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Abstract

We calculate the unpolarized and polarized three–loop anomalous dimensions and splitting functions 
P+

NS, P−
NS and P s

NS in QCD in the MS scheme by using the traditional method of space–like off shell mass-
less operator matrix elements. This is a gauge–dependent framework. For the first time we also calculate the 
three–loop anomalous dimensions P±,tr

NS for transversity directly. We compare our results to the literature.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The anomalous dimensions of local quark and gluon operators determine the scaling vio-
lations of the deep–inelastic scattering structure functions [1,2] by the scale evolution of the 
parton densities and are therefore instrumental in the measurement of the strong coupling con-
stant a(M2

Z) = αs(M
2
Z)/(4π) [3] for this inclusive precision data. They have been calculated to 

3–loop order both in the unpolarized and polarized case [4–7] using the method of on–shell for-
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ward Compton amplitudes, in which the scale is set by the virtuality Q2 = −q2 of the exchanged 
current. At four–loop order a series of low moments for the non–singlet anomalous dimensions 
has been calculated in Refs. [8] and at five–loop order in [9]. The O(TF ) contributions at three–
loop order have been confirmed by the calculation of massive on-shell operator matrix elements 
(OMEs) [10–14]. The 3–loop unpolarized anomalous dimensions γ (2)

ij have been obtained in im-

plicit form also by calculating the inclusive hadronic Higgs-boson production process gg → H 0

and the Drell–Yan process at N3LO in [15].
The traditional way of calculating the anomalous dimensions consists in computing the off 

shell massless local OMEs, cf. [16–20] in the one–loop case, which in general implies the 
breaking of gauge invariance to be dealt with. The two–loop anomalous dimensions have been 
calculated in [10–14,21–36].

In this paper we are calculating the unpolarized and polarized three–loop anomalous dimen-
sions for the first time using the method of massless off shell OMEs in the flavor non–singlet 
case, which is the first recalculation in the polarized case γ −

NS and for the anomalous dimen-
sion γ s

NS. The present calculation requires the knowledge of the corresponding massless off shell 
OMEs to two–loop order, cf. [33,34,37], up to the terms of O(ε0) in the dimensional parameter 
ε = D −4. The off shell OMEs are gauge–dependent quantities. We will calculate the anomalous 
dimensions and splitting functions: P +

NS, P
−
NS and P s

NS. For the first time we also calculate the 
three–loop anomalous dimension P ±,tr

NS for transversity in a direct way.
The paper is organized as follows. In Section 2 we derive the structure of the physical part of 

the flavor non–singlet unrenormalized off shell OMEs to three–loop order. From their pole terms 
of O(1/ε) one can extract the non–singlet anomalous dimensions. Due to a known Ward identity, 
cf. e.g. [10,14], the polarized anomalous dimension can be calculated by applying anticommuting 
γ5. We also calculate the polarized OMEs in the Larin scheme [34,38] from which one can 
determine the Z–factor ZNS

5 (N) of the corresponding finite renormalization to three–loop order. 
The details of the calculation are described in Section 3. In Section 4 we present the three–
loop anomalous dimensions and splitting functions. We compare with results in the literature 
in Section 5 and Section 6 contains the conclusions. In an appendix we briefly summarize the 
transition from the Larin to the MS scheme for the polarized anomalous dimension in the vector 
case.

2. The unrenormalized operator matrix elements

The massless off shell non–singlet OMEs are defined as expectation values of the local oper-
ators

ONS
q,r;μ1...μN

= iN−1S

[
ψγμ1Dμ2 ...DμN

λr

2
ψ

]
− trace terms, (1)

O
NS,5
q,r;μ1...μN

= iN−1S

[
ψγ5γμ1Dμ2 ...DμN

λr

2
ψ

]
− trace terms (2)

between quark (antiquark) states ψ (ψ̄) of space–like momentum p, p2 < 0, and are given by

ÂNS,(5)
qq = 〈q(p)|ONS,(5)|q(p)〉. (3)

Here S is the symmetry operator, λr a SU(NF ) flavor matrix and Dμ = ∂μ + igs taA
a
μ the co-

variant derivative, with Aa the gluon field, ψ the quark field, ta the generators of SU(NC), and 
μ

2
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gs = √
4παs . The Feynman rules of QCD are given in [39] and for the local operators in [14,40]. 

The local operator in the case of transversity is given by

O
NS,tr
q,r;μμ1...μN

= iN−1S

[
ψσμμ1Dμ2 ...DμN

λr

2
ψ

]
− trace terms , (4)

where σμν = (i/2)[γμγν − γνγμ].
The operator matrix elements have the representation

ÂNS
qq =

[
/�Â

NS,phys
qq + /p

�.p

p2 ÂNS,EOM
qq

]
(�.p)N−1. (5)

Here � denotes a light–like vector, �.� = 0. The following projectors are applied to separate 
the physical (phys) contribution and the one vanishing by the equation of motion (EOM), which 
does not hold in the off shell case,

Â
NS,phys
qq = 1

4(�.p)N
tr

[(
/p − p2

�.p
/�

)
ÂNS

qq

]
, (6)

ÂNS,EOM
qq = 1

4(�.p)N
tr

[
/�ÂNS

qq

]
. (7)

In the polarized case the operator (1) is replaced by the operator of Eq. (2) and the following 
relations hold

ÂNS,5
qq =

[
γ5/�Â

NS,5,phys
qq + γ5/p

�.p

p2 ÂNS,5,EOM
qq

]
(�.p)N−1 (8)

with

Â
NS,5,phys
qq = 1

4(�.p)N
tr

[(
/p − p2

�.p
/�

)
γ5Â

NS,5
qq

]
, (9)

ÂNS,5,EOM
qq = 1

4(�.p)N
tr

[
/�γ5Â

NS,5
qq

]
. (10)

In the case of transversity we consider the unrenormalized Green’s function [41]

Ĝ
ij,NS,tr
μ,qQ = δij (�.p)N−1

[
�ρσμρ�T Â

NS,phys
qq

(−p2

μ2 , ε,N

)
+ c1�

μ + c2p
μ

+c3γμ/p + c4/�/p�μ + c5/�/ppμ

]
, (11)

where i, j are external color indices and the coefficients ck|k=1...5 denote other OMEs than those 
we are going to deal with.

Since the non–singlet anomalous dimensions receive only contributions from the unrenormal-
ized OME ÂNS,(5),phys

qq we will consider only this operator matrix element in the following. In 
Mellin N space it has the representation

ÂNS,(5)
qq = 1 +

∞∑
âkSk

ε

(−p2

μ2

)εk/2

Â(k),NS,(5)
qq , (12)
k=1

3
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with the spherical factor

Sε = exp
[ε

2
(γE − ln(4π))

]
, (13)

where γE is the Euler–Mascheroni number and â the bare coupling constant. The free gluon 
propagator is given by1

Dab
μν(k) = δab

k2 + i0

[
−gμν + (1 − ξ̂ )

kμkν

k2 + i0

]
, (14)

which defines the gauge parameter in the R
ξ̂

gauge. The renormalization of the massive off 
shell non–singlet OMEs encounters the renormalization of the coupling constant and the gauge 
parameter, as well as that of the local operator. In the following we will deviate from Refs. [33,34]
and perform the renormalization of the coupling constant and the gauge parameter and use the 
resulting expression, Ã, at μ2 = −p2 to extract the anomalous dimensions. In the unrenormalized 
OME obtained in the diagrammatic calculation the coupling constant and the gauge parameter 
are renormalized before comparing to Ã in Eq. (25). The unrenormalized coupling is given by

â = a

[
1 + 2

ε
β0a +

(
4

ε2 β2
0 + 1

ε
β1

)
a2

]
+ O(a3), (15)

where a denotes the renormalized strong coupling constant. The expansion coefficients of the 
QCD β–function are given by [42]2

β0 = 11

3
CA − 4

3
TF NF , (16)

β1 = 34

3
C2

A − 20

3
CATF NF − 4CF TF NF . (17)

The bare gauge parameter ξ̂ is renormalized by

ξ̂ = ξ Z3(ξ), (18)

where Z3 is the Z–factor of the gluon propagator, cf. [43–46],

Z3(ξ) = 1 + a
z11

ε
+ a2

[
z22

ε2 + z21

ε

]
+ O(a3), (19)

with

z11 = CA

[
−13

3
+ ξ

]
+ 8

3
TF NF , (20)

z22 = C2
A

[
−13

2
− 17

6
ξ + ξ2

]
+ CATF NF

[
4 + 8

3
ξ

]
, (21)

z21 = C2
A

[
−59

8
+ 11

8
ξ + 1

4
ξ2

]
+ 4 CF TF NF + 5 CATF NF . (22)

The color factors are CF = (N2
C − 1)/(2NC), CA = NC, TF = 1/2 for SU(NC) and NC = 3 for 

QCD; NF denotes the number of massless quark flavors.

1 Note a typo in [33], Eq. (2.6).
2 Note a typographical error in [33], Eq. (2.13) and [34], Eq. (2.14).
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In Mellin N space the Z-factor of a local non–singlet operator reads [40]

ZNS = 1 + a
γ

(0),NS
qq

ε
+ a2

[
1

ε2

(
1

2
γ (0),NS
qq

2 + β0γ
(0),NS
qq

)
+ 1

2ε
γ (0),NS
qq

]

+a3

[
1

ε3

(
1

6
γ (0),NS
qq

3 + β0γ
(0),NS
qq

2 + 4

3
β2

0γ (0),NS
qq

)
+ 1

ε2

(
1

2
γ (0),NS
qq γ (1),NS

qq

+2

3
β0γ

(1),NS
qq + 2

3
β1γ

(0),NS
qq

)
+ 1

3ε
γ (2),NS
qq

]
. (23)

In (23) the terms γ (k),NS
qq , k = 0, 1, 2, . . . denote the expansion coefficients of the anomalous 

dimension

γNS =
∞∑

k=1

akγ
(k−1)
NS . (24)

The partly renormalized OME, ÃNS,phys
qq , reads

Ã
NS,phys
qq = 1 + a

[
a

NS,(1,−1)
qq

ε
+ aNS,(1,0)

qq + aNS,(1,1)
qq ε

]

+a2

[
a

NS,(2,−2)
qq

ε2 + a
NS,(2,−1)
qq

ε
+ aNS,(2,0)

qq

]

+a3

[
a

NS,(3,−3)
qq

ε3 + a
NS,(3,−2)
qq

ε2 + a
NS,(3,−1)
qq

ε

]
. (25)

The expansion coefficients aNS,(i,j)
qq are in general gauge dependent. The renormalized OMEs are 

given by

A
NS,phys
qq = Ã

NS,phys
qq

ZNS , (26)

expanded to O(a3) and setting Sε = 1. The anomalous dimensions are iteratively extracted form 
the 1/ε pole terms and the other expansion coefficients aNS,(i,j)

qq are given in Ref. [37].
Eq. (25) is understood to hold both for the unpolarized as well as the polarized case, by 

relabeling the corresponding quantities to f → �f . Similar expressions hold for transversity. 
From them we will determine γ (2)

NS and �γ
(2)
NS in both cases. The further three–loop non–singlet 

anomalous dimensions γ (2),s
NS can be derived from other quarkonic diagrams at three–loop order.3

Because γ (2),s
NS occurs for the first time at the three–loop loop level, there is no renormalization 

of the OME
2

1 + (−1)N
Â

PS,(3),phys
qq (N)

∣∣∣
dabcd

abc
= â3

s

1

3ε
γ

(2),s
NS (N) + O(ε0), N ∈ N, odd,N ≥ 1. (27)

3 There is a further non–singlet anomalous dimension �γ
(2),s
NS [7] occurring in the pole–term of an axialvector–vector 

current interference contribution in the forward Compton amplitude, related to the polarized structure function g5, in-
troduced in Ref. [47], which has even moments. These aspects are of importance but are not discussed in [48]. We will 
consider this quantity elsewhere.
5
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The other expansion coefficients occurring in (25) potentially coming from lower orders in the 
coupling a do all vanish in this case. The anomalous dimension γ (2)s

NS is formally obtained as the 
O(1/ε) pole term of the pure–singlet OME by considering in the unpolarized case the analytic 
continuation from odd values of N . The dabcd

abc terms in the non–singlet + contributions van-
ish. One considers the contributions ∝ dabcd

abc of this OME for the odd moments. In this way 
γ

(2),s
NS corresponds to the non–singlet combination γ (2),s

qq − γ
(2),s
qq̄ .

In deep–inelastic scattering one may form up to three different combinations of quark distri-
butions in the unpolarized and polarized case

q+
NS,ik = qi + q̄i − (qk + q̄k), (28)

q−
NS,ik = qi − q̄i − (qk − q̄k), (29)

qv
NS =

NF∑
k=1

(qk − q̄k) (30)

and analogously for (qk, q̄k) → (�qk, �q̄k). Here i, k denote the different flavors. These com-
binations can be obtained by combining the scattering cross sections for different neutral and 
charged current exchanges off proton and neutron targets.4 The corresponding anomalous dimen-
sions ruling the evolution of these non–singlet distributions are γ +

NS, γ
−
NS and γ v

NS = γ −
NS +γ s

NS. In 
the polarized case mostly pure virtual photon exchange has been studied experimentally, which 
is described by the structure functions g1,2(x, Q2). Their non–singlet contributions evolve with 
�γ +

NS. The following relations hold

�γ +
NS = γ −

NS, (31)

�γ −
NS = γ +

NS. (32)

Let us finally describe the differences of the present method to calculate the anomalous dimen-
sions to the one used in Refs. [4–7]. In order for massless calculations to lead to non-vanishing 
results when using dimensional regularization at least one non–vanishing mass scale is required. 
For massless (forward) OMEs this is the off–shellness of the external partons, which in general 
leads to gauge–variant expressions, as has been outlined above. The anomalous dimensions also 
appear in the pole terms of the massless forward Compton amplitude used in [4–7]. It is the 
sub–system cross section V ∗(q) +p(p) → V ∗(q) +p(p) of a virtual electro–weak gauge boson 
scattering with momentum q and space–like virtuality q2 = −Q2 off a parton p with momen-
tum p and p2 = 0. This cross section is process–dependent, unlike the off–shell massless OMEs, 
which are process–independent. The sub–process V ∗(q) + p(p) → V ∗(q) + p(p) can be asso-
ciated to the partonic hadronic tensors and after suitable projections to structure functions. The 
hadronic tensor Wμν is related to the forward Compton amplitude Tμν by

Wμν(p,q) = 1

2π
ImTμν(p, q). (33)

We follow [50]. The structure functions are given by

Fi(x,Q2) =
∑

l=q,g

(
Ci,l

(
αs(μ

2
r ),

Q2

μ2
f

,
μ2

f

μ2
r

)
⊗ fl

(
αs(μ

2
r ),

μ2
f

μ2 ,
μ2

f

μ2
r

))
(x) , (34)

4 In the case of deuteron or He3 targets nuclear wave function corrections have to be applied. Heavier nuclear targets 
have quite a variety of different corrections, known as EMC effect [49].
6
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where μf,r are the renormalization and factorization scale and μ denotes a hadronic reference 
scale at which the non-perturbative partonic distributions, fl , are defined and ⊗ denotes the 
Mellin convolution

[A(z) ⊗ B(z)](x) =
1∫

0

dz1

1∫
0

dz2δ(x − z1z2)A(z1)B(z2). (35)

The renormalized parton density is defined as

fl

(
z,αs(μ

2
r ),

μ2
f

μ2 ,
μ2

f

μ2
r

)
=

∑
k=q,g

(
�lk

(
αs(μ

2
r ),

μ2
f

μ2 ,
μ2

f

μ2
r

, ε
)

⊗ f̂k

)
(z) . (36)

The renormalization group equation [51] of the parton densities follow from the one presented 
for the transition functions �lk . The latter takes the following form([{

μ2
f

∂

∂μ2
f

+ β(as(μ
2
f ))

∂

∂as(μ
2
f )

}
1δlm − 1

2
Plm(as(μ

2
f ), ε)

]

⊗�mk

(
as(μ

2
f ),

μ2
f

μ2 ,1, ε
))

(z) = 0 ,

as(μ
2
f ) ≡ αs(μ

2
f )

4π
, 1 = δ(1 − z) , (37)

where we have set μr = μf for simplicity. The functions Pij

(
as, ε, z

)
appearing in the above 

equation are the splitting functions. The same equation as in Eq. (37) also applies to the parton 
densities because of the definition in Eq. (36). The scale dependence of the coefficient function 
in Eq. (34) is given by([{

μ2
f

∂

∂μ2
f

+ β(as(μ
2
f ))

∂

∂as(μ
2
f )

}
1δlm + 1

2
Plm(as(μ

2
f ), ε)

]

⊗Ci,m

(
as(μ

2
f ),

Q2

μ2
f

,1
))

(z) = 0 . (38)

This renormalization group equation implies, that the pole terms of the unrenormalized functions 
Ĉi,m depend on the anomalous dimensions. At k–loop order the 1/ε term contains the anomalous 
dimension γ NS,(k−1)

qq in the flavor non–singlet case. It can be extracted by expanding (33) in 
powers of 1/x, where x denotes the Bjorken variable x = Q2/(2p.q), cf. also [1,47], with

ImT j
μν ∼

∞∑
N=N0

pj
μν

(
1

2x

)N

Cj (N), (39)

cf. [35], where j denotes the respective part of the forward Compton amplitude, pj
μν the associ-

ated tensor structure, and N0 is implied by the crossing relations [1,47]. Depending on the kind 
of the amplitude, the values of N run over the even or the odd integers. It is now easy to see that 
the Mellin moments Cj(N) can be obtained by the residue theorem directly and the pole terms 
of O(1/ε) allow to extract the anomalous dimensions of the desired loop order. The method has 
7
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the advantage that the expansion coefficient of O(ε0) leads to the moments of the Wilson coef-
ficients. The advantage of the method based on the off–shell massless OMEs in the singlet case 
consists in the direct access to all anomalous dimensions, while using the method based on the 
forward Compton amplitude requires (artificial) Higgs and graviton couplings to compute the 
gluonic anomalous dimensions γ (k)

gi in the unpolarized and polarized cases, respectively.

3. Details of the calculation

The Feynman diagrams for the massless off shell OMEs are generated by QGRAF [40,52] and 
the Dirac and Lorentz algebra is performed by FORM [53]. The color algebra is performed by 
using Color [54]. The local operators are resummed into propagators by observing the current 
crossing relations, cf. [1,47], as has been described in Ref. [37], in the corresponding OMEs 
Â

NS,(5)
qq for even or odd moments, which will depend on the resummation variable t quadratically 

only. To calculate the anomalous dimension γ (2),s
NS we resum first, using the variable t itself.

In the flavor non–singlet case 684 irreducible diagrams contribute. The reducible diagrams are 
accounted for by wave–function renormalization [44–46], decorating the OMEs at lower order 
in the coupling constant [33,34,37]. The different local operator insertions are resummed using 
generating functions of the type

∞∑
N=0

(�.k)N
(
tN ± (−t)N

)
→

[
1

1 − �.k t
± 1

1 + �.k t

]
, (40)

where t denotes an auxiliary parameter for the resummation of the formal Taylor series, see [55]. 
Eq. (40) implements the corresponding current crossing relations in the unpolarized (+) and the 
polarized case (−) [1,47], which is not just a formality. Only the moments contributing to the 
respective cases exist.5

In the calculation of the one– and two–loop contributions we also used the package Evalu-
ateMultiSums [58] and also applied LiteRed [59] for some checks, cf. [37]. The irreducible 
three–loop diagrams are reduced to 252 master integrals using the code Crusher [60] by apply-
ing the integration–by–parts relations [61,62]. Relations between a small number of t-dependent 
master integrals are difficult to prove analytically for general values of D. However, they can be 
proven for the whole finite range of Mellin N and ε used in the present analysis by the method of 
arbitrary large moments [63]. For the calculation of the necessary initial values for the difference 
equations we use the results given in [62,64].

The method of arbitrary large moments implemented within the package SolveCou-
pledSystem [65] is also used to generate a large number of moments for the massless OMEs. 
By using the method of guessing [66,67] and its implementation in Sage [68,69] we determine 
the difference equations, which correspond to the different color and multiple zeta value factors 
[70]. To calculate γ (2),±

NS we generate 3000 even resp. odd moments and for γ (2),s
NS 500 moments. 

It turns out that the determination of the largest recurrence requires 1537 moments for γ (2),+
NS , 

1568 moments for γ (2),−
NS , 1104 moments for γ (2)+,tr

NS and for γ (2)−,tr
NS , and 348 moments for 

5 This representation is sometimes misinterpreted. A prominent example is the Burkhardt-Cottingham sumrule. The 
fact that the 0th moment does not occur in the Mellin moment decomposition of the polarized structure function 
g1(x, Q2) does not mean that the associated integral vanishes as a consequence of the light cone expansion. In fact, 
the proof of the Burkhardt-Cottingham sumrule needs quite different techniques [56,57].
8
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γ
(2),s
NS . The difference equations are solved by using methods from difference field theory [71]

implemented in the package Sigma [72,73] utilizing functions from HarmonicSums [74–81], 
to obtain the three–loop anomalous dimensions. The largest difference equation contributing has 
order o = 16 and degree d = 304. Comparing to the reconstruction of the anomalous dimensions 
out of their moments performed in Ref. [67] the largest difference equation had order o = 16 and 
degree d = 192, requiring 1079 moments. The overall computation time using the automated 
chain of codes described amounted to about 20 days of CPU time on Intel(R) Xeon(R) 
CPU E5-2643 v4 processors. In the present calculation we kept only one power in the gauge 
parameter ξ̂ to check the renormalization, which has been sufficient to compute the non–singlet 
anomalous dimensions. In calculating the complete OMEs, no gauge–dependent contribution can 
be neglected.

The anomalous dimensions, γNS, can be expressed by harmonic sums [74,75]

Sb,�a(N) =
N∑

k=1

(sign(b))k

k|b| S�a(k), S∅ = 1, b, ai ∈ Z\{0},N ∈N\{0}. (41)

Their Mellin inversion to the splitting functions Pqq(z)

γqq(N) = −
1∫

0

dzzN−1Pqq(z) (42)

can be performed using routines of the packages HarmonicSums and is expressed in terms of 
harmonic polylogarithms [76] given by

Hb,�a(z) =
z∫

0

dxfb(x)H�a(x), H∅ = 1, b, ai ∈ {−1,0,1}, (43)

with the alphabet of letters

AH =
{

f0(z) = 1

z
, f−1(z) = 1

1 + z
, f1(z) = 1

1 − z

}
. (44)

In z–space one usually distinguishes three contributions to the individual splitting functions, 
because of their different treatment in Mellin convolutions,

P(z) = P δ(z) + P plu(z) + P reg(z), (45)

where P δ(z) = p0δ(1 − z), P reg(z) is a regular function in z ∈ [0, 1] and P plu(z) denotes the 
remaining genuine +-distribution, the Mellin transformation of which is given by

1∫
0

dz(zN−1 − 1)P plu(z). (46)

We will use this representation in Section 4.
9
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4. The anomalous dimensions and splitting functions

In the following we use the minimal representations in terms of the contributing harmonic 
sums and harmonic polylogarithms by applying the algebraic relations between the harmonic 
sums and the harmonic polylogarithms [82]. 26 harmonic sums up to weight w = 5 contribute. 
Both the anomalous dimensions in the vector case, γ (2),±

NS (N), and for transversity, γ (2),±,tr
NS (N), 

are sometimes written in terms of the difference γ (2),+
NS (N) − γ

(2),−
NS (N). This is somewhat prob-

lematic, since γ (2),+
NS (N) is defined for positive even integers only, while γ (2),−

NS (N) refers to 
positive odd integers. Later the respective analytic continuations from N ∈ N → C proceeds 
from the even or the odd integers [81]. We will therefore refer to the complete expressions, 
respectively, as long as they are written in terms of harmonic sums. Considering their Mellin in-
version to z space allows then to consider the respective difference term, since the corresponding 
expression is free of N .

We obtain the following expressions for the non–singlet anomalous dimensions in Mellin N
space, using the shorthand notation S�a(N) ≡ S�a . In the vector case they are given by

γ
(2),+
NS = 1

2

[
1 + (−1)N

]

×
{

C2
F

{
CA

[
72P3

N2(1 + N)2 ζ3 + 32P15

9N2(1 + N)2 S−2,1 − 16P17

9N2(1 + N)2 S3+ P33

18N4(1 + N)4

+
(

− 16P29

9N4(1 + N)4 − 4288

9
S2 + 64

( − 12 + 31N + 31N2
)

3N(1 + N)
S3 + 320S4 − 1024S3,1

+64
( − 84 + 31N + 31N2

)
3N(1 + N)

S−2,1 + 3712S−2,2 + 3840S−3,1 − 7168S−2,1,1

)
S1

+
(

256S3 + 1792S−2,1

)
S2

1 +
(

4P19

9N2(1 + N)2 − 832S3 − 5248S−2,1

)
S2 + 352

3
S2

2

+16
( − 30 + 151N + 151N2

)
3N(1 + N)

S4 +
(

− 16P22

9N2(1 + N)3 + ( − 64P9

9N2(1 + N)2 − 256S2

)
S1

+32
(
12 + 31N + 31N2

)
S2

3N(1 + N)
+ 64S3 + 5376S2,1 − 384S−2,1 + 576ζ3

)
S−2

+
(

−32
(
8 + 3N + 3N2

)
N(1 + N)

+ 512S1

)
S2−2 +

(
32

(
108 + 31N + 31N2

)
3N(1 + N)

S1− 16P16

9N2(1 + N)2

−1152S2
1 + 2624S2 + 960S−2

)
S−3 +

(
16

(
138 + 35N + 35N2

)
3N(1 + N)

− 1472S1

)
S−4

+2304S−5 + 768S2,3 + 2688S2,−3 − 64
( − 24 + 29N + 29N2

)
3N(1 + N)

S3,1 − 768S4,1

+32
( − 174 + 31N + 31N2

)
S−2,2 − 3648S−2,3 − 1920

S−3,1 + 1728S−4,1

3N(1 + N) N(1 + N)

10



J. Blümlein, P. Marquard, C. Schneider et al. Nuclear Physics B 971 (2021) 115542
−5376S2,1,−2 + 1536S3,1,1 − 128
( − 84 + 31N + 31N2

)
3N(1 + N)

S−2,1,1 − 1536S−2,1,−2

−5376S−2,2,1 − 5376S−3,1,1 + 10752S−2,1,1,1

]
+ TF NF

[
− 16P5

9N2(1 + N)2 S2

+ 4P34

9N4(1 + N)4 +
(

− 8P13

9N2(1 + N)2 + 1280

9
S2 − 512

3
S3 − 512

3
S−2,1 + 128ζ3

)
S1

−128

3
S2

2 + 64
(
12 + 29N + 29N2

)
9N(1 + N)

S3 − 512

3
S4 +

(
−128

( − 3 + 10N + 16N2
)

9N2(1 + N)2

+2560

9
S1 − 256

3
S2

)
S−2 +

(
128

(
3 + 10N + 10N2

)
9N(1 + N)

− 256

3
S1

)
S−3

−256

3
S−4 − 256

( − 3 + 10N + 10N2
)

9N(1 + N)
S−2,1

+256

3
S3,1 − 256

3
S−2,2 + 1024

3
S−2,1,1 − 32

(
2 + 3N + 3N2

)
N(1 + N)

ζ3

]}

+CF

{
T 2

F N2
F

[
8P28

27N3(1 + N)3 − 128

27
S1 − 640

27
S2 + 128

9
S3

]
+ C2

A

[
− 24P3

N2(1 + N)2 ζ3

− 32P11

9N2(1 + N)2 S−2,1 + 8P18

9N2(1 + N)2 S3 + P32

54N3(1 + N)3 +
(

4P35

3N4(1 + N)4

−16
( − 8 + 11N + 11N2

)
N(1 + N)

S3 − 256S4 + 512S3,1 − 64
( − 24 + 11N + 11N2

)
3N(1 + N)

S−2,1

−1024S−2,2 − 1024S−3,1 + 2048S−2,1,1

)
S1 +

(
−128S3 − 512S−2,1

)
S2

1 +
(

−8344

27

+384S3 + 1536S−2,1

)
S2 − 16

( − 24 + 55N + 55N2
)

3N(1 + N)
S4 + 64S5 +

(
32P10

9N2(1 + N)2 S1

+ 16P27

9N3(1 + N)3 − 352

3
S2 − 64S3 − 1536S2,1 + 128S−2,1 − 192ζ3

)
S−2

+
(

48
(
2 + N + N2

)
N(1 + N)

− 192S1

)
S2−2 +

(
16P12

9N2(1 + N)2 − 32
(
24 + 11N + 11N2

)
3N(1 + N)

S1

+256S2
1 − 768S2 − 320S−2

)
S−3 +

(
−16

(
30 + 13N + 13N2

)
3N(1 + N)

+ 320S1

)
S−4

−704S−5 − 384S2,3 − 768S2,−3 + 64
( − 12 + 11N + 11N2

)
3N(1 + N)

S3,1 + 384S4,1

−32
( − 48 + 11N + 11N2

)
S−2,2 + 1088S−2,3 + 512

S−3,1 − 448S−4,1

3N(1 + N) N(1 + N)

11
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+1536S2,1,−2 − 768S3,1,1 + 128
( − 24 + 11N + 11N2

)
3N(1 + N)

S−2,1,1 + 512S−2,1,−2

+1536[S−2,2,1 + S−3,1,1] − 3072S−2,1,1,1

]
+ CATF NF

[
− 8P31

27N3(1 + N)3

+
(

− 16P30

27N3(1 + N)3 + 64S3 + 256

3
S−2,1 − 128ζ3

)
S1 + 5344

27
S2

−32
(
3 + 14N + 14N2

)
3N(1 + N)

S3 + 320

3
S4 +

(
−1280

9
S1 + 64

( − 3 + 10N + 16N2
)

9N2(1 + N)2

+128

3
S2

)
S−2 +

(
−64

(
3 + 10N + 10N2

)
9N(1 + N)

+ 128

3
S1

)
S−3

+128

3
S−4 − 256

3
S3,1 + 128

( − 3 + 10N + 10N2
)

9N(1 + N)
S−2,1 + 128

3
S−2,2 − 512

3
S−2,1,1

+32
(
2 + 3N + 3N2

)
N(1 + N)

ζ3

]}
+ C3

F

{
− 48P3

N2(1 + N)2 ζ3 + 8P4

N2(1 + N)2 S3 + P36

N5(1 + N)5

+
(

8P26

N4(1 + N)4 − 128(1 + 2N)

N2(1 + N)2 S2 + 128S2
2 − 384S3 + 128S4 + 512S3,1 − 3328S−2,2

−384
( − 4 + N + N2

)
N(1 + N)

S−2,1 − 3584S−3,1 + 6144S−2,1,1

)
S1 +

(
−64

(
1 + 3N + 3N2

)
N3(1 + N)3

−1536S−2,1

)
S2

1 +
(

4P25

N3(1 + N)3 + 512S3 + 4352S−2,1

)
S2 − 32

(
2 + 3N + 3N2

)
N(1 + N)

S2
2

−32
(
2 + 15N + 15N2

)
N(1 + N)

S4 + ( 32P24

N3(1 + N)3 +
(

−128
(
5 + 7N + 3N2

)
N2(1 + N)2 + 512S2

)
S1

−64
(
4 + 3N + 3N2

)
N(1 + N)

S2 + 128S3 − 4608S2,1 + 256S−2,1 − 384ζ3

)
S−2 +

(
128

N(1 + N)

−256S1

)
S2−2 +

(
32

(
8 + 5N + 9N2

)
N2(1 + N)2 − 64

(
20 + 3N + 3N2

)
N(1 + N)

S1 + 1280S2
1 − 2176S2

−640S−2

)
S−3 +

(
−32

(
26 + 3N + 3N2

)
N(1 + N)

+ 1664S1

)
S−4 − 1792S−5 − 384S2,3

−2304S2,−3 + 128
( − 2 + 3N + 3N2

)
N(1 + N)

S3,1 + 384S4,1 − 64
(
4 − N + 3N2

)
N2(1 + N)2 S−2,1

−64
( − 26 + 3N + 3N2

)
N(1 + N)

S−2,2 + 2944S−2,3 + 1792

N(1 + N)
S−3,1 − 1664S−4,1

+4608S2,1,−2 − 768S3,1,1 + 768
( − 4 + N + N2

)
S−2,1,1 + 1024S−2,1,−2
N(1 + N)

12



J. Blümlein, P. Marquard, C. Schneider et al. Nuclear Physics B 971 (2021) 115542
+4608[S−2,2,1 + S−3,1,1] − 9216S−2,1,1,1

}}
, (47)

γ
(2),−
NS = 1

2

[
1 − (−1)N

]

×
{

C2
F

{
CA

[16
( − 126 + 6N + 427N2 + 770N3 + 385N4

)
9N2(1 + N)2 [1 − S3] + 72ζ3P37

N2(1 + N)2

+ 32P43

9N2(1 + N)2 S−2,1 − 16P17

9N2(1 + N)2 + P57

18N5(1 + N)5
+

(
− 16P50

9N4(1 + N)4 − 4288

9
S2

+64
( − 12 + 31N + 31N2

)
3N(1 + N)

S3 + 320S4 − 1024S3,1 + 64
( − 84 + 31N + 31N2

)
3N(1 + N)

S−2,1

+3712S−2,2 + 3840S−3,1 − 7168S−2,1,1

)
S1 +

(
256S3 + 1792S−2,1

)
S2

1

+
(

4P53

9N3(1 + N)3 − 832S3 − 5248S−2,1

)
S2 + 352

3
S2

2 + 16
( − 30 + 151N + 151N2

)
3N(1 + N)

S4

+
(

− 16P45

9N3(1 + N)2 +
(

− 64P40

9N2(1 + N)2 − 256S2

)
S1 + 32

(
12 + 31N + 31N2

)
3N(1 + N)

S2

+64S3 + 5376S2,1 − 384S−2,1 + 576ζ3

)
S−2 +

(
−32

(
8 + 3N + 3N2

)
N(1 + N)

+ 512S1

)
S2−2

+
(

32
(
108 + 31N + 31N2

)
3N(1 + N)

S1 − 16P44

9N2(1 + N)2 − 1152S2
1 + 2624S2 + 960S−2

)
S−3

+
(

16
(
138 + 35N + 35N2

)
3N(1 + N)

− 1472S1

)
S−4 + 2304S−5 + 768S2,3 + 2688S2,−3

−64
( − 24 + 29N + 29N2

)
3N(1 + N)

S3,1 − 768S4,1 + 32
( − 174 + 31N + 31N2

)
3N(1 + N)

S−2,2

−3648S−2,3 − 1920S−3,1

N(1 + N)
+ 1728S−4,1 − 5376S2,1,−2 + 1536S3,1,1

−128
( − 84 + 31N + 31N2

)
3N(1 + N)

S−2,1,1 − 1536S−2,1,−2 − 5376S−2,2,1 − 5376S−3,1,1

+10752S−2,1,1,1

]
+ TF NF

[
− 16P5

9N2(1 + N)2 S2 + 4P54

9N4(1 + N)4 +
(

− 8P51

9N3(1 + N)3

+1280

9
S2 − 512

3
S3 − 512

3
S−2,1 + 128ζ3

)
S1 − 128

3
S2

2 + 64
(
12 + 29N + 29N2

)
9N(1 + N)

S3

−512

3
S4 +

(
−128

( − 3 + 10N + 16N2
)

9N2(1 + N)2 + 2560

9
S1 − 256

3
S2

)
S−2
13
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+
(

128
(
3 + 10N + 10N2

)
9N(1 + N)

− 256

3
S1

)
S−3 − 256

3
S−4 + 256

3
S3,1

−256
( − 3 + 10N + 10N2

)
9N(1 + N)

S−2,1 − 256

3
S−2,2

+1024

3
S−2,1,1 − 32

(
2 + 3N + 3N2

)
N(1 + N)

ζ3

]}
+ CF

{
T 2

F N2
F

[
8P28

27N3(1 + N)3 − 128

27
S1

−640

27
S2 + 128

9
S3

]
+ C2

A

[
− 24P37

N2(1 + N)2 ζ3 − 32P41

9N2(1 + N)2 S−2,1 + 8P18

9N2(1 + N)2 S3

+ P59

54N5(1 + N)5
+

(
4P55

3N4(1 + N)4 − 16
( − 8 + 11N + 11N2

)
N(1 + N)

S3 − 256S4 + 512S3,1

−64
( − 24 + 11N + 11N2

)
3N(1 + N)

S−2,1 − 1024S−2,2 − 1024S−3,1 + 2048S−2,1,1

)
S1

+
(

−128S3 − 512S−2,1

)
S2

1 +
(

−8344

27
+ 384S3 + 1536S−2,1

)
S2 + 64S5

−16
( − 24 + 55N + 55N2

)
3N(1 + N)

S4 +
(

32P39

9N2(1 + N)2 S1 + 16P49

9N3(1 + N)3 − 352

3
S2 − 64S3

−1536S2,1 + 128S−2,1 − 192ζ3

)
S−2 +

(
48

(
2 + N + N2

)
N(1 + N)

− 192S1

)
S2−2

+
(

16P42

9N2(1 + N)2 − 32
(
24 + 11N + 11N2

)
3N(1 + N)

S1 + 256S2
1 − 768S2 − 320S−2

)
S−3

+
(

−16
(
30 + 13N + 13N2

)
3N(1 + N)

+ 320S1

)
S−4 − 704S−5 − 384S2,3

−768S2,−3 + 64
( − 12 + 11N + 11N2

)
3N(1 + N)

S3,1 + 384S4,1

−32
( − 48 + 11N + 11N2

)
S−2,2

3N(1 + N)
+ 1088S−2,3 + 512S−3,1

N(1 + N)
− 448S−4,1 + 1536S2,1,−2

−768S3,1,1 + 128
( − 24 + 11N + 11N2

)
3N(1 + N)

S−2,1,1 + 512S−2,1,−2 + 1536[S−2,2,1

+S−3,1,1] − 3072S−2,1,1,1

]
+ CATF NF

[
− 8P56

27N4(1 + N)4 +
(

− 16P52

27N3(1 + N)3

+64S3 + 256

3
S−2,1 − 128ζ3

)
S1 + 5344

27
S2 − 32

(
3 + 14N + 14N2

)
3N(1 + N)

S3 + 320

3
S4

+
(

64
( − 3 + 10N + 16N2

)
9N2(1 + N)2 − 1280

9
S1 + 128

3
S2

)
S−2 +

(
−64

(
3 + 10N + 10N2

)
9N(1 + N)
14
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+128

3
S1

)
S−3 + 128

3
S−4 − 256

3
S3,1 + 128

( − 3 + 10N + 10N2
)

9N(1 + N)
S−2,1 + 128

3
S−2,2

−512

3
S−2,1,1 + 32

(
2 + 3N + 3N2

)
N(1 + N)

ζ3

]}
+ C3

F

{
− 48ζ3P37

N2(1 + N)2 + 8P38

N2(1 + N)2 S3

+ P58

N5(1 + N)5
+

(
8P48

N4(1 + N)4 − 128(1 + 2N)

N2(1 + N)2 S2 + 128S2
2 − 384S3 + 128S4

+512S3,1 − 384
( − 4 + N + N2

)
N(1 + N)

S−2,1 − 3328S−2,2 − 3584S−3,1 + 6144S−2,1,1

)
S1

+
(

−64
(
1 + 3N + 3N2

)
N3(1 + N)3 − 1536S−2,1

)
S2

1 +
(

4P47

N3(1 + N)3 + 512S3 + 4352S−2,1

)
S2

−32
(
2 + 3N + 3N2

)
N(1 + N)

S2
2 − 32

(
2 + 15N + 15N2

)
N(1 + N)

S4 +
(

32P46

N3(1 + N)3 + 512S2

+
(

128
(
1 − N + 3N2

)
N2(1 + N)2 + 512S2

)
S1 − 64

(
4 + 3N + 3N2

)
N(1 + N)

S2 − 512S2

+128S3 − 4608S2,1 + 256S−2,1 − 384ζ3

)
S−2 +

(
128

N(1 + N)
− 256S1

)
S2−2

+
(

32
(
20 + 17N + 21N2

)
N2(1 + N)2 + 1280S2

1 − 2176S2 − 64
(
20 + 3N + 3N2

)
N(1 + N)

S1

−640S−2

)
S−3 +

(
−32

(
26 + 3N + 3N2

)
N(1 + N)

+ 1664S1

)
S−4 − 1792S−5 − 384S2,3

−2304S2,−3 + 128
( − 2 + 3N + 3N2

)
N(1 + N)

S3,1 + 384S4,1 − 1664S−4,1 + 4608S2,1,−2

−64
(
16 + 11N + 15N2

)
N2(1 + N)2 S−2,1 − 64

( − 26 + 3N + 3N2
)

N(1 + N)
S−2,2 + 2944S−2,3

+ 1792

N(1 + N)
S−3,1 − 768S3,1,1 + 768

( − 4 + N + N2
)

N(1 + N)
S−2,1,1 + 1024S−2,1,−2

+4608[S−2,2,1 + S−3,1,1] − 9216S−2,1,1,1

}}
. (48)

In the case of transversity we obtain

γ
(2),tr,+
NS = 1

2

[
1 + (−1)N

]

×
{

CF

{
T 2

F N2
F

[
8
( − 8 + 17N + 17N2

)
9N(1 + N)

− 128

27
S1 − 640

27
S2 + 128

9
S3

]

+CATF NF

[
−16

( − 22 + 45N + 45N2
)

9N(1 + N)
+

(
−16

(
9 + 209N + 209N2

)
27N(1 + N)

+ 64S3
15
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+256

3
S−2,1 − 128ζ3

)
S1 + 5344

27
S2 − 448

3
S3 + 320

3
S4 +

(
−1280

9
S1 + 128

3
S2

)
S−2

+
(

−640

9
+ 128

3
S1

)
S−3 + 128

3
S−4 − 256

3
S3,1 + 1280

9
S−2,1 + 128

3
S−2,2 − 512

3
S−2,1,1

+96ζ3

]
+ C2

A

[
−968 + 1657N + 1657N2

18N(1 + N)
+

(
4P14

3(−1 + N)N(1 + N)(2 + N)
− 176S3

−256S4 + 512S3,1 − 704

3
S−2,1 − 1024S−2,2 − 1024S−3,1 + 2048S−2,1,1

)
S1

+
(

−128S3 − 512S−2,1

)
S2

1 +
(

−8344

27
+ 384S3 + 1536S−2,1

)
S2 + 3112

9
S3 − 880

3
S4

+64S5 +
(

16P2

(−1 + N)N(1 + N)(2 + N)
+ 32

( − 241 + 134N + 134N2
)
S1

9(−1 + N)(2 + N)
− 352

3
S2

−64S3 − 1536S2,1 + 128S−2,1 − 192ζ3

)
S−2 +

(
48 − 192S1

)
S2−2 +

(
256S2

1 − 768S2

−320S−2 + 32
( − 107 + 67N + 67N2

)
9(−1 + N)(2 + N)

− 352

3
S1

)
S−3 +

(
−208

3
+ 320S1

)
S−4

−704S−5 − 384S2,3 − 768S2,−3 + 704

3
S3,1 + 384S4,1

−64
( − 107 + 67N + 67N2

)
S−2,1

9(−1 + N)(2 + N)
− 352

3
S−2,2

+1088S−2,3 − 448S−4,1 + 1536[S2,1,−2 + S−2,2,1 + S−3,1,1] − 768S3,1,1

+1408

3
S−2,1,1 + 512S−2,1,−2 − 3072S−2,1,1,1 − 24

( − 6 + 5N + 5N2
)
ζ3

(−1 + N)(2 + N)

]}

+C2
F

{
TF NF

[
92 +

(
−8

( − 8 + 55N + 55N2
)

3N(1 + N)
+ 1280

9
S2 − 512

3
S3 − 512

3
S−2,1

+128ζ3

)
S1 − 80

3
S2 − 128

3
S2

2 + 1856

9
S3 − 512

3
S4 +

(
2560

9
S1 − 256

3
S2

)
S−2+

(
1280

9

−256

3
S1

)
S−3 − 256

3
S−4 + 256

3
S3,1 − 2560

9
S−2,1 − 256

3
S−2,2 + 1024

3
S−2,1,1 − 96ζ3

]

+CA

[
−151

2
+

(
− 8

( − 206 + 211N + 211N2
)

3(−1 + N)N(1 + N)(2 + N)
− 4288

9
S2 + 1984

3
S3 + 320S4

−1024S3,1 + 1984

3
S−2,1 + 3712S−2,2 + 3840S−3,1 − 7168S−2,1,1

)
S1 +

(
256S3
16
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+1792S−2,1

)
S2

1 +
(

604

3
− 832S3 − 5248S−2,1

)
S2 + 352

3
S2

2 − 6160

9
S3 + 2416

3
S4

+
(

− 48P2

(−1 + N)N(1 + N)(2 + N)
+

(
− 64P7

9(−1 + N)N(1 + N)(2 + N)
− 256S2

)
S1

+992

3
S2 + 64S3 + 5376S2,1 − 384S−2,1 + 576ζ3

)
S−2 +

(
−96 + 512S1

)
S2−2

+
(

−32
( − 187 + 134N + 134N2

)
9(−1 + N)(2 + N)

+ 992

3
S1 − 1152S2

1 + 2624S2 + 960S−2

)
S−3

+
(

560

3
− 1472S1

)
S−4 + 2304S−5 + 768S2,3 + 2688S2,−3 − 1856

3
S3,1 − 768S4,1

+64
( − 187 + 134N + 134N2

)
S−2,1

9(−1 + N)(2 + N)
+ 992

3
S−2,2 − 3648S−2,3 + 1728S−4,1

−5376[S2,1,−2 + S−2,2,1 + S−3,1,1] + 1536[S3,1,1 − S−2,1,−2] − 3968

3
S−2,1,1

+10752S−2,1,1,1 + 72
( − 6 + 5N + 5N2

)
ζ3

(−1 + N)(2 + N)

]}

+C3
F

{
−29 +

(
384

( − 1 + N + N2
)

(−1 + N)N(1 + N)(2 + N)
+ 128S2

2 − 384S3 + 128S4 + 512S3,1

−384S−2,1 − 3328S−2,2 − 3584S−3,1 + 6144S−2,1,1

)
S1 − 256S2−2S1 +

(
12 + 512S3

+4352S−2,1

)
S2 − 96S2

2 + 104S3 − 480S4 +
(

32P2

(−1 + N)N(1 + N)(2 + N)

+
(

384

(−1 + N)N(1 + N)(2 + N)
+ 512S2

)
S1 − 192S2 + 128S3 − 4608S2,1 + 256S−2,1

−384ζ3

)
S−2 +

(
192

(−1 + N)(2 + N)
− 192S1 + 1280S2

1 − 2176S2 − 640S−2

)
S−3

+
(

−96 + 1664S1

)
S−4 − 1792S−5 + 384[−S2,3 + S3,1 + S4,1] − 2304S2,−3

− 384S−2,1

(−1 + N)(2 + N)
− 1536S2

1S−2,1 − 192S−2,2 + 2944S−2,3 − 1664S−4,1

+4608S2,1,−2 − 768S3,1,1 + 768S−2,1,1 + 1024S−2,1,−2 + 4608[S−2,2,1 + S−3,1,1]

−9216S−2,1,1,1 − 48
( − 6 + 5N + 5N2

)
ζ3

(−1 + N)(2 + N)

}}
, (49)

γ
(2),tr,−
NS = 1

2

[
1 − (−1)N

]{
CF

{
T 2

F N2
F

[
8
( − 8 + 17N + 17N2

)
9N(1 + N)

− 128

27
S1 − 640

27
S2
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+128

9
S3

]
+ CATF NF

[
−16

( − 8 + 49N + 90N2 + 45N3
)

9N(1 + N)2

+
(

−16
( − 27 + 209N + 209N2

)
27N(1 + N)

+ 64S3 + 256

3
S−2,1 − 128ζ3

)
S1

+5344

27
S2 − 448

3
S3 + 320

3
S4 +

(
−1280

9
S1 + 128

3
S2

)
S−2 +

(
−640

9
+ 128

3
S1

)
S−3

+128

3
S−4 − 256

3
S3,1 + 1280

9
S−2,1 + 128

3
S−2,2 − 512

3
S−2,1,1

+96ζ3

]
+ C2

A

[
P23

18(−1 + N)N(1 + N)2(2 + N)
+

(
4
(
12 + 245N + 245N2

)
3N(1 + N)

− 176S3

−256S4 + 512S3,1 − 704

3
S−2,1 − 1024S−2,2 − 1024S−3,1 + 2048S−2,1,1

)
S1

+
(

−128S3 − 512S−2,1

)
S2

1 +
(

−8344

27
+ 384S3 + 1536S−2,1

)
S2 + 3112

9
S3 − 880

3
S4

+64S5 +
(

16
( − 5 + 3N + 3N2

)
(−1 + N)(2 + N)

+ 32
(
81 + 134N + 134N2

)
9N(1 + N)

S1 − 352

3
S2 − 64S3

−1536S2,1 + 128S−2,1 − 192ζ3

)
S−2 +

(
48 − 192S1

)
S2−2 +

(
32

(
81 + 67N + 67N2

)
9N(1 + N)

−352

3
S1 + 256S2

1 − 768S2 − 320S−2

)
S−3 +

(
−208

3
+ 320S1

)
S−4 − 704S−5

−384S2,3 − 768S2,−3 + 704

3
S3,1 + 384S4,1 − 64

(
81 + 67N + 67N2

)
S−2,1

9N(1 + N)
− 352

3
S−2,2

+1088S−2,3 − 448S−4,1 + 1536S2,1,−2 − 768S3,1,1 + 1408

3
S−2,1,1 + 512S−2,1,−2

+1536[S−2,2,1 + S−3,1,1] − 3072S−2,1,1,1 − 24
(
12 + 5N + 5N2

)
ζ3

N(1 + N)

]}

+C2
F

{
TF NF

[
4
(
112 + 415N + 414N2 + 207N3

)
9N(1 + N)2 +

(
−8

(
8 + 55N + 55N2

)
3N(1 + N)

+1280

9
S2 − 512

3
S3 − 512

3
S−2,1 + 128ζ3

)
S1 − 80

3
S2 − 128

3
S2

2 + 1856

9
S3 − 512

3
S4

+
(

2560

9
S1 − 256

3
S2

)
S−2 +

(
1280

9
− 256

3
S1

)
S−3 − 256

3
S−4 + 256

3
S3,1 − 2560

9
S−2,1

−256

3
S−2,2 + 1024

3
S−2,1,1 − 96ζ3

]
+ CA

[
P20

18(−1 + N)N(1 + N)2(2 + N)
18
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+
(

− 8P6

3(−1 + N)N2(1 + N)2(2 + N)
− 4288

9
S2 + 1984

3
S3 + 320S4 − 1024S3,1

+1984

3
S−2,1 + 3712S−2,2 + 3840S−3,1 − 7168S−2,1,1

)
S1 +

(
256S3 + 1792S−2,1

)
S2

1

+
(

4
( − 24 + 151N + 151N2

)
3N(1 + N)

− 832S3 − 5248S−2,1

)
S2 + 352

3
S2

2 − 6160

9
S3

+2416

3
S4 +

(
−48

( − 5 + 3N + 3N2
)

(−1 + N)(2 + N)
+

(
− 64P8

9(−1 + N)N(1 + N)(2 + N)
−256S2

)
S1

+992

3
S2 + 64S3 + 5376S2,1 − 384S−2,1 + 576ζ3

)
S−2 +

(
−96 + 512S1

)
S2−2

+
(

−32
(
243 + 134N + 134N2

)
9N(1 + N)

+ 992

3
S1 − 1152S2

1 + 2624S2 + 960S−2

)
S−3

+
(

560

3
− 1472S1

)
S−4 + 2304S−5 + 768S2,3 + 2688S2,−3 − 1856

3
S3,1 − 768S4,1

+64
(
243 + 134N + 134N2

)
9N(1 + N)

S−2,1 + 992

3
S−2,2 − 3648S−2,3 + 1728S−4,1−5376S2,1,−2

−1536[S−2,1,−2 − S3,1,1] − 5376[S−2,2,1 + S−3,1,1] − 3968

3
S−2,1,1 + 10752S−2,1,1,1

+72
(
12 + 5N + 5N2

)
ζ3

N(1 + N)

]}
+ C3

F

{
P21

(−1 + N)N(1 + N)2(2 + N)

+
(

− 32P1

(−1 + N)N2(1 + N)2(2 + N)
+ 128S2

2 − 384S3 + 128S4 + 512S3,1 − 384S−2,1

−3328S−2,2 − 3584S−3,1 + 6144S−2,1,1

)
S1 − 256S2−2S1 +

(
4
(
16 + 3N + 3N2

)
N(1 + N)

+512S3 + 4352S−2,1

)
S2 − 96S2

2 + 104S3 − 480S4 +
(

32
( − 5 + 3N + 3N2

)
(−1 + N)(2 + N)

+
(

128
( − 9 + 4N + 4N2

)
(−1 + N)N(1 + N)(2 + N)

+ 512S2

)
S1 − 192S2 + 128S3 − 4608S2,1

+256S−2,1 − 384ζ3

)
S−2 +

(
576

N(1 + N)
− 192S1 + 1280S2

1 − 2176S2 − 640S−2

)
S−3

+
(

−96 + 1664S1

)
S−4 − 1792S−5 − 384S2,3 − 2304S2,−3 + 384S3,1 + 384S4,1

− 1152

N(1 + N)
S−2,1 − 1536S2

1S−2,1 − 192S−2,2 + 2944S−2,3 − 1664S−4,1 + 4608S2,1,−2

−768S3,1,1 + 768S−2,1,1 + 1024S−2,1,−2 + 4608S−2,2,1 + 4608S−3,1,1 − 9216S−2,1,1,1
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−48
(
12 + 5N + 5N2

)
ζ3

N(1 + N)

}}
. (50)

We have calculated the transversity anomalous dimensions for the first time directly and without 
any assumptions.

The polynomials in Eqs. (47)–(50) read

P1 = N4 − 2N3 − 3N2 + 8N + 4, (51)

P2 = 3N4 + 6N3 − 8N2 − 11N − 2, (52)

P3 = 5N4 + 10N3 + N2 − 4N − 4, (53)

P4 = 13N4 + 26N3 + 13N2 − 16N − 20, (54)

P5 = 15N4 + 30N3 + 79N2 + 16N − 24, (55)

P6 = 17N4 + 58N3 − 5N2 − 94N − 24, (56)

P7 = 134N4 + 268N3 − 107N2 − 241N + 27, (57)

P8 = 134N4 + 268N3 − 17N2 − 151N − 243, (58)

P9 = 134N4 + 268N3 + 89N2 − 81N − 72, (59)

P10 = 134N4 + 268N3 + 116N2 − 18N − 27, (60)

P11 = 134N4 + 268N3 + 137N2 + 3N + 27, (61)

P12 = 134N4 + 268N3 + 203N2 + 69N + 27, (62)

P13 = 165N4 + 330N3 + 165N2 + 256N + 80, (63)

P14 = 245N4 + 490N3 − 117N2 − 362N − 112, (64)

P15 = 268N4 + 536N3 + 301N2 − 3N + 90, (65)

P16 = 268N4 + 536N3 + 487N2 + 183N + 126, (66)

P17 = 385N4 + 770N3 + 427N2 + 6N − 126, (67)

P18 = 389N4 + 778N3 + 398N2 + 9N − 81, (68)

P19 = 453N4 + 906N3 + 1325N2 + 344N − 264, (69)

P20 = −1359N5 − 4077N4 − 11887N3 − 14003N2 + 14494N + 13376, (70)

P21 = −29N5 − 87N4 + 227N3 + 503N2 − 230N − 256, (71)

P22 = 81N5 + 243N4 − 337N3 − 893N2 − 526N − 60, (72)

P23 = 1657N5 + 4971N4 + 4801N3 + 261N2 − 6938N − 3600, (73)

P24 = 3N6 + 9N5 + 9N4 + 9N3 + 2N2 + 4N + 2, (74)

P25 = 3N6 + 9N5 + 9N4 + 51N3 + 76N2 + 60N + 16, (75)

P26 = 22N6 + 66N5 + 95N4 + 88N3 + 197N2 + 160N + 52, (76)

P27 = 27N6 + 81N5 − 209N4 − 487N3 − 272N2 − 48N − 9, (77)

P28 = 51N6 + 153N5 + 57N4 + 35N3 + 96N2 + 16N − 24, (78)

P29 = 135N6 − 31N5 − 601N4 − 569N3 + 487N2 + 621N + 216, (79)

P30 = 209N6 + 627N5 + 627N4 + 209N3 − 108N2 − 108N − 54, (80)
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P31 = 270N6 + 810N5 − 427N4 − 936N3 + 269N2 + 238N − 132, (81)

P32 = 4971N6 + 14913N5 − 24035N4 − 41453N3 − 452N2 + 7024N − 2904, (82)

P33 = −1359N8 − 5436N7 − 8274N6 − 13452N5 − 15103N4 − 12528N3

−4120N2 + 2560N + 1584, (83)

P34 = 207N8 + 828N7 + 1491N6 + 1779N5 + 1210N4 + 453N3 − 8N2

−160N − 72, (84)

P35 = 245N8 + 980N7 + 1542N6 + 1196N5 + 395N4 − 60N3 + 156N2

+222N + 90, (85)

P36 = −29N10 − 145N9 − 226N8 − 46N7 − N6 − 469N5 − 976N4 − 940N3

−576N2 − 208N − 32, (86)

P37 = 5N4 + 10N3 + 9N2 + 4N + 4, (87)

P38 = 13N4 + 26N3 + 13N2 − 16N − 20, (88)

P39 = 134N4 + 268N3 + 188N2 + 54N + 45, (89)

P40 = 134N4 + 268N3 + 215N2 + 45N + 54, (90)

P41 = 134N4 + 268N3 + 245N2 + 111N + 135, (91)

P42 = 134N4 + 268N3 + 311N2 + 177N + 135, (92)

P43 = 268N4 + 536N3 + 625N2 + 321N + 414, (93)

P44 = 268N4 + 536N3 + 811N2 + 507N + 450, (94)

P45 = 81N5 + 162N4 − 391N3 − 286N2 + 156N + 72, (95)

P46 = 3N6 + 9N5 + 9N4 + 9N3 + 6N2 + 8N + 2, (96)

P47 = 3N6 + 9N5 + 9N4 + 51N3 + 12N2 − 4N − 16, (97)

P48 = 22N6 + 66N5 + 95N4 − 40N3 − 115N2 − 120N − 44, (98)

P49 = 27N6 + 81N5 − 155N4 − 379N3 − 92N2 + 78N + 27, (99)

P50 = 135N6 − 31N5 − 481N4 − 617N3 − 395N2 − 309N − 144, (100)

P51 = 165N6 + 495N5 + 495N4 + 421N3 + 144N2 − 112N − 96, (101)

P52 = 209N6 + 627N5 + 627N4 + 209N3 + 36N2 + 36N + 18, (102)

P53 = 453N6 + 1359N5 + 2231N4 + 1669N3 + 368N2 + 24N + 144, (103)

P54 = 207N8 + 828N7 + 1443N6 + 1635N5 + 90N4 − 779N3 − 632N2 + 120, (104)

P55 = 245N8 + 980N7 + 1542N6 + 1196N5 + 475N4 + 100N3 + 36N2 + 22N − 6,(105)

P56 = 270N8 + 1080N7 + 347N6 − 1471N5 − 1507N4 − 417N3 − 362N2

−12N + 144, (106)

P57 = −1359N10 − 6795N9 − 15246N8 − 27870N7 − 5163N6 + 40241N5 + 34648N4

−12280N3 − 32592N2 − 17616N − 3456, (107)

P58 = −29N10 − 145N9 − 130N8 + 338N7 + 383N6 + 107N5 + 464N4 + 1748N3

+1600N2 + 752N + 160, (108)
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P59 = 4971N10 + 24855N9 + 11770N8 − 70578N7 − 147665N6 − 144917N5

−85692N4 − 18992N3 + 22824N2 + 15840N + 2592. (109)

Finally, we turn to the non–singlet anomalous dimension γ (2),s
NS for which we obtain

γ
(2),s
NS = 4NF

dabcd
abc

NC

[
2P60

(−1 + N)N5(1 + N)5(2 + N)

− P61

(−1 + N)N4(1 + N)4(2 + N)
S1 +

(
− 2P62

(−1 + N)N3(1 + N)3(2 + N)

− 4
(
2 + N + N2

)2

(−1 + N)N2(1 + N)2(2 + N)
S1

)
S−2

−
(
2 + N + N2

)
N2(1 + N)2 [S3 − 2S−3 + 4S−2,1]

]
, (110)

with dabcd
abc/NC = 40/9 for NC = 3 in QCD and the polynomials

P60 = N8 + 4N7 + 13N6 + 25N5 + 57N4 + 77N3 + 55N2 + 20N + 4, (111)

P61 = 3N8 + 12N7 + 16N6 + 6N5 + 30N4 + 64N3 + 73N2 + 40N + 12, (112)

P62 = N6 + 3N5 − 8N4 − 21N3 − 23N2 − 12N − 4. (113)

Note that γ (2),s
NS has no pole at N = 1, but vanishes.

The splitting functions in z space are given by

P
(2),+,δ
NS = −

{
δ(1 − z)

{
C2

F

[
CA

[
−151

2
+

(
820

3
− 32ζ3

)
ζ2 + 1976

15
ζ 2

2 − 1688

3
ζ3

−240ζ5

]
+ TF NF

[
92 − 80ζ2

3
− 928ζ 2

2

15
+ 544ζ3

3

]]
+ CF

[
CATF NF

[
−80 + 5344ζ2

27

−16ζ 2
2

5
− 800ζ3

9

]
+ T 2

F N2
F

[
136

9
− 640ζ2

27
+ 128ζ3

9

]
+ C2

A

[
1657

18
− 8992ζ2

27
+ 4ζ 2

2

+3104ζ3

9
− 80ζ5

]]
+ C3

F

[
−29 + ( − 36 + 64ζ3

)
ζ2 − 576

5
ζ 2

2 − 136ζ3 + 480ζ5

]}}
,

(114)

P
(2),+,plu
NS = −

{
1

1 − z

{
CF

[
T 2

F N2
F

128

27
+ C2

A

(
−980

3
+ 2144ζ2

9
− 352ζ 2

2

5
− 176ζ3

3

)

+CATF NF

(
3344

27
− 640ζ2

9
+ 448ζ3

3

)]
+ C2

F TF NF

[
440

3
− 128ζ3

]}}
, (115)

P
(2),+,reg
NS = −

{
CF

{
T 2

F N2
F

[
256(−1 + z)

9
− 128/27 + 64

(
11 − 12z + 11z2

)
27(−1 + z)

H0
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+32
(
1 + z2

)
9(−1 + z)

H2
0

]
+ CATF NF

[
−

(
3344

27
− 640

9
ζ2 + 448

3
ζ3

)

+
(

−16
(
317 − 408z + 425z2

)
27(−1 + z)

+ 256
(
4 + 3z + 4z2

)
9(1 + z)

H−1 + 32(3 + z)
(
1 + z2

)
ζ2

3(−1 + z)(1 + z)

)
H0

+9896(1 − z)

27
+

(
−16

(
11 + 28z + 11z2 + 34z3

)
9(−1 + z)(1 + z)

+ 32
(
1 + z2

)
3(1 + z)

H−1

)
H2

0

− 64z
(
1 + z2

)
9(−1 + z)(1 + z)

H3
0+

(
16

(
1 + z2

)
(−1 + z)

H2
0+64(1 − z)

)
H1 +

(
32(1 + z)+32

(
1 + z2

)
(1 − z)

H0

−128
(
1 + z2

)
3(1 + z)

H−1

)
H0,1 − 256

(
4 + 3z + 4z2

)
9(1 + z)

H0,−1 + 128z
(
1 + z2

)
3(−1 + z)(1 + z)

H0,0,1

−64
(
1 + z2

)
3(1 + z)

H0,0,−1 + 32
( − 9 − 6z + 23z2

)
9(1 + z)

ζ2 + 128
(
1 + z2

)
3(1 + z)

H0,1,−1

+128
(
1 + z2

)
3(1 + z)

H0,−1,1 + 128
(
1 + z2

)
3(1 + z)

H−1ζ2 − 64
(
3 − z − 4z2 + 6z3

)
3(−1 + z)(1 + z)

ζ3

]

+C2
A

[
−

(
−980

3
+ 2144

9
ζ2 − 352

5
ζ 2

2 − 176

3
ζ3

)
+ 19474(−1 + z)

27

+
(

4
(
1967 − 1933z − 205z2 + 4343z3

)
27(−1 + z)(1 + z)

+
(

−32
(
91 + 48z + 91z2

)
9(1 + z)

−352
(
1 + z2

)
(1 + z)

ζ2

)
H−1 − 64(1 + z)H2−1 + 32z

(
7 + 9z2

)
(−1 + z)(1 + z)

ζ3

+8
( − 69 − 95z + 3z2 + 37z3

)
3(−1 + z)(1 + z)

ζ2

)
H0 +

(
2
(
121 + 969z + 121z2 + 345z3

)
9(−1 + z)(1 + z)

+8
(
19 + 60z + 19z2

)
3(1 + z)

H−1 − 64
(
1 + z2

)
(1 + z)

H2−1 + 4
(
15 + 8z + 17z2

)
(1 + z)

ζ2

)
H2

0

+
(

16z
(
23 + 8z2

)
9(−1 + z)(1 + z)

+ 16
(
1 + z2

)
(1 + z)

H−1

)
H3

0 − 2z
(
3 + 5z2

)
3(−1 + z)(1 + z)

H4
0

+
(

352(−1 + z) − 4
(
19 − 16z + 19z2

)
(−1 + z)

H2
0 − 16

(
1 + z2

)
(−1 + z)

H3
0 + 64(−1 + z)ζ2

−32
(
1 + z2

)
(−1 + z)

H0ζ2 + 288
(
1 + z2

)
(−1 + z)

ζ3

)
H1 − 32

(
1 + z2

)
(−1 + z)

H2
0H2

1

+
(

−32
(
35 + 48z + 35z2

)
3(1 + z)

ζ2 − 384
(
1 + z2

)
(1 + z)

ζ3

)
H−1 +

(
8
(
19 − 16z + 19z2

)
(−1 + z)

H0

−224(1 + z) + 4
(
3 + 5z2

)
H2

0 + 128
(
1 + z2

)
H0H1 + 32

(
29 + 36z + 29z2

)
H−1
(−1 + z) (−1 + z) 3(1 + z)

23
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−256
(
1 + z2

)
(1 + z)

H2−1 + 192
(
1 + z2

)
(−1 + z)

H0,−1 − 16
( − 5 + 3z − 7z2 + z3

)
ζ2

(−1 + z)(1 + z)

)
H0,1

−64
(
1 + z2

)
(−1 + z)

H2
0,1 +

(
32

(
91 + 48z + 91z2

)
9(1 + z)

+
(

−32
( − 2 + z + 4z2

)
(−1 + z)

+256
(
1 + z2

)
(1 + z)

H−1

)
H0 + 8

( − 3 − z − 5z2 + z3
)

(−1 + z)(1 + z)
H2

0 + 192
(
1 + z2

)
(−1 + z)

H0H1

+128(1 + z)H−1 + 16
(
7 + 5z2

)
(1 + z)

ζ2

)
H0,−1 − 16

(
3 + 2z + 3z2

)
(−1 + z)

H2
0,−1

+
(

−32
( − 3 − 4z + 3z2 + 26z3

)
3(−1 + z)(1 + z)

+ 16
(
3 + z2

)
(−1 + z)

H0 + 256
(
1 + z2

)
(1 + z)

H−1

)
H0,0,1

+
(

16
( − 5 + 29z + 19z2 + 29z3

)
3(−1 + z)(1 + z)

− 16
( − 13 + z − 15z2 + 3z3

)
(−1 + z)(1 + z)

H0

−384
(
1 + z2

)
(−1 + z)

H1 − 256
(
1 + z2

)
(1 + z)

H−1

)
H0,0,−1 − 128

(
1 + z2

)
(−1 + z)

H0H0,1,1

+
(

−32
(
29 + 36z + 29z2

)
3(1 + z)

− 192
(
1 + z2

)
(−1 + z)

H0 + 512
(
1 + z2

)
(1 + z)

H−1

)
[H0,1,−1 + H0,−1,1]

+
(

−128(1 + z) − 32
( − 11 + 3z − 13z2 + 5z3

)
(−1 + z)(1 + z)

H0

)
H0,−1,−1 + 128z

(
1 + z2

)
(1 − z)(1 + z)

×H0,0,0,1 − 384
(
1 + z2

)
(−1 + z)(1 + z)

H0,0,0,−1 + 128
(
1 + z2

)
(−1 + z)

[H0,0,1,1 − H0,−1,0,1]

−256
(
1 + z2

)
(1 + z)

[
H0,0,1,−1 + H0,0,−1,1 − H0,0,−1,−1

] − 512
(
1 + z2

)
(1 + z)

[H0,1,−1,−1

+H0,−1,1,−1 + H0,−1,−1,1] − 32
( − 63 − 102z + 28z2

)
9(1 + z)

ζ2 + 256
(
1 + z2

)
(1 + z)

H2−1ζ2

+4
(
81 + 63z − 57z2 + 121z3

)
5(−1 + z)(1 + z)

ζ 2
2 + 16

( − 27 − 56z − 11z2 + 84z3
)

3(−1 + z)(1 + z)
ζ3

]}

+C2
F

{
TF NF

[
−

(
440

3
− 128ζ3 − 2048

3
(1 − z)H1

)
+ 1300(1 − z)

9

+
(

−512
(
4 + 3z + 4z2

)
9(1 + z)

H−1 + 128z
(
1 + z2

)
3(−1 + z)(1 + z)

ζ2

+16
( − 22 − 8z + 45z2

)
9(−1 + z)

)
H0 +

(
32

( − 8 + 24z − 3z2 + 5z3
)

9(−1 + z)(1 + z)
− 64

(
1 + z2

)
3(1 + z)

H−1

)

×H2
0 − 16

(
3 − 5z + 9z2 + z3

)
9(−1 + z)(1 + z)

H3
0 +

(
256(−1 + z)3 − 256

(
4 − 3z + 4z2

)
9(−1 + z)

H0
24
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−128
(
1 + z2

)
3(−1 + z)

H2
0

)
H1 +

(
−128(1 + z)

3
+ 128

(
1 + z2

)
3(−1 + z)

H0 + 256
(
1 + z2

)
3(1 + z)

H−1

)
H0,1

+512
(
4 + 3z + 4z2

)
9(1 + z)

H0,−1 + 128
(
1 + z2

)
3(1 + z)

H0,0,−1 − 256
(
1 + z2

)
3(1 + z)

[H0,1,−1

+H0,−1,1] − 256z
(
1 + z2

)
3(−1 + z)(1 + z)

H0,0,1 − 256
(
1 + z2

)
3(1 + z)

H−1ζ2 − 640
(
1 + z2

)
9(1 + z)

ζ2

+128
(
1 + z − 2z2 + 4z3

)
3(−1 + z)(1 + z)

ζ3

]
+CA

[(
−4

( − 185 − 1797z + 314z2 + 2574z3
)

9(−1 + z)(1 + z)

+
(

32
(
173 + 78z + 173z2

)
9(1 + z)

+ 1344
(
1 + z2

)
(1 + z)

ζ2

)
H−1 + 224(1 + z)H2−1

−16
( − 81 − 179z + 27z2 + 151z3

)
3(−1 + z)(1 + z)

ζ2 − 32
( − 3 + 21z − 9z2 + 25z3

)
(−1 + z)(1 + z)

ζ3

)
H0

+1064(−1 + z)

9
+

(
8
(
118 − 705z + 33z2 + 320z3

)
9(−1 + z)(1 + z)

− 8
(
107 + 276z + 107z2

)
3(1 + z)

H−1

+288
(
1 + z2

)
(1 + z)

H2−1 − 32
( − 6 + 6z − 3z2 + 11z3

)
(−1 + z)(1 + z)

ζ2

)
H2

0

+
(

4
(
33 − 343z + 99z2 + 119z3

)
9(−1 + z)(1 + z)

− 272
(
1 + z2

)
3(1 + z)

H−1

)
H3

0 + 8z
(
3 + 7z2

)
3(−1 + z)(1 + z)

×H4
0 +

(
−3344(−1 + z)

3
+

(
32

(
109 − 84z + 109z2

)
9(−1 + z)

− 64
(
1 + z2

)
(−1 + z)

ζ2

)
H0

+16
(
43 − 24z + 43z2

)
3(−1 + z)

H2
0 + 176

(
1 + z2

)
3(−1 + z)

H3
0 − 224(−1 + z)ζ2 − 768

(
1 + z2

)
(−1 + z)

ζ3

)

×H1 + 64
(
1 + z2

)
(−1 + z)

H2
0H2

1 +
(

1984
(
2 + 3z + 2z2

)
3(1 + z)

ζ2 + 1344
(
1 + z2

)
(1 + z)

ζ3

)
H−1

+
(

2032(1 + z)

3
+

(
−256

(
4 − 3z + 4z2

)
3(−1 + z)

− 64
(
1 + z2

)
(1 + z)

H−1

)
H0 − 64

(
1 + 2z2

)
(−1 + z)

H2
0

−256
(
1 + z2

)
(−1 + z)

H0H1 − 32
(
103 + 144z + 103z2

)
3(1 + z)

H−1 + 896
(
1 + z2

)
(1 + z)

H2−1

−512
(
1 + z2

)
(−1 + z)

H0,−1 + 64
(
3 − z + 3z2

)
(1 + z)

ζ2

)
H0,1 + 128

(
1 + z2

)
(−1 + z)

H2
0,1

+
(

−32
(
173 + 78z + 173z2

)
9(1 + z)

+
(

16
( − 29 + 14z + 27z2

)
(−1 + z)

− 1024
(
1 + z2

)
(1 + z)

H−1

)

×H0 − 32
( − 3 − 2z − 6z2 + z3

)
H2

0 − 512
(
1 + z2

)
H0H1 − 448(1 + z)H−1
(−1 + z)(1 + z) (−1 + z)
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−64
( − 4 + 7z − 3z2 + 6z3

)
(−1 + z)(1 + z)

ζ2

)
H0,−1 +

(
16

( − 39 − 61z + 21z2 + 167z3
)

3(−1 + z)(1 + z)

+32
( − 3 − z + 5z2 + 7z3

)
(−1 + z)(1 + z)

H0 − 896
(
1 + z2

)
(1 + z)

H−1

)
H0,0,1 + 64

(
3 + z + 3z2

)
(−1 + z)

H2
0,−1

+
(

−16
( − 67 + 79z + 77z2 + 55z3

)
3(−1 + z)(1 + z)

+ 32
( − 29 + 5z − 33z2 + 13z3

)
(−1 + z)(1 + z)

H0

+1024
(
1 + z2

)
(−1 + z)

H1 + 896
(
1 + z2

)
(1 + z)

H−1

)
H0,0,−1 + 256

(
1 + z2

)
(−1 + z)

H0H0,1,1

+
(

32
(
103 + 144z + 103z2

)
3(1 + z)

+ 64(7 + 9z)
(
1 + z2

)
(−1 + z)(1 + z)

H0 − 1792
(
1 + z2

)
(1 + z)

H−1

)

×[H0,1,−1 + H0,−1,1] +
(

448(1 + z) + 128
( − 11 + 4z − 12z2 + 5z3

)
(−1 + z)(1 + z)

H0

)
H0,−1,−1

+64
( − 1 + 6z − 4z2 + 3z3

)
(−1 + z)(1 + z)

H0,0,0,1 − 64
( − 26 + 5z − 23z2 + 8z3

)
(−1 + z)(1 + z)

H0,0,0,−1

−256
(
1 + z2

)
(−1 + z)

H0,0,1,1 + 896
(
1 + z2

)
(1 + z)

[H0,0,1,−1 + H0,0,−1,1 − H0,0,−1,−1]

+384
(
1 + z2

)
(−1 + z)

H0,−1,0,1 + 1792
(
1 + z2

)
(1 + z)

[H0,1,−1,−1 + H0,−1,1,−1 + H0,−1,−1,1]

−16
(
163 + 684z + 253z2

)
9(1 + z)

ζ2 − 896
(
1 + z2

)
(1 + z)

ζ2H2−1 − 16
(
67 + 67z − 3z2 + 7z3

)
5(−1 + z)(1 + z)

ζ 2
2

−16
( − 101 − 209z − 2z2 + 292z3

)
3(−1 + z)(1 + z)

ζ3

]}

+C3
F

{
−124(−1 + z) +

(
4
( − 15 − 259z − 12z2 + 280z3

)
(−1 + z)(1 + z)

+
(

64(1 + z)

−1280
(
1 + z2

)
ζ2

(1 + z)

)
H−1 + 64(1 + 2z)

( − 6 − 2z + 7z2
)

(−1 + z)(1 + z)
ζ2 − 192(1 + z)H2−1

+64
( − 3 + 7z − 9z2 + 7z3

)
(−1 + z)(1 + z)

ζ3

)
H0 +

(
−4

( − 2 − 100z + 89z2
)

(−1 + z)

+16
(
23 + 52z + 23z2

)
(1 + z)

H−1 − 320
(
1 + z2

)
(1 + z)

H2−1 + 16
(
13 + 15z2

)
(1 + z)

ζ2

)
H2

0

+
(

−8
( − 3 + 46z + 31z2

)
3(1 + z)

+ 352
(
1 + z2

)
3(1 + z)

H−1

)
H3

0 − 4
( − 1 + 5z − 7z2 + 11z3

)
3(−1 + z)(1 + z)

×H4
0 +

(
1120(−1 + z) − 32(−1 + z)H0 − 96

(
1 + z2

)
(−1 + z)

H2
0 − 64

(
1 + z2

)
3(−1 + z)

H3
0
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+192(−1 + z)ζ2 + 384
(
1 + z2

)
(−1 + z)

ζ3

)
H1 +

(
−384

(
3 + 5z + 3z2

)
(1 + z)

ζ2

−1152
(
1 + z2

)
(1 + z)

ζ3

)
H−1 +

(
−648(1 + z) +

(
16

(
9 − 8z + 11z2

)
(−1 + z)

+128
(
1 + z2

)
(1 + z)

H−1

)
H0 + 48

(
1 + 3z2

)
(−1 + z)

H2
0 + 192

(
5 + 8z + 5z2

)
(1 + z)

H−1

+128
(
1 + z2

)
(−1 + z)

H0H1 − 768
(
1 + z2

)
(1 + z)

H2−1 + 256
(
1 + z2

)
(−1 + z)

H0,−1 − 192
(
1 + z2

)
(1 + z)

ζ2

)
H0,1

−64
(
1 + z2

)
(−1 + z)

H2
0,1 +

(
−64(1 + z) +

(
− 32(21 + 11z) + 1024

(
1 + z2

)
(1 + z)

H−1

)
H0

+32
( − 3 − 3z − 7z2 + z3

)
(−1 + z)(1 + z)

H2
0 + 256

(
1 + z2

)
(−1 + z)

H0H1 + 384(1 + z)H−1

+64(−1 + 7z)
(
1 + z2

)
(−1 + z)(1 + z)

ζ2

)
H0,−1 − 192

(
1 + z2

)
(−1 + z)

H2
0,−1 +

(
−96

(
3 + 8z + 7z2

)
(1 + z)

−64
( − 1 + z + 3z2 + 5z3

)
(−1 + z)(1 + z)

H0 + 768
(
1 + z2

)
(1 + z)

H−1

)
H0,0,1 +

(
32

(
19 + 12z − z2

)
(1 + z)

−128(−2 + z)
(
4 + z + 5z2

)
(−1 + z)(1 + z)

H0 − 512
(
1 + z2

)
(−1 + z)

H1 − 768
(
1 + z2

)
(1 + z)

H−1

)
H0,0,−1

−128
(
1 + z2

)
(−1 + z)

H0H0,1,1 +
(

−192
(
5 + 8z + 5z2

)
(1 + z)

− 128(1 + 3z)
(
1 + z2

)
(−1 + z)(1 + z)

H0

+1536
(
1 + z2

)
(1 + z)

H−1

)
H0,1,−1 +

(
− 192

(
5 + 8z + 5z2

)
(1 + z)

− 128(1 + 3z)
(
1 + z2

)
(−1 + z)(1 + z)

H0

+1536
(
1 + z2

)
(1 + z)

H−1

)
H0,−1,1 +

(
−384(1 + z) − 128(−11 + 5z)

(
1 + z2

)
(−1 + z)(1 + z)

H0

)

×H0,−1,−1 + 128
( − 14 + 5z − 11z2 + 8z3

)
(−1 + z)(1 + z)

H0,0,0,−1 − 64
(
1 − 4z + z2

)
(1 + z)

H0,0,0,1

+128
(
1 + z2

)
(−1 + z)

H0,0,1,1 − z
768

(
1 + z2

)
(1 + z)z

[H0,0,1,−1 + H0,0,−1,1 − H0,0,−1,−1]

−1536
(
1 + z2

)
(1 + z)

[H0,1,−1,−1 + H0,−1,1,−1 + H0,−1,−1,1] − 256
(
1 + z2

)
(−1 + z)

H0,−1,0,1

+8(77 + 93z)ζ2 + 768
(
1 + z2

)
(1 + z)

H2−1ζ2 − 16
( − 81 − 11z − 7z2 + 63z3

)
5(−1 + z)(1 + z)

ζ 2
2

+96(2 + 3z)(2 + 5z)

(1 + z)
ζ3

}}
. (116)
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For transversity the contributions to the splitting function P NS,+,tr
2 read

P
(2),+,tr,δ
NS = −

{
C2

F

[
CA

[
−151

2
+ 820

3
ζ2 + 1976

15
ζ 2

2 +
(

−1688

3
− 32ζ2

)
ζ3 − 240ζ5

]

+TF NF

[
92 − 80ζ2

3
− 928ζ 2

2

15
+ 544ζ3

3

]]
+ CF

[
CATF NF

[
−80 + 5344ζ2

27

−16ζ 2
2

5
− 800ζ3

9

]
+ T 2

F N2
F

[
136

9
− 640ζ2

27
+ 128ζ3

9

]
+ C2

A

[
1657

18
− 8992ζ2

27

+4ζ 2
2 + 3104ζ3

9
− 80ζ5

]}
+ C3

F

{
−29 − 36ζ2 − 576

5
ζ 2

2 +
(

−136 + 64ζ2

)
ζ3

+480ζ5

}}
δ(1 − z), (117)

P
(2),+,tr,plu
NS = − 1

1 − z

{
CF

[
T 2

F N2
F

128

27
+ C2

A

[
− 4

45

(
3675 − 2680ζ2 + 792ζ 2

2

)

−176ζ3

3

]
+ CATF NF

[
−16

27

(
−209 + 120ζ2

)
+ 448ζ3

3

]]

+8

3
C2

F TF NF

[
55 − 48ζ3

]}
, (118)

P
(2),+,tr,reg
NS = −

{
C2

F

{
TF NF

[
−440

3
−

(
16z(−9 + 4z)

3(−1 + z)
− 2560z

9(1 + z)
H−1

+ 256zζ2

3(1 − z)(1 + z)

)
H0 +

(
− 32z(−29 + 11z)

9(−1 + z)(1 + z)
+ 128z

3(1 + z)
H−1

)
H2

0

+ 64z(−1 + 3z)

9(1 − z)(1 + z)
H3

0 +
(

64

3
(1 − z) + 1280z

9(1 − z)
H0 + 256z

3(1 − z)
H2

0

)
H1 +

(
256z

3(−1 + z)
H0

− 512z

3(1 + z)
H−1

)
H0,1 − 2560z

9(1 + z)
H0,−1 − 512z

3(−1 + z)(1 + z)
H0,0,1

− 256z

3(1 + z)
H0,0,−1 + 512z

3(1 + z)
H0,1,−1 + 512z

3(1 + z)
H0,−1,1 + 1280zζ2

9(1 + z)

+ 512zζ2

3(1 + z)
H−1 + 128(3 + z)(−1 + 2z)ζ3

3(−1 + z)(1 + z)

]
+ CA

[(
4z

( − 537 − 43z + 278z2
)

3(−1 + z)(1 + z)

+
(

16
(
27 − 482z + 27z2

)
9(1 + z)

− 2688zζ2

1 + z

)
H−1 − 48(1 + z)

(
1 + z2

)
z

H2−1

−32z
(
4 − 36z − 18z2 + 9z3

)
ζ2

3(−1 + z)(1 + z)
+ 64z(−23 + 6z)ζ3

(−1 + z)(1 + z)

)
H0
28
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+
(

8z
( − 412 + 151z + 27z2

)
9(−1 + z)(1 + z)

+ 16
(
9 − 13z + 9z2

)
3(1 + z)

H−1 − 576z

1 + z
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(
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(
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(
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+
(

−16
(
9 − 250z + 9z2

)
9(1 + z)
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(
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(
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(
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. (119)

In the following we use the subsidiary functions

pqq = 1 + z2

1 + z
, (120)

ptr
qq = z

1 + z
. (121)

The difference terms between the + and −-type splitting functions are given by
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)
H−1 +

(
256H2

0 − 1024H0,1 + 1024ζ2

)
H2−1

+128

3

( − 22 − 8z + z2)H0,0,1 − 256H0,0,0,1 − 1792H0,0,0,−1 − 1024[H0,0,1,−1

+H0,0,−1,1 − H0,0,−1,−1] − 2048[H0,1,−1,−1 + H0,−1,1,−1 + H0,−1,−1,1] − 128H2
0ζ2

−256H0,1ζ2 + 512H0,−1ζ2 + 960ζ 2
2 + 64

3

(
30 − 8z + z2)ζ3

)

+
(

−32
(
1 − 14z + 3z2

)
3(1 + z)

+ 64(1 − z)H1 + 64
( − 1 + 9z − 27z2 + 3z3

)
3z

×H0,−1

)
H0 − 128(1 + z)

(
1 − 10z + z2

)
3z

H2−1H0 − 16
(
6 − 497z + 42z2 + 9z3

)
9(1 + z)

×H2
0 +

(
352

3
(−1 + z) − 64(−1 + z)

(
1 − 8z + z2

)
ζ2

3z

)
H1

+
(

32
(
9 + 24z − 1042z2 + 24z3 + 9z4

)
9z(1 + z)

H0 + 32
(
1 − 8z − 44z2 − 8z3 + z4

)
3z(1 + z)

[H2
0

−4H0,1] + 256(1 + z)
(
1 − 10z + z2

)
3z

H0,−1

)
H−1 + 128

3
(1 + z)H0,1

−64
( − 1 + 8z − 80z2 − 56z3 + 7z4

)
3z(1 + z)

H0,0,−1

−32
(
9 + 24z − 1042z2 + 24z3 + 9z4

)
9z(1 + z)

H0,−1 + 128
(
1 − 8z − 44z2 − 8z3 + z4

)
3z(1 + z)

×[H0,1,−1 + H0,−1,1] + 32
( − 24 − 545z + 24z2 + 9z3

)
9(1 + z)

ζ2

−256(1 + z)
(
1 − 10z + z2

)
3z

H0,−1,−1

]}

+
(

CF − CA

2

)2

CF

{{
5728

9
(−1 + z) + ptr

qq

((
2048H0,0,−1 + 4096H0,−1,−1

+128

3

( − 29 − 24z + 3z2)ζ2 − 2048ζ3

)
H0 +

(
32

9

( − 277 − 6z + 3z2)
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−256H0,−1 − 768ζ2

)
H2

0 − 1984

9
H3

0 + 64

3
H4

0 +
((

−4096H0,−1 + 5632ζ2

)
H0

+1408

3
H2

0 − 256H3
0 − 4096[H0,0,1 − H0,0,−1] − 8192[H0,1,−1 + H0,−1,1]

+6144ζ3

)
H−1 +

(
1024H2

0 + 4096H0,1 − 4096ζ2

)
H2−1 − 128

3

( − 49 − 24z

+3z2)H0,0,1 + 256

3

( − 38 − 24z + 3z2)H0,0,−1 + 1024H0,0,0,1 − 3072H0,0,0,−1

+4096[H0,0,1,−1 + H0,0,−1,1 − H0,0,−1,−1] + 8192[H0,1,−1,−1 + H0,−1,1,−1

+H0,−1,−1,1] + 1024H0,1ζ2 − 1536H0,−1ζ2 − 512ζ 2
2 + 64

( − 31 − 8z + z2)ζ3

)

+
(

64
(
1 − 22z − 5z2

)
3(1 + z)

+ 128(9 − z)zH0,−1

)
H0 + 64(1 + z)

(
1 − 10z + z2

)
z

×H2−1H0 +
(

−1088

3
(−1 + z) + 64(−1 + z)

(
1 − 8z + z2

)
z

ζ2

)
H1

+
(

−64
(
3 + 12z − 518z2 + 12z3 + 3z4

)
9z(1 + z)

H0 + 128
(
3 − 24z − 98z2 − 24z3 + 3z4

)
3z(1 + z)

×H0,1 − 128(1 + z)
(
1 − 10z + z2

)
z

H0,−1 − 64
(
3 − 24z − 142z2 − 24z3 + 3z4

)
3z(1 + z)

ζ2

)

×H−1 − 128(1 + z)H0,1 + 64
(
3 + 12z − 518z2 + 12z3 + 3z4

)
9z(1 + z)

H0,−1

−128
(
3 − 24z − 98z2 − 24z3 + 3z4

)
3z(1 + z)

[H0,1,−1 + H0,−1,1]

+128(1 + z)
(
1 − 10z + z2

)
z

H0,−1,−1 − 64
( − 18 − 295z − 6z2 + 3z3

)
9(1 + z)

ζ2

}}}
(123)

in the vector and transversity cases. Here we used the shorthand notation H�a(z) ≡ H�a . 21 har-
monic polylogarithms of up to weight w = 4 are contributing. 18 harmonic polylogarithms of up 
to weight w = 4 are contributing to the difference terms.

The difference terms P (2),+
NS (z) − P

(2),−
NS (z) and P (2),+,tr

NS (z) − P
(2),−,tr
NS (z) do not contain soft 

contributions. Their expansion around z = 1 is given by

P
(2),+
NS (z) − P

(2),−
NS (z) = 16

3
(1 − z)

(
CF − CA

2

)
CF (11CA−4TF NF ) + O((1 − z)2),

(124)

P
(2),+,tr
NS (z) − P

(2),−,tr
NS (z) = −(1 − z)

{(
CF − CA

2

)[
C2

F

(
−8

9

( − 404 − 36ζ2

)

−608

3
H1

)
+ 64

9
CF TF NF

( − 7 + 6H1
)] +

(
CF − CA

2

)2

CF

[
−8

9

(
116 + 144ζ2

)
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−8

9

( − 696 + 144ζ2
)
H1

]}
+ O((1 − z)2). (125)

In N space the leading term for N → ∞ is ∝ ln(N)/N2.
Finally, the splitting function P (2),s

NS reads

P
(2),s
NS (z) = −2NF

dabcdabc

NC

{
−400

3
(1 − z) +

(
−2

3
(100 + 9z)

+4(1 + z)
(
4 − 7z + 4z2

)
3z

H2−1 + 52

3
(1 + z)H−1 + 16ζ3

)
H0 +

(
1

3
(−38 − 29z)

−2(1 + z)
(
8 − 5z + 8z2

)
3z

H−1

)
H2

0 + 2

9

(
3 + 8z2)H3

0 − 1

3
H4

0

+
(

182

3
(−1 + z) + 3(1 − z)H2

0

)
H1 +

(
−82

3
(1 + z) − 6(1 − z)H0 + 2(1 + z)H2

0

−16(1 + z)
(
2 + z + 2z2

)
3z

H−1

)
H0,1 +

(
−52

3
(1 + z)

+16
(
2 + 3z2

)
3z

H0 + 4(1 − z)H2
0 − 8(1 + z)

(
4 − 7z + 4z2

)
3z

H−1

)
H0,−1 + 8(1 − z)

×H2
0,−1 +

(
4

3

(
3 + 9z + 8z2) − 8(1 + z)H0

)
H0,0,1 +

(
4
( − 8 + 3z − 21z2 + 8z3

)
3z

−8(1 − z)H0

)
H0,0,−1 + 16(1 + z)

(
2 + z + 2z2

)
3z

[H0,1,−1 + H0,−1,1]

+
(

8(1 + z)
(
4 − 7z + 4z2

)
3z

− 16(1 − z)H0

)
H0,−1,−1 +

(
2

3
(67 + 41z)

−2

3

(
3 + 27z + 32z2)H0 + 2(5 + 3z)H2

0 − 4(−1 + z)
(
4 + 7z + 4z2

)
3z

H1

+4(1 + z)
(
4 − z + 4z2

)
z

H−1 + 8(1 + z)H0,1 − 8(1 − z)H0,−1

)
ζ2 − 2(3 + 5z)ζ 2

2

−16

3

(
3 + 5z2)ζ3

}
. (126)

5. Comparison to the literature

We confirm the results for the non–singlet case for γ (2),+
NS , γ (2),−

NS and γ (2),s
NS in Ref. [4] where 

the on–shell forward Compton amplitude has been used for the calculation. The contributions ∝
TF have already been calculated independently as a by–product of the massive on–shell operator 
matrix elements in Ref. [10]. We also agree with the fixed moments, which were calculated in 
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Refs. [40,83–86] and the prediction of the leading NF terms for P (2),+
NS and P (2),−

NS computed in 
[87].

Furthermore, we derive the small z limit of the splitting functions, given by

P
(2),+
NS � −

{
−4

3
C3

F H4
0 +

[
8C3

F + C2
F

(
−44CA

3
+ 16TF NF

3

)]
H3

0

+
[
CF

[
176CATF NF

9
− 32

9
T 2

F N2
F + C2

A

(
−242

9
+ 60ζ2

)]
+ C2

F

[
256TF NF

9

+CA

(
−944

9
− 192ζ2

)]
+ C3

F

(
−8 + 208ζ2

)]
H2

0 +
[
CF

(
−704

27
T 2

F N2
F

+CATF NF

(
5072

27
− 32ζ2

)
+ C2

A

(
−7868

27
+ 184ζ2

))
+ C2

F

(
352TF NF

9

+CA

(
−740

9
− 432ζ2 − 96ζ3

))
+ C3

F

(
60 + 384ζ2 + 192ζ3

)]
H0

+C2
F

[
CA

(
−1064

9
− 2608ζ2

9
+ 1072ζ 2

2

5

−1616ζ3

3

)
+ TF NF

(
1300

9
− 640ζ2

9
− 128ζ3

3

)]
+ CF

[
−256

9
T 2

F N2
F

+CATF NF

(
9896

27
− 32ζ2 + 64ζ3

)
+ C2

A

(
−19474

27
+ 224ζ2 − 324ζ 2

2

5

+144ζ3

)]
+ C3

F

(
124 + 616ζ2 − 1296ζ 2

2

5
+ 384ζ3

)}
+ O(z), (127)

P
(2),+
NS − P

(2),−
NS � 2CF (CA − 2CF )

{
(CA − 2CF )H4

0 +
(

−40CA

9
+ 32TF NF

9

)
H3

0

+
(

304TF NF

9
+ 8CF

( − 4 + 13ζ2
) − 4

9
CA

(
152 + 99ζ2

))
H2

0

+
(

16

9
TF NF

(
41 + 6ζ2

) + 32CF

( − 4 + 6ζ2 + 5ζ3
) − 4

9
CA

( − 41 + 282ζ2

+252ζ3
))

H0 − 8CF

(
15 − 32ζ2 + 7ζ 2

2 − 24ζ3
) − 16

9
TF NF

( − 61 + 20ζ2

−18ζ3
) − 4

9
CA

( − 367 + 92ζ2 + 648ζ3 + 63ζ 2
2

)} + O(z), (128)

P
(2),s
NS � 2NF

dabcdabc

NC

[1

3
H4

0 − 2

3
H3

0 + (
18 − 10ζ2

)
H2

0 + (
56 + 2ζ2 − 16ζ3

)
H0

+144 − 66ζ2 + 6ζ 2
2 + 16ζ3

]
+ O(z). (129)
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The leading small z terms for P (2),+
NS and P (2),−

NS agree with the prediction in Ref. [88] after 
correcting some misprints there [89], see also [90]. Numerically the leading contributions are not 
dominant but they are significantly reduced by sub–leading corrections, cf. [89]. For NC = 3 and 
NF = 3 one obtains

P
(2),+
NS � 3.16049 H4

0 + 45.0370 H3
0 + 407.565 H2

0 + 1684.87 H0 + 3469.02, (130)

P
(2),−
NS � 2.86420 H4

0 + 52.1481 H3
0 + 570.854 H2

0 + 1973.93 H0 + 3769.92. (131)

There are no predictions from genuine small z calculations for sub–leading terms. Also the small 
z behavior of P (2),s

NS has not been predicted.
The splitting functions in the case of transversity do not contain logarithmically enhanced 

terms in the small z region to three–loop order, but approach the following constants

lim
z→0

P
(2),tr,+
NS (z) = 1

9
CF [484C2

A − 352CATF NF + 64T 2
F N2

F ], (132)

lim
z→0

P
(2),tr,−
NS (z) = −CF

[
100C2

A + 128

9
CATF NF − 64

9
T 2

F N2
F

]

+C2
F

[
CA

(
3344

9
+ 32ζ2

)
− TF NF

448

9

]
−C3

F 64[2 + ζ2]. (133)

For transversity we agree with the moments ∝ TF calculated in [41] and the corresponding com-
plete N and z–space expressions given in [10]. In [91] the moments 1–8 of the transversity 
anomalous dimension have been computed, to which we agree,6 as well as to the result given in 
the attachment to [92]. There the anomalous dimensions have been obtained from 15 moments, 
under certain special assumptions on their mathematical structure.7 We also agree to the 16th 
moment of the transversity anomalous dimension calculated in [93].

6. Conclusions

We have calculated the three–loop non–singlet anomalous dimensions γ
(2),+
NS , γ

(2),−
NS , 

γ
(2),tr,+
NS , γ (2),tr,−

NS and γ (2),s
NS in Quantum Chromodynamics for unpolarized and polarized deep–

inelastic scattering. The method used in this first complete recalculation of the former results in 
[4,92] has been the traditional one, cf. [16,18], of massless off shell operator matrix elements, 
unlike the on–shell Compton amplitude at virtuality Q2 in [4]. The present method requests to 
obtain the anomalous dimensions in a gauge–dependent framework. We confirm results given 
in the literature, also on partial results both in the unpolarized and polarized case. The former 
three–loop calculations have been performed using gauge–invariant quantities. For the non–
singlet anomalous dimensions a finite renormalization can be avoided in the polarized case, due 
to a known Ward identity and all the results are obtained in the MS scheme directly. The present 
calculation has been performed fully automatically in all its parts using a chain of dedicated 
codes from diagram generation to the final results. The three–loop anomalous dimensions have 
a comparatively simple mathematical structure, since they can be expressed in harmonic sums 

6 In the last term of the 1st moment a factor N2
F

is missing.
7 There are the following sign errors in Eqs. (A.1)–(A.15) of [92]: the signs of the C2

F
TF NF (ζ3) terms in (A.1), 

CACF TF NF (ζ3) in (A.2), C2 TF NF ζ3 in (A.3), C2 TF NF ζ3 in (A.4), and C2 TF NF (ζ3) (A.15) have to be changed.

F F F
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only [74,75]. We remark that also the three–loop unpolarized and polarized singlet anomalous 
dimensions (�)γ

(2)
PS and (�)γ

(2)
qg have been recalculated in complete form using the framework 

of massive on–shell OMEs in [12–14]. The flavor non–singlet anomalous dimensions play a 
particular role in the associated scheme–invariant evolution equations for non–singlet structure 
functions [94], allowing for a direct measurement of the strong coupling constant.

The expressions of the anomalous dimensions and splitting functions have also been given in 
computer-readable form as an attachment to this paper.
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Appendix A. Relation between the Larin and the MS scheme

The known Ward identity in the non–singlet case allows to derive the transformation between 
the Larin scheme and the MS scheme directly. We calculated the anomalous dimension �γ

NS,−
2

in both schemes and obtain the following transformation relations at three–loop order

�γ
NS,−,MS
2 = �γ

NS,−,L
2 − 2β0

[
z(1)
qq

2 − 2z(2),NS
qq

]
+ 2β1z

(1)
qq , (134)

z(1)
qq = − 8CF

N(N + 1)
, (135)

z(2),NS
qq = C2

F

[
8P63

N3(N + 1)2 + 16(1 + 2N)

N2(N + 1)2 S1 + 16

N(N + 1)
[S2 + 2S−2]

]

+CF CA

[
− P64

9N3(N + 1)3 − 16

N(N + 1)
S−2

]
+ CF TF NF

5N2 − N − 3

9N2(N + 1)2 , (136)

with

P63 = 2N4 + N3 + 8N2 + 5N + 2, (137)

P64 = 103N4 + 140N3 + 58N2 + 21N + 36. (138)
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