
RESEARCH PAPER

Pure cross-anisotropy for geotechnical elastic potentials

Andrzej Niemunis1 • Katarzyna Staszewska1,2

Received: 10 September 2020 / Accepted: 20 June 2021
� The Author(s) 2021

Abstract
The pure cross-anisotropy is understood as a special scaling of strain (or stress). The scaled tensor is used as an argument in

the elastic stiffness (or compliance). Such anisotropy can be overlaid on the top of any elastic stiffness, in particular on one

obtained from an elastic potential with its own stress-induced anisotropy. This superposition does not violate the Second

Law. The method can be also applied to other functions like plastic potentials or yield surfaces, wherever some cross-

anisotropy is desired. The pure cross-anisotropy is described by the sedimentation vector and at most two constants.

Scaling with more than two purely anisotropic constants is shown impossible. The formulation was compared with

experiments and alternative approaches. Static and dynamic calibration of the pure anisotropy is also discussed. Graphic

representation of stiffness with the popular response envelopes requires some enhancement for anisotropy. Several

examples are presented. All derivations and examples were accomplished using the algebra program Mathematica.

Keywords Cross-anisotropy � Hyperelasticity � Inherent anisotropy � Response envelopes � Scaling of strain �
Transverse isotropy

1 Introduction

Elastic response is an essential part of most constitutive

models for soils. It is particularly important for soil

dynamics, for stability analysis [2] and for material

response in the range of small strains. This range corre-

sponds roughly to strain amplitudes of 10�5 for sand and

10�4 for clays. Under such loading soil can be much stiffer

than at amplitudes of say 10�3. This paper deals with

small-strain elastic (incrementally linear) stiffness only.

For larger amplitudes, hysteretic [23] or cumulative models

[24] are necessary. Stiffness may be a function EðrÞ of

stress (or strain), but it interrelates rates (or tiny incre-

ments) of stress and strain rather than stress and strain

themselves.

In the elastic regime, stress should be a continuous 1–1

function rðeÞ of strain. Otherwise, some stress could be

accumulated within a closed strain loop, see Sect. 2. A

thermodynamically sound elastic material model should

not allow for the accumulation of stress or energy upon any

closed strain loop. The energetic requirement is not trivial

for soils with a barotropic (pressure-dependent) stiffness. It

is well known that the barotropic elastic modulus, E� p or

E� ffiffiffi

p
p

, with a constant Poisson number m violates the

Second Law [13, 31]. In order to avoid this problem,

several elastic potentials have been proposed in the liter-

ature, see Sect. 2.1. A tangential stiffness obtained from

such potential is a function of stress (not only of stress

invariants), and one may speak of the stress-induced ani-

sotropy1 (rA). It should be distinguished from the inherent

cross-anisotropy2 (�A), which is caused by sedimentation

process and/or geological petrification (cementation) of the

geostatic K0 state. The �A is independent of the current

stress or strain.

Any constant cross-anisotropic stiffness E�A
ijkl can be

described by five material constants, usually denoted as
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Ev;Eh; mh; mvh and Gv, see Sect. 4. The main objective of

this paper is to represent this stiffness in the form3

E�A ¼ QT : Eiso : Q; ð1Þ

wherein the elastic properties4 are given in the isotropic

stiffness Eiso and all pure anisotropic properties are moved

to the anisotropy tensor Q. The advantage of such sepa-

rated description follows from the fact that the same Q can

be applied to any hyperelastic (and barotropic) stiffness

without violating the Second Law. This is proven in Sect.

3. In other words, any basic tangential stiffness (or com-

pliance), possibly with its own induced anisotropy, can be

superposed by the pure inherent anisotropy. Here, this pure

cross-anisotropy is denoted as �AM wherein M is the

number of constants required for the anisotropy tensor5 Q.

Two anisotropy tensors Q, for �A1 and �A2, are analyti-

cally derived in Sects. 5 and 6. Unfortunately, the deriva-

tion of Q for the general case �A3 is not feasible as

demonstrated in Sect. 7.

Calibration of the parameters of Q from static (cyclic)

triaxial tests on samples cut in different directions or from

wave velocities in different directions [8, 27] is commented

in Sect. 8. A few remarks on experimental data for �A are

given in Sect. 9, and the advantage of �A2 over �A1 is

demonstrated.

The graphic representation of stiffness in the form of

polar response envelopes [11] is well known in the

geotechnical literature. In the case of �A, some compli-

cations may arise from the fact that the stress rate,

_rðr0; _e;MÞ, may not be axisymmetric for the axisymmetric

initial stress, r0, and co-axisymmetric6 strain rate, _e. The

problem is caused by the dependence on the direction of

sedimentation, m, appearing here in the form of the sedi-

mentation dyad, M ¼ mm. This may also cause a loss of

coaxiality. Therefore, an enhanced graphic representation

is proposed in Sect. 10. Some examples of extended

response envelopes with �A2 and polar diagrams of wave

velocities are shown.

Finally, �A2 is applied to stress and substituted to the

Matsuoka–Nakai yield surface. The modified surface is

shown graphically in Sect. 11. All relevant packages and

notebooks for the algebra program Mathematica are

available from the authors.

1.1 Notation

Bold-face letters like r are vectors or second rank tensors.

Sans serif letters, e.g., E, are the fourth-order tensors.

Gibbs notation like _r ¼ E : _e or index notation _rij ¼ Eijkl _ekl
in the Cartesian coordinate system with usual summation

over repeated (dummy) indices is used. The geotechnical

sign convention is applied to r and e with compression

positive. A fourth-order tensor E can appear in a form of a

9 � 9 matrix (no Voigt 6 � 6 notation) denoted as [E]. The

9 � 9 form facilitates some transformations in the algebra

program Mathematica. Similarly, ½r� is the 3 � 3 matrix

obtained from the tensor r. The essential variables are:

1; I Identity operators

a Direction cosines

a; b; c Constants for �A

C Elastic compliance

d Kronecker symbol

feHP ; eHQ ; eHR g Basis for a stress space

E; m;G;K Isotropical constants

E Elastic stiffness

e Strain tensor

�e Modified strain tensor

ea; er Axial and radial strain components

evol; eq Roscoe strains

eP; eQ Isometric strains

C Acoustic tensor

m Sedimentation vector

M ¼ mm Sedimentation dyad

n Direction of wave propagation

p; q[ 0 Roscoe stress invariants

P, Q Isometric stresses

PH;QH;RH Isometric coordinates for stress increments

Q Anisotropy tensor

R ¼ krk Stress norm

r Stress tensor

�r Modified stress

ra;rr Axial and radial stress components

v Wave velocity

WðeÞ Elastic energy

�WðrÞ Complementary energy

_t Material rate of t
k t k Frobenius norm of t
t~ ¼ t

ktk Normalized t

�A Pure inherent cross-anisotropy

rA Stress-induced anisotropy

�AM Cross-anisotropy with M constants

3 See Sect. 1.1 for notation.
4 Here, Young’s modulus, E, and the Poisson number, m.
5 Also called anisotropy operator in the literature [25].
6 =axisymmetric with respect to the same symmetry axis.
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2 Elastic potential

Let us consider an incrementally linear relation

_rij ¼ Eijkl _ekl ð2Þ

between the stress rate _rij and the strain rate _ekl. The tan-

gential stiffness Eijkl needs not be constant. It may be a

function of stress or strain, but it cannot be a function of

their rates. Such incrementally linear model is called

hypoelastic.

Let the strain evolve along the path7 eijðsÞ, Fig. 1a. After

a 180� reversal, identical negative strain increments can be

applied in the opposite sequence and the strain evolves

back along exactly the same path. The relation _rijð� _eklÞ ¼
� _rijð _eklÞ holds due to the incremental linearity. Hence, the

same stress path is followed and, eventually, the original

state rijðt0Þ is reached. The energy density, dW ¼ rij _eijdt,
is also recovered. However, if one departs from eijðt0Þ upon

one path and returns to eijðt0Þ upon another path, Fig. 1b,

then neither the initial stress nor the energy is in general

recovered. At least, one cannot conclude such recovery

from incremental linearity (2) alone.

In hyperelastic models, apart from linear relation (2),

some additional conditions must be imposed on Eijkl. In

isothermal elastic materials, strain is the only independent

state variable, i.e., eij alone dictates the internal elastic

energy W. This dependence must be a function WðeÞ, i.e.,

the elastic energy cannot depend on the strain path eijðsÞ.
The change in W upon the path from e0

ij ¼ eijðt0Þ to e1
ij ¼

eijðt1Þ is

DW ¼
Z

rijdeij ¼
Z t1

t0

rijðsÞ _eijðsÞds ð3Þ

and this DW is identical upon any strain path eijðsÞ. If the

choice of a path eijðsÞ between e0
ij and e1

ij could influence the

integral DW , then one could input less energy upon one

path, 0 ! 1, than could be recovered on the way back,

1 ! 0. Such gain of energy without any change of state

(strain returns to e0
ij) violates the Second Law. Even if this

gain occurred at the cost of thermal energy, it would be a

violence of the Second Law (a perpetuum mobile of the

second kind). Hence, the integral in (3) should indeed be

path-independent, which implies the existence of a function

WðeÞ. Being a function, WðeÞ has the total differential

dW ¼ ðoW=oeijÞdeij: ð4Þ

From the comparison of (4) with (3) for any deij, it follows

that

rij ¼ oW=oeij: ð5Þ

As a derivative of a function of strain, stress also must be a

function rðeÞ. Stress rate can be calculated using the chain

rule, _rij ¼ ðorij=oeklÞ _ekl. From the comparison with (2)

_rij ¼ o2W=ðoeijoeklÞ
� �

_ekl; follows Eijkl ¼ o2W=ðoeijoeklÞ:
ð6Þ

It is evident from (6)2 that Eijkl must be symmetric. Note,

however, that the symmetry, Eklij ¼ Eijkl, is only a neces-

sary (but not sufficient) condition for the existence of an

elastic potential. Let a symmetric stiffness EklijðeÞ be a

primary function. For the existence of WðeÞ, also a function

rijðeÞ must exist. For the integrability
Z

Eijkldekl �! rijðeklÞ; ð7Þ

all mixed second derivatives of rijðeklÞ must be identical

o2rij=ðoekloersÞ

¼ oEijkl=oers ¼ oEijrs=oekl

¼ o2rij=ðoersoeklÞ;

ð8Þ

which is not guaranteed by the symmetry Eklij ¼ Eijkl. For

example, EijklðeÞ ¼ enn 3Kmdijdkl=ð1 þ mÞ þ 2GIijkl
� �

is

symmetric, but it is not hyperelastic because it does not

satisfy condition (8).

Functions WðeÞ cannot be directly measured. They are

usually formulated by trial and error. An educated guess

can be based on the measurements of second derivatives

Eijkl (6)2 at different strains. Alternatively, the comple-

mentary energy �WðrÞ may be used,

�W ¼rijeij �W with eij ¼ o �W=orij

and E�1
ijkl ¼ o2 �W=ðorijorklÞ:

ð9Þ

In granular materials, the main difficulty in the formulation

of WðeÞ or �WðrÞ arises from the pressure dependence (the

so-called barotropy) of the stiffness.

2.1 Geotechnical hyperelastic models

Several hyperelastic models have been proposed in the

literature. A critical review can be found in [20] and more

(a) (b)

Fig. 1 Strain paths tested with incrementally linear elasticity

7 Parameterized by a time-like variable s 2 t0; t1f g.
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recently in [9]. It is helpful to assume the hyperelastic

stiffness as a homogeneous function of stress, i.e., 8k[ 0 :

EðkrÞ ¼ kmEðrÞ. The order m of homogeneity is usually

m � 0:6 for sand and m � 1 for clays. The compliance,

C ¼ E�1, is homogeneous of order �m, of course. It can be

proven8 that the corresponding elastic potentials, �WðrÞ and

WðeÞ, are homogeneous functions of order 2 � m and

ð2 � mÞ=ð1 � mÞ, respectively.

A simple hyperelasticity was proposed by Vermeer [28].

The hyperelastic potential is given explicitly,

�WðrÞ ¼ c1R
1�m=2 ð10Þ

with a material constant c1. The order of homogeneity of

EðrÞ must be m 6¼ 1.

Borja et. al [4] proposed a hyperelastic model based on

elastic potential formulated in terms of the strain

invariants,

WðeÞ ¼ c3 exp evol=c2ð Þ
þ c4 þ c5 exp evol=c2ð Þ½ �ke	k2

with evol ¼ eii;

ð11Þ

wherein e	 is the deviatoric part of e. In this case, the

stiffness appears to be inhomogeneous in stress.

Niemunis and Cudny [20] introduced a potential for

clays

�WðrÞ ¼ c6R
2=Pþ c7Rþ c8I

1=3 þ c9Pþ c10 ln ðPÞ
with P ¼ rii=

ffiffiffi

3
p

and I ¼ rijrjkrki;
ð12Þ

that yields stiffness EðrÞ with a homogeneity of order

m ¼ 1.

The following expression for the complementary energy

was proposed for sand by Niemunis et al. [21]

�WðrÞ ¼ c11P
c12R2�m�c12 ; ð13Þ

wherein m 6¼ 1 is the order of homogeneity of EðrÞ.
Response envelopes [11] are polar representations of

stiffness at different stresses, see Sect. 10. They can be

measured (here for medium dense sand [14, 15]) and cal-

culated analytically, e.g., using (13). A comparison like in

Fig. 2 may be used for the calibration.

Selected terms from (12) and (13) have been recently

combined for kaolin by Gehring [9] into

�WðrÞ ¼ c11P
c12R2�m�c12 þ c13P lnðPÞ: ð14Þ

This potential is suitable for cohesive materials because the

second summand removes the singularity of C at m ¼ 1.

Experimental (for kaolin [9]) response envelopes are

compared with the theoretical ones obtained with (14),

Fig. 3. A strong inherent anisotropy was caused by K0

consolidation of kaolin. The required anisotropy tensor Q

given in (27) is described in Sect. 5.

The proposed superposition of rA and �A is a conve-

nient alternative to a direct postulation of Wðr;MÞ with the

sedimentation dyad M ¼ mm as an additional argument.

For example such function

�Wðr;MÞ ¼ �R
1�m=2

with �R ¼ c14Rþ c15Mabrbcrca

ð15Þ

was proposed by Cudny and Staszewska [7] for m 6¼ 1.

Similar approach related to the microscopic description has

been recently proposed by Amorosi, Houlsby and Rollo

[1, 12].

Instead of using an explicit potential �WðrÞ, Boyce [5]

postulated a 1–1 homogeneous function eðrÞ of order

1 � m. In this case, existence of the complementary elastic

potential �WðrÞ should be proven. For such formulation, the

superposition described in the next sections can also be

applied using identical tensor Q.

3 Anisotropy tensor Q

Stiffness Eijmn and a family of transformations E0
ijmn ¼

aikajlamransEklrs with directional cosines aij build a sym-

metry group, if the components of stiffness are preserved,

that is, if E0
ijmn ¼ Eijmn. For an isotropic stiffness Eiso

ijmn, it is

true for any aij. For an inherent cross-anisotropic stiffness

E�A
ijmn with sedimentation direction m ¼ 0; 0; 1f g, aij cor-

responds to an arbitrary rotation9 around m by angle w,

½a� ¼
cosw sinw 0

� sinw cosw 0

0 0 1

2

4

3

5: ð16Þ

In this paper, the pure inherent cross-anisotropy �A in a

form of tensor Q is proposed. It is a function of m and

some constants. This �A can be ‘‘added’’ to any stiffness,

e.g., to one obtained from a potential WðeÞ or �WðrÞ with its

own rA, see Sect. 2.1. The constants in Q can be deter-

mined from the transformation

E�A
ijkl ¼ QabijE

iso
abcdQcdkl ð17Þ8 For this purpose, one may use ð2 � mÞð1 � mÞ �WðrÞ ¼ r : o2 �W

oror
:

r ¼ r : C : r; which is analogous to the well-known Euler formula

for homogeneous functions, here applied twice to �WðrÞ. The

homogeneity of �WðrÞ of order 2 � m is sufficient (but not necessary)

for the homogeneity of order m in EðrÞ. After adding a constant to
�WðrÞ, the homogeneity of �WðrÞ is lost, but homogeneity of EðrÞ is

preserved.

9 This family of aij can be completed by rotations or reflection that

reverses the sense of x3 axis.
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of the isotropic stiffness Eiso
abcd to the desired E�A

ijkl . Tensor Q

should scale any stiffness in a similar manner. All com-

ponents of Q are independent of eij;E and m, and hence, Q

stores the pure anisotropy.

Let us apply Q to the strain, �eij ¼ Qijklekl, and then

substitute �eij into an elastic potential Wð�eÞ. Differentiating

Wð�eÞ with respect to eij and using the chain rule, one

obtains the stiffness with the combined effect of rA and

�A,

E�AþrA
ijkl ¼ o2Wð�eÞ

oeijoekl
¼ o2Wð�eÞ

o�eab�ecd

o�eab
oeij

o�ecd
oekl

¼ErA
abcdQabijQcdkl;

ð18Þ

wherein ErA
abcd is the stiffness with rA only. Note that de-

viations from isotropy are superposed and hence, the

symmetry group is restricted rather than extended. Tensors

Q have relatively simple forms for �A1 and �A2 with the

major symmetry, Qijab ¼ Qabij, see Sects.5 and 6.

Inverting both sides of (17), one may use Q�1
ijkl for the

compliance10,

C�A
ijkl ¼ Q�1

abijC
iso
abcdQ

�1
cdkl: ð19Þ

The same Q�1
ijkl can be applied to stress, �rij ¼ Q�1

ijklrkl, and

the modified stress �rij can be substituted into the given

complementary potential �Wð�rÞ. Differentiating with the

chain rule, one obtains the compliance with superposed

effects of rA and �A,

C�AþrA
ijkl ¼ o2 �Wð�rÞ

orijorkl
¼ o2Wð�rÞ

o�rab �rcd

o�rab
orij

o�rcd
orkl

¼ CrA
abcdQ

�1
abijQ

�1
cdkl;

ð20Þ

wherein CrA
abcd is the compliance with rA only.

Summing up, the most important advantage of the pure

anisotropy is the fact that it can be ‘‘added’’ a posteriori to

any hyperelastic stiffness ErA or compliance11 CrA without

violating the Second Law. Moreover, a fairly easy imple-

mentation of Q to existing constitutive models can be

expected. Tensor Q can be interpreted as a modifier of the

strain tensor12 eij ¼ � 1
2
oui=oxj þ ouj=oxi
� �

. In the case of

�A1, a special form of Q derived in Sect. 5 allows to

interpret this strain transformation as scaling of the dis-

placements ui and the coordinates xi. This has already been

observed by Lodge [17] and used for scaling of boundary

value problems. Contrarily to the current approach, Lodge

started by scaling of displacements u and coordinates x,

which imposes an unnecessary constraint on the scaling of

strains e. For example, the anisotropy �A2 cannot be

squeezed into the class of anisotropic elastic solids dis-

cussed in [17], see Sect. 6.

A different cross-anisotropic scaling was proposed by

Osinov and Wu [25]. They applied a diagonal fourth rank

tensor P to the resulting hypoplastic stress rate _r as

follows

_r ¼ P : ðE : _eþ Nk _ekÞ : ð21Þ

Our tensor Q could be applied to r, i.e., to the argument in

EðrÞ in (21). The thermodynamic aspects of P : E were

ignored in [25].
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Fig. 2 Comparison between response envelopes of the experiments

for medium dense sand [15] and theoretical response envelopes from

(13): The presence of rA is evident, and no �A is needed
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Fig. 3 Comparison between response envelopes of the experiments

on kaolin [9] and theoretical response envelopes from (14): The effect

of �A1 from Sect. 5 is essential

10 The tensors Q proposed for �A1 and �A2 can be analytically

inverted, see Sect. 6.
11 or a priori to the strain or stress tensor.
12 Before it is substituted into a strain potential of interest.
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4 Cross-anisotropic constant stiffness

It is well known that constant (stress-independent) cross-

anisotropic elastic stiffness (22) requires five material

constants, Ev;Eh; mh; mvh and Gv. The vertical coordinate is

xv (=direction of sedimentation) and the horizontal coor-

dinate is xh, Fig. 4.

These material constants will be separated into two

elastic parameters and three purely anisotropic ones. This

pure anisotropy is denoted as �A3. For x3 ¼ xv, i.e., for the

sedimentation direction m ¼ f0; 0; 1g, equation _rij ¼
E�A3
ijkl _ekl has the matrix form

wherein

jhh ¼ 1 � mhvmvhð Þj,

jhv ¼ mh þ mhvmvhð Þj,

jvh ¼ mvh þ mhmvhð Þj and

j ¼ 1= 1 � m2
h � 2mhvmvh � 2mhmhvmvh

� �

with mh ¼ mhh.

The elastic Young’s moduli along xh and xv are Eh and Ev,

respectively. Shear modulus in horizontal plane is Gh ¼
Eh=ð2ð1 þ mhÞÞ and from symmetry follows

mvh=Ev ¼ mhv=Eh: ð23Þ

Stability of the material behavior requires elastic stiffness

matrix to be positive definite. This implies the following

conditions on the material constants

Ei;Gi; j[ 0 and mij
� �2\Ei=Ej with i; j ¼ v; h:

ð24Þ

The pure anisotropy tensor Q corresponding to �A3 is

discussed in Sect. 7 after the presentation of �A1 and �A2

in Sects.5 and 6.

5 Anisotropy tensor for ·A1

A three-constant elastic cross-anisotropic stiffness has been

proposed by Graham and Houlsby [10] using the aniso-

tropy parameter a in the following relations

a ¼ Gh

Gv
¼

ffiffiffiffiffi

Eh

Ev

r

¼ mh
mvh

¼byð23Þ mhv
mh

: ð25Þ

The single parameter a relates the material constants in the

horizontal, th, and in the vertical (parallel to sedimenta-

tion), tv, direction. The representation of stiffness for m ¼
0; 0; 1f g with x3 ¼ xv is analogous to (22). In this �A1

case, constant elastic stiffness matrix,

E�A1
ijkl ¼ QabijE

iso
abcdQcdkl, has the form

x

x

x

1

ν

i

j

ij

x

x

1

3

=xh

=xh

=xv

2

Fig. 4 Axes for cross-anisotropy and the definition of the indexed

Poisson number mij
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wherein A ¼ 2m2 þ m� 1 and B ¼ 2ðmþ 1Þ. The total

number of independent material constants is reduced from

five to three: E ¼ Ev; m ¼ mh and a. Two constants describe

the isotropic elasticity and just one pertains to the pure

anisotropy, and hence the notation �A1.

Separation of the material constants is essential. Con-

version of the isotropic stiffness Eiso into �A1 has been

only mentioned in [10] without giving an explicit form.

Anisotropy tensor Q has been recently derived in [21], viz.

E�A1 ¼ Q : Eiso : Q with

Qijkl ¼ likljl and lij ¼
ffiffiffi

a
p

dij þ ð1 �
ffiffiffi

a
p

Þmimj:

ð27Þ

Tensor Q for �A1 depends on m and a only. In the special

case of a ¼ 1, the anisotropy tensor is reduced to identity

tensor dikdjl. Due to the symmetry lij ¼ lji, the major

symmetry

Qijkl ¼ likljl ¼ lkillj ¼ Qklij or QT ¼ Q ð28Þ

holds. Note that lij transforms ekl into �eij analogously as the

directional cosines aij do, i.e., �eij ¼ liklilekl, see Sect. 3.

Hence, lij could be used to scale the displacements ui or

the coordinate axes xi.

Stability condition (24) can be simplified for (25) as

a;E[ 0 and � 1\m\0:5: ð29Þ

Even the simplest version �A1 is reported to work well for

geomaterials [9, 10, 19].

6 Anisotropy tensor for ·A2

It is argued [8, 19] that �A1 is overly restrictive. Therefore,

an �A2 with two anisotropy constants, a and b, is pro-

posed. These constants provide more flexibility for mod-

elling of pure anisotropy. For b ¼ 1, the �A1 is recovered

and for a ¼ b ¼ 1, the tensor Qijkl is reduced to the iden-

tity. The new parameter b is added to (25) as an exponent,

a ¼ Gh

Gv
¼ Eh

Ev

� �b=2

¼ mh
mvh

� �b

¼byð23Þ mhv
mh

� �b

: ð30Þ

Two isotropic elastic parameters, E ¼ Ev and m ¼ mh, are

supplemented by two anisotropy constants, a and b. For

such �A2, an anisotropy tensor Qijkl must be found. If

applied to constant isotropic elasticity, the resulting stiff-

ness E�A2
ijkl ¼ QabijE

iso
abcdQcdkl should be with the same A, B

as defined in (26) and X ¼ a1=b, h ¼ a2b�1.

By trial and error, the following anisotropy tensor has

been found

E�A1
h i

¼E

a2ðm� 1Þ
A

� a2m
A

� am
A

� a2m
A

a2ðm� 1Þ
A

� am
A

� am
A

� am
A

m� 1

A
a2

B

a2

B
a2

B

a2

B
a
B

a
B

a
B

a
B

a
B

a
B

a
B

a
B

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

; ð26Þ
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Qijkl ¼ likljl þ cIijkl with lik ¼ adik þ bmimk ð32Þ

and a, b, c are functions of the constants a and b, namely

a ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2b
ffiffiffi

a
p

� 1
� �2þ2ab�

1
2 þ ða� 3Þab

	 


=d

r

;

b ¼� a�ba aþ
ffiffiffi

a
p

� abþ
1
2 þ abþ1 � 2ab

	 


=ða� 1Þ;

c ¼ab�
1
2 a� ab
� �

ffiffiffi

a
p

þ abþ
1
2 þ 2ab

	 


=d with

ð33Þ

d ¼aþ ða� 4Þa2b þ 2abþ1 : ð34Þ

The major symmetry Qijkl ¼ Qklij is preserved due to

symmetry lik ¼ lki given in (32). For m ¼ 0; 0; 1f g, tensor

Qijkl can be represented as a diagonal matrix and easily13

inverted to Q�1
ijkl. Otherwise, the analytical inversion

requires diagonalization14. The new exponent b does not

affect stability condition (29). Assuming b ¼ 1 in (30), the

�A1 given in (25) is recovered.

The improved flexibility of �A2 goes at the expense of

more complex calibration. One possibility is to assume the

value of b from the literature, see Sect. 9.

The class of anisotropic elastic solids proposed by

Lodge [17] was based on individual scaling of displace-

ments and coordinates. This led to �eij ¼ airbjsers. Our

relation �eij ¼ Qijrsers with Qijrs from (32) cannot be brought

to the same form. This fact can be demonstrated using the

transposition Uikjl ¼ Qijkl. There are two nonzero eigen-

values of U, which precludes U from being a dyad.

7 No pure anisotropy tensor for ·A3

Boehler and Sawczuk [3] formulated the following general

representation of isotropic tensorial function of two

arguments

Fðe;MÞ ¼ f01þ f1Mþ f2eþ f3ðe �MþM � eÞ
þ f4e

2 þ f5ðe2 �MþM � e2Þ
ð35Þ

for M ¼ mm being the dyad of sedimentation. In such

case, M ¼ M �M and trM ¼ 1 is the only nonzero eigen-

value. The scalars fi in (35) are functions of the following

invariants

trðeÞ; trðe2Þ; trðe3Þ; trðM � eÞ; trðM � e2Þ: ð36Þ

We need �e ¼ Fðe;MÞ to be linear with respect to e because

Q ¼ o�e=oe should be independent of e. Hence, (35) can be

reduced to the following bilinear function

E�A2
h i

¼E

X2ðm� 1Þ
A

� X2m
A

� Xm
A

�X2m
A

X2ðm� 1Þ
A

� Xm
A

�Xm
A

� Xm
A

m� 1

A

X2

B

X2

B

X2

B

X2

B
h
B

h
B

h
B

h
B

h
B

h
B

h
B

h
B

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6
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3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

ð31Þ

13 By replacing a with 1=a.
14 The diagonalization can be performed using the Hausholder

reflection matrix, Hij ¼ dij � 2hihj with h ¼ ðe3 �mÞ!. In the

diagonal form, the anisotropy tensor, Qdiag
abcd ¼ QijklHaiHbjHckHdl, can

be easily inverted and then reflected back to the initial coordinate

system.
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Fðe;MÞ ¼ f01þ f1Mþ f2eþ f3ðe �MþM � eÞ; ð37Þ

wherein only f0 and f1 may depend on invariants tre and

trðM � eÞ, i.e.,

Fðe;MÞ ¼ C1trðeÞ1þ C2trðM � eÞ1þ C3trðeÞM
þ C4trðM � eÞM
þ 2C5eþ 2C6ðe �MþM � eÞ

ð38Þ

with six material constants Ci. The derivative of the stress

rate function _r ¼ Fð _e;MÞ in representation (38) leads to

the linear stiffness E ¼ o _r=o _e, namely

Eijkl ¼C1dijdkl þ C2dijMkl þ C3Mijdkl þ C4MijMkl

þ C5ðdikdjl þ dildjkÞ
þ C6ðMikdjl þMildjk þ dikMjl þ dilMjkÞ;

ð39Þ

wherein C2 ¼ C3 follows from the symmetry Eijkl ¼ Eklij.

In our case, function �e ¼ Fðe;MÞ in representation (38)

is differentiated to Q ¼ o�e=oe keeping C2 6¼ C3, i.e., the

tensor Q has the matrix form

ð40Þ

wherein C7 ¼ C1 þ C2 þ C3 þ C4 þ 2C5 þ 4C6 and

C8 ¼ C5 þ C6. Of course, (40) holds for m ¼ 0; 0; 1f g
only. With (40) in hand, one may attempt to find the

constants Ci, for which the postulated separation

E�A3 ¼ QT : Eiso : Q ð41Þ

of elasticity and pure anisotropy is valid. Although the

matrices E�A3 and Eiso are congruent, it can be shown that

the separation of elastic constants, E ¼ Ev; m ¼ mh, and

purely anisotropic constants, a;b; c, from

a ¼ Gh

Gv
¼ Eh

Ev

� �c

¼ mh
mvh

� �b

¼byð23Þ mhv
mh

� �

cb
b�c

with c 6¼ b=2

ð42Þ

is not possible using Q given in (40). In order to demon-

strate this fact, it is convenient to investigate the compli-

ances, Ciso and C�A3, rather than the stiffnesses, Eiso and

E�A3. For the special case of E ¼ 1, the constant isotropic

compliance matrix is

ð43Þ

and the cross-anisotropic elastic compliance for m ¼
0; 0; 1f g is ½C�A3� =

ð44Þ

wherein x ¼ a�1=bþ1=c. Matrices, (43) and (44), should be

coupled analogously to (41). Such coupling is possible, if a

set of components of the inverse anisotropy matrix ½Q�1�
can be found that satisfies

½C�A3� ¼ ½Q�1�T � ½Ciso� � ½Q�1�: ð45Þ

The inverse matrix ½Q�1� has identical formal representa-

tion (40) as ½Q�. The uniqueness of the solution is not

necessary. The following guess

ð46Þ

nearly satisfies (45). Using ½Q�1� given in (46), the product

½Q�1�T � ½Ciso� � ½Q�1� (45) is almost identical as ½C�A3�
given in (44). Only one component of ½Q�1�T � ½Ciso� �
½Q�1� differs from the respective component of ½C�A3�.
These components may be set equal, x2 ¼ a1=c, which

leads to c ¼ b=2, but this corresponds to the constraint

imposed on the cross-anisotropy by �A2, as described in

Sect. 6.

The formal structure of ½Q�1� given in (40) with only a

few independent Ci poses a strong limitation on the con-

gruence relation. The congruence requires ½Q�1� to be a

nonsingular matrix only. However, identical zero blocks in

½Q�1� from (40) and in ½Ciso� provide a major advantage for
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the determination of Ci, namely, the search for the 9 � 9

coupling matrix ½Q�1� can be split into two independent

and smaller tasks:

(1) Coupling of the upper left 3 � 3 blocks

(2) Coupling of the lower right 6 � 6 blocks.

The solution of the second task can be taken as the lower

right 6 � 6 block of ½Q�1� from (46). Unfortunately, the

first task is less trivial. The upper left 3 � 3 block of ½Ciso�
from (43) should be coupled with the upper left 3 � 3 block

of ½C�A3� from (44) using just the upper left 3 � 3 block of

½Q�1� independently of the remaining components. Obey-

ing the structure of ½Q�1� from (40), the first task takes the

form

1 � m � mx

�m 1 � mx

�mx � mx a
1
c

2

6

4

3

7

5

¼
a c d

c a d

e e b

2

6

4

3

7

5

�
1 � m � m

�m 1 � m

�m � m 1

2

6

4

3

7

5

�
a c e

c a e

d d b

2

6

4

3

7

5

;

ð47Þ

from which five independent unknown components,

a, b, c, d and e, should be found. It is a system of nonlinear

equations. After removing duplicates, only four equations

remain. For the true separation of elasticity and pure ani-

sotropy, the unknowns a, b, c, d and e cannot depend on m.

Hence, one may compare independently free coefficients

and coefficients at m in each of four equations. This gen-

erates the following system of 8 equations with 5 inde-

pendent unknowns

1 þ 0m

0 � 1m

0 � xm

a
1
c þ 0m

8

>

>

>

<

>

>

>

:

9

>

>

>

=

>

>

>

;

¼

a2 þ c2 þ d2 � 2 acþ ad þ cd½ �m
d2 þ 2ac � a2 þ 2ad þ c2 þ 2cd½ �m

bd þ aeþ ce � abþ bcþ aeþ ceþ 2de½ �m
b2 þ 2e2 � 4beþ 2e2½ �m

8

>

>

>

<

>

>

>

:

9

>

>

>

=

>

>

>

;

:

ð48Þ

Using the powerful command Reduce[] from Mathe-

matica, one can algebraically reduce the system. This

reduction leads to the constraint, x2 ¼ a1=c, imposed on

a; b and c, identical as in � A 2 described in Sect. 6. Hence,

the construction of the inverse anisotropy tensor Q�1 for

�A3 without constraints, i.e., preserving all pure anisotropy

parameters, a; b and c, is not possible.

If the elastic constant m was allowed15 to enter Q, then

E�A3 given in (22) could be decomposed

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�A3=Ev

q

: ðEvIÞ :
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�A3=Ev

q

¼ E�A3 ð49Þ

and Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�A3=Ev

q

could be interpreted16. Tensor EvI

describes the isotropic elastic stiffness for the special case

with m ¼ 0 and E ¼ Ev.

8 Calibration of pure cross-anisotropy

Two methods of calibration of the �A constants will be

presented: static triaxial tests with small stress cycles

applied in different directions and dynamic tests with dif-

ferent wave types propagated in different directions. In

both cases, the average stress should be isotropic. Other-

wise, the �A must be calibrated jointly with the rA, which

is much more difficult.

A combined partly dynamic and partly static, cyclic

calibration should be avoided because the anisotropy of the

small-strain stiffness may change with the size of the

amplitude. Strain amplitudes due to wave propagation are

usually much smaller than the ones from static cycles.

8.1 Static calibration of ·A1

In this section, two methods to determine a;Ev and mh for

the �A1 are presented. The first one is based on two sat-

urated, undrained triaxial tests, and the second one needs

two drained triaxial tests with measurement of the volume

change. In isotropic elasticity, the volumetric and devia-

toric behavior can be described separately. Isochoric (at

constant volume � undrained [22]) stress paths are per-

pendicular to the hydrostatic axis. In anisotropic elasticity,

the inclination

g ¼ _p= _q ¼ pampl=qampl 6¼ 0 ð50Þ

may be measured, see Fig. 5.

The inclination g is different for the v-sample cut par-

allel and for the h-sample cut perpendicular to the direction

of sedimentation from the same material. This can be

illustrated with the results from cyclic stress tests on kaolin

[29], see Fig. 6. The inclinations are interrelated by

gv=gh ¼ �2 ð51Þ

and (51) holds for any �A. Hence gv and gh provide

equivalent information for the calibration of a and m, for

which two conditions are required. In the coordinate

15 No true separation of elasticity and pure anisotropy anymore.
16 The root of a symmetric matrix A can be found from spectral

decomposition,
ffiffiffiffi

A
p

¼ GT �
ffiffiffiffi

D
p

�G, where D is the diagonal matrix

with eigenvalues of A and G contains the corresponding orthonor-

malized eigenvectors in rows.
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system from Fig. 5 the first condition can be formulated for

the v-sample


 gv ¼
_rav þ 2 _rrv

3ð _rav � _rrvÞ
with _rv ¼ Ev : _ev and

_ev ¼ diagð� 1
2
;� 1

2
; 1Þ :

ð52Þ

Assuming Ev ¼ 1, the right-hand side of (52)2 is a function

of a and mh only and gv is known. The second condition is

based on the observation that identical stress amplitudes

qampl cause different strain amplitudes in the v- and h-

sample. The ratio r ¼ eampl
av =eampl

ah 6¼ 1 can be measured in

the undrained test. Again, in the coordinate system from

Fig. 5, the second condition can be expressed by three

equations


tr _ev ¼ 0tr _eh ¼ 0 _eav= _eah ¼ r; ð53Þ

wherein _ev and _eh are strain rates in v-sample and h-sample

caused by the same stress rate _qv ¼ _qh ¼ _rtot
a � _rtot

r ¼ 1. In

the conventional undrained triaxial tests with _rtot
r ¼ 0, one

may express these strain rates as

_ev ¼ Cv : _rv and _eh ¼ Ch : _rh; ð54Þ

wherein the effective stress rates

_rv ¼ diagð� _uv;� _uv; 1 � _uvÞ and

_rh ¼ diagð� _uh;� _uh; 1 � _uhÞ
ð55Þ

and the rates of pore pressures _uv 6¼ _uh may be different in

v- and h-samples (in spite of the same _q). Using the 


conditions, one may express a and mh by analytical for-

mulas, see Appendix A.

With a and mh in hand, one may determine the module

Ev ¼ s _rtot
av= _eav. The rates _rtot

av and _eav should be measured

from the undrained v-sample. The scaling factor sðmh; aÞ
can be determined substituting into _rv ¼ Ev : _ev the fol-

lowing relations

_ev ¼ _eavdiagð� 1
2
;� 1

2
; 1Þ and

_rv ¼ diagð� _uv;� _uv; _r
tot
av � _uvÞ :

ð56Þ

The system _rv ¼ Ev : _ev can be solved for Ev after elimi-

nation of _uv. The complete solution is given in Appendix

A.

Alternatively, the �A1 parameter along with the elastic

constants can be determined from the conventional drained

triaxial tests (at _rr ¼ 0). From a compression of a v-sample

and a h-sample, one obtains Ev ¼ _rav= _eav and

Eh ¼ _rah= _eah, respectively. The measurement of volumet-

ric and axial deformations leads to the following system

_evol h ¼ _eahð1 � mh � mhvÞ
_evol v ¼ _eavð1 � 2mvhÞ
mh ¼ mvha ¼ mhv=a

8

>

<

>

:

ð57Þ

which can be solved for a; mvh; mhv; mhh, see Appendix A.

8.2 Dynamic calibration of ·A2

In this section only the dynamic calibration of �A2 is

discussed. A static calibration of b via Gv is possible, but it

needs a hollow-cylinder torsion test on a v-sample.

Anisotropic elastic parameters can be determined from

the measurements of wave velocities (dynamic tests) in

different direction of propagation n. Using this direction,

the acoustic tensor can be built

Cjk ¼niEijklnl; ð58Þ

wherein E is the stiffness and n is unit vector. The eigen-

values of Cik are related to the velocities of different waves

p
q x

x
x1

2

3

m
mη=p/q

h-sample v-sample

1

Fig. 5 Samples cut parallel (v-sample) and perpendicular (h-sample)

to the direction of sedimentation m: inclination of the stress path g in

triaxial undrained loading is shown

0

50

-50

10050 200150

 p [kPa]  p [kPa]

v-sample h-sample

0

50

-50

10050 200150

 q [kPa] q [kPa]

ηh

ηv

1

1

Fig. 6 Undrained triaxial tests on kaolin samples cut parallel (v-sample) and perpendicular (h-sample) to the direction of sedimentation after [29]
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propagating along n. A (phase) velocity v can be deter-

mined from the following eigenvalue problem (Christoffel

equation for plane waves) [6]

Cjk � qv2djk
� �

Ak ¼ 0i; ð59Þ

wherein q is the mass density. Three eigenvalues qv2 may

be obtained from det Cjk � qv2djk
� �

¼ 0. They may corre-

spond, in general, to three different waves with different

velocities, all propagating along n. The corresponding

eigenvectors A describe the polarizations of displacement

amplitudes. In the case of isotropic elasticity, it is one P-

wave with Akn and two S-waves with A ? n, Fig. 7. The

velocities vS and vP are independent of n.

In a cross-anisotropic medium with E�A2, the velocities

of propagation and the polarization directions depend on

the anisotropy parameters, a and b, and on the angle

between n and m. The explicit expressions for Cik in the

case of any n and m ¼ f0; 0; 1g are given in Appendix B.

We examine two directions of propagation, nkm (index v)

and n ? m (index h) with m ¼ f0; 0; 1g, Fig. 8.

For such n, the polarization A can be either perpendic-

ular or parallel to n. The respective eigenvalues are

denoted as qv2
Sij and qv2

Pij, wherein i is the direction of

propagation and j is the direction of polarization, both

taking the values h or v. The velocities for �A2 can be

easily found as the eigenvalues of tensors given in (72) in

Appendix B

qv2
Shh ¼

EX2

B
; qv2

Shv ¼ qv2
Svh ¼

Eh
B

;

qv2
Phh ¼

EX2ðm� 1Þ
A

; qv2
Pvv ¼

Eðm� 1Þ
A

ð60Þ

with A ¼ 2m2 þ m� 1, B ¼ 2ðmþ 1Þ, X ¼ a1=b and

h ¼ a2b�1.

Both parameters, a and b, can be calibrated from ver-

tical and horizontal waves17 alone, using (60), see Fig. 9.

Four independent wave velocities, vPvv; vPhh; vShh and

vSvh ¼ vShv, can be measured and (60) can be solved for two

pure anisotropic parameters

a ¼ v2
Shh

v2
Svh

;b ¼ 2 ln ðv2
Shh=v

2
SvhÞ

ln ðv2
Phh=v

2
PvvÞ

ð61Þ

and two elastic parameters, E ¼ Ev and m ¼ mh,

Ev ¼ qv2
Pvv 1 þ 4v2

Shh

v2
Phh

þ v2
Phh

v2
Shh � v2

Phh

� �

; mh

¼ 1 þ v2
Phh

2ðv2
Shh � v2

PhhÞ
:

ð62Þ

Determination of all five parameters for stiffness (22)

requires additionally a wave velocity in an inclined direc-

tion n, say for n �m ¼ 1=
ffiffiffi

2
p

[8, 27].

9 Tests of ·A

Recently, Mašı́n and Rott [19] have reviewed numerous

experiments on sedimentary clays. They concluded that,

using the nomenclature of (42), most clays need c[ 1=2,

which can be covered by �A2 or �A3 but not by �A1.

It is claimed [19] that the average value should be

c � 4=5. This observation was based on tests which could

be blurred by the rA. However, for practical purposes, such

results are sufficient because �A has been shown to be

x

x

x

1

2

3

vSvh
vShv vShh

vSvh

n

n

m

Fig. 8 Anisotropy due to sedimentation along the x3 axis: polarization

of different S-waves is shown

n A
A S2

S2

P

Pvv
A S1

S1v

Fig. 7 Direction of propagation n with two shear waves, vS1 and vS2,

and one pressure wave, vP, for isotropic elasticity

(b)(a)

x

mm m
x

x
1

3

2

vSvh vPvv

vShv

vShh

x

x

x
1

3

2

vPhh

Fig. 9 Setup of bender elements for the determination of �A2

parameters: a waves with vertical propagation, b waves with

horizontal propagation

17 This can be done in triaxial apparatus using bender elements

installed on the end plates and laterally by cutting the membrane.

Similar tests in situ can use cross-hole or down-hole measurements,

but they can be blurred by the rA due to the K0-stress state.
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dominant over rA in highly overconsolidated clays [19] as

well as in kaolin [9]. Unfortunately, only a few tests from

[19] were carried out under hydrostatic stress. In conse-

quence, not much usable data can be found. However,

some results from London Clay and Gault Clay referred to

in [30] confirmed the discrepancies from c ¼ 1=2 and

speak for �A2 rather than for �A1. The exponent c ¼ 1=2

was estimated for Bangkok Clay under isotropic stress

[26]. Measured values of c are presented for different as in

Fig. 10.

Some dynamic test data for Kenya Sand [8] and Hostun

Sand [27] at different isotropic stress levels, p, revealed an

influence of p on the parameter b. This strange effect can

be attributed to errors in measurements or to partial

destruction of �A by isotropic loading. Tests with tempo-

rary overloading (up to a high p and back) could help to

confirm such a degradation. The dynamic tests prove

c� 1=2 for sands.

Parameter b and the ratio b=c are plotted as functions of

a in Figs. 11 and 12, respectively. The ratio b=c ¼ 2 was

assumed in �A2 because of the mathematical convenience.

Due to the scatter of experimental data, one can neither

confirm nor reject this assumption.

10 Graphic representation of anisotropy

For constitutive rate-type models in the form of an iso-

tropic function _rðr0; _eÞ, the well-known concept [11] of

response envelopes can be used for the graphic represen-

tation of stiffness. The 2D plots of response envelopes to

strain disturbances require that the initial stress, r0, and all

strain rates, _e, are co-axisymmetric, i.e., axisymmetric with

respect to the same symmetry axis.

In the case of �A, the sedimentation dyad, M ¼ mm,

appears as an additional argument in _rðr0; _e;MÞ. This dyad

needs not be co-axisymmetric with r0 and _e. In such case,

the usual 2D response envelopes cannot be plotted, if �A

spoils the co-axisymmetry of r0 and _r.

For a general graphic representation of stiffness with

any �A, the original concept [11] can be extended. In this

extension, the stress increments18, Dr, need not be co-ax-

isymmetric with r0.

10.1 2D response envelopes

A response envelope is a polar representation of a tan-

gential stiffness at a given stress r0. Starting from a

diagonal and axisymmetric initial stress, r0 ¼
diagðr0

1; r
0
2;r

0
3Þ with r0

2 ¼ r0
3, different axisymmetric strain

increments of constant length,

De ¼ rdiag sin/;
1
ffiffiffi

2
p cos/;

1
ffiffiffi

2
p cos/

� �

with r ¼ const � 0:0001 and 0�/\2p;

ð63Þ

are applied, Fig. 13a.

The envelope of the corresponding stress increments,

Dr ¼ Drð/Þ, is termed the response envelope. Linear

elasticity maps a circle (63) in the strain space to an ellipse

in the stress space, Fig. 13c. Increments Dr are co-

α    1.4 1.6 1.81.1 2.1
0

1.0

0.5γ

xA2

LC
GC
BC

HS
KS1
KS2

Fig. 10 Parameters c and a for London Clay (LC) [30], Gault Clay

(GC) [30], Bangkok Clay (BC), [26] Hostun Sand (HS) [27] and

Kenya Sand (KS1, KS2) [8]
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Fig. 11 Parameter b does not correlate with a

α    1.4 1.6 1.81.1 2.1

0
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γ

xA2
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HS
KS1
KS2

Fig. 12 Ratio b=c does not correlate with a

18 Obtained from strain increments De of equal length and co-

axisymmetric with the initial stress r0.
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axisymmetric with r0, if r0 is co-axisymmetric with De and

�A is absent or its m is parallel to the symmetry axis. In

such cases, the end stresses, r0 þ Dr, can be plotted. These

plots are quite common in the geotechnical literature.

Usually, they are shown on the Rendulić plane,
ffiffiffi

2
p

rr � ra,
or on the plane of isometric Roscoe invariants, P� Q.

Generally, r0 þ Dr cannot be plotted because the �A

may spoil the co-axisymmetry between Dr and r0. How-

ever, all Dr are coplanar, if all De are and because the

constitutive relation, _rðr0; _e;MÞ ¼ Eðr0;MÞ : _e, is incre-

mentally linear. Let the following orthogonal strain

increments:

• Isotropic DeP ¼ rdiagð1; 1; 1Þ=
ffiffiffi

3
p

• Deviatoric axisymmetric DeQ ¼ rdiagð2;�1;�1Þ=
ffiffiffi

6
p

along / ¼ /P ¼ arcsin 1=
ffiffiffi

3
p

� �

and / ¼ /Q ¼
arccos 1=

ffiffiffi

3
p� �

produce stress increments, DrP and DrQ,

respectively. These two increments span a plane in 6D

stress space. All other stress responses lie in this plane due

to the linearity of E. In other words, any response is a linear

combination of DrP and DrQ. After orthonormalization of

DrP and DrQ, they constitute the orthogonal basis feHP ; eHQg
on the response plane and we may introduce the coordi-

nates, DPH and DQH, on this plane. Any stress response

can be represented as

Drð/Þ ¼ DPHeHP þ DQHeHQ ; ð64Þ

for example Drð/PÞ ¼ DPHeHP .

10.2 An example of 2D response

Experiments on kaolin [9] show that the effects from �A

dominate over the ones from rA, Fig. 3. It turns out that,

for kaolin, the �A1 with a single anisotropy parameter a
simulates the experiments sufficiently well and b is not

aε

r √2ε 

Δεεε(r,φ)
PΔεε 

QΔεε 

(a) (b)

(c) (d)

aσ

r √2σ 

Δσσ(r,φ)

PΔσσ 

0σσ

QΔσσ  

aε

rε
rεψ

PΔεεQ
Δεε

RΔεε

φ
φ

QΔσσ

1σ

2σ

3σ

Δσσ(φ,ψ)

PΔσσ

0σσ

RΔσσ

Δεε(φ,ψ)

E E

Fig. 13 Isotropic elastic relation _rðr0; _eÞ: a axisymmetric r0 and co-axisymmetric strain increments De, b diagonal r0 and coaxial De, c stress

response Dr for (a), d stress response Dr for (b)
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necessary. In sedimentary clays, however, �A1 can be

inaccurate, see Sect. 9. As an example, 2D response

envelopes from the superposition of rA from (14) and �A2

are plotted in the DPH � DQH plane in Fig. 14.

10.3 3D response envelopes

To plot 3D response envelopes, solely the coaxiality of r0

and _e in _rðr0; _eÞ is required. If the �A is present, all

arguments in _rðr0; _e;MÞ must be coaxial.

Starting from a given initial stress,

r0 ¼ diagðr0
1; r

0
2; r

0
3Þ, diagonal , axisymmetric strain

increments of constant length,

Deð/;wÞ ¼ rdiag sin/; cos/ cosw; cos/ sinwð Þ
with r ¼ const � 0:0001 and 0�/;w\2p;

ð65Þ

are applied, Fig. 13b. They can be encompassed by a

sphere in the 3D space of principal strains. In the case of a

linear elastic constitutive relation, _rðr0; _eÞ ¼ Eðr0Þ : _e, the

end stresses, r0 þ Dr, form an ellipsoidal response envel-

ope in the 3D space of principal stresses, Fig. 13d. The

respective stress increments, Dr ¼ Drð/;wÞ, are coaxial

with r0, if r0 and De are. Generally, the coaxiality of r0

and Dr may be violated by the presence of the �A, when

M is not coaxial with r0.

Similarly as in the 2D case, we define three orthogonal

strain increments:

• Isotropic DeP ¼ rdiagð1; 1; 1Þ=
ffiffiffi

3
p

• Deviatoric axisymmetric DeQ ¼ rdiagð2;�1;�1Þ=
ffiffiffi

6
p

• Deviatoric anti-planar DeR ¼ rdiagð0; 1;�1Þ=
ffiffiffi

2
p

.

They correspond to the following angles:

• / ¼ /P ¼ arcsin 1=
ffiffiffi

3
p

� �

;w ¼ wP ¼ p=4

• / ¼ /Q ¼ arccos 1=
ffiffiffi

3
p

� �

;w ¼ wQ ¼ p=4

• / ¼ /R ¼ 0;w ¼ wR ¼ 7p=4.

The respective stress increments, DrP;DrQ and DrR, are

not necessarily orthogonal, but they span a 3D subspace of

the 6D stress space. Analogously as in the 2D case, these

stress increments can be orthonormalized to define the

basis feHP ; eHQ ; eHR g and the coordinate system DPH �
DQH � DRH of this subspace. Due to the incremental lin-

earity, all stress increments can be expressed as linear

combinations of the basis tensors,

Drðw;/Þ ¼ DPHeHP þ DQHeHQ þ DRHeHR ; ð66Þ

for example Drð/P;wPÞ ¼ DPHeHP with /P ¼
arcsinð1=

ffiffiffi

3
p

Þ and wP ¼ p=4.

10.4 An example of 3D response

The 3D stress response envelopes were obtained with the

identical constitutive model and the same material con-

stants as for the 2D ones from Fig. 14. The 3D strain

increments De were applied to plot Dr in DPH � DQH �
DRH system, Fig. 15.

σσσ  = diag(100,100,100) kPa0
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Fig. 14 Cross-anisotropic elastic relation _rðr0; _e;MÞ with rA from (14) and with �A2 : 2D isometric stress plots (b,c,d) were calculated at

different diagonal initial stresses r0 and for the same sedimentation m ¼ 1; 2; 3f g!
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10.5 Polar diagrams of wave velocity

Using the acoustic tensor C from (58), the velocities v of

different waves can be plotted as functions of the direction

of propagation n. The directional dependence of wave

velocities can be then visualized in the form of polar dia-

grams for each wave type.

An example of polar diagrams obtained with the

superposition of �A2 and rA from (13) is shown in Fig. 16.

11 Scaling of yield functions

The anisotropy tensor Q from �A1 and �A2 may have a

variety of applications beyond elasticity. A yield stress

criterion describes the boundary of all accessible stress

states, FðrÞ� 0, where FðrÞ is an isotropic function of

stress. For example, Matsuoka and Nakai [18] proposed the

following yield function

FðrÞ 
 trrtr r�1
� �

� 8 tan2 u� 9; ð67Þ

wherein u is the friction angle.

The �A can be imposed to stress using the anisotropy

tensor from (32) and substituted into FðrÞ, i.e.,

F�A2ðrabÞ ¼ FðQabcdrcdÞ. As an example, FðrÞ from (67)

with the �A2 was plotted in the deviatoric plane, Fig. 17.

The transformed yield function F�A2ðrÞ requires cali-

bration of the corresponding friction angle u�A2.

In the literature, one may find some attempts to make a

yield surface FðrÞ cross-anisotropic, e.g., [16]. In com-

parison, scaling with the anisotropy tensor, Q, is an elegant

and easy method.

12 Summary

Inherent cross-anisotropy and stress-induced anisotropy

can be easily superposed within the elastic range, in par-

ticular dealing with geotechnical (barotropic) elastic

potentials. The pure anisotropy tensor, Q, depends on the

sedimentation direction, m, and some material constants.

The simplified versions, �A1 and �A2, of cross-anisotropy

could be used to build such Q but not the general form,

�A3. The proposed pure anisotropy does not violate the

(a) (b)

(c) (d)

Fig. 15 Cross-anisotropic elastic relation _rðr0; _e;MÞ with rA from (14) and �A2 : 3D isometric stress plots (b,c,d) were calculated at different

diagonal initial stresses r0 and for the same sedimentation m ¼ 1; 2; 3f g!
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Second Law, if superposed with hyperelasticity. The pure

anisotropy can be applied also to any isotropic potential

function, for example to a yield surface.

The proposed calibration procedure for Q can be based

on static, cyclic or dynamic tests. The popular concept of

response envelopes [11] has been extended to provide the

graphic representation of polar stiffness at presence of �A.

For this purpose, a new isometric representation system has

been proposed. The concept of pure anisotropy has been

compared to some recent approaches from the literature.

Visualization of the superposed �A2 and rA conducted

with the algebra program Mathematica has been given in

examples. All notebooks and packages involved in this

paper are available from the authors.

Appendix

Static calibration for ·A1

The parameters of �A1 have been found from (52,53) for

undrained triaxial tests in the static calibration

a ¼ aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ 12r b
p

b
and mh

¼ 2a

9gvðr � 4Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ 12r b
p

� 12

ð68Þ

with abbreviations a ¼ 3gvðr � 4Þ þ 4ðr � 1Þ and

b ¼ 2ð3gv � 2Þðr � 4Þ. Given a and mh from (68), one may

use (56) to obtain

Ev ¼
_rtot
av

_eav
s with s ¼ 2ðmh þ 1Þð1 � 2mhÞ

2 þ a2 � 4amh � 2mh
: ð69Þ

These parameters can also be found from system (57) for

static, drained triaxial tests, and it follows that

a ¼ 1

2
ð�1 þ c1=c2Þ and

mh ¼
1

4
ð�1 þ rv þ c1c2Þ and Ev ¼

_rav
_eav

ð70Þ

with abbreviations c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

1 � rv
p

, c2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9 � 8rh � rv
p

,

rv ¼ _evol v= _eav and rh ¼ _evol h= _eah.

(a) (b) (c)

Fig. 16 Polar diagrams of three wave velocities for an abstract material with �A2
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Fig. 17 Anisotropic (dashed) yield function obtained from isotropic

(solid) one using �A2
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; ð71Þ
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Acoustic tensor for ·A2

In the general case of n ¼ fn1; n2; n3g with E�A2 after (31)

and m ¼ f0; 0; 1g, the acoustic tensor has the following

formwherein E ¼ Ev, m ¼ mh, A ¼ 2m2 þ m� 1, B ¼ 2ðmþ
1Þ and X ¼ a1=b. For horizontal and vertical waves, one

obtains two special cases,

C ¼n?m
E

X2 m� 1ð Þ
A

0 0

0
X2

B
0

0 0
X2

aB

2

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

5

and C ¼nkmE

X2

aB
0 0

0
X2

aB
0

0 0
m� 1

A

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

;

ð72Þ

and set of equations (60) can be determined from the

eigenvalues of C.

Let us define three of polarization cosines Pi ¼ n � A~i.

In the case of isotropic elasticity, P ¼ f1; 0; 0g means one

P- and two S-waves. At presence of �A2, one can speak of

only one S-wave19. Its polarization is perpendicular to both

n and m. Two other waves lie in the plane spanned by n

and m. All three wave velocities are different. For exam-

ple, a ¼ 1:8 and b ¼ 1:2 in �A2 with n ¼ f1; 2; 3g! yield

P ¼ f0:94; 0; 0:33g, wherein the second polarization cor-

responds to the S-wave. The other two polarizations

depend on a; b and on the angle between n and m.
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