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Introduction

In this thesis we investigate the quasilinear wave equation

g(@)wy — wer + h(z)(w)) =0 for (x,t) € R x R, (11.1)
and the semilinear wave equation

V(z)uw — Au = f(x,t,u), on (z,t) € RN xR, (2.1))

where A denotes the Laplacian acting only on the variable z. Most of the time we refer
to x as space and to t as time. We are specially interested in spatially localized and
time-periodic solutions, so-called breathers.

Both equations typically arise in the study of localized electromagnetic waves modeled
by Kerr-nonlinear Maxwell equations. Consider Maxwell’s equations in the absence of
charges and currents

V.-D=0, VxE =—0B, D =¢E + P(E),
V-B=0, V x H=0,D, B =poH.

Assuming that P(E) = gox1(X)E + gox3(x)|E|’E and E is either a standing or traveling
polarized wave we can obtain (1.1)). More details of this derivation are carried out in
Section As seen in [BCBLS1I], equation ([2.1)) can be considered as an approximation

of .

Chapter [1|is devoted to equation . Up to some additional explanations this Chapter
is available as the preprint [KR21]. This preprint is joint work with Wolfgang Reichel and
at the moment of the submission of this thesis, the preprint is still in the review process.
We consider the (1 + 1)-dimensional quasilinear wave equation (L.I). Here g € L*(R) is
even with g # 0 and h(z) = v do(z) with v € R\{0} and dy the delta-distribution supported
in 0. We assume that 0 lies in a spectral gap of the operators L = —% — k2w?g(z) on
L3(R) for all k € 2Z + 1 together with additional properties of the fundamental set of
solutions of L, see Section for details. By expanding w into a Fourier series in time
we transfer the problem of finding a suitably defined weak solution to finding a minimizer
of a functional on a sequence space, see Section By Lemma the solutions that
we have found are exponentially localized in space. Moreover, we show in Section [1.5
that they can be well approximated by truncating the Fourier series in time. The guiding

examples, where all assumptions are fulfilled, are:

Theorem (See[L.1). For a,b,c> 0 let
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For every frequency w such that \/ch% € ggﬁ and v < 0 there exist infinitely many

nontrivial, real-valued, spatially localized and time-periodic weak solutions of (L.1|) with

period T = 2Z. For each solution w there are constants C,p > 0 such that |w(z,t)| <
Cefp‘xl

Theorem (See[L.2). Fora,b>0, a+#b and © € (0,1) let

o) = { a, if |z| < 7O,

b, if 1O <|z|<m

and extend g as a 2mw-periodic function to R. Assume in addition

\F1—@ c 2N+1
a © 2N+ 1
2N+1

For every frequency w such that 4\/abw € SNy there exist infinitely many nontrivial, real-

valued, spatially localized and time-periodic weak solutions of (L.1]) with period T = *T.

w

For each solution w there are constants C, p > 0 such that |w(z,t)] < Ce=rll,

In these examples we even find infinitely many distinct breathers as seen in Section [1.4

Chapter [2| and Chapter [3| are devoted to (2.1]), where we consider new examples for sign-
changing potentials V' (z) and superlinear right hand sides. In fact, in Chapter [2| we prove
the following existence results:

Theorem (See [2.21)). Asszfme o,f>0,p>1and set w = 25. Let T € L®(R) with
infg ' > 0 for all compact Q@ C Q and limp, oo I'(z) = 0 and V(z) = Bdo(r) — o. Then
there exists a nontrivial weak solution u of the equation

V(@)us — e = T(@)|ufP"ru,  (2,) € R x Tr, 22)

with minimal energy among all %-anti—pem’odic, weak solutions.

Theorem (See . Assume a,y,r > 0, p € (1,3) and sNet w = #ﬁ’ T =3, =
a+7. Let T' € L>(R) such that infa I' > 0 for all compact Q@ C Q and lim, o T'(z) =0

and V(r) = —a + BL_.,(x). Then there erists a nontrivial weak solution u of the
equation
V(@) ugy — gy = T(2)|ulP u, (x,t) € R x Tr, (2.2)

with minimal energy among all %-anti—pem’odic, weak solutions.

Theorem (See . Assume a,y, R > 0, p € (1,2) and set w = ﬁﬁ’ T =3, 3=

a+7. LetT' € L*°(0,00) infs I' > 0 for all compact QCQandV(z):= —a+B1g,0) (7).
Then there exists a nontrivial weak solution u of the equation

V(x)uy — Au = T(|z])|ulP ™ u, (z,t) € R? x Tr. 23)

with minimal energy among all %—anti—pem’odic, weak solutions.
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Observe that in the first two results we assumed decay of I, in the higher dimensional case
we do not need this assumption due to radial symmetry. In Chapter [3] we consider nonde-
caying potentials I', use a more complicated technique and prove the following existence
results:

Theorem (See [3.45). Assume o, 8 >0, p € (1,3) and w == 2 < QI Let T' € L*(R)
be periodic with InfT" > 0 and V(x) = Bdo(x) — a. Then there emsts a nontrivial weak
solution u of the equation

V($)utt — Uy = F(m)|u|p_lua ($7t) € R x TT, ‘)

with minimal energy among all %—anti—pem’odic, weak solutions.

Theorem (See . Assume a,y,r > 0, p € (1,3) and set w = ﬁﬁ’ T =4, 3=
a+v. LetT' € L*(R) be periodic, even, infI' > 0 and let V(z) == —a+ B 1, (z). Then

there exists a nontrivial weak solution u of the equation
V(@) ugy — gy = D(2)|ulPtu, (xz,t) € R x Tr, (12.2))

with minimal energy among all %—antz’—pem’odic, even in t and spatially odd weak solutions.

We develop uniform methods to deduce the above examples. Formally, weak, time-periodic
solutions of (2.1)) with time-period T' correspond to critical points of the indefinite energy
functional

1 1
T(u)=1 / V@) urf? + o d(t) — — Fla,t,u)d(z.1),
2 JrRNx(0,1) p+1 JrNyor)

with F(z,t,u) fo x,t,s)ds. This is the starting point of our analysis.

In Chapter E we focus on the difficulties arising from sign-changing V' (z). Then a do-
main of the operator L = V(2)d? — A such that L is self-adjoint is hard to characterize.
Furthermore the formal bilinear form by, (u,v) = fRNxTT —V(x)ur vy + ug vy d(z, t) is nei-
ther bounded from above nor below, i.e., we can not use Friedrich’s extension theorem,
cf. [RS10], to recover a self-adjoint operator L from b;. We use the ideas of [HR19] and
generalize their approach to overcome this difficulty. We will obtain a toolbox, applicable
to our examples mentioned above. The toolbox roughly reads as follows:

1. Formally given an operator L = V(z)0? — A on (z,t) € RY x Ty, we decompose it
formally into the self-adjoint L, = —A — w?k?V (x) using Fourier series with 7' > 0
as time-period and w = 27“

2. Then we calculate the spectra o(Ly) and verify a growing spectral gap around 0
in the sense that there are ¢, KX > 0 and a > 0 such that for all & > K we have
(—c|k|®, c|k|*) € o(Lg)C. Here we verify in addition that if 0 € o(Lg), then it is an
eigenvalue of at most finite multiplicity.

3. We then use Section [2.2.2] as a black-box to construct a sequence space H, a bilinear
form b, and a self-adjoint operator £ := @, Ly such that b, is the corresponding
closed and hermitian bilinear form to £. In Section we additionally equip H
with a special scalar product, which is used in the other sections.
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4. We apply the results of Section to calculate p* = p*(a, N, V') as in Theorem
such that S: H — LPTH RN x Tr), (Si) = >, 4 (x)ex(t) is continuous and locally
compact.

5. Finally we use either Theorem [2.12| or Theorem to obtain a ground state of Z
and hence a weak solution to ([2.1]).

The step 2. will be done completely in the example sections. The steps 3. and 4. are quite
technical and are carried out in Section Here we do not work with concrete examples
but we generalize the technique of [HR19] to the above mentioned toolbox. With the
Hilbert space H and an embedding S: H < LPTH(RY x Tr) at hand, we reformulate and
slightly adjust the work of [SW10] to prove the existence of a ground state of , if
the right hand side f satisfies some often used assumptions. This is step 5. The core of
[SW10] is a minimization procedure on the Nehari-manifold. Here we need a compactness
result for minimizing sequences, which either results form decay of f or from cylindrical
symmetry of the equation ([2.1]). We will apply this procedure in three examples mentioned
above. In those three examples more general right hand sides as stated in Theorem [2.12
and Theorem are admissible, even a time-dependent right hand side like the function

F(x) ’ 2+siln(t) ’ ’u‘p—lu is possible.

In Chapter 3| we focus on N = 1 and f(x,t,u) = I'(z)u/’ 'u with non-decaying I' in
equation , since this case is not covered in Chapter |2l We use two dual variational
approaches, inspired by [Frel3] and [DPR11] using the method of the Nehari Manifold and
[Str08] using a constrained minimization approach, and again give a toolbox to guarantee
the existence results: First check 1. to 4. as in Chapter [2 Then:

5’. We check that £: H — H* is invertible.

6. Furthermore we identify an elliptic operator L such that formally £ = £+ W and
W is localized in space.

7.a) Finally we check Assumption an a-priori estimate for ground state energies,
and Assumption [3.15] a transfer of Palais-Smale sequences.

7.b) Finally we check Assumption an a-priori estimate for ground state energies,
and Assumption [3.22] an improvement for special weakly convergent sequences.

8. Now we apply the abstract existence result Theorem in the case 7.a) and The-
orem in the case 7.b).

We give some details on the ideas of this line of actions. Using the invertibility of £ and
the special form of the right hand side we transform (2.1)) into

Kv= /" 'v  on (z,t) e R xR, (3-3)

1 1
the so-called dual equation. Here we formally write K = T'»+1L71T'»+T and ¢ = %.
Using the sublinear growth of the right had side of (3.3]) we construct a bounded Palais-
Smale in Lemma [3.13 and prove further properties of such sequences in Section In

Section [B.1.2] we consider

Lu=T@)uf'u  on (z,t) e R xR, (13-2)
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the so called equation at infinity (since the difference of L and L is compact). In our
examples equation (3.2]) will be the elliptic, semilinear equation

—gy — Uge = D(@)|ufP'u on (2,t) e R x R.

Considering only %—anti—periodic functions, this equation has a ground state. We iden-
tify two assumptions (depending on which approach) linking and as sufficient
conditions for an abstract compactness result, yielding the abstract existence theorem of
ground states of equation , i.e., Theorem or Theorem In Section
we give some abstract method on how to verify Assumption or Assumption and
Assumption or Assumption In Section we also compare the ground state
levels resulting from the different approaches and obtain a one-to-one correspondence of
the ground state energies and the ground states. Hence the approaches yield the same re-
sult but can use different structural advantages. We also give some comparison arguments
for different symmetry classes. Then in Section we apply the developed techniques.
First we analyze the ground state of , which will be the same in the two examples.
Further ideas to the dual method can be found at the beginning of Section [2.1

Despite using many known ideas from previous works, this thesis contains several signif-
icant new contributions. To the best of the author’s knowledge we are the first using
minimization techniques to find solutions for the quasilinear wave equation with
h(z) = vdo(x) as in Chapter I} Regarding Chapter [2| we give a rather general toolbox to
construct a domain for L = V()02 — A, such that L is self-adjoint, the corresponding
bilinear form is closed and its domain embeds continuously and locally compact into LP*!
when considering %—anti—periodic functions. Here we additionally construct the norm in
a way, such that it fits perfectly into the setting of [SW10]. This toolbox is not restricted
to specific potentials V' (z), but only needs spectral information of the operators Ly and
the basic structure that V(z) is in front of 9?. Looking into Chapter [3| we use a more
advanced notation, in the sense that we do not work directly on functions but on multi-
ple Hilbert spaces. Dual variational techniques are used to prove the existence of weak
solution e.g. for nonlinear Helmholtz systems, cf. [MSI7], or for nonlinear Schrédinger
equations, cf. [Frel3|. Here one usually considers Sobolev and Lebesgue spaces, whereas
we consider some Hilbert space H such that there is a continuous and locally compact em-
bedding S: H — LP*!, such that we can reuse the constructions of Chapter [2l The idea
of deriving a compactness result by comparing with an equation at infinity was used for
example for direct variational techniques for positive, self-adjoint operators L: H? — L?
in [DPR11] and for dual variational techniques with indefinite operator, self-adjoint oper-
ators L: H2 — L? in [Frel3]. We generalize their ideas into an abstract setting arguing
on Hilbert spaces and identifying core steps for an abstract existence result. Checking the
conditions for the abstract result in the examples is nontrivial and requires many technical
calculations and generalizations of known ideas.

Our techniques naturally generate breather solutions of equation and . Such
breathers are a purely nonlinear phenomenon and can not be observed in dispersive media
considering only linear equations. Possible applications could be localized optical pulses in
nonlinear optics with a breather profile for a traveling wave, or an optical storage device
with a standing breather. One of the first breathers discovered was the sine-Gordon-
breather [AKNS73] and due to non-persistence results like [BMW94] and [Den93] one
could get the impression they are a rare phenomenon. On the other hand we want to
mention recent works like the variational techniques of [HR19], the bifurcation methods of
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[BCBLS11] or the smart ansatz choice and ODE methods of [PR16]. Here new examples
of breathers in different settings have been found. This field of mathematics is still in
the development and we hope that this thesis brings us one step closer to a more unified
understanding.

For future work the author wants to give an outlook, on how the ideas of this theses could
be continued. One interesting question is ”Is the critical exponents p* for the growth of the
right hand side optimal?” He would guess not, as the example in Section indicates.
Of course this instantly implies the question on how to improve the exponent. Another
question is ”Can we find breather solutions of semilinear wave equations as with
L = V(x)(—i0)* + A(—10,) for p € N and a positive function A?” He would guess yes,
since all abstract techniques aim for the position of the potential V" in L and only rely on
spectral information of L. Maybe such nonlinear Schrédinger equations, i.e., 4 = 1 and
A(z) = 22 could also be a field of new examples for breathers. Last but not least we can
always ask for sharpness of our assumptions and seek for counter examples if one or more
assumptions are not satisfied.
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Preliminaries and Notation

We shortly give some preliminaries and notations. Many are self explanatory with context
or are defined in the text. Nevertheless we collect some of the most important here.

Ck(Q) the space of k € Ny times continuously differentialble functions equipped
. 0%u
with [|ulloriq) = [l pe@) + D 9o :
ja|=N L=
LP(Q) the Lebesgue-spaces of an open set Q ¢ RV, equipped with

HuH’;ﬁ(Q) = /Q |ulP dz if p < oo and ||uHLOO(Q) = ess sup |u| if p = oo.

Wkp ()  the Sobolev-spaces of an open set 2, with k& weak derivatives, all

i i : 0 ||?
LP-integrable, equipped with HUH%/’“!P(Q) = H“HILP(Q) + Z H&L‘O‘
|a|=N Lr(Q)
H*(Q) = WHk2(Q) if k € Np.
H?(Q) the Sobolev-spaces on RY, with s > 0 weak, fractional derivatives, equipped
. snl
with ull ey = (L4 )5,
1 )
F the Fourier transform on RY defined by (Fu)(£) = N / u(z)e® € dz .
V2m JRN

P (Z,X) asequence space equipped with Hzl||§’p(z7x) = Z || duge || -
k

h® (Z,X) a sequence space equipped with HfLHiS(ZX) = Z k|2 |t |5
k

@ Xy the Cartesian product of the sets Xj.

keK
X* the dual of a Banach space X,
A* : YY" — X™ the adjoint of an operator A: X — Y.
;) xxx+ the dual pairing induced by (z,y) v, v+ = y(z).
o(A) the spectrum of a linear operator A.
p(A) the resolvent of a linear operator A.
TQJY the Cartesian product of tori with periods T'= (11,...,Tx). If N =1, we drop the supersc
(RIS the graph norm corresponding to an operator A: D(A) — X defined by
[ullpay = llullx + [ Aul x-
Ziodd =27 + 1, i.e., odd integers.

Bpg(x) the open ball with radius R centered at x.
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o(f) Landau notation: g € o(f) as x — z¢ iff lim /) =0.
z—zo g(T)
. o (fw)
O (f) Landau notation: g € O (f) as ¢ — xo iff limsup || < oc.
z—zo | 9(2)
P =P . if p € [1, 00|, the conjugate Holder exponent.
=

If we write LP(Q2, B), then we specify the range as B and analogous for all other function
spaces. If we put an index onto a function space, then we mean:

loc locally integrable
per periodic

ap anti-periodic in time
odd odd in space

c compactly supported

For an operator A: X — X* we define the corresponding bilinear form as b (z,y) =
(Az,y) y, x«. If we do not explicitly say that by is defined as the corresponding bi-
linear form, then it can be any bilinear form and the index A just indicates a for-
mal motivation but has no further meaning. Observe that if X = LPT1(QR), then

(£,9) xxx- = Jo fgda.

Considering a nonlinear functional I: X — R, often called energy functional, we call a
critical point of I a bound state, and a critical point with minimal energy among all critical
points a ground state.

An embedding is always an injective map.

We say an equation is compatible with a symmetry, if each object in the equation is stable
under the symmetry. E.g. the function I'(z)|ul’ " u is compatible with L_anti-periodicity,
since if u is %—anti—periodic, then I'(x)|u|? ~lu is anti-periodic again. The same holds for
V(@) uy — gy
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1 Breather Solutions for a Quasilinear
(1 4+ 1)-dimensional Wave Equation

We follow the strategy mentioned in the Introduction.

1.1 Introduction and Main Results

We study the (1 + 1)-dimensional quasilinear wave equation
g(x)wy — wer + h(zx)(w)) =0 for (x,t) € R x R, (1.1)

and we look for real-valued, time-periodic and spatially localized solutions w(z,t). At
the end of this introduction we give a motivation for this equation arising in the study of
localized electromagnetic waves modeled by Kerr-nonlinear Maxwell equations. We also
cite some relevant papers. To the best of our knowledge for in its general form no
rigorous existence results are available. A first result is given in this paper by taking an
extreme case where h(x) is a spatial delta distribution at = 0. Our basic assumption on
the coefficients g and h is the following;:

g € L(R) even, g # 0 and h(z) = vydp(x) with v # 0 (CO)

where dy denotes the delta-distribution supported in 0. We have two prototypical ex-
amples for the potential g: a step potential (Theorem [I.1)) and a periodic step potential
(Theorem . The general version is given in Theorem below.

Theorem 1.1. For a,b,c > 0 let

g(x) — { —a, Zf ‘$| > ¢

b, if |z| <e.
2 2N4-1 s :
For every frequency w such that \/l;wc; € Sng1 and v < 0 there exist infinitely many
nontrivial, real-valued, spatially localized and time-periodic weak solutions of (1.1)) with

period T = 2*. For each solution w there are constants C,p > 0 such that |w(z,t)| <

w
Ce_plx‘ .

Theorem 1.2. For a,b >0, a#b and © € (0,1) let

o) = { a, if |z| < 7O,

b, f 1O <|z|<m
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and extend g as a 2mw-periodic function to R. Assume in addition

\ﬁ1—@ e2N+1
a © IN+1°
2N+1

2N+ 1
valued, spatially localized and time-periodic weak solutions of (1.1 with period T =

For every frequency w such that 4\/abw € there exist infinitely many nontrivial, real-

or
.

For each solution w there are constants C,p > 0 such that |w(z,t)| < Ce=Plel,

Weak solutions of ([1.1)) are understood in the following sense. We write D := R x T7 and
denote by Tt the one-dimensional torus with period 7T

Definition 1.3. Under the assumption (C0) a function w € H'(R x Tr) with O.w(0,-) €
L3(Tr) is called a weak solution of (1.1)) if for every ¢ € C(R x Tr)

/ —g(2)0w Byt + Dyw Dyt d(z, 1) — / T(atw(o, )39:6(0,8)dt =0.  (1.2)
D 0

Theorem and Theorem are special cases of Theorem [1.5] which applies to much
more general potentials g. In Section [I.6.1] and Section [1.6.2] of the Appendix we will show
that the special potentials g from these two theorems satisfy the conditions and
of Theorem The basic preparations and assumptions for Theorem will be given
next.

Since we are looking for time-periodic solutions, it is appropriate to make the Fourier
ansatz w(z,t) = > ez wy(z)e*! with Z,qq == 27 + 1. The reason for dropping even
Fourier modes is that the 0-mode belongs to the kernel of the wave operator L = g(x)0? —
02. The restriction to odd Fourier modes generates T//2 = 7 /w-antiperiodic functions w,
is therefore compatible with the structure of and in particular the cubic nonlinearity.
Notice the decomposition (Lw)(z,t) =3 ez Liywg (x)e*™ with self-adjoint operators

d2
da?
Clearly Lp = L_j so that is suffices to study Li for k € Nygq. Our first assumption is
concerned with the spectrum o(Lg):

Vk € Nygg, 0 ¢ Uess(Lk) ) UD(Lk)a (Cl)

Ly = — k2W¥g(x) : H3(R) € L*(R) — L*(R).

where by op(Lg) we denote the spectrum of Lj with an extra Dirichlet condition at 0,
i.e., the spectrum of Ly, restricted to {¢ € H%(R) | ©(0) = 0}. This is the same as the
spectrum of Ly, restricted to functions which are odd around z = 0.

Lemma 1.4. Under the assumption (CO) and (C1)) there exists for every k € Nygq a
function ®;, € H*(0,00) with Ly®;, =0 on (0,00) and ®4(0) = 1.

Proof. We have either that 0 is in the point spectrum (but not the Dirichlet spectrum) or
that 0 is in the resolvent set of L. In the first case there is an eigenfunction ®; € H?(R)
with Li®; = 0 and w.l.o.g. ®,(0) = 1. In the second case 0 € p(Ly) so that there exists a
unique solution @, of L ®), = 1j_3, 1 on R. Clearly, if restricted to (0, 00), the function
®;. solves Ly®) = on (0,00). Moreover, i)k(O) = 0 since otherwise ®;. would be an odd
eigenfunction of Ly which is excluded due to 0 € p(Ly). Thus a suitably rescaled version
of <i>k satisfies the claim of the lemma. ]
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Our second set of assumptions concerns the structure of the decaying fundamental solution
according to Lemma [T.4]

There exist p, M > 0 such that for all k¥ € Nygq: [Pr(z)| < Me " on [0,00).  (C2)

Now we can formulate our third main theorem as a generalization of Theorem [I.1] and
Theorem The fact that the solutions which we find, can be well approximated by
truncation of the Fourier series in time, is explained in Lemma [I.21] below. Moreover, a
further extension yielding infinitely many different solutions is given in Theorem [1.15]in

Section [[.4

Theorem 1.5. Assume (C0), (C1) and (C2) for a potential g and a frequency w > 0.
Then (1.1 has a nontrivial, T-periodic weak solution w in the sense of Deﬁnition with

T = %’r provided

(i) v <0 and the sequence (P}.(0)) has at least one positive element,

k€Noqq

(ii) v > 0 and the sequence (®)(0)) has at least one negative element.

k€Noga

Moreover, there is a constant C > 0 such that |w(z,t)| < Ce?1*l for all (z,t) € R? with

p as in (C2)).

Remark 1.6. (a) It turns out that the above assumptions can be weakened as follows: it

suffices to verify (C1)) and (C2) and (i), (i) for all integers k € r-Zogq for some r € Nygq.
We will prove this observation in Section [1.]}

(b) Our variational approach also works if we consider with Dirichlet boundary con-
ditions on a bounded interval (—I,1) instead of the real line. There are many possible
results. For illustration purposes we just formulate the simplest one. FE.g., if we assume
that ‘%l € % then

Wit — Wag + Y00(z)(w}) = 0 on (=1,1) x R with w(l,t) =0 for all t

has a nontrivial, real-valued time-periodic weak solution with period T = QW—” both for v >0
and v < 0. The operator Ly = —j—; — w?k? is now a self-adjoint operator on H*(—1,1) N
H}(=1,1). The assumption “’?l € % guarantees (C1)) for all k € Zogq. The functions Py,

% so that @} (0) = —wk cot(wkl). The assumption "% € %
now guarantees that the sequence {cot(wkl) | k € Zoqa} is finite and does not contain 0
or £o00. Moreover £ = 22——51 yields ©.(0)®},,,(0) < 0, i.c., we also have the required

sign-change which allows for both signs of .

are given by @ (z) =

Wle observe that the growth of (®},(0)), 7,4, 18 connected to regularity properties of our
solutions.

Theorem 1.7. Assume (C0), (C1) and (C2) and additionally ®,(0) = O(k). Then the
weak sollutz'on w from Theorem belongs to HYAY (T, L*(R)) N HY,,(Tr, H(R)) for any
ve (0, 7).
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Here, for v € R the fractional Sobolev spaces of time-periodic functions are defined by

Hy,, (T, L*(R)) = {u<x,t> = > i@ | 57 (14 k) il ey < oo} )

keZ kEZ
prer(TT7H1(R)) = {u(m,t) = Zak(x)eiwkt Z (1 + |k|2> HﬁkH?{l(R) < OO} ’
keZ keZ

We shortly motivate ([1.1)) and give some references to the literature. Consider Maxwell’s
equations in the absence of charges and currents

V-D =0, VxE =- 9B, D =E + P(E),
V-B=0, V x H =9,D, B =oH.

We assume that the dependence of the polarization P on the electric field E is instan-
taneous and it is the sum of a linear and a cubic term given by P(E) = gox1(x)E +
cox3(x)|E|’E, cf. [Agri9], Section 2.3 (for simplicity, more general cases where instead
of a factor multiplying |E[2E one can take x3 as an x-dependent tensor of type (1,3) are
not considered here). Here €g, 119 are constants such that = (Eo,uo)_l with ¢ being the
speed of light in vacuum and x1, x3 are given material functions. By direct calculations
one obtains the quasilinear curl-curl-equation

0=V xVxE+8? (V(X)E + r(x)|E|2E) , (1.3)

where V(x) = pogo (1 + x1(x)) and I'(x) = pogox3(x). Once is solved for the electric
field E, the magnetic induction B is obtained by time-integration from V x E = —9;B and
it will satisfy V-B = 0 provided it does so at time ¢ = 0. By construction, the magnetic field
H= %B satisfies V. x H = 9,D. In order to complete the full set of nonlinear Maxwell’s
equations one only needs to check Gauss’s law V-D = 0 in the absence of external charges.
This will follow directly from the constitutive equation D = o(1+x1(x))E+eoxs(x)|E[*E

and the two different specific forms of E given next:

E(x,t) = (0,u(z; — xt, x3),0)T polarized wave traveling in x-direction
E(x,t) = (0,u(zy,t),0)” polarized standing wave
In the first case E is a polarized wave independent of xo traveling with speed k in the
direction and with profile w. If additionally V(x) = V(x3) and I'(x) = I'(z3) then the

quasilinear curl-curl-equation (1.3]) turns into the following equation for u = u(7, z3) with
the moving coordinate 7 = x1 — kt:

~Ugszs + (K2V (23) — Drr + K2 (23)(ud),r = 0.
Setting u = w, and integrating once w.r.t. 7 we obtain (|1.1)).
In the second case E is a polarized standing wave which is independent of xo,x3. If we

assume furthermore that V(x) = V(z;) and I'(x) = I'(z1) then this time the quasilinear
curl-curl-equation ((1.3) for u = w; turns (after one time-integration) directly into (|1.1)).
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In the literature, (1.3)) has mostly been studied by considering time-harmonic waves
E(x,t) = U(x)e'". This reduces the problem to the stationary elliptic equation

0=V xVxU-—x? (V(X)U + r(x)\U|2U) in RS, (1.4)

Here case E is no longer real-valued. This may be justified by extending the ansatz
to E(x,t) = U(x)e" + c.c. and by either neglecting higher harmonics generated from
the cubic nonlinearity or by assuming the time-averaged constitutive relation P(E) =
e0X1(X)E + gox3(x) % fOT |E|? dtE with T = 27/k, cf. [Stu93], [SMKO03]. For results on
we refer to [BDPR16], [Medl5] and in particular to the survey [BMI17]. Time-
harmonic traveling waves have been found in a series of papers [Stu90, [Stu93l [SZ10]. The
number of results for monochromatic standing polarized wave profiles U(x) = (0, u(x1),0)
with w satisfying 0 = —u” — k* (V(21)u + I'(z1)|u[*u) on R is too large to cite so we
restrict ourselves to Cazenave’s book [Caz03].

Our approach differs substantially from the approaches by monochromatic waves described
above. Our ansatz w(z,t) = Zkezodd wy,(z)e*! with Z,qq = 2741 is automatically poly-
chromatic since it couples all integer multiples of the frequency w. A similar polychromatic
approach is considered in [PSWI12]. The authors seek spatially localized traveling wave
solutions of the 141-dimensional quasilinear Maxwell model, where in the direction of
propagation xi is a periodic arrangement of delta functions. Based on a multiple scale
approximation ansatz, the field profile is expanded into infinitely many modes which are
time-periodic in both the fast and slow time variables. Since the periodicities in the fast
and slow time variables differ, the field becomes quasiperiodic in time. To a certain extent
the authors of [PSW12] analytically deal with the resulting system for these infinitely many
coupled modes through bifurcation methods, with a rigorous existence proof still missing.
However, numerical results from [PSW12| indicate that spatially localized traveling waves
could exist.

With our case of allowing x1 to be a bounded function but taking y3 to be a delta function
at £ = 0 we consider an extreme case. On the other hand our existence results (possibly
for the first time) rigorously establish localized solutions of the full nonlinear Maxwell
problem without making the assumption of either neglecting higher harmonics or of
assuming a time-averaged nonlinear constitutive law.

The existence of localized breathers of the quasilinear problem (1.1)) with bounded coef-
ficients g, h remains generally open. We can, however, provide specific functions g, h for
which ([1.1)) has a breather-type solution that decays to 0 as |z| — co. Let

_1— 297 2 4 z

ba) = L+ hie) = T 9@ = Gy

and consider a time-periodic solution a of the ODE
_d — (a/s)/ —q

with minimal prescribed period T € (0,2m). Then w(z,t) := a(t)b(x) satisfies (1.1). Note
that h is sign-changing and w is not exponentially localized. We found this solution by
inserting the ansatz for w with separated variables into (L.1). We then defined b(z) :=
(1 + 22)~1/2 and set g(z) = —b'(z)/b(x) and h(x) = —b"(x)/b(z)?>. The remaining
equation for a then turned out to be the above one.
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The paper is structured as follows: In Section we develop the variational setting and
give the proof of Theorem[I.5] The proof of the additional regularity results of Theorem[1.7]
is given in Section In Section we give the proof of Theorem [I.15/ on the existence
of infinitely many different breathers. In Section [I.5] we show that our breathers can be
well approximated by truncation of the Fourier series in time. Finally, in the Appendix we
give details on the background and proof of Theorem (Section and Theorem [1.2
(Section as well as a technical detail on a particular embedding of Holder spaces
into Sobolev spaces (Section [L.6.3)).

1.2 Variational Approach and Proof of Theorem [1.5]

The main result of our paper is Theorem which will be proved in this section. It is a
consequence of Lemma and Theorem below.

Formally (1.1)) is the Euler-Lagrange-equation of the functional

T
Iw) = [ ~So@lonf + Juldwn - 3y [ 1w a1
D 0
defined on a suitable space of T-periodic functions. Instead of directly searching for a
critical point of this functional we first rewrite the problem into a nonlinear Neumann
boundary value problem under the assumption that w is even in x. In this case
amounts to the following linear wave equation on the half-axis with nonlinear Neumann
boundary conditions:

{g(w)wtt —Wye =0 for (z,t) € (0,00) x R, (16)

2w, (04,1) = (w(0,¢)), forteR

where solutions w € H'([0,00) x T7) with d;w(0,-) € L3(Tr) of (1.6)) are understood in
the sense that

T
2/ —g(2)0pw Opp + 0w Optp d(z,t) — fy/ (Dpw(0,1))20pp(0,t) dt = 0 (1.7)

for all v € C°([0,00) x Tr) with Dy = (0,00) x Tr. It is clear that evenly extended
solutions w of also satisfy (L.2). To see this note that every 1) € C2°(R x Tr) can be
split into an even and an odd part 1) = 1 + 1, both belonging to C°(R x Tr). Testing
with 1, in produces zeroes in all spatial integrals due to the evenness of w and
also in the temporal integral since 1,(0,-) = 0 due to oddness. Testing with 1, in
produces twice the spatial integrals appearing in . In the following we concentrate on
finding solutions of for the linear wave equation with nonlinear Neumann boundary
conditions.

Motivated by the linear wave equation in (1.6)) we make the ansatz that

wiet) = Y2 by (fal)en(s), (1.9

k€Zoqq

where eg(t) = iTeiWkt denotes the L?(Tr)-orthonormal Fourier base of Tr, and where

®;, are the decaying fundamental solutions ®; of Ly, cf. Lemma Such a function w
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will always solve the linear wave equation in (1.6) and we will determine real sequences
& = (Gg)kez,,, such that the nonlinear Neumann condition is satisfied as well. The
additional factor % is only for convenience, since J; generates a multiplicative factor iwk.

The convolution between two sequences 2, € RZ is defined pointwise (whenever it con-
verges) by (2 x §) = ZleZ Z10k—1.

In order to obtain real-valued functions w by the ansatz ((1.8)) we require the sequence &
to be real and odd in k, i.e., & € R and & = —&_j. Since (1.8)) already solves the wave
equation in (|1.6]), it remains to find & such that

dk ! 1 AA oA
2w, (04,t) =2 > ?i);(O)ek(t) = = D k(@ é o @)gex(t) = y(wi(0,8)):,
k€Zoqq k€Zoaa

where we have used ®;(0) = 1. As the above identity needs to hold for all ¢ € R we find

279, (0
(Gxaxa) = ’yw4kk(2)

ap forall k € Zygy. (1.9)

This will be accomplished by searching for critical points & of the functional

. .. . . . T ) (0) .
J(z)::Z(Z*Z*Z*Z)O—i_WZ 2(2),2,%
k

defined on a suitable Banach space of real sequences Z with 2, = —Z_j. Indeed, computing
(formally) the Fréchet derivative of J at & we find

AN A A 2T @ (0) . .
J’(a)[y]:(a*a*a*y)o—i—iz Zg)akyk. (1.10)

Let us indicate how amounts to (|1.9). For fixed kg € Z,qq we define the test sequence
U = (Ok ko — Ok,—ko)kez,q4; Which has exactly two non-vanishing entries at ky and at —ko.
Thus, § belongs to the same space of odd, real sequences as & and can therefore be used
as a test sequence in J'(&)[g] = 0. After a short calculation using &y = —a_j, @), = @',

we obtain ([1.9)) for ko.

It turns out that a real Banach space of real-valued sequences which is suitable for J can
be given by

1
D(J) = {2 € R%u | [|2]] < oo, 2 = ~2-4} where [|2]] = |12 2[5

The relation between the function I defined in ([1.5)) and the new functional J is formally
given by

2 4
Zk _ W g
1Y Zaahen | =22 ).
k€Zodd
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Lemma 1.8. The space (D(J),||| - |ll) is a separable, reflexive, real Banach space and
isometrically embedded into the real Banach space L*(Tr,iR) of purely imaginary-valued
measurable functions. Moreover for u,0,w, % € D(J) we have

(@ @xaxa)o=llafl*, (1.11)
| (@ % 0 5 Z)o| < [l [0/ I 121, (1.12)
1212 < [l (1.13)

Proof. We first recall the correspondence between real-valued sequences Z € [y with 2, =
—2_1 and purely imaginary-valued functions z € L?(Tr,iR) by setting

3 = <z,ek>L2(TT and z(t g Zrer(t
kEZ

Parseval’s identity provides the isomorphism ||| ;2(r,.) = [|Z[l;2. The following identity

T
4 A A A ~ A A A4
T)|zllainyy = T /0 )t = (2x 220 )0 = |22 215 = [I2]

shows that ||| - ||| is indeed a norm on D(J) and its provides the isometric embedding of
D(J) into a subspace of L4(Tr,iR). By Parseval’s equality and Hélder’s inequality we see
that

. 1 .
12z = 12l 2y < T 2N pagryy = NIl

so that D(J) is indeed a subspace of I2. Finally, for any 4, 9,1, 2 € D(J) we see that

|(G*0xw*2)|=T

T
/0 u(t)o(t)w(t)z=(t) dt‘ < Tl pallvll pallwll pallzl o = M@l D0 D 12

This finishes the proof of the lemma. O

For %—anti—periodic functions 1: D — R of the space-time variable (x,t) € D we use the

notation
S @ = Y %\I’k(x)ek(t) (1.14)

k€Zoqq k€Zoaa

with ;W(z) = Un(z) = ((z, ),€k)r2(rp)- The Parseval identity and the definition of
Il - || immediately lead to the following lemma.

Lemma 1.9. For vy : D — R as in (1.14)) the following holds:
(1) [alZagy = Sk 2o 1422 g,
(ii) ([elZa ) = 2 S W2 .

(iti) Tl[ve(0,)|1s(p,y = @ IIGI* where g = ¥x(0) for k € Zoga-

The next result give some estimates on the growth of norms of ®;. It serves as a
preparation for the proof of regularity properties for functions w as in (1.8) stated in

Lemma [[.11]
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Lemma 1.10. Assume , and . Then
3
1@kl z2(0,00) = OL), [ @hllz2(0,00) = O)s 19l oo (0,00) = O(K2). (1.15)

In particular |®,.(0)| = O(k%)

Proof. The first part of (1.15]) is a direct consequence of ((C2)).

Multiplying Ly ®j, = 0 with ®;, ®} and integrating from a > 0 to co we get
< 2.2 2 PN g /
| R @) + Byla) do = ~@u(@)Pa), (1.16)
/ —2w% k2 g(2) B (2) D) () dz = —®)(a)?, (1.17)

respectively. Applying the Cauchy-Schwarz inequality to ((1.17)) and using the first part of
(1.15)) we find
19517 (0,00) < OK) 19511 22(0,00) (1.18)

and from , we get
||q);§||%2(0,oo) < O(K?) + || @k oo (0,00) | R | 200 (0,00)
< O(K?) + @4 10,00 O | B 22 -
The L°°-assumption in leads to

4
3

1
1942000y < OR) + O) [ @112, o o) < O?) + COMkE) + €| @410 .

where we have used Young’s inequality with exponents 4/3 and 4. This implies the second
inequality in (|1.15)). Inserting this into ((1.18)) we obtain the third inequality in ((1.15). O

Lemma 1.11. Assume (C0)), (Cl) and (C2). For & € D(J) and w: D — R as in (1.8)

we have wy,w; € L*(D), wy(0,-) € L*(Tr) and there are values C > 0 and p > 0 such
that |w(x,t)] < CePlel,

Remark 1.12. The lemma does not require & to be a critical point of J. The smoothness
and decay of w as in (1.8) is simply a consequence of & € D(J) and (C2]).

Proof. We use the characterization from Lemma Let us begin with the estimate for
|0swl[ 2(py- By Lemma we have supy, || P ||£2(0,00) < 00 so that

2
2 ~ 2 A N2
900320 = 2 37 631kl 220, < 2% (50 [Pl 2(0,0) 61
k

2
~1112
< 22 (sp | @il 20,0 ) 181 < o0,

which finishes our first goal. Next we estimate ||0,w|| 2(p)- Here we use again Lemmam
to find

A2
2 « 2 A )
0,100 220y = 2 3 S50 20y < ClGIR < Clla? < o0

k
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which finishes our second goal. Next we show that w;(0,-) € L*(Tr). Using ®1(0) = 1 we
observe that

T
Tljwe(0, /44y :T/O ( 3 iwdkék(O)ek(t)>4dt

k€Zoaa

A4
= wla]l* < co.

Finally we show the uniform-in-time exponential decay of w. By construction w is even
in x, hence we only consider z > 0. By (C2|) we see that

1/2
1 ~
.%' t | < Z "O;k" Z ‘C;:” —az < H@HZQ (Z k2> Ce % < (e~
k
which finishes the proof of the lemma. O

In the following result we will show that minimizers of J on D(J) exist, are solutions of
(1.9) and indeed correspond to weak solutions of (|1.1)).

Theorem 1.13. Assume (C0), (Cl) and (C2). Then the functional J is well defined
on its domain D(J), Fréchet-differentiable, bounded from below and attains its negative
minimum provided

(i) v <0 and the sequence (2(0)),cy ,, has at least one positive element, or

(i) v > 0 and the sequence (®,(0)), oy ., has at least one negative element.

For every critical point & € D(J) the corresponding functionw(z,t) =3 47 %@k(|$|)ek(t)

is a nontrivial weak solution of (1.1)).

Proof. Note that J(2) = 2||2]|* + J1(%), where Jy(%) = 22 with aj, = —49 B
= 7 1(2), where J; > ok akZp with a = otz - BY

Lemma [1.10] the sequence (ar)x is converging to 0 as |k| — oo, so in particular it is

bounded. Due to one finds that J is well defined and continuous on D(J), and
moreover, that for 73 € D(J )

J(2) 2 *H\ I —sup!aklz SSETS — sup jax[[|2 I

e

This implies that J is coercive and bounded from below. The weak lower semi-continuity of
J follows from the convexity and continuity of the map 2 — [||2]||* and the weak continuity
of Ji. To see the latter take an arbitrary e > 0. Then there is ky € N such that |a;| < €
for |k| > ko and this implies the inequality

[ J1(2) = J1(@)] < suplax] Y 152 — b’ + ezl + [912) ¥Y2,0€D().  (1.19)
|k|<ko

Since (D(J), ||| - |||) continuously embeds into I? any weakly convergent sequence in (D(J), ||| -

also weakly converges in [? and in particular pointwise. This pointwise convergence to-
gether with the boundedness of the sequence and yields the weak continuity of J;
and thus the weak lower semi-continuity of J. As a consequence, cf. Theorem 1.2 in
[StrO8], we get the existence of a minimizer.

1)
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In order to check that the minimizer is nontrivial is suffices to verify that J attains negative
values. Here we distinguish between case (i) and (ii) in the assumptions of the theorem.
In case (i) when v < 0 we find an index kg such that ® (0) > 0. In case (ii) when v > 0
we choose ko such that @ (0) < 0. In both cases we obtain that ®; (0)/y < 0. If we set
U = (Ok,ky — Ok,—ko )keZ,,y then § has exactly two non-vanishing entries, namely +1 at ko
and —1 at —ko. Hence § € D(J). Using the property ®, = &', we find for ¢t € R

T®), (0)

J(ty)—t4 lglI* + 26 4k:2

which is negative by the choice of kg provided ¢ > 0 is sufficiently small. Thus, infp( 5 J <0
and every minimizer & is nontrivial.

Next we show for every critical point & of J that w(x,t) = Zkezodd 0 (|z])ex(t) is a
weak solution of (L.I)). The regularity properties w € H'(R x Tr), d;w(0,-) € L*(Tr)
and the exponential decay have already been shown in Lemma[I.11] We skip the standard
proof that J € CY(D(J),R) and that its Fréchet-derivative is given by (L.10). We will
show that . ) holds for any v as in with even functions ¥ € H'(R), ¥}, = —¥_,
such that 9,4 € L?(D) and ¥(0,-) € L4(’]I‘T) as described in Lemma [1.9) u We begin by
deriving expressions and estimates for the functionals

T
Hy () = /D g(eywaind(z,t),  Ha(t) = /D wetba d(z, 1), Ha(t) = /0 wi(0,0%94(0, 1) dt

In a first step we assume that the sum in ((1.14)) is finite in order to justify the exchange
of summation and integration in the following. Then, starting with H; we find

Hy(y) = —wQ/Dg(x)Z&k@k(!w\)\lfz(!x\)ek(t)ez(t)d(w,t)
k.l
= —2uw? Z bu, / h g(z)®p(2)¥_p(2) dz
—QwQZak/ )V (z)de,

1 1
()] < 202 lgll oy (32 6198220,y ) (Z 19132000y ) * = gl ey laenll oy 14l 2 )

k
and similarly for Hy we find using (|1.24])

/ % (Jal) 1 e (F)er(r) ()
D

k,l
_22 / @) (2)¥ () dz
_22 /<I>’ )W (z) da
_ 2”225"“/0 (@) (@)U () dz — 22%@2(0)%(0),

1

s 1
rH2<w>\s2(Z o} HLzOw))Q(ZkQMHLaW) = l[well 20 el 2o



26 1 Breather Solutions for a Quasilinear (1 + 1)-dimensional Wave Equation

Moreover, considering Hs and setting i := ¥ (0) for k € Z,qq one sees
e 3
) =t [ (T aren) (3 wi0)an)) de
0 g 1

w4

:?(&*d*&*g))o,
4

w ~ N
[H3 ()| < ?Illalll?’lllyHl = (0, )z 1960 M s ry)-

Hence Hp, Hy and Hs are bounded linear functionals of the variable ¢ as in (1.14)) with
Ve, € L2(D) and 4(0, ) € L*(T7). For such v we use the above formulae for Hy, Hy, H3
and compute the linear combination

4

(1) + Hale) = 7Ha(0) = =2 3 B OO0 — (@ sasas il =0

due to the Euler-Lagrange equation for the functional J, i.e., the vanishing of J'(&)[g] in
(1.10) for all § € D(J). The last equality means that w is a weak solution of ([1.1)). O

1.3 Further Regularity

Here we prove Theorem We observe first that in the example of a periodic step-
potential in Theorem we find that not only ®.(0) = O(k:%) holds (as Lemma
shows) but even @, (0) = O(k) is satisfied. It is exactly this weaker growth that we can
exploit in order to prove additional smoothness of the solutions of . We begin by
defining for v > 0 the Banach space of sequences

hl/ — {2 c l2 s.t. HZA:H%LV = Z(l —|—k‘2)V|2k|2 < OO}
k

Moreover, we use the isometric isomorphism between h” and

HY(Ty) = {z(t) =3 Gen(t) st s e h”}

k

by setting ||z|| v = ||2||nv. We also use the Morrey embedding H' " (T7) — CO’%“’(’JTT)
for v € (0,1/2) and the following embedding: C%(T7) — H?(T7) for 0 < ¥ < v < 1,
cf. Lemma in the Appendix. The latter embedding means that 2 € h” provided
2€CW(Tr)and 0 < v <v < 1.

Theorem 1.14. Assume (C0), (CI)), (C2) and in addition ®)(0) = O(k). For every
& € D(J) with J'(&) = 0 we have & € h¥ for every v € (0,1/4).

Proof. Let & € D(J) with J'(&) = 0. Recall from (1.9) that

2T®/,(0)

(% xa)p =Npdy where 7 = ol for k € Zygq (1.20)
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so that || < C/k. If we define the convolution of two T-periodic functions f,g € L*(Tr)
on the torus T as

= —1 ! —s)ds
(F=0) 0= 2= [ fs)att—5)d
and if we set

a(t) = deek(t), n(t) = Zﬁkek(t)
k k

then the equation
o =axn (1.21)

for the T-periodic function a € L*(T7) is equivalent to the equation (1.20]) for the sequence
& € D(J). We will analyze (1.21)) with a bootstrap argument.

Step 1: We show that o € C’O’é(TT). The right hand side of (1.21]) is an H'(Tr)-function

since

CQ
2 a2 . .
ol ey = lailh < 37 (14 K)a3 S < 20%al: < o

k€Zoda
Therefore, using (1.21) we see that o® € H!'(Tr) and by the Morrey embedding that
ad e CO’%(TT). Since the inverse of the mapping x + 23 is given by x \x|_%x, which
is a CO’%(R)—function, we obtain a € CO’%(']I‘T).
Step 2: We fix ¢ € (0,1) and show that if a € C%»(T7) for some v, € (0,1/2) solves
(L:21) then o € CO¥+1(T7) with vp4q = %2 + L. For the proof we iterate the process
from Step 1 and we start with a € C%(T7). Then, according to Lemma of the

Appendix, o € H?"(Tr) and hence & € h?". Then as before the convolution of o with
7 generates one more weak derivative, namely

o 2 C? .
o 13 savn gy = N6 e < 3201+ BH963 < O < o0,
k

Hence by (1.21) we conclude o € H*%7(T7) and by the Morrey embedding o €
COztavn (Tr) provided qv, € (0,1/2). As in Step 1 this implies a € C%n+1(Typ) with
Un4+1 = % + %

Starting with 14 = 1/6 from Step 1 we see by Step 2 that v, 2(# Since ¢ € (0,1)

3—q)°
can be chosen arbitrarily close to 1 this finishes the proof. O

With this preparation the proof of Theorem is now immediate.

Proof of Theorem [1.7. Let w(z,t) = > ;7 %y (|2|)ex(t) with & € D(J) such that
J'(&) = 0. Recall from assumption (C2)) that C := supy, ”‘I)kH%%o o0y < 00. Likewise, from
Lemma |1.10] we have ||<I>;€||iz(0 o) < Ck? for all k € Zygq and some C' > 0. Therefore,

using Theorem |1.14| we find for all v < %

2 ~ 2 ~
Ha,}+vaL2(D) = 202N AR [Pk 2 0 00 < 207 ClE70 < 00
k
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and likewise

~ _ 2 TN
10} wallF 2y = 20 Y a7 [K|* 2H¢’?«HL2<0,00> < 2 C||a)3 < .
k

This establishes the claim. O

1.4 Existence of Infinitely Many Breathers

In this section we extend Theorem by the following multiplicity result.

Theorem 1.15. Assume ((CO)), (C1) and (C2)). Then (L.1)) has infinitely many nontrivial,

T-periodic weak solution w in the sense of Definition with T = %’r provided

(i) v < 0 and there exists an integer I € Nygq such that for infinitely many j € N the

sequence (CD’ ; (0)) has at least one positive element,
mel mENodq

(i) v > 0 and there exists an integer Iy € Nygq such that for infinitely many j € N the

sequence (<I>’ ; (0)) has at least one negative element.
medy meENoqq

Remark 1.16. In the above Theorem, conditions (C1)) and (C2) can be weakened: instead
of requiring them for all k € Noqq it suffices to require them for k € I” Nygq, k € liNodd
respectively. We prove this observation together with the one in Remark|[1.6 at the end of
this section.

We start with an investigation about the types of symmetries which are compatible with

our equation. The Euler-Lagrange equation ([1.9) for critical points & € D(J) of J takes
27®) (0
Ww4k;§2)
of D(J) which are invariant under triple convolution and pointwise multiplication with
(M )kez,,y- It turns out that these subspaces are made of sequences Z where only the rth

entry modulus 2r is occupied.

the form (& * & * &)y = Mrdy, with 7, = for k € Zyqq. Next we describe subspaces

Definition 1.17. For r € Nygq,p € Neyen with r < p let

D(J)Typ ={2eD(J):Vke€Z,k+#r mod p: 2 =0}
Lemma 1.18. For r € Nygg, p € Neyen, with r < p and p # 2r we have D(J)T,p = {0}.

Proof. Let 2 € D(J),,,. For all k ¢ r 4+ pZ we have Z; = 0 by definition of D(J), ,. Let
therefore k = r + ply for some [y € Z. Then —k = —r — ply &€ r + pZ because otherwise
2r = —p(l1 +13) = p|l1 + 13| for some ly € Z. Since by assumption p > r we get |l + 12| < 2.
But clearly |1 + l2] & {0,1} since r # 0 and p # 2r by assumption. By this contradiction
we have shown —k ¢ r + pZ so that necessarily 0 = Z_, = —Z;. This shows 2 = 0. ]

In the following we continue by only considering D, := D(J),.,,. for r € Nygq.

r,2r

Proposition 1.19. Let r € N, 4.
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(i) The elements 2 € D, are ezactly those elements of D(.J) which generate L -antiperiodic

functions 3y ’%’“@k (z)ex(t).

(i1) If 2 € D, then (2% 2% 2), =0 for all k & r + 2rZ.

Proof. (i) An element Z € D(J) generates a %—antiperiodic function z(z,t) = 3 4cp %’“@k(a:)ek (t)

if and only if z(z,t + %) = —z(z,t). Comparing the Fourier coefficients we see that this
is the case if for all k € Z,4q we have Z; (exp(ig]j,T) + 1) =0, i.e., either k € r 4+ 2rZ or

Zr = 0. This is exactly the condition that Z € D,.

(ii) Let 2 € D, and assume that there is k € Z such that 0 # (2%2%2), = Zl,m 21 2m—12k—m.-
So there is lp, mg € Zoqq such that 2, Zmy—10, Zk—m, 7 0 which means by the definition of
D, that lg, mg—Ily, k—mg € r4+2r7Z. Thus k = lop+mog—Ilog+k—mg € 3r+2rZ = r+2rZ. [

Proof of Theorem [1.15 We give the proof in case (i); for case (ii) the proof only needs a

trivial modification. Let 7 = I/ where j is an index such that the sequence (@2_“- (0) en
E€Nodd
has a positive element (we have changed the notation from [_ to [ for the sake of read-
ability). Since D, is a closed subspace of D(J) we have as before in Theorem the
existence of a minimizer 4" € D,, i.e., J(&") = minp, J < 0. Moreover, &) satisfies

the restricted Euler-Lagrange-equation

(I)/
0=J (a(”) 7] = (dm «a™ % a0 « @)0 + 7254 3 ’;(20)@,@@ VieD,. (1.22)
k

We need to show that (1.22]) holds for every z € D(J). If for an arbitrary z € D(J) we
define 7 := 23 for k € r + 2rZ and Z;, := 0 else then & € D,. If we furthermore define
9 =2 — & then g = 0 for all k € r 4 2rZ. This implies in particular that

0) (.,
2 Z(Q)ai)ykzo
k

and by using (ii) of Proposition also

(G a*axg)= Zk: (d("“) x a0 « d(”)kg_k = 0.

This implies J'(4)[§] = 0 and since by (T.22) also J'(4("))[2] = 0 we have succeeded in
proving that J/(a() = 0.

It remains to show the multiplicity result. For this purpose we only consider r = I/m for

Jm — 00 as m — oo where j,, is an index such that the sequence <<I>;jmk(0))k N has
€Nodd
a positive element. First we observe that Dyj,, 2 D,y Assume for contradiction that
ljmn)

the set {d(ljm)} is finite. Then we have a subsequence (j, Jnen such that & = a( is

constant. But then

&€ () Dymn = [ Dis = {0}.

neN jeN

This contradiction shows the existence of infinitely many distinct critical points of the
function J and finishes the proof of the theorem. ]
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Proof of Remark|[1.6 and Remark[1.16, The proof of Theorem works on the basis
that it suffices to minimize the functional J on D,. In this way a %—antiperiodic breather
is obtained. For Z € D, only the entries Z; with k € rZ,qq are nontrivial while all other
entries vanish. Therefore, and (C2) and the values of ®}(0) are only relevant for

k € rZyqq- In the special case of Remark [1.16| we take r = li. ]

1.5 Approximation by Finitely Many Harmonics

Here we give some analytical results on finite dimensional approximation of the breathers
obtained in Theorem The finite dimensional approximation is obtained by cutting-off
the ansatz and only considering harmonics of order |k| < N. Here a summand in
the series of the form ®(|z|)ex(t) is a called a harmonic since it satisfies the linear
wave equation in . We will prove that J restricted to spaces D(J (N )) of cut-off ansatz
functions still attains its minimum and that the sequence of the corresponding minimizers
converges up to a subsequence to a minimizer of J on D(J).

Definition 1.20. Let N € Nygq. Define

TN = Jlpyony,  DIWN)i={2eD(J) | V|k| > N: 2 =0}

Lemma 1.21. Under the assumptions of Theorem 1.5 the following holds:

(i) For every N € Nogq sufficiently large there exists &™) € D(JWN)) such that J(&N)) =
inf JV) < 0 and limy_yo0 J(@&N)) = inf J.

(i) There is & € D(J) such that up to a subsequence (again denoted by (&\N))y) we
have

&M 5 a in D(J)

and J(&) = inf J.

Remark 1.22. The Euler-Lagrange-equation for &N) reads:

2T o’ (0)

_ AN 141 — ((A(N) o A(N) o A(N) L~ E\Y) ~(N) N N
O—J’(a( )>[y]—(a( ) s 6N« g )*y)o—i—wzk: 2 Yk Uk Vi e D(JW).

This amounts to satisfying ((1.2)) in Deﬁnitionforfunctions V(1) =D kez, g kI<N U (z)er(t)
with iy, € H* (R). Clearly, in general "N is not a critical point of J.

Proof. (i) We choose N € N,y so large, such that we have the assumed sign of the the

one element in (@2(0))%51\,. The restriction of J to the £F2-dimensional space D(JWN)

preserves coercivity. The continuity of JUV) therefore guarantees the existence of a min-
imizer &N € D(JM). As before we see that J(a™V)) = inf J&V) < 0, so in particular
aN) £ 0. Next we observe that D(J™V)) ¢ D(J), ie., J(@N) > infJ = J(B) for a
minimizer 3 € D(J) of J. Let us define B,iN) = f3; for |k| < N and B;iN) = 0. Since the
Fourier-series 5(t) = 3_, Brex(t) converges in L*(T), cf. Theorem 4.1.8 in [Gra08], we see
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that ) — 3 in D(J). By the minimality of &) € D(JW)) and continuity of J we
conclude

inf J < J(@a"N) < g(8W) J(B) = inf J.
id J < (@) < J(BY) — J(B) nf

Hence limpy_so0 J(d(N)) = inf J as claimed.

(ii) Since D(JM)) ¢ D(JWN*D)  D(J) we see that J(&M) > J(aN+D)) > inf J so that
in particular the sequence (J(&)))y is bounded. By coercivity of J we conclude that
(&N))y is bounded in D(.J) so that there is & € D(J) and a subsequence (again denoted
by (™)) such that

a™ ~a i D).
By part (i) and weak lower semi-continuity of J we obtain

inf J = lim J(&™) > J(a),

N—oo

i.e., & is a minimizer of J. Recall that J(-) = || - |*+J1(-) where J; is weakly continuous,
cf. proof of Theorem m Therefore, since &™) — & and J(&™) — J(&) we see that
&M — ||&]|| as N — oco. Since D(J) is strictly uniformly convex, we obtain the
norm-convergence of (") y to . O

1.6 Appendix

1.6.1 Details on exponentially decreasing fundamental solutions for step
potentials

Here we consider a second-order ordinary differential operator

d? 2 2
Ly = _@_k wg(x)

with g as in Theorem Clearly, Ly, is a self-adjoint operator on L?(R) with domain
H?(R). Moreover, 0.ss(L1,) = [k*w?a, 00). By the assumption on w we have

2
\/l;wc; = g with p, ¢ € Nygq.

Hence, with k € ¢Nyqq, kvbwe is an odd multiple of /2. In the following we shall see
that 0 is not an eigenvalue of Ly for k € ¢Nygq so that (CI) as in Remark is fulfilled.
A potential eigenfunction ¢y, for the eigenvalue 0 would have to look like

—A sin(kw\/gc ekwvalate) T < —c,
¢r(r) = Asin kw\/Ex) + B cos (k‘w\/gaj), —c<z<c, (1.23)
Asin k:w\/Ec) e‘kw\/a(“’_c), c< .
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with A, B € R to be determined. Note that we have used cos(k:w\/gc) = 0. The C'-
matching of ¢, at £ = £c lead to the two equations

—Bk(.u\[bsin(kw\/l;c) = —Akwﬁsin(kwﬁc),
BkwVbsin (kw\/l;c) = —Akwv/a sin(kwﬁc)

and since sin (kw\/l;c) = 41 this implies A = B = 0 so that there is no eigenvalue 0 of
Lj. Next we need to find the fundamental solution ¢ of L that decays to zero at +oo
and is normalized by ¢5(0) = 1. Here we can use the same ansatz as in and just
ignore the part of ¢, on (—o0,0). Now the normalization ¢5(0) = 1 leads to B = 1 and
the C'-matching at = = c leads to A = \/EB = \/g so that the decaying fundamental
solution is completely determined. We find that

A+ B, 0<z<e
|on(z)] < A, c<zxz<2c
Ae_%kw\/ax, x> 2c

so that |¢x(z)| < (A+ B)e P** < Me ** on [0,00) with p, = Jkwy/a, p = twy/a and
M = A+ B. This shows that also (C2)) holds. Finally, since ¢} (0) = b%" > 0 the existence
of infinitely many breathers can only be shown for v < 0. At the same time, due to

|px(0)| = O(k), Theorem applies.

1.6.2 Details on Bloch Modes for periodic step potentials

Here we consider a second-order periodic ordinary differential operator

d2
with V' € L*°(R) which we assume to be even and 27-periodic. Moreover, we assume that
0 does not belong to the spectrum of L : H*(R) C L*(R) — L%*R). We first describe
what Bloch modes are and why they exists. Later we show that this is the situation which

occurs in Theorem and we verify conditions (C1f) and (C2]).

A function ® € C''(R) which is twice almost everywhere differentiable such that
L®=0 ae inR, O(- + 2m) = p®(+). (1.24)

with p € (—1,1)\ {0} is called the (exponentially decreasing for x — oo) Bloch mode of L
and p is called the Floquet multiplier. The existence of ® is guaranteed by the assumption
that 0 ¢ o(L). This is essentially Hill’s theorem, cf. [Eas73]. Note that ¥(z) := ®&(—x) is
a second Bloch mode of L, which is exponentially increasing for x — oco. The functions ®
and ¥ form a fundamental system of solutions for operator L on R. Next we explain how
® is constructed, why it can be taken real-valued and why it does not vanish at x = 0 so
that we can assume w.l.o.g ®(0) = 1.
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According to [Eas73|, Theorem 1.1.1 there are linearly independent functions ¥, Wo: R —
C and Floquet-multipliers p1,p2 € C such that L¥; = 0 a.e. on R and ¥;(z + 27) =
pjV;(x) for j =1,2. We define ¢;, j = 1,2 as the solutions to the initial value problems

L¢1 = Oa and L¢2 = 07

and consider the Wronskian
W(z) = (Mx) @(m)) (1.25)

and the monodromy matrix

(1.26)

A= W(2r) = <¢>1(27T) ¢2(27T)> .

¢ (2m)  ¢y(2m)
Then det A = 1 is the Wronskian determinant of the fundamental system ¢, ¢2 and
the Floquet multipliers pio = 3 <tr(A) + 1\ /tr(A)* — 4> are the eigenvalues of A with

corresponding eigenvectors vy = (v1,1,v1,2) € C? and vy = (v2,1,v2,2) € C2. Thus, U,(z) =
vj,101(x) + vj2¢2(x). By Hill’s theorem (see [Eas73]) we know that

0€o(L) & tr(A)[ < 2.

Due to the assumption that 0 € (L) we see that pq, p2 are real with p;, p2 € R\{-1,0,1}
and pi1ps = 1, i.e., one of the two Floquet multipliers has modulus smaller then one
and other one has modulus bigger than one. W.l.o.g. we assume 0 < |p2] < 1 < |p1].
Furthermore, since pi, p2 are real and A has real entries we can choose v, vy to be real
and so W1, ¥y are both real valued. As a result we have found a real-valued Bloch mode
Wy (x) which is exponentially decreasing as x — oo due to |p2| < 1. Let us finally verify that
U5(0) # 0 so that we may assume by rescaling that ¥9(0) = 1. Assume for contradiction
that U5(0) = 0. Since the potential V' (z) is even in x this implies that W5 is odd and hence
(due to the exponential decay at +oc) in L?(R). But this contradicts that 0 ¢ o(L).

Now we explain how the precise choice of the data a,b > 0,0 € (0,1) and w for the
step-potential ¢ in Theorem allows to fulfill the conditions (C1)) and (C2). Let us
define

a, z€[0,20m),
(x) =
b, x € (207,2m).

and extend g as a 2r-periodic function to R. Then g(z) = g(z—O), and the corresponding
exponentially decaying Bloch modes ¢y, and ¢y, are similarly related by ¢ () = ¢y (z—Om).
For the computation of the exponentially decaying Bloch modes, it is, however, more
convenient to use the definition g instead of g.

Now we will calculate the monodromy matrix Ay from ([1.26)) for the operator Lj. For a
constant value ¢ > 0 the solution of the initial value problem

—¢" (z) — k2w2c¢(x) =0, ¢(xg)=a, ¢(x9)=p
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is given by

with the propagation matrix

Ti(s.) = cos(kw+/cs) kwl\/E sin(kw+/cs)
WD Chovesin(hoes)  cos(kwyes) )

Therefore we can write the Wronskian as follows

Ti(z,a) x € [0,207]
Wi(z) =
Ti(z — 207,0)T,(207,a) «x € [207, 27]
and the monodromy matrix as
Ak = Wk(27r) = Tk(Qﬂ'(l — @), b)Tk(2@7T, a).

To get the exact form of A let us use the notation

= éﬂ, m = 2y/aBuw.
a ©

Hence

Ay, =sin(kmln) sin(km)

cot(kmlr) cot(kmm) — /¢ kwl\/a cot(kmlim) + kwl\/l; cot(kmm)
—kwv/bcot(kmm) — kwy/a cot(kmir) —\/g + cot(kmlm) cot(kmm)

and

tr(Ag) = 2 cos(kmlm) cos(kmm) — <\/§ + \/E) sin(kmim) sin(kmm).

In order to verify (C1) we aim for |tr(Ag)| > 2. However, instead of showing [tr(Ag)| > 2
for all k € Zyqq we may restrict to k € r - Zyqq for fixed r € N,gq according to Remark
Next we will choose r € Z,44. Due to the assumptions from Theorem we have

l:;lz7 2m

q

N
:QE odd
q

. 1.27
Nodgd (1.27)

Therefore, by setting 7 = §q' we obtain cos(kmm) = cos(kmlin) = 0 and sin(kmm), sin(kmir) €
{£1} for all k € r - Zogq. Together with a # b this implies | tr(A;)| = / + \/g > 2 so
that (C1)) holds and Ay takes the simple diagonal form

s —/ ¢ sin(kmlr) sin(kmm)
b 0 —\/gsin(kmlﬂ) sin(kmm).

'Instead of r = §q we may have chosen any odd multiple of dq, e.g. 7 = (gq)? for any j € N. This is
important for the applicability of Theorem to obtain infinitely many breathers.
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In the following we assume w.l.o.g 0 < a < b, i.e., the Floquet exponent with modulus
less than 1 is pp = —/%sin(kmin)sin(kmm). Note that |py| = v/a/b is independent
of k. Furthermore the Bloch mode <Z>k that is decaying to 0 at 4+oco and normalized by
&k((%r) =1 is deduced from the upper left element of the Wronskian, i.e.,

cos(kwy/azx), x € (0,20m),

cos (kw\/g(ac — 2@%)) cos(kw+/a20)
—/¥sin (ku)\/g(x — 2@%)) sin(kw+/a207), z € (20m,2T)

~ 1
Orl(z) = cos(kw/aOm)

and on shifted intervals of lengths 27 one has qgk(:c + 2mn) = pZLqNSk(x) Notice that by
- the expression kw+/aOm = k,, is an odd multiple of 7/4 since k € ¢GZyqq and

hence | cos(kw\/aOT)| = 1//2. Therefore [0kl oo (0,00) = ||<Z~>k||Loo(@Tr,oo) < H&kHLw(O’%) <
V2(1 + y/a/b). Thus we have shown that |¢y(z)| < Me™P* for 2 € [0,00) with M > 0
and p = ﬁ(lnb —1Ina) > 0. Finally, let us compute

#5.(0) = éi(@w) = —kw\/&tan(kw\/&@ﬂ) € {+kw+/a}.

This shows that [¢}.(0)| = O(k) holds which allows to apply Theorem It also shows

that the estimate |¢x(0)| = O(k%) from Lemma can be improved in special cases.
To see that ¢}, (0) is alternating in k, observe that moving from k € rZygq to k + 21 €
1Zoqq the argument of tan changes by 2rw+/a©7 which is an odd multiple of 7/2. Since
tan(:): + Zodd%) = —1/tan(z) we see that the sequence ¢} (0) is alternating for k € rZyqq.
This shows in particular that for any j € N the sequence (¢} ;(0))nen,,, contains infinitely
many positive and negative elements, and hence Theorem [I.15]for the existence of infinitely
many breathers is applicable. This concludes the proof Theorem [I.2] since we have shown
that the potential g satisfies the assumptions (C1)) and ) from Theorem [1.5) .

1.6.3 Embedding of Holder-spaces into Sobolev-spaces

Lemma 1.23. For 0 < 7 < v < 1 there is the continuous embedding C**(Tr) — H”(T7).

Proof. Let z(t) = Y, Zxex(t) be a function in C%¥(T7). We need to show the finiteness
of the spectral norm ||z||g». For this we use the equivalence of the spectral norm || - || g»
with the Slobodeckij norm, cf. Lemma [I.24] Therefore it suffices to check the estimate

’2 - v—u ~
/ / ‘1+2u dtdr < Hz||Cl,(TT — 7|7 At dr < C(v, )|z 0B iy
Ty JTr
where the double integral is finite due to v > D. O

For 0 < s < 1 recall the definition of the Slobodeckij-seminorm for a function z : T — R

/2
|2(t) — 2(7)[? )
dtdr .
(/T /T t— T|1+28

Lemma 1.24. For functions z € H*(T7), 0 < s < 1 the spectral norm ||z gs = (3_,(1 +
k2)*|2,2)Y/2 and the Solobodeckij norm ||z||| s = (|2 HL?(TT) + [2]5)Y? are equivalent.
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Proof. The Solobodeckij space and the spectrally defined fractional Sobolev space are both
Hilbert spaces. Hence, by the open mapping theorem, if suffices to verify the estimate
2]l g7« < C||2||ms- By direct computation we get

2 T—7 2
D qrar @+ 7) =20 4 g4,
T Ty |t_7-|1+2s |x|1+2s
=T |z(x + 1) — 2(7)? T Jz(@+7) = 2(7)
=/ ([ g [ B )
T |2 ( :1;+7' —2(7)?
/ / 9@ 1+25 dxdr

T Hfo<a<T-—r7,
gz, 1) =

with

T—z2 T -17<z<T.

Since g(x,7) > dist(z, 0T7) and due to Parseval’s identity we find

I / 12(+2) — 2|3
dtdr < d
/Jl‘:r /TT |t — T|1+25 = Tr dist(x, 0Tp)1+2s v

/ ]exp ikwzr) — 1|2 2|2 d
T dist(z, 0Tp)1+2s

T k
T/2 1 — cos(kwz)
_ 2
4/ § i | 2" dz

< 4CZk2S\zk12
k

with C' = Ie ! ;ffgfg) d¢. This finishes the proof. O
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2.1 Abstract results on ground states

In many applications semilinear equations of the form
Lu = f(x,t,u), on (z,t) € RY x Tr, (2.1)

are of interest. Often L is a closed, densely defined linear operator on a Hilbert space and
f is superlinear in u. We give new examples in the case

L=V(z)0?-A and f(z,t,u) =T(@)|ulf u

for potentials V with negative background strength but also attaining positive values, and
bounded potentials I. Formally weak solutions of ([2.1)) correspond to critical points of
the energy functional

I(u)= %bL (u,u) — /QF(IL‘,t,U) dz with  F(z,t,u) == /Oa: flx,t,s)ds.

We call a weak solution of a bound state. We call a bound state with minimal energy
among all bound states a ground state. The above situation can arise in wave guides. The
strategy for our abstract existence results is a rearrangement of the work [SW10] by A.
Szulkin and T. Weth. On the one hand we simplify their general Hilbert space results
to results on "almost function spaces”, on the other hand we generalize their examples
with fully periodic structure to a theorem with different kinds of symmetries. By ”almost
function spaces” we mean a Hilbert space which embeds into a space of functions. To
highlight this, we write H for the abstract Hilbert space and @ for an element in this
space. After applying S on 4, we obtain a function. One can think of a sequence of
Fourier coefficients % and S as the Fourier reconstruction operator Sa = Y, ie“kt,
In this abstract part we do not explicitly use that b; corresponds to an operator, but
this is implicitly used in the examples to construct the Hilbert space H with the desired
properties.

2.1.1 Existence of a critical point

In this subsection we construct in a relatively general setting a critical point as candidate
for a ground state. The proof that this candidate is non-trivial will be done in the next
section since different settings require different strategies. Our assumptions throughout
this section are

(A1) Let H be a real Hilbert space, (-, -) the scalar product on H, Q C RN be open, p > 1.
Assume the embedding S: H < LPTL(Q,R) is continuous and S: H — LFTH(Q, R)

loc
is compact. Furthermore assume that there is an orthogonal decomposition H =

HT o HO ®©H™ with HT # {0} and dim(H°) < .
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(A2) Let bs: H x H — R be a continuous, hermitian bilinear form. Assume that b, is
positive definite on H™T, bzly0yg0 = 0, negative definite on H~ and

.

-

be (6,4) = ||
where 4T is the projection on H*.

(A3) Let f: 2 x R — R be a Caratheodory-function, and let F(x,u) = fox f(z,s)ds.
Assume

a) there is C' > 0 such that ¥ (z,u) € Q@ x R: |f(z,u)] < Cluf’.

b) f(xz,u) = o (u) uniformly in z € Q as u — 0.

c) u f(z,u)/|ul is strictly increasing on R\ {0}.

d) For all compact Q C Q we have F(z, u)/u? — oo uniformly in z € Q as |u| — oo.

Our guiding example f(z,u) = I'(z)lu/’ v with T € L>®(Q,R) and infs I' > 0 for all
compact Q C Q satisfies (A3). If S: H — LM H(Q,R)NLP2TLH(Q,R) for 1 < p; < p2 < o0,
then (A3) part a) can be modified to |f(z,u)| < C(JulP* + |ul?). If Q is bounded, then
(A3) part a) can be modified to |f(x,u)| < C(1+ |u|?). For simplicity we only prove the
above version. We can also switch the sign of f in (A3) by switching the roles of H* and
‘H~, if both are nontrivial. For convenience we only prove the above version. Note that
HO = {0} and/or H~ = {0} is allowed.

Proposition 2.1. Assume (A3). Then Vu € R\ {0}: 3f(z,u)u > F(z,u) > 0.
The proof of this observation is lengthy but elementary. We omit it here.
Definition 2.2. Assume (Al), (A2) and (A3). Let
T H SR, T(d)= %bﬁ (it, 1) /QF(x,S{L) dz .
Proposition 2.3. Assume (A1), (A2) and (A3). Then:
(i) T € CY(H,R) with
Va,0€ H: I (0)[0] = be (4, 0) — /Qf(x,Sﬁ) St dx

(i) ' (4) = o (||a||) as @ — 0.
(iii) Let V.C H\ {0} be weakly closed. Then lim, o 57 (rit) = oo uniformly for i € V.

Proof. The proof for (i) is straightforward, we omit it. Part (ii) directly follows from
(A3) part b). Part (iii) can be found in the proof of Theorem 16 in [SW10], where we have
to modify one argument. Recall the constructions leading to the term S%I (spuy) and the

weak limit « € E \ {0}. Since u is nontrivial we can find a compact subset Q C € such
that ||u| 2(@) > 0- Then we conclude similar as before

T, Sptl
lim inf L(sn > lim inf u? - dx > liminf inf M
N—00 5 n—oo | snun n—00 Q) (snun)

by Fatou’s Lemma and (AS O

F(x, snun

.
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Definition 2.4. Assume (A1), (A2) and (A3). Let
N={aeH\H |T' ()] =0, VieH :T (a)[5] =0}, c:= inf 7.

Then the set N contains all nontrivial critical points of T and N C H \ (H° @& H™).
Furthermore

1 1
VaeH: T(a)= / 5/ (@, 50)Si — F(a, $1)dz + ST (@)]d),
Q
hence T is positive on N, i.e., ¢ > 0. In the following we write BT = {4 € HT | ||a] = 1}.

The set N is often called the Nehari or Nehari-Pankov manifold, see e.g. [Pan04]. The
value c is often called the ground state level. In our setting N is not necessary a C'-
manifold. We will obtain our candidate for the ground state by minimizing Zom: B* —
R and extracting a weak limit. The projection m is constructed in Lemma This
minimization is strongly related to minimizing Z on NV, but the latter may have not enough
smoothness in order to obtain a critical point (since A" may not be a C'-manifold). Our
procedure will be done in several steps, where most of the time we refer to [SW10] for the
proofs. We start with observations on the projection m onto .

Lemma 2.5 (See [SW10]). Assume (A1), (A2) and (A3). Then:

(i) Let v € H\ (H° @ H™) be arbitrary. Then the map R-g x (H* @ H™) — R,
(s,0) = I (st + ) has exactly one critical point m(w). Furthermore this critical
point is a strict mazimum and m(w) € N.

(ii) The map m: H \ (H° ©@ H™) — N is continuous. Furthermore the map m :=
m|g+: BT — N is a homemorphism.

Part (i) of this Lemma is a reformulation of Proposition 39 in [SW10]. Observe that
m(w) = m(wt) = rh(”w—wuﬁ*) Part (ii) of this Lemma is Proposition 31 in [SWI0]. We
do not give a proof here. We now define our auxiliary functional W.

Definition 2.6. Assume (A1), (A2) and (A3). Define U: H* \ {0} — R, ¥(b) =
Z(m(w)) and ¥ :== ¥|g+.

Note that we use ¥ since N' may not be a C''-manifold but S* is. The map 7 may not
be C*, but the composition ¥ = Z o7 is C' by the next Proposition.

Proposition 2.7 (See [SW10]). Assume (Al), (A2) and (A3). Then:

[ICOM|
Tl

(i) e CY(HT\ {0},R) and Vi, € H\ {0}: W' (0)[0] =

I (m(w))[0].
(ii) U € CY(B*,R) and Vi, o € H+ \ {0}: W(@)[8] = [[m(@)* | I (m(w))[0)].

(ii3) If (Wy)n is a Palais-Smale sequence for U, then (m(wy,))y is a Palais-Smale sequence
for T. If (i), C N is a bounded Palais-Smale sequence for T, then (m~ (i) is
a Palais-Smale sequence for W.

(iv) W is a critical point of ¥ if and only if m(w) is a nontrivial critical point of T.
Moreover infg+ ¥ = infpr 7.
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This proposition is a combination of Proposition 32 and Corollary 33 in [SW10]. We finish
our preparations with the following Lemma.

Lemma 2.8 (See [SWI10]). Assume (A1), (A2) and (A3). Then:
(i) 36 >0V eH\ (HO@H): |m(@)T| > 4.

(ii) For each compact set K C H \ (HY @ H™) there is some constant Cr such that
Ve K: ||m(w)| <Ck.

This lemma follows from Proposition [2.3] but the proof is not straightforward. The details
can be found in the proof for Theorem 35 in [SW10]. Next we observe some compactness
of the nonlinearity. This lemma is not explicitly stated in [SW10], hence we give a proof
for it.

Lemma 2.9. Assume (A1) and (A3). Let v € LPTY(Q,R) be fived. Then the following
map 1s weakly continuous:

H BQH/f(x,Sa)vdx.
Q

Proof. Observe that the map LPTH(Q) 3 u — f(-,u(-)) € LY (Q) is continuous and
Lipschitz-continuous on LPF1(2)-bounded sets since f is a Caratheodory-function and
satisfies the growth restriction (A3) part a). The proof of this observation is lengthy, and
not very insightful, hence we refer to [Str08|] for details. Analogously for any compact set
Q C Q the map LPYY(Q) 5 u — f(-,u(-)) € LY (Q) is continuous. Let i, — @ in H and
let € > 0 be arbitrary. Then by (A1) we know sup,, || f(-, St,) — f(~,Sﬁ)HL(p+1)/(Q) < 00

and for any compact Q C Q we have S4,, — Sa in Lp+1(§). We choose a compact set
Q C Q so large, that sup, |[f(-, Stn) = f(-, SU)| @1y (q) - ||UHLP+1(Q\§) < e. Then we
calculate

‘/ f(w,S?ln)vdm—/f(x,u)vdx
Q Q

- / F (@, Stn) — £, Si)|Jo] dz + / |f (@, Sin) — f(z, Sa)lo] da
Q Q\Q

< / (@, Si) — f(z, Si)|Jo] da
Q

< (-, Stn) — f(- Sﬂ)”;;(wl)’(ﬁ)”UHLpH(Q) +e — €

Since € > 0 was arbitrary, the claim is proven. ]

We have gathered all technical preparations for the main result of this subsection: We will
show how to find a good candidate for the ground state.

Theorem 2.10. Assume (Al), (A2), (A3). Then:

(
(i) There is a sequence (W), C Bt such that V(,) — infg+ ¥ and ¥ (10,) — 0.
)

(i1) Setting Uy, = m(wy) we have (ip)n C N, I (ly,) — infyr I and ' (4y,) — 0. Fur-
thermore inf,, ||Gy|| > 0 and there is some & € H such that G, — G in H up to a
subsequence.

(#ii) Let (tpn)n C H, 4 € H such that 4, — G, and ' (4,) — 0. Then I’ () = 0.
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Proof. (i) Take a minimizing sequence (i), C BT for U. Since ¥ € C'(B*,R) and
Bt is a C'-manifold, we can use Ekeland’s variational principle to assume w.l.o.g.
U’ () — 0.

(ii) (Un)n € N, Z(Gy) — infyrZ and 7' (4,) — 0 are clear by construction of m and
Proposition The fact that inf,, ||G,| > 0 follows by Lemma Following the
lines of the proof for Proposition 36 in [SW10], we see that (), is bounded in H.
Hence there is some 4 € H and some subsequence (again denoted by (iy,)y), such
that 4, — @ in H.

(iii) Let ¢ € H be arbitrary. By continuity of Z’, b, and Lemma [2.9| we see
' (0)[p] = be (4, @) — /f:): Su)Spdx

= lim <b£ T, P /f x, Sty,) Sgpd:z:) = li_>m 7' (1,)[@] = 0.

n—oo

Hence 7’ (4) = 0.
O

Theorem can be read in the following way: Part (i) guarantees the existence of
a minimizing Palais-Smale-sequence for ¥ on B*. Part (ii) translates it into a weakly
convergent Palais-Smale sequence for Z on N, which is in addition bounded away from
zero. Part (iii) says that the weak limit of any weakly convergent Palais-Smale-sequence
is a critical point. We have not claimed yet, that the limits in (ii) or (iii) are non-trivial.
This is the goal of the following subsection, where we provide two different approaches.

2.1.2 Non-Triviality

In this section we provide two settings where we can guarantee the existence of a non-trivial
ground state.

2.1.2.1 Case 1: compact non-linearity

In this section we assume that we have a compact non-linearity.
(B) The derivative of the map H > @ — [, F(x,S4)dx € R is weakly continuous.

We give two examples.

Proposition 2.11. Assume (Al), (A3) and one of the following conditions:
(i) Q C RY is bounded.

(ii) Q@ c RN _is unbounded and for each fized & € H, € > 0 and § > 0 there is some
compact ) C Q such that

sup {Hf (w, S(u+ il)) HL(P‘H)'(Q\Q ‘ heH,

sup{Hf (m,S(ﬁ—l—iL)) - f(:v,Sﬁ)H

< 5} <e
Let1(Q\Q)

| heH, H ‘ i) < 6} <e.

L+ (Q\Q)



42 2 Some Direct Methods

Then assumption (B) is true.

An example for the case (i) is f(x,u) = D(z)|ulP"'u with p > 1 and I' € L®(Q,R),
lim, o ['(7) = 0.

Proof. In case of (i) the claim directly follows from assumption (Al). For case (ii) we
do a calculation similar to Lemma Let 4, — @ in H, € > 0 be arbitrary and define
6 = supy, || Stn — S| jp+1(q)- Next we choose some compact 2 C €2 so large, such that

si|

heH,

sup{Hf (x,S(imL ﬁ)) — f(=, Stl)H

’ O ’ s < 5}
L+ (0\Q) LPH1(Q\Q)
!
'”S||H_>Lp+1(9) <Eé.

Then we calculate for any © € H

/f(a:,SiLn)Sﬁda:—/f(x,Sﬁ)S@dw
Q Q

< / (@, Siw) — f(z, 58)| - |50] de + / |f(@, Stn) — f(z, S0)]| - S6] de
Q

oG
< || f(z,Stn) — f(=, Sa)”L(wl)’(ﬁ) ) ||Sﬁ||Lp+1(§)
+ || f(z, Stn) — f(=, Sﬂ)HL@H)’(Q\ﬁ) ) ||S@||Lp+1(g\§)
< f (@, Stn) = [, SO gy @ - 1o o @ 101l + € - 19]],

hence,
sup / f(z, Sty,)Svdx — / f(z, Su)Svdx
foll=11/Q Q
< ”f(x, Sﬁn) - f($, Sa)”L(p-&-l)’(ﬁ)HSH’H%LI"H(Q) te—e
Since € > 0 was arbitrary, the derivative is weakly continuous. O

Theorem 2.12. Assume (Al), (A2), (A3) and (B). Then the ground state c for equation
(2.1) is attained, i.e., there is some 4* € H\ {0} s.t. ' (0*) =0 and T (4*) = c.

Proof. By Theorem [2.10] part (i) there is some sequence (i, ),, C N and @* € H such that
Up, — @* in H, Z (ty,) — ¢ and I’ (4,) — 0. We use (B) and follow the lines of the proof
of Proposition 36 in [SW10]. Then we obtain that Z satisfies the Palais-Smale condition.
Hence (i), has a convergent subsequence (again denoted by (iy,)y,), i.e., 4, — @ in H.
Since inf,, ||ty || > 0, the limit @ is not 0. Continuity of Z and Z’ yield: 4 is a non-trivial
ground state of Z. O

2.1.2.2 Case 2: Cylindrical symmetry

In this subsubsection we assume to work in a cylindrically symmetric setting. The first
components are radially symmetric directions (either none or at least 2 but not 1), the
middle components denote unbounded directions, where we assume translation invariance
of the functional on a grid and the last components denote periodic directions. In our
examples the last components will refer to time, when we look for breather solutions.
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(CO) Let NradaNtran37Nper S NO> rad 7& 1 N = Nrad + Ntrans + Nper > 1. Define
O(Nyaq) = {U € RNreXNrad | gUT = 1dy,_,}. Let C1,-.y CNppans € R0, ¢ =
diag(C1y - -, CNypap.) € RNVtransXNerans et 'JI'N”” denote the Cartesian product of

Nper toruses with periods T' = (11,...,Tn,.,) € ]RN’”” Let Q := RNrad x RNtrans

Nper
TT

(C1) Let 1 < py < p < p* < oo and assume that S: H — LPTL(Q,R) N LP"+1(Q,R)
is continuous. Furthermore there is a sequence of balls B; C RNraaxNerans - j ¢ N,
such that U Bj = R¥raaXNirans - each point of R deN”“"S is contained in at most

N* balls and there some C' > 0 such that Z | S ”p*+l N < C||u|]p*+1 for
LP*+1(B;xT,Pe")
u € H.

(C2) For any @ € H, k € ZNtrans U € O(N,qq) assume
(S@)(U-,- + Ck,-) € Range(S)  and  ||S™H((S@)(U-,- + Ck,-))|| = llall,

i.e., H respects the (-cylindrical symmetry of €.

(C3) For any @ € H,k € ZNtrans U € O(N,qq) assume
Z(STH(Sa)(U- -+ Ck, ) =T (@),
i.e., Z respects the (-cylindrical symmetry of €.

In our examples we will have the case p, = 1 and p* < 2* — 1 where 2* is the critical
Sobolev exponent. One key observation is the following variant of P.L. Lions concentration
compactness lemma (1984) to obtain a compactness argument. It will tell us, that the mass
of our Palais-Smale sequence not just vanishes, but can be found in balls of uniform radii
whose centers are possibly converging to infinity. For this we need the technical assumption
(C1). If the nonlinearity f in (A3) is cylindrically symmetric in 2 and (C2) holds, then
(C3) is obviously true.

Lemma 2.13. Assume (A1), (43), (C0) and (C1). Letr >0, q € [p«,p*) and (tUp)n C H
be bounded in H. Assume

M, = sup {HSunH (B, Nper (x,y) € RN”’”N”“"S} — 0, asn — oo.

z,y)xT

Then Sty, — 0 in L'TY(Q) for any t € (p«,p*).

The following proof is based on [Wil96] with a generalization inspired by the appendix of
[HR19].

it H Choose some s € (g, p*), which will later be specified later. Defining
A= P +1)—(q+1) s+1 we see 7 = 7

see for any (z,y) € RNraatNerans

/}H‘ By a corollary of Holder’s inequality we

1Sl < |lsal

N,
+1 per N
Ls (:C y)le‘ Lq+1 B, ( ,y)XTTpET

”SUHLP *+1(B,(z, y)xTNper)
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Observe that A — 0 < pq*jll ass —qand A - 1> ZIE as s — p*. Hence there is some
€ (g, p*) such that in addition A = 2 *:11. We calculate
SA s+1 d < S 5+1) pet1
~/Br($,y)><TNp€T' ‘ U’ (‘T?y? ) H ”Lq+1 B, ( ) gper)H HLp +1(B (I y)XTNpeT)

Summing over balls (for further details on this step, see in the proof of Lemma [2.20) and
applying assumption (C'1) we obtain

lA;Lsanr&*1d<x,y,z> < MVEEY Ol P

Hence Si, — 0 in L5+t1(Q). If t € (ps,s), there is pu € (0,1) such that t+1 = p*+1 + 355
Again by Holder’s inequality we see
||SUnHLt+1(Q < HS“nHLp*H HSUnHLsH — 0.
Analogously if t € [s, p*), there is u € [0,1) such that t+1 = o /p*il’ ie.,
ISl s gy < 1Sl 384 g ISy = O
O

Observe that the previous lemma does not need any of our symmetry assumptions. We
are now ready to prove the existence of a ground state.

Theorem 2.14. Assume (Al), (A2), (A3) and (CO0), ( 1), (C2), (C3). Then the ground
state level ¢ = infar T is attained, i.e., there is some u* € H \ {0} s.t. 7' (4*) = 0 and
Z(u*)=c.

Proof. By Theorem [2.10] part (ii) there is some sequence (@), C N such that Z (i,) — ¢
and 7’ (@t,) — 0. As in the proof of Theorem 20 in [SWI10] we see Si,, - 0 in LPTL((Q).
Setting r = 1 we obtain by Lemma [2.13] the existence of some constant § > 0 and points
(2p, yn) € RNraatNirans guch that

VneN: || S| > 6.

LP+L(By (n,yn) X TP
If N,qq = 0, then we do consider no z-direction. Otherwise we have N,,q > 2. For r > 2
we write A, := B,42(0) \ B,_2(0), i.e., A, is an annulus centered at 0 with width 4. By
rotational symmetry we can observe that there is a constant ¢ = ¢(N,qq) > 0 such that
for r > 4 we have

p+1 p+1 p+1
”SUn“Lp+l > HS n” p+1(A XRNtransXTgper) >T © HSU”H p+1(Bl(7“)><]RNtrans><T¥per)

> e || S|P
"N Lo (B (ryn ) X TRPET)

Since the left hand side is bounded and the right hand side grows linear in r, we see that
,, can not be unbounded, i.e., p, = sup,, |z,| < co. Let g, € {Ck | k € ZNtrans} such that

’yn - gn‘ - mln{|yn — Qk‘ c k = ZNtrans}‘



2.2 Abstract spectral tools 45

Define py = sup, |yn — On| < VNipansmax;(; < 00, p, = max;T; < oo and write
p = 1+max{ps, py, p.}. This number will be the radius of a ball around the origin where
we do not lose LPT!-mass. We define our new sequence o, = S~ ((St,)(U-,- + Sk, -)).
Note that possibly ©,, ¢ A, but we will prove that its limit will be the desired ground state.
Since by assumption (A2) and (C3) Z and ||-|| are invariant under such shifts, we still have
Z(0n) = ¢, Z' (0p) — 0 and ||0,|| = ||iys]. Hence (0p,)y is a minimizing Palais-Smale
sequence for Z and is bounded in H. Thus there is some 0* € H and some subsequence
(again subscripted by n) such that ¢, — 9* in . Applying Theorem [2.10|part (iii) we see
7' (0*) = 0. It remains to show 0* # 0 and Z (0*) = ¢. Observe that by our construction

5 < 1Sl = ISl

Lp+1 (Bl (m’myn) XTgper Lp+1 (Bl (znvyn*gn) XTgper)

< HS@”HLPJrl(Bp(O,O)X’IFéYPET)'

Using the local compactness in assumption (A1) we see ©* # 0. Hence o* € AN and
Z (0*) > c. Observe that the local compactness in assumption (A1) also implies Sv,, — So*
pointwise almost everywhere on €2 after taking a suitable subsequence (again subscripted
by n). By Fatou’s Lemma and Proposition we see

1
¢ = liminf Z (i) = lim inf / (@, 50,80 — Fz, $b,) d(r,y, )
n n (9]
1
> / §f(:c, S0*)S0* — F(x, S0")d(z,y, z) = Z (SvY),
Q

ie., I(S0*)=c. 0

2.2 Abstract spectral tools

In this section we give a toolbox to construct the Hilbert space H suitable to an operator
L of the form

L=V(2)0? - A, (z,t) € A x Tp

for some potential V' independent of the variable ¢ and A denoting the Laplacian acting
only on the variables x. Shortly recall, we refer to the variables x € ) as space and refer
to the periodic variable ¢ € Tr as time, where T denotes the one-dimensional torus of
period T'. Since we consider sign-changing potentials V', the bilinear form

br, (u,v) = / —V(2)ur Ut + ug Uy d(z, )
QXTT

formally corresponding to the operator L is neither bounded from above or below, hence
we cannot use Friedrich’s extension (see e.g. [RS10]) to construct L and its domain as a
self-adjoint operator from the bilinear form, as mentioned in the Introduction. One key in
our strategy is to decompose L by Fourier decomposition in time. This is formally done
by the calculation

(Lu)(z,t) = (V(2)0F — A) Y d(x)en(t)
k

37 (~Ad(x) — K2V (2)ag(2)) ex(t),
k
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where

1 iw 27
ek(t) = ﬁe kt, W = ?a Uk(f) = <U(l’7 ')’ek>L2(TT) ’

i.e., (ex)r denotes the L?(Tr)-orthonormal Fourier base on T7. The advantage of this
decomposition is, that now we can analyze the operators Ly = —A — k*w?V (z). Observe
that V(x) is not in front of derivatives and for suitable V' the operator Ly is self-adjoint
on L?(Q). On the other hand, we have to deal with countably many such operators and
have to find a proper domain for the new bilinear form corresponding to £ = @, Li. In
Section we use the self-adjointness of the operators Ly to construct a norm suitable for
assumption (A2). The embedding results in Section will be the crucial ingredients
to verify assumption (A1l). This whole section is inspired by the techniques in [HR19],
but we formulate the procedure in a more general setting. Later we apply these results
to the examples in Section There we will consider the L?(RY)-self-adjoint operators
Ly == —A — k*w?V () with the corresponding hermitian sesquilinear forms by, (i, 0x) =
Jen Vi Vo — k*w?V (x)ty0 do for g, 0 € HY(RN).

2.2.1 Decomposition of a Hilbert space by a self-adjoint operator

We first consider only one operator and list some known results on self-adjoint operators
including deeper results on functional calculus. We omit many calculations and auxil-
iary constructions, for reference, one can find details and further results in [RS10]. Let
(X, (-,-) x) be a complex (or real) Hilbert space, (H, (-,);) be a complex (or real) Hilbert
space and a subspace of X, A: D(A) — X be self-adjoint on X and by: H x H — C be a
closed, hermitian sesquilinear form such that

VueD(A),ve H: ba(u,v)=(Au,v)y.

Please note that: For given A and X, functional calculus for self-adjoint operators uniquely
defines by and H. For given X and a lower bounded, hermitian, closed sesquilinear form
ba, Friedrich’s extension theorem uniquely defines H and A.

In the following we assume in addition: If 0 € o(A), then it is an eigenvalue of finite
multiplicity and isolated from the rest of o(A), i.e., there is some £ > 0 such that (—e,e)N
o(A) C {0}. Using the functional calculus for self-adjoint operators, we obtain: For each
X € R there exists a projection P*: X — X which is uniquely determined by

) _ A
Yu,v€ H: bA(u,v)—/R/\d<P u,v>X

Note that by our additional assumption on the spectrum, PY has finite dimensional range,
i.e., it is compact. Using these projections we define the positive and negative projectors
P* P*: H — H* by

Pty=ut ::/ 1d<P)‘u,-> H' =P"H,
c X
—e
Pui—u = / 1d <P’\u, ->X H™ = P H,

u? = PY% HY = PV H.
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where € > 0 is chosen as above. Last we define the sesquilinear-form corresponding to

|Al:
baj: Hx H—C, by (u,v) ::/;Ayd<P*u,v>
R X

This sesquilinear form is a scalar product on H+ @ H~ which is equivalent to (-, ) ;. The
sesquilinear form

(u,v)| 4 = bja) (u,0) + (u,0%)

is an equivalent scalar product to (-,-); on H = H™ & H @ H~. By construction we
have

Yu,v € H: by (u+,v+) = by (u+,v+), ba (u_,v_) = =y (u_,v_),
ba (u,u) = by (uh,u™) —bpa (u,u”) = <u+,u+>|A| - <u_,u_>‘A|.
Furthermore we can calculate for any u,v € H
buay (14, v) = ba (u*,v*) — ba (u™,v7)
=bp(u—u ,v— v_) — by (u_,v_)

(
=ba (u,v) —ba (u,v_) —ba (u_,v),
bjaj (u,u) = ba (u,u) —2Re (ba (u,u”)) .

2.2.2 Abstract construction of a sequence space

We now consider at most countably many operators. Let K C Z and for all k£ € K let
X be a Hilbert space, H, C X} be a subspace and Ly be a self-adjoint operator on Xj
such that: if 0 € o(Lg), then it is an eigenvalue of finite multiplicity and isolated from
the rest of o(Ly). As in section@ (-, '>|Lk| = by, () + <P,S-, P,?-> is a scalar product
equivalent to the scalar product on Hy. We now define the composite Hilbert spaces

H =12 (K @(Hk,<.,.>m)> = {u = (i) € €P Hi ) > (i, i), < oo},

keK keK keK
X =P K DXk ()x,) | =0 = (@), € P X g%, < o0 ¢
k k
keK keK keK
A PO 2. PN
<uvv>H = Z <ukﬂvk>|Lk| ) HUHH = Z <uk7uk>|Lk| J
keK keK
L P 2 L2
(U, 0) = Z (g, O) x> Ml = Z e, -
keK keK

Then the composite sesquilinear form
be: M xH—C, be(,0) =Y br, (i, )
keK
is well defined and hermitian. Moreover the operator

D(L) = @ D(Ly), Li = (Lyty),,
ek
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is self-adjoint on X, since each Ly is self-adjoint on Xj, and we have
VaeD(L),0eH: be(u,0)= (L), .
Furthermore we have the projectors

. H* = P,
. HO = PO,

i.e., we have an orthogonal decomposition H = HT & H® ® H~ and b, is positive definite
on H', br is negative definite on H~ and bz |yoyg0 = 0. Furthermore

VaeH: be(a,a)=be(at,at) —be(a7,a7) =

a2

it -

We observe that the sequence space H as domain for the sesquilinear form of a decom-
posed operator £ = @, L with a structure suitable to assumption (A2) can always be
constructed if for any k € K we have: if 0 € o(Ly), then it is an eigenvale of finite multi-
plicity and isolated from the rest of o(Lg).

We recapitulate what we have achieved up to now and how we will continue: Formally given
an operator L = V(x)0? — A for functions on (x,t) €  x T, we can formally decompose
L by Fourier series in time into Ly = —A — k*w?V (). For these operators we can rig-
orously write down the sesquilinear forms by, (u, 0%) = fRN Vi Vi — k2w?V (z)ty 0 da
and a corresponding domain. For suitable potentials V', these sesquilinear forms are closed,
hermitian and semi-bounded, and hence Ly, is self-adjoint. Using functional calculus, we
construct new scalar products (-, -)‘ Lyl Now we can write down the sequence space H
such that the sesquilinear form b, is well defined and hermitian and we can even write
down the self-adjoint operator L£. For sufficiently regular functions u,v we can expect
be (4,0) = by, (u,v), where u(z,t) = >, tr(x)eg(t) and for v respectively. For the exis-
tence of ground states in the examples, we do not use the operator £ and we only use the
sesquilinear form b, and the Hilbert space H. We did not claim, how the space H exactly
looks like, except the fact that it is a subset of P, Hi. In general this is a very hard
task and only in the example Section we can characterize H precisely as a function
space H. In the following section we will prove an embedding of H into LP*1(Q2 x Tr),
which yields sufficient knowledge to apply our abstract results of Section in the other

examples in Secion and Section [2.3.3]

2.2.3 Embeddings by spectral information for wave-like operators

As mentioned in the Introduction this section is again inspired by [HR19]. We do not
consider specific examples but give the more general toolbox mentioned in the beginning.
Observe that here we mostly work on complex spaces. In the application later we will
apply the results on real spaces.

We start with an inequality concerning the question: ”Having (—c|k|*, c|k|*) € o(Ly)®
for Ly = —A — w?k?V (x), how can we estimate (-, )1, from below using [[Vl[ 27"
We keep track of constants and in addition we keep different possible structures for V' in
mind, since V' € L*(2,R) and V(z) = —a + [do(z) behave differently.
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Theorem 2.15. Let (X, (:,-)y) be a Hilbert space, (H,(,-)y) be a Hilbert space and a
subspace of X, A: D(A) — X be self-adjoint on X and by: H x H — C be a closed,
hermitian bilinear form such that

VueD(A),ve H: ba(u,v)=(Au,v)y.

Furthermore let 0 ¢ o(A) and define p = dist(0,0(A)) > 0. Assume in addition by =
bp + by for hermitian sesquilinear forms bp, by such that H C D(bp) N D(by). Then:

(i) If there is a constant Cy > 0 such that
Lo
Ve>0,ue H: |by (u,u)] <Cy-|ebp (u,u)+ ZgHuHX ,

then
P

;L - (bp (v, u™) +bp (u”,u7)) .

2
Vue H: by (u,u) > 1+‘2/02
4

(ii) If there is some Cy > 0 such that
Yue H: |by (u,u)| < Cyllul3,

then

1
Vue H: by (u,u) > 1o (bD (u+,u+) +bp (u_,u_)) .

p

Case (i) refers to d-potentials, since |u(0)|* = ||50(a:)u||%2(R) < €Hvu||%2(R) + 4%”““%2(1&)
.. . . 2

(e.g. c.f. [HRI19]), and case (ii) refers to bounded potentials V', since ||V (z)ul[72r) <

HVHLOO(]R)HUH%Q(R) for bounded functions V.

Proof. For a self-adjoint and semi-bounded operator B: D(V) — X we have by [RS10]

by (u,u)

=info(C).
weDby)  full% )

We apply this to the positive operators A* and —A~ defined as in Section Hence

+ ot
i M _ M > .
weHA\{0}  [lull% weH 0} lully
DA e b))
ueH-\{0} Jull% weH\{0}  jully

Observe that H® = {0}, since 0 ¢ o(A). We now directly obtain for all u € H

biay (uyu) = ba (ut ) = ba (u”yu”) 2 p- ([t |5 + Ju™[%) = el
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(i) We start considering only u™. Let u € (0,1) be arbitrary. If

bp (u+,u+) + - ubv (u+,u+) >0,
then
ba (u+,u+) =bp (u+,u+) + by (u+,u+) > ubp (u+,u+).
If
bp (u+,u+) + - Mbv (u+,u+) <0,

then choosing ¢ := 15—“ we see
%4

— W — B

Cy  4Cy > Cv \? 42
+ 7+ ) +12 — +
= b (o) £ 2 D = (125 -

If bp (u™,u™) > 0 we conclude

b|A| (U+,U+) . bA (U+7u+) Hu+”§{ > 1_7” ’
b (@hu®) et bp (utout) S |

1 C 1 2
bp (u+,u+) < —7 by (u+,u+) < T v (fsbp (u+,u+) + 4€HU+HX>

and hence
Ve (0,1),uc H: by (u*,u™) > min {,u, C% (1-— ,u)Q} bp (ut,u™).
\%4

Obviously this is also true if bp (ut,u") < 0. Maximizing in u € (0,1) we obtain
: + o+ oy + o+
Vue H: b‘A‘(u ,U)Z bD(u , U )
1+24 + /1+44
\% 1%

We next consider u©~. By construction of A~ we have

b (u707) by (™) = b (0”7 < =g
Setting € = 54— we obtain
bp (u™,u™) < =by (u™,u”) = pllu” %
<0y (ebo (5 + o) + ol
= bp (um,u”) < (CF +2p) |5
If bp (u™,u~) > 0 we see as before

_ _ _P_
ba(w™,u”)  ba(u,u)  fu |k 1 cz

bp (u—u) l % bp(uu) =P C2 2 1+24
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and hence
Vuec H: Dby (u™,u”) > —~—-bp (u™,u™).

Obviously this is again true if bp (u=,u~) < 0. Putting all together we obtain for

any u € H:
biay () = by (' u™) + by (u,u”)
2¢z 63
v bp (u®,ut) + Y —bp (u,u")
L2+, /144 1+24
> & (b (u+ u+) +b (u U ))
-_ 1+2% D ) D b 9

since

2 r

.
> for » > 0.
14+2r4++/14+4r = 14 2r

(ii) We follow the same strategy as before. Consider v and p € (0,1). If

bp (ut,u™) + - ubv (ut,u™) >0,
then
bag ('t ™) = bp ('t ) + by (u,ut) > abp (uFut).
It
b (ut,ut) + 1iubv (ut,ut) <0,
then
bp (u™,u") < =g by (w07 < ﬁ”“ﬂli{'
If by (u™, ut) > 0 we conclude
baj (uh u®) by (utut) ut|fk 1—p
bp (whut)  utE bp(ut,ut) TP Oy

and hence
Ve (0,1),ue H: by (u+,u+) > min {,u, C’L (1 —,u,)}bD (u+,u+).
1%

Obviously this is also true if bp (ut,u") < 0. Maximizing in p € (0,1) we obtain

Vue H: bA(u+,u+)> L

> bp (u+,u+).
C
1+ 7"
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We next consider u™. By construction of A~ we have
bp (u™,u”) +by (u”u”) =ba (u”,u”) < —pllu|[5 <0.
Thus
bo () < Co -

If bp (u™,u™) > 0 we see as before

by (wZu7) _bealeswn) el o, 1

bp(u™u”)  fu |k bo(umun) TT GV
and hence

Yue H: b (u_ u_) > 1 b (u_ u_) > ! b (u_ u_)
. |A| s “ 0t Cv D ) 1 Cv D > .
P p
Obviously this is again true if bp (v~ ,u~) < 0. Putting all together we obtain for
any u € H
- 1 -
bpaj (u,u) = bay (u™,u™) +bjay (u,u”) > e (bp (u™,u®) +bp (u™,u7)),
P

i.e., we have proven the claim. ]

The next theorem embeds a sequence space into LP-spaces for p less than some critical
exponent p* using the Fourier reconstruction operator. Here we obtain an explicit formula
for p*. Moreover the embedding is locally compact.

Theorem 2.16. Letn € N, a € (0,2), b > 0 such that a +b > 2. Define
. X i\ Z\{0 .
i = {ae (B @) | i), < 0o},
lalg = Y [kl 2@ny + IV Rl 72 n-
kezZ\{0}

2n(a+b)+4

Furthermore let p* = n(atb)+2—2a"

Define the Fourier reconstruction operator

1 2
(Sa) (z,t) = Z Uy () e (t) with e(t) = Telwkt, wi= T
kEZ\{0} T

Then for p € [2,p*): S: H — LP(R"™ x Tr) is continuous and S': H — LP(Q x Tr) is
compact for any compact set Q@ C R™.

Proof. We write the continuous Fourier transform on R" as follows

(Fu)(€) : ()e @ Az for uwe LY(R™) N L3R,

1
= — u
Vor" Jrn
continuously extend F to F: L?(R") — L?(R") and we define

Fi = (Fiy), for ae (L*R™)”
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1
(ZkeZ HakHip(Rn)> ! , P& [17 00)7

lll o gn xzy = R
supy, ||k |l oo () p = 0.

Often one writes |4l ,p(gnxz) as Ha”Li(Z)Lﬁ(R”)' We continue in two steps.
Step 1: A general interpolation argument.
By Parseval’s and Plancherel’s identity we know

HsauLQ(R"XTT) = HaHLQ(R"XZ) = H}—QHLQ(R"XZ) for @€ (LQ(Rn))

By a direct calculation we see: if Fd € I' (Z, L*(R™)), then

Lo (R")
<3 o [ i)l = \/21—7TnH-7'—@HL1(Rnxz) < 1l 1 oy
Using the Riesz-Thorin-interpolation and the Holder conjugate p’ = - we see
Vpe[2,00]: |5l pornxrry S NF Lo g xzy-
Step 2: Estimating L¥ -norms of the Fourier transform.
We next bound | Fi| (Rnxz) using the |-l 7-norm. We start with an elementary but

technical estimate. Let p := a+0b. Then p > 2 > a. Using Young’s inequality for products
we calculate for £ € R™ and k € Z \ {0}:

a 1 L 1 (p—a)—L—
i alf\ || a( i @+ ——|k[" p‘“)
Iklp \klp P
W — T < RGP+ (R

Using Hélder’s inequality we now calculate for o € H and p € (1,2):

/
p

I oy = 2 17l d =3 [ 17t 'ﬂ:m'a):dg
(le/ + k) *

’E\‘M

, 2
o _p
2

S(Zk:/ﬂan’”’f'Q'<'5’2’?+"‘“’a)df> (S L Qe )

(Z/ P2 (Pl + k) d )
(Z/ (1+ 1% \kr)‘p/’dg)l

/
b
2

'B\‘ IS

oS

oS
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/
p_
2

’ 1—
A np_ _ap’ 20\ — 357
=25 fall (S [ (el ) a
k

We want the integral over 1 and the sum over k to converge. This is true according to the
following;:

np_ _ap’_ / 2 4
Z’k‘ YT oo e P W o p’>L7
- 2 2—p 20 4+24+np
20\~ 5% 2a p 2np
1 p) Pdn < & = > & >
/n< + [nl n < oo Pl S T

2np+4 2np . . .
Observe that 5,75 5 > Tatnp € the convergence of the sum implies the convergence

of the integral. Moreover:

'S 2np +4 N < 2np+4
20 4+24np P np+2—2a_'p

Combining both steps we see: For p € [2,p*) the Fourier reconstruction operator S: H <
LP(R™ x Tr) is continuous. Last we prove the local compactness of S. Observe first that
p* < 2241 and 22 s the critical Sobolev exponent for H*(R" x Tr) < LZ%(R” x Tr).
Now let © C R" be compact. For fixed K € N we define the map (SE)a)(x,t) =
> ikj<k Wr(z)ex(t). Since SU) only sees finitely many Fourier coefficients @, € H'(Q),
we obtain S)a € H'(Q x Tr), and hence SK): H «— LP(Q x T7) is compact since
p<p*< 22—3. By an analogous calculation as above we see that

_b
/ 1-3
/ __p

p ! np_ _ap’ 2a 7
) <271 k| F 2p’“/ <1+!?7!”> P dn — 0,
H‘—)LP(QXTT) |k|>K Rn

-5

as K — co. Here we used the absolute convergence of the sum. Hence S: H < LP(Q x Tr)
is the limit of compact operators and therefore compact itself. ]

We combine the last two theorems into two results, as in step 4. of the toolbox mentioned
in the Introduction. The first result focuses on step potentials, the second result focuses
on J-potentials.

Theorem 2.17. Let V € L®(R"). Then Ly == —A — k?w?V (z): H*(R") — L?(R") are
self-adjoint operators on L*(R™) with D(br, ) = H'(R") for k € Zogq. Assume:
(i) There are N € Ng, ¢ > 0 such that for all |k| > N we have (—c-|k|,c- |k|) C p(Lg).

(ii) If |k| < N and 0 € o(Lyg), then 0 is an eigenvalue of finite multiplicity and isolated
from the rest of o(Ly).

Let H C Dyez,,, HY(R™) with HQZH% = D kezogy (U W) p, as in Section . Then the
Fourier reconstruction operator S: H — LPTY(R™ x Tr) is continuous and locally compact
forpe 1,1+ 2).
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Proof. For self-adjointness of Lj and the domain of the sesquilinear form we cite [RS10].
We will absorb constants independent of k£ into ¢, i.e., ¢ may change from line to line
but stays positive and bounded away from zero. By Section the scalar products
(-, '>|Lk| = b, () + <P,?-,P,?‘> are equivalent to the standard H!(R™) scalar product.
Since V is bounded, we have for any 4y € H'(R"):

0202y (2) (T, )| = '—k%ﬂ /Rn V(@)|t|* dz| < KW |V oo oy ]| 22 ey

For |k| > N we know P,? = 0 and we can use our spectral gap assumption to apply
Theorem [2.15] part (ii). We obtain for k| > N:

1
22|V oo am)
G

Vag € HY(R™): by (@, @) > (boa (@ ) +ooa (A, 75))

Observe that b_a (v,v) = HVUH%Q(Rn) and in general V and P do not commute. Using
triangle inequality we can estimate

ba (i) +bon () = [V () |22 amy + 9 () 172 gy
> IV @)+ 9 @) ey = 1V sqan
Absorbing all constants independent of k£ into ¢ we obtain:
Je>0: Y|kl > Ny, € H'(R™): by, (i, i) > ¢ k7| Vi) 22 ggn)-
By the spectral gap assumption we know:
Ikl > Nyag € H (R™):  bipy (g, @) > ¢ k] ||kl 72 gy
Combining both estimates we see: 3¢ > 0: V |k| > N, 4 € H'(R"):
(ks ), = by, (g, ) = ¢ - (‘k‘_leakH%Q(R") + \k|1Hﬁk”2L2(Rn)> :
For |k| < N we use the fact that the (), scalar product dominates the standard
H'(R") scalar product, i.e., there are constants u; > 0 such that:
(s ey > g (V802 + 10022 ) -

!
Possibly shrinking ¢ such that 0 < ¢ < minj <y %, we obtain:

Je>0: Vi € H(R™):  (lg, ), > ¢ (|k|_1||vak||2L2(Rn) + ‘k|1||ﬂk||%2(w)) :

Hence, the [|-||,,-norm dominates the ||-|| ;-norm with a := b := 1 and H asin Theoremm
Using this theorem we calculate:

. 2n(a+0b) +4 2
= —1=14+—.
n(a+b)+2-—2a n

p
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Theorem 2.18. Let V(x) = —a+) ;cn Bidz, (x) with a > 0, supey |5] < oo and (z;); C R
has no accumulation point. Then Ly = —A — k*w?V (x): D(Ly) — L*(R) are self-adjoint
operators on L*(R™) with D(br, ) = HY(R™) for k € Zogq. Assume:

(i) There are N € Ng, ¢ > 0 such that for all |k| > N we have (—c-k?,c- k%) C p(Ly).

(i1) If k| < N and 0 € o(Ly), then 0 is an eigenvalue of finite multiplicity and isolated
from the rest of o(Ly).

Let H C Dyez,,, HY(R™) with HfLH% = D kezygy (U W) g, as in Section . Then the
Fourier reconstruction operator S: H — LPTY(R x Tr) is continuous and locally compact
forpel,5).

Proof. We cite [HR19] to observe that there is C' > 0 such that
1 /112 1 2
Ve>0,we H (R): |by (w,w)] <C - (us HLZ(R) + 4€HwHL2(R)> )

Using the same proof as for Theorem with the obvious changes of using Theorem [2.15
part (i) and adjusting the growth of the spectral gap, we obtain:

o> 0:Vig € H'R): (g i) g, = ¢ (1617 Vil oy + 6Pkl aqey )

and hence

s 2n(a+bd)+4
n(a+b)+2—2a

O]

At this point we want to remark, that the authors in [HR19] guarantee a linear growing
spectral gap in the case of periodically distributed -potentials and their calculations are
optimal in the growth of the spectral gap. Hence Theorem [2.18] is not exactly the same
as [HR19] and the quadratic growth of the spectral gap improves the range of applicable
exponents p. We sketch another example with two §’s for the application Theorem [2.18
We omit many straightforward calculation, since we do not use this example in the rest
of this work, but it could be treated exactly as in Section

Remark 2.19. Let o, 3,T,7 > 0 and setw := 25. Let V(z) = —a+B6_,(x)+B6_(z) and
Ly = —A - k?w?V(x): D(Li,) — L*(R). Argue as Sectz’onfor the exact character-
ization of D(Ly). Then o(Ly) = { M1, Ae2} U [ak?w?,00) and A\g1, \k2 € (—00, ak?w?)
are the unique solutions of

B2 L Vak?w? — Mg - exp(\/azk%)2 — Akt 7‘)
sinh(\ /ak?w? — A1 7")

5 exp(ﬂlkw /11— a),;’éb r)

k1

— Valklw-1/1 = 2k

\/a’ ‘w CE]CQWQ . /\kl )
sinh( alklw-\/1— Sz

ﬁk‘QwQé Vak?w? — Ny o - exp(y/ak?w? — Mg o)
cosh(y/ak?w? — Ao 1)
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3 exp (\/a\k\w 41— 02’;’52 r)

k,2

— Valklw- /1 — k2 .

\/a’ ‘w ak2w2 /\kg
cosh( valklw-\/1— Jz5 7

Furthermore A j is a simple eigenvalue. We omit the calculations for this statement.
Observe that the left hand side grows quadratic in |k| and the right hand side grows linear
in |k| provided |\, ;| < Jak?w?. Hence there are N € Ny, ¢ > 0 such that for all |k| >
N we have (—%akaz, %akzuﬂ) C p(Lg). Applying Theorem we see: The Fourier
reconstruction operator S: H — LPTYH(R x Tr) is continuous and locally compact for p €
[1,5).

We do not expect that the Theorems and are optimal in the sense that the
exponent p* is maximal. In fact we will prove in Section ie, n=1and V(x) =
B6o(x) — a, that the range of S is a strict subset of H'(R x Tr) and hence H embeds into
LPTYR x Ty) for any p € [1,00) via S.

Before starting with the example section, we prove another technical lemma concerning
some kind of local Sobolev inequality combined with Minkowski’s inequality for integrals.

Lemma 2.20. In the setting of Section let K C Z\ {0}, X} == L?>(RN) and Hy =
HY(RN). Assume (A1), (A2) and there are 1 <p < p* < TE2 if N >2 and 1 <p <p* <
o0 if N =1 such that S: H < LP*TH (RN x T7)NLP" (RN x Tr) is continuous. Assume
further there are a,b,c, Ky > 0 such that:

VIK > Koo (k) > ¢ (e + K190 35w )

and in addition S: H — LP"TYRN x Tr) is continuous with H as in Theorem |2.16. Set
R := N +1. Then there is some C' > 0 such that

2 112
E HSUHLP*‘H(BR(J')xTT) < Cllall*,
jezn

i.e., assumption (C1) with p, =1, B; = Br(j) and N* = AN + 5)N is true.
, ption ( p , Bj J

Proof. For simplicity and better readability we prove the claim for Ky = 0. If Ko > 0,
we can make adjustments for |k| < N exactly as in the proof of Theorem m Clearly
Ujezy Br(j) = RYN since R > +/N. Moreover each ball overlaps with at most N* :=

(4N +5)Y other balls (this number N* is far from being optimal but an upper bound). In
the following we absorb any constant independent of k and j into C' > 0, i.e., the constant
C may change from line to line. Citing [HKTOS| we see there are continuation operators
Ej: HY(Bg(j)) — H'(RY) with Ej(u)|pa) = w and [ Ej(u)ll 2@y < Cllull 2 s,y
|\VE; (U)HL2(RN) < ClVullp2(py(j) With € > 0 independent j. Using continuity of
S: H — LP"TYRYN x Tp) we see

||a/€||%P*+1(BR(j)) = ||Ej(ak)||ip*+1(BR(j)) < C||Ej (i) (x) - ek(t)H%p*Jrl(RNx’]rT)
< C (K" (@) (@) - ex(®)Faan eny) + F1 IV (B (@) (@) - ex(t) 2 ny )

< C (110122 5 + #1123 )
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Hence using Minkowski’s integral inequality, cf. [HLPT52], we obtain

Z HSﬂHiP*Jrl(BR(j)xTT) = Z H Zﬂk(x)e’f(t)‘

2

Pt e Vier Lr*+1(Br(j)xTr)
< D0 D el a0
FEZN keK
all ~ 2 —b ~ 2
=3 S (Il ey + RNV )
JEZN keK

We next sum over all balls using the following idea: We decompose the union | J iczv Br (J) =
RY into sets (D,,)men consisting of all nonempty intersections of balls Br(j) and let M an
index family be such that (Dp,)menr are disjoint and (J,,c s Dm = RY. We observe that
for each m € N we need at most N* indices my,,...,m;, € M such that D,,, = Ule szj-

Hence for any u € L?(RY) we have

> lullizgagy = D Mz < N* D7 lullZap,) = lulliz@ny-

jezN meN meM

Absorbing N* into C' we now obtain the claim by calculating

> IS 1 psyerey < C D (I kI 2y + 611V a2 ) < Clla
JeZN keK

2.3 Examples

This section is one of our our main contributions to new knowledge about semilinear
wave equations like (2.1)) applying direct variational calculus. We prove the existence of a
ground state for

V(x)utt — Uz = F(:p)|u|p71u, (‘/Ea t) € R x TTa (22)
V(x)uy — Au = T(|z])|ulP ™ u, (z,t) € RY x Tp. (2.3)

More precisely in Section we analyze with V(z) = —a + Bdp(z) and I'(x) — 0
as || — oco. In Section we analyze with V(r) = —a + B 1_,,)(|2|) and and
I'(x) — 0 as |z| = oco. In Section e analyze with V(z) = —a + B1g,0(|z]),
0 <T € L* and N = 2. Equation (2.2) with 0 < T" € L* periodic and either V(z) =
—a + fBéo(x) or V(r) = —a + B1_,,(|z]) is treated in Chapter |3 and uses a different
approach.

Each example will follow the same structure: First we state all assumptions, then we state
the main theorem of the example. The rest of the section is devoted to the proof of the
theorem, following the toolbox presented in the Introduction. For this we first analyze the
spectra of Ly, then we apply Section to construct H, then we use Section to
obtain the embedding S: H < LPT1(R"™ x Tr) and finally we apply our abstract results of
Section to obtain the desired ground state. The final proofs will be rather short since
we will have invested much work into the preparations in Section [2.1] and Section [2.2.2
For the sequence space H we will only consider odd & to keep 0 out of the spectrum for Ly
(note that Ly = —(f—;z). This will result in %-anti—periodic functions, which is compatible
with the right hand side of our examples.
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2.3.1 4-potentials

In this section we invest the extreme case where V' has negative background strength and
one infinitesimally located and infinitely strong positive value at zero. In fact we assume

(Hs) Let o, 8, T > 0. Define V(x) := 8dp(z) — a.

We analyze the operator L = V (z)9? — 9?2 for %—anti—periodic functions. The potential V'
is strictly negative for x # 0 and formally positive at = 0 by the Dirac-delta-distribution
do(x) located at zero with strength 3. Hence the operator L is elliptic everywhere, except
at = 0, where it is formally hyperbolic. The main result of this section is the following.

Theorem 2.21. Assume (Hs), p > 1 and set w = 2. Let T' € L®(R) with T'(z) > 0
a.e. and limp, o I'(x) = 0 and V(x) == Bdo(x) — o. Then there exists a nontrivial weak
solution u of the equation

V(@)us — e = T(@)|ufP"ru,  (2,1) € R x Tr, 22)
with minimal energy among all %—anti—pem’odic, weak solutions.

Definition 2.22. Assume (Hg), p > 1. Let

1 o il
lully = llullzp @xryy + (0, )2y, Y =CHRxTr) ",

Bp:Y xY = C, Br(u,v) ::/ auy Uy + uy Uy d(x, t) — B ug (0, ) v(0,-) dt .
RxTr Tr

Then u € Y is called a weak solution of the equation (2.2), if

Voev: BL(u,cp):/ () |ulP~ pd(z,t).
RXTT

The rest of this section is dedicated to the proof of Theorem In Section we
analyze Ly, construct H and using (Hs) we are able to characterize H precisely as a func-
tion space H and we will obtain a strictly stronger embedding result than Theorem [2.18§
In Section we even give an explicit domain for L such that L: D(L) — L?(R x T7)

is self-adjoint and if in addition QB# ¢ Zoqq We can construct a rather explicit inverse L™,
These additional results are not necessary to prove Theorem but they will shorten
the proof and will be used again in Chapter

2.3.1.1 Analysis of £

Definition 2.23. For k € Z,qq define
Lyu = —a} + ak*w?iy, — Bk*w?So(x) g,
D(Lk) = {’ak € Hl(R) ‘ 'ak‘(o,oo) € HQ(OaOO)a ak’(—oo,l)) € HQ(—OO,O),
3,(04) — @,(0-) = —pk*w?a(0) }

with the corresponding sesquilinear forms

br,: H'(R) x H'(R) — C, by, (g, 0p) = / a0 + ak*w? o do — Bk*wa,(0)0y(0).
R
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Furthermore define the notations

1 _52
of =ak’w? B = SR pr(e) = Brexp L M=o} - B

Observe in particular the factor in 47 ..~ 1t simplifies notations but is necessary to remem-
ber to keep track of constants.
Proposition 2.24. Assume (Hs). Then
(i) by, is closed, hermitian and lower bounded. Ly, is well-defined and self-adjoint.
(ii) Vi € D(Ly), o € HY(R):  br, (g, o) = <Lkﬁk,®k)L2(R).
(iii) o(Ly) = { e} U[af,00), where A, is a simple eigenvalue with eigenfunction py. At

most finitely many A\, are positive and A\ \y —00 as k — o0.

Proof. For (i) we refer to [CS94]. The parts (i) and (7i7) follow by a lengthy but straight-
forward calculation. O]

Apply Section with Ly as above, X = L?(R) and Hj, = H*(R). Note that 0 € o(Ly)
if and only if |k| = \/—5 Hence there are at most two ko € Z,qq4, such that 0 € o(Ly,) and
in this case 0 is a simple eigenvalue for this Lg,. In all other cases we have 0 ¢ o(Ly). We
observe that the projections P, and P can be explicitly calculated: Vi € H'(R):

i — (Uk, k) [2m) PR Ak <0, 20 (ks o) 2Ry PRy Ak =0
7o, Ap > 0, 7o, AN £ 0

For the sesquilinear form b7, | we calculate in the case Ay < 0:

biLy| (g, 0) = by, (Gg, 0) — b, (uk,vk) — by, (a;,ﬁk)
= br, (i, Ok) = (O 9h) L2y by (@, 98) — (@, Ok) p2(w) bLy, (91 k)
= b, (T, O) — (Ok, k) r2(r) Ak (T Pr) 2(r) — (U, k) 2 (R) Ak (O Pk) L2(R)
= br,, (G, Ok) + 2 (=Ak) - (ks Pk) L2(r) (Oks Pk) 2(R)

<Uimvk> L2(R )+0% <ukvvk>L2(R —2ﬂkuk( )0x(0)
2- (ﬁk - 0%) - (l, <Pk>L2(R) (D SDk:>L2(R)-

In the case Ay > 0 we simply have:
bizy| (g, Or) = b, (U, Ok).-
And in the case Ay = 0 (which occurs at most twice) we have:
by (G, O) = br,, (@5, 0).

Next we define the composite Hilbert space. We assume an additional conjugation sym-
metry to obtain real-valued functions St.



2.3 Examples 61

Definition 2.25. Assume (Hs). Define

D (g )y, <00, k=g g,
k€Zoqa

H o= ae (H'(R))

> ikl Gy < o0 k=t g,
k€Zoqa

X ={ae (LA(R))

and apply all other constructions as in Section [2.2.9

As seen in Section 2.2.2] (%, (,-),,) is a Hilbert space and L is self-adjoint on X. We
continue with the analysis the range of the Fourier-reconstruction operator S defined by

(St) (x,t) = Y g(x)en(t), G€H.

k€Zoqa

By Theorem The map S: H — LPT(R x Tr,R) is continuous and locally compact
for p € [1,5).

Remark 2.26. Arguing similar as in Section we could now prove Theorem |2.21
under the additional assumption p < 5 and with another concept of ”solution”, analogous

to Definition 2.1

Investing more work, which will later also be used in Chapter [3] we can get rid of these
additional assumptions. For this we use a completely different technique, which relies on
many explicit calculations. Our first step is the following theorem.

Theorem 2.27. Assume (Hs). Let

[l
lullFy = llullfp @re) + 10, )oer,),  H = CLR x Tp,R) .

Then Range(S) = H and S: H — H is a continuous and continuously invertible.

The next pages are devoted to the preparations and proof of Theorem [2.27] By this
theorem we will directly obtain: The map S: H — LPT!(R x Ty, R) is continuous and
locally compact for any p € [1,00). The key to characterizing Range(S) is the following
relation between the projection operators and the form of the potential V (x) = —a+Fdo(x)
in the sesquilinear form with just the right exponents in the constants.

Lemma 2.28. Assume (Hs). Let iy, € HY(R) and \p < 0. Then:
(1) <ﬂka @k>L2(]R) = %ak(o) + é <a§ca Sign (l‘) SOk>L2(R) >
2
(i) 2621 ) < N 172e) + 36| e 01 2y |
2
264 |(s k) pamy| - < 9B (O) + 18117 s

(i) by, (@, 0k) = |af — Bi| (@k, 0k) L2m)-
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Proof. Integration by parts and the embedding of H'(R) into continuous and bounded
functions yields

(ks Pr) L2(R) Z/ ftk(af)ﬂkeﬁ’%xdx—i—/ ﬁk(:c)ﬁkefﬁixdx

—0o0 0

=0 0
- @] - [ g

k —00 k

+ [ﬂk( )ﬂl B ] . —/0 ﬂ;(x)lgleﬁl%“”dx

k =0 k

0

guk(())

/Bk <uk7 sign (33) (pk>L2 R)

5
Hence, (i) is proven. Using Young’s inequality |ab| < ea®+;-b* withe = 1 and ||y 2(R) =
1 we obtain

2

X Br .
26tk (0)* = 26 ?k (tige; o1} o) — 25 (i, sign () 9k ) 1 gy

2
< 25’% < k ‘@k, 901:>L2(R)‘ + ﬁ‘@%,sign (x) ‘Pk’>L2(R)’>
>2

(U, (Pk>L2(]R)) + Bk’<ﬁk7 (Pk>L2(R)‘Ha;€HL2(R) +

< 282 <2‘<Uka90k>L2 ‘ 25

1
—||u
o 1"k

. 2 3.
<Uk7§0k>L2]R) +1 U

2.
ﬁ—u £(0) + ﬁ2 <uk,51gn )‘Pk>L2(R)

2
R))

41 /5 2 4
264 <Uka<Pk>L2(R)‘ =206,

<25 <ﬁ|ak<o>|+ i
k
= 862 |1,(0)|* + 88|tk (0

< 98¢ Jar(0)]* + 18 akHH(R),

which proofs (ii). Part (iii) is a consequence of ¢}, being an eigenfunction of Lj with
eigenvalue A\, = Bt — a2, ie. Lyor = (B — af)pr and H€0k||L2(R) = 1. We omit the
straightforward calculation here. O

Part (i) describes the balance between the projection (i, px) 12 (), evaluation of the do(z)-

potential 4(0) and derivative @j. Part (ii) exploits the factors fj. Observe the factor

3 < 11in (i), since this will be crucial in the following calculations. We next give an

estimate on |[|-||,,.

Corollary 2.29. Assume (Hs). Then:
() Je>0vVaeH: |laly =c Yyep,,, 1872w + aillinlFam + Blax(0).

.. ~ ~ 2
(i) IC>0VaeH: |lally < C-Theg,,, 1872 + oRllarl|z2m + Bl 0.
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Proof. We start the proof with some preparations. Let 4 € H. We have

lall3 = D (anan) iy = D bry (@) —2Re (br, (dn, dy)) + (0 80) 1 ) -
kEZOdd keZodd

Furthermore for A < 0 we have
2Re(br, (ak, 7)) = 2Re ((ﬁk, @) r2(w) bry, (T, 9%))

- 2

<uka uk>H1(R 07
for A\, = 0 we have
QRG(bLk (ﬁk,ﬁ;)) = 0

(i, U ) g1 gy = H (Uk, k) r2(R) <Pk” ’<ﬁk,¢k>L2(R)’2 (14 Bp).

H(R)

and for A; > 0 we have
2Re(br, (.10 )) =0, <ag,ag>H1(R) = 0.
Recall 87 = 18k%w? and of = ak?w?. With these preparations we prove (i) and (ii).
(i) We choose K > 46\/—? and consider first |[k| > K. Then 18} — 207 > 18} > 0,
A = a2 — 3} < 0 and using Lemma part (ii) and our preparations we obtain
br, (i, ak) —2Re(by, (k. y)) + (@, 0y H®)

‘ 2

r) + il @l g2y — 267 106(0)° + 2(5; — O‘%)‘@ka Pk) L2(R)

1 1 . 2
27 r) T [ <f3f,- - 204%) ‘<Uka<ﬂk>L2(R)‘
1 2
27 +04kHUkHL2(R + 5k‘<uk,<ﬁk>L2(R)‘

Next we consider |k| < K. By Section [2.2.2] there are constants ¢, > 0 such that
ck||uk||H1 < (d, k), p, - This yields
)

PN ~ 112 Ck i~ 112 Ck (11~ 112
mmm“z%mmmwz—mwp +*@wM®

CL 21 7 |12
> —s .
Z 2ﬁ4 /Bk (g, 1) 1, ‘ + ||Uk||L2 +2aiak Uk ‘LQ(R)
Choosing C7 = min< K{%, 205’“4, %, o 2} we combine the above calculations and
obtain

oz Y i

k€Zoqq

ey Rkl 2y + B (ks 08 2y

Using again Lemma part (i) we see for any k € Zyqq

N 2 4 R 1,.
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Hence,

py T ORIl o) + Bkm( I,

1
~112
a3 =1 > Sa

k€Zoaa
i.e., choosing ¢ = %Cl, we obtain claim (i).
(ii) Using our preparations and Lemma [2.28 part (ii) we calculate

lalz, = > i

) + Rl Zo gy — 268k (0)*

k€Zodq
2 2
+ Y208 - O‘%)‘<ak7ﬁpk>L2(R)‘ +) ‘<ﬁk790k>L2(lR)‘ (14 B3)
A <0 A=0
2
<y )+ aillanl|Te ) + (1 +3B;§>\<ﬂkawk>m<m>)
k€Zoda
1+ 38}
C 2 N 2
< Z )+aiHuchLz<R> 28 . <9B£|uk(0) R))
k€Zoad k
1 + 3 (l/BLL)Q)Z 2
< Y Nkl e + oRllanllZ e + —— 2 (9671a(0)
k€Zoda : 2 (38w?) (
. e " 3 2\
i.e., claim (i) with C =19 - (5 + W) is proven. O

With this corollary we are now ready to proof Theorem

Proof of Theorem [2.27. Observe that # C 1? (Z, L*(R)), H'(R x Ty) C L*(R x Tr) and
S: 1?(Z,L*(R)) — L*(R x Tr) is an isometric isomorphism. If v € Cj,(R x Tr) N
H'(R x Tr), then u(0,-) is continuous and we can evaluate it pointwise using Fourier
series by u¢(0,) = >, ikwiy(0)ex (). Moreover writing 4 := S~ 'u we see

lullfy = llualZ2 (D) + lluelZe @yryy + l1ue(0, )1 Z2z,)

S Nt e + Y Fl ikl + Y Kl (0)]

k€Zoqq k€Zoqq k€Zoaa
with ¢,C > 0 as in Corollary The facts that C,(R x Tr) N HY(R x Tr) is dense
in L*(R x T7) and S: I (Z, L*(R)) — L*(R x Tr) is an isometric isomorphism, yield that

~112
Nl

~112
Nl

< max{

1,
> min{l

Q‘“ Q\H
I
Q= ol

|

)

Y= S"HCl,R x Tr)NH'(R x Tr)) is dense in H. Hence S: (Y, ]]||,) = (Ca, (R x Tr)N

HY(R x Tr), ||| ) is continuous and continuously invertible and its extension S: H — H
is also continuous and continuously invertible. O

Since H and H are isomorphic via S, we write & := S~ u if u € H and u = St if 4 € H
in the following.
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Remark 2.30. For arbitraryu € H' (R x Tr), the object us (0, -) might be not well defined.
We give a definition in the sense of traces. Consider tr: Cq (R x Tp) — C(Tr), tr(u)(t) ==
u;(0,-). Obviously the map tr: (Cy,(R x Tr), ||||5) = (C(T7), [l p2(r,)) is continuous
and continuously extends to tr: (H, ||| z) — (L*(Tr), Il L2(ry))- Hence, if w € H then
ut(0,-) € L3(Tr) is well defined in this trace sense.

Remark 2.31. Arguing similar as in Section we could now prove Theorem [2.21
with another concept of “solution”, analogous to Definition [2.77.

We invest some more work, which will later also be used in Chapter |3 and characterize £
and b, which act on sequences 4, with L and by, which act on functions.

2.3.1.2 Analysis of L

The aim of this section is to write down a self-adjoint operator L: D(L) — L*(R x T, R)
and a closed, symmetric bilinear form br: H x H — R such that S(D(L)) = D(L),
LoS =/LonD(L)and b, 0S = b on H. One calculation is especially long and technical,
therefore we put it into Section At the end of this section we will observe some
regularity of D(L).

Definition 2.32. Define

D(L) = {v € Hy)(R x T1,R) | v|(—00,0)xTy € H*((—00,0) x Tr),
0] (0.00)xTy € H?((0,00) x T7), vy(0,-) € L*(Tr),
02(04,+) — ve(0-,-) = Buu(0,-)}
L:D(L) = L2,(R x T7,R),  Lu = —aty — Uae + B0 (),

br: Hx H—R, bp(u,v):= / auvs + uyvg d(z, t) —/ Bu (0, -)v(0,-) dt .
RxTr T

T
2
Writing v (0,-) € L*(Tr) we assume D(L) C CZ,(R x TT)”U”L with ||v]|3 = HU”?{l(RXTT)_{'
2 2 2
||U”H2((—oo,0)x1rT) + ||U||H2((o,oo)x1rT) + [Jvet (0, ')||L2(’]I'T)'
Note that ||-[|7 is not the graph-norm HUH%(L) = HUHi?(RxTT,R) + ”LUH%%RxTT)-

Theorem 2.33. Assume (Hs). Then L is self-adjoint on L2 (R x Tr), by, is closed and
symmetric and S(D(L)) = D(L), LoS = L on D(L) and bpoS = b, on H. If% ¢ Noad,

then L is invertible.

Proof. Symmetry of by, and by, 0 S = by on H are clear by construction. Since by is
closed and S: H — H is an isomorphism, by, is closed. Observe that the set of functions
{v € CP(R x Ty, R) | v(0,-) = v4(0,-) = 0} is dense in L?(R x Ty, R) and hence in D(L).
Hence L is densely defined. Using partial integration we calculate for u € D(L),v € H
that bz (u,v) = (Lu, v) p2gyr,y- Since by is symmetric, L is symmetric. Let u € D(L) N
C*(R x Ty, R) and v € CJ,(R x T, R). As in the proof of Theorem we see

<L’LL, U>L2(R><TT) = bL ('I,L, ’U) = b[: (fL, ’l)) = <£'lAl/, @>l2(Zodd7L2(R)) .
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Using the density of D(L) NC*R x Tr,R) € D(L) € L*(R x Tr,R), C3,(R x T, R) C
H c L*(RxTr,R), STHD(L) N C*(R x T7,R)) C D(L) C 1% (Zoaa, L*(R,R)), and
S_l(C;p(R x Tr,R)) c H C I? (Zodd,L2(R,R)) and the fact that the map S: H — H,
S: L*(R x T) — 1* (Zoga, L*(R)) are isomorphisms, we obtain S(D(L)) = D(L), Lo S =
L. Hence D(L) is closed and therefore L is self-adjoint. It remains to prove invertibility
of L, if &= 2 va — & Nygq. This will be carried out in Section [2.3.1.4 ]

Lemma 2.34. Assume (Hs). Then the embedding D(L) — H*(R x Tr,R) is continuous
for any pu < %

Proof. Let uw € D(L) be arbitrary and define f := Lu. Then as in step 6 of the proof of
Theorem m (see appendix) we obtain

BkA eak\x|
- 0+2 7 ( ()ffk><> ().

As in the proof of Theorem [2.33

| ( ()ffk)w ()

where [[ullpzy = llull 2xry) + L0l L2(RxT,) denotes the graph norm of L. Moreover

< el W[ fll 2y < cla,w)llullpy,
H2(RxTr)

for 1 € [0,3) we calculate

2

B 4 (0)e—anlel
Z o ay(0)e ex(t)

k

Hi(RxTr)

2 2

2
&ak(o)e—aﬂ'\
673

0)e ol

+ |k:w|2“
HH(R)

= X aifiof H 1)

2

L2(R)

2 4
1
T kel o2 - -
Oék (677

L2(R)

+w2u+l ﬁ >k4\uk( )’2

L2(R) a’

4

<z(2ﬂ

> c(a, B, w, :U’)HUH'D(L)

1+ "
aw? + ()2 +(+)?

Hence

||,U'HHM(R><TT) < C(%ﬁ:‘*’aﬂ)”“”D(L)'

O]

Remark 2.35. Observe that for any k € Zoqq the function @k (x,t) = pr(x)er(t) is in
D(L) but not in H%(R x Tr,R). Hence the embedding in Lemma is optimal in the
sense that D(L) #» HMR x Tr,R) for all > 3.
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2.3.1.3 Proof of Theorem 2.21]

Proof of Theorem [2.21. Define the functional

1 1
I:H =R, I (u) = 5by (u,u) = —— D(z)|ulP™ d(z,t).
P+ 1 JrxTs

By our analysis in Section this functional is well-defined and C'. Furthermore by
Theorem and Sobolev’s embedding theorems, cf. [Ada75|, the assumptions (A1) and
(A2) are satisfied. Clearly (A3) is also satisfied. By Proposition [2.11]the assumption (B) is
satisfied, such that the existence of a ground state u of I in H follows from Theorem
2.12L Until now we only considered %—anti—periodic functions, it remains to prove that
our ground state u satisfies the weak equation for any test-function ¢ € Y as claimed in
Deﬁn1t1on Let v =), Vex € Y be arbitrary. Set podd .— ZkeZ ey, and VeV =

> keoz Oker. Then v°% € H and hence by, (u,v°?) — foT [(z)|ulP™ 1uv‘)ddd(:zr:,t) =0.

Using symmetry in time we see by, (u, v°V") (G, 0°"™) = 0, since for even k we have

iy, = 0 and for odd k we have 07" = 0. Furthermore I'(x YNulP s L _anti-periodic and in

particular L?(R x Tr)-orthogonal to v®“*", and therefore foTT L(z)|ufP  uvever d(z, t) =
0. Hence by, (u,v) — foTT [(z)|ufP  uvd(z,t) = 0. Since v € Y was arbitrary, u € H is
a weak solution of Lu = I'(2)|u/’ " u in the sense of Definition m O

_b[:

even

2.3.1.4 Proof of Theorem [2.33]

For the remaining part of the proof of Theorem [2.33] we use convolutions on R:

Z/Rf(y)g(w—

Citing e.g. [Gra08] we see that for f,g € L2(R), h € H™(R) with m € Ny we have

d m
F(f-9)=Ff*Fg, F ' f-9)=F 'f+F g

]-'( a- h) () = (=i FRE),  hllsme) = 11+ ™) Fhl o

Furthermore, for a > 0, pu < % a straightforward calculation yields

-1 (m) _ \/zie—m € H(R). (2.4)

We start with a formal calculation for L, which motivates the starting point of the proof
of Theorem Let 4 € D(Ly) and fi, € L?(R). Then formally
Lyt = fk -~ (—8:% + Oé%) Uy, — 2,6;350($)ﬂ]€ = fk
& (52 +a3) fak — 2B2F (do(z)iy) = Ffu

& Fin= 2 g (ole)in) = !

£+ §2+a

& a,—28RF 7t (Wf(&o(x)ak)) =F! (W) * fi
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1
211
27 (G

— 2 1 1 1 ~ —iy& > i€
252 [ e (o [ minte v ay ) eag
2 1 1 :
—Bz\/;ﬂk(o)'m/lgaz_i_ngmgdg

2
= iakm)e—aklm'.

f<50<->ak>) (x)

Definition 2.36. For u; € C°(R) define
~ — 613 A —ag|z|
Kty (x) = =20, (0)e .
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Proposition 2.37. 1. The map K}, continuously extends to Kj: H"(R) — H*(R) for

any v > & and p < 3. In particular, Kj: H*(R) — H*(R) is compact for any
3
2

i 2
Me(ia )

2. The map Ry, is continuous with ||Rgl|| 2, g2 < max{aii, 1} and bijective.

Proof. 1. Using Sobolev’s embedding, cf. [AdaT75|, we see that H"(R) > ay — 1 (0) €
C is continuous for v > % A straightforward calculation yields for any a > 0 that
e9l#l ¢ HH(R) for all p < % but el ¢ H%(R) Hence K}, continuously extends to
Kj: H"(R) — H*(R) for any v > & and < 3. Observe that dim(Range(K})) = 1
hence Kj,: H*(R) — H*(R) is compact for any p € (3, 3).

2. We calculate using Fourier transform:

R 2 ( )2 2
R =||l——"=F =7
H kfk H2(R) 'a%+(.)2 Jr LQ(R) a%%—() iz L2(R)
VI1+(
H ]: fr
L2(R)
A straightforward maximization yields that % < max{a%, 1}. Hence the
A k

claim follows.

O

Proof of Theorem [2.533, O}lr strategy is as follows: Using 25% ¢ Nygq we construct a weak
inverse of Ly, i.e., given f; € L?(R) we find 4 € H'(R) such that for all 9, € H'(R)
we have by, (tg, 0) = <fk, @k>L2(R)' This will yield @ € ‘H and this @ is a weak solution

to L4 = f . Applying S we find v € H is a weak solution to Lu = f. Using regularity
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theory and some explicit calculations we verify v € D(L) and hence we found a solution to
Lu = f. Since L oS = L on the level of bilinear forms and they are uniquely determined
by their bilinear forms, they are equal. Step 1: Solutions to 4y — Kitr = Ry fk

We prove the following statement:

Vf, e L2(R)Iay, € HY(R): Gy — Ky, = Ry f.
(2.5)
Moreover: Vpu < g: ay € H*(R).

We will use a corollary of Fredholm’s alternative, cf. [Rud06]. By Remark we only
have to check injectivity of Id — Kj: H'(R) — H'(R) for existence and uniqueness of .
Let 0, € Ker(Id — Kj). Then

2
0= f]k — Kkﬁk = ﬁk — &@k(())e_akl'l.
893
Assume 9(0) # 0. Then af = S} which contradicts % ¢ Nogq. Hence 0,(0) = 0 and
therefore ¥, = 0, i.e., Id — Kj: H'(R) — H'(R) is 1nJectlve By Fredholm’s alternative
there is a unique 43 € H'(R) such that i, — Kyi; = kak USlng this equation, kak €
H?(R) and Ky, € H*(R), we obtain 4y, € H*(R) for any p < 3.

Step 2: 1y is a weak solution to Lyt = fk
By step 1 and ([2.4) we have

> /82 o —ag|x — 1 £
o) = a0 P (o PR @), veeR
. ) 2 1 1 .
& Fig(€) — ﬁguk(O)\[r- R e - Ffr(), for a.e. £ € R,
& (&€ + o) Fug(€) — 2B7(0) - \/12? = Ffi(©), for a.e. £ € R.

For ¢» € H'(R) we obtain
br, (i) = / W + ol d — 252 (0)8(0)
R
- /R EFa(EFD) + o} F T de — 2620 (0)(0)
/ (€ + o) FarFo de — 2521 (0)3(0)

_ 25 o N= e 20:(0)1(0)
— /R <]—'fk—|—25kuk(0) ﬁ) F1pd€ — 2650k (0)1p(0)

/ FRFCAE + 262440 / Fup - 60 ¢ — 262(0)8(0)
/ FRFGAE + 262i1(0) - W—zﬁkamw
- <fk’w>L2(]R) '

Here we used that v € L'(R). Hence, 1y, is a weak solution to Lyt = fk
Step 3: Uy € D(Lk)
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We already know by step 1 that 4 € HM(R) for any pu < % This step will prove

that this regularity is in some sense optimal. Observe that if we take all test-functions
Y € Hl(R) Wlth support in (—00,0) and (0,00), we obtain that iy is a weak solution
to —af + aday, = fi on (—00,0) and (O,OO).A Elliptic regularity theory directly yields
U € Hfoc(( 00,0)) and @y, € HE,((0,00)). fr € L*(R) yields 4y € H?((—00,0)) and

dy, € H?((0,00)). Hence the traces @} (0_) and 4}, (0;) exist in the classical sense. Now
define for j € N

0, r <=3,
j(m%—%), —%<x§—%,
() = L, —j<z<i,
e-3) gewsh
0, %<a:

Since ¢; — 0 in L2(R), ¢; € H'(R) and ;(0) = 1 we obtain by step 2
0(1) = (i) = bua (B0 ) = [ 040 + oy de = 26 (0)750)

1 2
— [ ieqdes [Tt (- do 26000 +0 (1)
’ .

i (o () =0 () 3) e (2)) oo
— 4, (0-) — 43,(04) — 2831,(0).

Hence uy, € D(Ly).

Step 4: u € H
Since A\, = Bk + Ozk # 0 and @i (z) = Ore™ Bilzl are an eigen-pair of L, and 1y is a weak
solution to Lyt = fk we obtain for A\p < 0 using Lemma |2 -:

2
min {af, | M|} ikl 72y < by (ks k) = br, (i, i) + 2(— Ak)‘(ﬁmok)m(m

= br, (g, Ax) — 26, Uk, ok) (ks Pr) 12(R)

- <fk7ﬂk>L2(R) -2 <fk’ (pk> Z(R)m

<1
S

ikl ey + 2ka] ol 2y el gy ol ary

L2(R)

s 2o

If \g > 0 we obtain min{as, |>\k’}HﬁkH%2(R) < ka‘ [k 12 (ry in & similar way. Observe

L*(R)
that there is a constant ¢ > 0 such that min{a},|\;|} > ¢ uniform in k € Zyqq. Hence

ol oy < fk‘ pogey Sce f € LA(R x Tr) we obtain u = Yy igey € L2(R x Tr)

with [|ull 2@ yr,y < %||f||L2(RxTT). The above calculation also yields

i3 = D" b () <33 ||
k k

LQ(R)H@kHH(R) < 3 f 2 @xrpyllull 2@y < 00
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ie., ueH.

Step 5: u is a weak solution to Lu = f.
By step 3 and 4 we have for all v € H

by (u,v) = ZbLk (g, Ox) = Z <fk’@k>L2(R) = (s V) L2@mxTs) >
ko k

i.e., u is a weak solution to Lu = f.

Step 6: u € D(L).

As in step 3, observe that u is a weak solution of —auy — uz, = f on (—00,0) x Tp

and (0,00) x Tr. Elliptic regularity theory yields u € H? ((—o0,0) x Tr) and u €

H2

loc

functions.

((0,00) x Tr). Since the f € L?*(R x Tr), we obtain u € H?((—00,0) x Tz) and
u € H?((0,00) x T7). In particular the traces u,(0_,-) and u,(0;,-) exist as L?(Tr)-

Next we show that the evaluation u (0, -) is a well-defined L?(T7)-function. Using step 1

and 4 we have

ulwt) =Y dp(@)en(t) =3 (Kkuk + Ry, fk) (x)en(t)

k

k
=> <ﬁ£u (0)e~oxlel 4 F-1 (1 Ff ) (z
—~ \ o g a2+ ()27

We now justify that we can split the sum into two sums. Observe that

k k
_ 1 ;
> (Fmh)
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L2(R)

1 1 )
= <1 + 2ot + a2> 122 mxryy < 00

Hence, writing R := (0,00) and R_ =

oo >

~ — 1 £
S inteent) - L F (Wffk) (@)ex(?)

(—00,0), we see

2

ﬁ2 ~ —Q|T
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for some constant C(a, B,w) > 0. The same calculation yields

2

- _ 1 A
00> | S inalent) - X (ot p ) @t
& k k H2(R_XTr)

8 :

= 1> “Eag(0)e ey (1)
Qg

k H2(R_xTr)

B} ’ B} ’

=" | ZEag(0)e ! + kAt || 2R iy, (0)e ekl

o H2(R_) Qg L2(R-)

4 1/1 B 1

_ Pk~ 2 L /L 3 4 4Pk |~ 2 1

_Za%uk(oﬂ 2( —i—ak—l—a)—i-kw i|u (0)] 2o

k
<Ok luR(0)7,
> & - Sy kPl (0))
Therefore
2
us(0, M 2 (rpy = ‘ (iwk)? =Y k' (0)]* < oo,
L2(TT) k

i.e., uy(0,-) € L?(Tr). It remains to show, uz(04) — uz(0_) = Buy(0,-) € L?(Tr). Using
Uy, € D(Ly) we easily see

ug (04, ) — Zuk 04, )ex — (0, e = Z — BE*w? (0, ey,

k

—Zﬁuk - Ofer = Puu(0,-).

Hence u € D(L).

Step 7: Uniqueness of wu.
Let u,v € D(L) solve Lu = f = Lv. Then for any k we have dy — Kpiy = Rifi =
U, — Kj0x. The uniqueness in (2.5)) yields 4y = 0y, for all k, i.e. u = . d

2.3.2 Step-potentials in 1 space dimension

In this section we investigate a one dimensional step-potential V' with negative background
strength and a positive step symmetric around z = 0. In fact we assume

(Hs) Let a,v,7 > 0. Define 8 := a4+ v and for z € R we set

-, x| >

V(@)= —at B () = {”’ .
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Observe that —a is the background strength, £ is the height of the step relative to the
background and v measures how positive the step is. We analyze the operator L =
V(2)0} — 62 for T-anti-periodic functions. The potential V' is strictly negative for |z| > r
and strictly positive for || < r. Hence this operator is elliptic for |z| > r and hyperbolic
for |z| < r. The main result in this section is the following.

Theorem 2.38. Assume (Hg), p € (1,3) and set w = %ﬁ’ T =g~ LetT' € L*(R)

such that T'(z) > 0 a.e. and lim, o T'(x) =0 and V(z) == —a+ B1_,,(x). Then there
exists a nontrivial weak solution u of the equation

V(@) uge — gy = D(2)|ulP " u, (z,t) € R x Ty, 2-2)

with minimal energy among all %—antz’—pem’odio, weak solutions.

The term weak solution is defined in Definition when we have all tools at hand to
write down every object rigorously. In Proposition [2.48| we see: A weak solution is always
a very weak solution in the following sense.

Definition 2.39. Assume (Hg), p > 1 and T' € L®(R). u € LPTYR x Tr) is called a
very weak solution of the equation (2.2)), if

Vo e C?*R x Tr): / V(x)upy — upg, d(z, t) = / () |ulP upd(z,t).
RXTT RXTT

The rest of this section is dedicated to the proof of Theorem following the strategy
announced in the beginning of Section

2.3.2.1 Spectral analysis of L

Definition 2.40. Assume (Hg) and set w :=
H*(R),

2T\f T := . Fork € Zoqq define D(Ly) =

Lyu = — 0 — k*w? - V ()i,
with the corresponding bilinear forms
b, : H'(R) x H'(R) — C, by, (g, 0x) = / 0,0 — k*w?V (2) 0 do .
R

Furthermore define the notations ozi = ak?w?, Bg = Bk%w?, fy,% = vk%w? and for \ €
(=72, a2) write
—sin(

T

Ar) % aif)‘(:”’")? T < -,

Pt (a) = sin(F ). 2l <7, .
sm(\/i )e Vai-Ae—r) o5
COS(\/T oV aZ—A(@+r) . z<—r

PR (@) = cos(y/37 + e
(ot ar

Jeve
W2+ A, 2l <,
)

eVi’\””) x>,
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EVE()) ::\/ai - )\sin<\/’yg —i—)\r) +4/72 —1—)\005(\/7,% —i—)\r),
EVEe™(N) ::\/7]%+/\sin<\/vl%+)\r> —\/a? —)\cos<\/’y,% —i—)\r).

Observe that in this section we do not have an additional factor % in B,%.

T :=*. Then

Proposition 2.41. Assume (Hg) and set w = o

QTT\FH’
(i) Ly is self-adjoint on L*(R,R) and for iy, € D(Ly), 0 € H'(R,R) we have by, (i, dx) =
(L, D) r2(g) -

(i) There are Jy € N, A\, ; € (=72, a2) such that o(Lg) = {\; | j=1,...,Jk}Ula}, 00)
and 0 < infy, ﬁJk, supy, ﬁJk < 0. Furthermore for A € (—v2,a3) we have

xe{hyli=1,...,Jk} & EV2M(\) - EVEen(\) = 0.

The values Ay ; are simple eigenvalues. If EVkOdd(/\kJ) = 0, then the corresponding

etgenfunction is gozdf\lkj and if EV,£"" (A ;) = 0, then the corresponding eigenfunc-

tion is goi”)f: .
’ 5J

We want to remark that this proposition is true for any «,~, k,w,r > 0.

Proof. We only sketch the proof and cite [RS10] for details. Observe that Ly = — % +ai—
Vi Lj—p s (z). Writing Ly = —;—;2 +aj: H*(R) — L*(R), By = = 1|_,.,1(x) we see L, =
Ly, + By, is a compact perturbation of the self-adjoint operator Lj and hence self-adjoint
With ess(Li) = 0ess(Li) = [aF,00). A long but straightforward calculation yields: The
point spectrum of Ly contains exactly all A € (=72, a2) such that EV,24(X)- EV,Erer(X) = 0
and the corresponding eigenfunctions are as claimed. We omit the calculation for this.

Observe that if A, ; is an eigenvalue of Ly, then sin(, /'yz + Ak j 7’) #£0+# cos(, /’y,% + Ak j r)

and either EV?% (), ;) = 0 or EV;&¥*"()\y. ;) = 0 but not both are 0 and furthermore
odd _ Vet Ak _ 2
BV (A;) =0 & Voo o~ tan( \/v; + k7|,
k k.
042 - /\k i
BV (A i) =0 = k7RI :tan<\/72+)\k -1”).
k ( J) ,y]% + >\k:7‘7 k )]

The left hand sides are both monotone and the right hand side is periodic in A ;. Observe

that \/72 + A 7 € (0, Va+ qwl|k|r) = (0, £ +15|k|), i.e., the function tan goes trough
at least L; /5 + 1J |k| and at most [ %% + 1| |k| periods (we used the Gaussian floor

and ceil notation here). Hence the number of eigenvalues A ; of Ly, grows linear in |k| and
the proposition is proven. ]

Theorem 2.42. Assume (Hg) and set w = #ﬁ’ T := 5=. Then there is a constant

¢ > 0 (independent of k € Zoaa) such that (—c- |k|,c- |k|) C p(Lg).



2.3 Examples 75

™

Proof. By assumption: /ywr = 5 and hence

k-1

Vk € Zoda: cos(ygr) = cos(y/vkwr) =0, sin(ygr) = sin(y/ykwr) = (—1) 2 .
Therefore

EVEM(0) - EVE*™(0) = (ay sin(ygr) + e cos(ver)) + (g sin(yxr) — o cos(7xr))

2
_ 2=k, |2 (T
vay/7ktw \/;(%) >0,

and hence 0 ¢ o(Ly). Next we bound EV¥ and EVE" away from zero for A € (—
|k|,c- |k|). Since both are of very similar structure, namely

\/pkszZF)\sin<\/7,3+)\r> + Vk:2w2j:)\cos<\/7,%+)\r>,

B EVk"dd()\) with y = o, v = 7 and choosing the upper signs,
EVEver(X)  with p =+, v = a and choosing the lower signs,

we will do this in one calculation. Here we also use the global estimates |cos(z)| < ‘:1: - kzg}
and [sin(z)] > 1— 1 (2 — k:%)2 for any x € R,k € Zyqq. Since we want to prove linear
growth of the gap in k, we extract the factor % and will bound all other |k| by 1 from

below. Now let m < mmgaﬁ} ’gr, p,v € {a,v}, use \/ywr = § and calculate

" ’\/ﬂkaQi)\sin(\/’yg—i—)\r) + \/VkaQi/\cos<\/’y,3+>\r>‘

k13
[A] 4r2 . T\ 2 )
> ] |k:|7r2 sin (k:2> +Ar
|A| 4r2 T\ 2 )
o] Thl2 cos (k:2> +Ar

Y

2
[A| 4r2 1 T\ 2 T
Al 1= [ (RE) a2 —&"
s " k2
\&| k[ 2 ( 2) +
]/\| 4r2
_ )\ 2 _
\/ |V 2

[A| 4r2 Ar2

Rl W oy
B K_,_m 47‘2. Ar?
Vo R | g+ 4
S VT OV B T O 0T YR pa
SV TR 2y T R R\ A e
L4 727
\/ [CICE
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N VT T O VN P e P i S L P B U P
“ Vo k[ElE 2y o [k] k|72 \E ) w? v |KlEx? [k
N VT T O T PR e R S T S O KT P
“\Vy |kl w2 2\ vy |kl w2 \k) w2 v o |kl 7% |k

4r? 1 4r2 4r? 4r? 2r?
T I Fa e A RS AR S A S (A A S A L)
a—0 \| w2 2\~ 2 w2 vy 2 T vy

Hence, there is some ¢ > 0 such that if |\| < c|k| then

min{a, v} 7
EVEer(N)| > | ———————|k
BV () 2 /MO

i.e., A ¢ U(Lk) ]

272

™

‘ EVkOdd()\)

Remark 2.43. We note that the previous calculation is optimal in the exponent of |k|.
Observe that

Hence, if X\ € (—c-|k|,c-|k|®) for s > 1, then sin and cos will have large enough arguments
to create zeros in the product.

We now use this spectral information to define our sequence space H. Observe that we
assume symmetry in the coefficients such that the reconstructed function S will be real
valued.

Definition 2.44. Assume (Hg) and set w = ﬁﬁ’ T = 5. Define

4 =1Qac (HI(R))Zodd

Z <ak37ﬂ’k‘>|Lk‘ < o0, ”&k = a—k‘ )
k€Zodd

. Zo . —
X =<ae (LAR)™™ Z ||uk||%2(R) < oo, Uk =1T_f p,

k€Zoqq

and apply all other constructions as in Section [2.2.3.

As seen in Section m (M, (-,-)5) is a Hilbert space and L is self-adjoint on X. Applying
Theorem we obtain the following corollary

Corollary 2.45. Assume (Hg) and set w = 27,“7, T = 5~. Then the map S: H —
LPTYR x Ty, R) with

(S) (x,t) = Y dw(x)er(t), aeH.

k€Zoda

is continuous and locally compact for p € [1,3).
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Lemma 2.46. Assume (Hg), set w : 2rf’ T = 5=. Then

W' (Zoad, L*(R)) NI (Zoga, H (R)) N {ig = 1} C H.

Proof. Let 4 € H'(R). As in Section [2.3.1.1] we use the fact that o (L) N (—o0,0) =
{Mejli=1,...,Jk Aj <0} from Proposition to see that

Gy = ) (ko) e Phs
{Ak,;<0}

where ¢y, ; is the eigenfunction to Ay ; of L normalized to HckaHLQ(R) = 1. Using Ly ; =
Ak,jPk,; We see by partial integration

2 2 "
!
(s i) o) = /R —op jeeade = My — of) 050 + Bi / Pr,j Pk .

-

Combining both we obtain

2
~e 2 ~
‘ (u )IHLZ(R) = Z <uk7§0k,j>L2(R) ‘p;c,j
{)‘k j<0} L2(]R)
= Z Z uka‘Pkl L2( )<ﬁk7¢k,j>L2(R) <<’0;67j’90;€7j>L2(R)
{ Ak, <0} { Ak, <0}
~ 2 2 2 " ~— 12
= Z ’<“kv‘Pk7l>L2(R)‘ ()\k,j — Ckk) + /Bk Uk ‘ dz
{Xe,;<0} -
A2 ~
where we used the inequality A\g; < af and the equality H@kH%z(R) = Hﬂ;HQLQ(R) +
2
(0 H [2(R)" Next we calculate
~ 2
{ (u—l:)/HLQ(R) <2 () HL2 r) T 2BkHU"fHL?

We combine these estimates and obtain for @ € h' (Zodd, L? (]R)) N2 (Zodd, H 1(R))

”aHiL - Z <akﬂ:bk)wkl = Z b, (ﬁ;,ﬁ;:) —br, (ﬁ;;vﬁ;?)

kEZodd keZodd

< D ’(ﬂ;)/H;(RﬂL( ; ﬂ+HiQ(R) Ai)l“i?(u&)jL( ; ﬂkHiQ(R)
k€Zoqa

< D0 2k + Aok ARk T )

k€Zoqq

< max{L, (@ + )& 51 (200,12 ()2 oo )

~ 112
where Huth(ZodmLQ( R))N2(Zoga, H' (R)) "~ zkezodd HukHLQ + kQHUkHLQ : -
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2.3.2.2 Proof of Theorem 2.38

Having Definition and Corollary we can now define the term weak solution.

Definition 2.47. Assume (Hs), p € (1,3) and set w == 57%=. T = 3. A function

u = Su for i € H is called a weak solution of the equation (2.2)) if

VeeH:  be(ad)= [ T@hl ! Spda).
RXTT

Proposition 2.48. Assume (Hg), p € (1,3) and set w = QTW’ T = 5~ Let u = Su for

U € H be a weak solution of the equation (2.2)) in the sense of Definition . Then u is
a very weak solution of the equation (2.2)) in the sense of Definition .

Proof. Let ¢ € C2(R x Tr). Set ¢4 = > ker,,, Prek and U =37 o) Sreg. Using
symmetry in time we see

/ V() upren — ugfon d(z 1) = 0, / D) [l u g d(z, 1) = 0.
RxTr RxTr

Moreover ¢°4 .= §—10dd ¢ pl (Zodd, LQ(R)) Nni? (Zodd, Hl(R)) C H by Proposition m
Using the solution property of v we see

() |ulPtu e d(z, t) = by (0, p°% br, (tg, Pr)
S, @ et =be (15) = 3 b

k€Zoda

= 3 [ et - BViupde = [ V(ougt - ugia(e.o).

RXTT

odd 4 (Peven

Combining both calculations with ¢ = ¢ yields

[ V@ues - upmd@o - [ T@ul tupdit =0
RxTp RxTr

Since ¢ € C?(R x Tr) was arbitrary, the claim is proven. O
With all these preparations we can prove Theorem [2.38| rather quickly.

Proof of Theorem [2.538 We consider

1

Pl U(z)|Sa/Pt d(z,t).
XA

1
IT:H—R, IT(u) = 51)5(&,@) -
By Corollary we have (Al). Hence Z is well defined. Condition (A2) for b, directly
follows from the constructions in Section By our assumptions condition (A3) is also

fulfilled. Applying Theorem we obtain a ground state @ of Z in H and hence a weak
solution. O
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2.3.3 Radially symmetric step-potentials in 2 space dimensions

In this section we investigate a 2 dimensional, radially symmetric step-potential V' with
negative background strength and a positive step on a disk centered at x = 0. In fact we
assume

Hp) Let a,~, R > 0. Define 8 := a+ v and for z € R? we set
( R) » Vs i

Vs z| < R,
V(z) = —a+ Bl (r) = {—a =x; o R

Observe that —a is the background strength, g is the height of the step relative to the
background and  measures how positive the step is. We analyze the operator L =
V(2)0? — A for radially symmetric and %—anti—periodic functions. The potential V' is
strictly negative for |x| > R and strictly positive for |z| < R. Hence this operator is
elliptic for |x| > R and hyperbolic for |x| < R. The main result in this section is the
following. Note that we do not assume any decay or periodicity on I'.

Theorem 2.49. Assume (Hg), p € (1,2) and set w = 2R7r7ﬂ’ T:= 4% LetT € L*>(0,00)
be positive a.e. and V (v) = —a+B 1, (r). Then there exists a nontrivial weak solution
u of the equation

V(x)ug — Au = T(|z])|ulP ™~ u, (z,t) € R? x Tr. 23)

with minimal energy among all %—anti—pem’odic, weak solutions.

The term weak solution is defined in Definition [2.58] when we have all tools at hand to
write down every object rigorously. In Proposition [2.59] we see: A weak solution is always
a very weak solution in the following sense.

Definition 2.50. Assume (Hg), p > 1 and T' € L®(R). u € LPT1(R? x T7) is called a
very weak solution of the equation (2.3), if

Ve CE(R2 x Tr): / V(z)upy —ulApd(x,t) = / F(]m\)\u\p_lugod(x,t) .
R2xTp R2x Ty

The rest of this section is dedicated to the proof of Theorem following the strategy
announced in the beginning of Section

2.3.3.1 Spectral analysis of L

Definition 2.51. Assume (Hg) and set w = T =

D(Ly) = HX(R?,R),

ﬁ, 5. For 'k € Zoqq define

Lyu = — @) — k*w? -V (z)

with the corresponding sesquilinear forms

br,: HY  (R?) x H ,(R?) = C, b, (g, 0p) ::/

A~ 2, 2 PN
rad rad ) UV — ak®w V(ac)ukvk dx .
R
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Furthermore define the notations a% = ak’w?, ﬂ,g = Bk%w? and 7,% = vk2w?. Let

Jo(r) = 1/ cos(rsin(r))dr, Ky(r) = / e~reosh(m) g7 forr >0,
0 0

s

i.e., Jo is a solution of Bessel’s differential equation r*f"(r) +rf'(r) +r2f(r) = 0 and
Ky is a solution of the modified Bessel differential equation r2f"(r) +rf'(r) —r2f(r) = 0.
Jo is often called the Bessel-function of the first kind, Ko is often called the modified
Bessel-function of the first kind. Next define the auziliary functions

Ko(r)

_r'J(’)(T)’ K(r) ::7"'7(/)("”) forr > 0.

Last we define the functions

Ko (\Jor—aR) do (A dal) el < R
Pralz) = Jo (\JE+AR) - Ko (\/a,%i-yx\), 2| > R.

™

Proposition 2.52. Assume (Hg) and set w = R T :=3%. Then

(i) Ly is self-adjoint on L*(R?) and for iy, € D(Lg), ox € H'(R?) we have by, (G, 0) =
<Lkﬁka @k>L2(R2)'

(ii) There are Jy, € No, \.j € (=72, a3) such that o(Lg) = {M\j | i =1,..., Jx}Ulas, 00)
and supy, ‘Tlc‘Jk < co. Furthermore for A € (—v2,a2) we have

xe{,li=1,...,Jk} & j(\/%%ﬂ”\k,j‘R):’f<\/0‘12g—)‘k,j’R>-

The values A\ ; are simple eigenvalues.

Proof. We argue exactly as in Proposition for part (). Part (i7) are straightforward
calculations, we only proof the at most linear growth of J;. The key is the analysis of the
behavior of j and x at co. All cited asymptotics can be fund in [ASRS§|. The following
formulas for r — oo are true:

Jo(r) = % . (cos<r — %) +0 (\r|_1)) , Ko(r) = \/Ze_r : (1 - % +0 (\7“|_2>> .

Using the recursion formula and asymptotic for the Bessel function of first kind J; we
obtain

Ji(r) = —Ji(r) = — 2. <sin<r — %) +0 (\7’|71>) , as r — oo.

T

Hence we obtain for » — oo
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Using the recursion formula and asymptotics for the modified Bessel function of first kind
K7 we obtain similarly

Ki(r) = —Ki(r) = —\/Ze’" : (1 - 8% +0 <|7’_2>> . asT — oo,

Hence we obtain for r — oo

oy~ Kolr) 1 Ve (-g+o(r?)) —+o (i) <0

r- K)(r r 2 3 -2
o(r) Ve (1-g+o (1))
Putting this together, for big r we see j will be oscillating between —oco and oo like
—% - cot (r — ﬂ) and k will be strictly negative. Hence approximately in intervals of the

4
form (nm+ 7, nm+ %’r) for n € N the function j is negative and it is strictly monotonically

decreasing from 0 to —oo. Inserting now the arguments 4 /’y,% + A - R and 4 /ai — AR

into j and k, we obtain

re{hw,li=1....h} & j(\/fy,f—i—)\-R) :m<\/ai—)\-R>.

Arguing with the asymptotics and sign changes as before, we obtain the at most linear
growth of J. For more details we refer to the next theorem. O

Note that we neither claim any lower bound on J; nor do we claim that 0 is not in the
spectrum of any L.

Theorem 2.53. Assume (Hg) and set w = QR“—W, T := 5=. Then there is K € N and a

constant ¢ > 0 (independent of k € Zoqq) such that (—c-|k|,c- |k|) C p(Lg).

Proof. We continue the arguments of Proposition For any € > 0 there is some rg > 0
such that for any n € N we have:

7"6(nw—%—%s,nw%—%—s)ﬁ(m,oo), F>rg = j(r)>0>k(F).
s

Choose € := g and let rg be as above. We want to construct ¢ > 0 in such a way, that A €

(—c-|k|,c-|k]) C (=2, a2) implies ‘1/7,% + A R-— kw’ < % and hence j (1/7,3 + AR) >0,

i.e., A is not an eigenvalue of Li. By assumption (Hg): /rwR = m. Hence

)\RZ AR?
VIR X R—kr = VE? £ AR? — k1 = ——— : = b .
VK22 + NR? + kr /1_;'_%./\]5:24_1

We define ¢ == % and K = 0 + 1. Then if |A| < ¢~ [k| we have

¢ & m
‘wﬁ+A-R—mT< L = = <3
V& B4 (J1-g+1

i.e., if in addition k£ > K we have

j<¢ﬁ+A>>0>m(¢%A),

and hence A is in the resolvent of Ly. ]

3
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Remark 2.54. With a similar argument as in Remark [2.]3 we see that for any s > 1
there are no ¢ > 0 and K € N such that for all k € Zyqq with |k| > K the whole interval
(—c- |kl]?,c- |k|®) is in the resolvent of Ly.

We now use this spectral information to define our sequence space H. Observe that we
assume symmetry in the coefficients such that the reconstructed function will be real
valued.

Definition 2.55. Assume (Hg) and set w = T = 3=. Define

_m
2R/’

> (i, i)y, < 00, Uk =1k o,
k€Zoaa

M= ae (Hl(R2)

T

X = e (L2,4(R2))

rad

HﬁkH%2 g2y < 00, Uk =U_p ¢,
(R2)
=

and apply all other constructions as in Section [2.2.2,

As seen in Section m (H,(-,-)5) is a Hilbert space and L is self-adjoint on X. Applying
Theorem [2.17] we obtain the following corollary

Corollary 2.56. Assume (Hr) and set w =
LPHY(R? x Tr, R) with

ﬁ, T = 5. Then the map S: H —

(S) (x,t) = Y dw(x)en(t), aeH.

k€Zoda

is continuous and locally compact for p € [1,2).

Lemma 2.57. Assume (HR), set w = 55—=, T = 5=. Then

2R\/y’ P
W' (Zoaa, L*(R?)) N 1% (Zoaa, H' (R?)) N {ty, = 61—} C H.

Proof. Change R to R? in the proof of Lemma Possibly there are 0 eigenvalues but
there are most finitely many. Hence we can argue as in the proof of Theorem with
equivalence of scalar products. O

2.3.3.2 Proof of Theorem [2.49

Having Definition and Corollary we can now define the term weak solution.

Definition 2.58. Assume (Hg), p € (1,2) and set w = s T = 5. A function
u = SU for i € H is called a weak solution of the equation (2.3|) if

VoeH: be (a,@:/ D) |ulP~! Spd(a,t).
RXTT
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Proposition 2.59. Assume (Hg), p € (1,2) and set w = ﬁ, T = 3= Letu:= Su
for 4 € H be a weak solution of the equation ({2.3)) in the sense of Definition . Then

u is a very weak solution of the equation (2.3)) in the sense of Definition |2.50,
Proof. Change R to R? in the proof of Proposition [2.59} O
With all these preparations we can prove Theorem [2.49] rather quickly.

Proof of Theorem [2.49. We consider

1

EiIRTrmwwﬂa@w
XA

ToH R, ()= e (i) -
By Corollary we have (Al). Hence 7 is well defined. Condition (A2) for b, directly
follows from the constructions in Section By our assumptions condition (A3) is also
fulfilled. Clearly the symmetry conditions (C0), (C2) and (C3) are fulfilled since V' and
I'(|-]) are radially symmetric. The assumption (C1) is checked in Lemma Applying
Theorem [2.12] we obtain a ground state @ of Z in H. O
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3 A Dual Method

In this part we consider the 1 4+ 1 dimensional semilinear wave equation
Lu = T(z)|ulPtu, (z,t) € R x Tr, (3.1)

i.e., we consider with a more specific right hand side. As in Chapter [2| the operator
L is closed and linear but here we assume in addition invertibility. Our guiding example is
L = V(x)0? — 92, which justifies the term ”wave” in the equation. For the right hand side
we assume I' € L>°(R) to be periodic and positive and p > 1. This case was not covered in
Chapter [2l We will prove the existence of a ground state of with V(z) = —a+ Bp(x)

in Section and with V(z) = —a + 81, ,(x) Section Observe that (3.1) is

not translation invariant in space, which causes the main obstacle of our analysis. We will
obtain a compactness result by comparing (3.1) with an ”equation at infinity”

Lu=T(z)u’ " u,  (z,t) € R xTr. (3.2)

We assume that has a ground state, in our examples in Section the operator
L = —ad? — 9? is strictly elliptic considering only %—anti—periodic functions, i.e., this
assumption is satisfied. Moreover L — L will be compactly supported in space, what
motivates the name ”equation at infinity”. Comparing the generalized Nehari manifold of
(see Section and and their corresponding ground state levels is possible but
is not detailed enough to the best of the author’s knowledge. For this reason we consider
the dual formulations of the equations

Kuv = |v|9 o, (x,t) € R x T,
Kuv = |v|9 o, (x,t) € R x T, (3.4)

1 1 ~ 1~ 1
with formally K = Tp1 L7+, K = Tp1 LT+ and ¢ = % < 1. The corresponding
energy functionals read formally

1 1
J(u) = — |qu+1d(x,t)—/ v Kvd(z,t),
q+1 Jrxt, 2 JRxTy
. 1 1 s
J(u) = —— o7 d(x, t —/ vKovd(z,t).
=y [ bt -5 [ vRvage

Weak solutions of (3.3) and (3.4)) correspond to weak solutions of (3.1) and (3.2]), and

vice versa and analogously there is a one-to-one correspondence for ground states. We
will provide two minimization methods to obtain a ground state of (3.4]), both fueled by
an a-priory energy estimate.

First we give an approach by the Nehari manifold, later used in the example with V' (z) =
—a + Bp(x) in Section Note that due to the sublinear growth on the right hand
sides we do not need to consider the generalized Nehari manifolds. In addition the analysis
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of a generalized Nehari Manifold in the dual problem would need a whole new construc-
tion, since it is not clear how it will look like. We will see that Assumption [3.14] and
Assumption which link the equations and , are sufficient for some com-
pactness argument and hence we will prove the existence of a ground state of in
Theorem Assumption describes an a-priory estimate between the ground state
levels and Assumption translates a Palais-Smale sequence for J into a Palais-Smale
sequence for J without changing the energy level provided there is some loss of compact-
ness. The second assumption mainly results from the fact that L — L will be compact in
space.

Second we give an approach by constrained minimization, later used in the example with
V(z) = —a+ B1_,,(x) Section We will see that Assumption and Assump-
tion which link the equations (3.3]) and , are sufficient for some compactness ar-
gument and hence we will prove the existence of a ground state of in Theorem
Assumption [3.21] again describes an a-priori estimate between ground state levels and
Assumption [3.22] improves the convergence of special weakly convergent sequences. The
second assumption again mainly results from the fact that L — L will be compact in
space.

In this chapter we were mainly inspired by [Frel3] and [DPR11] for the approach of the
Nehari Manifold and by [Str08] for the constrained minimization approach. All authors
used dual variational techniques to construct good minimizing sequences and their com-
pactness argument results from an a-priory energy estimate. We want to empathize at
this point, that most of the core ideas in the abstract parts are not completely new, but
we rearranged the arguments and generalized the techniques to make them applicable to
new wave-like operators as introduced above. We give the rather general toolbox to apply
these techniques to a larger class of examples, now including indefinite variational func-
tionals as in Section [3.2] as mentioned in the Introduction. Our main contribution is the
new and abstract Hilbert space notation not explicitly using Sobolev spaces and handling
the possibly different domains of L and L. This, however, manifests in many technical
problems.

Last in this chapter, namely in Section we compare the different energy levels and
realize a one to one correspondence between the ground state levels and the ground states
of the different approaches. Furthermore we give some relation between different energy
levels when restricting to specific symmetries. This will later be applied in the examples.
We do not expect these last results to be completely new, but to the best of the authors
knowledge, we did not find a suitable reference. Hence we prove them in this work.

3.1 Abstract results on dual ground states

In this abstract section we carry out the abstract procedure advertised above and prove
the abstract existence theorems for ground states of equation , i.e., Theorem
and Theorem First we provide general tools on equation and general insights
on Palais-Smale sequence in Section Then we introduce the comparison with the
“equation at infinity”. Afterwards we split into two paths. First we take an approach
using the Nehari manifold. Second we take an approach using a constrained minimization.
Both times, one core idea is an a-priori estimate for minimal energy levels. Thereafter
we provide some tool how to compare and link the energy levels of dual problems. Here
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we also consider the case that one energy level is an infimum and not attained, which
yields additional technical challenges. We apply these techniques later in Section [3.2] to
the announced examples.

3.1.1 The dual problem and Palais-Smale sequences

We aim for the 1+ 1 dimensional equation ({2.2]), but we can do most constructions and
proofs on an arbitrary open set Q. The results Theorem [3.16] and Theorem will be

done in a Nirgns + Nper dimensional setting. Our assumptions are

(A0) Let Nirans: Nper € No, N == Nipans + Nper > 1. Let TH7" denote the Npep-

dimensional torus with periods T' = (T1,...,TN,.,) € Ri\[g”. Let Q = RNtrans x
P]TNper
P

(A1) Let H be a real Hilbert space, (-,-) the scalar product on H, Q@ € R™ be open, p > 1.
Assume the embedding S: H < LPt1(Q,R) is continuous and S: H < LIF(Q,R)
is compact. Furthermore assume that there is an orthogonal decomposition H =

HT ®H™ with HT # {0}.

(A2) Let bg: H x H — R be a continuous, symmetric bilinear form. Assume that b, is
positive definite on H ™, negative definite on H~ such that

be (i, 0) = [[at])? -

|

where 4T is the projection on H*. Let in addition £: H — H* be a continuous and
continuously invertible linear operator satisfying

Vi, 0 € H: br (1, 0) = (Lab, ) g0 sy -

(A3) Let I' € L*>®°(2) with infI" > 0 and there is some ¢ = (C1,---,(Nipanes 05 ---,0) €
RAtrans 5 {0} Nerans guch that T'(- + diag(¢)k) = T'(-) for any k € ZNtrans x {0} Nerans
i.e., I' is periodic with periods (.

(C1) Let 1 < p, < p < p* < oo and assume that S: H — LP<TLH(Q R) N LP"H(QR) is
continuous. Furthermore there is a sequence of balls B; C RMNtrans 5 € N, such that
U; Bj = RNtrans - at most N* balls intersect at each point and there some C' > 0

~ 1P t1 «+1
such that ”SUHZP*JH(B-X’]I‘NP”) < C|lul|Pt.
J T

Assumption (A0) makes our domain of interest Q a strip. We could also include additional
bounded directions in this abstract section, but for the sake of simplicity we omit this
here. The assumptions (A1) and (A2) are similar as in Chapter [2[ but more restrictive
here. Assumption (A3) fixes the geometry of the right hand side. We can switch the sign
of T in (A3) by switching the roles of H* and H~ if both are non-empty. In our examples
L and by define each other uniquely. By assumption (C1) we have Lemma a variant
of the often named ”P.L. Lions concentration compactness lemma”.

Remark 3.1. The adjoint S* of S is a continuous map S*: L%H(Q,R) — H*.
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Definition 3.2. Assume (Al), (A2) and (A3). Let q == %. Define the operators
S:H — IPYHQ,R), (Sa)(z) = D(z)77 - (Sa)(2),
K: LITYQ,R) — H, Kv:=L£"108",
K: LY Q,R) — LPTL(Q,R), Kv=8oL 108 =380oKu.

We define further the functionals

I:H—R, Z(a) ::§b£ (@, a) — Pl Qr(x)’Sﬁ’pH d
_L @ a)—l/ |Sa[Pt da
2 £\0 +1 Jg ’
1 1
: LYY Q,R) - R S "z — Zb
J ( ; )—> ) J(U) q_|_1 Q’U| € QK(Uav)’

where
blC: Lqul(QaR) X Lqul(QaR) — C? b]C (U7w) = <ICU7S*w>H><H* :

The operators K and K are inspired by so-called Birmann-Schwinger Kernels, cf. [Sim&82].
The operator S helps us to simplify notation, since it absorbs I'.

Remark 3.3. Observe that by positivity of I' and injectivity of S we obtain injectivity of
S. Using the duality LI(Q)" = LPT1(Q) we have for v,w € LITH(Q,R):

bic (v, w) = (S 0 Kv, w) ppi1(Q)x at1 (@) = /QKU wdz = (Kv, w) pp1(9)xpati(q) -

Proposition 3.4. Assume (Al), (A2) and (A3). Then:
(i) The operators S, K and KC are continuous.

(ii) T € C*(H,R), J € CH(LI(,R),R) with
Wi, 5 € H: T (@)[2] = be (@, 2) — / I(2)|SaP~ S48 do
Q
= b, (4, 2) —/ ISP 1Sa Sz dx
Q

Yo,w e LITHQ): J (v)[w] = / o] o wde — b (v, w)
Q

(iii) bic is symmetric, i.e., Vv,w € LT (Q,R):  br (v,w) = b (w,v).
(iv) For 4 € H we have I' (i) = L4 — S* <\Szl]p_13ﬁ> in H*.
For v € LIt (Q,R) we can identify J' (v) = |[v|Y v — Kv in LPT1(Q,R).

(v) If 4 € H is a critical point of Z, then v = \Sﬂ|p718ﬂ is a critical point of J.
Ifv e LYY QL R) is a critical point of J, then @ = S 1(|v|" 'v) is a critical point
of L.
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(vi) Define co == inf{Z (a) | Z' () = 0} and mo = inf{J (v) | J' (v) = 0}. Then we have
1 1

<% — zﬁ>_ o = (q% — %)_ mg. Furthermore if 4 € H is a ground state of T,

then v == |SaP~ S is a ground state of J and if v e LITY(Q) is a ground state of
J, then @ .= S~ (Jv|" ') is a ground state of I.
Proof. (i) The statement follows by continuity S, S*, £~! and boundedness of T
(ii) This proof is a straightforward calculation. For details see e.g. [Str0§].
(iii) This part directly follows from the fact that £ is symmetric.
(iv) Let @, % € H. Using LIt1(Q)" =2 LPT1(Q) we calculate
T (@)[2] = (L1, 2)gye gy — <ysa\p—18a,sz>

= (La—8" (|Sa|P~*Sa), 2
(gi=s"( ):2)

Lat1(Q)*x Lr+1(Q)
HexH

Analogous we see for v,w € Lit1(Q,R)

/ _ —1
T W)l = <Mq U’w>Lp+1(Q)qu+1(Q) = (K0, W) pas @y xpati (@)

= <\v]q_1v—Kv,w> :
L1 (Q)x Lat1(Q)
Using L9t1(Q)" = LP1(Q) again, the claim follows.
(v) We start with the first statement. Let @ € H be a critical point of Z and set

v = |Sa[P~'Si. By (A1) and (A2)we find v € LItH(Q,R). Clearly |[v|?'v = Si.
Since Z' (4) = 0, we see using part (iv)

Li=S* (|3fa\p—15a) — S in H.
Hence we obtain for any w € Lit1 ()

/|v]q Ywdz — b (v, w) /Suwdaz—/Soﬁ “vwdz =0,

i.e., v is a critical point of J.

Next we show the second statement. Let v € LI1(Q,R) be a critical point of J.
Then |07 v = Kv = SKv in LItH(Q)" ~ LPT1(Q). Observe that [v|? 'v is in the
range of S, i.e., 4 == S1(|v|? ') is well defined by injectivity of S: # — LI, R).
Hence 4 € H and clearly v = |5a|”—18a. Moreover & = £7'S8*v and we obtain for
any 2 € H

T’ (4)[2] = bz (4, 2) / SuP Su Sz dr = (S*v, 2) gy 0y — / vS8zdz =0,
Q

i.e., o is a critical point of I.
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(vi) In part (v) we have seen, that ®: {4 € H \ {0} | Z’ (a) = 0} — {v € LITH(Q,R) \
{0} | J' (v) = 0}, ®(@) := |Sa|P~ 'St is a bijection with inverse ®~1(v) = S~ (|v|? 'v).
If both sets of critical points are empty, then both infima are —oo and hence the claim
is true. Now assume one set (and hence both sets) of critical points is nonempty.
Let 4 € {u € H\ {0} | Z' (a) = 0}. We then calculate:

1 1 \! 1 1 \!
( - > co < ( — > T(a)= / ISaP ™ da
2 p+1 2 p+1 Q

-1

co > (L — %) mo. By an analogous
-1 -1

calculation we obtain (i — %) mo > (% — zﬁ) co. Hence we have equality.

Now let @ € {H \ {0} | Z' (a)

®(a) € {v e LIFYQ,R)\ {0

(Fs) e (ad) oG e
<1

ground state for Z, i.e., Z (i) = ¢o. Then

Hence ®(4) is a ground state of J. The other direction is done exactly analogously.

O

In the next section we will construct special Palais-Smale sequences and by the structure
of J we get boundedness for free using the following proposition.

Definition 3.5. Let X be a Banach space and E € C*(X,R). Then (x,), C X is called
a Palais-Smale sequence for E, if (E(xy))n is bounded and E'(z,) — 0 in X*.

Proposition 3.6. Assume (A1), (A2) and (A3). If (v™),, € LY (Q,R) is a Palais-Smale
sequence for J, then (v™), is bounded in LI (Q).

Proof. Assume there is a subsequence, w.l.o.g. again superscripted with n, such that
Hv(")HLqH(Q) oo in LITH(Q). Since ¢ > 0 we then obtain

Lq1+1(Q)J (U(n)) B %J/ (v(n)) [Hv(n)

JESI

a contradiction. O

-1

ORI ]

q
— 0Q,
Lat+1(Q)

Since Palais-Smale sequences are bounded, we find a weak limit up to choosing some
suitable subsequence. Next we show that any weak limit v* of a Palais-Smale-sequence is
a critical point of J and J is weakly lower semi-continuous on such sequences. Observe
that we will not yet prove that v* £ 0. This is done in Section [3.1.2| and needs additional
assumptions.
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Lemma 3.7. Let (v™), ¢ LI(Q,R) and v* € LITY(QR) such that v — v* and
J’ (v(")) — 0. Then J' (v*) =0 and liminf, J (v (n )) J (v*).

Proof. We write 4™ := Kv(™) as before and define @* := Kv*. By continuity of X we have
a™ — @* in H. By (A1) we know Sa( — Sa* in LP1(Q) and Sa™ — Sa* LITH(Q).
Hence using Proposition part (iv)

— 8%, in LPY(Q),
— 8a*, in LPTHQ),

loc

= g (v(”)> + Ko™ =0(1) + Sa™ {

where we consider the above equalities via the duality LI+ (Q)* = LPT1(Q). Hence

Ve OX(Q,R): /‘v(")
Q

q—1
v(")godx—>/8ﬁ*<pdx.
Q

On the other hand we calculate by weak convergence for any ¢ € C°(Q,R):

— <ﬂ*)8*90>’}-[><7-{,* = <’Cv*58*90>’}-[><7-[* = b]C (’U*,QO).

Hence:

n—oo n—o0

Vo eCrQ): O:limJ’(( —hm/‘ qi @dx—b;c(U, )
:/Q]v*]q_lv*godx—b;g (v, @) = J (v")[e].

By density of C°(Q,R) in LPYH(Q,R) ~ LI+(Q,R)" we obtain J' (v*) = 0. It remains
to proof the lower semi-continuity ot J on weakly convergent Palais-Smale sequences.
Since the p' odd power as a map LP*1(Q,R) — LIT(Q,R) is Lipschitz-continuous on
LPT1_bounded sets for any open set Q C R™ (e.g. cf. [Str08]), we obtain

-1
TS 1o (1) - |SatPiSa,  in LEENQ).

loc

o™ — ’ S

Observe first that the convergence in L?otl(Q) implies pointwise almost everywhere con-
vergence up to a subsequence. Observe second that the convergence in L?Otl(Q) and

boundedness in LIt (Q) imply weak convergence in LIT'(Q). Hence v* = |Su*|P~'Su*
and therefore Sa* = |[v*|9" v*. Using J’ (v(™) — 0, boundedness of (v™),, in LI*1(Q),
v(™ — v* almost everywhere and Fatous’s Lemma we calculate:

lim inf J (U(”)> = lim ian (v(”)> - 1J' (U(”)) [v(")} = lim inf <qi1 - ;) / ‘v(")‘(ﬁ_l dz
n n Q

> (g -3) [rrtar =0 @) - 37 0] = T 0),

q+1

i.e., the claim is proven. ]
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3.1.2 Compactness by comparison with the equation at infinity

In this section we provide two criteria to ensure that the weak limit v* of two special
Palais-Smale-sequences is not 0. This will be done considering an additional ”equation at
infinity”, indicated by tilde notation.

Definition 3.8. Assume (A0), (A1), (A2), (A3) and (C1) as in Section[2.1 We refer to
this setting as the “equation of interest”. Assume additionally (A0), (A1), (A2), (A3) and
(C1) are true for the Hilbert space H, the embedding S: H — LPT1(Q,R), the operator L,
the bilinear form bz but with the same Q, p > 1, ¢ and T' as the "equation of interest”,
i.e., without tilde notation. We refer to the setting with tilde notation as the ”equation at
nfinity”.

3.1.2.1 A Nehari approach
In this approach we will need some additional symmetry in the ”"equation at infinity”.

Definition 3.9. Assume (A0), (A1), (A2), (A3) and (C1) as in Section [2.1, Assume
further we have an ”equation at infinity” as in Definition We say H and J respect
(-translation symmetry of 1 as in (C2) and (C3) in Sectzon with Nyqq = 0 if for
any i € H, v € LYY R) and k € ZNrans we have (S4)(- + Ck) € Range(g),

|57 (G +em) | =lalz  and T+ k) =T @)
We now present the method of the Nehari manifold in the dual problem.

Definition 3.10. Assume (A1), (A2) and (A3). Let

MW = Ly e LY QR)\ {0} | J/ ()] =0},  m) = nf J.

Remark 3.11. The set M) is called Nehari manifold. It contains all critical points of
J and M) C {v € L7(Q,R) | bg (v,v) > 0}. Furthermore

Yo L (QR): T ()] :/ 0|7 dz — by (v, v)
Q

10 = (- 5) [ a5 o

hence J is positive on M@
Proposition 3.12. Assume (A1), (A2) and (A3). If M) £, then m(®) > 0.

Proof. Let v € MN). Then we calculate:

1 2
ol fass ) = b (v,0) = (Kv,0) g e (@) < 1K e pys o @p 10700 @)

Since ¢+1 < 2 we see [|v|| 14+1(q) is bounded away from zero on MW) and by Remark
the claim follows. O]



3.1 Abstract results on dual ground states 93

The previous proposition is one main point why we consider the Nehari manifold of the
dual problem. By the sub-quadratic growth of ||quLJgi1 @ in J due to ¢ < 1 we easily
obtained that minimizing sequences of J on M®) are bounded and bounded away from 0
in L9T1(Q, R) and the infimum m®) is also bounded away from 0. Observe that possibly
M) = ¢ if §* maps LA+ (Q,R) into the parts where £~! is negative. We will use

Section [3.1.3.1] to verify M) =£ () in the examples.

The next lemma makes use of assumption (C1) to apply our version of ”P.L. Lion’s con-
centration compactness lemma”, i.e., Lemma in Chapter

Lemma 3.13. Assume (A0), (A1), (A2), (A3) and (C1). If MN) #£ (), then there is
(™), € MWN) M) ¢ O and 6,7 > 0 such that J (U(”)) —m, J (v(”)) — 0 and writing
4™ = Ko™ we have in addition

Vn e N: / ‘Sm")
B (£M)NQ

We will prove the stronger result that » > 0 can be chosen arbitrary.

p+1
dx > 9§

Proof. Let (v("))n e MW) such that .J (v(")) — m. By Ekeland’s variational principle, cf.
[EkeT4], we can assume w.l.o.g. J' (U(”)) — 0. Set @(™ := Kv(™. Assume to the contrary

+1
limsup sup / ‘Sa(") g dr =0.
Br(y)

n B, (y)Cc2

By Lemma we conclude Su(™ — 0 in LPT1(Q). But then

_ q+1
0 < inf
n

‘Um)

= bk (v,v) = <ICU, S* (F(:C)PTl-lv>>

- <sa<">,r(x)#v<n>>

Lat1(Q) HXH*

1
p+1

. (n)
Lati(q) | ”LOO(R)HU 0

< s
(©)

_>
Lrt1(Q)x Latl La+1(Q)

a contradiction. The claim now follows, possibly choosing a suitable subsequence. O

Provided M®) £ (), we have constructed a special minimizing sequence (v(”))n. It is a
Palais-Smale-sequence for J and we can guarantee, that the LP1-norm of 4(™ = Ko™ in
balls with uniform radii and centers possibly diverging to infinity is bounded from below.

The next assumptions link the ”equation of interest” (with no tilde notation) and the
"equation at infinity” (with tilde notation).

Assumption 3.14. Assume the setting as in Definition . Assume mY) < (V).

Assumption 3.15. Assume the setting as in Definition[3.8. Assume there is some com-
pact set Q C Q and some s € (py, p*) such that: If (v(™), is a Palais-Smale sequence for

J to the level m™) and || SKv(™ L (@) — 0, then (v™),, is a Palais-Smale sequence for

J to the level m™N) | i.e., J (v(”)) —m and J' (v(”)) = 0.
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These assumption are quite abstract at this point, but they will become more clear in the
examples. In Section we provide some abstract tools to verify these statements.
The identification of these core steps and the proofs that these assumptions are true in
our examples, is one of our main new contribution in this chapter. Assumption [3.14]is an
a-priory estimate of ground state levels. Assumption tells us, that if there is some
"bad” convergence in L*t! on a special set Q (sometimes called "loss of compactness”),
then our Palais-Smale sequence for J is in addition a Palais-Smale sequence for J without
changing the energy level mN). We are now ready to proof our main theorem.

Theorem 3.16. Assume the setting as in Definition and [3.9. Assume further As-
sumption[3.14] and Assumption[3.1 are true. Then J has a ground state.

Proof. We observe that by the strict inequality in Assumption we have mY) < oo
and hence M) #£ (. By Lemma there is a sequence (U(”))n c MW a sequence
€™ ¢ O and some 6,r > 0 such that J(v(”) — m®™, g (v(”)) — 0. Let Q C Q be
compact and s € (p«, p*) as in Assumption [3.15| We will prove that |]§l€v(”)||Ls+1(Q) - 0.

Assume the contrary. Then by Assumption (3.15 we obtain that (v(”) n is a Palais-Smale
sequence for J to the level m™). Arguing as in the proof of Lemma to J, there is a
subsequence of (v(”))n, again superscripted by n, a sequence f(”) € Q and some d,7r > 0
such that

~ o~ p+1
Vn e N: / ‘SICv(")’ dz > 6
By (£m)

Case 1: (£M), € Q is bounded.

By Proposition the sequence (v(™), is bounded in LIt1(Q). Hence we find some
v* € LI1(Q) and some subsequence, again superscripted by n, such that (M ¥
in LIt1(Q). We see by continuity of K that Ko™ — Kov* in H. Since S is locally
compact and (€M), € Q is bounded, we obtain SKv(™ — SKv* in LP*1(Bg(0) N Q) for
R = r +sup, |§("){. Using ||SKv™ || fp+1 Br(0)nQ) = 0 We obtain SKv* # 0. Injectivity
of S and K yields v* # 0. As in Lemma we see that v* is a critical point of J with
mW) = liminf, J (v(")) > J (v*). Combined with v* # 0 we get the reverse inequality
J (v*) > m®)| hence v* is a nontrivial critical point of J with energy level m(®¥). This
contradicts Assumption [3.14

Case 2: (¢M), € Q is unbounded.

For each (™ choose a closest grid point 7™ € diag(¢)(ZNerans x {0} Neer) with ¢ as in (A3).
Define R := r + p, with p = sup,, }f(”) — 77(”)‘. Clearly p < v/Nirans MaXj=1,... Nyrans G-
We define the translations w(™ := v (. + 7)) and define 2" = Kw(™. Observe that
by the choice of n(™ we have 2" = (Kv™)(-+7™) = (0™ (- +7™)), i.e., K commutes
with translations and T'(-) = I'(- + (™). Since J is (-translation invariant, (w(™), is a
Palais-Smale sequence for J to the level m™). Obviously (w(),, is bounded in L+ ()
and hence we find some w* € LIT1(Q,R) such that, up to taking a subsequence again
superscripted by n, we have w(™ — w* in LiT1(Q). Observe that for n € N we have

~ ~ p+1 ~ ~ p+1 - p+1
5 < / [SRo™|" dz = / 5K, 0™ do = / 520"
Br(n™) Br(0) Br(0)

ie., (S2M), is bounded away from 0 in LPT1(BR(0)). By continuity of K and local
compactness of S we obtain w* # 0. As in case 1 we see that w* is a nontrivial dual
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ground state of J with e~nergy level m(™). This contradicts again Assumption
Conclusion: Since ||SKv(™ HLQH(Q) — 0, we can choose a subsequence of (v(™),, again

superscripted by n, such that inf,, || SKv(™ I s+1(@) > 0. Arguing exactly as before we find

another a subsequence of (v(™),,, again superscripted by n, and v* € LIt1(Q,R)\ {0} such
that v(™ — ¢v* in La+1(Q). Applying Lemma to J we see v* is a critical point of J
with m = liminf, J (v(”)) > J (v*). Combined with v* # 0 we get the reverse inequality
J (v*) > m, hence v* is a nontrivial dual ground state of .J. O

We finish this section with an observation that reduces the comparison of the ground state
levels m™) and m(™) of two dual functionals J and J to a comparison of the corresponding
bilinear forms bg and bx for the ground state of the "equation at infinity”.

Lemma 3.17. Assume (A1), (A2) and (A3) for the "equation of interest” and the "equa-
tion at infinity”. Assume in addition that J has a ground state v € LITL(Q R). Then:
b (v,v) < b (v,v) implies mY) < m),

Proof. Since v € M) we know be (v,v) = HquLﬂl(Q) > 0 and hence b (v,v) > 0. We
define

_1 _1
[l o\ ™7 elZE g\ T
T=——7T— <\ =1.
bIC (U7 U) blﬁ (Uv U)

By the polynomial structure of J we see that tv € MW) for t > 0 if and only if ¢t = 7.
Hence: by (tv,7v) = HT@HLqH( o)+ Now we calculate:

1 1 1
J (Tv) = <1+q - 2> ||TU||qLﬂ1 @ = et (l—l—q ) lv II%ﬂl
=1 T () < J (v) = W),

Hence m™) < m V), O

3.1.2.2 A constrained minimization approach

In the abstract part of this minimization approach we do not see an additional symmetry
assumption as Definition but we will use such symmetry in the application to check
all assumptions. We split the functional J in its quadratic nonlinear part Jy and its part
J1. Then we minimize Jy under the constrained J; = 1.

Definition 3.18. Assume (Al), (A2) and (A3). Let

1
. q+1 N
Jo, J1: D(J) = R, =0r / |7 de,  Ji(v) = 2b;<; (v,v)

(L)
ML) = {veD() | Ji(v) =1}, m@) — j/r\l/lf Jo.

Remark 3.19. Since Jy and J; are C', we expect a Lagrange multiplier X € R for a
minimizer v* such that Ji(v*) = AJy(v*), if such a minimizer exists.
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Proposition 3.20. Assume (A1), (A2) and (A3). If M) £ 0, then m(E) > 0.

Proof. Assume (A1), (A2) and (A3). Let v € M@, By continuity of K we calculate

2

1= by (v,0) < [|K | a0y oo 101701 ) = 1K | a9y o1y (@ + 1) Jo(0)) 74 .

O]

Observe that possibly M) = §, if S* maps LA (Q R) into the parts where £7! is
negative. We will use Section to verify M) #£ () in the examples. The next
assumptions link the ”equation of interest” (with no tilde notation) and the ”equation at
infinity” (with tilde notation).

Assumption 3.21. Assume the setting as in Definition . Assume mE) < (L),

Assumption 3.22. Assume the setting as in Definition . Assume that if w™ — 0 in
La+Y(Q), then b (w™,w™) —be (W™, w™) =o(1).

Assumption also implies that m(E) #£ oo, even if ML) = co, and hence the set ML)
is nonempty.

We shortly state a technical lemma which instantly follows from the often called Brezis-
Lieb-Lemma.

Lemma 3.23. Let f,, f € L9TY(Q) be measurable, (fn)n be uniformly bounded in LIT1(£)
and f, — f almost everywhere. Then

; q+1 _ _ q+1 — q+1
nlggo</ﬂlfn| dz /Qlf £l dx) /Qlfl dz.

A proof can be found in [Wil96].

Theorem 3.24. Assume the setting as in Definition[3.8. Assume further Assumption[3.2]
and Assumption are true. Then m®) is attained.

Proof. We split the proof into several steps.

Step 1: Approximate Lagrangian multipliers.

Let (v(™),, ¢ M@ be a minimizing sequence for Jy, i.e., v € D(J) with J;(v™) =
1 and Jo(v™) — m®). Clearly (v™), is bounded in LI*(£), hence we find some
v* € D(J) and some subsequence (again superscripted with n) such that v — p*
in LI71(Q). Using Ekelands variational principle, cf. [Eke74], we argue exactly as in
[Erel3], proof of Proposition 2.3.12 step 1 and the first half of step 2, to find a new,
bounded, minimizing sequence (v(™),, ¢ M@ and X\, € R with 97, Jo(v™) — 0 and
ds, Jo(v™) = =\, 0s, J1(v™), where T}, and S,, denote the tangential and normal space
in v on M), Observe that in [Frel3] the functional J was minimized over the Nehari
manifold but all arguments are also valid in our setting when adjusting the functional and
minimization set. Using additionally d7, Ji(v(™) = 0 we find

-1
0 (1) = Ji(™) = A Ji (™) = ‘UW T A K™ i D).
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We test this equation with v() and use the polynomial structures of Jy and J;. Hence we
calculate

o (1) = Jo(0™)[p™] = Ay Ji () [0™)]
= (¢ + 1) Jo(™) =20, J1(v™) = (¢ + 1)m P —2X,, + 0 (1),

i.e., Ay — TEmE) > 0. Hence we obtain Jj(v™) — LEmB) g1 (vM) = o (1).

Step 2: Construct a Palais-Smale Sequence and improve convergence.

We use again the polynomial structures of Jy and J; and set 7 = (q;r—lm(L))q%l. Then
Jh(ro™) — Ji (o) = o(1) and J(rv™) is bounded, i.e., (7v(™), is a Palais-Smale
sequence for J. Since (v(™), is bounded in LI+ (Q), we find v* € LIt (Q) and a subse-
quence (again superscripted with n) such that v — v*. We now apply Lemma for
(rv(™),, and obtain 0 = J' (7v*) = 79v*|7 'v* — 7Kv*. Hence, by the choice of 7, we
conclude

qg+1
2

We observe that Z-LmWbe (v*,v*) = [, [v*|*" dz > 0.

0= |v*|9 " — m") Kv*,

Step 3: Apply Brezis-Lieb Lemma.
Using the boundedness of (v(™), in LI*1(Q) and pointwise convergence v(™ — v* we
obtain

mP) = Jo(w™) +0 (1) = Jo(*) + Jo(v™ —v*) +0(1).

We will analyze the error term Jo(v(™ — v*) in more detail later.

Step 4: Compare to the equation at infinity.
Motivated by the previous step we calculate

1
1=J(v™) = 51);@ (U(”), v("))

- %b,c (v(”) — v, 0™ — U*) + b <v("),v*> — sbie (vF,07).

Observe that by weak convergence we have lim,, b (v("), v*) = bx (v*,v*). Using Assump-
tion [3.22] we obtain

1= %b;c (v*,0") + %b,@ (v(") —v*, 0 — 1}*) +o(1).

Step 5: Scaling behavior and concavity.

We set A = %b;c (v*,v*) and B,, = %b,% (v(") —v*, 0™ — v*). Clearly A,B,, > 0, A+
B, »>1land B, - 1—-—A= B. If A > 0, then A= 3v* € M®E) and hence m() <

1 1
Jo(A_%U*) = A_%Jo(v*). Therefore we obtain A m(P) < Jo(v*). This equation is
_1 N
obviously true if A = 0. Similarly, if B, > 0 then B, 2(v™ —v*) € M) and hence
_1 _atl g+1

m) < Jo(B, 2 (0™ — v*)) = B, 2 Jo(v™ — v*). Therefore we obtain B,2 m) <
Jo(v™v*). This equation is obviously true if B,, = 0. We combine these results and see
that

mP) = Jo(v*) + Jo(™ —v*) +0(1) > A mP) + BT mH) +0(1)
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g+l q+1

S AT m® 4 BT a0 > A m@) 4 B m(D),
m q+1 + . .
Hence A2 + B2 = 1. The strict concavity of z — ™2 now yields either A=1, B=0

or A =0, B =1. The latter is impossible, since this would yield m®) > m(L) as seen in
the calculation above, a contradiction to Assumption Hence A=1, B=0.

Step 6: Conclusion.
Invertibility of K and B, = %b,@ (v(”) —v*, 0™ —v*) — 0 now yields v — »* in
LIt1(Q). Therefore we see that m) = Jy(v*) + Jo(v™ — v*) + 0 (1) = Jo(v*) and
v* € M) since A = 1. Hence we found a minimizer. Utilizing [v*|7 v* — q—g—lm(L)KU* =
(15t m ()7

0and 7 = a-1 as in step 3 we see that 7v* is critical point of J. O

3.1.3 Further abstract tools
3.1.3.1 Comparison of sesquilinear forms in the dual setting

This subsection is fueled by an idea of Ambrosetti and Struwe aiming to the question:
How can we compare the bilinear forms of two dual problems? This knowledge helps us to
compare ground state levels and to construct tools to prove the a-priori energy estimate
in Assumption In addition, and this is our new use for Lemma [3.25] we will exploit
it to have a tool to prove Assumption [3.15]in our examples.

This and Lemma are the main ideas to prove the a-priori energy estimates in Assump-
tion and Assumptlon “ Moreover in our examples W = L — £ will have ” compact
5upport in space” (this term explains itself in the examples), which makes it way easier to
calculate pairings with WW. Lemma will also be used to proof Assumption [3.15] i.e.,
to transfer a Palais-Smale sequence for J to the level m(N) to a Palais-Smale sequence for
J without changing the energy level m(") and will also be used to proof Assumption

e., to calculate a difference of bilinear forms. Here we assume in addition that W is
seeing nothing outside a set ().

The next lemma contains the idea how to rewrite die difference of the bilinear forms for
dual functionals and inspired by [AS86]. We recall: Up to now the Hilbert spaces H and
H and the embeddings S and S could have been completely distinct, but from now on we
assume more structure. In our examples, both, H and 71, will be either subspaces of the
function space L%(R x Tr) or subspaces of the sequence space 2 (ngd, L2(R)), and both,
S and S, will be either the Sobolev-embedding for functions or the Fourier reconstruction
operator which reconstructs a function out of a sequence.

Lemma 3.25. Assume (A1), (A2) and (A3) for the "equation of interest” and the "equa-
tion at infinity”. Let v,w € LITY(Q,R), set @ .= Kv, 2 == Kw € H and assume in addition
(i) S*v =S*v and S*w = S*w
(ii) 4,2 € H.
(iii) Wi = Lt — L& € H* and W3 = L5 — L2 € H*.

Define = —L7'W2 € H. Then bi (v,w) —bg (v, w) = (=W, @) gyeseqy + (=W, £ gy 2y
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We can read Lemma as follows: Taking some possibly special functions v,w €
LI*tL(Q,R) (e.g. a ground state for "equation at infinity”), check (i), (i) and (7). As-
sumption (i) is always satisfied, if S and S have the same formula but one has a larger
domain, as in our examples. Assumption (zz) checks, whether v and w are mapped into
H by K and not just H. This means that K should be regularizing in the sense that
Range(K) is a strict subset of H. Writing @ == Kv, 2 == ICw we now have 4,2 € HNH.
Assumption (iii) checks if the differences Wi = Li — L& and W2 == L2 — L2 are in
H*. If the assumptions (i), (ii) and (iii) are true, then we can define ) = —£ Wi and
¢ = —L7YW2 and do the calculation of the lemma. Note that 1& is only needed in the
calculation and does not appear in the statement.

Proof of Lemma[3.25. Assumption (i) and (i4i) yield that ¢ and ¢ are well defined. We
calculate on H*:

Lip=-Wi=La—La=8—Li < Sv=LE
Lop=-Wi=L:-L:=8w—-L: & Sw=L(P

>
Il

By (i) we see S*v = S*v = L(¢) 4+ @) € H* and S*w = S*w = L(

£ +2) € H*. We observe
by (i) and @ € H NH that

‘S>

(U, S"w) gy ge = (ST W) pr+1(Q)xpari) = (U S W) gy -

Moreover we have

(5500, = (55 s = 55

- /Qw - Sda = <w’5¢>m+1(mxm+1(m - <S*w’¢>a*xﬂ

Hence using all from above we calculate

— b,& (v,w) = <£_18*U78*w>?-t><%* o <£ 1S*U S* >H><H*

<£ &%, S*w >HW

O]

Combining Lemma and Lemma [3.25] we have the following strategy for proving As-
sumption Take a ground state v for the ”equation at infinity”, define 4 := Kv and
check the assumptlons of Lemma [3.25] for v = w. Using Lemma we see

. !
b (v,0) — be (v,v) = <_Wﬁ’¢>ww (Wi i)y >0 = m <.
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In our examples —WV will be a positive operator, i.e., we can hope that the right hand side
of the first equation is positive.

We will also use Lemma in the following lemma, where (iv) indicates a criterion for
Assumption [3.15]

This and Lemma [3.17] are the main ideas to prove the a-priori energy estimates in As-
sumption and Assumption Moreover in our examples VW will have ”compact
support in space” (this term explains itself in the examples), which makes it way easier to
calculate pairings with W.

Lemma 3.26. Assume (Al), (A2) and (A3) for the ”equation of interest” and the ”equa-
tion at infinity”. Let v ENL‘JH(Q,R) be a Palais-Smale sequence for J to the level mY)
with SKv™ — 0 in L¥T1(Q). Assume in addition

(i) S* = S* pointwise on LIt (Q,R).
(i) K: LTTY(Q,R) — H is continuous.
(iii) Wo K: LIt Q,R) — H* with W o Kv := LKv — LKv is compact.
(iv) If SKv = SKw on Q, then WKv = WKw in H*.
Then there is a subsequence, again superscripted with n, such that ))n 1s a Palais-
3.1

Smale sequence for J to the level m™N). In other words: Assumption with Q C Q and
s € (p«,p*) as in 4. is true.

We can read Lemma as follows: We first check the assumptions (i), (i7) and (ii1).
Then Lemma is applicable for any v € L1 (€, R). Next check assumption (iv). This
is formally fulfilled, if £ — £ is formally supported in 2. Then Assumption is true.

Proof of Lemma[3.26, Let v € LIt (Q,R) be a Palais-Smale sequence for .J to the level
mM™) e, J (v(”)) — M and J' (v(")) — 0 in LI (Q,R). By assumption (i), (ii) and

(7i1) we can apply Lemma for each v™. Let 0™ = Ko™ and ™ = —£- W),
Then applying Lemma with w = v = v(™ we obtain

b (vm)) iy (qﬂ")) _ % (b;c (v("),v(”)> b <v<n>7v<n>))

e A ]

For w € Li1(Q) define 2 := Kw € H and £$ = —W2 on H*. Applying Lemma we

obtain
J' (v(")) [w] —J (v(”)) [w] = bk (v("), w) — b (v(”),w)
= (-wa,g) o+ (-wa,z)

Obviously Wa(™ — 0 in H* is sufficient to prove the claim. By Proposition the
sequence (v(™), is bounded in LI*1(€,R), hence v — v* in LIT1(Q,R) up to taking
a subsequence. Compactness in (i) yields W™ — WKv* in H*, possibly after taking
another subsequence. Looking back into the proof of Lemma we see that (up to taking
another a subsequence) we have v(™ — v* a.e. in Q. Using SKv™ — 0 in L*t1(Q) and
continuity of K and local compactness of S we obtain SKv* = 0 in Q. Hence WKv* =0
and the proof is done. ]

H*xH HixH
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3.1.3.2 Comparison of Nehari and constrained minimization energy level

Last in this section we connect the energy levels of the Nehari and constrained minimiza-
tion approach.

Lemma 3.27. Assume (Al), (A2) and (A3). Then:

1—q

1. m) =201 + q)_#(l — q)_%m(N)T.
2. The value mY) is attained if and only if mN) is attained.

3. In the case mP), mN) < oo set 7 = (q'g—lm(L))ﬁ. If v, € MWE) with m(F) =
Jo(v), then Tvp, € M) with mWN) = J(rvp). If vy € M) with m(N) = J(vy),
then %vN e MWL) with m&) = J()(%’UN).

Proof. 1t D(J) N {bx (v,v) > 0} = B, then M) = ML) = (§ and both sides are +o0, i.e.,
the claim holds true. Now let D(J) N {bx (v,v) > 0} # 0, then M®) and M©) are both
nonempty. For v € D(J) with bx (v,v) > 0 we define

(ol AT (gt 1) — A0)h
tN(U) = (M) = <2Jl(?}>> s tL<’U) = Jl(’l)) .

Then: tv € MW if and only if t = tx(v), and tv € ML) if and only if t = t1,(v). With this
preparation we start calculating. Let v € M), We observe that (1 + q).Jo(v) = 2J1(v)
and J(v) = (1 — #)J@(’L)) = %Jo(v). Then we calculate

1+q

wl® < dn(te(o)0) = w0 0) = (L L00) T )
() () () ()

_14q
2

Taking the infimum over v on the right hand side we obtain m(%) < 2(1 + q) (1-—
1—gq 1

q)_l%qm(N)T. Now let v € M), We observe that Ji(v) = 1 and ty(v) = (wizl)t]o(v» e

Then we calculate
1+q

™ < Saxo) = 15 L) = 50 (5 aw) T )

Q

2

- (3) = 1t - o),

Taking the infimum over v on the right hand side we obtain after a short calculation

m) > 2(1 + q)_%(l — q)_%m(N)qu. Hence the claim 1 is proven. Claim 2 instantly
follows from the calculations above. We only sketch the proof of claim 3, the left out
calculations are lengthy but straight forward. If v, € M) with m(®) = Jy(vy), then by
the Lagrangian multiplier rule have J{(vy,) = 7179J] (vr), where we obtain the exact value
of the Lagrangian multiplier by testing the equation with vy as in step 1 in the proof
of Theorem Using the scaling of Jy and J; we obtain J/'(7vg) = 0 and therefore
ro, € MW, Using additionally 7 = ty(vy), tr(vr) = 1, and m(E) = 2(1 + q)_HTq(l -

1
e (N) 2

q)  zm we see that m(Y) = J(rvr). The reverse claim is proven analogously. [
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We have shown that due to the polynomial structure of our dual functional the presented
minimization procedures are equivalent. For more general functionals this might not
always be true.

3.2 Examples for " wave-guides”

We will apply our previously developed technique on dual variational functionals to semi-
linear wave equations. Especially the case of one spatial direction and time-periodicity
with a non-translation-invariant wave operator L and a periodic in space right hand side is
of interest, since it was not covered by the techniques in Chapter [2l Observe that I" could
have been t depended here. In our examples we have L = L — W with L = —ad? — 02.
Hence we first analyze ground states of our "equation at infinity” Lu = [(z)|ul? ~lu on
(x, t) eR x Tr.

3.2.1 The ground state of the "equation at infinity”

In this section we consider the 1 4+ 1 dimensional, elliptic, semilinear equation
— gy — Uge = D(2)|ufP u, (x,t) € R x T, (3.5)

with I' € L2, (R) and infI' > 0. As before Tr denotes the 1-dimensional torus with
period T' > 0. We consider %—anti—periodic functions on the cylinder R x Ty, since ({3.5))
is compatible with this symmetry and it makes L an elliptic operator. Then one can find
a ground state by well known techniques, e.g. cf. [SWI10]. Since we work on function

spaces, we write non-calligraphic letters, as in Chapter

Definition 3.28. We define forp € (1,00), k€ N, a >0 and I" € L2, . (R):

per

L: H2,(Rx Tp,R) = L2, (R x T, R), Lu = —ouy — s,

bj: Hap(R x T, R) x Hy) (R x Tp,R) = R, b (u,v) = / Uy + Uz d(z, 1)
RXTT

~ 1 1

I:H Rx Ty, R) =R, I(u):==b;(u,u)— —— D(z)|ulP ™ d(z,t).
ap( T,R) (u) = 5b ( )p+1an()H (2,1)

Proposition 3.29. Letp € (1,00), o > 0 and I" € LY. (R) such that infI" > 0. Then:

per
. 2 1 . - (7
(i) Yu € Hp(R x Tr,R), v € Ho, (R x Tr,R): by (u,0) = <LU’U>L2(R><’J1’T).

(ii) L is self-adjoint with spectrum o(L) = [aw?, 00) with w = 2. Hence L is continu-

ously invertible.
(iii) I € C'(Hg,(R x Tr,R)) with I' (u)[v] = bz (u,v) — JexTy L(z)|uf uvd(z, t).

(w) I has a ground state, i.e., there is u € H},(R x Tz, R)\ {0} such that 0 < I(u) =
inf{I(v) | I’ (v) = 0}. Furthermore u € HZ,(R x Tp,R).
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Proof. (i), (ii) and (i) are clear since L and I fit into our abstract setting. The existence
of the ground state in (iv) can be found in [SW10]. The additional regularity of the ground
state can be done by standard elliptic regularity theory, e.g. as in [GT15]. ]

For the sake

3.2.1.1 Decay at infinity

We will have a closer look onto the ground state and analyze its behavior at infinity. Our
main result in this section will be the following:

Theorem 3.30. Let u € HZ,(R x Tp,R) \ {0} be a solution of (B.5). Then for s €

0,1,2}, 1 € (0,1) there are € > 0 and complex numbers uts ),I_I(l) € C such that as
+1 +1
|z| — oo we have uniformly in t:

D u(wst) = (U - et Ul ) oVl 4 (o (V)

Z |w/~c|2+lﬁk(x)ek(t) _ (ﬂgl) et 4 |_I(_l)1 ] e—iwt) Le—Vawlzl 4 o (e—(ﬁw+a)\x|>‘

The first equality tells us the exact behavior of a solution u, u; and uy at infinity. Note
that the first frequencies k = +1 dominate and the correction terms are decaying strictly
faster and uniformly in time. The second equality tells us, that we also know the behavior

of ‘ 6t‘ u at infinity. We do not claim that uyy exists. The rest of this section is denoted
to the proof of Theorem u We start with giving a formula for L.
Lemma 3.31. Let a,s > 0. Then for u € L7,(R x Tr,R):

L u(x = Fy —x,s — u(y, s S
L™ u(z, ) /HMTG(‘U ;s —thu(y, s)d(y, s),

G(z,t) = —

47Tfln(2e vawlal (cosh(ﬁw[:d)—cos(wt))), (z,) ¢ {0} x TZ.

The proof for this lemma is technical and not very insightful. Therefore we shift the details
into the appendix Section [3.2.4.1] Later we use more than one integrable time derivative
of G, but the second time derlvatlve of G is not integrable. Therefore we look at fractional
derivatives.

Proposition 3.32. Let o > 0. Then G is smooth outside {0} x TZ and the following
asymptotics are true:

~ 1
Gz t)= Y ———e Vol (1)
ke {0} 2vaT|k|lw

n(w?t? + aw?z?) + o (1), |z|, |t| — 0,

1
_47rf
—Vowltl cog(wt) + O ( _2\/5‘”'“‘), |z| = o0,t € T,

27rf
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TR i sign (k) —valklaly, () — _ @ Sin(uwt)
8tG(x7t) = kEZZ\{O} 2\/@ € ek(t) - 471'\/& COSh(\/aW’«TD — COS(Wt)’

*ﬁm+0( )s ||, [t] — 0,

eVl sin(uwt) + O (e72Valel) || o0, € T,

27rf
GO (3, 1) = k7 aetel o 1)
’ 2vVaTw
keZ\{0}
- ”;M (Vawlz| +iwt)~* + (Vaw|z| —iwt) =) +o (1), |zt =0,
27r\fe —vewlal cos(wt) + O ( _2\/@'””'), |z| = o0,t € Tr.
~ —|k|w w?  cos(wt) cosh(y/awl|x|) — 1
keZN {0} 2vVaT 4my/a (cosh(y/aw|z|) — cos(wt))
a ey + 0 (1), 2], [t = 0,

27r\f (w2+t2)
27r\fe —vowlzl cos(wt) + O ( 72‘/5”“”'), |z| = oo, t € Tr.

Hence G, 0;G,G®) € L(R x Tr) for s € (0,2) but 9}G ¢ L} (R x Tr).

loc

Observe that G(®) is something like a s*™ fractional time derivative of G.

Proof. Clearly G is smooth outside z = 0. The closed forms of the derivatives follow by the
usual differentiation rules. The Fourier series representations now follow by smoothness
and the usual differentiation rules. The behaviors for small arguments of G, 8;G and 92G
follow by inserting e* = 1 + O (2), cos(z) = 1 — 322 4+ O (%), sin(z) = z + O (2*) and
cosh(z) = 14 222 4+ O (2*) for |2| — 0 into the Closed representations. We sketch these
calculations, i.e. for 0 < |z, |t| — 0 we have

—4mv/aG(x,t) = ln(2e*‘/a“‘x| - (cosh(vaw|z|) — cos(wt)))

_ 1n<2 A1+ 0 (ja])) - ((1 + Jawks? +0 (w“)) - (1 - g0 (t4)>>)

=In(1 + O (|2])) + In(w*? + aw?z® + O (z* +t*))
= In(w?# + aw?z?) + O (|z| + [¢]),
~ B w sin(wt)
dm/aGi(e, ) = cosh(y/aw|z|) — cos(wt)
- wit + 0 <\t\3) o o t
B (14 Faw?2? 4+ O (z1)) — (1 — $w2t2 4+ O (t4)) Cax? 12 + O (Ja + [¢0);

A JaCiy (1) = o cos(wt) cosh(y/aw|z]) — 1

7 (cosh(y/awl|z|) — cos(wt))
o (1= 302+ 0 (1) (1+ taw?z? + 0 (2)) — 1

(14 Law?z? + 0 (%)) — (1 — w2 + O (14)))?
5 04952—252+O(1:4+t4) _y ar? —t2 +O(1).

(12 +a22 + 0 (z* + 1) (12 + az?)?
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For the behavior of G(*) for small arguments, we cite the following fact about the so-called
Polylogarithm in [Wo092):

— 1
Lis(x) = Z k—gmk, z € C,lz] <1,Re(o) < 1
k=1

= Lig(e®) —T(1—0)-(—p)° ' =0 as u— 0 with Re(u) < 0.

Here we choose (—p)™® > 0 if 4 € (—00,0) and extend continuous into the slit plane
C\ (0,00). Using this result with 0 =1 — s and p = —/aw|z| £ iwt we see

~ © . < q .
2—s¥(s) _ (—vVaw|z|+iwt)k (—Vaw|z|—iwt)k
2vaTw G (z,t) = kgl RE + kgl REr

= 1:(5) - (Vawl|z| —iwt) ™ + I:(S) - (Vaw|z| +iwt) " + o (1)

as 0 < |z|,|t| = 0. We obtain the behavior for |x| > 1 easily by inserting the sequence
representations and calculating:

Z kne(—\/aw|z\:|:iwt)k
k=1

= ¢~ Voulal (cos(wt) +isin(wt)) + e~ 2Vawlz] Z(k + 2)"e_\/a”|x|keii‘”(k+2)t
k=0

= e vVoultl . (cos(wt) £ isin(wt)) + O <e*2‘/a“"x|>,

as 1 < |z| - oo for n € Z\ {0}. Note that O (e_z\/awk‘") may be t-dependent but is

uniformly bounded. Hence as |x| — oo we obtain

—Vaw|z|—iwt)k

2y/aTw

- e~ Vewlrl cos(wt) + O (e*Z‘/a‘”m)

2/«

. o0 . [e.e]
= _ ! (—vVow|z|+iwt)k 1 (—/aw|z|—iwt)k
Gulet) = 577 ;e 2/aT ; ¢
— Y Vvl ~2y/awla|
27T\/ae sin(wt) + O (e ),

- 1 1 . 1 1
1) = = (—Voaw|z|+iwt)k s L (
Gla,1) k:zlke + 2\/&Tw;k:e

o0

: _ v (—vawlal ik | "W N (= vawle -tk
Gule,?) 2\/5T,;’“e +2J5T;ke

2
= Y evaull cos(wt) + O <e_2\/a”‘$|).
21y«

The claimed integrability at the singularities follow by In(|-),||* € L. .(R? R) for a > —2
and |72 ¢ L} (R2,R). O

loc

The next Lemma is a tool to "read off” the behavior at infinity of a function with a

convolution representation u = g * f. Observe that we will only need knowledge of the
convolution-kernel ¢ at infinity, i.e., the limiting function g.,, fast decay of f, namely
b > a+e¢, and global integrability of g. Note that we do not need integrability of g, since
f is decaying fast enough. We will also keep track of the constants.
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Lemma 3.33. Let ¢,a,b, R > 0 and suppose b > a + . Assume that
uet)= [ fuslgle -yt - 9dws), (@) €RxTr,
RxTp
with functions f, g, goo: R X Ty — C such that:
(i) g € LY R x Tr) and V(x,t) € R X Tr: |goo(z,t)] < Ce 2,
(i) Vo > Rt € Tp: |g(x,t) — goolx, t)| < Ce~(@te)z,

(i) ¥(z,t) € R x Tp: |f(z,t)] < Ce~blel,

Then there is C > 0 such that:

<Ce @t yp > R teTyr.

u(, ) — /R 9o = s = 1 d(5)

A similar result for asymptotics with z < —R can be proven analogously.

Proof. Observe that £ —y > R is equivalent to y < x — R. We then calculate for z > R:

ulie, ) — /R s)ale s = D)

g/ £, )] - |90z — 1,5 — 1) — goolw — 1,5 — )] d(y, 5)
RxTp

o
< / Ce™%. (]g(:v —y,s—t)| + Ce_a(x_y)> dy ds
T

T rz—R

z—R
n / / CoMl . Ce=(@+e)@=9) gy ds
TT —00

< Qe bi—2) / lg(z —y,s —t)|d(y, s) + C*Te " / e 0=y qy
RXTT z—R

0 X
+C2Te—(a+a)a:/ olbtate)y dy+02Te—(a+€):c/ o (b—a—e)y dy

—00 0

bR e—bx + C’T (b—a)R | e—ba:

= Cligll 1 ®xrpye b—al
2 2
L T e _CT (et (1 _ e—(b—a—e)(z—R)) _
b+a+e b—a—¢
~ 2 2 2
Hence the constant C := C||g||L1(RxTT)ebR + Zelb-al 4 bﬁb((;fe)z + 8L (b= (oes
the job. O

To apply the previous lemma, we must prove that u is exponentially decaying with the rate
e~Vawlzl Then the right hand side F(x)\u|p_1u will decay strictly faster since p > 1.

Lemma 3.34. Let u € ng(R x T7,R)\ {0} be a solution of (3.5). Then

Vi <Vaow3IC >0V (x,t) € Tr: lu(z, )| < Ce M2l
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Proof. Since u is a solution of (3.5) and we have an explicit formula for L™, we obtain
wet)= [ G-t D)), with fw) =
RXTT

Following the lines of [BLI7] chapter 3 until Theorem 3.1.4, we observe that the additional
integration over Tp does not change the proof and we see: the function u is decaying
exponentially with e*®lu(z,t) € LY(R x Tr) for any p < /aw. O

We now have all tools at hand to proof the main result for this section.

Proof of Theorem [3.30. We prove the result for x — oo, the proof for x — —oo is done
analogously. By Lemma u decays exponentially with e""x'u(w,t) € LY(R x Tr) for
any p < y/aw. Since p > 1, the right hand side of equation (3.2]) also decays exponentially
and with higher rate p@fw for any 0 < 1. Let e € (0, mm{(p - 1)yaw,2\/aw}) be
fixed. Using the formula for L~! from Lemma 1} the integrability and decay of G from
Proposition [3.32 and the asymptotics from Lemma 3.33| we obtain

ula, 1) = /R Tl )G = gt = 9)d(.)
= w(y. 8)P uly, s -;cosw — 5))e Vow(z—y) S
= [ TP () - oot~ ) A(v. )
_+O@4wm%n>

VT = Jawy ~ Jawa
= o [ (Tl @™ ay - ge

VT = Vaiwy e
+47r\/a/R <F’U\ u)_l(y)e dy - e_1(t)e

+0 (ef(\/a‘”e)z), as T — 00.

Here we also used the fact that cos(wt) = @(el(t) + e_1(t)). To obtain the behavior of
ug at infinity we put the time derivative onto G in the convolution. Hence

S = [ TP ) 566 it - 5)dl o

= T(y)uly, s) P~ u(y, s) - Y sin(w(t — s))e" Vel g )8
L T () 5 sinfett ) (0.9
+0 (e awtar)

_ W T /I: Vawy . —y/awzx

= v [ (Tl ™t) @)eV™dy - ei(t)e
w\/i /1:1 Vawy . —V/awz
tama fo (Tl ) @)eV™rdy e (e

+0 (e_(f‘”+5)x>, as T — 00.

Observe that |us(z,t)| < Ce= Vel for some C' > 0. Hence there is some C' > 0 such that
A (1’, t) € Tr:

gt<F(x)|U(x,t)yP—1u(:v,t)>‘ p-T(z ‘\u 2, )P (2, )| < p||T)| o CPe PVl
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Here we also used p > 1 to estimate |u(z, t)[P~". By the same arguments as before we can
now put one time derivative on G and one time derivative on I'(z)|u’ ' to obtain:

2 ~
gt = [ S (PP . ) 56—yt ) dls

—w
= pI'(y)|u(y, s p=ly, ,8) - ——=sin(w(t — s e~ Vaw(e—y) 4 .S
L PP . 5) - sine(t ) (v,9)
+0 (e—<\/aw+5)x)

—pwVT ( T _

_ POV (T ) Vawy gy . e (t)e—Vows
imive [, (Tl ™ue) @eV®rdy-ei(t)e
+pwﬁ

47('1\/& R

+0 (e_(\/awﬁ)“”), as T — 00.

(DR~ ur)  (@)eY™ dy - ey (t)e™v™

Hence we have the claimed result for uy;. We can not repeat this trick again with the same
arguments, since Gy ¢ L'(R x Tr) and we only assumed p > 1 but not p > 2. But we
can gain something similar to a fractional (2 + [)-th time derivative with [ € (0,1). The
core idea is that Gy has integrable ”fractional derivatives” up to order less than one. We
calculate:

S kP ag@)ent) = S wkl (un)y (z)er(t)

k€Zoqq k€Zoda

N /qur (‘?s (F(y)|u(y, )P u(y, 3)) G (2 —y,t — 5)d(y, 5)

l
—W
= pL(y)|uly, s Py ,8) - ——=cos(w(t — s e~ Vow(@—y) q .S
[ Pl P ) - 5 cos(et 5) (.5)
+0 (e—(\/aw—i-s)x)

_ —p\/Twl /p—\l Vawy —y/awz
—pVTuw! o1 Jawy ~Jaws
+ ETNA (FW ut) _(W)e dy-e_1(t)e

+0 (e VEsaY,

3.2.1.2 Additional restrictions and symmetries

We will later use different energy levels concerning additional restrictions like Dirichlet
boundary conditions and symmetries like oddness in space. If we restrict to Dirichlet
boundary conditions in time (which can be extended to periodic boundary conditions), we
obtain even ground states in time and space. We cite the following existence result.

Proposition 3.35. Let p € (1,00), a > 0 and I € L3 (R) with infT" > 0. Then (3.5)
has a ground state u in the class

Hodd = {u € H;p(R x Tr) ‘ U <x,i§) = 0} .
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Furthermore u € ng(R x Trp). Moreover there is a ground state u, which is positive on
R x (=L, L) and even in x and t around 0.
Proof. As in Proposition we refer to [SWI10] and [GTI5| for existence of a positive

solution and the regularity claim. The symmetry claim can be proven by a moving plane
method as in [CCW9S]. O

Proposition 3.36. Let p € (1,00), a > 0 and I € L2, (R) with infT" > 0. Then (3.5)

per
has no ground state solution u in the class

T
{u € H;p(R x Tr) ‘ u (x, :l:4) =0, u is odd in 1:} .

Proof. Assume the contrary. Without loss of generality we assume u to be non-negative
on (0,00) x (=L, L) by taking |u| instead of u. Then by usual regularity theory as in as
in [GT15] we obtain a H?(R x Tr) solution. Ellipticity and the strong minimum principle
yields positivity of u. As in [CCW98]|, we start the moving plane method in z at 0 and
prove that u starts to increase. Since there is no right hand boundary, u will increase

forever, contradicting integrability. O

We have seen, that sometimes the ground state energy is not attained. Motivated by
the symmetry in Proposition we will consider %—antiperiodic and even functions in ¢.
Later we compare spatially even and odd functions. As notation we indicate the symmetry
by two indices, the first index indicates symmetry in space and the second index indicates
symmetry in time additionally to the %-anti—periodicity.

Definition 3.37. We define
D(j),@ ={ve Lg;‘l(R x Tr) | v is even in t around 0},
D(J),, = {v € D(J)., | v is even in x around O},
D(j)o,e = {v € D(j)-,e | v is odd in x around 0}.
Observe that ”%—anti—periodic and even” implies ”"odd around :I:%”. In the next lemma

we will see how we can calculate the different minimal energy levels by the constrained
minimization approach.

Lemma 3.38. Letp € (1,00), @« >0 and I' € LS, (R) with infI" > 0. Define:

per
MD = {v eD(), | Ji(v) = 1} R
’ M

ME) = {v € D), | Ji(v) = 1}, Al = inf Jp,

Then: m.¢o = med = 2
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Proof. The first equality is clear due to the symmetry of the ground state in Proposi-
tion [3.:35] We divide the proof of the second equality into several steps. W.Lo.g. let T" be
1-periodic.

Step 1: Scaling.

Let v € D(J) and assume Jy(v™) — 7 > 0 and limsup, Jo(v™ < pu. Setting
ty = Ji (v(”))_% we then calculate

lim sup Jo (t,v™) = limsup t4 Jo (v!™) < 7772 .

n

Step 2: mg e) 27 7 (L)

Let v* be a ground state as in Pr0p081t10n We set 0™ (z, ) == v*(z—n, t)—v*(z+n,t),
then clearly v € D(J )o.- Using the translation invariance of I" and the operator £ and
the asymptotics of the ground state v* we calculate

J(v™) = ;/Qv*( —n, ) Kv* (- = n,-) +0* (- + n, ) Kv*(- +n,-)

—v* (- = n, ) Kv* (- +n,-) —v*(-+n, )Kv*(- —n,)dz
=2J;(v*) — /\/Qv*(- +n, )0 (- —n, )| (=, ) da
o (e-2mn)

Furthermore we use |a — b9t < |a|?™ + |b|7™ + (¢ + 1)|a|?|b|. We shift the proof of this
estimate into Proposition [3.40] Then we see

Rl q+1/‘ ) 7 o (= CRa) T (a4 DI Cha)l[0" (- = Cha)|*da

= 2m )+ 0 ( 72\F“m)

We use step 1, set t,, == J; (v(”))fé and obtain

A® < limsup Jo(tao™) < 275 2m® = 25470,
Step 3: m(ﬁ) < 2—¥mg@
Let w) € mg{;e) such that Jo(w™) — m(()Le) Set v(®) = = Lgezoy - w™, then clearly

v € D(j)6 Using oddness of w(™ and the formula Kv = G % v we now calculate

T (w™) = % /R _wRu) dr
+ X4

1 ~
—5 [ w@ [ G- pu@)dys
Ry xTr Ry xTr

1 ~
+2/ w(”)(:n)/ Gz — y)w™ (y) dy dz
R+><TT foTT
1 _
+2/ w(")($)/ Gz — y)w™ (y) dy dz
R_XTT R_A,_XTT

+ E / w™ (z) / Gz — y)w™ (y) dy da
2 Jr_x1s R_xTr
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=/ w(")(w)/ Gz -y (y) dy de
Ry xTr Ry xTp

—/ w(")(m)/ é(m +y)w(”)(y) dydx .
R+><TT R+XTT

Hence

. 1 .
W =3 [ w@ [ G- g dyde
R+ XTT R+ XTT

1- 1 ~
= —Ji(w™) + / w™ (x) / Gz +y)w™ (y) dy dz .
2 2 R+XTT R+XTT

Next we will estimate the correction term using the asymptotics of G. We observe first
that for any s > 1 and M > 0 we have Hw(”) — 0. If this were false, then

Ls((0,M)xTr)
w™ would have a weakly convergent subsequence with a nontrivial limit and this limit

(L)

would be a minimizer, contradicting that mg ¢ is not attained. We now calculate

[ e / Gl +y)u ™ (y) dyde
R+XTT R+ XTT

< sy [
(O,M)XTT (0,M)xTp

+/ w (x)‘ / CeVoul x”)’w(”)(y)’ dy dx
(0,M)x T M,00)x T

+/ w™ (x)’ / C’e*‘/a“’(”y)’w(”)(y)’ dy dx
(M,00)x T 0,M)xTr

Ga:—i—wa ‘dydx

A e
(M,00)x T M,00)x T
S/ w(")(w)\/ Cla+ )| )| dyda
(0,M)xTr (0,M)x T
—}-C’(T,a,w?s)HM L (0 T H (n) . M o VowM
T o T
+ C(T, a,w,s)”v(" ‘ (M) X T -e_\/a“’M.

Hence, choosing s = ¢ + 1, we obtain

[ w@ [ gt dyds
R+XTT R+XTT

<C(Qaws)(m( )) (14 M )e VoM g as M — oo.

lim sup
n

We now conclude J; (v(™) = 1 +0(1), where we have inserted Ji(w™) = 1. Using again
the oddness of w(™ we calculate

- 1 +1 1
v(")‘q dx = /
2(q+1) Jrxr,

+1
Jo(w™) = —— !
We use step 1, set t, == J; (v(”))fé and obtain

w™ dz — 2'm(L)

q+1 Ry xTr

'L )<hmJo(t vy = 2% . %m@ — 2.
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Remark 3.39. Observe that the previous lemma can be proven in more generality. The
essential assumptions were the existence of an exponentially decaying and even ground

state, the fact that a cut-off as in step 3 keeps us in D(J),@ and a representation Kv = G*v
with an exponentially decaying kernel. For the sake of simplicity we do not go into details.

We next prove the technical inequality in the proof of Lemma [3.38] We want to remark
that this estimate is good, if one of the parameters is very small but bad if both are almost
equal.

Proposition 3.40. Ifa,b e R, g € (0,1), then: |a — b7 < |a|7™ + || + (¢41)|al|b|.

Proof. We start with a simplified version and regain complexity.

Step 1: Vh > 0: (1+h)9T <1+ a9t 4 (g + 1)h.
Obviously the left and right hand side are convex C'-functions and equal at h = 0. Hence
it suffices to prove that the derivatives are ordered. We calculate:

(q+ 1)1 +h)?<(g+1)hI+ (¢ +1) N (1+h)7 <14 9.

The latter inequality holds true due to concavity of h — h9.

Step 2: Vh e R: |1+ h|T™ <14 |07 + (¢4 1)|A).
Observe that |1+ h| < 1+ |h| and use step 1.

Step 3: Va,b e R: |a— b7 < a7 + (0] + (¢ + 1)]a]|b)].

If a = 0, then the inequality is obviously true. If a # 0, then we set h = —2

a

in step 3 and
multiply the equation by |a|?". O

Next we give a short result on scaling in the time period T

Lemma 3.41. Let p € (1,00), @ > 0 and I' € L3 (R) with infl' > 0. Let z €

H} (R x Tp) be the ground state of (3.5) in the class Hoga with T = 1 as in Proposi-

tion|3.35. Then u(x,t) = T_P%lz(%x, %t) is the ground state of ({3.5)) in the class Hodd
with T > 0 as in Proposition [3.535,

Proof. Clearly u € ﬁodd, u is positive on R x (— %) and even around 0. We calculate:

)

(Lu) @@ty = 77717 (L2) (;m ;t) et (Z (;x ;t»p
— T’%*%%(u(%t))p = (u(z, 1))P.

The claim now follows by uniqueness. O

Using this scaling result we can refine the behavior at infinity by extracting the parameter
rin T =4r\/y.
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Corollary 3.42. Let p € (1,00), @« > 0 and I' € LS. (R) with infI" > 0. Let u €

Ber
H},(R x Tr) be the ground state of (3.5) in the class Hoga with T = 4r\/7 as in Propo-
sition . Then for s € {0,1,2}, I € (0,1) there are € > 0 and complex numbers
)

Uj(fl), I_Iji1 € C such that as |x| — oo we have uniformly in t:

aa;u@:vt) = (uls) c et +Z/[(_81) -e_im> -e_\/a“’m +0 <e—(\/&u—&-<€)|:¢\)7
S kP an(@en(t) = (M1 - et 41l o7t} L emvaLlel 4 0 (e (Vawtalel).

k€Zoaa

Moreover there is C(a,7y,p,T',1) such that I_I(il) = C(a,~,p,T,1) - rm27l5

Proof. The asymptotics have already been proven in Theorem [3.30l It remains to proof
the scaling of I—l(il). Consider z as in Lemma Then there are Cll ,C(ﬂ € C independent
of T" with

2z t) = Y p(z)e?™H = (<§0 - it *,4{27.6—2wﬁ) Le~2mValzl g (e—«szﬂi+snm|),
k€Zoda

Z |27k |2 24 (2)e2™H = (27)2H (dl) o2t | C(g _e—zw1t> o= 2m/alal
k€Zoqq

+o@4%ﬁﬁmv

2
Using u(x,t) = T_ﬁz(%:z:, %t) and the time scaling ¢t ~ %t, which leads to |%‘S ~>

% %}8, we obtain
2+1
: _2 (2 27 2w
D Jwk iy (x)e®™H = 77551 <£) (d” T -e_l%t) Lo~ Vowlal
k€Zoqa
+O@4ﬁwmﬂ_
Last we insert T' = %’r = 4r,/7 and see

l . ) 2+1
|—|§:) — C(og’*y,p7 F) cpT T L2 = C(a,”y,p, F)r_ﬁ ) <27"\/7}/>

=C(o,7,p,T,1) - =

O]

With these preparations we will later be able to proof the a-priori energy estimate in
Section [3.2.3] quite fast.

3.2.1.3 Further remarks

Before we jump into the concrete examples, we develop some notation and results.
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Definition 3.43. Let a > 0 and p € (1,00). Define
H = 1" (Zoaa, H' (R)) N b (Zoaa, L*(R)) N {iig, = it }

(Sa)(x,t) =3, g (x)ex(t) whenever it converges, (S~ u)y = (u(z,), €k) [2(1,) Whenever
it exists, Ly, = —% +ak?w?: H2(R) — L2(R), £ = Drez,,, Lrx and K = L', We refer
to this construction as "equation at infinity” formulated on sequence spaces. Let further

H= 12 (ZoddaHk) C 12 (Zodd7L2(R))7 (Sﬂ)(l‘,t) = Zk ak(w)ek‘(t) be and T’ satisfy (Al);
(A2) and (A3) and recall the constructions and results from Section [2.1]

Lemma 3.44. Assume we are in the setting of previous definition. Then

(i) St = St whenever it converges. We no longer distinguish between S and S if we
know that either Su or Su exists.

(i) S: ' (Z, HY(R))Nh' (Z, L*(R)) — HY(R x Tr) and S: I (Z, L*(R)) — L*(R x Tr)
are isometries and S~: LT (R x Tr) — 1971 (Z, LPT1(R)) is continuous.

(iii) Consider S: H — LT (R x T, R) and its adjoint S*: LI (R x Tr) — H*. Then
for v € Lap(R x Tpr,R) we can represent S*v € H* by an element of the space

jatt <Zodd, Lg;%R)) and this representative is S*v = S~ 1w,
(iv) For any v € LL (R x Tr) we have SKv = Kuv.

Proof. (i) This statement is clear.

(i) E.g., cf [Gra08] for the isomety claims. We only prove S~1: LITYR x Tp) —
1971 (Z, LPT1(R)). We calculate:

165~ el ey = |

Le., HS_lHLl(]RxTT)HlOO(Ll(R))

1, we see by Riesz-Thorin interpolation that HS‘I "Lq+1(R><'J1‘T)qu+1(LP+1(R))

/ u(:zj,t)e_iwm dt‘ dr < T““”Ll(RXTT)’
Tr

< T is continuous. Using HS_IHLQ(RXTT)HIQ(LQ(R)) =

<1+T.

(iii) Let v € LL (R x Ty, R) N L2 (R x Ty, R). Then S*v € H* = 2 (Zoga, H},) since
H = 1? (Zogq, Hy,) C 12 (Zodd,Lap(R)). Hence we see for any 2 € H

(570, 2)gpe s = (U3 52) Lat1 RxTp)x Lo+ (RxTr) = / v- S2d(z,1)
RXTT

o 1
= (0, 82) 2oy« 12@xTr) = (S 0 B2z, 0 12 (R)) )12 (Zoa L2(R))

Here we used that the adjoint of an isometry is its inverse. The claim now follows
by density.

(iv) Let v € L' (R x T, R). Observe that we have Kv = (—;—; + ak?w?) v €
Wap ™ (R x Tr) € HL,(R x Tr). Moreover we have (S*v)y = o), € LP*!(R). Look-
ing into the proof of Lemma we have (SKv)k — G}, * 0. But this is exactly

Gk * 0 = L k. Usmg part (zz) we have SKv = £-15 1. Since the right hand
side is in 2 ( odds L (]R)) we can use that S is an isometry and obtain the claim.

O]
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3.2.2 j-potentials

This section is an application of Theorem Our main assumption throughout this
example will be:

(Hs) Let a, 8, T > 0. Define V(x) := 8dp(z) — a.
We will prove the following theorem:
Theorem 3.45. Assume (Hs), p € (1,3) and w == 2% < % Let I' € L*(R) be periodic

with inf T' > 0 and V(x) = Bdp(x) — . Then there exists a nontrivial weak solution u of
the equation

V() ugy — Ugy = F(x)\u|p71u, (z,t) € R x Trp, (12.2))

with minimal energy among all %-anti-pem’odic, weak solutions.

See Definition in Chapter [2] for the term weak solution in the case of (Hy). Observe
that compared to Theorem in Chapter [ the structure of the right hand side of

Theorem [3.45| is less general and we also use the additional assumption w < # A
short calculation using Proposition [2.24] shows: the assumption w < VIR equivalent to

positivity of the eigenvalue A1 of Li. We will apply Theorem to prove the existence
of a ground state.

_ 27

Assume (Hs), p € (1,3) and w := % and recall the constructions and results for H, £, H,
L etc. of Section Section We mostly work on function spaces indicated with
non-calligraphic letters. Observe in addition that by Lemma assumption (C1) is true.
If we write calligraphic letters in between, we mean the corresponding objects on sequence
spaces, which are precisely determined by Fourier series. Additionally recall the ”equation
at infinity” and its ground state, analyzed in Section[3.2.1] We will verify Assumption [3.14]
and Assumption [3.15] and start with checking the assumptions of Lemma [3.26]

Lemma 3.46. Assume (Hs), p € (1,3) and w == 2 < # Let T' € L*°(R) be periodic
with inf T > 0. Recall the notation and results as in Section[3.2.1. Then:
(i) S* = S* pointwise on LIt (Q,R).
(ii) K: LY (Q,R) — H is continuous.
(iii) W o K: LIt (Q,R) — H* with W o Kv = LKv — LKv is compact.
() If Kv = Kw on (—¢,&) x Ty for any € > 0, then WKv =W Kw in H*.

Proof. (i) Since S and S are the same map with just different domains and both ranges
are subsets of LPT1(Q, R), this is clear.

(i) By Lemma we have K: LYY (R x Ty) — W24t(R x Tr). Using Sobolev’s
embedding we see W24(R x Ty) — H'(R x Tr) is continuous, e.g. cf [Ada7d],
and using standard trace theory we see W24 (R x T7) — H({0} x T7) is contin-
uous since ¢ = 2 > 1 e.g. cf. [DNPVI2]. Since H = H'(R x Tr) N H*({0} x Tr),
cf. Theorem we obtain K: LITH(R x Tp,R) — W29TH(R x T, R) — H is
compact as claimed.
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(#3i) Let v e LITY (R x Ty, R), z € H be arbitrary and write u :== Kv. Then

—B ’U,t(O,')Zt(O, ) dt

(W kuz) -
H*xH Tr

= ’(Lu,z>H*XH — <iu,z>

< Blue(0, )l 2o l126 (05 ) 2 (rpy < Bllull gzl

< 5”RHL‘I+1(Q)—>HHUHL<1+1(Q)HZHH7

H*XH‘

ie, WoK = LK — LK: LY (Q,R) — H* is continuous. We obtain compact-
ness of W o K by observing compactness of the embedding W24+t1(R x Ty, R) —
H'({0} x Tr) since ¢ = ; > g, e.g. cf. [DNPVI2].

(7v) Looking again into the calculation in (i7i) we observe that W only sees the time-
derivative evaluated at x = 0. If two functions coincide in an open set around the
line {0} x Ty, then clearly their time-derivatives are equal.

O]

Corollary 3.47. Assume (Hs), p € (1,3] and w = 2% < % Let T' € L*®(R) be
periodic with infI" > 0 a.e. Recall the notation and results as in Section [3.2.1. Then
Assumption holds true.

Proof. Lemma, checks the assumptions for Lemma hence the claim follows. [

Lemma 3.48. Assume (Hs), p € (1,3) and w == 2% < % Let T' € L*™°(R) be periodic
with inf I' > 0. Recall the notation and results as in Section|3.2.1. Then m < m, i.e., the
Assumption [3.14) is true.

Proof. W.lo.g. we assume I' € L*(R) is 1-periodic. Let n € N be arbitrary, u €
ng(]R x Tr) \ {0} be the ground state of I (by Proposition D and define

o™ (1) = |(Su)(x + n, )P Su(z + n,t)

i.e., v(™ is a ground state for J by Proposition and 1-periodicity of J. We follow
the sketch mentioned after the proof of Lemma 3.25} We aim to prove by (v(”), U(")) <

bx (v("),v(”)) for some n € N big enough. Using Lemma we can define (™ =
— L7 'Wu(- +n) € H*. We calculate using Fourier Series:

d2 (n (n T(n ~
L™ = ~Wu(-+n) & =50 +afd” — 28700 (@)d(" = 28280 (@)in(- +n).

Hence we see 1[1,&”) (x) = 1%”)(0)6_0"“‘9”' and ozk%(cn)(O) - BI%T/A’I(:) (0) = B2dg(n). This yields

Bt = 3 L m)emsleley ().

o —
k€Zoaa k ﬁk

Inserting the above formula for 1) into Lemma, we can calculate explicitly

bie (00, 00) = b (v,0) = [ Bu(nyn(0,6)dt + [ Blug(n, )
TT TT
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5 3 R0+ R = 3 25 (0 +1> ax(m)l?

k€Zoqd k€Zoqq

—9 Z akﬁk i n)|2

kEZodd
e (ra1<n>12+ra- )2 Y 2 o
1= |k[>1
2 _ — —
S e (O e OIS REED D e Sl
|k|>1
SR L (!“1(”\2 + ;u@f) 2V
M1
akﬁ —2(yv/ow n
afi 1 (L@P o) ~2einl ! ~2y/Guln|
ey L () o) 3 )

>0 for n € N sufficiently large.

Here we used the approximation result for the ground state of I in Theorem the
2/

convergence of the sum >, ﬁ and oy > 2. The latter is equivalent to w < =5

Observe that the terms absorbed in O (-) are uniformly bounded in k. Having this strict
inequality we obtain the claim by applying Lemma O

The proof of Theorem is now straightforward.

Proof of Theorem[3.45 Observe that by the constructions as in Section Corol-
lary [3.:47] and Lemma [3.48| we have checked the assumptions of Theorem [3.16 and obtain
a ground state of I. Arguing with symmetries exactly as in Theorem [2.21] we obtain that
the ground state is a weak solution. O

3.2.3 Step-Potentials

This section is an application of Theorem Our main assumption throughout this
example will be:

(Hg) Let a,y,r > 0. Define 8 := a + v and for = € R we set

v, |zl <y

V(JE) =—o+ /8]1[77“,1@ (‘T) = {

—a, x| >

We will prove the following theorem:



118 3 A Dual Method

Theorem 3.49. Assume (Hg), p € (1,3) and set w = QT%, T:=3,0:=a+7y. Let
[' € L>(R) be periodic, even, infT' > 0 and let V(v) :== —a + B1_,, (). Then there is
some o = ro(a,y,p,I') > 0 such that for r > rg exists a nontrivial weak solution u of the

equation

V(@)u — uze = D(@)Jul "', (z,1) € R x Tr, (2:2)

with minimal energy among all %-anti—periodic, even in t and spatially odd weak solutions.

See Definition in Chapter [2| for the term weak solution in the case of (Hg). Observe
that compared to Theorem in Chapter [2the structure of the right hand side of Theo-
rem [3.49]is less general and we also consider only spatially odd functions when comparing
energies. A short calculation using Proposition will show later in Proposition
restricting to spatially odd functions yields that L; has at least one eigenvalue and all
eigenvalues of L are positive. This is necessary for the structure of our strategy. We will
apply Theorem to prove the existence of a ground state.

Assume (Hg), p € (1,3) and w == 2. Let I' € L®(R) be periodic, even, inf[' > 0
and recall the constructions and results for H, £ etc. of Section and restrict every
function to odd in x around 0. Often we highlight the oddness in space by the index ”odd”
but for the sake of readability we drop the index at calligraphic letters. Observe in addition
that by Lemma assumption (C'1) is true. We work on the abstract sequence spaces
indicated with calligraphic letters. Additionally recall the ”equation at infinity” and its
ground state when considering even and odd functions and the non-existence of a ground
state only considering spatially odd functions, analyzed in Section Also recall the
calculations comparing different energy levels of Section when dealing with spatial
symmetry, since these will be important in this example. We will verify Assumption [3.21
and Assumption [3.22] and start with checking the assumptions of Lemma [3.26

Lemma 3.50. Assume (Hg), p € (1,3) and w :== 2. Let T € L®(R) be periodic, even,
infI" > 0. Recall the notation and results as in Section[3.2.1. Then:

(i) §* = §* pointwise on LI*" (R x T, R).

(i) K: LZ;idd(R x Tp) — H is continuous.

(i) WoK: ngidd(R x Tr,R) — H* with W o Kv := LKv — LKv is compact.

() If SKv = SKw on (—r —&,7 +¢) x Tp for any € > 0, then WKv = WKw in H*.

Proof. (i) Since S and S are the same map with just different domains and both ranges

are subsets of Lﬁ;idd(R x Tr,R), this is clear.

(i7) By Lemma we have K: LY (R x Ty) — W24t (R x Tr). Using Sobolev’s
embedding we see W24TH(R x Tr) —>~H1 (R x T7r) is continuous, cf. [Ada75]. Using
Lemma we obtain continuity of K: LZ;}) ga R x T7) — H with

H = 1" (Zoda, L2g(R)) N 12 (Zoga, Hiyg(R)) N LGy, = 4y} -

Arguing exactly as in Lemma we see H embeds continuously into H, i.e.,

K: Lg;idd(ﬂ) — H is continuous.
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(7i1) Letv € ngidd(R x T7,R), 2 € H be arbitrary and write @ := Kv. First, using p < 3

we observe that W24t1(R x Tp) — H%((—r, r) x Tr) is compact, cf. [DNPV12].
Second we observe that H C h2 (Zoga, L*(R)) since (Zk, 2k) |, 2 c|k:|||2k||%2(R) as
seen in the proof of Theorem Hence

'<W o Kuv, z>7{*x7—t’ = ‘(ﬁu, Z) HewH — <L'u, z>H*X%’
=B Z / — k2wt dz| < B Z k2w SICUH k2w2\|zkHL2
k€Zoqa mr) k€Zoqa
< 5 < C 5
= /BHS’CU H%((—r,r)xTT)HZ”h%(Zoddﬂ(R)) - ”BHS’CUHH% (—r,r)xTT)HZ”H’

i.e., Wo K is compact.

(iv) Looking again into the calculation in (i7i) we observe that W only sees the time-
derivative evaluated on the strip (—r,7) x Tp. If two functions coincide on a set
containing that strip, then clearly their time-derivatives are equal.

O]

Corollary 3.51. Assume (H;s), p € (1,3) and w := Let I' € L>®(R) be periodic, even,
inf ' > 0. Recall the notation and results as in Sectzon . Then Assumption[3.29 holds

true.

Proof. Lemma [3.50| checks the assumptions for Lemma hence we argue similarly
as in the proof there. We set 2" = Kw(™ and ¢ = —£-1W3("_  Then applying
Lemma [3.25] we obtain

b (00) i (a9, ) = (0} ()

Using weak convergence w(™ — 0 and compactness of W o K: ng,rl(]R x Tp) — H* we
obtain the claim. ]

Lemma 3.52. Assume (Hs), p € (1,3), w = ﬁﬁ and T == 2%, Let T € L>®(R) be
periodic, even, inf I' > 0. Recall the notation and results as in Section but restricted
to odd functions. Then there is some ro = ro(a,7,p,I') such that for r > ro we have

m) < Th(L), i.e., the Assumption 18 true.

Proof. Since the scaling in 7 is crucial in this proof, every generic constant c is independent
on r. We utilize the results in Section 3.2.11 We recall the definitions

D(JN)M ={ve LqH(R x Tr) | v is odd in x around 0 and even in ¢ around 0},

ME = {veD()),, | Aw) =1}, miE) = nf .

By Lemma we know m) = m(é) — 25! ((,Le) and analogously with tilde. Hence

is suffices to compare m((;Le) and m(L) We already know that Tthe) is not attained but

v (z,t) == v*(x — n,t) — v*(x + n,t) is an infimizing sequence, where v* is a ground
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state as in Proposition We refine the calculations in the proof of Lemma Let
C* > 0 be the smallest constant such that v*(z,t) < Che PVe«l#l. The existence of such a

2
constant results from Corollary and its scaling in r reads Cy(r) = C(a,p,T) - P
as seen in Lemma when inserting v* = [u*[P~'u*. A direct calculation verifies for
a,n>0,p>1:

2
e—ap|x:|2n|e—a|;t:tn\ _ pe—Zan _ e~ 2apn)
/]R a(p* —1) ( )

Jo(v!™) q+1/|“ (+n)| ™ 4 0" (= )|+ (g + D] (- + n)l[o"(- = n)|"d(z, 1)

q+1
<om® 4 PEVTC otun _ 95 (D) | ¢, p,T) - r~ 7o 2Van,

Vow(p? —1)
Ji (™) = 2.J, (v*) —2/91)*(-+n, Mo (- = n, )T % (- = n, ) d(x, t)

g+1
soo MTCT avmn 9 Cla,p,T) r7Te VAN,
T Vaw(p?-1)

where we plugged in T' = 4r,/7, w = 27»7:5 and C, = C(a,p,T) r_PQTpl and calculated

- 2Tpl(q +1) = —%-. We next want to calculate the difference .J; (v™) — Jy(v™) =
%bK (’U("),v(")) — 3bg (U(”),U(”)). This is done in the upcoming lengthy and technical
calculations. Define 4(™ := Kv(™. Using Lemma we can define (™ = — £~ W)
H*. We do not have an explicit formula for (™) as in Section which results in

additional technical calculations. We use the decomposition of £ into Lk and apply the
spectral decomposition of the self-adjoint operators L as in Section [2 Then

b (v("),v(”)) —bg (v( ) /1/1 Lmﬁ,(ﬂn) dx—|—5k2w2/]l[_m]( )|uk)\ dzx
k€Zoda R
T (n ~(n 2

Z /zp Lkz/J,(g )da:—i—W/R‘—ﬁk2w2]l[Tyr](m)ué) dz
k€EZoqq
-y / S L™ Az + / e L L dae
k€Zoqq

29 /.M px i)
Z /)\+/Bk2 2>‘ d< k 7Pk¢k >
k€Zoaa

In particular the projection Pl;\ can be evaluated explicitly if A\ = A ;, i.e., the j-th
eigenvalue of L. Using the corresponding eigenfunction ¢y, ; we see
V3, € LA(R): <z Pz > - <z Gy $b.3) 120 @ > - )<73 o) ‘2
k : ky Ly k L2(R) ko \Zk> Pk,j) L2(R) Pk kr Pk)L2(R)

L2 (R)

Hence, estimating integral over the continuous spectrum from below by 0 we obtain

bic (0,00 = b (v, 007) = 37 Z(Ak,] = QA,W)K% ,sozw> L

k€Zoqq J

2
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2

1 2(n)
> >y fv Mzwz)‘@k ,chpk,j>L2(R)

k€Zoda J <
1 . (n
),
kGZodd J
<5

r 2
—i—ﬁkQ 2) (/ ﬁén)gokjdac) .

We define for [ € ( %, 1) the asymptotics

2

kEZ odd J

2 )= Y (wlk]) (w)g(@)er(t)

k€Zoqq

and obtain using Theorem [3.30

2z, t) = (m&” et e*i“t) cemVosltl 4 B(g ),

with  E(z,t) =0 (e_(\/a“ﬁ)'z‘)for |z| — oo.

Now we insert the asymptotics, use orthogonality of o1 ;, use ¢1; = ¢_1jand A1 ; = A_q;
estimate (a + b)? > $a*> — b® and use |z +n| =z + n for « € [-r,7],n > r. Hence

b <v(”),v(")) . (UW, v(n))
g1 " ?
Z Z(wm 2 N w2+2l|k|2+2l / 2(- +n)pp;de
k€Zodd J

-r

r 2
m Z </\612 + f?) e 2Vown <‘ﬂ§l)‘2 + ‘I‘I(l)l‘z) </ e_\/aw”cpl,j(z:) dx)

B> B . 2 )
WQZ - ()\1’ E HEI( + ’I’l)‘ Lz(—r,'I‘)HSOl’jHLQ(R)
B 1 . 2 )
_ kz Z <w2l 2R T e e [2F2 HEk( + n)‘ LQ(_M)Hwk,j\ILg(R)
>3 J

Here we estimated |\ j| > c|k| for some ¢ > 0 by Theorem 2.42L Next we insert [y HLQ(R),
observe that the t-uniform bound of E carries on into a k-uniform bound of E’k and use
o(Lg) = { ;| j=1,...,Jk} Uak’w? 00) with 0 < Ji < Clk| for some C > 0 and
|Ak,j| > clk| as in Proposition [2.41] This yields

b (v, 0) ~ b (21,0
s LS (E s B (0F ) ([ e @an)
J ’ -

_ aw n 1 1 - aw n
= C(a,7,pr)e 2VOFIm — Ca,y,p,m0) Y (W + W) e 2Vowts)
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We recall that the operator Li: H2,,(R) — L2,,(R) has at least one eigenvalue and all
eigenvalues are positive by spatial oddness. We prove this in the subsequent Proposi-
tion Moreover, applying again the subsequent Proposition we obtain

BB " ? 5
()\1 -+ w2> < e_‘/a“’xgplvj(x) da:) =C(a,7v,j) - r°.
5] -r

We give an explicit formula of the left hand term in Proposition But we do not state
it here to not interrupt the flow of arguments calculating Jy(v™) — J;(v(™). Using in
addition the scaling formula for My in Theorem we obtain

br (v("), v(")> —be (v(”),v(n)>
> O(Oé, YPy s l) ' TQZ : 7"5 . r_4_21_ﬁ . 8_2\/&0” - C(Oé, YD, T, l)e_z(\/a“’+5)"
= C(Oé, VD57 l) ' Tl_ﬁ : 6_2\/&0” - C(Oé, 7D, T, l)e—Q(\/aw—i—a)n'

Hence we conclude by this long and technical calculation the fact that

J1(™) > Jy(0™) + C(a, v, p,T,1) - 11751 -2V _ O(a, 7, p, 1, )e~2Vaw+em
> 24 (Cla,7,p,T, 1) - 7 — Cla,p, 1)) 1~ 1e 2V _ C(a,, p, r, e 2Votan,

where we inserted the estimate on J; (v(™). We observe that the factor C(a,v,p,T,1)-r—
C(a,p,T') will be positive for r > ro = ro(c,y,p,I',1) and this choice is independent of n.
With these preparations we finally compare the desired energy levels. Recall step 1 and 2
in the proof of Lemma [3.38| and insert the above results. We conclude

coTn n)\—=. (n Ji U(n)
miE) S 1 (i (™)) = 0(7)+1
Jl(U("))T

2 L) 4 C . p 7T 2vawn
< a+L

(2+(C - — C)rFTem2awn — C(p)e-2Vawtan)

N2 9igt = (L) mg{/@)
For the sake of readability we dropped all dependencies of the different constants C' except
for the dependence on r in the constant in front of e~ 2(Va@+e)n  We improve this estimate
by a variant of Taylor’s approximation. Observe that for ag,a1,b; € R, by € R\ {0}, s >0

and p € (0,1) we find v > 0 such that

ap + a1x ag ai1by — apbis
(bo + brx + by ti)s by byt

—i—O(mH”), as x \(0.

Hence, choosing r > ro = ro(a,v,p,I',1) sufficiently big, we see that for n — oo the
fraction

2m(L) 4 O p 5 Tem2Vawn

g+1

(2+(Cr—C)r 7 Te2van — O(r)e2vastan)

pl) 2.0 —2mE) . (C-r—C) L
= 2WZ+1 + m q+(1 " ) 2 ’]”_1"4f1 . G_Qﬂwn + O (e—Q\/acw(l-H/)n)
at1 9Lt +1

2732
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converges to mé@ strictly from below. We shortly remark, that the constant in front of

e~2(Vawte)n may also be big, but since we first fix r and let n — co afterwards, this does
(L) _ (L)

not interrupt our argumentation. We conclude me ¢ < me ¢ and with the argumentation
at the beginning of the proof we have proven the claim m® < m(E) if r > r. O

Remark 3.53. The fact that we only have an infimizing sequence at hand and not a min-
imizer gives rise to additional technical difficulties, resulting in the additional assumption

r > ro when comparing Theorem and Theorem [3.45,

Proposition 3.54. Assume (Hg) andw = 2. Then the operator Ly: H2,,(R) — L2,,(R)
has at least one eigenvalue and all eigenvalues are positive. Moreover, writing o(Ly) =
{My; 7=0,1,...,J1} with \ip < A1 <...< Ay we have for j even

2 r 2
(&) ([

-T

~ (a+7)y dr cos? (T /T + ) 2 =
T o and . Y
@) (s+1vm)  145/5-m

- <\/Esinh<
Y
and for j odd
2 r 2
(s +i2) ([ st

_(ata)y drsin’(5yTHpg) 25 M

=
(37) <%+1+Mj) L+354/5 — 1

2
(0] T (0] (0] T (0]

: — —u-sinh( ) + cosh< >> )
<\/7 ! 2\ v/) Vv 2\~

2
where pj = Al,j% 1s independent of r.

NN
ST
N————

+
28
|
=
<.
o
o
wn
=
N

N
=22
N————
N—

[N}

Since the proof of this proposition is long, technical and interrupts the flow of arguments,
we shifted it into Section [3.2.4.2] The proof of Theorem [3.49|is now straightforward, since
we have already dealt with all technical difficulties and outsourced them into the previous
results.

Proof of Theorem[3.49. Observe that by the constructions as in Section Corol-
lary and Lemma we have checked the assumptions of Theorem [3.24] and obtain
a ground state of J. Using Proposition we obtain a ground state for Z. We argue

with symmetries analogously as in Theorem [2.3§] and observe that oddness in space can
be treated as %-anti—periodicity in time. Hence we obtain that the ground state is a weak

solution. O
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3.2.4 Proof of Lemma [3.31] and Proposition [3.54]
3.2.4.1 Proof of Lemma [3.31]

To prove this lemma we start by decomposing L by Fourier series in time and then prove
an explicit formula for the inverse of L.

Definition 3.55. Let a > 0 and w := 2% We define for k € Z
Ly: H*(R) — L*(R), Lty = —u} + ak*wy,,

b, : H'(R) x HY(R) — C, by, (i, 01 ;:/IRa;%+ak2w2akmdx.

Proposition 3.56. Let a« >0 and k € Z\ {0}. Then:
. 2 5 LRY. be (f o) = { Toudin 6
1. Yy, € HA(R), oy € H'(R): by (i, 0) = <Lkuk,vk>L2(R).

2. Ly is self-adjoint with spectrum o(Ly) = [ak?w?, 00) and Ly, is continuously invert-
ible.

8. Lap(R x Tr) = {u(z,t) = Yyez, ., th(@)en(t) | Ypez, Nl 2y < 0o}

4. VueHZ,RxTr): (Lu)(x,t) = Ypep . (Lit)(@)ex(t),
Yu e H;p(R X ’]FT),U S H;p(R X TT): bi (U,U) = ZkGZodd bik (ﬁk,@k)

Proof of Lemma[3.31, We now invert each Lj, separately using the Fourier transform

F: AR) > IA(R), FAE) = \/12? [ s,
FIAR) - L(R), P = o= | e,

Then F(f')(&) = —i& - (Ff)(§). Recall that for a > 0 we have

1 w1
-1 _ /" —al
d <a2+ \-\2> B \Eae |

We will also use convolutions in space and define for r, s, ¢ € [1, 0o] with % + % =1+

1.
L,

«: L*(R) x LY(R) = L"(R), (fxg)( /f

We do not use convolutions of sequences, hence there should be no confusion. Then
V2rF Y (fg) = F1f x F~'g. We now calculate for u € H2,(R x Tr), f € L2, (R x Tr):

Lu = —auy — gy = f, (z,t) € R x Tp,

& — iy + ak?w?iy, = fk, T €ER Kk E Zpaq,

& [P Fay, + ak?w? Fiy, = Ffy, £ ER,k € Zopga,
1 R

& Fiy = —————5F fr, §ER K € Zoda,

ak2w? + |§|2
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1 ~
S —Valklwl| R,k eZ
<:> uk 2\/a|k:|we * fk? € e b E odd
1 —valk|w|- ¢
& u(z,t) = E (WWUJG velklwl | fk> (v)er(t), (x,t) € Rx Trp.
k€Zoaa

We shortly justify that this formula generates the correct regularity, i.e., inserting f &€
L*(R x T7) yields u € H?(R x Tr). Observe that for a > 0 we have He‘“"' HLI(R) = 2 and

by Young’s convolution theorem we conclude
2

2 A

k€Zoqa

L2(RXTr)
> ’ 82( 1 —mw.|*f) I D 2
v 0x? \ 2¢/alk|w L2(R)  kéZos 2 ak?w? + €] L2(R)
2
< 4ka’L2 :Z'Hf”LQ(RXTT)’
k€Zoda
2
2
D5 (et ) (@e(t)
ot? 2y alk|w
k€Zoda L2(RxTr)
ke —vaimott , ¢ || L] YA
= ——=e VR & < W fe
RE; ’2\/5 L2(R) kE%dd 2\/& L1(R) L*(R)
2
= 3 Ay = 2w
ke Zodd

Hence the formula is a map L?(R x Tr) — H?(R x Tr) and we have:
- 1
L tu(z,t) = = Valklell g "
o) = 3 (e ™) (et
odd

Using convolutions in space and time we see for u,v € L?(R x Tr):

/MT oo =t = a9 ds) = [P inle = et -5 X awels)

xTr k .
—/RZZ/ (s) ds VTe(t)on(x — y)tu(y) dy = VT Y _ (br * i) (x)en ().
k

Here we used [ ex(s)el(=s)ds =1if k=1 and [ e(s)e(—s)ds = 0 if k # [. Hence
we define G,(z) = Qﬁ‘klwe_\/a‘k‘“"x' for k # 0 and G(z,t) = >okez\ {0} Gr(z)e(t). We

now obtain the claimed integral formula. It remains to prove the closed form of G. For
this we use 00 | =12" =In(1 — z) for |z| < 1 and calculate for z # 0:

~ 1
Gat)= Y ———e Valklelle @)
heZV(0) 2vaT|k|lw
1 1 1 .
( Vow|z|+iwt)k 7e(—\/aw|:c|—1wt)k
2\/ w\F; k
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= _471'1\/5 . (ln(l - e*\/awlmlﬂwt) + 1n<1 _ ef\/aw|x\fiwt))

1

=" ln<1 — 26Vl cog(wt) + 672\/&‘}@').
A/ (wt)

O

We can observe that the inversion formula extends naturally to the inverse to the operator

—ad? — 9% as a map H%(R x Tr) N {dp = 0} — L*(R x T7) N {ig = 0}, but we do not
need this in the rest of our considerations.

3.2.4.2 Proof of Proposition [3.54]

Recall the notation in Sectionm We write )\% = u to simplify the calculations. Then
s
A € (—yw?, aw?) is equivalent to p € (—1, %) Observe that

EVP(N) =0 & 1/%—usin< \/1+,u)+\/1+ucos< ﬁ) 0
s - it/;—tan<2\/1+,u) (3.6)
EVE(N) =0 & \/HSm(Q\/m> 1/%—#COS<%M):O

Q

=4

g tan(2 \/m> (3.7)

1+u

The zeros of these equations only depend on the fraction £. Note ) has corresponding
odd eigenfunctions and (| . ) has corresponding even elgenfunctlons Observe that (| .
has exactly one solution on (—1,0), i.e., L1: H*(R) — L?*(R) has exactly one negative
eigenvalue and the corresponding elgenfunctlon is even. In addition has at least
one solution and there is a smallest solution, i.e, Li: H?(R) — L?(R) has at least one
positive eigenvalue and the corresponding eigenfunction is odd. If £ is sufficiently large,
there can be more positive eigenvalues, they will all be simple and the corresponding
eigenfunctions alternate between being odd and even. Hence we can write the point
spectrum of Ly: H*(R) — L*(R) as {\1; | 7 = 0,...,J} for some J > 1 and we have
Mo <0< A1 < ... < Ary. Note that we startet counting at j = 0, such that even
indices refer to even eigenfunctions. We now calculate the claimed formulas. Writing
Wi = )\17‘7%2, we know p; solves if j is even and p; solves if j is odd. The
eigenfunction corresponding to A ; is

cos(%ﬂ) exp(%/: —ujm;”), < —r
Plj =65 COS(%\/ 1+ :U’j%)v —r<xz<r, for j even,
cos(VTHm) ew(=5\f5 — ). r<w

P = ¢y sin(3yT+ 7), —r<a<r,  forjodd
z e



3.2 Examples for "wave-guides” 127

The normalization constants c; are such that |¢;l| - ®) = 1, L.e., using (3.7)) for j even we
calculate

mﬁw‘ =
I
\
g =
a
@}
»n
no
/N
o |
—
+
=
<
~—
D
”
T
N
=
=e
|
=
<.
8
|+
<
N——
[}
8
_|_
\
(@]
@}
»n
no
/N
\
—
+
=
<
¢/
[}
8

T %—Mj RAREL T %—/L]
. T Ja
:rCOS2(gw/1+,U/j)+T+ 51112(%,/14—“])_ L4945 — 1
N NN

and using (3.6) for j odd we calculate analogously
1
2

-r r
. :/ sin2<72r\/1+,uj>exp<m/:—,ujx;rr> dzr + sinQ(g\/l—k,uj%)d:c
j —00

J
oo
+/ sin2<g\/1—|—,uj)exp<—7r1/a—ujx—i_r dz
T Y r

,
us
TS My PRVAIRNY TS = 1
T fa
:rSIHQ(gdl—FM)—FT—i— cosQ(g,/l—ku])_ L+ 35 — 1
2y/5 T H 35 "M 3\/5 T H

r

We next calculate the integrals [ e~ Vowry, i(x)dz. We start with j even using (B.7):

r r _E\/EE T €T
/ e*‘/awxgol,j(x) dr =¢; e ? ”Tcos<§\/1+uj;) dx
s

-

2 .
= " (I gCOS<E\/1+Mj>SiIlh T2
2 (a . 2\ v 2 2\ ~
4 'y+1+'u.7

2rejcos(5q/1 + pj
_ 2rejeos(5/T+ ) ( /asmh@ /a> c —ujcosh@ a)) ,
T (% f1+ MJ) gl gl g g
and continue with j odd using (3.6)):

" —Vawe " oE/EE L (T x
e p14(z)de =¢j e 5111(5\/1 + W;) dz
T

-r

2 .
= "¢ ) : <72T\/Tujcos(;rm> sinh<72r a)

2
%(%—Fl—i—,uj Y

T [a , /m T [
—2\/;8111(2\/1"‘/1/]‘)(308}1(2 7))
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:_zrcjsm(gv1—i_uj).(\/f,ujsinhCr Oé)—l—\/acosh(r a)).
%(%+1+uj) Y 2V y g 2V y

Hence we obtain for j even

2 r 2

4r2c2 cos? (Z /1 + u;
:(a+7)7<a+1+w>. 7 cos® (5/1+ pj)

T\2
(35)"mj \7

_(a—|—fy)fy‘4’l“C082(g\/1—|—uj). g §_Mj
) (s+1em) 1455w

and for 7 odd analogously

2 r 2
(&) ([t

Sl (o) T BV )
= a2 J 2
(35) " 1i \7 (£)° (2 +1+m)

_ (a—|—fy)fy 4rsin2(g 1+,uj) g %_Mj
=" . .
(35) m (g‘f'l‘i‘ﬂj) L+ 5y/5 —H
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