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Abstract

The pure cross-anisotropy is understood as a special scaling of strain (or stress). The scaled tensor is used as an argument in
the elastic stiffness (or compliance). Such anisotropy can be overlaid on the top of any elastic stiffness, in particular on one
obtained from an elastic potential with its own stress-induced anisotropy. This superposition does not violate the Second
Law. The method can be also applied to other functions like plastic potentials or yield surfaces, wherever some cross-
anisotropy is desired. The pure cross-anisotropy is described by the sedimentation vector and at most two constants.
Scaling with more than two purely anisotropic constants is shown impossible. The formulation was compared with
experiments and alternative approaches. Static and dynamic calibration of the pure anisotropy is also discussed. Graphic
representation of stiffness with the popular response envelopes requires some enhancement for anisotropy. Several

examples are presented. All derivations and examples were accomplished using the algebra program Mathematica.

Keywords Cross-anisotropy - Hyperelasticity - Inherent anisotropy - Response envelopes - Scaling of strain -

Transverse isotropy

1 Introduction

Elastic response is an essential part of most constitutive
models for soils. It is particularly important for soil
dynamics, for stability analysis [2] and for material
response in the range of small strains. This range corre-
sponds roughly to strain amplitudes of 10~ for sand and
10~* for clays. Under such loading soil can be much stiffer
than at amplitudes of say 1073. This paper deals with
small-strain elastic (incrementally linear) stiffness only.
For larger amplitudes, hysteretic [23] or cumulative models
[24] are necessary. Stiffness may be a function E(s) of
stress (or strain), but it interrelates rates (or tiny incre-
ments) of stress and strain rather than stress and strain
themselves.
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In the elastic regime, stress should be a continuous 1-1
function &(g) of strain. Otherwise, some stress could be
accumulated within a closed strain loop, see Sect. 2. A
thermodynamically sound elastic material model should
not allow for the accumulation of stress or energy upon any
closed strain loop. The energetic requirement is not trivial
for soils with a barotropic (pressure-dependent) stiffness. It
is well known that the barotropic elastic modulus, E ~ p or
E~ /p, with a constant Poisson number v violates the
Second Law [13, 31]. In order to avoid this problem,
several elastic potentials have been proposed in the liter-
ature, see Sect. 2.1. A tangential stiffness obtained from
such potential is a function of stress (not only of stress
invariants), and one may speak of the stress-induced ani-
sotropy' (¢A). It should be distinguished from the inherent
cross-anisotropy” (xA), which is caused by sedimentation
process and/or geological petrification (cementation) of the
geostatic Ky state. The xA is independent of the current
stress or strain.

Any constant cross-anisotropic stiffness E;k’,\ can be

described by five material constants, usually denoted as

! Orthotropy with respect to directions of principal stresses.
2 Also called transverse isotropy, polar anisotropy.
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E, Ey, vy, vy, and G, see Sect. 4. The main objective of
this paper is to represent this stiffness in the form®

E><A — QT . Eiso . Q7 (1)

wherein the elastic properties® are given in the isotropic

stiffness E*° and all pure anisotropic properties are moved
to the anisotropy tensor Q. The advantage of such sepa-
rated description follows from the fact that the same Q can
be applied to any hyperelastic (and barotropic) stiffness
without violating the Second Law. This is proven in Sect.
3. In other words, any basic tangential stiffness (or com-
pliance), possibly with its own induced anisotropy, can be
superposed by the pure inherent anisotropy. Here, this pure
cross-anisotropy is denoted as XA, wherein M is the
number of constants required for the anisotropy tensor’ Q.
Two anisotropy tensors Q, for xA; and xA,, are analyti-
cally derived in Sects. 5 and 6. Unfortunately, the deriva-
tion of Q for the general case xAjz is not feasible as
demonstrated in Sect. 7.

Calibration of the parameters of Q from static (cyclic)
triaxial tests on samples cut in different directions or from
wave velocities in different directions [8, 27] is commented
in Sect. 8. A few remarks on experimental data for XA are
given in Sect. 9, and the advantage of XA, over xA; is
demonstrated.

The graphic representation of stiffness in the form of
polar response envelopes [11] is well known in the
geotechnical literature. In the case of XA, some compli-
cations may arise from the fact that the stress rate,
6(a°, ¢, M), may not be axisymmetric for the axisymmetric
initial stress, ¢°, and co-axisymmetric6 strain rate, é&. The
problem is caused by the dependence on the direction of
sedimentation, m, appearing here in the form of the sedi-
mentation dyad, M = mm. This may also cause a loss of
coaxiality. Therefore, an enhanced graphic representation
is proposed in Sect. 10. Some examples of extended
response envelopes with XA, and polar diagrams of wave
velocities are shown.

Finally, xA; is applied to stress and substituted to the
Matsuoka—Nakai yield surface. The modified surface is
shown graphically in Sect. 11. All relevant packages and
notebooks for the algebra program Mathematica are
available from the authors.

1.1 Notation

Bold-face letters like o are vectors or second rank tensors.
Sans serif letters, e.g., E, are the fourth-order tensors.

3 See Sect. 1.1 for notation.

4 Here, Young’s modulus, E, and the Poisson number, v.

> Also called anisotropy operator in the literature [25].

6 =axisymmetric with respect to the same symmetry axis.
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Gibbs notation like 6 = E : ¢ or index notation 6;; = Ejjuéu
in the Cartesian coordinate system with usual summation
over repeated (dummy) indices is used. The geotechnical
sign convention is applied to ¢ and & with compression
positive. A fourth-order tensor E can appear in a form of a
9 x 9 matrix (no Voigt 6 x 6 notation) denoted as [E]. The
9 x 9 form facilitates some transformations in the algebra
program Mathematica. Similarly, [6] is the 3 x 3 matrix
obtained from the tensor . The essential variables are:

1,1 Identity operators

o Direction cosines

o, B,y Constants for xA

C Elastic compliance

o Kronecker symbol

{el’f7 657 e,’;} Basis for a stress space

Ev,G, K Isotropical constants

E Elastic stiffness

& Strain tensor

& Modified strain tensor

&4, & Axial and radial strain components
Evol; &g Roscoe strains

ep, &g Isometric strains

r Acoustic tensor

m Sedimentation vector

M=mm Sedimentation dyad

n Direction of wave propagation
p,g>0 Roscoe stress invariants

P, QO Isometric stresses

P*.Q* ,R* Isometric coordinates for stress increments
Q Anisotropy tensor

R = ol Stress norm

o Stress tensor

4 Modified stress

Gay Or Axial and radial stress components
v Wave velocity

W(e) Elastic energy

W(o) Complementary energy

Li Material rate of LI

Tull Frobenius norm of LI

0= ﬁ Normalized L

XA Pure inherent cross-anisotropy

oA Stress-induced anisotropy

XAy Cross-anisotropy with M constants
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2 Elastic potential

Let us consider an incrementally linear relation
6ij = Ejuiu (2)

between the stress rate 6;; and the strain rate éy. The tan-
gential stiffness Ej; needs not be constant. It may be a
function of stress or strain, but it cannot be a function of
their rates. Such incrementally linear model is called
hypoelastic.

Let the strain evolve along the path” (<), Fig. 1a. After
a 180° reversal, identical negative strain increments can be
applied in the opposite sequence and the strain evolves
back along exactly the same path. The relation ¢;;(—éy) =
—di(éy) holds due to the incremental linearity. Hence, the
same stress path is followed and, eventually, the original
state gi(p) is reached. The energy density, dW = g;;é;dz,
is also recovered. However, if one departs from &;(y) upon
one path and returns to ¢;(#p) upon another path, Fig. 1b,
then neither the initial stress nor the energy is in general
recovered. At least, one cannot conclude such recovery
from incremental linearity (2) alone.

In hyperelastic models, apart from linear relation (2),
some additional conditions must be imposed on Ejy. In
isothermal elastic materials, strain is the only independent
state variable, i.e., ¢; alone dictates the internal elastic
energy W. This dependence must be a function W(g), i.e.,
the elastic energy cannot depend on the strain path g;(t).
The change in W upon the path from 33. = ¢&;(1) to g}j =

Sij(tl) is

1
AW = /()’,jd(“l] = / O’l‘j(’l,')éij(’f)d’[ (3)
fo
and this AW is identical upon any strain path ¢;(t). If the
choice of a path &;(t) between &) and &;; could influence the
integral AW, then one could input less energy upon one
path, 0 — 1, than could be recovered on the way back,
1 — 0. Such gain of energy without any change of state
(strain returns to 82) violates the Second Law. Even if this
gain occurred at the cost of thermal energy, it would be a
violence of the Second Law (a perpetuum mobile of the
second kind). Hence, the integral in (3) should indeed be
path-independent, which implies the existence of a function
W(e). Being a function, W(¢) has the total differential

dW = (0W/0e;)de;. (4)

From the comparison of (4) with (3) for any dey;, it follows
that

7 Parameterized by a time-like variable t € {tg,# }.

(a) (b) AW

Fig. 1 Strain paths tested with incrementally linear elasticity

As a derivative of a function of strain, stress also must be a
function a(g). Stress rate can be calculated using the chain
rule, 6;; = (O0;;/0ey)éy. From the comparison with (2)

O'U = [62 W/(asij@ek,)] ékla follows E,'jk[ = 62 W/(as,'jaﬁk[).
(6)
It is evident from (6), that Ej;; must be symmetric. Note,
however, that the symmetry, Ey; = Ejjyy, is only a neces-
sary (but not sufficient) condition for the existence of an
elastic potential. Let a symmetric stiffness FEy;(g) be a

primary function. For the existence of W(g), also a function
o;;(¢) must exist. For the integrability

/ Ejudey — 0y(en), (7)

all mixed second derivatives of ¢;;(&) must be identical

620,7/(68/(]68”)
_ ‘aEijkl/aﬁm = aE,-j,S/éskl‘ (8)
= 0%0;/ (0ens0en),

which is not guaranteed by the symmetry Ey; = Ejy. For
Eijk](s) = & [3[(\15,:,'5](1/(1 + V) + ZGIijkl] is
symmetric, but it is not hyperelastic because it does not
satisfy condition (8).

Functions W(g) cannot be directly measured. They are
usually formulated by trial and error. An educated guess
can be based on the measurements of second derivatives
Eju (6) at different strains. Alternatively, the comple-
mentary energy W (o) may be used,

example,

W =0ye; — W with & = dW/day

1 ©)
and Eijkl =0 W/(ao—,»jao;d).

In granular materials, the main difficulty in the formulation
of W(g) or W(s) arises from the pressure dependence (the
so-called barotropy) of the stiffness.

2.1 Geotechnical hyperelastic models

Several hyperelastic models have been proposed in the
literature. A critical review can be found in [20] and more
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recently in [9]. It is helpful to assume the hyperelastic
stiffness as a homogeneous function of stress, i.e., VA > 0 :
E(4e) = A"E(s). The order m of homogeneity is usually
m = 0.6 for sand and m =~ 1 for clays. The compliance,
C= Efl, is homogeneous of order —m, of course. It can be
proven® that the corresponding elastic potentials, W (o) and
W(g), are homogeneous functions of order 2 —m and
(2 —m)/(1 — m), respectively.

A simple hyperelasticity was proposed by Vermeer [28].
The hyperelastic potential is given explicitly,

W(e) = c,R"™™/? (10)

with a material constant ¢;. The order of homogeneity of
E(o6) must be m # 1.

Borja et. al [4] proposed a hyperelastic model based on
elastic potential formulated in terms of the strain
invariants,

W(g) = czexp (evo/c2)

+ [cs + csexp (evor/c2)]||€°]|>  with

Evol = &y
(11)

wherein &* is the deviatoric part of & In this case, the
stiffness appears to be inhomogeneous in stress.

Niemunis and Cudny [20] introduced a potential for
clays

W(6) = c6R>/P + c1R + csI'/> + coP + 1o In (P)

with P = Gi,‘/\/g (12)

and [ = 0ij0jkOki,

that yields stiffness E(6) with a homogeneity of order
m=1.

The following expression for the complementary energy
was proposed for sand by Niemunis et al. [21]

W(e) = e PR, (13)

wherein m # 1 is the order of homogeneity of E(s).

Response envelopes [11] are polar representations of
stiffness at different stresses, see Sect. 10. They can be
measured (here for medium dense sand [14, 15]) and cal-
culated analytically, e.g., using (13). A comparison like in
Fig. 2 may be used for the calibration.

Selected terms from (12) and (13) have been recently
combined for kaolin by Gehring [9] into

W(o) = Cllpclsz_m_c12 + c13P h’l(P) (14)

8 For this purpose, one may use (2 —m)(1 —m)W(o) =6 : gzg’;
6 =0 : C: ¢, which is analogous to the well-known Euler formula
for homogeneous functions, here applied twice to W(s). The
homogeneity of W(a) of order 2 — m is sufficient (but not necessary)
for the homogeneity of order m in E(s). After adding a constant to
W(a), the homogeneity of W(s) is lost, but homogeneity of E(a) is
preserved.
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This potential is suitable for cohesive materials because the
second summand removes the singularity of C at m = 1.
Experimental (for kaolin [9]) response envelopes are
compared with the theoretical ones obtained with (14),
Fig. 3. A strong inherent anisotropy was caused by Kj
consolidation of kaolin. The required anisotropy tensor Q
given in (27) is described in Sect. 5.

The proposed superposition of gA and XA is a conve-
nient alternative to a direct postulation of W(a, M) with the
sedimentation dyad M = mm as an additional argument.
For example such function

7 51—m/2

W(e,M) =R with R = 4R + ¢1sMyp0pc0ca

(15)

was proposed by Cudny and Staszewska [7] for m # 1.
Similar approach related to the microscopic description has
been recently proposed by Amorosi, Houlsby and Rollo
[1, 12].

Instead of using an explicit potential W(a), Boyce [5]
postulated a 1-1 homogeneous function g(6) of order
1 — m. In this case, existence of the complementary elastic
potential W (&) should be proven. For such formulation, the
superposition described in the next sections can also be
applied using identical tensor Q.

3 Anisotropy tensor Q

Stiffness Ejn, and a family of transformations Ej,,, =
OLik OLj1 %y Otns Epgys With directional cosines o build a sym-
metry group, if the components of stiffness are preserved,
that is, if E/ it is

ijmn

_ . . . SO
= Ejjmn. For an isotropic stiffness Ej; .

true for any o;;. For an inherent cross-anisotropic stiffness

A . . . . . _
E},, with sedimentation direction m = {0,0,1}, o; cor-

responds to an arbitrary rotation’ around m by angle 1,

cosy siny O
[@] = | —siny cosy Of. (16)
0 0 1

In this paper, the pure inherent cross-anisotropy XA in a
form of tensor Q is proposed. It is a function of m and
some constants. This XA can be “added” to any stiffness,
e.g., to one obtained from a potential W(g) or W (o) with its
own oA, see Sect. 2.1. The constants in Q can be deter-
mined from the transformation

E;k? = Q"bii E ;Sbocd Ocari ( 1 7)

° This family of «; can be completed by rotations or reflection that
reverses the sense of x3 axis.
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Fig. 2 Comparison between response envelopes of the experiments
for medium dense sand [15] and theoretical response envelopes from
(13): The presence of ¢A is evident, and no XA is needed

100+ —— Experiment B
-—- Hyperelasticity
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80 | C1o=0.5586 |
m=1.0 s
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a
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300 320 340 360 380
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Fig. 3 Comparison between response envelopes of the experiments
on kaolin [9] and theoretical response envelopes from (14): The effect
of XA, from Sect. 5 is essential

of the isotropic stiffness E%2.; to the desired E;k'?. Tensor Q
should scale any stiffness in a similar manner. All com-
ponents of Q are independent of ¢;;, E and v, and hence, Q
stores the pure anisotropy.

Let us apply Q to the strain, &; = Quén, and then
substitute &; into an elastic potential W(g). Differentiating
W(g) with respect to &; and using the chain rule, one
obtains the stiffness with the combined effect of cA and

XA,

praion _ O W(E) _ O'W(#) 0y, Obea
ikl N 68,-]681(1 o OCupeed aﬁlj Oe (]8)

A
=EqpcqQabijQedits

wherein Eglf:,d is the stiffness with ¢A only. Note that de-
viations from isotropy are superposed and hence, the
symmetry group is restricted rather than extended. Tensors
Q have relatively simple forms for xA; and xA, with the
major symmetry, Qjjup = Qupij, see Sects.5 and 6.
Inverting both sides of (17), one may use Qz;kll for the

. 1
compliance 0,

A —1 s -
Cij’ki = Qa!J]ijC;};)chcd]lcl' (19)

The same Ql;k'l can be applied to stress, 7;; = Q,’;kllo'kh and
the modified stress ; can be substituted into the given
complementary potential W(a). Differentiating with the
chain rule, one obtains the compliance with superposed
effects of A and XA,

O*W(6) O*W(6) 06y, 04,
A+cA ab cd oA — _
ijx'k1+ = = = Cabchahlichdlkh

(20)

aGijale 0G 4G ed 60,7 Oy

wherein C°2 , is the compliance with ¢A only.

Summing up, the most important advantage of the pure
anisotropy is the fact that it can be “added” a posteriori to
any hyperelastic stiffness E™ or compliance'' C’* without
violating the Second Law. Moreover, a fairly easy imple-
mentation of Q to existing constitutive models can be
expected. Tensor Q can be interpreted as a modifier of the
strain tensor'” &; = — 1 (Qu; /Ox; + Ou;/x;). In the case of
x Ay, a special form of Q derived in Sect. 5 allows to
interpret this strain transformation as scaling of the dis-
placements u; and the coordinates x;. This has already been
observed by Lodge [17] and used for scaling of boundary
value problems. Contrarily to the current approach, Lodge
started by scaling of displacements u and coordinates Xx,
which imposes an unnecessary constraint on the scaling of
strains & For example, the anisotropy XA, cannot be
squeezed into the class of anisotropic elastic solids dis-
cussed in [17], see Sect. 6.

A different cross-anisotropic scaling was proposed by
Osinov and Wu [25]. They applied a diagonal fourth rank
tensor P to the resulting hypoplastic stress rate & as
follows

6=P:(E:éi+N|g). (21)

Our tensor Q could be applied to @, i.e., to the argument in
E(s) in (21). The thermodynamic aspects of P : E were
ignored in [25].

' The tensors Q proposed for xA; and XA, can be analytically

inverted, see Sect. 6.
" or a priori to the strain or stress tensor.

12 Before it is substituted into a strain potential of interest.

@ Springer
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4 Cross-anisotropic constant stiffness

It is well known that constant (stress-independent) cross-
anisotropic elastic stiffness (22) requires five material
constants, E,, Ej,, v,, v, and G,. The vertical coordinate is
x, (=direction of sedimentation) and the horizontal coor-
dinate is x;, Fig. 4.

These material constants will be separated into two
elastic parameters and three purely anisotropic ones. This
pure anisotropy is denoted as xAj3. For x3 = x,, i.e., for the
sedimentation direction m = {0,0,1}, equation &; =

El§k'?3ékz has the matrix form

The elastic Young’s moduli along x;, and x, are E;, and E,,
respectively. Shear modulus in horizontal plane is G, =
En/(2(1 4 v;)) and from symmetry follows

vvh/Ev - th/Eh~ (23)

Stability of the material behavior requires elastic stiffness
matrix to be positive definite. This implies the following
conditions on the material constants

E;,Gi,kx >0 and (v,j)2<E,-/Ej with i,j=v,h.

(24)

The pure anisotropy tensor Q corresponding to xAj is

o11 [ Enxcpn Epcpy Epicyp i 1
622 Epxny  Epicpn Epicyp %)
633 Enkyn  Epkyy  KE (1 —v7) £33
G12 G, Gy €12
021 = G, Gy &1 (22)
O.-IS Gv Gv é]3
d-31 Gv Gv é31
023 G, G, £3
0"32 L Gv GV | é32
wherein discussed in Sect. 7 after the presentation of xXA; and XA,
in Sects.5 and 6.
Knp = (1 = ViyVon) K,

(

(Vi + Vi V)%,
Ko = (Von + vivun)ic and
Kk=1/

Kpy =

2 - _
(1 = vE = 2vvun — 2V Von) With v = v,

Vij

Fig. 4 Axes for cross-anisotropy and the definition of the indexed
Poisson number v;;
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5 Anisotropy tensor for xA;

A three-constant elastic cross-anisotropic stiffness has been
proposed by Graham and Houlsby [10] using the aniso-
tropy parameter « in the following relations

a=Cto [Br_ Y ty@) (25)
G, E, Vo Vi

The single parameter o relates the material constants in the
horizontal, L, and in the vertical (parallel to sedimenta-
tion), LJ,, direction. The representation of stiffness for m =
{0,0,1} with x3 = x, is analogous to (22). In this xA;
case, constant elastic stiffness matrix,
E;k'?‘l = QabijEif,j’chcdk/, has the form
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(v —1) a2y oy |
A A A
oy (v —1) oy
A A A
o oy v—1
A A A
o o?
B B
|:E><A1:| :E OCZ {xz R (26)
B B
o o
B B
o o
B B
o o
B B
o o
L B B
wherein A =2v*+v—1 and B=2(v+1). The total w,E>0 and —1<v<0.5. (29)

number of independent material constants is reduced from
five to three: E = E,, v = v, and «. Two constants describe
the isotropic elasticity and just one pertains to the pure
anisotropy, and hence the notation xA;.

Separation of the material constants is essential. Con-
version of the isotropic stiffness E™ into xA; has been
only mentioned in [10] without giving an explicit form.
Anisotropy tensor Q has been recently derived in [21], viz.

=Q:E™:Q with
and  p; = Vb + (1 — Voa)mm;.
7)

EXAl

Qijr = WM

Tensor Q for xA; depends on m and « only. In the special
case of a = 1, the anisotropy tensor is reduced to identity
tensor 0;0;. Due to the symmetry u; = u;, the major
symmetry

Okt = Wixlyy = ity = Ouyj  OF Q'=Q (28)

holds. Note that y; transforms & into &; analogously as the
directional cosines a;; do, i.e., & = pyp;en, see Sect. 3.
Hence, p; could be used to scale the displacements u; or

the coordinate axes x;.
Stability condition (24) can be simplified for (25) as

Even the simplest version xA; is reported to work well for
geomaterials [9, 10, 19].

6 Anisotropy tensor for xA;

It is argued [8, 19] that xA; is overly restrictive. Therefore,
an xA, with two anisotropy constants, o and f§, is pro-
posed. These constants provide more flexibility for mod-
elling of pure anisotropy. For f = 1, the XA is recovered
and for o = f§ = 1, the tensor Q;y; is reduced to the iden-
tity. The new parameter f is added to (25) as an exponent,

a:ﬂ: ﬂ /3/2: Y ! by(23) (Vi b
Gy E, Vvh Vp ’

Two isotropic elastic parameters, £ = E, and v = v, are
supplemented by two anisotropy constants, o and f. For
such XA, an anisotropy tensor Q;x must be found. If
applied to constant isotropic elasticity, the resulting stiff-
ness E;,ﬁz = QabijEi,Sl?chcdkl should be with the same A, B
as defined in (26) and Q = o!/F, 0 = 261,

By trial and error, the following anisotropy tensor has
been found

(30)
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Q*(v-1) Q%y Qv
A A A
Q% Q*(v—1) Qv
A A A
Qv Qv v—1
A A A
Qo
B B
] = o o a1
B B
0 0
B B
0 0
B B
0 0
B B
0 0
L B B
Qi = Mty + clyy  with iy = ady + bmmy (32) The class of anisotropic elastic solids proposed by

and a, b, ¢ are functions of the constants o and f5, namely

a=— \/azﬁ((\/& — 1)2—|—2<x/_% + (00— 3)01/3) /d,
b=— oc’ﬁa(oc + V= oot - 20‘ﬁ)/(0C —1),

c :aﬁ’%(a — o) (\/& + ol 4 2acﬁ) /d  with

d=u+ (o0 —4)aF + 20P41

The major symmetry Qi = Quij is preserved due to
symmetry p; = py; given in (32). Form = {0,0, 1}, tensor
Qjju can be represented as a diagonal matrix and easily "’
inverted to Ql;kll Otherwise, the analytical inversion
requires diagonalization'*. The new exponent § does not
affect stability condition (29). Assuming f# = 1 in (30), the
xAj given in (25) is recovered.

The improved flexibility of xA, goes at the expense of
more complex calibration. One possibility is to assume the
value of f§ from the literature, see Sect. 9.

13 By replacing o with 1/

'4 The diagonalization can be performed using the Hausholder
reflection matrix, H; = 0; —2h;h; with h= (e3 —m) . In the
diagonal form, the anisotropy tensor, Qg;f‘d = QjinH iHpiH Hy, can
be easily inverted and then reflected back to the initial coordinate
system.

@ Springer

Lodge [17] was based on individual scaling of displace-
ments and coordinates. This led to &; = a;-bjs&,. Our
relation &; = Qjjrs&rs With Qi from (32) cannot be brought
to the same form. This fact can be demonstrated using the
transposition Uy = Q. There are two nonzero eigen-
values of U, which precludes U from being a dyad.

7 No pure anisotropy tensor for xA;

Boehler and Sawczuk [3] formulated the following general
representation of isotropic tensorial function of two
arguments

F(e, M) =fol +fiM+fre+fi(e- M+M-s)

35
+fag® +f5(8 - M+M- &) (35)

for M = mm being the dyad of sedimentation. In such
case, M =M M and trM = 1 is the only nonzero eigen-
value. The scalars f; in (35) are functions of the following
invariants

tr(e), tr(e%), tr(e®), tr(M - &), tr(M - &%). (36)

We need &€ = F(¢, M) to be linear with respect to & because
Q = 0g/0¢ should be independent of ¢. Hence, (35) can be
reduced to the following bilinear function
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F(e,M) =fol + iM + fre + f5(s- M+ M - ¢), (37)

wherein only fy and fj may depend on invariants tre and

tr(M - ¢), i.e.,

F(g,M) = Citr(g)1 + Cotr(M - &)1 + Cstr(e)M
+ Cyr(M - e)M
+2Cse+2Cs(e-M+M-¢)

(38)

with six material constants C;. The derivative of the stress
rate function ¢ = F(¢,M) in representation (38) leads to
the linear stiffness E = 06/0¢, namely
Ejjjy =C16;j0 + C20;iMy + C3Mjo + CaMMy
+ Cs5(0ix0j1 + udjx)
+ Co(Mudji + Midu + duMy + duMj),

(39)

wherein C, = C3 follows from the symmetry Ej; = Ey;.

In our case, function &§ = F(¢, M) in representation (38)
is differentiated to Q = 0g/0¢ keeping C, # Cj, i.e., the
tensor Q has the matrix form

Cy +2C; Cy Cy+ Oy
& Cy+2C5 C1+ Cy
Ci1+C3 Ci+Cs (&
Q] e (40)
= e
Cyg Cy
Cs Cy
Cy Cy
wherein C;=C; +C,+ C3 +C4 +2C5 +4C¢ and

Cs = Cs + Cg. Of course, (40) holds for m = {0,0,1}
only. With (40) in hand, one may attempt to find the
constants C;, for which the postulated separation

E4=Q":E*:Q (41)

of elasticity and pure anisotropy is valid. Although the

matrices E*** and E™ are congruent, it can be shown that
the separation of elastic constants, £ = E,,v = v;, and
purely anisotropic constants, a, 3,7, from

y b
Gn _ (EnY’ v\ Py23) (v \ .
= — = | — = | — = —_— th 1 2
* Gv (Ev) (Vvh Vi W / 7& ﬁ/
(42)
is not possible using Q given in (40). In order to demon-
strate this fact, it is convenient to investigate the compli-

ances, C™® and C**°, rather than the stiffnesses, E™* and

E*A3. For the special case of E = 1, the constant isotropic
compliance matrix is

rl —v —v T
v 1 —v
—v —v 1
I+v 1+v
iso lg—u 1-%V
[C }: 2 2 1+v 14v
13—1/ 1<|2—1/
2 2 1+v 14v
1%1/ 1%1)
L 2 2 Jd
(43)

and the cross-anisotropic
{0,0,1} is [C*™] =

1 -V —rw
—v 1 —vw

elastic compliance for m =

VW VW QT

T
R
2

N‘im‘i

alv+1)
alv+1) 3

alv+1)

alv+1)
la(v+1)
sa(v+1)

|0l

olaol—

(44)

wherein o = o~ 1/F+1/7 Matrices, (43) and (44), should be
coupled analogously to (41). Such coupling is possible, if a
set of components of the inverse anisotropy matrix [Q ']
can be found that satisfies

¥ =@ -[c>]-[@]. (45)
The inverse matrix [Qfl] has identical formal representa-
tion (40) as [Q]. The uniqueness of the solution is not
necessary. The following guess
-1 -
1
W

[SIE NI
SIS

(46)

SENR
SENR

sl
o5l

nearly satisfies (45). Using [Q '] given in (46), the product
Q7" [C*]-[Q"] 45) is almost identical as [C**]
given in (44). Only one component of [Q']"-[C™]-
[Q'] differs from the respective component of [C*A?].
These components may be set equal, w? = o!/?, which
leads to y = /2, but this corresponds to the constraint

imposed on the cross-anisotropy by xA,, as described in
Sect. 6.
-1

The formal structure of Q'] given in (40) with only a
few independent C; poses a strong limitation on the con-

gruence relation. The congruence requires [Q '] to be a
nonsingular matrix only. However, identical zero blocks in

[Q!] from (40) and in [C™*°] provide a major advantage for
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the determination of C;, namely, the search for the 9 x 9

coupling matrix [Q_l] can be split into two independent
and smaller tasks:

(1) Coupling of the upper left 3 x 3 blocks

(2) Coupling of the lower right 6 x 6 blocks.

The solution of the second task can be taken as the lower
right 6 x 6 block of [Q"'] from (46). Unfortunately, the

first task is less trivial. The upper left 3 x 3 block of [C*°]
from (43) should be coupled with the upper left 3 x 3 block

of [CXAS] from (44) using just the upper left 3 x 3 block of
[Q'] independently of the remaining components. Obey-

ing the structure of [Q '] from (40), the first task takes the
form

1 -y — v a ¢ d
—y 1 —vo|=|c a d
—vo = Vo o e e b
(47)
1 -V =V a c e
—v 1 —v|-|lc a e],
-V = 1 d d b

from which five independent unknown components,
a, b, ¢, d and e, should be found. It is a system of nonlinear
equations. After removing duplicates, only four equations
remain. For the true separation of elasticity and pure ani-
sotropy, the unknowns a, b, ¢, d and e cannot depend on v.
Hence, one may compare independently free coefficients
and coefficients at v in each of four equations. This gen-
erates the following system of 8 equations with 5 inde-
pendent unknowns

I +0v

0 —1v

0 —owv

o+ 0

a4+ +d? —2[ac + ad + cd]v
B d* + 2ac — [@® +2ad + ¢* + 2cd]v
) bd+ae+ce —[ab+ bc+ ae + ce + 2delv
b? + 26 — [dbe +2¢°)v

(48)

Using the powerful command Reduce[] from Mathe-
matica, one can algebraically reduce the system. This
reduction leads to the constraint, @w? = o!/?, imposed on
o, § and 7, identical as in x A , described in Sect. 6. Hence,
the construction of the inverse anisotropy tensor Q ' for
x Az without constraints, i.e., preserving all pure anisotropy
parameters, o, f and 7, is not possible.

If the elastic constant v was allowed' to enter Q, then

E*A3 given in (22) could be decomposed

@ Springer

VEM/E, : (E)) : \/EXME, = BN (49)

and Q = /E*M /E, could be interpretedlf'. Tensor E,l
describes the isotropic elastic stiffness for the special case
with v=0and E = E,.

8 Calibration of pure cross-anisotropy

Two methods of calibration of the XA constants will be
presented: sfatic triaxial tests with small stress cycles
applied in different directions and dynamic tests with dif-
ferent wave types propagated in different directions. In
both cases, the average stress should be isotropic. Other-
wise, the XA must be calibrated jointly with the A, which
is much more difficult.

A combined partly dynamic and partly static, cyclic
calibration should be avoided because the anisotropy of the
small-strain stiffness may change with the size of the
amplitude. Strain amplitudes due to wave propagation are
usually much smaller than the ones from static cycles.

8.1 Static calibration of xA;

In this section, two methods to determine o, E, and v, for
the xA; are presented. The first one is based on two sat-
urated, undrained triaxial tests, and the second one needs
two drained triaxial tests with measurement of the volume
change. In isotropic elasticity, the volumetric and devia-
toric behavior can be described separately. Isochoric (at
constant volume =~ undrained [22]) stress paths are per-
pendicular to the hydrostatic axis. In anisotropic elasticity,
the inclination

n=p/q=p""/q"™ #0 (50)

may be measured, see Fig. 5.

The inclination # is different for the v-sample cut par-
allel and for the h-sample cut perpendicular to the direction
of sedimentation from the same material. This can be
illustrated with the results from cyclic stress tests on kaolin
[29], see Fig. 6. The inclinations are interrelated by

m/y = =2 (51)

and (51) holds for any xA. Hence 5, and 1, provide
equivalent information for the calibration of « and v, for
which two conditions are required. In the coordinate

'S No true separation of elasticity and pure anisotropy anymore.
' The root of a symmetric matrix A can be found from spectral

decomposition, VA =GT.vD- G, where D is the diagonal matrix
with eigenvalues of A and G contains the corresponding orthonor-
malized eigenvectors in rows.
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q 1n=|i>/q
I b

X4
h-sample v-sample

Fig. 5 Samples cut parallel (v-sample) and perpendicular (h-sample)
to the direction of sedimentation m: inclination of the stress path 7 in
triaxial undrained loading is shown

system from Fig. 5 the first condition can be formulated for
the v-sample

L
O T 20w ith 6, —E' 4, and
3(aav - Grv) (52)

& :diag(7%77%71)'

e, =

Assuming E, = 1, the right-hand side of (52), is a function
of o and v;, only and #, is known. The second condition is
based on the observation that identical stress amplitudes
qampl

sample. The ratio r = &2™! /g™ =£ | can be measured in
the undrained test. Again, in the coordinate system from
Fig. 5, the second condition can be expressed by three

equations

cause different strain amplitudes in the v- and h-

otré, = Otré, = 064y /éan = 1, (53)

wherein ¢, and ¢, are strain rates in v-sample and h-sample

caused by the same stress rate ¢, = g, = 6. — ¢ = 1. In
the conventional undrained triaxial tests with 6\ = 0, one
may express these strain rates as
é,=C":6, and & =C":¢q, (54)
wherein the effective stress rates
6, = diag(—u,, —u,,1 —u,) and (55)

d’h = diag(—u'h, —I/ih, 1-— Lth)

and the rates of pore pressures i, # uj; may be different in
v- and h-samples (in spite of the same ¢). Using the e

conditions, one may express o and v, by analytical for-
mulas, see Appendix A.
With o and v, in hand, one may determine the module

E, = 56 [éq. The rates ¢'o and &, should be measured

v
from the undrained v-sample. The scaling factor s(v;, o)
can be determined substituting into ¢, = E” : §, the fol-

lowing relations

é, = éydiag(—1,—11) and

297 2>
tot

56
6, = diag(—ii,, —ti,, 6" — i,) . (36)

The system 6, = E” : &, can be solved for E, after elimi-
nation of u,. The complete solution is given in Appendix
A.

Alternatively, the xA; parameter along with the elastic
constants can be determined from the conventional drained
triaxial tests (at 6, = 0). From a compression of a v-sample
and a h-sample, one obtains E, =d,/é, and
Ej, = 6an/éan, respectively. The measurement of volumet-
ric and axial deformations leads to the following system

Evoln = Ean(l — Vi — Vi)
évolv - éav(l - 2vvh) (57)
Vi = Vot = v/

which can be solved for o, V5, Vi, Vin, S€€ Appendix A.
8.2 Dynamic calibration of XA,

In this section only the dynamic calibration of xA; is
discussed. A static calibration of f§ via G, is possible, but it
needs a hollow-cylinder torsion test on a v-sample.

Anisotropic elastic parameters can be determined from
the measurements of wave velocities (dynamic tests) in
different direction of propagation n. Using this direction,
the acoustic tensor can be built

ij :n,-E,-jklnl, (58)

wherein E is the stiffness and n is unit vector. The eigen-
values of I';; are related to the velocities of different waves

qlkPa] -~ v-sample q [kPaj h-sample
/ : :
50 ny 50
1 /
p [kPa]
;50 N i -50 AN Ih
N AN
i N i ~N ;
1 N 1 ~ |
50...100°~150 200 . . | 50 100>-150 200 j

Fig. 6 Undrained triaxial tests on kaolin samples cut parallel (v-sample) and perpendicular (h-sample) to the direction of sedimentation after [29]
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— ¢f$ <AP>

Asi Agp
Vst Vg2 Vp

Fig. 7 Direction of propagation n with two shear waves, vg; and vy,
and one pressure wave, vp, for isotropic elasticity

propagating along n. A (phase) velocity v can be deter-
mined from the following eigenvalue problem (Christoffel
equation for plane waves) [6]

(T — pv?8j) A = 0;, (59)

wherein p is the mass density. Three eigenvalues pv? may
be obtained from det(I'jy — pv*;) = 0. They may corre-
spond, in general, to three different waves with different
velocities, all propagating along n. The corresponding
eigenvectors A describe the polarizations of displacement
amplitudes. In the case of isotropic elasticity, it is one P-
wave with A||n and two S-waves with A L n, Fig. 7. The

velocities vg and vp are independent of n.

In a cross-anisotropic medium with EXAz, the velocities

of propagation and the polarization directions depend on
the anisotropy parameters, o and f, and on the angle
between n and m. The explicit expressions for I'; in the
case of any n and m = {0,0, 1} are given in Appendix B.
We examine two directions of propagation, n||m (index v)
and n L m (index k) with m = {0, 0, 1}, Fig. 8.

For such n, the polarization A can be either perpendic-
ular or parallel to n. The respective eigenvalues are
denoted as pvgl:/- and pv%,lj, wherein i is the direction of
propagation and j is the direction of polarization, both
taking the values i or v. The velocities for xA; can be
easily found as the eigenvalues of tensors given in (72) in
Appendix B

, EQ , EO

PVsun :?vPVShv = PVsyn = B (60)
, EQ*(v—-1) E(v—1)

PVein = 4 o PVPw =T

with A=2v24+v—1, Q=o' and
0 = o?h-1,
Both parameters, o and f3, can be calibrated from ver-
tical and horizontal waves'’ alone, using (60), see Fig. 9.
Four independent wave velocities, vp,y, Vpuy, Vspn and
Vsvh = Vshy, can be measured and (60) can be solved for two

pure anisotropic parameters

B=2(v+1),

7 This can be done in triaxial apparatus using bender elements
installed on the end plates and laterally by cutting the membrane.
Similar tests in situ can use cross-hole or down-hole measurements,
but they can be blurred by the ¢A due to the Kj-stress state.
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VShv

Vsvh Vshh

>
>

X;

VSvh

vX,

Fig. 8 Anisotropy due to sedimentation along the x3 axis: polarization
of different S-waves is shown

(a) m (b)

V
Svh
v Vva

Fig. 9 Setup of bender elements for the determination of xA;
parameters: a waves with vertical propagation, b waves with
horizontal propagation

_ V??hh _2In (V.%hh/ V.%vh)
o =57, = T (61)
Vv In (Viy,/ Vi)

and two elastic parameters, £ = E, and v = vy,

4v% V2
_ 2 Shh Phh
EV_pVva(1+ 2 + 2 4,2 »Vh
Veun — Vshh = Venn
2
I/ S
= 2 2
2(vep — Vo)

(62)

Determination of all five parameters for stiffness (22)
requires additionally a wave velocity in an inclined direc-

tion n, say for n-m = 1/\/5 [8, 27].

9 Tests of xA

Recently, Masin and Rott [19] have reviewed numerous
experiments on sedimentary clays. They concluded that,
using the nomenclature of (42), most clays need y > 1/2,
which can be covered by XA, or XAz but not by xA;.

It is claimed [19] that the average value should be
y = 4/5. This observation was based on tests which could
be blurred by the ¢A. However, for practical purposes, such
results are sufficient because XA has been shown to be
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dominant over ¢A in highly overconsolidated clays [19] as
well as in kaolin [9]. Unfortunately, only a few tests from
[19] were carried out under hydrostatic stress. In conse-
quence, not much usable data can be found. However,
some results from London Clay and Gault Clay referred to
in [30] confirmed the discrepancies from y =1/2 and
speak for XA, rather than for xA;. The exponent y = 1/2
was estimated for Bangkok Clay under isotropic stress
[26]. Measured values of y are presented for different as in
Fig. 10.

Some dynamic test data for Kenya Sand [8] and Hostun
Sand [27] at different isotropic stress levels, p, revealed an
influence of p on the parameter f5. This strange effect can
be attributed to errors in measurements or to partial
destruction of XA by isotropic loading. Tests with tempo-
rary overloading (up to a high p and back) could help to
confirm such a degradation. The dynamic tests prove
y>1/2 for sands.

Parameter f§ and the ratio f3/y are plotted as functions of
o in Figs. 11 and 12, respectively. The ratio §/y = 2 was
assumed in XA, because of the mathematical convenience.
Due to the scatter of experimental data, one can neither
confirm nor reject this assumption.

1.0 w :

@.C VHS
) BGC AKS1
o ®BC %KS2

1.1 1.2 1.4 16 18 o

Fig. 10 Parameters y and o for London Clay (LC) [30], Gault Clay
(GC) [30], Bangkok Clay (BC), [26] Hostun Sand (HS) [27] and
Kenya Sand (KS1, KS2) [8]

6.0 : ‘ ‘
* @®LC VHS
EGC AKS1

40t @BC %KS2||

=0

1.1 1.2 14 16 18 «

Fig. 11 Parameter f does not correlate with o

* ' [@LC VHS |
* BGC AKS1
@BC %KS2

I |

1.1 1.2 1.4 16 18 o

Fig. 12 Ratio f8/y does not correlate with o
10 Graphic representation of anisotropy

For constitutive rate-type models in the form of an iso-
tropic function 6(¢°,¢), the well-known concept [11] of
response envelopes can be used for the graphic represen-
tation of stiffness. The 2D plots of response envelopes to
strain disturbances require that the initial stress, 6, and all
strain rates, &, are co-axisymmetric, i.e., axisymmetric with
respect to the same symmetry axis.

In the case of xA, the sedimentation dyad, M = mm,
appears as an additional argument in 6(¢°, ¢, M). This dyad
needs not be co-axisymmetric with 6° and é. In such case,
the usual 2D response envelopes cannot be plotted, if xA
spoils the co-axisymmetry of ¢° and 6.

For a general graphic representation of stiffness with
any XA, the original concept [11] can be extended. In this
extension, the stress increments'®, Ae, need not be co-ax-
isymmetric with ¢°.

10.1 2D response envelopes

A response envelope is a polar representation of a tan-
gential stiffness at a given stress ¢”. Starting from a
diagonal and axisymmetric initial stress, o¢° =
diag(a?, 69, 09) with 69 = 09, different axisymmetric strain

increments of constant length,

Ag = rdiag <sin o, \/LECOS o, \/Licos d))

r = const =~ 0.0001

(63)

with and 0<¢<2m,

are applied, Fig. 13a.

The envelope of the corresponding stress increments,
Ao = Aa(¢), is termed the response envelope. Linear
elasticity maps a circle (63) in the strain space to an ellipse
in the stress space, Fig. 13c. Increments Ae are co-

'8 Obtained from strain increments As of equal length and co-

axisymmetric with the initial stress a°.
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V20,

(b)

(d)

(,53/

O3
P

Fig. 13 Isotropic elastic relation 6(a”, §): a axisymmetric 6° and co-axisymmetric strain increments Ag, b diagonal 6° and coaxial Ae, ¢ stress

response Ag for (a), d stress response Ae for (b)

axisymmetric with 6°, if 6° is co-axisymmetric with Ag and
XA is absent or its m is parallel to the symmetry axis. In
such cases, the end stresses, 6° + Ag, can be plotted. These
plots are quite common in the geotechnical literature.
Usually, they are shown on the Renduli¢ plane, \/Ea, — 0y,
or on the plane of isometric Roscoe invariants, P — Q.

Generally, 6° + Ao cannot be plotted because the xA
may spoil the co-axisymmetry between A and 6°. How-
ever, all Ae are coplanar, if all A¢ are and because the
constitutive relation, 6(6°,é M) = E(a’,M) : &, is incre-
mentally linear. Let the following orthogonal strain
increments:

e Isotropic Aep = rdiag(1,1,1)/V/3
e Deviatoric axisymmetric Agy = rdiag(2, —1,—1)/v/6
¢ =¢p=arcsin(1/v3) and p=¢,=

arccos(l / \/§) produce stress increments, Aep and Acy,

along
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respectively. These two increments span a plane in 6D
stress space. All other stress responses lie in this plane due
to the linearity of E. In other words, any response is a linear
combination of Aap and Aey. After orthonormalization of
Acp and Asy, they constitute the orthogonal basis {e}, e}
on the response plane and we may introduce the coordi-
nates, AP* and AQ¥, on this plane. Any stress response
can be represented as

Ao (¢) = AP*el + AQ* e, (64)

for example Aa(¢pp) = AP*e}.
10.2 An example of 2D response

Experiments on kaolin [9] show that the effects from xA
dominate over the ones from ¢A, Fig. 3. It turns out that,
for kaolin, the xA; with a single anisotropy parameter o
simulates the experiments sufficiently well and f is not
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(a)

" -0459 0072  0.109
€p = | 0072 -0.656 0.251
0109 0251 -0.447

" -0.871 0.038 0.056
e, = | 0038 0.365 -0.120

0.056 -0.120 0.265

4 3
AP* (kPa)

(d)

0.108 0.217 -0.369

-0.737 0.016  0.024
= [ 0.016 0.508 -0.204
0.024 -0.204 0.338

b)
> -0.658 0.072 0.108
AQ (kPa)6 € = |:0.072 -0.550 0.217:|

AQ" (kPa)

" -0.864 0.070 0.102
€p = | 0070 -0371 o0.161
3
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“ -0.484 -0.018 -0.027
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-0.027 -0.288 0.419
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Fig. 14 Cross-anisotropic elastic relation &(ao,é,M) with ¢A from (14) and with XA, : 2D isometric stress plots (b,c,d) were calculated at
different diagonal initial stresses 6° and for the same sedimentation m = {1,2,3}"

necessary. In sedimentary clays, however, xA; can be
inaccurate, see Sect. 9. As an example, 2D response
envelopes from the superposition of ¢A from (14) and XA,
are plotted in the AP* — AQ* plane in Fig. 14.

10.3 3D response envelopes
To plot 3D response envelopes, solely the coaxiality of ¢°

and ¢ in 6(6°,¢) is required. If the xA is present, all
arguments in 6(a°, ¢, M) must be coaxial.

Starting from a given initial stress,
o = diag(c?,09,09), diagonal , axisymmetric strain

increments of constant length,

Ae(p, ) = rdiag(sin ¢, cos ¢ cos i, cos ¢ sin i)
with r =const = 0.0001 and 0< ¢,y <2m,
(65)

are applied, Fig. 13b. They can be encompassed by a
sphere in the 3D space of principal strains. In the case of a
linear elastic constitutive relation, 6(a°, ¢) = E(a°) : &, the
end stresses, ¢ + Ag, form an ellipsoidal response envel-
ope in the 3D space of principal stresses, Fig. 13d. The
respective stress increments, Ae = Aa (¢, V), are coaxial
with 6°, if 6° and Ae are. Generally, the coaxiality of ¢°
and Ae may be violated by the presence of the xA, when
M is not coaxial with ¢°.

Similarly as in the 2D case, we define three orthogonal
strain increments:

e Isotropic Aep = rdiag(1,1,1)//3
e Deviatoric axisymmetric Agy = rdiag(2, —1,—1)/v6
e Deviatoric anti-planar Aeg = rdiag(0, 1, —1)/v/2.

They correspond to the following angles:

o ¢ =¢p=arcsin(1/V3),y =yp=n/4

e p=¢p= arccos(l/ﬁ),tp =Yy = /4

* ¢=0dp=0,y =yp="7Tm/4

The respective stress increments, Aop, Aoy and Acg, are
not necessarily orthogonal, but they span a 3D subspace of
the 6D stress space. Analogously as in the 2D case, these
stress increments can be orthonormalized to define the
basis {e}, e’é, ex} and the coordinate system AP* —
AQ* — AR* of this subspace. Due to the incremental lin-
earity, all stress increments can be expressed as linear
combinations of the basis tensors,

Ao(y, ) = AP*e} + AQ* e} + AR*e}, (66)
bp =

for example  Ad(dp,p) = AP*ex  with

arcsin(1/+/3) and p = n/4.
10.4 An example of 3D response

The 3D stress response envelopes were obtained with the
identical constitutive model and the same material con-
stants as for the 2D ones from Fig. 14. The 3D strain
increments Ag were applied to plot Ag in AP* — AQ* —
AR* system, Fig. 15.

@ Springer



Acta Geotechnica

(a Ag,
1.3104

1.3-104 |
Aey o 1.3.104

| Agg
(©) AR” (kPa) A
5.5+ 0.008 -0.059 0.117
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Fig. 15 Cross-anisotropic elastic relation d'(o‘o, é,M) with A from (14) and xA; : 3D isometric stress plots (b,c,d) were calculated at different
diagonal initial stresses 6° and for the same sedimentation m = {1,2,3}"

10.5 Polar diagrams of wave velocity

Using the acoustic tensor I' from (58), the velocities v of
different waves can be plotted as functions of the direction
of propagation n. The directional dependence of wave
velocities can be then visualized in the form of polar dia-
grams for each wave type.

An example of polar diagrams obtained with the
superposition of XA, and ¢A from (13) is shown in Fig. 16.

11 Scaling of yield functions

The anisotropy tensor Q from xA; and XA, may have a
variety of applications beyond elasticity. A yield stress
criterion describes the boundary of all accessible stress
states, F(6) <0, where F(6) is an isotropic function of
stress. For example, Matsuoka and Nakai [18] proposed the
following yield function

F(o) = trotr(c™ ') — 8tan® ¢ — 9, (67)

wherein ¢ is the friction angle.
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The xA can be imposed to stress using the anisotropy
tensor from (32) and substituted into F(s), ie.,
F*A(6,,) = F(QupcaGea). As an example, F(g) from (67)
with the XA, was plotted in the deviatoric plane, Fig. 17.

The transformed yield function F**?(a) requires cali-
bration of the corresponding friction angle ¢*A2.

In the literature, one may find some attempts to make a
yield surface F(o) cross-anisotropic, e.g., [16]. In com-
parison, scaling with the anisotropy tensor, Q, is an elegant
and easy method.

12 Summary

Inherent cross-anisotropy and stress-induced anisotropy
can be easily superposed within the elastic range, in par-
ticular dealing with geotechnical (barotropic) elastic
potentials. The pure anisotropy tensor, Q, depends on the
sedimentation direction, m, and some material constants.
The simplified versions, xA; and xA,, of cross-anisotropy
could be used to build such Q but not the general form,
xAs. The proposed pure anisotropy does not violate the
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(b)

Fig. 16 Polar diagrams of three wave velocities for an abstract material with xA,

100

(kPa)

100 (kPa)

Fig. 17 Anisotropic (dashed) yield function obtained from isotropic
(solid) one using xA;

Second Law, if superposed with hyperelasticity. The pure
anisotropy can be applied also to any isotropic potential
function, for example to a yield surface.

The proposed calibration procedure for Q can be based
on static, cyclic or dynamic tests. The popular concept of
response envelopes [11] has been extended to provide the
graphic representation of polar stiffness at presence of xA.
For this purpose, a new isometric representation system has
been proposed. The concept of pure anisotropy has been
compared to some recent approaches from the literature.
Visualization of the superposed xA, and A conducted
with the algebra program Mathematica has been given in
examples. All notebooks and packages involved in this
paper are available from the authors.

Appendix

Static calibration for x A,

The parameters of xA; have been found from (52,53) for
undrained triaxial tests in the static calibration

OC_a—i—\/az—l— 12rb

3 and v,

2a (68)

9 (r—4)+Va + 12rb— 12
with  abbreviations a=3n,(r—4)+4(r—1) and

b =2(3n, —2)(r —4). Given « and v;, from (68), one may
use (56) to obtain

Gt 20w+ 1)(1 = 2vy)
E, =-% ith s= ) 69
Eav §ow 2+ o — dovy, — 2wy, (69)

These parameters can also be found from system (57) for
static, drained triaxial tests, and it follows that

1
a:5(71+c1/cz) and
1 S av
Vh:Z(—l—FFV—‘rC]Cz) and EV:O_-L
8“\/

with abbreviations ¢y =1 —r,, c2 =+vV9 —8r, —r,,

v = évolv/éav and 1y = évoln/Ean.

(70)

[Q?[an3A + n3A + an?(v — 1)B] Q%niny(A — vB) Qnin3(QA — aB)
0AB AB o«AB
r—g Q%*niny(A — vB) @’ [an?A + n3A + on3(v — 1)B] Qnyn; (QA — oB) 7 (71)
AB 0AB 0AB
Qninz(QA — oB) Qnyns(QA — oB) n(v—1) Q(n}+nd)
L 0AB 0AB A oB J
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Acoustic tensor for xA,

In the general case of n = {n;,ny,n3} with E*A2 after (31)
and m = {0,0, 1}, the acoustic tensor has the following
formwherein E=E,, v=v,, A=2v*4+v—1, B= 2(v+
1) and Q = «'/. For horizontal and vertical waves, one
obtains two special cases,

(O (v—1
-0,
A
2
r"g 0 g 0
B
QZ
0 0 —
L , oB | (72)
Q
— 0 0
oB
2
and ann E|l o Q_ 0 ,
oB
v—1
0 0
A

and set of equations (60) can be determined from the
eigenvalues of T'.

Let us define three of polarization cosines II; = n - Xi.
In the case of isotropic elasticity, IT = {1,0,0} means one
P- and two S-waves. At presence of xXA,, one can speak of
only one S-wave'”. Its polarization is perpendicular to both
n and m. Two other waves lie in the plane spanned by n
and m. All three wave velocities are different. For exam-
ple, = 1.8 and f = 1.2 in xA, with n = {1,2,3}" yield
IT = {0.94,0,0.33}, wherein the second polarization cor-
responds to the S-wave. The other two polarizations
depend on «, f and on the angle between n and m.
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