objects in O are

the objects of Bord,; and arrows will be given by diffeomorphisms and elementary
cobordisms:

(1) For a diffeomorphism f: Mo — M; we get an arrow [y € A from My to M.
(2) For a surgery datum ¢ in M we get an arrow S, € A from M to M.

Next, we need to construct the relation R on C(G). Recall that for a diffeomorphism

f: M — M’ and a surgery datum ¢ in M there exists a canonical induced diffeo-

morphism f,: M, — M}O o Also, if ¢ and ¢’ are two surgery embeddings into

M with disjoint images, there are obvious induced surgery data <p[p and ¢, on M,

and (Mw)% = (M(p/)%,. We define R to be the relation on morphism sets of C(G)

generated by the following:

(1) Lig =id.

Q) Iff: My = M and g: M, —> M, are diffeomorphisms, then Iy o Iy = Iy .

(3) Let f: My = M and let ¢ be a surgery embedding into My. Then Sfop 0 I =
Ifw 0 Sp.

DHIUSf, M = M are isotopic, then Iy = 1.

(5) If A€ O(k) x O(d — k), then Sy = Syon.

(6) If ¢, ¢’ are two surgery embeddings into M with disjoint images, then S%, oSy =
S% o Sp.

(7) Let ¢ be a k-surgery datum in M and ¢’ a (k 4 1)-surgery datum in M, such
that the belt sphere of ¢ and the attaching sphere of ¢’ intersect transversely in a

single point. Then S, o Sy = g # ., where 1 is the diffeomorphism described
Sect. 2.2, below Remark 2.7.

Remark 2.18 For isotopic surgery embeddings ¢ and ¢’ we get a diffeotopy H of M
such that Hy = id and H| o ¢ = ¢’ by the isotopy extension theorem. Then

S¢ = SHyop © IHy = SHyop © I, = I(Hy), © Sp-
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Definition 2.19 We define the surgery datum category Xy to be C(G)/R and
Q: C(G) — X shall denote the projection functor.

2.5 A presentation of the cobordism category

In this section we prove that the surgery datum gives a presentation of the category
Bord,. This is the main result of this chapter.

Theorem 2.20 Let P: C(G) — Bordy denote the functor which is the identity on
objects and is given on morphisms by

(1) For f: My — My, Iy is mapped to (Mo x [0, 1],1d, f) = (M x [0, 1], f_l,id)
(2) For a surgery datum ¢ in M, S, is mapped to (tr (¢), id, id).

Then P descends to a functor P: X3 — Bordg which is an equivalence of categories.

Proof First we check well-definedness. By Proposition 2.17 it suffices to show that P
respects the relations of ;.

(1) (Mp x [0, 1], id, id) is the identity.
(2) (M x[0,1],id, f) o (Mg x [0, 1],1d, g):=(Mp x [0, 1] U, My x [0, 1], id, f)and

—=> (Mo x [0,2],id, f o g)
the diffeomorphism is given by the identity on My x [0, 1] and by the map
(p.1) = (g7 (p).t + 1) for (p. 1) € My x [0, 1].

(3) Letgbeasurgery embeddinginto Mgandlet f: My =Ny 1 be adiffeomorphism.

P(ly, 0 Sp) = (tr(p) U (Mo), x [0, 1],1d, fy)
P(Spopols) = ([0, 1] x Mo Uy tr (f o ¢),id, id)

We will show that both of these are diffeomorphic to X := (M x [0, 1]Utr¢ Uy,
(M1) fop x [0, 1],1d, id). The diffeomorphism X i P(If(p o S,) is given by
shrinking My x [0, 1]Utr ¢ to tr ¢ and by f, x id on (Mp), x [0, 1]. Recall that
there is a canonical diffeomorphism F: tr ¢ —> tr (f o ¢). The diffeomorphism
X —> P(Sjop o Iy) is given by the identity on My x [0, 1], F on tr (¢) and by
shrinking the collar of (M1) foy.

(4) Let f;: My — M, be a diffeotopy. Then we get a diffeomorphism F: ([0, 1] x
My, id, fo) —> ([0, 1] x Mo, id, f1) given by F(t,x) = f o fo(x).

(5) Forevery A € O(k) xO(d —k), o A is just areparametrization of ¢ and hence this
does not change tr (¢) since the standard model was chosen to be O(k) x O(d —k)-

invariant (cf. Construction 2.4).
(6) Let ¢, ¢’ be surgery embeddings into M with disjoint images and let U, U’ be

disjoint neighborhoods of img, img’ in M. Let F: [0, 2] x M —>[0,2] x M be
a diffeomorphism such that

@) Fljo,5)xmue—5,21xm = id
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Md) Ft,x) =@+ 1,x)forl —¢; >t >¢€1andx € U
() F(t,x)=(—1,x)for2—¢; >t >1+e€andx € U’
Then, F induces a diffeomorphism F: tr (¢) U tr (go(’p) = tr (¢') Utr (¢,) which
is the identity on a collar of the boundary.
(7) This is precisely the situation discussed below Remark 2.7.

Therefore there is an essentially surjective functor P: X; — Bord,. Every cobor-
dism admits a handle decomposition and hence this functor is full. It is faithful by
Proposition 2.8: Any two preimages of a cobordism W under P only differ by a finite
sequence of the seven relations of X;. O

Definition 2.21 Leta,b € {—1,0, 1, ...}. We define:
(1) We define Bordg’b C Bordy to be the wide® subcategory defined by the following:
mor s, gab (Mo, My) contains those morphisms (W, v, ¥r1) where l”(;] My <>

W is a-connected and v, Lm 1> W is b-connected. Here (—1)-connected shall
be the empty condition.
(2) G*" to be the graph with the same object set as G and morphisms as follows:

For f: My —> M; we have Iy € A connecting My and M; and for every
surgery embedding ¢: S5~ x D4~% < M withk € [a+1,d — b — 1] we
have S, € A connecting M and M,. Analogously to Definition 2.19, we define
X4 =G h)/R.

Note that BordZ,’b is a category by the Blakers-Massey excision theorem [5, Theorem
6.4.1].

Theorem 2.22 For d > 7, the induced functor p-L2. XJ1‘2 — Bord;l’2 is an
equivalence of categories.

Proof The proof goes along the same lines as the proof of Theorem 2.20. For fullness
we note that if the inclusions ¥, ' M| < W is2-connected respectively, there exists
a Morse function with all indices < d — 3 by Theorem 2.12. Faithfulness follows from
Proposition 2.14. O

2.6 Definition of the surgery map

Let hTop denote the homotopy category of spaces, i.e.the category with spaces as
objects and homotopy classes of maps as morphisms.

Definition 2.23 We define a functor
S:C(G~"?) — hTop

by the following:
(1) S(M) = R (M).

3A subcategory is called wide if it contains all objects.
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(2) For adiffeomorphism f: My = M the morphism /7 is mapped to [g > fig],
where f, 1= (f~H*.
(3) Forg: §¥1 x D% < M withk <d — 3,

Sy > [RT(M) —-> RT(M, ) —> RT(M,, ¢®) = RT(M,)].

where the first map in this chain is the homotopy inverse to the inclusion (cf.
Theorem 2.2) and the second one works as follows: For a metric g on M \img, the
metric & U g, (g5~ 4 g? %) is mapped to § U (¢°P). (g, + g% ).

We will abbreviate Sy :=S(I7) and S, := S(S).

Remark 2.24 We have g(morC(Gz,z)(Mo, M,)) C hIso(Rt(My), Rt (My)), ie. S
maps morphisms in C(G>?) to (the homotopy classes of) homotopy equivalences.
This follows from the Parametrized Surgery Theorem (cf. Theorem 2.2).

Lemma 2.25 S induces a well-defined functor X d71‘2 — hTop.

Proof For d < 2 the statement and the proof of this theorem is trivial since mor ;.12
d

is generated by diffeomorphisms and it suffices to note that isotopic diffeomorphisms
induce homotopic maps. Therefore we may assume d > 3 throughout this proof. Fur-
thermore, we will use dashed arrows for maps that contain inverses of weak homotopy
equivalences (cf. Remark 2.3).

We need to show that the relations R from Definition 2.19 do not change the
homotopy class of S(«) for & € mor Xd—l,z(M(), My). This is obvious for relations

1, 2 and 4. For relation 5 this is easy as well, because g, + gior is O (k) x O(d — k)-
invariant. Also, Syop 0 Iy and I, o S, give homotopic maps because of the following
homotopy-commutative diagram.

R*+(Mo) ——— R+ (Mo, ¢) ———— RH-(Mo)g. ) R ((Mo))

A I (fo)e]| o]
RH(M1) = RE(My, £ @) — R o (f 0 9)P) = RE(M1) o)

For relation 6 let ¢, ¢ be two surgery embeddings into M with disjoint images. Then
there are inclusions RT (M, ¢) <= RT(M, ¢ L ¢') — RT(M, ¢') and performing
both surgeries at the same time is the same as performing them one after another. The
most difficult part of this proof is to show that handle cancellation does not alter the
homotopy class of S(a). If d = 3 the only surgery data in mor xy12 are of the form

S~! x D3 < M. Hence there cannot be cancelling surgeries and we may assume
that d > 4 from now on. The proof now consists of two steps: We first reduce to the
statement that cancelling surgeries do not change the path component of the round
metric in R (S¢~!) which afterwards is proven by an elementary computation using
[31, Lemma 1.9]. Let ¢, ¢’ be surgery data in M as in relation 7 and let f :=1id; # ni

where 7 §41 =, (S;f‘l)(p/ is the fixed diffeomorphism from Section 2.2. Note
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that in this case we have k < d — 4 and d > 4. There exists an embedding of a disk
D4~! = D C M such that img C D and im¢’ C D,. It suffices to show that the
composition

S 0] *
R (M, D; gior) (L—>R+(M) *********** >'R+((M(p)(p/)f4)R+(M)

is homotopic to the inclusion ¢: By the Theorem 2.2, the inclusion map ¢ is a weak
homotopy equivalence since d > 4 and hence 3(/)/ o gw is homotopic to fi.

Letg € RT(D, @), be ametric in the component of gior € RY(D),, which exists
by Theorem 2.2. Consider the following diagram:

~

RY(M\D),, = RY(M, D; g) —— RT(M, ¢)

= -

R+(M7 D; gior) © R+(M)

12

The composition of the top maps is given by gluing in g and the composition of the
lower maps is given by gluing in g,. These two metrics are homotopic relative to the
boundary and hence this diagram commutes up to homotopy. The bottom map and the
right-hand vertical map are weak equivalences by Theorem 2.2 because d > 4 and k <
d — 4. Hence, the inclusion map R (M, D; g) < R (M, ¢) is a weak equivalence
as well. Let g, be the metric obtained from g by cutting out ¢, (g1 + gg;k) and
gluing in @y’ (g{‘or + g?7k=1). The following diagram where the horizontal maps are
given by replacing g with g, commutes on the nose with the non-dashed arrows and

up to homotopy with the dashed arrow:

RY(M, D; g) —— R+ (M, Dy; gy)

:/ [n N [

R+(M)<;)R+(M,(p) = R+(M¢,(p0p)(i)R+(M(p)

It again follows that the right-hand vertical map and the right-hand diagonal map
are weak equivalences. Note that the composition of the bottom horizontal maps is
precisely the map 3¢7~ Now let § € RT(Dy, ¢')g, be a metric in the component of
8¢ € RT(Dy)g,. We get the following diagram

~

R+(MW\D(/7)80 R+(M(ﬂ7 D(pa g) - R+(M(ﬂ7 go/)

T . [-

’R,+(M¢, D<p§ g(p) c — R+(M<p)

which is homotopy-commutative as g and g, are homotopic. The righthand ver-
tical map is a weak equivalence because d — k — 1 > 3 and we deduce that
RT (My, Dy; 8) — RY(M,, ¢') is a weak equivalence as well. Let g, be the metric
obtained from g by cutting out ¢ (g¥ + g —*~1) and gluing in ¢/, (g1 + gd=*-2),
We get the analogous homotopy-commutative diagram:
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R (My. Dy §) s R (M) (Dy)y': &)
12 N [
RT(My) ———— R (My, ¢') ———— RT((My)y, ¢'®) = RT((My)y)

This accumulates to the following diagram where all arrows are weak equivalences:

1 - -
R+(M7 D; gtor)eR+(M<p, Dtp; g(pSJQWM(p, D(p; g;%+((M(p)(p/5 (Dw)w/; g(p’)
=

o S, N7 S, ¢
RYM)------=---= PRE(My) ------=---= P RY(My)yr)
L
RE(M)

Here, the map (1) is given by cutting out g, and gluing in g. Since these are homotopic
relative to the boundary, the inside triangle and hence the entire diagram commutes
up to homotopy. Therefore, the composition f* o g(p/ o gw o ¢ is homotopic to the
inclusion if and only if the top row composition in this diagram is. In contrast to
f*o Ew, o gw o ¢ this composition only consists of actual maps which are given as
follows: For h € RT(M\D),, we have

hU geor | hUggt hUgHt hUgy

|

U 3y

We will denote the path component of a psc-metric g on M by [g] € mo(RT(M)). By
the above argument it suffices to show that [ f*g,/] = [gior] € 70 (RT(D) o)~ This is
implied by Lemma 2.26 as follows: We can assume that D C S¢~! is a hemisphere
and we have f* o g‘p/ o E(p([gtor U gior]) ~ [gior U f*g,] by the above argument
for M = S4~! and h = gr. After possibly changing the coordinates of the disk D
we may assume the following: If a¥: §¢71 = (k=1 x DI4=*) U (DF x §9=*=1) is
the solid torus decomposition then a* o ¢ is given by the inclusion of the first factor
and a{,f o' Sk x DIkl s (§k x DI=k=1) U (§F x D4=*=1) is also given by the
inclusion of the first factor (cf. Sect. 2.2). In this case we have f = n,. The metric
[gtor Y &tor] 1s homotopic to the round metric by [31, Lemma 1.9] and we have

[gtor Y f*g(p’] ~ '772 © 3(,0/ o §<p([gtor U gior])

~ 08y 0S,([go])

Lemma 2.26

[go] ~ [gtor U tor]-

Also g1 :=gior U ¥, and g2 := gior U gior are both in the image of the inclusion
map R (D),, < RT(S9~!) which is a weak equivalence and since [g1] = [g2] it
follows that [gior] = [f*g(,,/] € JTo(R+(D)gO). O

Lemma 2.26 Let g, € RS9 be the round metric and let a* : §4! i) (Sk-1 %
DA=ky U (D¥ x S4=*=1Y e the solid torus decomposition. Let ¢ : Sk=1 » pad=k
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SV and let ¢’ : S* x D4k s Sg’l be surgery data such that a* o ¢ and a(’; og
are both given by the inclusion of the respective first factor. Then g(p/ o gw([go]) ~
Snk ([go]) = (T)k)* [go]-

Proof Let gk :=(gk=!+ gi;k) U (g{‘Or + g?=*=1) denote the mixed torpedo metric
on(S¥=1 x DI=ky U (D¥ x §?=*=1). By [31, Lemma 1.9]) we have (a¥)*gk . ~ g,
and hence

(@) 8hor) = S S 1 (Shuo)

< k k\*Q k
(aé)flsako(p(gmtor) = (aw)*SakofP (gmtor)

3<p(go) ~

~

S
S
Now aX o ¢ is given by the inclusion and hence

Skop(8hior) ~ (Sor + 80) U (8tor + 8o) ~ 8o + 8o ~ (8o + &tor) U (8o + tor)

=g

on (DFx ST U(DF x §47F=1) = Sk x §47k=1 = (§k x DI=k=yu(Skx DI=F=1),
We can now compute

SprSp(8e) ~ @)y* Siatyop (8o + o) U (80 + o))

:(gtor+go)U(go+gtor):g§;rolr

~ (kY * Kk+1
(aw)w’ Emtor

k+1

We have to show that (af;)(p/* Emtor

~ Nkx&o Which is equivalent to

By O\ k+1
7’];; ((aw)‘/’/> ngorNgO

k

But 7, was chosen such that ((a";)w/ o k) = a**! and therefore

ky ko ktl o kbl kbl
nz(aga)ﬁﬂ’*gmtor =(a )*gmtor 8o-

m}

We get the following Corollary which follows immediately from Lemma 2.25 and
Theorem 2.22.

Corollary 2.27 Let d > 7. Then there is a unique functor®
S: B‘ord{;l’2 —> hTop

which satisfies:

4 By abuse of notation, we call this functor S again.
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(M) = R™(M)
MxLid.f) = [
Sre.id,id) (8) = S.

18
2.8
38

Corollary 2.28 Let W = (W, Yo, ¥r1): My ~» My be an admissible cobordism. Then
there is a well defined homotopy class of a map Sw: RT(Mog) — RT(My). If
WOP := (W°P r, o) is also admissible, i.e. wo_l : My — W is also 2-connected,
then EW is a homotopy equivalence and a homotopy-inverse is given by Syop.

Remark 2.29 The constructions from the proof of [31, Theorem 3.1] show the fol-
lowing: If W = (W, id, id): My ~ M, is an admissible cobordism, gg € R (Mp)
and g; € Rt (M) are metrics such that Sy ([go]) ~ [g1], then there exists a metric
G e R+(W)g0,gl.

2.7 Surgery invariance of S

In this section we prove the following Lemma.

Lemma2.30 Let d > 7 and let Mo, My be two (d — 1)-manifolds, let W =

[W.id,id] € morg ,-12(Mo, My) and let ®: S¥=' x DI=*+1 < Int W be an
d

embedding with3 <k <d — 3. Then §W ~ gwq).

Proof First we note that for 3 < k < d — 3, Wg is again an admissible cobordism:
Let W°:= W\im®. Then W° < W is (d — k)-connected and W° — Wy is (k — 1)-
connected. We have the following diagram:

(d — k)-connected Wo (k — 1)-connected

Wo
|
C OIIII eCted /

M,

Since 3 < k < d — 3, the inclusions M; — W° and M| — Wg are 2-connected and
hence Wg is admissible.

We first prove Lemma 2.30 in the case that k # 3. Letc: M| x[1—¢€,1] < Whbea
collar which does not intersect im® and let y : [0, 1] x D=1 <5 W be an embedded,
thickened path connecting M x {1 — €} and im®. Let

Wi :=imc #j im® :=imc U imy Uim®
Wi :=imc # im®°P
Wo := W\Wi.

We choose y, so that the boundaries of all of these are smooth. Then W; >~ MV § k=1
W, ~ My v STk, WoUW, = Wand Wy UW, = We. Since M; < W and
M < Wg are 2-connected and 4 < k < d — 3, the maps M; v S*"1 ~ W; — W
and M; v §97% ~ W' < Wy are 2-connected as well.
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M, x [1-¢,1] #, im & M, x [1-6,1] #, im @°P

(M; x [0,2¢]) # S%=M; x [0,1]

Fig.4 Gluing W,” to W|

Note that W; and W| have the same boundary M| given by

Wy =M I (M #93(m®)) = M, LI (M #d(m®dP)) = dW].
—_————

= M| =M #(SK—1 x §4F)

Next, we show that Wy, Wy, Wl’ and Wl0 P are again admissible. Because of W; ~
M; v ¥~ and W~ MV §9=k we get

- (Wy, My) is (k — 2)-connected.
— (Wi, My) is (d — k)-connected.
— (W], My) is (d — k — 1)-connected.

So, for 4 < k < d — 3 all of these are at least 2-connected and hence Wi, Wl/ and
Wfp are admissible’. For Wy we note that W is homotopy equivalent to Wy with a

5 For k = 3, the cobordism W1 might not be admissible which is why this case is treated separately.
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(d — k + 1)-cell attached along ® ({1} x §97%):

Wo U pa—k+l (W\(1m<I> U 1m)/)) U pdk+l
= W\(m®\D* "1 Uimy) ~ W
—
~Dpd
Therefore Wy < W is (d — k)-connected and we have the following diagram.

(d — k)-connected

Wy © w
JA J2-connected
M« 2-connected Wi

and hence M| ! < Wy is 2-connected, too.

So we get a decomposmons into admissible cobordisms W = Wy U W and We =
Wo U W/ which implies Sw=38 W, © S w, and S We = S Wy © S W, In the homotopy
category hTop we have

Swy = SW{ o SW1UW1°p oSw,
————
=id

= SW]/ OSW;)P oSw, oSw, = SW{)’JUW{ oSw,

where ch> Pu W/ denotes the manifold obtained by gluing the outgoing boundary of
W to the incoming boundary of W; along id u; - It suffices to show that WP uw|

is diffeomorphic to M| x I relative to the boundary since Sy only depends on the
diffeomorphism type of W (see Lemma 2.25 and Corollary 2.27). We have (see Fig. 4)

W U W] = ((M1 % [0, €]) #5 SK~1 x Dd—k+1)

u (Dk x 4K d (M x [1 —e, 1]))
M/

= M x [0, 2¢] # ((Sk—1 x DAk+1y (D* x Sd_k))

Sk—1y gd—k

=gd
= M, x [0, 1].
and these diffeomorphisms are supported on a small neighbourhood of M} and hence
relative to the boundary. This finishes the proof for the case k # 3.
For the case k = 3 we need a different argument, because W might not be admissible
in this case. Consider the map

Emb(S? x D473, M;) — Emb(S? x D472, M; x [0,2])
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Fig.5 The diffeomorphism «

n

(]

n

which is given by ¢ — & with &(x, (y,1)) = (¢(x, y),t) forx € $2 and (y,t) €
D472 ¢ D3 x [0, 1]. We also have a map Ernb(S2 X Dd_2, M x [0,2]) —
Emb(S? x D42, W) given by shrinking the interval and composing with the inclusion
of the collar. We will use the following Lemma.

Lemma 2.31 In the present situation, the maps Emb(SZ x D473, M;) —> Emb(S? x
D472, M x [0, 2]) and Emb(S? x D472, My x [0, 2]) = Emb(S? x D=2, W) are
both 0-connected.

By this Lemma we may isotope the embedding & : §2x D?~2 < W so thatits image is
contained in the collar of the boundary M;. So we may assume that W = M x [0, 2].
We abbreviate M := Mj. Again by the above lemma, we can isotope & such that
O (5% x D173 x {0}) € M x {1}, i.e.® is a thickening of ¢ := |52 pa-35 0} Let us
now give the diffeomorphism

(M x [0, 11 U D3 x DITHum x [, 1] Y D3 x D473y & (M x D\im® U D3 x 5973

=(MxI
Ztro =(trp)°P ( e

On (M\img) x I the diffeomorphism « shall be given by the identity. Next we take
diffeomorphisms

o o] = oo o]
N A R )

On the D3 x DY~3-parts it is given by the inclusion of the lower or upper hemisphere
D3 x Si_3 C D3 x §973. The entire diffeomorphism is visualized in Fig. 5. Therefore
we have g(MXm, ~ gtwop o gtrw ~ id ~ Sy« and the proof is finished modulo
Lemma 2.31. O

112
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Proof of Lemma 2.31 We have the following diagram

Emb(S? x D73, M1) —> Emb(S? x D972, M| x [0, 2]) —z> Emb(S? x D=2, W)

4 5
| “ &) |6)
Imm(S2 x D473, My) Imm(S2 x D42, W)
|~ |~
Mon(T 2 @ RY~3, T M) Mon(TS2 @ R4™2, TW)
= ) - |=

Map(S2, Fr(T My)) _@, Map(S?, Fr(T My & R)) ———— Map(S2, Fr(W))

where Mon denotes the space of bundle monomorphisms. Note that the bottom-most
vertical maps are homeomorphisms because S2 is stably parallelizable and the middle
ones are homotopy equivalences by the Smale-Hirsch immersion theorem (cf. [2,
Section 3.9]). The map (1) is O-connected because of the Whitney embedding (cf. [17,
pp- 26]) and the maps (5) and (6) are wp-bijections again by the Whitney-embedding
theorem. It remains to show that (2) and (3) are O-connected. Then the map (4) is
0-connected, too. For (2) consider the following diagram of fibrations.

d — 4-conn.

Map($?, Glg-1(R)) Map(S?, Gla(R))

! !

Map(S?, Fr(T M1)) Map(S?, Fr(T M, ® R))
| l
Map($2, M) Map($2, M)

Since d — 4 > 3, the map (2) is 0-connected. The map (3) fits into a similar diagram:

Map(S2, Gl (R)) Map(S2, Gl (R))
| |
Map(S?, Fr(TM; @ R)) Map(S?, Fr(W))
| |
Map(S?, My) Map(S2, W)

Since M| — W is 2-connected, the bottom-most map is 0-connected and hence so is
the map (3). O
3 Tangential structures and proof of main result

3.1 Tangential structures

In order to get rid of the connectivity assumptions of the category Bord;m, we
need tangential structures. For d > 0 let BO(d + 1) be the classifying space of the
(d 4+ 1)-dimensional orthogonal group and let U, be the universal vector bundle over
BO(d 4+ 1).Let6: B — BO(d + 1) be a fibration. We call 6 a rangential structure.
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Definition 3.1 A 6-structure on a real rankd + 1-vector bundle V — X is a bundle
map I:v—> 0*Ugi1. A O-structure on a manifold W4+ is a @-structure on TW and
a 0-manifold is a pair (W, I consisting of a manifold W and a 6-structure [ on W. For
0 < k < d a stabilized 6-structure on M¥ is a O-structure on TM & R‘Hl_k.

An important source of tangential structures are covers of BO(d + 1). For example we
have BSO(d + 1) - BO(d + 1) or BSpin(d + 1) — BO(d + 1) or more generally
BO(d + 1)(k) — BO(d + 1), where BO(d + 1) (k) denotes the k-connected cover
of BO(d + 1). Other sources of tangential structures are Moore-Postnikov towers:

Definition 3.2 Let M?~! be a connected manifold, let [: M — BO(d + 1) be the
classifying map of the stabilized tangent bundle and let I:TM ® R* —> Uygy1 bea
bundle map covering /. The n-th stage of the Moore-Postnikov tower for the map [ is
called the stabilized tangential n-type of M.

Example 3.3

(1) The stabilized tangential 2-type of a connected Spin-manifold M of dimension at
least 3 is BSpin(d + 1) x B (M).

(2) The stabilized tangential 2-type of a simply connected, non-spinnable manifold
M of dimension at least 3 is BSO(d + 1).

Recall the following lemma which is frequently used when working with surgery
results concerning positive scalar curvature.

Lemma 3.4 [[23, Proposition 4], [19, Proposition, Appendix B], [10, Lemma B.4]] Let
0: B — BO(d + 1) be a tangential structure, with B of type F,,. Let W™ : Mo ~~ M,
be a 0-cobordism and let M — B be n-connected. If n < % — 1, there exists
a O-cobordism W': My ~» M such that (W', My) is n-connected. If furthermore
My — B is also n-connected, there exists a 0-cobordism W': My ~~ My such that
(W', M;) is n-connected for i = 0, 1. Furthermore W' is 0-cobordant to W relative
to the boundary.

3.2 Proof of the main result

We will now prove the general version of Theorem G which is the main result of this
article.

Definition 3.5 We define €2, > to be the category given by the following:
Objects are given by tuples (M, B, 0, i) where

— M is aclosed (d — 1)-dimensional manifold.
- Q: B — BO(d + 1) is a 2-coconnected tangential structure.
— lisastabilized f-structure such that the underlying map/: M — B is2-connected.

Morphisms (MO,ABO, 6o, le) to (My, By, 61, il) are given by equivalence classes of
tuples (W, v, V1, £, h) where

— h: By — By is amap over BO(d + 1). This gives an induced map

h: QgUd_H — 91*Ud+1.
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Fig.6 A representative of a

are w
morphism in 4 >

My <= 9,W W —=>-M,

¢

Mg x [0,1] My x [0,1]

Al

Fig.7 The relation in the category 24 >

— (W, v, Y1) is a cobordism from My to M.

— {is a stabilized 01 -structure on W.

- E|aow =ho le o dyrg und f|3] W= —fl o dyr, where —fl denotes the bundle map
given by

lAl o (id@ <_1 1)) : TM; @EZ — TM, @EZ — 0fUg+1

— (W, Y0, Y1, €, h) ~ (W, yg, ), &', 1) if b = I’ and there exists a (d + 1)-
dimensional 8;-manifold (X, £x) with corners such that there exists a partition of
dX = {J;—o.3 9; X together with diffeomorphisms

30X —> Mo x 1 HX > My x I
NX = W HX —> W'
such that 6-structures and diffeomorphisms fit together (see Fig. 7).

Composition is given by gluing cobordisms along the common boundary:

(W' g ¥, & 1) o (W Yo, v, £, )
= (W U(wé)—lowl W/, w(), w{, b4 U(w(f))—lo.‘/jl 6/, h/ (¢] h)
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Theorem 3.6 Letd > 7. There is a functor
S: Q42 —> hTop

with the following properties:

(1) On objects, S is given by S(M, B, 0,1) = R (M).

2) If a € Qd’z((Mo, By, 6, le), (My, By, 61, il)) is represented by a cobordism
whose underlying manifold is given by (Mo x [0, 11,id, f~1) for a diffeomor-
phism f: M| — My, then S(a) = f*.

Q) Ifa € Qd,z((Mo, By, 6, le), (M, By, 91,i1)) is represented by a cobordism
whose underlying manifold is given by the trace (tr (@), id, id) of a surgery datum
@: S*1 x DIk s My withd — k > 3, then S(a) = S, (cf. Definition 2.23).

Furthermore, S is uniquely determined by these properties, up to natural isomorphism.

Proof Let V :=(V, o, V1, €y): (Mo, h o lg) ~ (M, [;) be a 6;-cobordism. By
Lemma 3.4, there exists an admissible #;-cobordism V’: My ~> M in the same
cobordism class. We define Sy :=Sy-. By definition of S it is clear that this fulfils
the desired properties and is compatible with composition. It remains to show that this
is well-defined. Let X : V ~~» V| be a 0;-cobordism relative to dVy = dV; and let
Xi: V; ~ V! berelative 61-cobordisms such that (V/, M) is admissible fori = 0, 1.
We get a relative 61-cobordism X:= XOp UXUX1: Vj~ Vo~ Vi~ V. Again, by
Lemma 3.4, we may assume that (X V ) is 2-connected. So, V/ is obtained from V/
by a sequence of surgeries of index k € {3 ,d —2}. One can order these surgeries,
so that one first performs the 3-surgeries, the 4-surgeries next and so on up to the
d — 3-surgeries. By Lemma 2.30 all of these do not change the homotopy class of S
and we may assume that V| is obtained from V] by a finite sequence of d —2-surgeries.
Reversing these surgeries we deduce that Vj; is obtained from V| by a finite sequence
of 3-surgeries and by Lemma 2.30 the map 3"6 is homotopic to 3‘/1/. Hence S is
well-defined. O

Remark 3.7 Note that if My and M| have the same tangential 2-type, there exists
an admissible cobordism V' in the same cobordism class as V such that (V/)P is
admissible as well. Then S(yyop is a homotopy-inverse for Sy .

Remark 3.8 As mentioned in Remark 2.29 (see also [31]), Walsh constructed a psc-
metric G on an admissible self-cobordism W: M ~» M extending a given psc-metric
go on the incoming boundary using the same construction used here. He showed
that the homotopy class of G restricted to the outgoing boundary does not depend
on the handle presentation [33, Theorem 1.3]. Therefore he obtained a map fw €
Aut(o(RT(M))) given by [go] > [Glmx1y]. By separating the cobordism part of
the picture (Section 2.2 to Section 2.5) from the scalar curvature part of the picture
(Section 2.6 and Section 2.7) we upgraded this to give an actual homotopy class of
amap Sy € mo(hAut(R*(M))) inducing Walsh’s map on (R (M)). The second
improvement lies in the cobordism-invariance of S which drastically enlarges its kernel
and enables us to define Sy for any 6-cobordism W.
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Before we start deriving the general version of Theorem A, let us list two interesting
facts about the surgery map. The first one is proven by an argument similar to the
reduction step in the proof of Lemma 2.25 and uses the notion of left-/right-stable
metrics (cf. [8]).

Let My be a manifold and let Méz) consist of all 0-, 1- and 2-handles of My. We
write Qg := Mo\Méz) and N :=0 (MO\M(()Z)). We get a decomposition of M into two

@

cobordisms # ~> N 2 @. Ametricg € RT (Méz))h is called right-stable if for every
cobordism V: N ~» N’ the map (g, ): RT (V) — RY (M U V) which

glues in g is a weak homotopy equivale;ce. Analogously a metric g € RT(Qo)y, is
called left-stable if for every cobordism V : N’ ~» N the map u(_, g): RT(V)p.p —

RY(V U Qg)y which glues in g is a weak homotopy equivalence.

Proposition 3.9 Let My be such that there exists a metric § = gt U g1t € RT(Mp)

which is the union of a right-stable metric gy € R (M(()z))h and a left-stable metric
gist € RT(Qo)n. Let W = (W, id, id), W = (W', id, id): Mo ~» M, be admissible
cobordisms with Sy (g) ~ Sw(g). Then Sy is homotopic to Sy.

Proof of Proposition 3.9 Since W and W’ are admissible, they consist of handles glued
along surgery data with codimension at least 3. By transversality we may assume
that all handles are attached in the interior of Qy. Hence we can decompose M into
Méz) U Q1 and W (resp W’) into M(gz) x [0, 1] and a relative cobordism V: Qg ~~
Q1 (resp. V'). Let gl‘S/t and gl‘slt/ represent the resulting path components of Sy (gist)
and S(, (g1st)- Since gig is left-stable w(_, gist) is a weak equivalence and Sy =
1w gi) " o, gt and Sy = pu(, gis)~ o (L, ) By assumption g U g
is homotopic to grg U gl‘;{ and because gy is right-stable, gl‘:t is homotopic to gl‘:t/ .
Therefore w(_, gl‘slt) ~ un(_, gl‘slt,) and hence Sy ~ Sy.

Remark 3.10 This theorem applies for example if My is the double d M(gz) = M(gz) U

(M(gz))"p of Méz) and the metric g is given by gy U gfs]i which covers the case My =
9= and g = go.

The second fact states that the surgery map induces a well defined map on concordance
classes of psc-metrics which will be used in forthcoming work [11]. Let us first recall
the notion of concordance of psc-metrics.

Definition 3.11 Let go, g1 € RT(M). We say go and g; are concordant if RT™(M x
[0, 1] gy, 7 9. This defines an equivalence relation and we denote the set of concor-
dance classes of RT (M) by 7o(RT(M)).

Proposition 3.12 S induces a well defined map on concordance classes.

Proof Let My, M be as in Theorem 3.6, g, g’ € R (Mj) be concordant metrics via
G € RY(My x [0, 1), ¢ and let [W] € QZI (Mo, My). Without loss of generality
we may assume that W is admissible. The map Sy induces a map on components
and since isotopy of psc-metrics implies concordance of psc-metrics, there are unique
concordance classes [Swy[g]] and [Sw[g’]] represented by & and h’ respectively. It
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remains to show that i and &’ are concordant. By [31, Theorem 3.1] (cf. Remark 2.29)
there exist metrics H € RT (W), and H' € RT (W), ;. This gives the psc-metric
HPUGUH € RY(W°P UM x [0, 1]U W), j,. By Proposition 3.25, WP U My x
[0, 11U W is 01 -cobordant to M7 x [0, 1] relative to the boundary and by the surgery
theorem there exists a psc-metric H e RY(M; x [0, 1)) Woh- O

Remark 3.13 Let W: My ~» M, be an admissible cobordism. A similar argument
shows that on concordance classes we have

[Sw(g)] =[h] < 3G e RT (W),

3.3 The Structured Mapping Class Group

In this section we will give the definitions and present two models for the structured
mapping class group of a manifold. For the next two sections let6: B — BO(d + 1)
be a fixed tangential structure.

Definition 3.14 For a smooth manifold M?~! we denote by Diff (M) the topological
group of diffeomorphisms of M with the (weak) C°°-topology. If M is oriented we
denote the subgroup of orientation preserving diffeomorphisms of M by Diff T (M).
The (unoriented) mapping class group T'(M) is defined to be mo(Diff (M)) and the
oriented mapping class group Tt (M) is defined as mo(Diff+ (M)).

Definition 3.15 Let M9~ be a smooth oriented manifold. We define

EDiff? (M) := EDiff (M) x Bun(TM & R?, 6*Uy41)

BDiff? (M) := EDiff? (M) /Diff (M) = EDiff(M) x Bun(TM ®R?,0*Ug1),
Diff (M)

where we use the model EDiff(M):={j: M — R>~!} which is the (contractible)
space of embeddings and Bun(_, _) denotes the space of bundle maps. More con-
cretely,

BDIff’ (M) = {(N,[): N CR®"!, N= Mand[ € Bun(TN ® R?, 6" Uqy1)}.

Given an embedding j: M — R>~! and a (stabilized) 6-structure [ on M, we get
a base-point (j(M),[) € BDiff’ (M). We also define the universal M-bundle with
0-structure Uy g by

Uwm.o = EDiff® (M) x M — BDIff?(M).
Diff (M)

Remark 3.16 Forfpso: BSO(d + 1) — BO(d + 1) we abbreviate BDiff?ss0 (M) by
BDIff T (M). Note that with our convention EDiff t (M) is not contractible but homo-
topy equivalent to Bun(T M ®R?, 8 350Ud+1) which has two contractible components
provided that M is connected (cf. [10, p. 6]). However, if M is connected and admits an
orientation reversing diffeomorphism, BDiff * (M) is still a model for the classifying
space of Diff T (M)-principal bundles.
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Definition 3.17 [Structured Mapping Class Group] Let M be a smooth submanifold
of R*~! and let / be a stabilized 6-structure on M. The 6-structured mapping class
group T? (M, [) is defined by

M, 1) := m; (BDift? (M), (M, 1)).

For y: S' — BDiff? (M) we define the structured mapping torus M, = y*Uump.

Remark 3.18 The mapping torus M, has a §-structure on the vertical tangent bundle.
Since the tangent bundle of the circle is trivial, this gives a f-structure on M,,.

Since the case of B = BSpin(d + 1) is of great interest in the present paper we
will have a closer look at it. Let us recall the more traditional description of Spin-
structures (cf. [6, Chapter 3]): A Spin-structure o on a manifold M is a pair (P, «)
consisting of a Spin(d + 1)-principal bundle P and an isomorphism & : P Xspin(g+1)
Rt =S TM o K2. An isomorphism of Spin-structures oy = (Py, ag) and o1 =
(Py, 1) is an isomorphism B: Py —> P; of Spin(d + 1)-principal bundles over
idy such that a1 o (8 Xspin@+1) idga+1) = ao. If f: M — M is an orientation
preserving diffeomorphism and o = (P, «) is a Spin-structure on M, we define
fro:=(f*P,df) "o f*a).

Now, let 09, a1 be two Spin-structures of M. A Spin-diffeomorphsim (M, o) =
(M, o01) is a pair (f, f) consisting of an orientation preserving diffeomorphism
f: M — M and an isomorphism f of Spin-structures oo and f*o1 (cf. [6,
Definition 3.3.3]). We denote by DiffSPi"((M, oy), (M, o1)) the space of Spin-
diffeomorphisms (M, o) —> (M, o1). This gives rise to the groupoid DiffSPi" (A1)
which has Spin-structures on M as objects and morphisms spaces are given by
DiffSPin (M, 60), (M, o1)). For a Spin-structure o on M, we define

DiffSP" (M, o) := DiffSP" (M, o), (M, o).

Proposition 3.19 Let M be a simply connected Spin-manifold. Then the forgetful
homomorphism DiffSP™(M, o) — Diff T (M) is surjective and its kernel has two
elements.

Proof Since M is simply connected, the Spin-structure o of an oriented manifold
is unique up to isomorphism. So for every orientation preserving diffeomorphism

M =Ny , there is an isomorphism o = f*o, hence the map is surjective. The
rest follows from [6, Lemma 3.3.6]. O

If @ is an arbitrary tangential structure we also have a different model for ' (M, D).

Definition 3.20 For a #-structure / on M?~! we define

BY(M. 1) := (f.L): fiM = Mlsadlffeomorphlsm /N
L is a homotopy of bundle maps [od f ~ i
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where the equivalence relation is given by homotopies of f and L.

Proposition 3.21 [10, Proposition 1.2.11] There is a group isomorphism r‘, l) =
BY(M, ).

Example 3.22 Since we usually will be interested in the case where 0 is the (stabilized)
tangential 2-type of a high-dimensional manifold M, let us consider the case B =
BSpin(d + 1) x BG.Themap 6 : BSpin(d + 1) x BG — BO(d + 1) factors through
the 3-connected cover Ospin : BSpin(d + 1) — BO(d + 1) and we get

Bun(TM & R?,0*Uzy1) = Bun(TM & R, 03inUd+1) X Map(M, BG).

So, a f-structure [ on M is  given by a Spin-structure o on M and a map M — BG.
Lety:=[f,L] € BY(M, [). Then f 1s an orientation preserving diffeomorphism of
M and L is the homotopy class of a path connecting the bundle maps lspm, lspm o
df : TM & R*> — Qspm U 41 together with the homotopy class of a path connecting
themapso anda o f: M — BG.If G = m (M, x) for some base-point x € M, this
means that the induced map f,: 71 (M, x) — w1 (M, f(x)) is given by conjugation
by apath y: [0, 1] - M with y(0) = x and y (1) = f(x). We say that f acts on the
fundamental group by an inner automorphism in this case.

3.4 Cobordism sets

Before we can derive the general version of Theorem A we need to take a closer look
at the morphism sets of €24 7. Recall that we fixed a tangential structure 6: B —
BO(d + 1).

Definition 3.23 Let Mg M fl_l be compact manifolds with (stabilized) 8-structures
I, [1. We define the cobordism set of manifolds with 0-structure and fixed boundary
by

Q) (Mo, lo), (M1, 1)) :={(W, W0, Y1, D)}/ ~

Here, W is a d-manifold with boundary W = 9oW []o, W, (AeBun(TW &)
R,0*Ug41) is a bundle map and ¥;: ;W — M;, i = 0,1 are diffeomorphisms
such that (—1)'l; o dyy; = £|s,w. We call My the incoming boundary and M, the
outgoing boundary (see Fig. 6 in Definition 3.5). The equivalence relation is given by
the cobordism relation: We say that (W, o, Y1, £) and (W', ¥, ¥{, £) are cobordant
if there exists a (d + 1)-dimensional §-manifold (X, £x) with corners such that there
exists a partition of dX = (J;_ 3 3 X together with diffeomorphisms

My x I = 99X M| x I =03X
WX 9, X W= oX

such that 6-structures and identifying diffeomorphisms fit together (see Fig. 7 in Def-
inition 3.5).
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Mox[01]

M, °
é W x [0,1] é >
M
M 0
w, & $ ° M, Wop

w

Fig. 8 Introducing corners to obtain the desired cobordism

Remark 3.24 (1) Since 6 is a fibration we do not need to consider homotopies (—1)’ i, o
df ~ ¢ |a;w but we can arrange the 0-structures to actually agree.

2) QZ (M, i ), (M, l} )) becomes a monoid via concatenation of cobordisms and iden-
tifying them along the boundary diffeomorphisms, i.e.

(W/f w(/)f ’ﬁi, g/) : (W9 w()y w11 E) = (W Uwéowrl W/, wo, w{, Z U‘Z(’)O&rl K/)

This monoid is actually an abelian group (cf. Corollary 3.28).

(3) Note that one has a map Q5(M, 1), (M, 1)) — Q5(%, %) = Q) given by identi-
fying the equal boundaries of a cobordism W: M ~- M. This map turns out to be
an isomorphism of groups (cf. Corollary 3.28 and the remark below it).

Proposition 3.25 Let W4 My ~ My be 0-cobordism. Then there exists a O-structure
on WP : My ~ My such that W U WP ~ My x [0, 1] rel My x {0, 1}. In particular,
if W: 0 ~ M is a O-nullbordism, the double dW :=W U W°P is nullbordant and
WP LI W is cobordant to the cylinder on M.

Proof Consider the manifold with corners W x I. We introduce new corners as in
Fig. 8. Next, we construct the O-structures®. Let £y : TW @ R — 0*Ug41 be the
O-structure on W. Since W — W x [0, 1] is a homotopy equivalence there is a unique
extension up to homotopy

¢
TW R A - 0" Uy

l

T(W x [0, 1])

where the vertical map sends v € R_, to the inwards pointing vector. This gives a
0-structure on W x I and by restriction a 6-structure on W°P, O

Now we can prove another useful tool.

Proposition 3.26 The action of QZ on QZ((MO, le), (M, f])) given by disjoint union
is free and transitive.

6 This is adapted from [13, Proof of Proposition 2.16].
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Proof Since disjoint union is associative up to cobordism and disjoint union with
the emptyset is the identity this really defines a group action. In the case that
QZ ((Mo, ly), (M1, l])) = () the statement is trivial. So let

(L, yk wE er): (Mo, lp) ~ (My, 1)

be a cobordism. Let ®1: Q) — Q((Mo, lp), (M1, 1,)) be given by &, (V) =
V 1 L. Also let

by QZ((MO, lo), (M1, 1)))—> QY

be defined given by gluing in the cobordism (L°P, wlL , wOL, E(zp) along the boundary
as follows: We concatenate with L°P and then identify the equal boundaries:

L°P
Q) (Mo, 1o), (M, 1)) == Q4((Mo, lp), (Mo, lp))—> <,

We will prove the Proposition by showing that & and & are mutually inverse bijections.
By Proposition 3.25 we have

O@(V]) = d(VLUL]) =[VLULUL®]=][V].

It remains to show that ®; (W) LI L = (W U L°P) LI L is cobordant to W. First we note
that (W, Y, ¥1) is diffeomorphic to (Mg x I Uy, W le—l M x I,id, id) and so it
suffices to consider the case that all boundary identifications are given by the identity.
We now decompose (W U L°P) 11 L as follows:

Vo:=Mp x [0,e]U My x [1 —e, 1] Vi:=L
Vo :=L°P V3:=W

Note that

Vo = (Mo x {0}) LT (Mo x {e}) L (M x {l —€}) LI(M x {1})

=8+ V()

Vi=MyUM; =0V, =0V3
By identifying 94 Vj and 0V, with dV; and 0 V3 in different ways we obtain

VoUVi =L VUV =LPUW
VoUVs =W V,UV3 =LPUL =dL

We will now construct the cobordism X : (VoUV)LI(VoUV3) ~~ (VoUV3)LI(V,UVY).
We construct this by taking V; x [ forevery i = 0, 1, 2, 3, introducing corners at the
boundary (and at 94 V') respectively) as shown in Fig. 9.

We then glue together these manifolds as follows: We identify
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Fig.9 Introducing corners at the
boundary of V; x [0, 1]

Fig. 10 The cobordism
X: (VoU V) LI (VUV3) ~
(Vo U V3) LI (VU V)

VO V3

e 0V x {t} withdV| x {t} and dV, x {t} with dV3 x {¢} for ¢ € [0, %]
o 0Voy x {t} withdV3 x {t}and 0V x {t} with 9V, x {t} fort € [%, 1].

This is shown in Fig. 10. The 6-structures are given by ¢ v; @idR (the arrows in Fig. 10
indicate the incoming and outgoing boundary of X). O

Remark 3.27 Proposition 3.26 can also be proven using structured cobordism cate-
gories. The presented proof however is much more direct.

Corollary 3.28 Let (M, 1) be a (d — 1)-dimensional 8-manifold. Then the map
®: Q) — Qf(M, D), (M, D)

given by (V, é) — (M x[0,1]1V,id,id, (i@idR) 1¢) isan isomorphism of groups.
In particular, QZ((M, i), (M, i)) is an abelian group.

Proof 1t is a group homomorphism because

SVUW)=Mx[0,1] 1 VUW
=M x[0,1] LI V)UM x[1,2] L W)= d(V)UdW).

The rest follows from Proposition 3.26. O
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Remark 3.29 The inverse is given by mapping (W, v, ¥1) to the manifold obtained
by gluing d; W to dp W along the diffeomorphism w(;l o Yy.

Corollary 3.30 The map I'% (M, h— Qfl given by [y] +— [M, ] is a homomorphism.
Proof Let y: [0, 1] — BDiff? (M) pe a path from (M, i) to itself. We define the
mapping cylinder map by A: T9(M, 1) — QZ(M, M),y — (y*Um p,1d, id). Since

the bundle classified by yg * y1 is the same as the union of the bundles classified by
¥i, this satisfies

A(yo * y1) = (Yo * ¥1)*Um.g, id, id)
= (Vo Umpe YUy Unp,id,id)
= (Yo Ump,1d,1d) U (¥ Up 6, 1d, id) = A(y9) U A(y1).

Since the isomorphism Q% (M, M) — QF is given by gluing the boundary, we have
M, = CFI'>(y*UM,9) and hence

My = D(A(yo * ¥1)) = P(A(y0) U A1)
2 B(A00) U S(A()) = My, LI M.

O
Remark 3.31 Using the model B? (M, I) for the mapping class group, we see that the
map A: BY(M, 1) — Q9(M, M) is givenby ¢ > (M x [0, 1], id, ") for P . Note
that since QZ (M, M) is commutative, ¢ — (M x [0, 1], id, ¥) is a homomorphism
as well.

3.5 The action of the mapping class group

We will now give the general statement of Theorem A. For a space X let hAut(X)
denote the group-like” H-space of weak homotopy equivalences of X.

Corollary3.32 Letd > 7, let M be a (d — 1)-dimensional manifold and let 6 : B —
BO(d + 1) be the stabilized tangential 2-type of M where [: TM & R*> — 0*Ug+1
is a O-structure. Then there exists a group homomorphism

SE: QY — mo(hAut(R1(M))),

such that the following diagram, where F is the forgetful map and T is the mapping
torus map, commutes

T

7)) QY
F JSE
M) ® m)(hAut(RﬂM))).

TA space X is called group-like if wy(X) is a group.
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Proof We define SE(W) := Sarx[o,17uw.id,id- Then S& is a group homomorphism by
Corollary 3.28 and because S is compatible with composition. By Theorem 3.6 the
above diagram is commutative since [M x I I Ty,id,id] = [M x I,1id, 1//‘1] (cf.
Corollary 3.30 and Remark 3.31). O

Proof of Theorem B Since M is simply connected and stably parallelizable, the tangen-
tial 2-type of M is given by BSpin(d+1). Let f: M — M be a Spin-diffeomorphism.

By Corollary 3.32 we need to show that the class [Tf] € szm vanishes. The ker-

nel of the forgetful homomorphism szln — Q[S,O is a finite dimensional F,-vector
space and concentrated in degrees congruent = 1, 2(8) (cf. [1]). By [22, Proposition
13] mapping tori of stably parallelizable manifolds are orientedly nullbordant. This
finishes the proof.

There are more examples to which Corollary 3.32 is applicable which can be found
in [10, Section 4.1].

Proof of Proposition D By Proposition 3.19 we may assume that f is a Spin-
diffeomorphism. Let W: §¢~! — §9=! be an admissible cobordism Spin-cobordant
to 8971 x[0, 1]LUTy. Then f* ~ SEr, ~ Sy and by Proposition 3.9 and Remark 3.10
this is homotopic to the identity if Sw (g,) is homotopic to g..

3.6 The action for simply connected Spin 7-manifolds
We have the following result for 7-manifolds which implies Corollary C.

Corollary 3.33 Let M be a simply connected Spin-manifold and let f : M =, Mbe
a Spin-diffeomorphism. Then the following are equivalent:

1) (Tr)=0.

(2) Ty is Spin-nullbordant.

(3) f* is homotopic to the identity.

@) f*g ~ g forevery g € RY(M).

(5) There exists a metric g € RY (M) such that f*g ~ g.

Proof The implications 3. = 4. and 4. = 5. are obvious and the implication 2. = 3
follows from Corollary 3.32. For 1. = 2. we note that

Q" = 7@ 7 = ([HP?), [B)),

where B denotes the Bott manifold with o (B) = 1 and sign(B) = 0. Furthermore,
sign(H]P’z) # 0 and o (HP?) = 0. Since for Ty both these invariants vanish, it has
to be Spin-nullbordant. Finally 5. = 1. is proven as follows: Let g; be an isotopy
between f*g and g. Since isotopy of psc-metrics implies concordance of psc-metrics,
there exists a psc-metric G on M x [0, 1] restricting to f*g and g. Then G induces a
psc-metric on 7'y as one can identify the metrics on the boundary along f* and hence

o (Ty) = 0. O

@ Springer



G. Frenck

Remark 3.34 Since M is simply connected the forgetful map DiffSPi"(M) —
Diff* (M) is surjective. Hence the above Corollary classifies the action of I'" (M)
on R (M) for every simply connected 7-dimensional Spin-manifold.

Note that the implications 2. = 3. = 4. = 5. = 1. don’t require the restriction to
dimension 7. For simply connected, 7-dimensional Spin-manifolds, we get a further
factorization of the action map:

SPin (M) mo(hAut(R*(M)))

JZQN / Sgﬁ

KO8 (pt)
A (B)
This factorization is sharp in the sense that ker n = ker A oT by Corollary 3.33.

Proposition 3.35 Let M be a (d — 1)-dimensional, simply connected Spin-manifold
and let W be a closed Spin-manifold with a(W) # 0. Then SEw (g) ~ g for every
psc-metric g on M.

Proof By Lemma 3.4 we can perform (Spin-)surgery on the interior of M x [0, 1]LI W
to get an admissible cobordism V : M ~ M. If there exists a psc-metric gy € R+ (M)
such that SEw(go) ~ go, there exists a psc-metric G on V that restricts to go on
both boundaries by Remark 2.29. We obtain a psc-metric on the manifold V' given
by gluing the boundaries of V together along the identity. So, a(V’) = 0 by the
Lichnerowicz-formula and since « is Spin-cobordism invariant we get

0=a(V)=a((M x SHLU W) = a(W).

]

This shows that vanishing of the «-invariant of W is a necessary condition for SE(W)
to be homotopic to the identity. We close with the following question.

Question 3.36 Let M be simply connected and Spin. Is vanishing of the «-invariant
of W a sufficient condition for SE (W) to be homotopic to the identity on R+ (M)?

If the answer to Question 3.36 were yes, we would get the following diagram.

FSpin(M) ﬂo(hAUt(R+(M)))

\ Spi /
Q,Pm
\

Ko~ (pt)
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