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Future precision measurements of Higgs boson decays will determine the branching fraction for the
decay into two photons with a precision at the one percent level. To fully exploit such measurements,
equally precise theoretical predictions need to be available. To this end we compute four-loop QCD
corrections in the large top quark mass expansion to the Higgs boson–photon form factor, which enter the
two-photon decay width at next-to-next-to-next-to-leading order. Furthermore we obtain corrections to the
two-photon decay width stemming from the emission of additional gluons, which contribute for the first
time at next-to-next-to-leading order. Finally, we combine our results with other available perturbative
corrections and estimate the residual uncertainty due to missing higher-order contributions.
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I. INTRODUCTION

The decay of the Higgs boson into two photons was
among the main discovery channels at the Large Hadron
Collider (LHC) [1,2] and plays a crucial role in precision
studies of its properties. Among these are measurements of
its mass, see, e.g., [3], as well as the study of the
interference between the diphoton signal with the con-
tinuum background, which leads to a shift in the diphoton
mass spectrum and in production rates, thus allowing for
studies of the total Higgs boson width [4–9]. In addition,
future colliders will allow the measurement of ratios of
branching fractions at the subpercent level (see, e.g., [10]),
thus demanding theoretical predictions of partial decay
widths at the same level of precision.
While the next-to-next-to-leading order (NNLO) top

quark–induced corrections amount to less than one percent
of the full decay width, it is possible that their smallness
is accidental and higher order corrections are of the same
size. Furthermore, the scale and scheme dependence
need to be quantified for a serious estimate of the
theoretical uncertainty. This work tries to cover both of
these points by performing a four-loop computation of
the top quark–induced QCD corrections, combining them
with all available higher-order corrections and finally

quantifying the theoretical uncertainty on the partial decay
width into photons.
The amplitude for this decay can be written as

Ah→γγ ¼ ϵμ1ϵ
ν
2ðgμνðp1 · p2Þ − p2μp1νÞAðsÞ; ð1Þ

where pi and ϵi are the momenta and polarization vectors of
the photons, with p2

i ¼ 0 and ϵi · pi ¼ 0. The Lorentz-
scalar function AðsÞ only depends on the centre-of-mass
energy s ¼ 2p1 · p2, as well as the masses of internal
particles. It enters the h → γγ decay width as

Γh→γγ ¼
M3

h

64π
jAðsÞj2; ð2Þ

where Mh is the mass of the Higgs boson. The leading-
order (LO) (one-loop) contributions to AðsÞ have been
known for a long time [11,12]. They can be decomposed
into W-boson contributions, AW , as well as fermionic
contributions, At;b;τ, due to the top quark, bottom quark
and tau lepton.
Next-to-leading-order (NLO) QCD corrections to At

have been computed in the limit of a large top quark mass
[13–17] and later with the full mass dependence [18–21],
thus also providing NLO QCD corrections to Ab. NNLO
QCD corrections in an expansion for a large top quark mass
have been obtained in [22,23] and recently, exact numerical
results became available [24]. Partial results in the limit of
an infinitely heavy top quark are known at next-to-next-to-
next-to-leading order (N3LO) [25]. NLO electroweak
corrections, for which the above decomposition is not
possible, have been obtained in [26–29].
Virtual QCD corrections to At;b do not lead to infrared

singularities, so one does not need to include real-radiation
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contributions to obtain a finite result. Nonetheless, these
real-radiation contributions should be considered since in
principle the emission of additional, possibly soft, gluons
leads to a shift in the measured diphoton mass spectrum due
to the energy carried by the gluons. At NLO, such
contributions vanish due to color conservation; the first
nonvanishing contribution arises from the process
h → γγgg at NNLO. To our knowledge, the size of these
contributions has not been investigated in the literature.
In this work, we concentrate on At and compute the

N3LO virtual contributions in an asymptotic expansion for
a large top quark mass [“large mass expansion” (LME)].
We additionally consider the NNLO real-radiation contri-
butions in the same approximation. The rest of this article is
structured as follows: in Sec. II we present the method by
which we compute the N3LO virtual corrections, followed
by a discussion of the NNLO real-radiation contributions in
Sec. III. Finally we discuss the numerical impact of both of
these contributions in Sec. IV.

II. CALCULATION OF N3LO VIRTUAL
CORRECTIONS

Our computation of the virtual corrections follows [30],
in which we computed the top quark contributions to the
gluon-gluon-Higgs form factor. In the following, we dis-
cuss the computational setup and present analytical results
for the h → γγ form factor. These corrections can not be
obtained from the results of [30], since starting from three
loops it is not possible to simply substitute color factors.1

A. Computational setup

We generate 2 one-loop, 12 two-loop, 206 three-loop and
5062 four-loop diagrams contributing to At using QGRAF
[31]. We then generate FORM [32] code for each diagram
using q2e [33,34], compute the color factors using COLOR
[35] and perform an expansion-by-subgraph [36] in the
limit M2

t ≫ s ¼ M2
h using exp [33,34]. As a result, all

diagrams are mapped onto one- to four-loop massive
tadpole integrals and one- to three-loop massless form
factor integrals, separating the two scales Mt and s.
Both types of integrals have received a lot of attention in

the literature; all required master integrals are known
analytically [37–45]. Due to the asymptotic expansion,
we need to deal with tensor integrals, i.e., integrals for
which we can not rewrite all numerator structures in terms
of inverse propagators of the integral family. As a conse-
quence, we have to perform a tensor reduction of the
numerator structures. Since in the fully hard region of the
asymptotic expansion only tadpole integrals can appear,

and in all other regions both types of integrals appear, it is
advantageous to perform the tensor reduction for the
tadpole integrals. For one- and two-loop integral families,
there are general algorithms for treating tensor tadpole
integrals of an arbitrary rank [46]. These are implemented
in MATAD [47]. At three and four loops, we have imple-
mented routines to reduce tensors up to rank 10. This is a
sufficient rank to expand the form factor up to M−6

t . After
tensor reduction we perform an integration-by-parts reduc-
tion of the three and four loop tadpole integrals, as well as
the massless form factor integrals, in order to obtain the
h → γγ form factor in terms of master integrals. For this we
use LiteRed [48,49] and FIRE6 [50].
We then proceed to renormalize the bare strong

coupling constant α0s and the top quark mass m0
t in the

MS scheme. For this we require the strong coupling
renormalization constant at two loops, (since the leading-
order contribution to the form factor does not depend on
αs) and the quark mass renormalization constant at three
loops.2 This renders the form factor finite, as there are no
infrared divergences present. This is in contrast to the
gluon-gluon-Higgs form factor discussed in Ref. [30].
Since the top quark does not appear as a dynamical degree
of freedom at energy scales of the order of the Higgs
boson mass, we transform αs from the six- to the five-
flavor scheme, using the two-loop decoupling constant.3

Furthermore, we also produce the form factor with the top
quark mass renormalized in the on-shell (OS) scheme,
which we obtain from the MS result by applying the
MS-OS relation at three loops [53–56].

B. Analytical results

In the following we present analytical results for the
h → γγ form factor at four loops. To this end, we decom-
pose the form factor into three contributions,

At ¼ Ât

�
Q2

t At;t þQt

X
f

QfAt;f þ
X
f

Q2
fAf;f

�
: ð3Þ

Here, Qt ¼ 2
3
is the electric charge of the top quark and the

sum over f runs over all five massless quark flavors (u, d, s,
c, b), where Qu ¼ Qc ¼ 2

3
and Qd ¼ Qs ¼ Qb ¼ − 1

3
. The

sums over the quark charges in Eq. (3) evaluate to

X
f

Qf ¼ 1

3
and

X
f

Q2
f ¼ 11

9
ð4Þ

1There are diagrams contributing to the gluon-gluon-Higgs
form factor which have the same color factor as the first diagram
of Fig. 1 (CACFTF), but have couplings between external and
internal gluons; simple substitution of color factors cannot
produce the h → γγ form factor in these cases.

2Both renormalization constants have been known for a long
time. We take their expressions from [51], where they are
expressed in terms of SUðNÞ color factors and are available as
computer-readable files.

3Since we express our results in terms of general SUðNÞ color
factors, we take the expressions from [52], where they are
available in a computer-readable form.
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and the overall prefactor is given by

Ât ¼
2α

3π
Nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
GF

q
; ð5Þ

where α is the fine structure constant, Nc ¼ 3 the number
of colors and GF is Fermi’s constant.
Sample Feynman diagrams which contribute to At at

three- and four-loop order are shown in Fig. 1. Note that at

three loops, diagrams such as the last diagram in the first
line, which contribute to At;f, sum to zero due to Furry’s
theorem [57]. Furthermore, starting from four loops, there
are diagrams such as the last of the second line, in which the
photons couple to different light-quark loops; these also
sum to zero for the same reason.
For the three contributions of Eq. (3) we obtain, for

μ2 ¼ M2
h in the on-shell scheme,

At;t ¼ 1þ 7

120
ρþ 1

168
ρ2 þ 13

16800
ρ3 þ

�
αð5Þs ðMhÞ

π

��
−1þ 61

270
ρþ 554

14175
ρ2 þ 104593

15876000
ρ3
�

þ
�
αð5Þs ðMhÞ

π

�
2
�
−
7

6
−
23

12
lHt þ ρ

�
−
4904561

622080
þ 7

1080
π2 þ 7

540
π2a1 þ

206951

27648
ζ3 þ

1403

3240
lHt

�

þ ρ2
�
−
14134687057

10450944000
þ 1

756
π2 þ 1

378
π2a1 þ

18180533

13271040
ζ3 þ

1

360
iπ þ 24539

340200
lHt

�

þ ρ3
�
−
25502795129137657

1966449623040000
þ 13

50400
π2 þ 13

25200
π2a1 þ

28639831757

2642411520
ζ3 þ

41

129600
iπ þ 2345369

190512000
lHt

��

þ
�
αð5Þs ðMhÞ

π

�
3
�
−
21467

864
þ 6425

288
ζ3 −

62

9
lHt −

529

144
l2Ht þ ρ

�
−
235989087607

7390310400
þ 2800187

2332800
π2

−
895

1944
π2a1 þ

26268927251

547430400
ζ3 −

91591991

26127360
a41 þ

90293687

26127360
π2a21 þ

1512779543

3135283200
π4 −

91591991

1088640
a4

−
46

2835
a51 þ

46

1701
π2a31 −

10073

25920
ζ3π

2 þ 19133

136080
π4a1 −

839243

18144
ζ5 þ

368

189
a5 −

�
22153403

746496
−

161

6480
π2

−
161

3240
π2a1 −

4759873

165888
ζ3

�
lHt þ

32269

38880
l2Ht

�
þ ρ2

�
−
2222912377084634113

67789839237120000
þ 1985747

8164800
π2

−
44311

510300
π2a1 þ

9990549815126663

334764638208000
ζ3 −

199893333511

112086374400
a41 þ

28393807873

16012339200
π2a21

þ 26390124812159

107602919424000
π4 −

199893333511

4670265600
a4 þ

32309

277992
a51 −

161545

833976
π2a31 −

1439

18144
ζ3π

2

−
5014747

33359040
π4a1 þ

10527619

1482624
ζ5 −

161545

11583
a5 þ

1963

29160
iπ −

�
323396467271

62705664000
−

23

4536
π2 −

23

2268
π2a1

−
418152259

79626240
ζ3

�
lHt þ

564397

4082400
l2Ht

�
þ ρ3

�
−
8299889702618880183134701759

45319709343993141657600000
þ 36852569

762048000
π2

−
758599

47628000
π2a1 þ

5920387676337701221931

6394315251357057024000
ζ3 −

260319544831343

36436967424000
a41 þ

1821732431724041

255058771968000
π2a21

þ 2010057846448848593

642748105359360000
π4 −

260319544831343

1518206976000
a4 þ

151648997

1459458000
a51 −

151648997

875674800
π2a31

−
18707

1209600
ζ3π

2 þ 1097561849

70053984000
π4a1 −

179329653863

3113510400
ζ5 −

151648997

12162150
a5 þ

1455731

195955200
iπ

−
�
586464088779883871

11798697738240000
−

299

302400
π2 −

299

151200
π2a1 −

658716130411

15854469120
ζ3

�
lHt þ

53943487

2286144000
l2Ht

��
; ð6Þ
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At;f ¼
�
αð5Þs ðMhÞ

π

�
3
�
55

108
−
10

9
ζ3 þ ρ

�
3545

10368
þ 245

648
ζ3 −

17

1944
π4
�
þ ρ2

�
9222149

100776960
þ 2129

15552
ζ3 −

3137

1166400
π4
�

þ ρ3
�

42425653493

1128701952000
þ 161441

583200
ζ3 −

207383

54432000
π4
��

; ð7Þ

Af;f ¼
�
αð5Þs ðMhÞ

π

�
2
�
−
13

12
þ 2

3
ζ3 −

1

6
iπ þ 1

6
lHt þ ρ

�
−

3493

194400
þ 7

180
ζ3 −

19

6480
iπ þ 19

6480
lHt

�

þ ρ2
�
−

3953

6350400
þ 1

252
ζ3 þ

1

60480
iπ −

1

60480
lHt

�

þ ρ3
�
−

3668899

171460800000
þ 13

25200
ζ3 þ

53

2126250
iπ −

53

2126250
lHt

��

þ
�
αð5Þs ðMhÞ

π

�
3
�
−
10337

648
þ 529

1296
π2 þ 27

2
ζ3 þ

23

9720
π4 −

25

9
ζ5 −

�
167

36
−
23

9
ζ3

�
iπ þ 35

72
lHt þ

23

72
l2Ht

þ ρ

�
−
19038301

26244000
þ 35131

1399680
π2 þ 424577

622080
ζ3 þ

161

1166400
π4 −

35

216
ζ5 −

�
1887643

6998400
−

161

1080
ζ3

�
iπ þ 1405609

6998400
lHt

þ 1441

58320
lHtiπ −

1571

233280
l2Ht

�
þ ρ2

�
328389003179

512096256000
þ 1709

653184
π2 −

352361479

696729600
ζ3 þ

23

1632960
π4 −

25

1512
ζ5

−
�
132673099

5486745600
−

23

1512
ζ3

�
iπ þ 119580763

5486745600
lHt þ

31903

8709120
lHtiπ −

6491

3483648
l2Ht

�

þ ρ3
�
3187611042300355367

2488787804160000000
þ 7228849

20995200000
π2 −

24814688746213

23410114560000
ζ3 þ

299

163296000
π4 −

13

6048
ζ5

−
�

339024973909

123451776000000
−

299

151200
ζ3

�
iπ þ 46985544667

17635968000000
lHt þ

54757123

97977600000
lHtiπ −

64119043

195955200000
l2Ht

��
:

ð8Þ

Here, ζn is the Riemann ζ-function evaluated at n,
an ¼ Linð1=2Þ, ρ ¼ M2

h=M
2
t and lHt ¼ logðM2

h=M
2
t Þ. To

reduce the size of the expressions the color factors have
been set to the following values:

CA ¼ 3; CF ¼ 4

3
; TF ¼ 1

2
and dabcF dabcF ¼ 5

6
;

ð9Þ

however the full expressions, including the color factors
and for an arbitrary scale μ2, are provided in the ancillary
files of this paper.
This result passes a number of cross-checks. First,

our result is finite after renormalization and, in the abelian
limit, agrees with [30]. Second, the part stemming from the
fully hard region in the asymptotic expansion agrees
with [25].

FIG. 1. Sample Feynman diagrams contributing to the h → γγ form factor at three and four loops. Dashed, solid, wavy and curly
lines denote Higgs bosons, quarks, photons and gluons respectively. The right-most diagrams in both lines sum to zero due to
Furry’s theorem [57].
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III. CALCULATION OF NNLO REAL
CORRECTIONS

Starting from NNLO in QCD, corrections with two
gluons in the final state can also be taken into account.4

While these corrections do not lead to infrared divergences
and do not lead to large logarithms, they can potentially
impact the diphoton invariant mass spectrum, thus possibly
influencing extractions of the total width and Higgs boson
mass. In the following we compute the contributions to the
inclusive Higgs boson decay width.
We employ the method of reverse unitarity [58] to

express the phase-space integral over the squared decay
amplitude for h → γγgg as cut two-point forward-scattering
diagrams. In each of these diagrams the Higgs bosons
couple to different top-quark loops, which are connected to
each other by the cut gluons and photons. A sample
diagram is shown in Fig. 2. A direct large-mass expansion
of such five-loop diagrams is computationally expensive,
thus we adopt the building-block approach described in
[59,60]; we precompute the 24 one-loop diagrams con-
tributing to the hγγgg vertex in the large-mass expansion.
Since there are only hard subgraphs, the result is poly-
nomial in all external momenta and can be used as an
effective vertex. As a consequence, instead of 120 five-loop
diagrams, we only expand 24 one-loop diagrams which
then are inserted into the cut three-loop two-point diagram
shown in Fig. 2. The resulting diagram can be computed
using MINCER [61].
While each of the one-loop five-point diagrams starts at

M0
t in the large-mass expansion, their sum starts at M−4

t .
Consequently, the expansion of each five-loop diagram
also starts at M0

t but their sum starts at M−8
t . This can be

understood by the fact that gauge-invariant operators
leading to a γγgg interaction need to contain two gluonic
and two photonic field-strength tensors and thus are
dimension-8 operators.
Computing the individual cut five-loop diagrams would

require the computation of five terms in the large-mass
expansion, the first four of which ultimately cancel in the
sum. Using instead the building-block approach allows us

to compute contributions to Γh→γγgg to order M−12
t without

much computational effort.
We obtain

Γh→γγgg ¼
M3

h

64π
Â2
t

�
αð5Þs

π

�2�
17

34020000
ρ4 þ 37

136080000
ρ5

þ 219749

2240421120000
ρ6
�
: ð10Þ

We note that by using FORCER [62] to compute four-
loop two-point phase-space integrals, it would be a rela-
tively straightforward task to compute also the N3LO real
and real-virtual contributions. As demonstrated later in
Eq. (17) the numerical impact of the NNLO contributions is
very small, so we do not perform this computation here.

IV. NUMERICAL RESULTS

In the following we study the numerical impact of the
N3LO top quark contributions, including renormalization
scale and scheme dependence, before combining them with
the NNLO QCD corrections for bottom and charm quark
loops and the NLO electroweak corrections. Finally, we
discuss sources of uncertainty on the partial decay width.

A. N3LO top quark contributions

In the following we discuss the numerical impact of the
corrections obtained in the previous sections on the Higgs
boson decay width into photons. To this end, we employ
the exact LO result for AðsÞ, neglecting light fermion loops,
and combine it with the large-mass expansion results for At
starting from NLO.
The parameters entering the evaluation are given by [63]:

α ¼ 1=137.036; GF ¼ 1.1663787 × 10−5 GeV−2;

MW ¼ 80.379 GeV;

αð5Þs ðMZÞ ¼ 0.1179; MZ ¼ 91.1876 GeV;

Mt ¼ 172.76 GeV; Mh ¼ 125.10 GeV: ð11Þ

We use the program RunDec [64,65] to evolve the strong
coupling constant to different renormalization scales and to
obtain the top quark mass in the MS scheme.
For the renormalization scale μ ¼ Mh we obtain the

decay width with the top quark mass renormalized in both,
the on-shell and the MS scheme

ΓOS
h→γγ × 106 GeV−1 ¼ 9.1322þ 0.1558þ 0.0029− 0.0031

¼ 9.2878; ð12Þ

ΓM̄S
h→γγ × 106 GeV−1 ¼ 9.1188þ 0.1639þ 0.0070− 0.0023

¼ 9.2874; ð13Þ

FIG. 2. The building-block approach for the NNLO real
corrections. Each building block starts at M−4

t and incorporates
the contributions of 24 individual diagrams. The dashed
line denotes the cut through the final-state photon and gluon
propagators.

4Contributions with one final-state gluon arise at NLO, which
vanish due to color conservation.
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where we have separated the LO, NLO, NNLO, and N3LO
contributions. While the NNLO corrections are two orders
of magnitude smaller than the NLO corrections, the N3LO
corrections are larger than the NNLO corrections in the on-
shell scheme, but negative. In the MS scheme they are also
negative and the same order of magnitude, partially
cancelling the effect of the NNLO corrections. In both
cases, the effect on the decay width is small, resulting in a
0.034% and a 0.024% decrease, respectively.
This apparently bad perturbative convergence raises the

question of whether this behavior is an artifact of the
renormalization scale choice. In Fig. 3 we show the on-
shell results and in Fig. 4 the MS results, normalized to the
LO at μ ¼ Mh. In both cases, the renormalization scale
dependence of the N3LO correction is slightly more stable
than at NNLO. In the on-shell scheme the renormalization
scale dependence decreases from 0.013% to 0.009%,
whereas in the MS scheme the scale dependence decreases
from 0.013% to 0.006%. The near-exact cancellation

between the NNLO and N3LO corrections in the on-shell
scheme only occurs for μ ≈Mh. However, in the whole
range of renormalization scales considered, the N3LO
correction is of the same order of magnitude as the
NNLO correction, and negative. Here we point out that
in Figs. 3 and 4, the NNLO and N3LO lines do not overlap;
the traditional approach of estimating the uncertainty due to
missing higher-order corrections by varying the renorma-
lization scale between Mh=

ffiffiffi
2

p
and

ffiffiffi
2

p
Mh leads to an

underestimate in this case.
It is instructive to study the subsequent terms of the

large-mass expansion entering the N3LO correction to the
decay width. In the case of the logarithm of the gluon-
gluon-Higgs form factor it was found at N3LO, in the on-
shell scheme, that the first mass-suppressed term amounts
to roughly 10% of the leading term, and the second mass-
suppressed term amounts to 1% [30]. This is in contrast to
lower orders, where the convergence is better. However, the
gluon-gluon-Higgs form factor is infrared divergent and
thus not a physical observable, unlike the decay width
which we consider here. Normalizing the NNLO and N3LO
contributions to ΓOS

h→γγ to their leading term in the large-
mass expansion, we obtain for μ ¼ Mh:

ΓOS
h→γγjNNLO

ΓOS
h→γγjNNLO;ρ→0

¼ 1 − 0.517 − 0.071 − 0.007;

ΓOS
h→γγjN3LO

ΓOS
h→γγjN3LO;ρ→0

¼ 1þ 0.560þ 0.084þ 0.010; ð14Þ

wherewe have separated the ρ0, ρ1, ρ2, and ρ3 contributions.
Thus, both for NNLO and N3LO the mass-suppressed terms
are larger than for the gluon-gluon-Higgs form factor.
However, the mass corrections at N3LO are only slightly
larger than their NNLO counterparts. Taking μ ¼ ffiffiffi

2
p

Mh as
a renormalization scale, we obtain

ΓOS
h→γγjNNLO

ΓOS
h→γγjNNLO;ρ→0

¼ 1. − 0.302 − 0.039 − 0.004;

ΓOS
h→γγjN3LO

ΓOS
h→γγjN3LO;ρ→0

¼ 1.þ 3.686þ 0.529þ 0.060; ð15Þ

and for μ ¼ Mh=
ffiffiffi
2

p
we obtain

ΓOS
h→γγjNNLO

ΓOS
h→γγjNNLO;ρ→0

¼ 1.þ 2.257þ 0.348þ 0.038;

ΓOS
h→γγjN3LO

ΓOS
h→γγjN3LO;ρ→0

¼ 1.þ 0.274þ 0.043þ 0.005: ð16Þ

In all of the above cases, the mass-suppressed terms amount
to at least 25% of the leading term, and in some cases as
much as 400%. As depicted in Fig. 5, these seemingly large

FIG. 3. The perturbative expansion of the partial decay width,
normalized to ΓLO

h→γγðMhÞ. The top quark mass is renormalized in
the on-shell scheme. The vertical line denotes μ ¼ Mh.

FIG. 4. The perturbative expansion of the partial decay width,
normalized to ΓLO

h→γγðMhÞ. The top quark mass is renormalized in
the MS scheme. The vertical line denotes μ ¼ Mh.

JOSHUA DAVIES and FLORIAN HERREN PHYS. REV. D 104, 053010 (2021)

053010-6



corrections at NNLO for small renormalization scales can be
traced back to the leading term in the expansion vanishing
close to μ ¼ 95 GeV. Similarly, the leading term in
the N3LO expansion crosses zero for a renormalization
scale around μ ¼ 200 GeV; thus the mass-suppressed
terms can yield apparently large corrections at particular
renormalization scales when one considers the ratio to the ρ0

term. When the top quark mass is expressed in the MS
scheme, the decay width displays better convergence. For
brevity we do not show plots here but refer the
reader to Appendix B. The scheme difference, defined here

to be 2ðΓOS
h→γγ − ΓMS

h→γγÞ=ðΓOS
h→γγ þ ΓMS

h→γγÞ, decreases from
0.013% at NNLO to 0.004% at N3LO for μ ¼ Mh and the
decrease is approximately constant across renormalization
scales in the range ðMh=

ffiffiffi
2

p
;

ffiffiffi
2

p
MhÞ.

A final remark concerning the NNLO real-radiation
corrections, computed in Section III, is in order. They
amount to

ΓOS
h→γγgg×1016GeV−1¼1.68þ0.48þ0.09¼2.25; ð17Þ

where we show the individual terms in the large-mass
expansion. They converge well, but are clearly negligible.5

B. Including light quarks and electroweak corrections

We are now in the position to combine the N3LO
corrections computed in the previous section with the known
NLOelectroweak corrections [29], aswell as theNNLOQCD
corrections with massive bottom and charm quark loops [24].
To this end, we convert the results of [24], which are given in
terms of the on-shell quark mass, into the MS scheme and
transform αs to the five-flavor scheme. A detailed discussion
of the conversion can be found in Appendix A. Note that here
the top quarkmass is in the on-shell scheme, to be compatible
with the NLO electroweak corrections of [29]. The NLO top
quark corrections are exact and are taken from Refs. [18–21].
Furthermore, we include τ loops at LO.
For the light fermion masses we take [63]

mð5Þ
b ðmbÞ ¼ 4.18 GeV; mð4Þ

c ðmcÞ ¼ 1.27 GeV

and Mτ ¼ 1.77686 GeV: ð18Þ
We employ the program RunDec to obtain the two light
quark masses in the five-flavor scheme at μ ¼ Mh.
As result, we obtain

Γh→γγ×106GeV−1

¼9.2581jLO−0.1502jNLO;EWþ0.1569jNLO;tþ0.0157jNLO;bc
þ0.0029jNNLO;tþ0.0036jNNLO;bc−0.0031jN3LO;t

¼9.2838; ð19Þ

FIG. 5. Renormalization scale dependence of the NNLO (first row) and N3LO (second row) corrections for different orders in the
LMEwith the top quark mass renormalized in the on-shell scheme. The left-hand column shows the size of the corrections, and the right-
hand column shows the ratio with respect to the ρ0 term of the LME.

5While these terms are both mass suppressed and come with
small coefficients, it might be worthwhile to study the effect for
bottom quark loops. It is possible that they are larger, despite the
mb suppression.
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where we split the higher-order corrections into electro-
weak (EW), top-induced (t) and bottom/charm-induced
(bc) contributions.6 We note that the NNLO corrections
coming from bottom and charm quark loops are of the same
order as the NNLO top quark contributions, as are the
N3LO top quark corrections. This seems to indicate that the
NNLO top quark contributions are “accidentally small”,
since the bottom and charm contributions themselves seem
to converge well.

C. Theoretical uncertainties

We can now comment on the sources of theoretical
uncertainties on the partial decay width; missing higher-
order QCD and electroweak corrections, as well as para-
metric uncertainties.
The NNLO and N3LO QCD corrections involving top

quark loops and the NNLO QCD corrections involving
bottom and charm quark loops are all smaller than 0.05%
while the scale and scheme dependence is even smaller.
The uncertainty due to the truncation of the LME at ρ3 is
negligible, as can be seen from Eq. (14). Furthermore, the
mixed quark-flavor contributions should be well approxi-
mated by our treatment (see Appendix A). Thus, we assign
an overall uncertainty of 0.1% for missing higher-order
QCD corrections.
In contrast to the pure QCD corrections, the effects of

three-loop electroweak and mixed QCD-electroweak cor-
rections are harder to estimate. While naive arguments, such
as the OðαsÞ suppression with respect to the NLO correc-
tions would suggest that they are smaller than 1%, counter-
examples for similar quantities exist in the literature. For
example in the case of the Higgs decay into gluons, the
NNLO OðGFM2

t α
3
sÞ corrections are of the same order of

magnitude as the NLO OðGFM2
t α

2
sÞ corrections [66].

Furthermore, there is a significant cancellation between
fermionic contributions at NLO and purely bosonic con-
tributions,7 which are not necessarily the case at NNLO. As a
consequence, we conservatively assign an uncertainty of
1.6% due to missing higher-order electroweak corrections,
which is the size of the NLO electroweak corrections.
To obtain the parametric uncertainties, we vary the input

parameters within the experimental uncertainties. The
dominant parametric uncertainty stems from the Higgs
boson mass and amounts to �0.5%. All other parametric
uncertainties are negligible.

V. CONCLUSION AND OUTLOOK

In this paper we investigate the top quark contributions to
the Higgs boson decay into photons at N3LO in QCD and

compute real-radiation corrections at NNLO. While the
corrections are small and will not play a role in the
precision program of the LHC, we find that the N3LO
corrections are of the same order of magnitude as the
NNLO corrections and that the mass-suppressed terms are
sizeable relative to the leading term in the large-mass
expansion; they must be included for a reasonable descrip-
tion of the top quark mass effects.
We combine our results with the recently-obtained

NNLO QCD corrections due to bottom and charm loops,
as well as NLO electroweak corrections and, for the first
time, quantify the residual uncertainty due to higher-order
QCD corrections. We obtain

Γh→γγ ¼ 9.284� 0.009jQCD � 0.15jEW � 0.046jMh
keV;

ð20Þ

where the three different sources of uncertainties are
discussed in Sec. IV C. We find that the largest source
of theoretical uncertainty on Γh→γγ are the missing NNLO
electroweak and mixed QCD-electroweak corrections,
which would be required to reduce the total uncertainty
to 1% and below.
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APPENDIX A: LIGHT QUARK CONTRIBUTIONS

In this section we briefly describe the steps necessary to
adapt the results of [24] to the conventions used in this
paper. The results of [24] are given for μ ¼ Mh, the quark
mass renormalized in the on-shell scheme and αs in the
four-flavor scheme for bottom quark and three-flavor
scheme for charm quark. Thus several steps have to be
taken to obtain results for arbitrary μ and the quark masses
renormalized in the MS scheme.
We write the bottom quark contribution to the amplitude

in terms of the on-shell quark mass Mb as

6The values for the top quark–induced terms differ from the
values in Eq. (12), since in contrast to the previous section we
also include the light fermions at LO.

7See Table 2 in [27].
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AOS
b ¼ Að0Þ

b ðMbÞ þ
αð4Þs ðMhÞ

π
Að1Þ

b ðMbÞ

þ
�
αð4Þs ðMhÞ

π

�2

Að2Þ
b ðMbÞ: ðA1Þ

We first express αð4Þs ðMhÞ in the five-flavor scheme and for
an arbitrary renormalization scale μ,

αð4Þs ðMhÞ
π

¼ αð5Þs ðμÞ
π

þ
�
αð5Þs ðμÞ

π

�2�
β0
4
ln

�
−

μ2

M2
h

�
þ ζð1Þαs

�
:

ðA2Þ
Here β0 ¼ 11

3
CA − 4

3
Tfnl is the one-loop QCD β-function

and ζð1Þαs ¼ − TF
3
lnð μ2M2

b
Þ is the one-loop contribution to the

decoupling constant of αs.

Next, we convert the on-shell mass Mb to the MS mass

mð5Þ
b ðμÞ. We proceed by replacing the on-shell mass in the

exact LO and NLO expressions in terms of the MS mass,
according to

Mb ¼ mð5Þ
b ðμÞ

�
1þ cð1Þ

αð5Þs ðμÞ
π

þ cð2Þ
�
αð5Þs ðμÞ

π

�2�
;

ðA3Þ

and then expand in αs. Here cðlÞ are the l-loop coefficients

of the OS-MS relation and depend on μ and mð5Þ
b ðμÞ. This

yields an expression for the MS amplitude in terms of the
on-shell amplitude expansion coefficients of Eq. (A1),

AMS
b ¼ Að0Þ

b ðmð5Þ
b ðμÞÞ þ αð5Þs ðμÞ

π

�
Að1Þ

b ðMbÞ þ cð1ÞMb
∂

∂Mb
Að0Þ

b ðMbÞ
�				

Mb¼mð5Þ
b ðμÞ

þ
�
αð5Þs ðμÞ

π

�2�
Að2Þ

b ðMbÞ þ
�
cð1ÞMb

∂
∂Mb

þ β0
4
ln

�
−

μ2

M2
h

�
þ ζð1Þαs

�
Að1Þ

b ðMbÞ

þ
�
cð2ÞMb

∂
∂Mb

þ ðcð1ÞÞ2
2

M2
b

∂2

∂M2
b

�
Að0Þ

b ðMbÞ
�				

Mb¼mð5Þ
b ðμÞ

; ðA4Þ

For the NLO contribution only the first line is necessary. Note that here the charm quark is treated as a massless quark.

FIG. 6. Renormalization scale dependence of the NNLO (first row) and N3LO (second row) corrections for different orders in the
LME with the top quark mass renormalized in the MS scheme. The left-hand column shows the size of the corrections, and the right-
hand column shows the ratio with respect to the ρ0 term of the LME.
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For the charm quark we start out in the three-flavor
scheme, where in addition to the above steps a decoupling
of the bottom quark in both αs and mc has to be performed.

APPENDIX B: RENORMALIZATION
SCALE DEPENDENCE

If the top quark mass is renormalized in the MS scheme,
the LME shows a better convergence. As can be seen in

Fig. 6 the ratio between the leading term and the mass-
suppressed terms at NNLO tends to one for increasing
renormalization scales and, as in the case of the on-shell
scheme, diverges close to the zero-crossing of the leading
term. In contrast to the on-shell scheme, the difference
between the leading term and the mass-suppressed terms is
approximately constant across the whole range of renorm-
alization scales under consideration at N3LO.
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