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We compute the logarithmic contributions to the polarized massive Wilson coefficients for deep-inelastic
scattering in the asymptotic region Q> >> m? to three-loop order in the fixed-flavor number scheme and
present the corresponding expressions for the polarized massive operator matrix elements needed in the
variable flavor number scheme. The calculation is performed in the Larin scheme. For the massive operator

®3)
4.
space and in momentum fraction z space.

matrix elements A
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I. INTRODUCTION

At leading twist the scaling violations of deeply—
inelastic structure functions obtain corrections from the
massless scale evolution of the parton densities, the
massive Wilson coefficients, and target-mass corrections,
Ref. [1], provided that the electroweak radiative corrections
are properly removed [2—4]. At low scales of the virtuality
Q? = —¢?, all kind of other dynamical contributions, such
as dynamical higher twist effects, particular small x effects,
with x the Bjorken variable, and particular hadronic
contributions due to vector meson dominance etc. are
present. For these reasons one usually applies respective
cuts of the kind Q% > 10 GeV?, W? = Q*(1 —x)/x >
15 GeV? [5] to eliminate these effects in order to obtain
clean twist-two data for which a dedicated QCD analysis is
going to be performed. The target mass effects can be
accounted for analytically [1,6-8]. Furthermore, for a
precision measurement of the strong coupling constant
a,(M%) = g%/ (4r), one should use targets with no (or only
soft) nuclear binding, such as the case for p and d targets.
In the latter case nuclear corrections still have to be
performed.

Under these circumstances the largest source of scaling
violations next to the massless higher order corrections are
implied by the heavy quark corrections, in the form of
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’QPS and AS;‘S the complete results are presented. The expressions are given in Mellin-NV

single and two-mass corrections. Both in the unpolarized
and polarized cases the scaling violations due to the heavy
flavor Wilson coefficients turn out to be different from
those of the massless corrections in very wide kinematic
regions covered by the present experiments. Therefore, one
can not model these effects by just adding more quasi-
massless flavors in massless higher order corrections. In
future analysis of the polarized structure functions' at the
EIC operating at high luminosity [10] these corrections are
important for precision measurements of the strong cou-
pling constant [11] and the charm quark mass, Ref. [12].

In the polarized case, the leading order corrections were
derived in [13,14], the next-to-leading order (NLO) asymp-
totic corrections in [15-18], the complete NLO corrections
in analytic form for the nonsinglet and pure singlet
corrections in [15,19,20] and numerically in [21]. At
three-loop order, the massive operator matrix elements

(OMEs) for the nonsinglet AB)NS (3).ps

99.Q q >
and the OME ASI)’Q have been calculated in [22-24].

Furthermore, two-mass corrections to different OMEs at
three-loop order were calculated in [24—27]. The three-loop
heavy flavor nonsinglet contributions at leading twist to the
structure functions g, (x, Q%) and g,(x, Q%) were computed
in [28]. Likewise, in the unpolarized case the leading order
corrections were obtained in [29-34] at NLO in numerical
form in [35] and in analytic form in the nonsinglet and pure

, pure singlet A

'For a review on the theory and phenomenology of polarized
deep-inelastic structure functions see Ref. [9].
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singlet cases in [19,36,37] and in the asymptotic case in
[19,36,38-41]. At three-loop order a series of moments
has been computed in [42] for all massive OMEs. A series
of three-loop massive OMEs has been calculated in

Refs. [22,43-47] and first analytic results for Agg have

been given in [48]. Two-mass three-loop corrections were
calculated in Refs. [25,49,50].

In the present paper we calculate the three-loop loga-
rithmic corrections to the polarized massive OMEs A;; both
in Mellin N and momentum fraction z-space in the single
mass case. These OMEs appear as building blocks of the
variable flavor number scheme (VENS) at three-loop order,
through which the matching of parton distribution func-
tions at Ny and Ny + 1 massless heavy flavors can be
obtained [38]. Because of the close values of the heavy
quark masses m, and m;, two-mass decoupling has been
considered and implemented in the VFNS in [18,25,51]. In
the present paper we will consider the heavy quark masses
in the on-shell scheme.” The OMEs determine also the
polarized massive Wilson coefficients in the region of large
virtualities Q* > m7,, with m, the corresponding heavy
quark mass m, = m(m) of charm and bottom quarks,
which we derive for the structure function g, (x, Q?). It
turns out that all functions can either be expressed in terms
of harmonic sums [52,53] or harmonic polylogarithms [54].
The analytic continuation to z-space in Mellin space
evolution have been studied in [55,56] in the case of
harmonic sums. The expressions for the different
OMEs and massive Wilson coefficients turn out to be
rather long both in N and z space. As they are at present,
they can be used to study the corrections at the logarithmic
level and the expressions provide the frame for the final
results.

The paper is organized as follows. In Sec. II, we
summarize the basic formalism. It widely follows the
representation in the unpolarized case [57] and resumes
the representations of the structure functions and the
relations for the single mass variable flavor number
scheme. We then present the complete polarized massive

3)
q9.
the logarithmic terms in Sec. III. In Sec. IV the polarized

OME ASBI’S is given in N space, followed by the

expressions for the OMEs Ag,s in Sec. V. The OMEs

qu),gS,AS;’PS and qu)QS have already been published
before in Refs. [22-24] in complete form. In Secs. VI-
VII we present the polarized three-loop Wilson
coefficients L';S,LS,HZSq and Hi)g. The logarithmic con-

operator matrix elements (OMEs) A((;)"QPS and A S beyond

tributions can be represented in terms of harmonic sums
and a large number of polynomials. Section IX contains the
conclusions. In Appendix A the corresponding expressions

*The transformation to the MS-scheme is straightforward.

for the OMEs in momentum fraction z space are presented,
and in Appendix B the corresponding expressions for the
polarized Wilson coefficients are presented. Here, the yet
unknown constant parts of the polarized massive OMEs
aS; and aSﬁQ and the yet missing three-loop polarized
massless Wilson coefficients, are left as symbols. In
Refs. [22,28] the flavor nonsinglet contributions were
presented in the MS scheme to three-loop order. For a
consistent treatment, we present the transformation for the

massive OME AJ> , and the asymptotic massive Wilson
coefficient qu\' 5 in the Larin scheme in Appendix C.

II. THE FORMALISM

The explicit expressions showing the principal structure
of the different massive OMEs have been derived in
Refs. [42,57], as well as for the asymptotic massive
Wilson coefficients. The different polarized massive
OME:s obey the following expansion in the strong coupling
constant

k) _ 14Dk
Ajj _5ij+2aéAij , (1)
=

with a; = a,/(4x), the indices i, j = g, g label the partonic
channels, and k denotes the different OMEs. Here, and in
the following, we use the shorthand notations [42]

F(Np) = f(Np+1) = f(Np) (2)

FNp) = NiFfqu). (3)

The heavy flavor Wilson coefficients, accounting for
the single mass contributions to the structure function

g1 (x, Q%), are given by

(2).NS
q49.0

~(2),NS
(Np+1)+ E2NS (V)]

314 (3).NS
+a; [Aqq.Q

(2).NS
qq.0

~(3),NS
+ NSV, (4)

S.Q
LY (Np+1) = dl[A

(Np+1)

).NS

+ AL (NE+ DCLTP (Ve + 1)

3).PS
LPS (Np+1) = alJAL S (Np + 1)

2 ~(1
+ A2 (N + 1)NFc;_()l) (Np+1)

2 (3),PS
+NpCy 1y (NF)], (5)
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Lgs.(l>(NF+l)_azAEJg)Q(NF+1>N Ezl()zL)(NF+1)+af[A51g)Q(NF+1)+AqgQ(NF+ )NFC((>2L)(NF+1>

+ AR (e + DNCY, | (N + 1) + AG) (N + DNRCEITS (N + 1) + NeClth ) (N5, (6)
HES (Np + 1) = @AG S (Np + 1) + ES0 (Ve + 1)) + @Gy ™S (Ve + 1) + CT5 (Ve + 1)

+ AL (e + DEN, (Ve +1) + AG TS (N + 1)CUL )(NF—|—1)] (7)

1 ~(1
HS (N +1) = a,JAg) (N + 1)+ C)y  (Np+1)]

2 l
+a3[AS) (N +1) +AY) (Np+ 1)C
) (2)

+a@[AG) (Np +1) +AG (N + 1))

N+ 1) + AL (Ne+1)C
).

NS

(Np+1)+A8 ) (Np+1)C 1()2 L(Np+1)

99.0

g
| (2 ~
+ Ay (Np + D{CO S (N 1>+cq32 > (Np+1)}
2 3
+Aég)Q(NF+1)C( ()ZL)(NF+1) ;22L)(NF+1)]’ (8)

with Sy o = —(4/3)Tr. The QCD color factors are given
by CA:NL‘?CF:(N%_I)/(ZNC)’TF:1/2 for
SU(N,) and N. = 3. N denotes the number of massless
flavors. Here the massive OMEs A;; depend on m? / u- and
the massless Wilson coefficients depend on Q%/u?. Note
that we extended the original notion in Refs. [38,42].
The argument (N + 1) in the massive OMEs signals
that these functions depend on Ny massless and one
massive flavor, while the setting of Ny in the massless
Wilson coefficients is a functional one. The massless

(D).

Wilson coefficients are labeled by C;’, where i refers

1 Nr Q2 m2
T => {1,

k=1
1
PS
+NFL‘1*(2’

2 2
PS g m
+eQ [H hexs

to the parton species and / to the expansion order in the
strong coupling constant. The massless Wilson coefficients
are known to two-loop order [20,58-61] and in the non-
singlet case to three-loop order [62].

In the present paper we express all relations in the Larin
scheme [63,64], which is a consistent scheme also in the
massive case. The anomalous dimensions were calculated to
two-loop order [65,66] and to three-loop order in [67,68].

The twist-two contributions to the structure function
g1(x, Q%) in the single mass case for pure virtual photon
exchange” are given by

)<x NF+17 2 ’/,{2> ®[Afk(x’:uz’NF)+Afl_c(xhuzvNF)]

Q2 m2

0% m? 1
L)<x Np+1,= i ®A2(x,M2,NF)+—L3(2_L) X, Np+1,= i ® AG(x,u>,Np)

Np
Q2 m2

)(x Np+1,= e ,ﬂ2> ®A2(x,ﬂ2,Np)+H3(2’L> <x Np+1,= p ,ﬂ2> ®AG(x,,uz,NF)} 9)

Here, the polarized quark and antiquark densities are denoted by Af, and Af3, AG denotes the polarized gluon density, and

the polarized singlet distribution is given by

Np

AT =) [Afi+ Af. (10)

k=1

The structure function g,(x, Q%) at twist-two is obtained by the Wandzura-Wilczek relation [6,7,69-71]

3For the structure of electroweak gauge boson exchange see e.g., [6,69].
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55,00 = =on(x. @)+ [ Faz.00. (1)

Besides the Wilson coefficients (4)—(8) the massive
OMEs determine the relations of the matching of parton
|

distributions in the VFNS at large enough scales 2,
[38,42]. Here, the PDFs for Ng + 1 massless quarks are
related to the former Ny massless quarks process inde-
pendently. The corresponding relations to three-loop order
read, (see also [38])4

2
AFUNE +1002) + AT+ 10) = 350 (Ve ) @ (A7) 4 AF(Nrp?)
2 2
+Aqu(NF, > ® AX(Np, u )+Aqu<NF, ) ® AG(Np, p ) (12)
2 2

Afgip(Np + 1u?) = AG; (NF, ) ® AL(Np,i?) +Ag, (NF, ) ® AG(Np, %) (13)

2 2
AG(NF+1’M2):quQ<NF’ )®AZ(NF7 )+AggQ<NF’ )®AG(NF’ ) (14)

2 2
Y2
AX(Np+ 1,4%) = [quSQ (NF, > + NpADS (NF,$)

12
ot o2

The Ny dependence of the OMESs is understood as
functional and y? denotes the matching scale, which for the
heavy-to-light transitions are normally much larger than the
mass scale m?, [72]. The corresponding matching equations
in the two-mass case are given in Ref. [25].

The results of the calculations presented in the sub-
sequent sections have been obtained making mutual use
of the packages HarmonicSums.m [52-54,56,73,74]
and Sigma.m [75,76], which is based on algorithms in
difference-ring theory [77].

In the subsequent expressions we abbreviate the follow-
ing logarithms by

Lo=In{=| and Ly =In(—], (16)
¢ (ﬂz " W

*Here, we have corrected some typographical errors in (13)—
(15) in [38], in accordance with the Appendix of Ref. [38].

3 (502) a5t
<NF, 2)} ® AG(Np, pu?). (15)

I
where we set the renormalization and factorization scales
equal y = pp = pig.

(3).P ()
L A7 AND AL

In what follows, the OMEs AB >Q and A® )Q are
presented in complete form analytlcally, where the
O(€") contribution to the unrenormalized OMEs, al(-i)Q,
are given separately. Up to three-loop order the massive
OMEs AP 2.0 and A 4.0 do not yet receive double mass
contrlbutlons The OMEs are expressed in terms
of harmonic sums [52,53] S;(N)=S; which are
defined by

k
Sy = 1.b.a; € Z\{0}. (17)
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The OME A (Q) is given by
32(N = 1)(2 + N)(98 + 369N + 408N? + 164N?)

2Ly (N =12 +N)
8IN%(1 + N)3

APS(3): 3 PS(3) CNT2
@ +CriF ONZ(1 + N)?

99.Q 44q.0
2 32(2+ N)(3 +4N — 3N? + 8N?) 32(N—1)(2+N)S
M{_ IN3(1 4+ N)3 3N%(1+ N)? 1]
L [L32Q+NP 642 +N)B+AN-3N +8N) o (N-1)2+N) RN-DE+N)
+ M{_27N4(1+N)4 IN3(1 + N)3 'UBN2(14+N)2 TP 3N2(1+N)? 2]
32(N = 1)(2+ N)(22 +41IN +28N%) 16(N = 1)(2+ N)Sy] ¢
J{_ 27N?(1 + N)* © 3N*(1+N)? }‘
16(N —9;)] §?1++NA)/§§ +5N) (57 48,) - 16(9]1\\7/ 2—( 1)J£2N+)2N) (51 +25,)
16(2+ N)(3+2N —6N? 4+ 13N%) 32(N—-1)(2+N)S, 32(N—1)(2+N) 18
{ ON3(1+ N)? ~ 3N*(1+N)? ]Cz ON2(1 +N)? 53}}’ (18)
with
8N2 — 15N —9. (19)

P, = 86N> + 38N* + 40N> —

Here {;,k > 2,k € N denotes the Riemann { function at integer arguments.
Likewise, the OME AY >Q is obtained by

64(N - 1) 32(N-1) S]

3 _ 3] 06 o[ B(N-1)Pg 3
AY =43 CyNpT2{ - — "8 -
100 a“{aq"’Q+ o F{ BINS(I+N)* M| ONZ(1+ N)2 " ON(1 +N)
8P, 32(1 + 5N?) 16(N - 1) 32(N —1)
L? - 248 - LS
+ M[9N3(1+N)3 IN(1+N)"! 3N(1+N)( 1+52) 3N(1+N)"°
16P; 16(—1 + 44N + 67N? +94N3)  16(N - 1)S,
27IN(1 + N)? AN(1+N) |

L

* M[27N4(1 + N)*

—1) o 32(=2+6N +5N?) 32(N—1) S
3

32(-2+5N?) , 16(N
~ ON(1+N)? i 9N(1+N) i NI+ N)? 2T ON(T+N)
64(=2 + 5N 64(N — 64(N — 1
B 91(\/(1+N))S‘ +3N(( ))S 3+3N((1+N))S2’1]
_I6(N —1)(283+ 584N +328N°) . 8(N-1) L 8V =1)(1+2N)
8IN(1+N)? P3N+ N AN(1+ N> 72
8P; 32(-2 4 5N?) 8(N—1)8?
* [_9N3(1+N)3_ ON(1+N)2 "' "3N(1+N)
8(N-1)S, 16(N—1)S_, 64(N—1) 32(N-1)S,
} [9N2(1+N)2_ 9N(1+N)] }

N+ N) |~ 3N(L£N)
(N=1)P, 8(N—1)P, 32(N—1)
+ CFNFT‘Z”{_SlNﬁ(l + 1\?)6 L [91\/3(1 +N)3 9N(1+N) Sl]
4(N=1)Ps  32(N—=1)(3+5N) 16( —1)
%4[9N4(1+N)64_ ON}(1+N) ' T3N(1+N) (SZ+SZ)]
[ 16(—24 — 52N + 103N?)  16(N — )S]S
- 2 1

L 4P,
MI2INS(1 + N

27N*(1 + N) “3N(1+N)
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16(N-1)(3+10N) , 16(N—1)

9N2(1+ N) ' 9N(1+N)
_896(N—1)S, 160(N—1)S3 32(N—1) ¢ [_ 4N =1)Ps  16(N —1)(3 + 10N)

2IN(1+N) ~ 9ON(1+N) 3N(1+N)™* IN*(1 4+ N)* 9N2(1+N) :

8(N-1)$2 8(N-1)S S(N-1)P, 32(N-1)S
“3N(1+N)  N(1 +N)2]CZ+ {_91\73(1 +N)23 IN(1 +N)1}CB}}’ (20)

S3 +

16(—3 + 5N + 10N?) LAV 5248(N — 1)S,
9N2(1+N) *TON(1+N)?| " 8IN(1+N)

with the polynomials

Py =3N* +6N3 — N> —4N + 12, (21)
P3 = 6N’ + 6N* — 67N> + 6N? + 43N — 18, (22)
P, = 9N’ + 9N* — T9N3 + 15N? + 22N — 24, (23)
Ps5 = 18N° + 54N5 + SN* — 20N? + 95N? — 132N — 108, (24)
Pg = 33N® + 99N + 41N* — 11N3 4 86N2 — 216N — 144, (25)
P; = 99N’ + 198N6 — 410N — 344N* + 128N3 — 130N? — 39N + 90, (26)
Pg = 255N% + 1020N” — 532N6 — 4536N° — 4344N* — 1138N? + 3N? + 36N + 108, (27)

Py = 159N° + 477N® — 220N7 — 710N® + 117N — 1081N* + 2536N3
+ 1026N? — 1800N — 1080, (28)

Py = 1551N"0 4 7755N° + 10982N8 4 1910N7 + 2427N°® + 14975N?

+ 13952N* — 1488N? — 7488N? — 6912N — 2592. (29)
The O(&°) parts of the unrenormalized massive OMEs, affq)!’QPS and af’g)’Q are given by

JOPS _ ooy { 32(2 + N)R, (_ 642+ N)R;  128(N — 1)(2+N)S )S
99-0 FRETEL243N5(1 + N)S 8IN*(1 +N)* ONZ(1+N)>  “2)7!
64(2 + N)(3 + 2N — 6N? + 13N?) 128(N = 1)(2 +N)
27IN3(1 4+ N)3 27N?(1 +N)?
16(2+ N)(3+2N —6N? +13N3)  32(N—-1)(2+N)
+ ( - S1>Cz

ST+ 52] - (57 +255]

9N3(1 + N)? 3N?(1+N)?
224(N —1)(2+ N)
T ON (1 + NP 43} (30)

034030-6
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0 [L2N-DR; 8N - DR, 16R; (N = 1)(3 + 10N)
o = CrTEN 3 353 7 onNA 362~ 6 6 2
“ag. ON3(1 + NP °* TON* (1 + N)*°2 " 243N(1 + N) N’(1+N)
1
(1

32 32 32 N — 8 16 8 64
<81 83+ 75 1Sy + = Slg“z) +N—+N)< — S - — 828, —— 55— 5,53
32

27 9 972" 27
80 448 (420 + 2399N — 555N2 — 2507N3)
— S, - 16( =82+ 8, |8 — =885 ) - S
9 7 <3 1 2) 27 1C3> 243N2(1 + N)2 :
_16(=24 — 164N +215N%) , 16(—8 — 148N +22IN?) 64(=3+5N)(1 +8N)
81IN2(1+ N) ! 27TN?(1 + N) : 8IN2(1 + N) ’

32R, 16Rs . 32R,
243N(1+N)*"' ON3(1 4+ N)*°% 243N5(1 + N)S
~2 4 5N? ( 64 . 64 128 . 256 64 )

S Y S T ) i) A e R
TNOENE\ TR gt T T 7% g 162

+ CAT%NF{—

St

+7+N) 5753+ S 27S1— 38y + -S54+ -S4+ -8 4+ 831 ———
REASN
352)60 163 8IN(1 + N)3
8IN(1+N)? 291+ N2T 8IN(1 + N)? -

N-1 320 128 s, )8 + 8 16 8 112 256 256 128
: 9 7172 T 9™2 T g 9 9
32 448 16(=59 — 68N + 125N? + 206N?
< Sy 457 + > ) (=59 — 68N + + 206N?)
9
6(131 + 26N — 509N? — 332N?) 256 64(7 —11N)(10 + 11N)
256(—2 + 5N) 896(N — 1)
- S—S 5 24’3
27N(1+ N) 9N?(1+ N)

with

R, = 142N° + 64N* + 2N3 — 52N> — 15N -9,

= 1648N7 + 2444N° + 777N> — 1091N* — 106N3 + 201N?% + 72N + 27,

Ry = 3N* + 6N> — N> —4N + 12,

Ry = 2228N* + 3601N? + 669N? — 2191N — 1055,

Rs = 6N° + 6N* — 67N> + 6N? + 43N — 18,

Rg = 18N® 4 54N> + 5N* — 20N> + 95N? — 132N — 108,

R; = 2040N° + 6120N® — 4816N7 — 16208N°® — 1776N> + 7268N* + 2443N? + 756 N* — 225N — 810,

Rg = 2322N" 4 9288N10 1 5975N° — 11499N® — 7124N7 + 4346N°® + 522N°
—20360N* — 12027N3 + 5193N? + 11880N + 4860.
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3).8
IvV. A 0O¢

The logarithmic contributions to the massive OME AS;’S are given by

4Ly (N =1) 16L2,(N —1)T2
Ay = —qoaM V= Do 2] TOEMUN T LT F
2 = TSN N) F+a“{ 3N(1+N)
ST 2Pys 2 2(N—-1)(243N +3N?) 8(N-1)$,
RN (1 +N)*2+N) ™ N2(1+N)? N(1+N)

4(N—=1)Py 16(N-1)S; 8(N-1)$? 8(N-1)S,
L {_ N3(1+N)* " N (1+N) N(+N) N(1+N)]
4(=36 —22N —2N? + N3) 4(N-1)S, 4(-2 43N +3N?) ,
{ N2 (1+N)(2+N) _N(1+N)]S N (1+N)2+N)"!
4(N-1)83 4P 16(N —1)S;
TINAIN) NI NN 2T 3N(1+N)}
4P L[ 16(N=1) 8(N-1)S
+CATF{N4(1+N)942(2+N) LM[_NZ((l—i—N))z 157(1+1)V)1}
8P 325, 8(N—1)82 8(N—1)S, 16(N—1)S_
+LM{_N3(1:3N)3_N( +N)2+ ((1+1)v) IEJ(1+1)V)2+ 1\(J(1+1)V) 2]
+{_ 4P, 12(N } 4(5 +4N + N?) : 4(N-1)S3
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16(N —
{ 3N*(1+N)? 3N*(1+N)?

N-1)82
)1}5_3

TN+ N)

1)(=24 + 11N + 11N?)

8(N —1)(=24+ 1IN + 11N?)  32(N - 1)S, 8(N —
{ 3N2(1 +N)? N(1+N) ] il
32N -1)(=24+ 1IN+ 11N?) 16(N —

3N2(1+N)? >
1)(=24 + 11N + 11N?)

3N(1 + N)3 e
_16(N = 1)(=24 + 1IN + 11N?)

3N?*(1+N)?
8(N —

=22

1)(=24 + 11N + 11N?)

3N2(1 4 N)? - 3N2(1 4+ N)?

2,11

32(N = 1)(=24 + 1IN + 11N?)
3 3 Sot |—oo7 yI
3N’ (1 +N) ON*(1+N)
~1)$} 4N -

[_9N3(1 +N)
1)(—=48 + 11N + 11N?) 8(N

32(N - 1)S,
N(1+N) } :
- 1)S;

4(24 —83N + 1IN3) , 16(N
3N%(1+ N)? ' N(1+N)

3NZ(1 4+ N)?
8(N = 1)S_; 16(N —

T N(I+N)

8(N — 1)(=36 + 1IN + 11N?) 48(N — 1)§,
{ 3N?(1 4+ N)? N(1+N) ]

N(1+N)

1)S_,,
N(1 +N)21]C2

N 16(N —1)(=24 + 11N + 11N?)  8(N
IN3(1+ N)?

64L3,(N—1) 64(N—1);3
T%[_ T TE R 9N(1+N)]}’

9N2(1+ N)?

_1)(_48+11N+11N2)S 32(N—1)Sq }

3N(1+ N)

N(1+N)

2
1

and the polynomials P; read

Py = —3N* — 54N3 —95N2 — 12N + 36,  (41)

P, = N* —94N3 —256N% — 161N + 78,  (42)

P13:N4+2N3—5N2—12N+2, (43)

Py =N*+4N3 — N2 — 10N + 2, (44)

034030-13

Pis = N* 4+ 10N> +27N? 4 30N + 4,
Pig = N* + 17N3 + 43N? + 33N + 2,
— 4N?

Py, = 2N* —3N2+20N + 12,

Py = 2N* +3N? — 12N> — 23N + 6,

Py = 2N* + 39N + 100N? + 73N + 2,

(45)
(40)
(47)
(48)

(49)
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Py =3N* 4 6N? — N2 —4N + 12,

Py, = 3N* + 30N> + 47N? + 4N — 20,

Py, = 3N* 4 48N3 + 123N? + 98N + 8,

Py; = 5N* + 10N? + 8N? + 7N + 2,

Py, = SN* + 13N3 + 14N? + 16N +6,

Pys = 5N* + 37N3 + 82N? + 41N — 48,

Py = 6N* + 11N> —6N? — N -2,

Py; = 6N* + 12N3 + TN? + N + 6,

Pyg = ON* + 102N> + 245N? + 192N + 12,
Py9 = 10N* + 53N3 + 92N? + 37N — 48,

Py, = 11N* — 68N3 — 263N? — 184N + 72,
Py = 1IN* —26N3 — 227N? — 286N + 48,
Py, = 1IN* + 4N3 — 239N? — 304N + 240,
Py; = 13N* + 23N? + 4N? — 14N -5,

Py, = 13N* + 140N? 4 365N? + 190N — 276,
P35 = 1TN* + 34N? + 82N? + 161N — 78,
Pys = 29N* + 60N? + 149N? + 336N + 74,
Py; = 55N* + 86N3 — 343N? — 422N + 384,
Psg = 55N* + 182N3 — 175N? — 542N + 240,

P30 = T6N* + 183N + 196N + 267N — 38,

P4y = 9TN* + 494N3 + 1079N? + 898N — 408,

P4 = 153N* 4+ 306N? + 165N + 12N + 4,
P4y, = 183N* 4 366N3 4 305N? + 122N + 96,
Py = N° + N* —4N3 +3N? — 7N -2,

Py =2N> +6N* +3N3 + 1IN +2,

Pys = 2N° + 10N* 4 29N3 + 64N> + 67N + 8,

Py = 3N’ + 8N* + 6N3 + 10N? + 7N + 2,

(75)

(76)

Py; = 8N +7N* —9N3 + 7N? + 13N + 6, (77)
Py = 9N’ + ON* — TON3 + 15N? + 22N — 24, (78)
P4 = 15N° + 15N* — 103N? + 33N? — 20N — 36, (79)
Psy = 18N’ — 15N* —198N? —381N? —216N +4,  (80)
Ps; = 18N° + 47N* —35N3 — 141N? — 5N — 120, (81)
Ps, =40N> +73N* —142N? —163N?>— 150N +54, (82)
Ps3 = 45N> + 45N* — 47N3 + 27N? — 190N — 24, (83)
Ps;, = SIN® + 89N* 4 6N — 66N? — 104N — 72,  (84)

Pss = 66N> + 336N* + 627N> + 415N? — 10N — 194,
(85)

Psg = 69N> + 69N* — 55N3 + 51N? — 338N — 36, (86)
Ps; =85N> +85N*—73N3 +197N?-342N - 108, (87)

Psg = 103N + 103N* — 79N? + 317N? — 612N — 144,
(88)

Psy = 337N° 4+ 403N* — 541N3 — 583N2 — 300N + 108,
(89)

Pgy = 436N + 1780N* + 2689N3 + 2782N?
+2167N — 134, (90)

Pg; = 489N + 489N* — 1187N3 — 5TN? — 742N — 144,
(91)

Pg, = N + 18N> + 63N* + 84N> + 30N2 — 64N — 16,
(92)

Pgz = N +23N3 + 73N* 4 85N> + 58N? + 24N — 24,
(93)

Pey =3NS + 30N> + 107N* + 124N> + 48N? + 20N + 8,

(94)
Pgs = 3N® + SIN> + 153N* + 185N3 + 160N?
+ 80N — 72, (95)
Pgg = 4N°® + 41N> 4+ 126N* + 163N> + 58N?
— 128N - 32, (96)
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Pg; = SN® 4 26N> + 7IN* + 168N3 + 159N?
+ 19N - 22, (97)

Pgg = 6N°® + 75N> + 345N* + 719N3 + 323N?
— 696N — 96, (98)

Pgo = 18N® + 87N> + 199N* + 185N3
+ 63N? + 44N + 20, (99)

P = 23N® + 39N5 — 89N* — 219N3 — 172N?

— 130N — 28, (100)

Py, = 25N® — 118N3 — 662N* — 500N3 + 421N?

+ 186N — 264, (101)

Py, = 33N® + 99N + 41N* — 11N3 + 86N?

— 216N — 144, (102)

P53 = 33N% + 99N> + 137N* + 157N3 + 62N?

+ 8N — 16, (103)

P, = 36N® + 48N5 — 297N* — 977N? — 976N>

— 362N + 24, (104)

P75 = 37TNS + 207N> + 753N* + 1771N? + 1598 N?

— 118N + 48, (105)
P = 5TNS +297N> + 567N* + 615N + 468N?

+ 220N + 16, (106)
P7; = 8ON® + 201N® — 775N* — 3495N3 — 4405N*?

—2238N - 72, (107)
Pog = 94NS + 282N° + T9N* + 42N> + 286N?

— 585N — 18, (108)
P79 = 129N% 4 387N° + 509N* + 349N3 + 50N>

+ 240N + 144, (109)

Pgy = 170N® + 543N + 221N* — 15N3 + 425N?

— 864N — 288, (110)

Pg, = 170N® 4 873N> + 1547N* + 951N> — 1717N?
—2976N + 864, (111)

Pg, = 243N% + 729N° + 923N* + 583N? + 14N?

+ 300N + 216, (112)

Pg3 = 321N® + 1353N° + 1521N* — 713N? — 2842N?
—2216N + 96, (113)

Pgy = 333N% 4+ 999N> + 1075N* + 389N?3 — 68N?

+ 384N + 216, (114)

Pgs = 633N6 + 1899N> + 1967N* + 697N3 — 4N?

— 48N +8, (115)

Pgs = —891N7 — 1782N6 — 3712N° — 3058N* + 6775N3
+ T144N2 4 276N — 144, (116)

Pg; = 9N + 18N® — 124N> — 109N* + 199N?

— 191N? + 138N + 72, (117)

Pgg = 69N’ + 138N% — 667N — 541N* + 952N3

— 1277N? + 990N + 432, (118)

Pgo = 95N’ + 378N° + 853N° + 1832N* + 2190N3
+ 364N? — 780N — 432, (119)

Pgy = 251N7 + 1335N® + 1745N° + 243N* — 529N°
— 4161N? — 5400N — 756, (120)

Py, = N® +427N7 4+ 2161N°® + 4081N° 4 3554N*

+ 1404N3 + 228N? + 64N + 16, (121)

Py, = 2N® + 10N7 + 22N + 36N> + 29N* + 4N?

+33N? + 12N + 4, (122)
Pyy = 2N® +29N7 4 135N°® + 297N> + 333N*
+ 204N3 + 28N? — 44N — 24, (123)

Poy = 3N® + 33N7 + 149N® + 267N° + 196N* + 104N?
+ 64N> — 88N — 48, (124)

Pys = 12N% + 52N7 + 60N® — 25N* — 2N3 + 3N?

+ 8N + 4, (125)

Pog = 36N® + 348N7 + 1210N° + 2229N° + 2168N*
+ 505N3 — 424N? — 68N + 48, (126)
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Pg; = 111N® 4 480N7 + 286N°® — 468N> + 82N* + 246N? + 295N? + 228N + 252, (127)
Pog = 201N® + 840N7 + 565N°® — 699N’ — 344N* — 645N> — 314N? + 324N + 360, (128)
Pgg = 296N® + 1184N7 + 2744N® + 5900N° + 4088N* + 476N> + 9477N? + 4725N + 702, (129)

Pigo = —7299N'0 — 39375N° — 79900N® — 85198N7 — 17323N° + 129917N3
+ 137090N* + 25904N3 + 12072N? + 30672N + 8640, (130)

Pioy =—149N'0 —793N° — 1404N8 — 1170N7 — 1341N® — 1221N3 + 1710N* + 2800N? +2256N> +368N —32,  (131)

Py, = 4N'"0 + 22N° + 45N® + 36N7 — 11N® — 15N> + 25N* —41N3 — 21N? — 16N — 4, (132)
Pio3 = 10N10 + 62N + 403N8 + 1523N7 + 2997N° + 3197N° + 1812N* + 478N? + 46N? + 24N + 8, (133)
Piog = 26N'0 + 132N° + 159N — 351N7 — 877N + 531N° + 1820N* — 300N> — 252N? — 192N — 43, (134)
Pios = 28N'0 + 139N° + 444N® + 803N7 + 451NC + 3N> + 490N* + 219N> + 51N? — 60N — 12, (135)

Pos =435N'0 +2391N° +6946N3 + 11512N7 4 4822N° —7016N> — 5369N* — 6743N> — 2406N? — 1764N —216,

(136)
Pioy7 = 531N 4+ 2799N® + 4124N8 + 446N7 — 3445N® — 5245N° + 4358N* + 18128N> — 1968N?
— 10800N — 4320, (137)
Pios = 939N'0 + 4893N° + 5386N® — 5198N7 — 10400N° — 17636N> — 18137N* + 7177N? — 21672N?
— 14112N — 4104, (138)
P9 = 1773N'0 + 9153N? + 14204N8 + 2930N7 — 9151 N® — 8431N°> — 250N* + 13772N? + 1920N?
— 8928N — 4320, (139)

Pyyo = —23N'"! —92N"10 — 53N° 4 322N8 4 465N7 — 348N® — 929N> — 384N+ 4 132N3 + 102N? + 32N + 8,  (140)

Py = 87N'2 + 490N + 949N'0 4 368N — 1285N8 — 2214N7 — 1591N® — 126N + 644N* — 86N> — 268N
— 184N — 48, (141)

P> = 385N'2 4 2182N"! + 4181N'0 + 1458N° — 5589N8 — 8414N7 — 5041N® — 1754N> — 760N* — 176N>
+ 152N? + 224N + 96, (142)

Pyi; = 1623N'2 + 9602N'"! + 20093N'0 + 15520N° — 3305N3 — 13494N7 — S099N°® + 9414N> + 10456N*
+ 5270N? + 1624N? + 40N — 96. (143)
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(3)8
V.AL
For the logarithmic contributions to the OME A(jg)g we obtain
4aSLMTF ) 16L%,IT%: 4LMP147 P166 4L%/I(N_1)(2+N)
Agg0 = +as +CrTr |33 3 4 4 2 2
: 3 9 N(1+N) N (1+N) N (1+N)
2Pss 16P;; 80 5 16 8 4(47 4 56N)S,
CuTpd = B e L 28— —

T F{27N3(1+N)3 ”4{91\/2(1“\7)2 o °t| T 3NNy T3 27(1 +N)

L [64L3, ) 2P\, SOL},(N=1)2+N) [ 8Ps 32(N —1)(2+N)S;

+ ag T+ CpTk 5 3 3 2 M|gn3 3 2 2

27 ON3(1 4 N) IN2(1+N) IN3(1+N) 3N%(1+N)
8P 32(N=1)(2+ N)(=6 — 8N + N?) 16(N-1)(2+N)S? 16(N —1)(2+N)S,

+ Ly |- 4 4 3 3 Si+ 2 2 - 2 2

2IN*(1+N) IN3(1+N) 3N%(1+N) N2(1+N)

L[ 8P 16(N-1Q2+N)S], 80N - D2+ NG

IN3(1+N)? 3N*(1+N)? : ON%(1+N)?

4 CNLT? 2P 7 64L3, (N - 1)(2+N) __ APy 2(N-D2A+N)@E 6NN
FEFTEI8INS (1 4+ N)S 9N2(1+N)? M1 oN* (1 + N 3N3(1+N)3 !
16(N—=1)(2+N)S? 80(N —1)(2+ N)S,

N*(1+N)? 3N?(1+N)?
N 32N -1)2+N)(22+4IN +28N)  16(N—1)2+N)Sy] . 16(N-1)2+N)(2+5N)
2IN*(1+N)* 3N2(1+N)? : 9N2(1 + N)3 !
16(N=1)(2+N)S} 16(N=1)(2+N)(2+5N) , 32(N—1)(2+N)S;
IN?(1+ N)? INZ(1+N)? : IN2(1+ N)2
[ 4Pe 16(N-1)(2+N)S], 64(N-1)(2+N)¢
ON3(1+N)>3 3N2(1 +N)? : IN2(1+N)?
4p 352 176
2% A0 S el U ST o< Pttt Wittt
+Ca F{ 243N4(1+N)4+ M|T2IN(LT V) | 27 51
2P 8P 64 1285 32
12— 149 _ 140 Do lg, %2 | 24
- M{ 9N3(1+N)> 9N2(1+N)2+3 2 TINI N 30
128 64 32 64
5SS s ——S

+[ ETIE ‘] 2139573 ‘2-‘]

s 165,P133 16S_3P139 32551 P39 8853P 142 Pis3
MION2(1+N)2 " ON2(1+N)2 9N2(1+N)>  9ON*(1+N)> ' 81(N—1)N3(1+N)’(2+N)

4P 56 640 . 32 16P 63
-~ — S, = 8|8 + |-
+[ 81(N—1)N4(1+N)4(2+N)+ 9 7?3 3} ”{ 9N —1)N*(1 +N)*(2+N)
32Ps; 32, 64(=3 + 2N +2N?)
Sy S, +=S — 645
+9(1\1—1)1\12(1+N)2(2+N) ‘} 2t 3ot N2(1+N)? e
| 8(233944876N +2834N%) 4452 44(1+42N)S,
243(1+ N)? ""9(1+N) " 9(1+N)

N 4P g0 16(36+72N+N2+2N3+N4)_¥S S

27N3(1 + N)? 27N*(1 + N)? 3720
645, 16 64 32 16 32 352 176
3N(1+N) myst {3N(1 +N) —?51]5_2—?5_3 +?S‘2’1]C2+ [27N(1 +N) _751]53}
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16P 16S,P 4P 128 64
i CANFT%{ 172 | M[ 117145 164 ]

S Y B — — 3| —
243N*(1 + N)* 8IN2(1 4 N)? 81N3(1+N)3]+ M[27N(1+N) 27!
32(283 + 584N + 328N2) 1652 16(1+2N)S, 4P 5, 160 1
243(1 + N)? "T9(1+N)  9(1+N) N1+ N :
128 64 8P 85, P 2P
_ 0% c.T2d — 167 Lol— i 159
+[ VIN(+N) 27 ‘]53}+ 4 F{ BINT(1+ N M| TONZ(1 - N2 2INP(1 + N
Ny 8P 640 7 s 48 24 16(283 + 584N + 328N?)
MI2IN*(1+N)? 27 7! MI2IN(1+N) 277! 81(1+ N)? !
852 8(142N)S, 4P\ 560 448 224
3 - - 3 G2+ =507 ot 575183
(1+N)  3(1+N) 2INA 1+ NP T 2IN(1 +N) ' 27
LT 853P 136 45,P151 Pigo
FEP\BN3 (14N " N4 (1+N)* " NS(1 +N)S
[ 4(N-1@2+N)2+3N+3N*) 16(N-1)2+N)S,
3N*(1+N)? 3N?*(1+N)?
8(N—1)(2—|—N)(—2—3N+N3+2N4)+8(N—1)2(2+N)(2—|—3N)S _16(N=1)2+N)S,
N*(1+ N)* N3(1+N)3 ! N2(1+N)2
[ 45,Pi38 2P g 8Pis) 24(N-1)(2+N)S,
+ Ly | = - Nz 4 2 2 1
N*(1+N) N%(1+N)

+ Ly

+ 13-

TN AN (N DN+ NP2+ N) T
4(=6—I3N +3N°) , 8(N-1)(2+N)S]  16(14 +5N +5N?)

S
N2(1+N)? L 3N2(1+ N)? ANY(1+ N2

32010+ N+N?) L2565, L 128855 RN-DER+N)S,
(N-1)N(I+N)2+N) N2(1+N)?|"7 " N (1+N)? N2(1+N)?

25655,  96(2+ N + N2)¢, 8P3 8(=2 + 3N + 3N?)
N*(1+ N)? N1+ N)? N3(1+N)? N3 (1+N)? 7
16(N—1)(2+N)S; 32(N-1)(2+ N)SM} ¢

- - 1

3N?(1+N)? N*(1+N)?
4(=36 —22N —6N? + N3) 4(N—1)(2+N)S,] .,

[ N3(1+N)? ~ N} (1+N)? }‘
8(=2+3N +3N?) (; 2(N-1Q2+N)St 2N - D2+ N)S3
AN3(1+N)2 ' 3NA(1+N)2 N* (1+N)?
12(N=1)2+N)S, 32Q2+N)Sy; 32(N-1)(24N)Ss,
N (1+N)?  N(1+N)  NY1+N)

64(N — 1)(2 4+ N)S 2P,
: N2()1(+J1rv)2) e {1281n(2)—N4(1+(;v)4
AN =D@+N)(=4-3N+3N) . 4N -1)2+N)S]
B N3(1+ N)? L N2(1+N)?
12(N = 1)(2+N)S 4P, 16(N = 1)(2 + N)S,
L I YE 2]C2 [_3N3(1—15-8N)3_ 3N%(1+ N)? ]53}
48,P, Py
+CACFTF{ (2 48) 18NS(1 er)ﬁ

+ L3

8(N — )(2+N)( 124+ 1IN +11N%) 16(N = 1)(2 +N)S,
[_ N*(1+N)? 3N*(1+N)? ]
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12, [_ 83)SIP150 2Py 16(N-1)(2+N)S,
3N3(1+N)3 ON*(1+ N)* N*(1+N)?

32N - 1)(2+N)S—2} I3 { 45,P 135 8Pis)

N2(1+N)? MIN3(1+N)3 " 27(N=1)N(1 + N)’(2+N)
N [_ 8P,75 _40(N - 1)(2+N)Sz]

9N — 1)N*(1 + N)*(2 + N) N2(1 + N)2 :

4(=12=16N +5N* + 11N%) , 8(N—1)(2+N)S} 16(26+5N+5N2)S

B 3N3(1+ N)? ! ANY(1+N)?>  3N*(1+N)? P

n 16P146 + 32P130 S |s
(N-1DN*(1+N>?2+N) (N-DN*(1+N)?2+N)' |
16(=22 + 5N + 5N?) 32(N=1)(2+N)Sy; 32(=14+ N +N?*)S_,,

S5+

N?(1+ N)? N?(1+ N)? N%(1+ N)?
32(=3+ N)(4+N) 2P 65 8(—13 +3N?)
[_ NOLNE 6451]4 * [_ ON}(1+N) ' N2 (1+N) 2

160(N = 1)(2+ N)S; _ 64(N — 1)(2+N)s_2,1]s . [_ 4P,
3N2(1 4+ N)? N2(1 +N)? ! N2(1+N)*
20(N—1)(2+N)52} , 8(5+4N+N?) , 2(N-1)2+N)S}

N2(1+ N)? PN (1N T 3N%(1+ N)?
2(N-1)(2+N)S3 64(—6+8N+7N2+N3)S 36(N —1)(2+ N)S,
N(1+N?  3N(1+N) TN+ N)

22 +N)BEN) AN-12+N)S;  32(N-1)(2+N)S}
N*(1+N)* N*(1+N)* N* (1 +N)?
32(N = 1)(2+ N)S, 32(N-1(2+N) 32(N-1)(2+N)S,
N2(1 +N)? }S‘Q { N*(1+N)? N2(1 + N)? 53
I6(N=1)(2+N)Sy 16(N=1)(2+N)S5; 64(N-1D(2+N)S_,,
N*(1+N)? N* (1 +N)? N* (1+N)?
CR(N-DR+N)S,, 2(N-DQ+N)S_s;  16(N=1)(2+N)S,,
N* (1 +N)? N*(1+N)? N*(1+N)?
64(N = 1)(2+N)S_5.1. 451 P11 4P 163

N2(1 + N)? N [_641n(2) C3N3(1+N) T ONH(1+ N

AN -1)(2+N)S}  12(N-1)(2+N)S, | 24(N - 1)(2+N)S_2]
N*(1+N)? N*(1+N)? N NE %
8Pis6 16(N -1)(24+ N)S, 64, (3)

T v+ vy 3N2(1+ N)> ]‘:3} 27 TF§3+“%Q}'

The polynomials P; read
P]30 :]\,4—‘-2]\/3 —7N2—8N+28,
P53 = N* +2N3 —5N? — 12N +2,

Py3, = 2N* —4N3 —3N? + 20N + 12,
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P33 = 3N* + 6N? — 89N? — 92N + 12,

P34 = 3N* + 6N3 + 16N? + 13N - 3,

P35 = 3N* 4+ 32N3 + 65N? — 16N — 60,

P36 = 3N* + 48N> + 123N? + 98N + 8,

Pi3; = 9N* + 18N? + 113N? + 104N — 24,

Pi3g = 1IN* +36N? + 43N? + 46N + 8,

P39 = 20N* + 40N> + 11N? — 9N + 54,

Py = 23N* + 46N> + 23N? + 96N + 48,

P4 = 40N* + 74N3 4 25N? — 9N + 16,

Py = 40N* + 80N> + 73N? + 33N + 54,

Py = 63N* + 126N? + 271N? + 208N — 48,

Py = 99N* + 198N? + 463N? + 364N — 84,

P45 = 136N* 4+ 254N3 + 37N? — 81N + 144,

P = 3N° + TN* — 20N> — 51N> — 2N — 8,

Py = N® 43N> + 5N* + N> —8N? + 2N + 4,

Pyug = N + 18N> + 63N* + 84N3 + 30N? — 64N — 16,
Piso = 3N® 4+ 9N° — 163N* — 341N? + 164N? — 432N — 192,
Piso = 3N® + 9N> + 20N* + 25N3 — 11N? — 46N — 12,
Pys; = 3N® + 30N> + 107N* + 124N> + 48N? + 20N + 8,
Ps, = 6N 4+ 23N — 14N* — 121N> — 114N? — 20N + 8,
Pis3 = 15N® + 45N> + 49N* — 13N3 — 64N> + 40N + 48,
Pisy = I5NS +45N5 + 56N* + N3 — 68N? + 29N + 42,
Piss = 15N® + 45N3 + 374N* + 601N? + 161N? — 24N + 36,
Piss = 18NS + 54N5 + 65N* + 40N? — 23N? — 34N + 24,
P57 = 20N® + 60N> + 11N* — 78N3 — 13N? + 36N — 108,

Pisg = 24N°® + 72N> + 69N* + 18N3 + N2 + 4N + 4,
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Piso = 27N® + 81N5 — 1247N* — 2341N? — 720N? + 32N — 240,

Pigo = 27N® + 81N’ + 148N* 4 161N3 4 253N? — 390N — 144,

Pig; = 30N® + 90N> + 79N* + 8N3 + 23N? + 70N + 12,

Pig, = 63N® + 189N> + 157N* + 35N> + 8ON? + 4N — 24,

Pig3 = 95N® + 285N° + 92N* — 291N? — 97N? 4 96N — 36,

Pies = 297N + 891N — 461N* — 2119N3 — 872N? — 96N — 432,

Pigs = 233N7 + 1093N6 + 1970N> + 1538N* — 167N — 2143N? — 2412N — 288,

P = —15N® — 60N7 — 82N® — 44N> — 15N* — 4N? — 12N -8,

Pig7 = 3N® + 12N7 + 2080N® + 5568N> + 4602N* + 1138N3 — 3N? — 36N — 108,

Pisg = 15N8 + 60N7 + 242N° + 417N° + 344N+ + 285N> + 185N? + 456N + 108,

Pigo = 33N® + 132N7 — 82N6 — 840N> — 571N* + 564N> + 308N? + 984N + 288,

P79 = 40N® + 160N7 + 205N® + 61N> + 18N* + 113N? + 75N? — 20N — 12,

Py7; = 67N® + 268N’ + 194N® — 508N> — 533N* 4 480N> + 616N? + 344N + 144,

P75 = 126N® + 504N7 — 1306N® — 5052N> — 4473N* — 1138N3 + 3N? 4 36N + 108,

P75 = 219N® + 876N7 + 1142N°® + 288N> — 217N* + 240N> + 410N? + 366N + 180,

P74 = 1386N® + 5544N7 — 11270N° — 46284N> — 39915N* — 9422N3 + 33N? 4 396N + 1188,
P75 = 15N'0 4+ 75N° + 2N® — 469N7 — 506N® + 524N° + 781N* + 26N> — 1192N? — 1128N — 432,

P76 = 310N + 1748N° + 4811N® + 14192N7 + 24974N°® + 3194N> — 29393N* — 16866N>
+ 8694N2 + 7128N + 1944,

P77 =391N'0 4+ 1955N° +3622N8 + 3046N" 4 1595N® + 1327N> + 1152N* 4+ 216N> — 288N? — 360N — 144,

Pios = 1593N'0 4+ 7965N° + 11578N® + 1594N7 — 1379N® + 12793N> + 17152N* + 4432N> — 1728N?

— 2160N — 864,

(174)
(175)
(176)
(177)
(178)
(179)
(180)
(181)
(182)
(183)
(184)
(185)
(186)
(187)
(188)
(189)

(190)

(191)

(192)

(193)

P79 = =3135N"2 — 18810N'! — 42713N'0 — 44692N° — 22145N® — 9290N7 — 8167N® — 4136N> — 960N+ + 11232N3

+ 6720N? + 3360N + 576,

Pigo = —39N'2 — 234N — 521N'0 — 492N° — 85N® — 42N7 — 883N°® — 1660N° — 1324N* — 492N3
— 52N? + 48N + 16,

Pigy =N+ 6N'"" —3N'0—58N°% —21N® +222N7 +609NC + 1144N> 4 1122N* + 142N3 — 180N? + 40N +48,
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Pig, = 276N'? + 1656N"! + 3334N1'0 + 869N® — 6591N® — 7395N7 + 7452N6 + 13479N> + 3167N* + 7303N?
+ 1110N? — 5004N — 2376, (197)

Pig3 = 2493N'2 + 14958N'! + 42317N'0 4 75910N° + 45511N® — 60782N7 — 29777N® + 17194N> — 130384 N*
— 115536N3 + 25776N? + 24192N + 5184. (198)

Next we turn to the polarized massive Wilson coefficients in the asymptotic region Q° > m? in the single mass case.

VI. THE POLARIZED WILSON COEFFICIENT L,I;S AND Lg

The massive Wilson coefficients (5) and (6) are related to the expansion coefficients of the massive OMEs and the
massless Wilson coefficients. In presenting the Wilson coefficients for the structure function g, (x, Q%) we leave the three-
loop massive OMEs, calculated in the previous sections and Ref. [23] and the three-loop contribution to the polarized
massless Wilson coefficients, symbolic. The latter depend also on the logarithmic terms L (16). In the nonsinglet case the
complete asymptotic Wilson coefficient to the structure function g, (x, Q) has already been calculated in Ref. [28].

For LFS we obtain

LPs_l[l_(_UN]{ag{CFNFT%{_Q(N—1)2(2+N)(22+41N+28N2)

¢ 27N3(1+N)*

L '_64(N—1)2(2+N)(2+5N)+(N_1) {_64(2+N)(3+2N+2N2) 64(2+N)S{H
Ml ON3(1+N)3 IN3(1+N)? "T3NZ(14+N)?

, [ 32(N=1)2(2+N) 32(N—-1)(2+N)S, 32L3,(2+N) 32(2+N)(22+41N +28N?)

i AN3(1+N)> 3N’ (1+N)? ]+(N_1)[LQ[3N2(1+N)2 2IN2(1+N)*

L '64(2+N)(2+5N)_64(2+N)Sl]_32(2+N)(2+5N) 16(2+N)S? 16(2+N)32}
MITTONZ(1+N)? 3NE(1+N)? INZ(1+N)> "' T3NZ(14N)? 3N2(14N)?
32(2+N)(6+37N +35N>+13N3) 16(2+N)S, S 162+ N)(3+4N+7N?) , 16(2+N)S}

T 2IN3(1+N)* _3N2(1+N)2} 1+ IN3(1+N)3 '_3N2(1+N)2]

16(N—=1)*(2+N)
~ 3N3(1+N)?

2 PS(3
Sz} + AP 4N O )(LQ,NF)}}. (199)

L? is given by

s Lo onS o o [16LyLo(N=1) _16(N=1)> 16(N-1)S,

Ly=301=(=1) ]{““‘NFTF{ INAAN) 5 TN N) T 3NN
, s [64LLLo(N=1) [ 64(N=1)> 64(N-1)S,
”“‘{NFTF{ ON(I+N) M 9N2(1+N) O9N(1+N)

o[ 8(N=1)°Q B 8Q, 5 64 328, ] 16(47+56N)S,
+CANFTF{ 27N5(1+N)4+LQ (N-1) 27N4(1+N)4+LM 3N>(1+N)? 3N(1+N)|  27N(1+N)?
+L{ 3205 +(N—1)[ 3282 325, 645, ]_64(—9—2N+3N2+2N3) H

MION3(1+N)? 3N(1+N) 3N(1+N) 3N(1+N) 9N2(1+N)> :
o [ 64N-1)? C L [B2A=34NY)s, 38 ~ 85,010
+LM{ 3N*(14N)? (N-1) 3N2(1+N)2 " 3N(1+N) +(N-1) 2IN*(1+N)*

4 2 16(47 N)S2
+LML%2[ 6 328, } 6(47+56 )sl]

3AN2(1+N)2 3N(1+N)| = 2IN(1+N)?
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1603
9N —1)N*(1+N)*(2+N)
1605 80(N — 1)S,
[_9N3(1 +NP@2+N) 3N(1+N)
32(3=2N + N>+ N?) 32(2 4 5N + 5N?)
INIANE 2 TONIE N2+ N)

1653 645, |
"9N(1+N) 3N(1+N)
32(=9 — 10N +3N? +7N?%) ,
ON%(1 + N)? !

+LM[— 2+(N—1){

Jsi+

+[ 6405 64(2 + N + N?) } 64(—4 + N + N?)
3(N-1N(I+N)22+N)?2 3N(1+N)2+N) |77
~ 2565_, _ RQ2+N+N) 2{4(1\/—1)2Q12
N+ N2+ N) N(1+N)(2+N)C3H+CFNFTF NO(1 + N
_ 45,101 2 80, _ 325,
* ){N5(1+N)5+ MLQ[3N3(1+N)3 3N(1+N)”
16L3,(N = 1)2(2 +N) 40, 165,0,
+LQ[ N3(1 +N)? (N - )[_N5(1+N)5 LM[3N3(1+N)3
160 6457 645, 2 _16(N=1)*(2+N)
3N*(1+N)* " 3N(1+N) 3N(1+N)m M[ N*(1+N)?
—16<N_1)2<2+N)S}+L { 885,04 8014
NA+NP® T T TYBN (I NP 3(N=1DN(1+ NP (2 + N)?
8(—4 + 2N +3N?)(3 + 2N +3N?) , 80S3 645,
3N3(1+N)? ' 9N(1+N) 3N(1+N)}
[_ 320, 16(N—1)S2] _256(1+ N +N?)
AN*(1+N*2+N)  N(I+N) |°" ONO+N)2+N)™
640, 5128, 2565_4
* [3(N—1)N2(1+N)2(2+N)2_3N(1+N)(2+N)} Z 3N(1+N)2+N)
5125, 64(2 + N + N?) 3) £5(3)
TINTIV2 ) N(1+N)(2+N)§3H+A49~Q+NFC9 (LQ’NF)}}’

+(N—1){—

with the polynomials Q; given by
Q, = 3N* +2N°* — N? - 12,
0, = 3N* + 6N — N?> — 4N + 12,
0; =N +3N*—3N3 —9N? —8N -8,
Q4 = 9N° — N* = 23N? — I5N? — 14N + 12,
Qs = 9N’ 4+ 9N* —4N> 4 15N? — 41N — 12,
Q¢ = N® — 19N* — 22N3 + 22N? — 34N — 36,
Q7 = N® + 3N’ + 13N* + 21N3 + 22N? + 12N — 24,
Qg = 13N® + 44N> + TIN* + 94N3 — 90N? — 288N — 72,
Q¢ = 15N® + 45N> + 374N* + 601N3 + 161N? — 24N + 36,

Q10 = 97NS + 161N° — 392N* — 807N3 — 255N? + 24N — 36,
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Q11 = N¥ +3N7 4+ 11N® + 20N> — 15N* — 17N3 + 49N? — 20N — 36 (211)
Q, = 15N® + 60N7 + 82N® + 44N> + 15N* + 4N? + 12N + 8, (212)
Q13 = 24N'"0 + 102N° + 58N® — 210N7 — 209N® + 23N + 529N* + 1109N> + 234N? — 388N — 120, (213)

014 = 8N'2 + 50N'! + 122N10 + 98N — 457N® — 1398N7 — 1232N° — 634N5 — 793N* + 388 N3
1+ 1128N? — 16N — 336. (214)

VII. THE POLARIZED WILSON COEFFICIENTS H (QSJ’PS

The next Wilson coefficient is H S;’PS. It is given by

8Ly (1+2N+N?)
2+N
+2+ >{ N3 (1N
8(2+N—-N?+2N3%) 8(N-1)S 4L2 412
+LQ_(+3 +3 )_(2 )12 <N_l>_2M2+2 Qz
N3(14N) N2 (1+N) N2 (1+N)* " N2 (1+N)
4st 128, 82+N-N*+2N°) ] 64 S
N2 (14+N)® N} (1+N)? N3(1+N)? "' (N=1)N(1+N)2+N)
85,015  4(=1—=3N—4N?+4N3)(=2+ 5N +6N? +9N?)
R CATr(2+N 2
+as{ T2t ){N4(1+N)4 NO(1+N)>
4(24+3N +3N?)(=1-3N —4N? +4N?) 8(24+3N+3N?)(1+2N+N3) 32(1+2N+N?3)
+LQ - 3 3 +LM 4 4 - 3 3
N3(1+N) N*(1+N) N3(1+N)
243N +3N?) 165, _8(2+3N+3N2)S
N3(1+N)* " N*(1+N)? N3(1+N)* 72
[16(—1—3N—4N2+4N3) 32(N—1)S2]S] L { 8(1+2N+N3)(=2+5N +6N*+9N?)
1 M|

8016
(N=1)N*(1+N)*(2+N)

=3l {aeer {

+

1

(N=1) {Lﬁl [-4(

N*(1+N)* N?(1+N)? N3(1+N)*
8(=2+3N+3N?)(1+2N +N?) 16(1+2N+N%) , 16(1+2N+N?)
NY(14N)* TN I+N)? TN N3 (14N TR
, [4(=24+5N+6N?+9N?) 4(-2+43N+3N?) 857 8S, 1653
+(N-1)|Ly 7y 3 - 3 7S 3t 2 ) 2 )
N*(14N) N3(14N) N2(1+N)>  N*(1+N)?|  N*(1+N)
4(=2+3N+3N?)(—=1=3N—4N?+4N3) 8(N—1)(=2+3N +3N?)
|- 5 5 B 3 3 52|51
N°>(1+N) N*(1+N)
8(=1—=3N—4N?2+4N3) 16(N-1)S, 32(N—1)3(22+41N +28N?)
- - St +CpT2(2+N)< —
[ N*(14+N)* N2(14+N)2 | +CrTH2+N) 2IN3(1+N)*
64(N—1)%(2+5N) 64(3+2N +2N?) 6452 , [ 32(N-1)?
Ly |~ 3 3 (N=1)1= 3 3 1332 2 Ly | =330 o2
9N3(1+N) 9N3(1+N) 3N?(1+N) 3N3(1+N)
32(N-1)S, 3213, 32(22 +41N +28N?) 64(245N) 645,
T2 2 (N-1) Q 2 7+ 2 4 Ly 2 37 2A2 2
3N} (1+N) 3N?(1+N) 27N*(1+N) ON2(1+N)> 3N?(1+N)
32(2+5N)S, 1652 N 165, 32(6+37N +35N?+ 13N?) 165, ]
ON2(1+N)> 3N} (1+N)?> 3N?(1+N)? 27IN3(1+N)* 3NZ(1+N)2| !

16(3 +4N+7N2) 5 16S:1" 16(N — 1)252 PS(3) |, =PS(3)
- - A Cq "(Lo:Np+1) ¢ 0. 215
ON(IFNP L 3N +NE| 3NN e +C (Lo Np+1) (215)

where
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Q15 = 9N°> + 6N* — 12N? =8N + 1, (216)
Q16 = 3N® + 10N7 — N® — 22N> — 14N* — 18N? — 30N? + 8. (217)

The polarized massive OME A(Q33I’PS has been calculated in Ref. [23].

VIIL. THE POLARIZED WILSON COEFFICIENT Hgg)'s
Finally, H (Q3(is (8), is obtained by

B N 4(N—1)2 4L 4L 48
Hg_ [1—(-1) ]{aSTF{_Nz(]JrN)+(N_1){_N(IKN)+N(1+QN)_N(1+1N)]}

804 852 n &S, 16S_,

80
g _N3(1+N)3+( - ){N(HN) N(1+N) N(1+N)

+a?{CATF{_(N— DN*(1+N)* 2+ N)?

L

3, ] . [8(—2+N)Q19 (N ){ 8 85, 165_2]
N(1+N)2 "7 N3 (1+N)? N(1+N) N(1+N) N(1+N)
16(3—N—-N?+N?) 16 8s
N*(14+N)? S‘]HN_I)[LZQ[NZ(HN)Z_N(HIN)}

5 16 8S 168, 160 32(N-1)S
+LM{_N2(1+N)2+N(1+1N)}_N(H—N)} [_N3(1+N)3522+N) N(1+N)2] !
4(12—N+N*+2N?) , 40,, 8(=2+3N +3N?)
TN (N2 HN) N ANPREN) T NI N2

1605 328511 8(—2+N)(3+N)S 16(2+N +N?) 24(2+N+N?)
+[(N—1)N(1+N)(2+N)2 2+N] 2 N(1+N)2+N) "7 N(1+N)2+N) _2'1_N(1+N)(2+N)§3}

40 5
BN +7;V)4(2+N)2+(N_1) [LM[

2(24+3N+3N?) 85, ]

C;T -
+Cr F{ N2 (1+N)2  N(1+N)

2 {2(2+3N+3N2)_ 8S, }+L [_ 405, {_4(2+3N+3N2) 165, ]
O N2(1+N)2  N(O+N)| e NMQA+NE M NY(1+N)? T N(1+N)
4(=6—N+3N?) 1652 165, 40y,
N2 (1+N)* ! N(1+N)_N(1+N)} M[N3(1—|—N)3

4(—6—N +3N?) 1653 165, 853 16S,,

~ N2(1+N)2 7' N(1+N) N(1+N)}_N(1+N) N(1+N)]

+[ 4054 8(N—1)S2] B 205 2 2054 _ 162+ N+N?)
N3(1+NP32+N)  NA+N) |7 N(1+N22+N)"' "N (1+N)22+N) N(I+N)2+N)™?
16(10+N +N?) 1285, 645_, 1285_,, 48(2+N+N?)
[(N—1)(2+N)2‘N(1+N)(2+N)] 2T NI+N)2+N) T NIEN)2+N) N(1+N)(2+N)€3}

—|—T%{(N—1)[ 1612, 16LMLQ)} LM[ 16(N —1)> 16(N—1)51H}

" 3N(1+N) 3N(1+N " 3N2(14+N) 3N(1+N)

+“§{CFNFT%{<N_1){LMLZQ [_3N3?1QfN)3 3N?fi—1N)}+(LMLQ) [_9N136(811%\6/)3 9N4§1Q46—2N)4
328 n 328, ” M[_ 2034 +(N= )[ 85103 88,03
3N(1+N) N(1+N) 27N3(1+N)*(2+N) ON3(1+N)* 9N3(1+N)3

8Q¢s 328, 3283 3528, 645, | 256S_,
[27N4(1+N)4_3N(1+N)] ‘+9N(1+N)+9N(1+N)_3N(1+N)} N2(1+N)2(2+N)”
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8(N—1)%Qss 80sg 64 328, 16(47+56N)S,
_ﬁ"'LQ{(N_I)[ﬁ"’ 1214{ 2 2- ]_ 2]
27N°(1+N) 27TN*(1+N) 3N*(1+N)* 3N(1+N) 2IN(1+N)
+LM[ 3204 S(N- ){ 3257 325, 648, }_64(—9—2N+3N2+2N3) ”
9N3(1+N)3 3N(1+N) 3N(1+N) 3N(1+N) IN2(1+4N)> !
N 2[_ 64(N —1)? (N- ){32(—3+N2)Sl 3282 ”
M1 3N3(1+N)? 3N2(1+N)*> " 3N(1+N)
85, Qs 64 328, 16(47+56N)S?
+(N_l)[ 3N2(1+N)2_3N(1+N)} 27N(1+N)2]
1605, 1653 645, |
L [_9(N—1)N4(1+N)4(2+N)2+(N_1) {_9N(1+1N)_3N(1+N)}
16Qs; 80(N—1)S, 32(-9—-10N+3N?+7N%) , 32(3—-2N+N*+N?)
[_9N3(1+N)3(2+N) 3AN(1+N) INZ(1+N)? TN 1Ny
32(2+5N +5N?) 64043 64(2+N+N?) 64(—4+N+N?)
IN(1+N)(2+N)™> [3(N—1)N(1+N)2(2+N)2 3N(1+N)(2+N) 1} 2 3N(14+N)2+N)
2568_5, 32(24+N+N?)
_3N(1+N)(2+N)_N(1+N)(2+N)€3]}
4(N=1)2Q7 45,076 8(2+3N+3N?) 328,
+CFT12”{ NS(1+N)> +(N_1)[N5(1+N)5+LML%~’{ 3N2(14N)? _3N(1+N)}
i [_ 4Q76 N 2{_ 1605, 645, ] {_ 16055 16(—6—N +3N?)
CUNS(U+N) M 3N3(1+N)? T3N(I+N)| M 3N (1+N)T T BNA(1+N)?
6452 645, s 165,053 16040 3282 328,
3N(1+N)_3N(1—|—N)” M[_3N3(1+N)3 3N*(1+N)3 3N(1+N) 3N(1+N)H
8Qs6 8(-8-+3N+9N?) ,  80S} 64S,
N—l)N5(1+N)4(2+N)2+(N_1)[_ 3N2(1+N)2 ' 9N(1+N) 3N(1+N)]
+[_ 3204 16(N—1)S2] 8(4—19N — 10N> +9N%)  256(1+N+N?)
AN*(1+N)*2+N)  NO+N) |7! 3N%(1+N)2 P ON(1+N)2+N)"?
64(10+N +N?) 5128, 2565_, 5128_,, 64(24+N +N?)
[3(N—1)(2+N)2_3N(1+N)(2+N)] 2 3N(1+N)(2+N) 3N(1+N)(2+N) N(1+N)(2+N)§3]}
4(=2+5N+6N*+9N*)07n 16(=2+ 5N +6N?49N?) 801, 16S,
N°(1+N)(2+N) +LM[(N_1){ N*(1+N)? [_N3(1+N)3_N(1+N)}Sl
N 1653 325, ] 24(N—1)2(2+N)S2}+L [4(2+3N+3N2)Q72
N(1+N)  N*(1+N)? NX(1+N)> 1T TC NS(1+N)P(2+N)
+LM[— 2068 T _1){_ 3257 16(=1+4N+4N?) 328, 485_,
IN*(1+N)* N(1+N) N (1+N)?2 2 N(1+N) N(1+N)
32§, 6485, 405, 32(N-1)S, 16(=3+ 17N +10N?) _,
N(1+N)_N(1+N)} [9N3(1+N)3_ N(1+N) 3N2(1+N)2 1}
+(N_1)[L2 {_16(2+3N+3N2)+8(10+3N+3N2) 3287 }_ 167 32(2+3N +3N?)
M N3(1+N)? N2(1+N)®> "' N(1+N)| 3N(1+N) '  3N3*(1+N)?
16(2+3N+3N?) 16(2—N+3N?) 6452 8(2+3N+3N?) 328,
[ N2(14N)? * N2(14N)? 1_N(1+N)] = [ N2(14N)? _N(1+N)}S_3
16(2+3N +3N?) 407, 1285, 64S_, |
~ N2(1+N)? ‘2‘} [_N4(1+N)4(2+N)+( - ){_3N(1+N) N(1+N)}

+CAT%{

L N
27N4(1+N)4+ M Q[

]S1+ 2

S

o [‘3(

+CACFTF{—

Jsi+

S3
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4Q33 S |s + 4Q46 _ 48(N - 1)52 2 + 4Q25 S3
N1 +N22+N) 727" T IN2(1+NP2+N) NA+N) |7V 3N 1+ N)322+N) !
4(2 43N +3N?)(=16 + 15N + 24N? +7N?) 25,05, Ogs
- 3 3 So| + Ly 3 3+ 5 5
N} (1+N)}(2+N) ON3(1+N)*  54N>(1 +N)*(2+N)
204 16S, ) 1651 8(=36 + 121N + 121N?) 328,
+(N-1) - 1 - 2 2 3
N(1+N) 9N%(1+N) N(1+N)

_I_

CON3(1+ N N(1+N)
4852, N [_ 2% ]S L 8084 16(=6+ 1IN+ 11N?)
N(1+N) N (1+N)2 " N(I+N)["7 " N1 +N) 3N2(1 4+ N)?
9655 , 325,, 6453,  96S,;;  24(1+3N)(2+3N) ]
- 3

+

2,1

N(1+N) N(1+N) N(1+N) N(1+N) N*(1+N)?
2060 965, 645, 64S_, 1925 ] 32(1 + 5N?)

+[_27N4(1+N)4+(N_ )[_N(1+N) N(I+N) "N(1+N) N(1+N)| " 3N(1+N)?
16056

16(9 — 53N + 8N?) 485 3282
D E T R [N(l +1N) TN +N)”S_2}

9N?(1+ N)?
, [22(2 43N +3N?) 885, 853 32(=2 + 5N + 6N? 4+ 9N?)
-1 {LMLQ{ 3N*(1+N)2  3N(1 +N)} 3N(1+N) 3N3(1 + N)? 5
16(=2 + 5N + 6N? + 9N?) 1605, 328, 16(2 + N)(=1+3N)
[_ N3(1+ N)? {_N3(1+N)3_N(1+N) N2(1 4 N)?
3283 325, 8(—=2 +5N + 6N? +9N3)  8(-2+ 3N + 3N?)
N(1+N) N(1 +N)2] 5-2 [_ N3(1+ N)? N?(1 4 N)?
1652 16S, 16(=2 + 5N + 6N? + 9N3)
N(1+N) N(+ N)} - N3(1 +N)? ‘2-1}
4040 2482 32(=2+43N+3N%) 16(=2+ 3N +3N?)
[N5(1+N)5(2+N) )[_N(1+N) ANY(14+N)?2 7 N2(1+N)? S‘“]
B 40q1 S }S + { 4071 (V- ){ 645y 325, ]
N1 +NP2+N)77" T IN I +N)P*2+N) 3N(1+N) N(1+N)
401 4050 64(N —1)S,
TN IE NN 52} Si+ {_3N3(1 NN 315/(1 +1)v) ]S?
4(4 — 38N —29N2 + 3N*) , 40 645, 3255,
NI+ N2+ N) {_N“(l vreany W )[_3N(1 +m T +N)H 2
8(—16 + 15N + 24N? +N?) ,
N2(1+N)>(2+N) 2}

SQ] S

S?+[

}Sﬁ S5

1

+(N -

2(=2 4 5N + 6N? + 9N?) Qs 2(2 + 3N 4 3N2)(=2 + 5N + 6N? + 9N?)
CiTpd — L4 |(N=1)|-
G F{ NN TN) b= D N1+ N)
2015 165, 1653 4(2 + 3N +3N?) 12(N-1*2+N) ,
N3(1+N)P? "NOA+N)|"" NO+N)  N(1+N)? 72 N (14+N)2 !
2(2+ 3N 4 3N?) Q55 , [2(2+3N +3N%)?  16(2 + 3N + 3N?) 3252
0 A5 5 +(N=1)|Ly 3 3 - 2 2 1+
N1+ NP2 +N) N*(1+N) N2(1+N) N1 +N)
L 2060 4055 1285, 64(2 + N)S? 6453 +32(2+3N+3N2)
MIN* (1 + N)* N*(1+N)?® N1+N)|"' N(1+N)2  N(+N) N (1+N)2 72

6455 [ 64 1285, } 6455 1285,

B 1657 16(2 + 3N + 3N?)
N(1+N) " [N*(1+N)> N(1+N) ’

2 N(1+N) N(1+N)} 3N(1+N) 3N2(1 + N)?
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n {_ 407 _ 4008 . _64(N— 1)53] 1
N*(1+N)*(2+N) N?>(1+N)*(2+N) 3N(1+N)
N {_ 4045 16(N—1)S2} - 401 X 4(2+3N+3N2)Q20S}
N (1+NZ22+N) NI+N) |7V 3N (1+N22+N)"' " N(1+N3PQ2+N) ™2
2(2+3N +3N%)?  16(2+ 3N + 3N? 3252
+(N_1)[LMLZQ{_ (N3(1+N)3 ) (N2(1+N)2 ) I_N(l—i—lN)]
88 _16(—2+5N+6N2+9N3)S]
3N(1+N) 3N3(1 4 N)? ’
28 2 1128
+LM[2N5(1+?\/8)35(2+N)+(N_1)[_N3(12%(\)/)3 {N3(1Q+37N)3 N(l—l—?\’)}s%
24584 4083 8(=2 +9N + 9N?) 488, 9652,
" N(I+N) N(+N) N (1+N)2  ° N(+N) N(1+N)
+{ 64 648 } _160S_;  16(=2+3N+3N%)  160S;,
N (1+N)> N(1+N)|"7 N(1+N) N%(1+N)? NI +N)
64S_,, 12855, 965, 288¢5 2066 32(—4 + 2N + 3N?)
NI+N) NI+ N)  NILN) N(1+N)] {N4(1+N)4+<N_1){ N(1+N?E 2
965, 645, 1285, 192¢5 16(N — 1)*(4+3N)
N(1+N)_N(l—l—N)_N(l—i—N)_N(H—N)” L NY(1+N)? !

+

32044 (V- )[_ 648, n 128S% B 6485, ” }
IN2(1+N)3}(2+N) N*(1+N)2 "N(1+N) N(OA+N)||°
[ 204 _ 853 16(=2 + 3N + 3N?) } 8047 ]
TV arvarm 1)[1\/(1 v TN 2 T arareen 2t
[ 4'Q65 4Q17 32(N - 1)S3 4'QSO _ 16<N - 1)S2

+

NN 'C+N) NOLNICN) 31\/(1+1\/)}S%+ {3N3(1+N)2(2+N) OE)
_4(—8—5N+N2)(—2+3N+3N2)S4 [_ 40Q¢; _32(N - 1)53] ~ 80,
3N2(1+N)*(2 +N) ! N1 +N*2+N) 3N(1+N)|7> N(1+N)22+N)

ALY Lo(N - 1) GHN =17 64N =DSI|\ 0, s
730 =M=oVT T ) 2| _ 1 ne G N !
F{ ON(1+N) M[ ON?(1+N) O9N(1+N) + Ao+ Cy (Lo, Np+1) ¢ o,

with the polynomials Q;
Q17 = N* —22N3 — 79N> — 72N — 4,
Q15 = N* +3N? —4N? — 8N — 4,
Q19 = N* +3N?> —2N? + 3N +3,
Q2 = N* + 17N* + 43N? + 33N + 2,
Q> = 2N* — N3 — 24N? — 17N + 28,
Q0 = 3N* +6N> +2N?> =N +6,
Q>3 = 3N* + 6N> + 4N> + N — 6,

Q>4 = 3N* 4+ 6N + 11N? + 8N — 12,
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Qa5 = 3N* + 18N? + 47N? + 56N — 4, (227)
Qa6 = 3N* +42N* 4+ TIN? + 8N — 28, (228)
Q7 = 4N* + 5N° 4+ 3N* — 4N — 4, (229)
O = TN* + 7AN? + 171N? + 128N + 4, (230)
Q9 = IN* + 6N* — 55N* — 44N + 44, (231)
Q39 = 9N* 4+ 6N* — 35N* — 16N + 20, (232)
Q31 = 9N* + 12N3 4 8N? + 5N -2, (233)
Q3 = 9N* + 15N3 + 17N? 4+ 9N — 6, (234)
Q33 = IN* 4+ 46N> + 93N? + 48N — 76, (235)
Q34 = 1IN* 4+ 42N? + 47N* 4 32N + 12, (236)
Q35 = 25N* + 26N? — 3N* — 52N — 36, (237)
Q36 = 29N* + 58N3 + 5N? — 24N + 36, (238)
Q37 = 43N* 4+ 86N> + 107TN? — 8N — 56, (239)
Q35 = 45N* +78N° + 53N? + 12N — 12, (240)
Q30 = 85N* 4+ 170N’ + 61N* — 24N + 36, (241)
Q4 = 11IN* + 198N’ + 135N? + 24N — 32, (242)
Q41 = T63N* 4 1418N? 4 985N* + 978N + 72, (243)
Qi =N’ + N* —4N* +3N? = 7N -2, (244)
Q43 = N° +3N* = 3N —9N? —8N -8, (245)
Qus = 2N3 + 6N* + N3 —6N? + 11N + 10, (246)
Qu5 = 4N° — 13N* — 114N® — 241N? — 144N + 4, (247)
Qy6 = 4N° + 13N* — 19N? — 69N? — 15N — 10, (248)
Q7 = 5N° +39N* + 118N’ + 17IN* + 93N +2, (249)
Qug = IN° + 9N* —4N3 4+ 15N? — 41N - 12, (250)
Q49 = IN® 4+ 15N* + 8N? + 3N? + N -6, (251)
Q5o = 15N° 4 36N* — 97TN? — 366N* — 264N + 16, (252)
Os; = 439N° + 439N* — 937N? — 367TN? — 582N — 144, (253)
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Qs> = 815N + 923N* — 1349N? — 491N? — 258N — 216, (254)
Qs3 = N® —TN* —4N? + 16N? — 10N — 12, (255)
Qs4 = 2N° + 5N — 22N* — 95N3 — 114N? — 24N + 16, (256)
Qss = 2N® + 5N° = 3N* = 7N? + 2N? — 11N =8, (257)
Qs = 11N + 30N> + 9N* — 22N3 — 10N? + 2N + 4, (258)
Qs; = 13N® 4 44N> + 7TIN* 4 94N> — 90N? — 288N — 72, (259)
Qsg = 15N + 45N° + 374N* + 601N> + 161N? — 24N + 36, (260)
Qs9 = 15N® + 57N’ + 47N* — N3 + 12N? — 38N + 4, (261)
Qg0 = 21N® + 45N> + 55N* — 13N3 — 12N? — 8N + 8, (262)
Qg1 = 25N6 + 85N’ + 119N* + 75N — 118N? — 102N + 44, (263)
Ogr = 5TN® + 153N° + 233N* + 163N — T0N? + 120N + 144, (264)
Qg3 = 97N® 4 161N — 392N* — 807N> — 255N? + 24N — 36, (265)
Qes = 24TN® + 795N> + 555N* — 7IN3 + 210N? — 360N — 432, (266)
Qs = 15N7 + 28NS — 116N> — 453N* — 575N3 — 221N? + 114N + 88, (267)
Qe = 21N7 — 52N6 — 86N> — 60N* + 17N> + 176N? + 24N — 40, (268)
Qg7 = 21N7 + 220N° + 713N° + 1132N* + 1010N> + 486N? + 38N — 52, (269)
Qes = 753N7 + 1308N® — 44N> — 1118N* — 1549N> — 766N* — 600N — 288, (270)
Qo = 3479N7 + 7444N6 — 5160N°> — 13414N* — 8111N3 — 5478N? + 1368N + 864, (271)
Q70 = N® +3N7 + 5N® + 5N3 — 9N* — 8N3 + 19N? — 8N — 12, (272)
071 = N8+ 14N7 + 88N® + 229N° + 202N* + 47N> + 7IN? + 14N + 8, (273)
07, = 2N8 4+ 10N7 + 22N°® + 36N> + 29N* + 4N + 33N? + 12N + 4, (274)
Q73 = 4N® —43N7 — 277N® — 500N°> — 308N* + 25N? + 245N? + 102N — 24, (275)
Q74 = 11N3 4+ 55N7 4+ 99N® + 119N> + 90ON* + 2N?3 + 136N? + 48N + 16, (276)
Q75 = 12N® 4+ 52N7 + 60N°® — 25N* — 2N3 4+ 3N? 4 8N + 4, (277)
Q76 = 15N8 + 60N + 82N6 + 44N> + 15N* + 4N? + 12N + 8, (278)
Q77 = 2IN® + 101N7 + 193N® + 321N° + 528N* + 550N> + 302N? + 88N + 8, (279)
Q73 = N'0+3N? — 15N® — 56N” — 8N® + 90N’ + 60N* + 67N> + 86N? — 12N — 24, (280)
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Q79 = 5N'0 +23N? + 31N8

Qg0 = 15N'0 + 87N? + 154N® + 96N7 + 18N°

Qg1 = 18N'0 + 162N 4 740N8 + 2296N7 + 4511N° + 5341N> + 3593N* + 1065N3 —

Qg = 24N"0 4+ 102N° + 58N® — 210N’

Qg3 = 29N'0 + 229N + 620N® + 1434N7 4 2173N° + 505N

Qg4 = 137IN'0 + 6171N° + 10220N® + 5678N’
— 10656N? 4- 1872N + 4320,

Qgs = 20283N'0 + 92379N° + 127804N® + 11278N7 — 154181N°

— 62568N? + 5040N + 8640,

Qg6 = 8N + 42N10 + 44N° — 102N
+ 104N — 96.

IX. CONCLUSIONS

We have calculated the logarithmic contributions to the
massive operator matrix elements A;; and the massive
Wilson coefficients in the asymptotic region in the polar-
ized case to three-loop order, also referring to previous
results in the literature. These quantities provide important
corrections to the deep-inelastic scattering structure func-
tions g;(x, Q%) and g,(x, Q%), as well as the matching
functions in the polarized variable flavor number scheme to

three-loop order. Here the OMEs A< )PS g0 and AG )Q are new

quantities, which have not been calculated in complete
form. At present, except for the massless flavor nonsinglet
Wilson coefficients [62], the polarized massless three-loop
Wilson coefficients are not yet known. Therefore, we have
given them only symbolically in the corresponding expres-
sions. Similarly, the calculation of the constant part of the

unrenormalized polarized massive OMEs AS; and AEE)Q is

still underway. However, the logarithmic contributions are
already available for use. These contributions, unlike the
case for the nonlogarithmic parts, can all be represented in
terms of harmonic sums in Mellin N space or by harmonic
polylogarithms in momentum fraction z space. Finally, one
has to know these expressions to three-loop order, because
this is required by the experimental accuracy expected in
future high-luminosity deep—inelastic scattering experi-
ments. Likewise, the matrix elements for the polarized
variable flavor number scheme are needed to describe the
decoupling of heavy flavors at polarized hadron colliders,
to give full account of these QCD corrections. Working in
the Larin scheme provides an alternative to other schemes

— N7 4+ 54N°® ++ 268N° + 342N* + 98N3

— 60N? — 8N + 16, (281)
— 64N5 + 47N* + 153N3 — 22N? — 12N -8, (282)
130N2 — 148N — 8, (283)
— 209N° + 23N3 + 529N* + 1109N° + 234N — 388N — 120, (284)
— 86N* 4 7T12N° + 704N? — 16N — 160, (285)
— 9493N® — 17113N5 — 9154N* — 10864N3
(286)
— 222809N5 — 170666N* — 111392N3
(287)
— 415N7 — 539N® — 195N5 — 241N* — 414N? + 268N?
(288)

|

in matching the massive OMEs with the massless Wilson
coefficients and polarized parton densities, which would
also be described in this scheme. This implies a modifi-
cation for their evolution, but maintains their universality
and leads to the same predictions of all observables. The
analytic expressions for the massive operator matrix ele-
ments and Wilson coefficients in the asymptotic regions are
lengthy, as expected for single differential three-loop
quantities (see also [62]). For this reason we also provide
computer-readable files as attachments to this paper.

In addition to the single mass corrections, on which we
have concentrated in the present paper, there are double
mass corrections due to charm and bottom quarks of the
polarized massive OMEs starting with three-loop order.
They have been calculated for all OMEs except A(Q;
Refs. [25-27], in complete analytic form and the calcu-

lation of Agg maintaining the leading terms in the mass

expansion m?2/ mb is underway. We also presented the
nonsinglet OME and the associated Wilson coefficient in
the Larin scheme since it previously has been given in the
MS scheme only [22,28].
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APPENDIX A: THE z-SPACE EXPRESSIONS
FOR THE MASSIVE OMEs

The massive OMEs in z space decompose into the three
contributions As,A, and Ay,. Their convolutions with
regular functions, such as parton distribution functions, are
given by [78]

A5(2) ® £(2) = £(1) (A1)
4 @850 = [(La0 [f (i) - f<z>]
£ / “dyAL(y) (A2)

AP 160

+ 12 [—392(z— 1)(=1+15H,) + (1 +Z)<—32H2

176 32 128
—I—LM[(I—FZ)(—THZ 9H3+ 3
5312 64

7 o

32
_E(ﬁ +31z)Hy + (z — 1)(

[ 64 128
+

—3(7+z)

128
+8—(49 +827)Hy + (z — 1)(

16 176
+—(2+5Z)H0’1’1+ |:E<103+97Z)+( +Z)< H0+ H(z)—

+[ 392( 1+ 15z) +

The contributions to AS(])Q are given by

0@ = af e {0 -5+ o)

S+ ame] + o+ a(-

10880 3712

ety T 2
§1 o7 +

04 PS(3)
9 (1 +Z)H0:| Cg} -l—aqq’Q

The following terms can all be expressed by harmonic
polylogarithms [54]. They correspond to words out of
letters of the three-letter alphabet

1 1
S (x) 1o«

- { folx) =+ fi(x) = } (ad)

1—x

and perform algebraic reductions, Ref. [73]. The harmonic
polylogarithms are given by

Hiyolx) = / “dyf WHA). Hy=1. a.a,€{0.1,-1}.
(AS)

With the exception of AG )Q and A( )N 7.0 all OMEs shown
in the following have only regular contnbutions. For the

OME A" )Q they read

32

S -%0) 20 on)

128
— Hoo1 — THO,I,I

160 64
+ H%) +—(7+2)Hy,

9

64 L8
?HO.I,I 1 Cz)

64 80 128
) ——(11 + 14Z)H01

9 119 27

16 64 160

3 ?H0,1> +T(Z—1)H1]Cz

}. (A6)

3 9

1 8 16 32 32
Ago =0 {CFNFTZ {27 (58501 — 590187) + L3, L (—41 +42z2) + (-1 +22) (Hg - H1> -3 (13 + 19z)H0]

4 32 16 32 32 8
L2, [5(—285 +2967) + (~1 +2z)(3 H + = HY + 5 Hoy = g2> ~ 5 (425 + 22)Hy — 16(7 + 62)H;
32 212 20 16 32 32 32
—3(1 +4Z)H1] + Ly {T(—@ +70z) + (-1 +2Z)<3 Hg —gHS +3 Hoor =5 Hou +?C3>

8 64 32,
+ [—E(4103 + 1565z) + ?(z -1)H, -

16
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16 16 32 64 64
— 5 (50 + 230)H3 — - (<28 + 1310)Hy + - (=2 + To)H] + - (1 + 40)Hoy =5 (-2 + 7z)c§2}

4 5248 896 160 32
+ (-1 +2Z)<_EH8+WH' _EHOJ +— 9 Hyp. —?Hoom +— Cz)

896 160 32
+ |:_ (7333 +4195Z) ( 1 -+ 2Z)<27 Hl _THO’I +?H0’071>:|H0
8 80 16 16 16
+ {—(1331 +140z) + (~1 4 22) (?Hl —?HOJNH% + [—ﬁ(—IOI +282) + 5 (=1 + 2z)H1]H3

4 8 32
(13 +7z)H} + [ 3(—299+305z)+(—1+21)<—8H8—3H%—3H0’1)

4 16 8 32
+ {— (757 + 178z) + 5 (-1 + 2z)H1] Ho+3 (34 +252)H} + 0 (=2 + 7z)H1} &

32

8 16 32

64 64 32
+CANFTF{ — (—4028 +4113z) + L3, [3 (z—l)—g(l +2z)Hy+— 5 (- 1+2z)H1}

2 2
—3—H3+39

8 16 32

(1+42)H

16 32 32 16
- ?(—1 + 2Z)H% +?(1 + ZZ)HO,_l —?Cz] + LM |:3 (—514 + 5472)

6 32 32 16 32
( 1+2)< H’;—F3H001+32H011>+[_ﬁ(463+2llz>+(—1+2Z)<3HZ 3H0,1>

64 64 8 16 32
~5 @HT)H + 5 (14 2z)H0,_1}H0 + [—9(133 +722) + 5 (=14 20H, =5 (1+ ZZ)H_I}H%

16 16 64
9 (=54 62)H} + {27 (-1+495z) —?(—1 + 2Z)H0,1]H1

32 64 64 64
9 (=2 +7z)H7 +?ZHO,1 +§(2 +72)Hy - —?(1 +22)Hpp -
64 32 8 16
+ —3(2—1—31) +?(—1 +2z)H1}C2+32C3} + [8_ (5836 +4771z) —?(—1 +2z)H1]H0

16 16
~ 57 (=649 + 1282) Hj + == (17+2z)H3——( 14 22)Hj = o5 (=283 + 6112)H,

8 16 32
- g(Z — I)H% —3(3 + 1OZ)H0.] +?ZHQ,].]

(8 8 16 8
+ |5 (~231+2052) + {6 (97 +1002) + (1 + 2z)H_1} Ho — 3 (=3 +22)H}

w T

2
9

[ 32 64 32
+ —?(—2+3z)+3(1+1)H0—E(—1+2z)H1]C3}+af1‘2Q}

8 16 16

. 3 3
and the functions aé;_Q(z) and a,(]g%Q(z) are
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(3)PS, \ _ > 85504 25472 320, 640 . 160
R R (R

54592 2288 176 8 9152
+(1+Z)K——64§3>H0+ H}+—H}+—-H{———Hy,

243 81 81 27 81
704 1408 128 256 512
- WHO,O,I + 71‘10.1,1 - THO.O,O,I + THo.o,u - THO’I’I'I
1232 112 64 704 16 32
+ <7H0+TH(2)_?H0,1>C2 €2:| (617+527Z)§2+27< 127+83Z)C3} (AS)
16 8 32 8 32 64
al)o(2) = CFTFNF{—S—( —~49511 +50285z) — (1 - 22) (—5 35 HYH 5 HY =5 Y Ho, 5 HoHo.

64 64 16 8 8

8 32 896 64
3 160+612)H! <243< 1559+ 40662) + 2 (=5 4+ 132)Ho + 3 (- 2+7Z)H3>H1

27 27
80 4 1792 128
-28+71 -24+7 —54+13z)——(-2+77)Hy |H
- LTI+ O (-2 4 T H + (— (=5 4 130) = T (24 T2)Hy )
128 8 32 16 64
+7( 2+7Z)[H001+H01’1]+<_a(—7513+6779Z)_(1—2Z)< 16H3+ 3H0H1—?H —?H01>
16 64 608
16 224 448 448
4352 16 32 8
+ CuTENpS ——— (=104 +109z) — (1 —2z) ——H*Hl —HIH? +—-H\H} +-H}
1 9 27 27
32 , 64 64 64 128 64 128 64
+ 3H 9H Hy, - 9Ho.1+ —§H0+7H1 Hyo1 + gHoJFTHl H0,1,1+§H0.0,0.1

64 64 128 128 256 256
_?HO,O.I,I —3H0,1.1,1> +(1+22) ( 77 H_Hj— 9 — HoHo —THO,O.O,—l +7H0.0,—1 <2+3H0>)

32 64 16 128
+ <243 (23638 +134712) + - (70+ 191z)H_1)H0—|— <ﬁ(3423—|—680z) +7(2+72)H_1>H%

80 8 32 64
57 (85 +82) HY — 2 (=15 +262) i + <— —1055+3283z)—3(—4+11z)H0—ﬁ(—2+7z)H5>H

8 YER
16 64 64 128 64

-5 2657) ——(=2+7z)H, |H?> ——(=2+77)H> ——(3+26 —(=4+172)H
+<81( 9+2657) > (—2417z) 0) i 81( +17z) 1+< 27( + z)+27( +17z)

256 64 128 64
+7( 2+7Z)H1>H01+ <_8_](70+191Z)_ﬁ(4+11Z)H0>H0’_1_ﬁ(_4+35Z)H0’0’1

128 64 80 64 )

16

32 32 16 16 320
+(]+2Z)<3H_1H0—3H0’_1> +j(97+120Z)H0—?( 3+2Z)H2—?( 2+7Z)H1>C2

1376 128
e (12

2(- 22342203014 )m, :ﬂ(l—zz)le)g}. (A9)

9

The single mass contributions to the OME AS; read
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Agy=—4a,Ly(-1+422)Tr +a§{—13—6L§4(—1 +27)T% + CFTF{2(—11 +23z) + L3,[6+ (=1 +2z)(—4Hy — 8H,)]
+ Ly [—4(2+32) + (=1 +22)(—4H3 —8H3 + 16{,) + [-4(—1+162) —16(—1+2z)H | |Hy — 32(z — 1)H|]
+(=1+22) ((5 +2z+4H,)H} +§H3 —%H? +24Hy0, —8Hy 1 — 843)
+(=2(8425z) +4(=11+8z+2z%)H, —16(=1+2z)H | )Hy —4(—=16 +152)H, —4(z = 1)(3 + z)H}

—4(=29+ 12z +4z%)Hy, +8(-9+2z + Zz)Cz}
+ CATF{4(—51 +53z)+L3,[48(z—1)—16(1 +z2)Ho+ 8(=1+22)H |+ (1 +2)(—16Hy_; —64H )

4 4
+ (—1 +2Z) <§H? +8H0’1‘1> + (1 +2Z) <—8H%1H0 —gHg + SHO,O,—I - 16Ho_’_1‘_1>
Ly [8(=12+ 112) + (1 +22)(16H_, Hy + 8H2 — 16H, _,) — 8(1 + 82) Ho +32(z — 1)H, +8(—1+22)H2 + 164,
+[—4(144372) —4(z = 1)(25+ 2)H, —4(=1+22)H2 +32(1 + 2)Hy, — 8(1 +22)Hy | H,

—2(3+Z2)H3—4H, +2(z—1)(5+2)HT 4+ [(1+2z)(4H} + 16H _; —8(,) + 16(1 +2)Ho|H_,

+4(—25+28z+222)Hy, —4(-4+4z+22)0 +8(T+ 8z)C3}}

64L3, 64 8
+a§{T;(—1 +22) <— 5 M+é> +CAT%{—ﬁ(—7758+7613z)
448 448 224 128 256
+L13w |:T(Z_ 1) —T(l +Z)HO +T(—1 +2Z)H|:| + (1 +Z) <_THO'O’_] +THO'_I’_])
8 64 320 64 128 64 256
+(=1422)( —<H} +—H§, +—Hoo11+—5Hoi11 ) +(1+22)( ——H? Hy——Hop0-1+—Hoo.1-1
9 3 3 3 9 3 3
256 128 128 256
+TH0,0.—1,1 _THO,O,—L—I +TH0,—1,0,1 +TH0,—1,—1,—1>

8 16 32
+13 [3(—151 +1362) + (1 422) (32H - Hy = 32Hy 1) =g (59 +1342)Ho + = (1 + 42)

32
+7 (F23+282)H, +16(~1 +2)H] + 32@}

16 16 160 64 128
+LM|:9(—812+8492)+(—1+22)<3H?+3H01y1>+(1+2Z)<—3H31H0—3H0’_1_1>

[ 32 32 16
| =37 (5894 5442) ~ (2= 1)(25 + ) Hy — 3 (=1 +2)H} +32(3 + 2z)Ho_1} H,

[ 8 16 16
+ —5(151 + 72z +627) —l-?(—l +2Z)H]:|Hé +?(—7+2Z)H8

304 64H,, 32 16
+ |55 (-1452) + (-1 +2z) ——0’1+ﬁ H+—(-11-2z+3z*)H?
27 3 3 9
[ 128H,_, 64 64 32 64
+[(1422) <%—%> —3(—4+Z)H0] H_y+5 (=254 302 +22%) Ho, +5 (=4+2)Ho

32 32 32 8
=5 (17+142)Hy =5 (=8 +182+32)0 +5-(17+ 16z)53} + [8—1(7672 +148157)
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64 320 64 128 128 128
HO 1,—-1

+ (=1 "’21)(9 Hj - 3 H0,1,1> + (1+422) <?H0,0,—1 _THO,I.—I _THO,—I,I +T

16 64 32
+ {—? (63 — 66z + 42%) + 64(—1 + 2z)H0,1] Hi+= (z—1)H? + 3 (=27 + 8z + 2*)H,,

128 128 8 64
+ T (1 + Z)HO,—I - T (3 + ZZ)HO,O,l + § (115 + 244Z)C2 + 3(19 + 31Z)C3:| HO

4 16 16 128 32
+ {—E (=577 + 12447 + 727%) — 3 (z—1)(25+2)H, - ?(—1 +27)H? + T(l +2)Hy, — 3 (1+22)H,_,

8 16 4 16
-3 3+ 14z)é’2} H} - > (=2 +2)(4+32)H} - 5 (14 62)H + [—ﬁ (=67 +503z)

320 64 160 160 8 40
+ (=1 +2z) <—3Ho,0.1 —?Hm 1 C3> —7( 4+52)§2} H, + [3(3 -5z +42%) —?(—1 +22)(, | H?

16 64 256 128 32 256 128
—E(Z—l)(5+Z>H3 [( +Z)<_?H2 3 —Ho_1 +— 52) (1422 )( Hj — 3 Ho,0,1+TH0,0,—1

256 128 128 80
_THO 1.—1 + 64€3> |: 128(1 + Z) + (1 + 2Z) (THOJ _THO’_I —?§2>:|H0:| H_]

16

32 128 128
Cz 9

+ {(1 +2z)<3 H}+— 3 Ho-i +T(1 +Z)H0]H21 +— (189 — 238z + 247%)H,
80 32 ) 32 )
+ 128(1 + Z) + ? (1 + 2Z)é‘2 HO,—l — ? (—29 — SZ +z )HO,O,I — ? (—4 + 774z )HO,I.l + 128H0,0’0y1

4 432 32
9( —561 + 620z + 48> )Cz——CQ (14 43z +z )Cs}

64

+ CANFT%{—?(—% +51z) + L3, L

(z—=1) ——(1 +Z)H0—|—392( 1 +21)H1]

3 3 9 3" 3 3

64 4 32 128 128 64
+(1+ ZZ)( 9 —H? H, —§Ho 3 —Hopo-1+ TH0.0,1.—1 +TH0’O‘_1’1 -

64 128 4 32 160 32
+(142)(- 0.L.11

—Hoo-1 +—H0.—1,—1> + (=1 +2z) <——H? + = H}, +—Hyo11 +=H

64 128 8 32 32
+—5Ho_10, JFTHO,—I,—I,—l) + L% [—5(—65 +68z) + (1 +2z) (?H—IHO ——Ho,—1>

3
16 32 32 16 32
E(47+38z)H0+ 3 H2—5( +4z)H, +?(—1+22)H%+?52:|

8 32 128 32 32 64
+ Ly [5(—778+ 845z) + (-1 +2Z)<9 H3 +THO’”> +(1+22) <—?H31H0 —gHoo -1 —?Ho -1, 1>

[ 8 16 32 32
+ 27(1319+866z) ——(z— 1)(25+2)H, +— (5 +22)Hy; +— 3 (1 +22)H0‘_1] H,

[ 8 16 16
175 (108 + 68z + 3z%) + Y (-1+ ZZ)H1:| H} + 5 (=5+22)H;

[ 16 64H,, 32 8
== (=37 482) + (=1 +27) [ ——=2L + =22 2\ g, 48 (=7 = 16z + 322 H?
27 3 3 9
I 16 64 32 64 16
+ (1+2Z>(—?H2+ 3 H() 1— 3 éjz) 9 ( 1+4Z)H0:|H + — 3 ( 25+3OZ+222>H0’1
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64 64
9 —(=1+ 4Z)Ho 1 —32(3+ 2Z)H00 | = (—4 + 18z + 3Z2)§2 + 3 (5+ 4Z)C3]
16 32 160 2 64
+ ?(174‘932)"'(—1+2Z)<3H?—TH0,1,1> +(1 +2Z)< Hop - 1—?H01 -1

64 64 32
_?HO,—LI +?Ho,—1,—1> + {_?(—16 +2)(z—1)+32(=1 + 2Z)H0,1]H1

16 64 64
+ ?(Z - I)H% + ?(—27 + 8Z + ZZ)H()’] + ? (1 + Z)HQ,_] —? (3 + 2Z)HO,0,1

(22 +72)¢, +694 (7+ 13z)C3}H0 + [—%(2 + 31z +22%) —g(z -1)(25+2)H

64 16 8
_< 1 + 2Z)H2 —|—?(1 + Z>H0.1 —;(1 + 2Z)H0’_1 —§(3 + 2Z)C2:| H(z)
8 32 160 32 160
—6(3 + ZZ)HS + |:?(—2 + Z) + (—1 + 22) <_THO’O’1 _?HO,I.I +T§3>

16 8 16 8
3( -7+ 2z)c§2}H1 + [3 (1-2z+22%) —?(—1 + 22)4“2} H? _§(Z -1)(5+2)H;3
[ 32 128 16 128 64

+ (1 +Z)<—?H2 3 —Ho_1 +—+ Cz) (1 +2Z)<9 Hj — 3 ——Hoyp, +?Ho,o,—1

64 64 32
-—Hy__1+ 32?3) + [—64(1 +2) + (1 +22) <?H0,1 _?HO,—I —?CzﬂHo} H_,

16 64 32
—+ (l +2Z) <—H% +_HO 1~ —élz) —(1 +Z)H0:| H%I +?(16 — 19Z+ 2Z2)H0‘1

[ 32 16 16
+ 64(1+Z)+3(1+2Z)C2:|H0’_1—3( -29 — 8Z+Z)H001 3( 4+8Z+Z)H011
608 16
+64H0001——(89 622+8Z )CQ——C2 (4 32Z+Z }
22 16 6
+CFT%{—3(—339+374Z)+L,3W [3(—19+21Z)+ —1+22) <3 1>

16 4 32 32
- (23 + 44z)H0] + L% [§ (—287 4 244z) + (-1 +22) <? H} — 16H} — ?HO,1 + 32§2)

8 64 320 32
2 20 16 256 32
-+ LM |:§ (—7895 + 8486Z) -+ (—1 -+ 22) ( 3 H4 —?H3 +TH070’1 - 32H0’1.1 —?4’3>

8 64
+ {_ﬁ (4285 + 18432) + -~ (=22 + 202 + 32°)H, — 64(~1 + 2z)Ho,1} H,

4 64 8
+ {9(—1069 + 1282 +242°) + 5 (=1 + 2z)H1] H} — 5 (103 + 402)H}

16 32 64
~ 57 (=260 + 289z)H, — ) (=7—-z+ 3Z2)H% iy (—47 + 19z + 622)H071

64 4 8 128 64
+9(—25—Z+3Z2)§2:| +(—1+2Z)< E[fs‘|‘§liélt 3 HOI_?HO.O,O.]

320 976 16 128 256
_THO,I.I,I Cz) {3 (261 + 155z) + (=1 +2z) (THO.O,I +TH0.1,1>
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128H,, 64¢,
3 T3

[32 (2 -5z +422) + (-1 + 22) <—

64
3 ):|H] ( 2+82+Z)H01

3
4 16 8 ,
5 (769 +3162)0y = -~ (=47 +42)Cs | Hy + |5 (142 = 112 + 827)

64H,, 1643
3 3

+(_1+2Z)(_ > —( 1148z +2z%)H, + %(65—1—562)52]1%

8 32H 2 32
+ [§(64— 19z +42%) + (-1 +2z)< 5 1—852)]H3+§(25+ 162)HY + [?(—5+7z)

256 256 640 80
+ (—1 + 2Z) (THO,O,I + THO'LI _TC’») + 3 (—5 + 4Z)€2:| Hl

16 64H 104
n [ <__<u+_52

32
—?(16—19z+4z2)+(—1+21) 3 3 >}H%+—(z—1)(3+Z)H?

32
+ [—?(8—31z+8zz)+48( 1+ZZ)C2]H01+ 3 (3+424z+2z%)Hop,

64 16
3 ( 9+2Z+Z )HOI 1 + (685 924Z+64Z )4‘2—?( 27+6IZ+422)C3}

4 8 16 32

32 4 32 16 32

32 8 32 2
+ ?(:2> + 5 (425 + 20)Ho + 16(7 + 62)Hj + - (1 + 4z)H1] + Ly [5 (—8933 4 9110z)
20, 32 . 64

384 8
+ (-1 +422) ( 3 Hi - ?H3 3 Ho.a +192Ho001 gz) {_E(3349 +35622)

16 32
+(-1422) (—641710,0,1 - 128§3> +5 (323 3222+ 62)H, + (31 + 28z)H0_1] H,

8 32
+ [5(—401 + 34z 4 62%) + 16(-1 + 2Z)H1:|H2 —16(5 + 32)H} —2—( —58 +77z2)H,

16 16 32
- 6 (—5 — 8Z + 3Z2)H% - 3 (277 - 338Z + 12Z2)H0’1 - ? (59 + 62Z)H0’0’1
32 4 64
+ 5(—23 — 824 32%)¢, + 192(3 + 4z)cj3] +(-1+ 2z)< Hy + 9H4 3 —H},
160 8 128
_THO.I,I.I —128Hy 0001 + 12SC5> + [g(—lll +479z) + (-1 + 22) <TH0.1,1

16 64H,, 16
+ 128H0,0.0,1) + [?(—10+7z+4zz) +(—1+22) (— 30’1 + 3C2>]H1

32 32 8 32
-3 (46 — 34z + z%)H,, — 5 (41 +44z)Ho o, + 9 (=259 + 862)¢, + 5 (109 + 151z)é'3} H,

2085

4 8
+ |:§(—116—437Z + 8Z2) + (—1 +2Z> <—32H0’071 - ) +§(115 - 118Z + 2Z2)H

16 232 4
3 (29 + 32Z)H0 1= T( + Z)§2:| H(z) + |:§ (—59 + 50z + 422)

16H,

4 16 128

034030-38



LOGARITHMIC CONTRIBUTIONS TO THE POLARIZED ... PHYS. REV. D 104, 034030 (2021)

128 352 16 8
+THO’1'1 _TC3> +3(—7 + ZZ)Cz:| H, + [—5(16 — 19z +47?)

32H 16 16
+ (-1+2z) (— 3 L 16§2>}H% + ?(z -1)(3+2)H + {—?(—4 — 19z + 827)
80 16 32
+ 3 (-1+ 22)(2} Hy, + 3 (69 — 18z 4 22%)Hy 1 + 3 (=9 + 2z + 2%)Hy, 1
32 2 64
+3 (37 +342)Ho 0.1 + 3 (=77 = 194z 4 3222)¢, — s (29 +502)53
8 2 2 3 4 2 32 2
—g(—169 + 2507 +472)83 ¢ + CETR 451 — 474z + L3, | (=1 +22) [ -6 —3Hi -3 Hi

+33—262> + {—g(z— 1) —33—2(—1 +2z)H1]HO+ 16H1] + (1 + 22)(16H2 | Hol,

+ 16H070._1C2 + 32H0’_1,_162) + Lﬁl |:—439 + 472Z + (—1 + 2Z)(—16H? + 48H070’]

8
4 16Hy, ) + (1 +22) <—32H31H0 — S H} = 32Ho 1 - 64H0,_1,_1) + [—2(101 +1382)

4 16(=1 4 62)4’2] Ho + {—4(11 +102) — 16(=1 + Zz)Hl} H2 + [—8(—4 +92)
+64(=1 + 2z)c2] H, —4(-19+ 162)H? + {(1 +2z)(16H3 + 64H, _; —32¢,)
+96(1 + z)HO} H_y = 16(3 +72)Ho, — 96(1 + 2)Ho 1 + 16(2 + 112)& + 16(1 + 62)¢5
1
+ LM |:§ (3633 - 37822) + <—l + 2Z)(_8H‘1‘ - 32H(2),l + 32H%,_1 - 80H0.0’1_1
- 32H0y1.]’1 — 64H0,_1y().]) + |:2(209 + 3502) —+ (1 + 2Z)(—96H0’_1 - 96H0.0$_1)
32,
+ (—1 + ZZ) _?Hl + 160H0’1,1 - 64H0’1,_1 - 64H07_1’1

+ [—12(—15 +26z) + (=1 +22)(—=96H,; + 64H, _; + 192@)] H, —8(-5+ 62)H}
—8(=21+422z+4z%)Hy; — 16(1 + 14z)H o — 256zH _; _; + 32(=7 + 122){,

+16(—11+ 101)4 Hy+ [2(—21 — 2207 + 242%) + (=1 + 22)(—24H? + 480,)

4
+4(19 =28z + 4z°)H, + 8(3 +2z)Hy; + 16(1 + 6z)HO,_1] Hj3 + {g (=17 =23z + 47?)

32 1
-3 (-1 + 2z)H1] H} + 3 (=1 —6z)H] + [—8(—83 +81z) + (=1 +22)(96H 1

— 128Hyo_; + 96H,, , + 22423) — 192(z — 1)Hy,, + 16(=21 + 22z)§2] H,

+ [—8(—39 +44z) + (=1 +2z)(—64H,, + 9652)] H? —16(z — 1)(5+ z)H3
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+ {(1 +2)(64H% — 128H,, _ + 64¢,) + [—32(2 + 324 32%) + 64(1 + 2z)H0,_,] H,
16
+ (1+ 2z)H3] [64( +z)Hy —32(1 + 2z)H(2)] H?, + [—4(—23 + 382)

- 128zC2] Hy, + [32(2 437+ 32%) + 64(—1 +22)Hy | — 128z§2} Hy_,

+8(=29 + 24z + 4z%)H o1 + 64(1 +4z)Hy o1 — 16(=19 + 3z + 6z%)Hy 1
+128(1 + 2)Ho -1 +64(=1+82)Hop01 = 32(=5 +22)Ho 0,1 — 16(21 =292 + 62%){,

8 4
~ 2 (=47 + 1262)23 + 16(~62 + 372 + 612)63] + (=1 +22) ( H} + 3 H} = 112Hy 00,

+ 160H 00.1.1 +96H 0,101 —432Ho 1,11 —224H 1011 — 144H 1111 + 64(5)
4
+ {—2(91 +33z) + (-1 +422) (gH‘f - 32H%’1 +48H 0.1 — 160H0’1.1’1>
) 448
—+ 4(—214 + 215Z + 24Z ) + (—1 + 2Z) 96H001 + 192H01 1 ——Cg
—32(=7 + 4z + 22)Hy, —4(—19 + 16z + 812)(:2} H, + [1 12(z— 1)

+ (=1 +2z)(=64H, | + 72§2)] H3 + E(z -1)(B+2)H; + {—8(3 +22)(-=7 + 4z2)

3
+152(=1 + 2z)§2] Hy, —8(—=19 — 182+ 42%)H o + 32(=21 + 2z 4+ 22%)Hy
8 2 8 2
—2(-143 +122)¢, — s (=37 +94z2)(3 - 3 (=20 + 95z + 24z%)¢3 | Hy + |—128 4263z
2 68 2
+482% + (=1 +22)( 8Hq o + 64Hg | — 36+ 2(=27 + 42z + 162%)
—48(-1 + 2Z)H0,1] Hy +4(=11+ 8z +2z*)H? — 4(1 +227)H; —2(-21 -3z
2 2 1 2 8 2
+82%)(, | Hy + 3 (=39 + 50z + 322%) + (-1 4+ 2z) ng —8H,,

2 1 4
(=25 + 16z + 4z22)H, §(_5 + 21)62} H} + [—(—2 + 5z +4z2%) +§(—1 +2z)H, | H

L4
"3 3

1056
159 4 1692) + (—1 + 22) (—64H(2)’1 _ ?gg)
+ {—32@ —1)+64(-1+ 2z)§2] Hyy + 64(=7+4z+ 22)Hop,
—-96Hy,, — 104(—3 + 4z)Z_,’2 - 32(—11 + 67+ 2z2)cj3] H,

112
+ |:—2(56 — 131Z + 24Z2) + (—1 + 2Z) (96H0’0’1 + 64H0.1’1 —T€3> + 24H0,1

wloo

64H
—4(13—8z+4z2)§2]11% { (44 — 477 4+ 122%) + (- 1+2z)<— 30’1+3252>}H3
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1

+5 (=51 + 322 + 162} [(1 4 22)(=8H2C, — 32H, 16y + 1603) — 48(1 + z)HOCZ] H_,
|: —364 + 97Z + 4822) -+ (—1 + 2Z>(—32H0’0’1 =+ 96H0.1’1 + 160{3)

L AT+ 74@(4 Hoy —8(—13 + 82+ 2:2)H3 | + {4(—85 — 40z + 1622)

—200(—1 + 2z)§2] Hyo, + {—8(—1 — 85z +2422) — 128(~1 + 2z)2_,'2] Hy:,
+ 16(—17 + 2Z + 6Z2)H0’0’0’1 —_ 32(—30 —Z + 2Z2)H0’0’1,1 + 8(—83 + 2OZ + 1222)H0’1_1’1

1 16
+ {—384 In(2)(=1 +22) + 5 (~1005 — 506z + 19272) + 5 (-7+ 21)4’3} &
8
+48(1 +z)Hy_ (o — s (=46 + 251z 4 4222)83 + 2(141 — 154z + 96z2)C3}

+ C2TF{ 3 (6427 4 64052) + (14 2) (=128H,1 1 -1 — 128Ho 111 = 128Ho 1 1.1)

+ (=7 +102)(=32Ho000.-1 + 32Hpo-101) + (=1 +42)(=64H 101 = 512Hg 91 -1 i

—256H _10-1-1) + (1 +22)(—16H* Hy — 128H 1 1 -1 — 128Ho 1 -1.1 — 192H 1 -1 -1
—128Hy 111 —192Ho 111 —192H 01 —11 — 128Hg 1 _1-1 —64H, 1011
—128H 1011 —128H¢ 1011 —128H¢ _y 111 — 128Hy 1 101 — 128Ho 1 _1 1 1
1328 16
— 128H¢ _y _1—11 —384Ho_y 1 _1-1) + Lj [—T (z—-1+ [3(107 +59z)
32 32 8 32

128 16
+32(1+22)Ho,y =5~ (1+ z)é’z] + 13 [—? (=301 + 298z) + (1 + 2z)(32H2 H,

368

5 (1+28z) +128(z— 1)H,

+ 16H 01 +32Ho -1 +32Hy 1 +64Hy_| ;) + [
16
— 48(1 + 2Z)H0,] + 16(—5 + 14Z)H0’_1 + 32(—1 + 4Z)é’2:| HU + |:—3 (25 + 33Z)
, 64 3 40
+8(—-1+22)H, |Hj +?(Z - 1)H} + —5(—115 +98z) + 32(=1+22)&, | H,
4
— 5 (~131 + 1422)H} = 16(~1 + 22)H} + {(1 +22)(—24H2 — 32H, | — 64H, _,
8 8
+ 648,) =3 (155 + 1662)Ho | H_; + 16(9 +42)Ho,  +3 (155 + 1662)Ho _y

8
- 16(—13 + 22Z)H0y0‘_1 + 64(1 + Z)HO,I,I — 5(161 + 72Z)C2 + 16(—17 + 8Z)§3:|

4
+ Ly -5 (=33406 + 33719z) + (1 + 2)(—64H | — 64Hy_11) + (=1 + 2z)(—8H]
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160
+32Hg 1 11) + (1 +22) (—TH3_1H0 +368H 001 —32Hp 01,1 —32Ho -1

+160H o 11 +64Hg 11 +64Hy, 11 +64Ho 11 + 320H0.—1,—1,—1)

8 80
+ ﬁ<13987 + 34141Z) + (—1 + 2Z) ?Hl - 96H0‘1’_1 - 96H0q_1y1

4
+ [5 (z— 1)(2363 +11z) + (—1 + 2Z)(64H0’1 +96H,_; + 1604‘2)} H, +480(z — I)H%

8 8

~ 3 (574 1812 + 622) Hy s + 3 (=275 + 262)Ho_i — 64(5 + 72) Ho . = 64(4 + 32) Hoo -y
—64(2+ 112)Hy 1, — 128(=1 + 52)Ho_ 1 + 8(=29 + 152)¢, — 96(11 + 6@@} H,

2 4 2 2
+ |5 (2817 = 33802 + 14122) + 3 (62 = 792 + 62)H + 16(~1 + 22)H] +4(~1 + 462)H

4 40
—32(=2+4z2)Hy_; —4(11 + 2z)é’2} H} + [5 (235 + 254z + 67°) — 5 (=14 ZZ)Hl] H}

2 4

16 8 2
+54483) = (=61 +502)Ho — 5 (=17 + 281){2] H, + {—5 (—1217 + 8447 + 3372)

8 8
+ (=1 +22)(=32H, + 32@“2)} H} =5 (=92 + 942+ 922) H} + [(1 +27) (3 H}
16
+32H 0, — 160H,,_, — 64Hy | —320H,_; _; + 192@) + [— 5 (1097 41030z +272?)

4 16
+ (1 +2z2)(64Ho 1 + 64(2)} Hy+ §(101 +1122)H} + 64(1 + 2)Hy — ) (221 +2322)H, _,

8 8
+3(197 + 208z)62] H., + ((1 +22)(8HE + 160Ho = 80C2) +3 (221 + 232z)H0> H?,

4
+ [‘g (=2009 + 2064z +22z%) — 16(—13 + 181)52} Hoy +32(—1+82)H},
16 5
+ |y (1097 + 1030z + 27z%) + 96(—1 + 2z)Hy; — 16(—1 +262)¢, |Ho
8
+32(-3 4 82)H} _, +8(333 4 132z + 22%)Hy 1 — 3 (=449 + 164z)H
16 . 16
-3 (—46 + 44z +92%)Hy 1 + 3 (221 4+ 232z)Hy_y _; + 16(63 +262)Hg 0.1

4 4
+ 64(1 + 9Z)H0.0,].] - 128(Z - I)HO.—I.O,I - § (3326 + 864Z + 75Z2)C2 - g (879 + 490Z)C%

16 4
+ ? (—946 + IOOZ + 9Z2>C3:| + |:_§ (2971 + 8427Z) + (1 + ZZ><_64H0,0‘1’_1
—64Hy_11 —96H 01— +64H 1 +64Hy 1 +64Hy  _ _y +64H,_
8
+ 64H0y_1,1._1 + 64H0’_1’_1‘1) + |:3 (1388 — 1387Z —|— 11Z2) —|— (—1 + 2Z) <32H0’0’1

160
+ 224H0’1‘1 - TC:;) - 8(-141 + 1502 + 2ZZ)H0’1 - 16(Z - 1)(27 + Z)€2:| Hl
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8 8
+ [— 3 (200 +2032) + (=1 +22)(~96Hy,, - 8{2)} H3 45 (92 = 1062 +322) ]
20 ) 4 ,
=3 (=1 +20)H} + | =3 (=2301 + 4122 + 352) +8(19 +222)05 | Ho,
16
F48(3 +42)H2 | + [— 3 (714 1312) = 24(=1 + 101)52] Ho 1 —32(=1 +42)H}_,

16 8 8
-3 (=330 — 118z +32%)Hy 1 — 3 (155 + 118z)Hg 1 + 3 (

16 16 16
+ IZZZ)H()_L] ‘I’? (83 + 94Z)H0’1’_1 + ?(83 + 94Z)H0__1’| - ?(119 + 106Z)H0__1’_1

=577 + 782z

- 64(_7 + 4Z)H()’()'()_1 + 32(—5 + SZ)HO,O,O,—I - 32(7 + ISZ)HO,O.I,I - 32(—7 + 2Z)H0,1’1,|

2 32
—+ 128(Z - 1)H0'_1’0,1 - 768ZH07_1’_1’_1 - § (—667 + 5468Z)42 - ?(—31 =+ 19Z)ZJ%
16 2
-5 (344 + 695z + 18z2)53} Hy + [5 (=218 + 1781z + 222%) + (1 + 2z)(32H, _
2
+32Hy_11) + {5 (z—1)(1559 +35z) + (-1 4 2z)(=32H, — 452)} H,

2 8 4
+3 (=209 + 214z + 6z2)H? — 3 (139 + 1542)Hy; + 3 (107 + 94z2)H, _,
+ 32(—1 + 4Z)HO.O,1 - 48(—1 + ZZ)HO,O.—I - 144H0.1y1 + 16(—1 + IOZ)HO.—I,—l

2 16 2

— g(—87 — 2267 + 1222)62 + ?(—31 + 20Z)£3:| H% + |:§ (201 4 324z + 3522)
8 8 64 16

+§(Z - 1)(25 + Z)H1 +§(—1 + 2Z)H% —?(1 + Z)Ho,l +?(—1 +4Z)H0,_1

16 1 8 8
-—(=2+ 5z)g“2} H} + 5 (71 + 94z 4+ 622)H} — — (z — 1) H) + [§ (=752 +739z)

3 15
+ (=1 +22)(=80H{ | + 64H 01 = 96H 0,11 + 128H 1, — 1843)
8 4
+ (—763 + 806Z + 12Z2)H0’0’1 + g (—83 + 94Z)H0.1’1 + § (—2189 + 2122Z)é’2

O 0 W] oo

2
(919 4938z + 36z2)§3] H, + [—5 (167 — 2267 +227%) + (=1 + 2z) <176HO,O.]

208 4 2
+16Hy,, — TC3> -3 (101 — 118z + 6z2)§2] H? + {—— (415 — 440z + 6122)

Ne]

32 1 4

2576 4
+ [(1 +z) (128H0,1,—1 +128H, _y —TC2> + (1 +22) <—§H3 —32H 0,1

—160H 001 + 128H 11 + 192Ho 01 -1 + 192Hg 1 + 128Hp 1 + 128H( 1

376
+ 128Hg _yy 1 +128Hy 1 11 +384Hy 1 1 —?C%) + {1712(1 +2z)

+ (14 22)(64H o, +96H o1 —64H ;1 —64H, | —64H,_;; + 128H,_; | — 64(3)

16 16 8
- ? (83 —+ 94Z)H0.1 + ? (95 + 106Z)H0'_1 + g (71 —+ 82Z)4’2:| HO
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1144(1 + 7 4
[% + (14 22)(=32H,y, — 16H,_; + 36(2)] Hj3 — 5 (59 + 702)H} + [192(1 +z)

4000(1 + z)

32
+ 96(1 + 2Z)€2:| H()’l + |: 3 - 16(1 + 2Z)€2:| HO,—] +?(89 + IOOZ)H()_O’I

16 32
- ?<71 + 82Z)H0’0’_1 + ? (107 + 118Z)H0’_1‘_1 - 8(111 + 122Z)é’3:| H—l

8
+ [(1 +27) (— gH{; —96H; —64Hg 1 —64H,_y | — 192H, _, _; + 1604,“3)
2000 4 2
+ —?(1 + Z) + (1 —|— 22)(32[‘101 - 64H0’_1 + 40@2) HO - g (119 + 130Z)H0

16 8 64
=~ 64(1 + 29)Ho, =~ (107 + 118)Ho_y +5 (131 + 142@@} H?, + {(1 +22) <?H(2)

+ %HOJ +64H,_; — ]3&@ + g (107 + 118z)H0] H? | + [—%(1442 — 779z + 222%)
—96(5 +82)Ho g + 160(—1 +22)Hy; , — 32(17 + 22)¢, + 160(1 + 2z)g3] Hy,

- g (=170 4 178z + 32%)H§ | + {—1712(1 +2)+ (=1 +4z)(64Hyo_, + 128Hy_ _y)
—32(=7+ 10z)Hyq, — 2 (119 +106z2)¢, + 64(=2 + 5z)c3] Hy_y +64Hj _,

+

RIS

16
(—3019 - 4722 + 35Z2) - 8(23 + 14Z)€2:| H070’1 + |:? (—1 + 1192)

4

+ 24(-5 + 14Z)€21| HO,O.—] + |: 3 (824 —_ 1048Z + 61Z2) - 16(—11 + 34Z>§2:| HO,],I

+ [ =192(1 4 z) = 96(1 + 2z)§2} Hyy_y + [—192(1 +2)—96(1 + 2@@} Hy_y

[ 4000
+ —T(l + Z) —_ 16(—5 + 14Z)C2:| HO,—I,—I + 16(—163 + 12Z + 3Z2)H0,0’0.1

8 8 32
+ 3 (203 + 142z)H 0.1 — 3 (=517 + 926z + 122%)H 011 — 3 (89 + 100z)H ¢ —i

32 16 8
— ? (89 + IOOZ)HO,O,—I,I + ? (71 + 82Z)H0’0‘_1’_1 + g (5 + 2Z + 18Z2)H0,1’1,1
16 32

- ? (95 + 106Z)H0'_1’0’1 - ? (107 + 118Z)H0‘_1‘_1'_1 + 32(—27 + 2Z)HO,O.O,0,1

+ 32(83 + 1282)[‘]0’0_0’1’1 + 128(—5 + SZ)HO,O,O,I,—I + 128(—5 + 8Z>H0’0’0._1_1
= 32(=11+ 14z)H01.-1 +32(29 +442)Ho 10,1 + 32(=7 + 102)Hg 1 01
—256(=2+7z)Hg 1,11 = 32(=7 +202)Ho 1 01,1 — 32(1 +42)Ho 11,11

2
+ 13 (344 + 48497 + 447%) + 2 (139 + 166z)C3} & - % (=3215 — 348z + 63z%)¢3

4
+ 3 (1156 + 2164z + 612%)¢3 — 544(=2 + z){s}
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1
+ CACFTF{g(_ISSS + 31782) + (1 + Z)(128H0y1’_],_| + 128H0y_],],_] + 128H0’_],_1.|)

+ (1 +22)(16HY Hy = 32H 0001 + 64Ho 00,11 +64Ho 001,
—64H00-1-1+32H010-1+ 128Ho 0111+ 128Hp g1 1.1 + 192Ho 1 -1 -1

+32H 0101 +32Ho0-10-1 T 128Hoo 111+ 192Hp0 111

+192H 01 11 +256H00 111 + 128H ;1 11 +64Ho _10.1.1

+ 128H 1011 +128H 1011+ 128Hy 1011 + 128Hg 1 1 11 +128H¢ 1 101

2
+128Hg 1 111+ 128Ho_y 111 +384H, 1 _1_1) + L3, E (=155 + 144z)
4 64 32 8
+ [9 (=131 +214z) + ?(—1 + 2z)H1} H,— §(1 +z)H} +§ (=173 + 166z)H,

64 32 1

128
+ (=1 +22) <32H§ - 3HO,1> +(1+2z2) {(—24H0 +8H} +32H,, —328,)H_, + 24H, _,
2
+ 16H0_0’_1 - 48H0’171 - 32H0’1’_1 - 32H0’_1'1:| + |:§ (155 + 3026Z) + 320<Z - I)Hl
+48(—1+2z)H? — 16(5 +22)Hy; — 16(1 +22)Hy_; — 16(=3 + 2z)§2] Hy+ [—8(1 +62)

8 8
+8(-1+ 2z)H1] H3 + [§ (=611 4 571z) — 96(—1 + 22)52} H, + 3 (=94 +95z)H3

8 1
+64(2 + 2)Ho g, =5 (=95 +882)¢> — 16(~1 + 8z)§3] + Ly [ﬁ (—57083 + 54650z)

160
+(1+72) [—32(7 +3z2)Hy -1 —32(7+ 3Z)Ho.—1,1} + (1 +22) (THLHO —96H 1 -1
—96H 011 —32Hyo_1 1 —64Hy, 11 —64H 11 —256H,, 1 1 —64H, ;1
2
—256H (111 —256Ho 1 ;1 — 320H0,_1,_1,_1> + {ﬁ (=15607 + 73462)
4
+ [— 5 (—1979 + 20682 + 6622) + (=1 +22)(32Ho, = 96Ho _; - 256{2)] H,

8
—8(—43 +39z)H? — 16(—1 + 22)H; + 3 (—65 + 34z + 182%)H, | + 8(—41 +44z)H, _,
+ 16(—7 + 3OZ)H0’0’1 - 16(—1 + 22Z)H0’0’_1 + 48(5 + 6Z)H071’1 + 32(—5 + 2Z>H0,1._1

+32(=5+22)Ho_1.1 — 128(1 + 2)Ho_; _; + 24(17 + 28z + 82%)¢, + 16(45 + 32@@} H,
2
=5 (68 + 3197z + 390z%) — 4(—59 + 56z + 62%)H, — 24(—1 + 2z)H3

2
—16(=5+4z)Hy, — 16(3 +4z)Ho_; — 8(5 + 182)¢, | H + |—= (=39 + 467 + 367?)
3
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8 2 8

+192H -1 = 96H 11 — 672(3) 4 48(—11 + 102)H; + 8(13 — 18z + 622)52] H,

4 9 , 8
|5 (~1435 + 13222 4+ 3322) 4 (=1 +22)(96Ho, — 1286,) | H} +5 (182 + 1662

2\ 73 4 104 3

+ 27Z )Hl + 16(—1 + 2Z)H] + (1 + 22) THO + 96H0’071 + 32H0.0’_1 + 64H0,1’1
+256H 1 _, +256H ;| + 320H_; _, — 384§3) + {16(1 +2)(1+92)
+ (1 +22)(64Ho | + 128H, _, — 352@] Ho + 4(41 + 447 + 1222 H?
+32(1+2)(7+3z)Ho, +48(11 4+ 12z +2z%)Hy_; — 8(61 + 76z + 1812)52} H_,
n [(1 4 22)(=72H2 — 128H,, — 160H,_, +2085,) — 24(11 + 12z + ZZZ)HO] B,

4
+ [5 (=4939 + 17427 + 13222) + 64(—4 + 3z)c§2} Hoy — 1922H3 , + [—16(1 +2)(1+92)

16

- 96(—1 + 2Z)H0.] + 16(13 + 14Z)Czj| HO.—l — 64ZH(2)’_1 - ? (100 + 76Z + 2722)H0.0’1

8
- 8(—41 + 1322 + 12Z2>H0’0._1 =+ 5 (—193 + 62Z + 54ZZ)H0’171
—48(11 + 122 4 22%)Ho _y -y — 16(1 + 502)Hy 0 + 32(1 +322)Ho 00,1

8 24
=323+ 102)Ho 11 + 64(=3 + 42)Ho 101 + 5 (1498 + 1632 + 1292°)0, + - (25 + 382)3

2 16
+16(221 — 94z + 6z2)C3] + [—§ (=627 +3853z) + (-1 + 2z) (?H‘f + 288H0,1’1,1>

+ (1 +22)(16H5 _; + 16H 01 + 64H 1 1 + 64Hoo 11+ 96Hgo 1 —64H 1 1
—64Hg 11 —64Hy, 1 +32Hy 101 —64H_1 1 —64H, 1 -1 —64H_ 1

4
+ 192H0’_1._1’_]) + |:—3 (—872 + SSIZ + 8OZ2) + (—1 + 2Z) (—128H0,0’1 - 416H0.1’1
608 8 5 4 5
+ TC3 +3 (—433 + 404z + 182%)Hy | + §(—181 + 1227 +362%), | H,
8
+ [8(—16 + 11z) + (=1 + 2z)(160H, ; — 644’2)] H? — 8z’H; + [5 (=43 + 406z + 4772)

—24(-3 + 141)42} Hoy —8(19 + 102)H3 | + [—80(z — 1) +48(1 + 2z)62] Ho_,

16 8
+ ? (—22 - 1182 + 922>H0,0’1 + 8(3 + SZ>HO’0‘_1 - 5 (—791 + 7122 “F 36Z2)H0’1‘1
—48H; 1 —48H_; 1 + 16(3 +42)Hy_y _; +64(5 +42)Hp 01 +32(7 + 182)Ho 11

2 8 4
— 52590 +51972)¢, — = (131 + 282)053 + 5 (=631 — 582 + 21612)53} H,
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1
+ l:g (556 + 15192 - 160Z2) + (1 + ZZ)(—32H0’1’_1 - 32H0,_1‘1 - 32H0’_1’_1)

Wll\)

—433 + 340z + 94z%) + (-1 +22)(80H,; + 4(:2)} H| —2(—67 + 56z + 62*)H?
( 109 + 266Z)H01 + 4H0 1~ 64(2 + 3Z)H001 —_ 8( 23 + 22Z)H0‘1’1

8 1
(83 +218z +722%)8, + = 3 (=5 + 22@4 H} + [5 (241 — 20207 — 1887?)

16 32 8
(=299 + 286z + 18z%)H -3 — (-1 +22)H} + 3 (24 52)Hy; — 3 (1+2z)Hy_,

\Ol# u.)|>— U)I-lk.ﬁ

4 2
(83 — 70z — 362%) — 3<—1+ZZ) ]H4+15H5

+4(1 +4Z)Cz] Hp + Lg
2 1976
|: ? 215+208Z) ( 1 +2Z)(144H(2)1—64H0001+96H0011+ C2>
8
|:128 - 1 - 192( 1+ 22)6_:2:| HO,I - § (—857 + 808z + 36Z2)H0'0’1
4 8 5
8 (<3414 3762)Hy, | — 5 (~1649 4 13482)C; + 5 (<1759 + 17182 + 1082°)C3 | H,

3
4 5 320
+ 5(709—844Z+40Z )+(—1+2Z) 272H001—80H011+—Cg
8
3

4
(—83+94z)H | + 8(48 — 55z + 3z2)C2] H3 + {g (477 — 502z + 9772)

64H,, 128 2 8
+ (-1 +2z)< 3‘“ - SQHH} =5 (=178 + 1432+ 3627 HY = 5 (=1 + 20)H]}

+ [(1 +2)(—=128Hy 1 — 128Hy_1 1) + (1 +22) (g H{§ +32H 0, + 160H 00 -1
—128Hg 011 — 192Hy01.-1 — 192Hg 011 — 128Hgy 1 -1 — 128Ho_1 01 — 128H _ 1
—128Hg_y 11 —384Hy_| - -4 —1—%4'2) [ 16(11 +19z) + (1 +2z)(—64H
—96H 1 +64H,,, +64H; | +64H,_;; — 128H,_; _; + 64(3) +48H,

—16(7 +4z)Hy_; + 8(16 + 19@@} Hy+ [—8(11 +5z) + (1 +22)(32H,; + 16H, 4
- 28(2)] H} - g (5+82)H} + {—192(1 +2)-96(1 + 2z)é’2] Hy, + {32(—5 +72)
+48(1 + 2z)§2] Ho_y —32(5+2z)Hpo, —16(1 +42)Hpg_,
—32(11 +8z)Hy_y_; + 16(17 + 112)¢, + 8(37 + 282)(3] H_ + [(1 +2z) <§ H} +96H,
+64Hy, | +64Hy_i 1+ 192Hy_ _, — 16OC3> + [—16(—5 +z) + (14 22)(-32H,
+64H,_| — 56(2)} Hy+12(5+42)H3 + 64(1 + z)Ho; + 16(11 + 82)H, _

64 64

160 16
—8(19+16z)§2}H31+[(1+2z)<—?H2 3H0,1—64H0,_1+ C2> (11+8z)H0}
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4
+13 (=272 4 421z + 160z%) + 16(25 + 462)H
4
- 32(-5 + ZZZ)HO,I,I — § (—253 + 4822>§2 - 32(3 + 26Z>C3:| HO,I

8
+3 (=247 + 296z + 92%)H3 | + (16(11 + 192) + (1 4 22)(=32H 0, — 32Hg

4

—64H, ;1 —16¢3) — 8(12+ 112)¢8,)Ho_y + 32H3 _, + { 3 (93 + 1146z 4 94z?)

8
+ 8(1 + 7OZ)€2:| HO,O,] + |:16(1 + 15Z> - 40(1 + 2Z)C2:| HO,O,—I + |:§ (774 - 577Z + 9712)
+ 16(—13 + 62Z)C2:| HO,I,I + |:192(1 + Z) + 96(1 + 2Z)Cz:| HO,I.—I + |:192(1 + Z)
+96(1 + 22)4’2] Ho_i1 + {_32(_5 +2) = 16(1 + 21)52] Hy_ -

8
- g (—157 - 172Z + 54Z2)H0.070.1 —_ 8(7 ‘l‘ ]6Z)H0’0’0’_1 + 8(—187 + 142Z + IZZZ)H(),O’],I
+32(5 + 22)Ho 1.1 +32(5 + 22)Ho g 1.1 + 16(1 +42)Ho 01 -1

8
- g (79 - 332Z + 54Z2)H0‘1'1’1 + 16(7 + 4Z)H0’_1!0‘1 + 32(11 + 8Z)HO’_1,_1!_1

- l6<19 + ZZ)HO,O,O,O,I - 48(49 + 86Z)H0’0‘0’1‘1 - 16(55 + 106Z>H0,0‘1’0’1
+ 64(—8 + SSZ)HO,O,I,I.I + 16(—13 + 98Z)H0,1,0,1,1 + 16(—7 + 26Z)H0’1’1‘1’1

1 4
+ |1921n(2)(=1 4 22) + ¢ (~11243 + 8530 — 64022) — 2 (151 + 178z)C3} &

8 2
+ 75 (~1831 + 13252 + 1892%)(3 — - (1289 — 26242 + 3882)¢; + 8(7 + 22z)g“5} + aS’}. (A10)

Finally, the single mass contributions to the OME A(z)Q are given by

4L 2

1613,

Tf,]

64L3 224 44L, 4L
+ ai{ MT3 4+ CuNpT? [— M —2} + CpNgT2 [—

27 27 3 3

268L, 8 5612,

2 oL
27 Mt

40 ) 616 277 16, 160
- Tpl——+ Ly "—+—=83+—
3C2}+CA F[ 7+ M<9 +38+5 §3>

44
+28§2] + CaT? [— —?Cz} + CeTE [T
S84L, 40L2,

9+3

L2, <_§ N %) + (4 _ %) gz} b CATp[=39 = 2Ly + 16]=5 + 81n(2)]C

1045  736L 2202 4
- 322:3] + CACFTF |:— 6 + 9 M - 3 M_ g [—5 —|— 48 11'1(2)]4’2 + 1663:|
64 3.6
—27T%4“3+a§,g?Q}}5(1 —2) (Al1)
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) ,8(28 +30Ly, +9L3)) 3 [ 1 2176L, 64L3,
AP — C,T 3 CuNfT - -
99,0 as 27(2 _ 1) AL F + Ay ANVFLFE 7 — 1 81 27
32 1 320L
—2624 — 4418, + 812, — 144 H CAT2 M
243( G+ 8120, &)+ 9 o] +3 Cz] +Cy [Z 1 [ 9
640L2, 22413, 4 16
_TM‘TM—E( 1312 = 7178, + 29728, — 168L3) + HO] +— gz}

1 176L3 4
2T e —— - 207¢, — 24 24 2 - 162

88 32H 8 1 16
+162zCzC3)+(—9+ 31§2>H0+ ng} +LML ]{—9H2(10+3H)

8 16 640
g7 (155 + 36005 — 5423 4 5423 — 10445 + 18023) + (—?—THI

32 64 64 128 16 160
+?Ho,1 _?HO—I Ho—?Ho.o,l‘i‘THo,o.—l —?C Cs

8 16 64
L L_—l (234 126 = 60+ 6260) = H3 = o —;cg}
C3 1 2
—
8
— 3020, + 288In(2)20, + 7265 = 7223) + 5 Ly (=5 + 2485) - 8L,24

+ g [-5+481n(2)|¢, — 16C3} + C%TF{ 16[-5¢, + 81n(2)¢, — 24;5)

—16[=5 + 81n(2)]¢> + 32g3} + agg,?g+>} (A12)

Asy =a {CFTF{ 56(z — 1) + L3,[-20(z = 1) + 8(1 + 2)Ho] + Ly [—40(z — 1)
4
—8(=5+2)Hy+8(1 4+ z)H3] + 12(3 + z)Hy — 2(-5 + z)H} + 5(1 + z)Hg}

8 2 16 16
+ CATF{—gL@(—l +22) = o (=337 + 4492) + Ly [—3(—14 +192) + 5 (1 + z)HO]

4 4 4 776¢,  80H
522+ 2)Ho + (1 +Z)H3+zH1}} +ag{cFT;{(z_ 1)< 5z+liz>

3 9 3
400 160 32 64
+ L3, [—T(z— 1)+ 5 (1 +Z)H0} + L3, {—3(1— 1)(26 + 15H,) + (1 + )<?H3
64 64 64 16 80
+?H0’1 —3§2) —E(—13 +8Z)H0:| +LM |:—9(Z_ 1)H1(52+ 15H1) + (1 +Z)<9 I‘I3
128 64 32 16
- THO'O’I + ?H0’1.1> + ﬁ(335 - 3352 + 182:3 + 18ZC3> + l:ﬁ (373 + 552)
128H, 128 320 8 64
+(1+472) o1 _ 1286 — (2= 1)H,|Hy =~ (=59 + 55z)H} + — (=2 + 72)H,
3 3 3 9 9
64 4 32 32 16
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+25z2¢3) + {—39—2 (81 49z + 5¢5 + 52¢83) + g (=97 + 41z)§2} H, + [—24(3 +2)

56 8 320 128
3 ( =+ Z)C2:| I’I2 g(—S + Z)H(S)} + CFNFTZ {L3 [—7(2 - 1) +T<1 + Z)Hoi|
712 4
+(z—-1) _3712 806 H, +6—H2—@H3 + Ly ——(z— 1)H,(32+ 15H,)
27 3 9 9
32 256 64 32
+(1 +Z)<3 H - 3 H()’()_] +64H0’1’1> +3(89—892+3§3 +3ZC3)+ |:E(85+19Z)
256H,; 256 640 16 64
+(1+ z)( 3 ol 352> - (- l)Hl}HO 5 (=29 + 499 Hj + = (=2 + 32)H,
64 8 64 96 64
+?(—8 +7z)§2} +(1+2) (—gHg +?H0,1,H —5§§> 81( —494 + 4947 — 2745

64 16
+ 90ZC3) + |:_ﬁ(341 + 191z + 18C3 + 18ZC3) _3<19 + 7Z)§2j| HO + |:—16<3 + Z)

16 (1+ z)@] H3 + 5 (=5+z)H} + [12278 (11 + 14z) + 332 (1+ Z)Cz} Hy

3
64 80 L[ 64,
=5 24 59)Ho11 =5 (29 + 12)8 ¢ + CaNpTiy =5 Ly (=1 + 22)
32 32 256 256 80
Ly|—— (=32 397 1 TH2+ZH,, - 20+ 13
+ M|: 81( 9 +397z) + ( +Z)(3 o+ g Hoi—=5 Cz) 27( +132)H,
16 a1 4392 H, | + 22 (<1147 4 14752 — 1885 + 36285) + | -0 (295 + 312)
9 < 243 < 37T 0% 81 ¢
32 16 32 256 16
0 Hy—— (22 + 2)H2 — 22 (1 + 2)H} — =2 2H, + — zH?
9( +Z)Cz] 0 27( + 2)Hj 27( +2)H} 57 < 1+9z
32 L 224 [ 128
+55(- 14+19z)C2}+CATF{—7LM(—1+ZZ)+LM{ o (-144192)
128 32 80 128 128
+T(1+Z)HO] YLy [—?(—37—1—47@ +(1 +z)<9 H3 + 5~ Ho, —ng)

8 8 16
~ 57 (=188 4 612)Hy — 5 (=41 + 352)H1] + g7 (F1147 + 1475 — 420, + 842(3)

8 112 8 16 128 8
——(2 1z) —— (1 Hy——-(22 H?——(1 H——7H —zH?
+{ 27(95+3 2) 5 ( +Z)C2} 0 9( + 2)Hj 9( + 2)H} 5 ¢ 1+3z :

16(2 — 35z + 2z2°)H* | H,
3z

27 ( 27

1832 32(2-35z+2722)Hy_,

ML —14+19z)4’2} +C3 TF{176L (=1 4+22) + Ly {(1 +z)[

—192H 4,1 + 192H, 0,0,0,—1]

4 4
— 57 (39029 — 38719z — 105125 + 6696:¢; + 10802C3) + [— 57 (2870 47703z ~ 1296¢;)

64 8 64(1 + 222)H, _
—3(_19 +292)H, —5(_37 +172)Ho; + ( 32 Mo +96(1 +2)Ho,
8(—59 — 2z + 697> + 167°
+32(=5+2)Hyo_; + 192(z = 1)Hy_; _; — ( ;(1 - Z; ‘ )cz} H,
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4(84 4 169z + 8122 + 36 4
{( 2+ 8122 +362) +3 (=29 +252)Hy = 24(1 +2)Ho, —48(c — 1)Hoy

9(1 +7z)

4 4
+8(5+ 3z)§2] H} + g (1-12z+42*)H} - §H§ + [6 (—=1087 + 1065z)

16(z = 1)(2 + 35z + 22%)

. CZ}Hl + [(1+z) {—8(4_311+4z2)H%

32 3z
32(2 = 35z + 272)H, 16(2 — 27 1
32 z+27°%) 0-1 6(2-9z+ Z)Cz] _ 16 (18 — 2337 — 46277
3Z Z 9Z(1 +Z)

64(1 + Z)3H0’1

16
—233z23 + 18z4)H, — H_ — (18 — 2337 — 46272
77+ Z) 0 3Z :| 1+|:9Z(1+Z>( Z Z

(—23 + 31Z + 4Z2)H0‘0’1

16
— 23373 +18z%) + 96(z — I)Cz] Ho_y —96(z—1)H_, + 3

16(1 + 4z)(—=4 — 11z + 22 64(1 +z2)%Hy, _;  64(1 +z2)°H, _
" ( 2)( 2tz )Ho,o,—1+ (1+2)°Hy,, L (1+2)°Ho_1.
3z 3z 3z
8(—539 — 960z — 42522 +362°) , 24 160
- 13 +237)¢% — —
8 32 64
+L§4{9( 100 + 77z + 6¢3) +[ ? 3+13z)—?( 1+2z)H1]H0
64(2+3z+2z) +16( +4 )H3_64(2+3z+2z2)H +32(1+2<7,)2¢2
3(1+2) Mot 305y 3(1+2) 7T 3(1+42)
16 8 44 8
36|35 (=11843 + 14677z — 1983 + 3962¢3) + sl (295 +31z) + §(—7 +892)¢,
32 4422 +z) 8(3+ 4z)Cz 88 704
Z(-1+27)H ¢, |H - H? 1 H} +—zH

44 4 32(2 + 3z +22%)
- —zH? —563 + 559z + 18 H_H
5 ¢ 1"‘[ 27( + 559z + 1883) + = 43]52 31+ 2) 1Hol»
32(2 + 3z + 27°) 16(1 + 22)%¢3 8
H,_ - C,CrT —1)(223 +30H
31 +2) 0142 3(1+2) + C4CrTy 9(2 )( + 1)
32H 32 16 16 60
+(1+72) (— 3‘“ +%> — 5 (53 +382)Ho + = (- 2+Z)H%} +(1+42) [—THLHO
+ (224H, + 40HG + 160H | — 808)H? | + 320H 01— + 320H 1.1 — 160H 01 -1
+160H 101 +320H _; _y 1 —864H 0011 —288H 0101 + 128H 0111 +32Hg 1011
4 s , 88 . 10
+32H0’1.1’1.1 + (Z— 1) 15H (—80—20C2)H1 ?H —?H +80H

+ 128H0,00,-1 —384H 00,11 —384H 0011 + 192H 0011 — 128H 101
—128Hy 0 101 +64Ho _10-1 +512Ho0 1 -1 -1 + 256H0,—1,0,—1,—1]

32 440
+ L%4 |:(1 + Z)(160H IHO - 160H0 1~ 32H00 l) + (Z - 1) <—?H3 +TH1 + 128H0’0._1>

- g (862 — 853z — 144¢; + 72285) + —g (187 +5712) + (z — 1)(—=80H, — 64H,,_; — 32¢,)

56 32 16
+ 32(1 + Z)H0’1:|H0 +?(1 +4Z)H% —?(10 + Z)H()’l +?(35 + 17Z)§2:|
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7720 32(2 + 477 + 22
—I—LM{(z—l)H—TvaOHOI 2+ 3ZZ+ 2

3H2 —?H3 + 224H} _,

32(4 =79z +4z2%)Hy 1
3z

} 4 40 }
H, +

16(4 — 79z 4+ 4z*)H? | H,
3z

—-32H3, -

+(1+2) [_ —32H,1,1

8
+ 32HO,1,1,1] + 57 (3845 — 3890z + 990 + 20162¢; +3602%¢;) + {(z —1) (——Hl

8 16
— 120H? — 448H0,_],_1> — 7 (4205 + 29562 + 2165 + 3242L3) + - (38 + 1072)H,

16(8 + 9z +93z2)H, _
_ 16 Z3Z <)Hy, L 192(1 + 22)Ho 1 + 64(3 + 2)Ho oy + 96(1 + 2)Ho 4

64 4
+?(—11 + 13z +4zz)c§2} Hy+ [—5(—1261 + 659z + 108z?)

16
+ (z— 1)(=232H, + 48H,_;) + (1 +2)(112H,, — 96@2)] Hi =5 (=79 =31 + 422}

4 16(18 =37z + 18z2)H, 8(8 — 11z + 8z2)H?
_5(—11+7Z)H3+[(1+Z){ ( 2T 182)Ho | BB 112 182)

3z 3z
32(4—7974+4722)Hy_, 16(4—=21z+4z2)¢6]  128(1 +2)3Hy,
+ - - + - H_1
3z z 3z
272 16(1 18 — 37z + 1872
n { 5 (=19 +442) - 256(1+z)éz]H0,1+ [— (1+2)( = 2+ 182)
16 16(—8 — 217 — 18972 + 873
—224(z - 1)42} Ho1 == (13141792 + 822)Ho o1 — ( Z3Z S )HO,O,_I
16 128(1 + Z)3H0’1'_1 128(1 + Z)3H0.—l,l

-3 — (=19 +292)Hy, | — +96(1 + 7z)Ho 0.1

3z 3z

16 16
—96(3 +5z2)Hp00-1 + 5 (=289 — 193z + 547%)¢, + < (89 + 731)(4

2
— 5 (=34613 + 348462 + 3860(; + 647225 + 252005 — 10802Ls) + [(1 +2)(—48H2  — 160H, _,
— 160H, _y | + 128H g, — 64Hg, 1 1) + (z = 1) [(1344 + 240H, | 4 408,)H; + 112H?

80 8
+ 3 HY + 32H |~ 96H 001 — 64Ho 10,1 + 128H0__1,_],_1} +5 (2676 + 55412

+ 17803 + 598z2(3) + [224(—6 + 2) — 16(1 + 2){5]Ho 1 + [32(1 + 82) +48(z — 1){5]Hy
—_ 32(29 + 11Z)H0’0'1 + 16(13 + SZ)HOO -1 16(—21 + 25Z)H0’1’1 + 32(9 + SZ)HO,—I,—I

16
+64(=5 +22)Hy 01 + = 5 (127 +7452)8, +— s (=38 + 51)4’%} Hy + [(z —1)(—424H,
4
—_ ZOH% + 32H0’0,_1 —_ 32H0’_1’_1) - g (—192 + 441Z —_ 56C3 + 52ZC3) + 8(29 + 19Z)H0’1
8
—8(9+52)Ho-1 —32(-2+z)Hpo1 + 16(1 + 2)Ho 11 — § (-2+ 192)52} Hj
4 4

+ —5(—28+52)+(Z—1) ——Ho 1 + 88, —|—4Z)H

L8

3

+ {(Z - 1)( 400H 0,1 — 80H 1 1 —4—C2> (81 =75z =507 +50253)}
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40
+ [(1 +2) [(—672 +160H,, — 160H, _; — 120{,)Hy — 112H} + ?Hg —448H, _,

40
- 320H0’0’1 + 160H0’0,_] bl 320H0’_1’_1 + 2246:2:| + 240(€3 + ZC3):| H_] + |:—3 (—96 + 93Z

+ 44/3 + 4ZC3) + 160(1 + Z)HO,O.I + 2 (32 + 5Z)§2:| Ho’l + [_96(—7 — 7Z - 6_:3 + ZC3)

(z—1)(128H — 64Hgo | — 128Hy _; _1) + 8(23 + 152)(5]Hy — — 64H} _,
[16(115 4+ 29z) + 16(1 + z){5]Ho 0.1 + [-32(=5 + 92) —96(z — 1){5]Ho
[—8(=30 +31z) + 16(1 + 2){5]Ho 11 + [448(1 + 2) + 64(z — 1){5]Hp 1 -
+48(29 + 3z)Hy 0,1 — 16(17 + 5z2)Hy 01 + 16(=17 4+ 282)Hy 1.1 + 96zH( 1 11

+
_|_
+

4 8
— 128(—4 + 2)Ho 001 — 5 (=487 + 2179z + 258¢5 + 22223)¢, — s (1402 + 2297)¢3

4 8 32 32
_ 1653} + C%Tp{wa {—g(z —1)(13+20H,) + (1+2) (gH(Z) +?H0,1 _?4'2>

16 10
-3 (224 3z)HO] +(z=1) {(280 —80H,, + 1008,)H? + 24H3 + ?H;‘}

2
+(1+2) <—EH8 —32H 01,1+ 192H 0001 + 768H 00,11 + 320H 0,101 —416H 111

16
—192Hy 1011 — 32Ho,1,1,1,1> + Ly [(1 +z) <?H(3) - 32H0,0,1> +8(25 =25z 4 445 + 42(3)
+[=8(=19 + 7z) + (1 + z)(32H, | — 32&,) —80(z — 1)H,|Hy — 16(=3 + 22)H})
—120(z = 1)H, + 16(1 + 5z)Hy; — 964:2] + Ly [(z —1) {(—200 — 160H,, — 256¢,)H,

40

32(2+ 37+ 222)H
—20H%+§H?—128H%,_1] +(1+z)[—256H31H0+2H3+ {_ (2+ 32+ 227)Hy

Z

+ 128H% +512H,_; — 25652} H_; +32H§, —512H_; _; —416H 0 + 384H 0 -

- 32H0.]$1.]:| + 8(—31 + 31Z - 70@”; + 54Z€3) + [(1 + Z)(288H0,0.1 - 64H0,l.])

+ (z—1)(168H, + 80H? + 256H _; + 256H _ 1) — 4(—13 + 133z — 16{3 + 48z¢3)
— 64(=3 +4z)Hy, —256H,_; — 416{,]Hy + [2(69 + 73z + 162%)

8
+ (z—=1)(128H, — 64H_1) + (1 + z)(—64H, — 32¢,)|H} — 3 (=11 +5z)H}

32(1 +2)(2 + 3z + 222)
Z
+ 32(9 + 8Z)H0_0,1 - 256(_1 + 3Z)H0.0’_1 + 16(—7 + 13Z)H0.1’1 - 16(33 - 10Z + 4Z2)€2

32 4
-5 13+ 23z)§§] =3 (=660 + 660z — 323¢; + 17245 + 1205 + 1202L5)

+ [-8(=67 +41z) + 128(1 + 2){5]Hy +

+128(z = 1)¢3 | Ho -1

+ [(z —1)[(168 — 160H; + 80¢,)H ;| + 320H 1 1] + (1 + z) <32H%,1 —160H( 001
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448 8
—128Hy 011 +— 52> §( —51 — 2827 — 32¢3 + 62¢3) + [-16(=17 + 27z)
2
—32(1 +2)8)Hoy + 16(9 + 192)H o +2(83 + 255z)§2} Hy+ [g (=51 =201z + 444,
+44z83) +140(z — 1)H, — 8(5 + 13z2)Ho; +48(1 + 2)Hpo1 +4(-7 + 3z)C2] H}

2 16H, 40 2
+ §(I+83z)+(1+z)(— 30’1—4g“2>+?(z—1)H1}H8+§(—3+Z)H3

[ 8
+ (Z - 1)(—32[‘101 + 320H0’0.1 + 320H0’1’1 + 148€2) - 5 (27 - 27Z - 110§3 + 1102§3):| H

I 8
+ (1 + Z)(—128H0’0.1 + 64H0’1’1) +§(15 + 174Z +44¢3 + 44Z§3) + 8(—5 + 13Z)é‘2:| HO,I

—32(=3 + 52)H} | + [8(—45 +43z) — 32(1 + 2){»]Ho .1

+ [8(—58 + SZ) - 80(1 + Z)&Z]HO,I,I - 16(7 + 23Z)H0’0’0’1 - 16(—23 + 27Z>H0’1‘1’1
2 8 I
+5 (633 13892 + 4005 +402£3)05 — 5 (=163 +233)3 + 32@} T g}_ (A13)

APPENDIX B: THE z-SPACE EXPRESSIONS FOR THE ASYMPTOTIC MASSIVE
WILSON COEFFICIENTS

Here we list the z-space contributions to the massive Wilson coefficient LPS LS and HS
For LFS(z) we obtain

32 32 64 64
LES(z) = a?CFNFT%{Lﬁl [? (z=1)(124+5H,) + (1 +z2) <—?H2 3 —Hy, +?§2>
32 3296 32 16 80
+=(-T+2)Hy| + (z—1)|—=——-2H,(-125+ 12H,) + —H3(28 + 15H,) + — H}
3 9 27 9 3
64 64 160 64
t |+ (B, -2 11 - o)+ B o,
3 3 3 3
64 128H 128 128
128 3712 12 5 64
+7(11+14z)H0+(z—1)<—7+— ——H> 32+5ZH01
64 64 64
+?(2+5Z)§2:| +LM |:(Z_ 1)[_?_311 ( ISH()) ——H2:|
128 128 256 128 512
+(1+2) [TH0,1(1+3H0)—TH0.0,1+T C3] ——(1+22)H0

64 64 128 64 32
—?(2 + SZ)H(Z) + |:3 (—17 + 132) _T(l + Z)H0:| €2:| + (1 + Z) <?H0’0y1_1 - 64H0,l.],l +E§%)

128 64 128 64 64
+7( —40 + Z)H() —2—7(11 + 14Z)H% + <7 (—8 + Z) +3(2 + SZ)H0>HO,1 —3(2 + SZ)HO.O,I

+ [64(1 +a -0 +z)H0]HO,,.l + { 28 542 )—ﬁ<z+5 iy -0 e, + % +z)HO,,}g2
9 3 27 3 3
32 64 6

=2 174130+ S0+ | 6+ A9 ) + N (Lo ) ®1)
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For LS(z) we obtain

LS(z) = aN,T {136LMLQ(ZZ ~ DLy {_]3_6(_3 FA e <_13_6H° _?Hlﬂ }

ﬁ(—3 +4z) + (2z - 1)<_%H0 _ﬁm)]}

64
3 3 2 _ 21 _
+ aS{NFTF{ 5 LiLo(22—1) —l—LM[ 5 5 5

8
T2
+ C4Nf F{27

64 32
(~3943 +3928z) + Ly, L}, {—64(z — 1)+ 5 (1 + 2)Ho -5 (22 - 1)H1}

512 32 64 64 32
+L%4[T(z—1)+(1+z)<—?H2 3 H(M) + {3 (-442)+— (2z—1)H1]H0

32 32 40
+?(—9 + 10z)H, +?(22 - 1)H? +32§2] + Ly [—5(408 + 107z)
2 32
~(2z- 1)H1] + Ly [—?(—22+ 192)

64
+L%4[—64(z— 1)+7(1 +2)Hy — 3 (

32 64 64 64

128 32 128 64 128
+ g (B T)H, + 522 = DH = —= (1 + 2)Hoy + 5 (1+22)Ho o + =76
8 16 16 16 32

32 4 32 64
+?Z§2] + (22— 1)<9H4 +—Hopoo1 —

16
Ly |— (=32 1
3 15§)+ M[9(35+30z)

32 128 32
+ [3(—58—42z+3z2) o5 (-8 +72)H —16(21—1)H2—?( 3—6z+27%)Hy,
64 ) 32 "y 8 )
+?(—1 —2z+z°)Hy_; Ho+?(1 +2z+2z°)HZ Hy + §(23 — 1247 + 44z%)

6 16
(3-6z+2z )Hl}H% +—

16
9 (5+ 14z)H; + [5(—180+ 161z + 62%)

4(2 4+ 6z + 1222 + 1123) 32

T3
64 32 16

64
Hy—=(-1-2 2)HZ + —(1 +22)H,
- 0= 2 (1 =2z 4 P+ (14 20)Hy,
64 32 642 4 67 + 1222 + 1173
- +2z+2z2)11n),_1]H_1 5 (414 620)Hy + (2 +6 > e )HO,_I
32 64 32
+?(—3 +2z+22%)Hg; —g(—l —2z+2%)Hog-1 —§(—7 +22)Hy
64 64 64
?( +2Z)HO] -1— 3 (1 +2Z)H0$_].1 +?(1 + 2Z+ 2Z2)H0’_]._1
64 64 32
[ (3 =90z +222%) —?(3 +4z)H, —?(z - 1)%H, +?(—1 -2z +222)H_1]CZ
8 16 32
3 0% 04zt + 5= (<2405 + 4132) + 2 (=47 + 1032)H) + - 2Ho, | Hy

4 160 L8 16
~ 57 (989 + T642)H} + = (=2 + ) H} + 5 (~1884 + 19812)H, + o (=47 + 1030) H}

8 32 64
=57 (7185 +5722)Hyy =5 (17 + 52) Hop1 + 5

8 32
H, — (293 + 122z7) — —(—17 H
7 3 o + 9( +122z) 9 ( +2)
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16 32 32
-5 02— 1)Hg} &+ [—? (-17+2) -5 (22— l)HO] 43} + CFNFT%{4(—889 +904z)
, , 3 32

+ Ly [—20(—67 +70z) + L2, [—336(z — 1) +48(3 + 42)H, — 16(2z — l)H%]

16 , 64
Ly | =5 (472 +4732) + (22 = 1) | =32H} + 5 H} = 64Ho 0,1 + 64L;3

32 128 16 16
+ [? (156 +257) +—- (22 - 1)H1} Hy + = (73 + 522)H = 3 (=109 + 1062)H,
64
+ 5 (144 172)Hy, + {—64(4 +72) + 64(22 — 1)HO] gz] +32(23 + 172)H,
;. 8 ;4 4 2

—8(-23+92)Hj + 5(9 +4z)H; - §(ZZ - 1)H| +L3,]928(z—1)

16

+336(z — 1)H, —48(3 + 42)H,, + [48(3 +47) —32(27 - l)HO] gz]

8 128 256 28
+Ly {§ (—8533 +8509z) + (1 + 2)* <—TH31H0 - THO,—],—]) +(2z-1) (;Hé
80 32 8 64
=g Hi+64H01, = gg“%) + {—5 (5606 + 209z +24z%) + (2z — 1) <_ 5 1

32
+ 64H0’0,]> + 48(—11 + IOZ)H] + ? (—25 —_ 40Z + 4ZZ)HO’1

128 4 16
———(—2+4z+ zz)HO__l] Hy + {—6 (3063 + 4627 + 327%) — 5 (=1+2z+ 4zZ)H1} H3

3
16 L[ 3 L. 64 ,
-3 (104 + 172)H + 3 (229 — 230z + 27%) -3 (2z=1)Ho |Hy +24(—11 + 10z)H7
64 256 64(4 + 45z + 487> + 473 16
Fl+ 2 (o + 22 ) + ( ez +42) 1y 219 003 4 156000,
3 3 9z 3
64(4 + 457 + 4822 + 423) 64

- 9z Hy —?(Z = 1)(=11+2z)H,

128 32 32

+ T (—5 + 6Z + ZZ)H()_(),_l - ? (31 + 28Z)H0,1.1 + |:§ (543 + 99Z + 8Z2)

32 64 128

+ ? (83 —+ 56Z)H0 - 96(2Z - I)H(Z) + ? (—1 + 2Z + 2Z2)H1 - T (1 + Z)zH_1:| €2

64 4
+ ? (33 - 4Z -+ 4Z2) - 128(2Z - 1)H0:| ¢3:| + (2Z - 1) (15H8 + 32H0’0,0’0,1 - 32§5>

8 2
+4(=519 + 10z)H — 8(69 + 8z)H} — 3 (32 +3z)H} + 3 (=11 +4z)H$ +20(—67 + 70z)H

—_ 32(23 + 17Z)H0$1 + 16(—23 + 9Z)H0,0‘] - 16(9 + 4Z)H0‘0y0‘| + |:32(23 + 17Z)

16 32 64
—16(-23 +9z)Hy + 8(9 + 42)H3 — 3 (2z - 1)H(3)} &+ [? (9+4z) - = (2z - 1)H0} &3
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+ [—16(—23 +92) + 16(9 + 42)H, — 16(22 — 1)Hg] (;3} + A%+ NeC P (Lo, N, z)}. (B2)
For HYS(z) we obtain

4
HrS — a%CFTF{—g(z 1)(148 + 66H, + 15H2) + Lo[8(z — 1)(11 + 5H,)

+ (1 +2)(=16H3 = 16Hq,, + 16¢,) +32(=2 + 2)Ho] + L};20(z = 1) = 8(1 + 2)Hy]
+ L5[-20(z = 1) + 8(1 + 2)Ho] + Ly[8(z = 1) = 8(=1 + 32)Hy + 8(1 + z)H{]
16 256
+ (1 + Z) <?H(3) — 32H0’0’1 + 16H0_1’1 + 162:3) + |:—T(—2 + Z) - 80<Z - I)Hl
_32(1 +Z)3H_1
3z
32(1 SHy _ 32
n (1+2)°Ho I I
3z 3

8
+ 32(1 + Z)H0‘1:|HO + 5(21 + 2Z2)H(2) + 16(—1 + 3Z)H0,1

(9-3z+2%) -32(1 + Z)Ho} Cz}

32 64

32 64
+ a?{CFT%{Lﬁl [? (z=1)(12+5H,) + (1 +z2) (—?H(Z) —?HO,1 +?§2>

32 64 64 160 64
+3 (=7+ z)HO} +Lg {(1 +2) <?HO,L1 - %) + L3, [_T (z=1)+ 3 (1+ Z)HO}

128H 128 128
3 0l 3§2> +T(2+5Z)H0:|

128 3712 128 80 64
— (11 + 142)H, - -—+—=H -—H)-—(2+52)H
b (1 1ty + = ) (<212 8 - Dt ) - 5 2 4 50,

+ Ly [% (z=1)(=4+15H,) + (1 +z2) (—

128 128 256 128

64
+ 3(2 + 5Z)52} + Ly [(1 +2) (THO,I _THO,O,I +TH0,1,1 - T€3)

512 320 128 64
# =220 20 -2 0+ 2 o -G 24503

4 204 2 4
64 2048 3OH%)+[6

+(z—1)<— Al E(—17+13z>—?(1+z)110]52]

64 32 128 16
+ (1 +2)( 5 Hop11 —64Ho 111 +285 | + |55 (40 +2) + —(z — 1)H (=8 + 15H))
3 15 27 9
64 64 64 3296 4000
—(2+4+52)Hy; ——(1 H Hy—— (114 147)H? ==+ —H
+g (2452 Ho == (1+2) 0,1.1} 0= 57 (1L 4+ 142)H5 + (2 )( 5t H

448 80 128 64 64
+TH% +?H%> +7(—8 + Z)HO,I —6(2 + SZ)HO,O,I +?(1 +4Z)H0’1,]

128 64 160 64
+ |:7(5 +2Z) —?<2+52)H0 _T(Z_ 1)H1 +?(1 +Z)H0!1:|§2

32 64

8
+ 3 HE -+ 144H} — 80HG | + 160H0,1,1,1} +13, {4(2 —1)(92 + 43H, + 10H?)

8
+ (l + Z) <_§HS +48H0’0’1 - 32H0‘1’1 - 16C3> + [—4(51 =+ 7Z) + SO(Z - l)Hl
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—32(1 4+ z)Ho )Hy + 8(—6 + 5z)Hj — 80zH | + [80 + 16(1 + 2)H,)&,
+ Lo[L3,[—4(z = 1)(13 + 20H,) + (1 + 2)(8H} + 32H, | — 32¢,) — 16(—2 + 32)H,)
+ (z—1)(=392 = 288H, — 160H 1) + Ly [—8(z - 1)(5+4H,)

16
+ (1 + Z) <—8H0 - ?Hg — 64H0‘0,1 + 64{3) + 32ZH(2) + 32(—1 + 3Z>H0.1

2 256
+ [-32(-1+3z) + 64(1 + z)HO]Cz] +(1+72) <§ HY —64H 001 + 128Hg 011 — ?g)

+[-52(-3+2) +8(z— 1)H (134 10H,) + (1 + 2)(96H 5, — 64H 1 1)

16
= 32(=3 +22)Ho,[Ho + [6(3 + 192) + 80(z = 1), = 32(1 + 2) Ho, | Hj = - <H}

+8(19 + 17z)Hy, — 16(1 + 5z)Hg o1 + [-48(1 +5z) + (1 + z)(—16H3 + 64H, ;)
+16(=1 4 32)Hy — 160(z — 1) H,]¢ + [48(=3 + 52) — 96(1 + Z)HO]@}

64 . ’ 4_.,4
+ LM (Z - 1) 312—?H0 + 88Hl + 16H1 + (1 +Z) gHO - 16OH0,0’0.1 +64H0’0’1’1

288
+ ?C%) + [—8(—2 + 212) + 32(Z —_ 1)H1 - 32(—1 + 3Z)H0’1 + 64(1 + Z)HO,O,I]HO

+ 4(7 + 13Z)H(2) - 8(—11 + 21Z)H0‘1 + 32(1 + 7Z)H0‘0’1 - 32(—1 + 3Z)H0.1’1
+[8(=7 + 17z) =32(3 + z)Hy — 16(1 + 2)H3|&, + [—64(1 + 22) + 32(1 + 2)H()¢3]

2
+(1+2) <—EH8 —80H 0,001 + 832H 001,11 +256H 101 — 128Hp 111 + 8055)

80
+ (1 + Z)(32H(2)71 + 96H0,0.0$1 - 224H0.0,1‘1 + 64H0’1,1‘1) + 16(1 + IOZ)HOJ

—16(=1 + 172)Hy g, + 160(=2 + 3z)H0_1,1] Hy + [~6(26 + 152) — 4(z — 1)H, (43 + 10H)
, 80

+ (1 + Z)<—48H0'0‘1 + 32HO,1,1) + SOZHOJ]HO + —2(5 + 23Z) - ?(Z - I)Hl

32 \
+ ?(1 + Z)H()_l HO + [4(—169 + 35Z) - 128(1 + Z)HO,O.I]HO,I - 4(109 + 332)H070_1
+ 8(—49 + 13Z>H0,1’1 + 32(—8 + 15Z)H0,0,0,1 - 144(—1 + SZ)HO,OJJ + |:4(57 + 772)

8
+ 8(Z - 1)H1(43 + IOH]) + (1 + Z) <3H8 + 96H0,0,1 - 64H0’1,1 — 966’;) + [12(5 + 131)
8

+160(z — 1)H; — 64(1 + 2)Ho,|Ho + 8(3 + z)H3 — 160zH0,1] L+ {‘g (—145 + 83z)

48 » 5
+= (1+2)Hy|C5 + [4(207 + 7z) + (1 + 2)(24HG + 128H,y ;) — 32(—13 + 82)H,
—320(z — 1)H1]4’3} + A‘;Sf) + CPC)(Ly, N + 1)}. (B3)

Finally, H5(z) reads
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HS = a,Tp{~4(=3 + 4z) + (22 — 1)(—4Ly + 4L, — 4H, — 4H,)}
8

+16(1 +2)Hy — 8(2z — 1)H,| + L3,[48(z = 1) — 16(1 + z)Hy + 8(2z — 1)H]

+ (1 +2z)(=16Hq, 1 — 16Hy_y 1) + Ly [8(=12 + 11z) + (1 4+ 22)(16H_ Hy + 8H}

—16Hy_;) — 8(1 +82)Hy + 32(z — 1)H, + 8(2z — 1)H} + 16¢,] + L[8(—20 + 21z)
+ (1 +2z)(=16H_jHy + 16H,_;) + [24(—5 +4z) + 16(2z — 1)H|H, — 8(3 + 4z)H}

4
+16(=7 + 82)H; + 8(2z — 1)H? —32(1 + 2)Hy, + 3285 + {5 (194 — 163z + 62?)
—4(=53 456z +z*)H, — 16(2z — 1)H7 — 8(=7 — 10z + 22%)H,

2
+8(=3-62+ 2z2)H0,_1] Hy+ 1622H% H + [3 (126 — 487 + 4172)

8
+4(3 67+ 212)H1} H} + 3 (3 +4z)H} + [4(43 — 53z + 22%) + 16(2z — 1)Hy 4 |H,

24324922 +112°)

3 Hy—4(-3 - 67+ 27%)H}
Z

16
+2(19 — 24z + 22)Hi + {— (

+ 16(1 + 2Z)H0,1 - 32Z2H0y_]:| H_] —|— 4(—19 + 28Z + 2Z2)H0’1

N 16(2 + 3z + 922 + 112%)

3z Hy_y +8(=9 =10z +22%)Hop, — 8(=3 — 62 + 22*)Ho -1

4
+ 48H0’1’1 + 3222H0._1’_1 + |:—§ (114 - 84Z + 4722) - 32(2 + Z)HO
—16(z—1)*H, +16(-1 -2z + ZZ)H_1:| ¢ —8(=1-10z + 412)63}

20
+ CFTF{—? (=20 + 172) + L3,(6 + (22 — 1)(=4H, — 8H,))

+ L6 4 (22— 1)(—4Ho — 8H )] + Ly (—4(—17 + 13z) 4 (22 — 1)(—8HF — 16H7
+8Hy | +24&,) + [-16(=3 +2z2) —32(2z — 1)H,|Hy — 4(—17 + 20z)H, )

+ Lol4(—17 + 132) + Ly [—12 + (22 — 1)(8H + 16H,)] + (2z — 1)(8H} + 16H?
—8Hy, —24&,) + [16(=3 + 2z) +32(2z — 1)H|Hy + 4(—17 + 202)H ]

8
20 1) (=3 HY - 8HY 4 2481 )+ (14 2 (3282, Hy = 64Ho )
8
+ {‘g (—46 + 537+ 62°) + 8(8 — 14z + z?)H, — 16(2z — 1)H? + 32(z — 1)?H,,
4
-32(z - 1)2H0,_1} Hy+ [—3 (=27 + 6z + 237%) — 16z2H1] H} + [4(—47 + 417 + 47?)

—16(2z = 1)Hy |H, — 2(=33 + 40z + 2z2)H3 + [(1 +2)%(16H} + 64H, _;)

N 16(4 + 1222 + 132%)

16(4 + 1222 + 13z3)H
3z

HO} H_; —16(=6 + z°)H, — 3z 0.-1

8
—32(z=1)*Hpo; +32(1 =62+ 22)Hpo_1 + {5 (=60 + 42z +29z%) + 32(2z — 1)H,
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+16(=1+2z +2z%)H; —32(1 + Z)ZH—1] §r+8(1+ 14z + 822)53}

erp{e ) (-HH )y [ s e (<= 0 )|

3 3
32 32
+ ag{cFNFT%{LMHQ {8(—43 +42z) + (2z-1) <16H5 + ?H1> -3 (14 + 17z)H0}

8 64 32

1 12 2 1
+ [— 36 (=673 +262) TS (22— 1)H1} Ho + % (25 + 162)H2 - 36 (=425 + 4542)H
64 2
+64(4+T2)Hy, + [—3 (14 + 172) + 64(2z — 1)H0] Cz] YLy [9 (—29415 + 289587)
32

20
+ (1 +2)[-64(=5+z)H_Hy + 64(-5+ 2)Ho_] + (22 — 1)( Hy+—= 9 H3

8
+256H00-1 ~ 64Ho 0.1 + 64Ho0,11 + 5 gg) {— 57 (13571 + 1958)

32 16 32
+(2z-1) <?H% —128H,_; + 64H0,0,1> o5 (<151 4+ 1700)H, == (23 + 44z)H0_1] H,

80 304 104
+ [8(—129 + 18z +4z%) + 3 (2z- I)H]] H3 — 5 (4+2)Hy + {7 (=523 4 542z)

+%(22—1)H0,1]H1+Z( 425+454z)H2—¥(5+11z)H01+32( +462)Hy
—%(11+23Z)H011+ {—%6( 853 + 267 + 367%) + (22— 1) ( 64H2—gH>
634(31 +16z)H0]CZ+ {—6;( 20+ 19z) —64(2z - 1) HO]C3]}+CAT2{28 —-3943
+39282) + Ly L, [—64(1 —-1) +63—4(1 +2)Hy—— 21 —-1) Hl] {512 z—1)
+(1+z)<—332Ho 634Ho.1> + {634( d+2)+—(2z-1) HI]H0+ -9+ 10z)H,
+33—2(2z - 1)H? + 32@“2} + Loy {—49—0(—108 +107z) + L3, [—64(z -1) +%(1 +2)Hy
—33—2(21 - I)H,} + Ly {—332(—22 +19z2) + (1 +2z) <—634H_1H0 +6;H0._1>

32 64 64 128 32
+ |:—<5 +982) +?(2Z - 1)H1:|H0 —?(1 + 3Z)H(% +T<—8 +7Z>H1 +?(2Z - 1)H%

128 128 8 16 16 16
= (L4 9Ho + gz] 57 (785 + 6442)Hy + " (17 + 20)Hg — 5 (22 = DH] = 5 (=47 + 1030)H

32 32 4 32 64
—?ZH0,1+?Z§2]+(21—1)<9H + 3H0001 155)
16 64 64 32
+ LM |:E(—325 + 301Z) + (1 + 2Z) <—?H0‘1y_1 _?HO,—1,1> + |:3 (—58 —42Z + 3Z2)
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128
9
64
5 (=
16
"3

64 32 16

32
(-8 +72)H —16(2z—I)H%—?(—3—6z+2zz)H0’1
32 2 2 8 2
+—(-1=2z+72%)Hy_, |Hy + — 3 (1+2z+42z°)H?Hy+ 5(23—12414—442)
, 16 . [16 )
—(3-62+2%)H, |H? 5 (5 + 140)Hy + |5 (=180 + 1612 + 62°)

64(2 + 67 + 1222 + 112°) o
9z

0

32 64 64
3 (-1 -2z+2%)Hj +?(1 +22)Hy, —?(1 +2z +222)H0,—1]H—1

32 64(2+ 6z + 1222 + 1123 32
—3 (41 + 622)1‘10‘1 + ( < 9Z < < )HO,—I + ?(—3 + 2Z + 2Z2>H0,0,1
64 32

64
-3 (=1 =2z+2*)Hpo_; — 3 (=7+2z)Ho,,; + 3 (142z+22%)Ho_
32 64 64 32
+ {—3(3 —90z +227%) — 5 (3+4z)Hy — 5 (z—1)*H, + £ (-1-2z+ 2ZZ)H_1:| &

16 32
(2405 +413z) + — (47 + 103z)H, +3ZH0,1]H0

27

64 , 8
—?(2+z+2z )C3] {27

4 160 8 16
- 7647 H? + — (=2 H3 +—(—1884 + 19817)H, + — (=47 + 103z)H?
27(989+ 647) 0+27( +2) 0+27( 884 + 1981z) 1+27( +103z)H}

8 32 64 8 32
—E(785 + 572Z)H0’1 —3(17 + SZ)H0.0J +?ZHO,1,1 + |:§ (293 + 1222) —?(—17 + Z)H
16 32 32
, 16 32 ,
+LyLy |8+ (2z-1) —?H0 - ?Hl + Lo |—20(=67 4 70z) + L3, | —16(=20 + 21z)
64 80 16

32 64 32 32 128

16 16

+3 (25 + 162)H3 + 3 — (=17 + 2Oz)H1] +32(23 + 172)Hy — 8(—23 + 92)H3

8 4 16 16 32
5(9 +42)H} — 3 (2z - 1)H3] + L3, [7(—155 +164z) + (22— 1) ( 3 H} — ?H2

16 64 8
16 80
+ 16(=18 + 172)Hy = (29 + 322)Ho + (5 (5+82) =32(22 = VHy ),

8 128 256 8
+ LM |:§ (—1549 + 15252) + (1 + Z) <_—H2 HO HOA,—l,—1> + (2Z - 1) (gHg

3 3
80 128 128 8
~ 5 Hi 5~ Hoi + 64Hy0, ——¢2> {—5(1394—547z +2472) — 48(-3 + 42)H,
64 64 128

—?(2Z—1>H% 1—2Z+2Z )HOI—T(Z_I) HO 1:|HO

7 (
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[ 4 16 8
+ [~ (885 + 7320 + 1042%) =~ (=1 + 22+ 4z2)H1} H} + 5 (=61 + 14)H}

[ 32 64
=21 -6 42 - S 1>HO,I]H1 —24(=3 +40) B

3 3

64(4 + 1272 + 1373 64 128
_ o A )Ho,—1 —?(14+5Z+ZZZ)H0.0,1 +7(1 — 624 2%)Ho

64 256 ) 64(4 + 122> + 132%)
0,—1

[ 16
+ (1 +z)2<—H5+—H o HO]H_1 —?(119+3OZ)HO,1

32 32 64
+ [3 (138 + 99z + 262%) + 3 (23 +20z)Hy — 32(2z — 1)H3 + 3 (=1+42z+2z%)H,

4
+(2z-1) (E H3 +32Hy 00,1 — 32¢5> +4(=519 4 10z)H, — 8(69 + 82)H?2

8 2
-3 (32 +3z)H} + 3 (=11 +4z)H$ +20(—=67 + 70z)H| — 32(23 + 172)H,

+16(=23 +92)Hy oy — 16(9 + 42)H g1 + [32(23 +172) — 16(=23 + 92)H,

+8(9 +4z)H; - 1?6 (2z - I)HS] O+ [% (9+4z) - % (2z - I)HO] &3

+ [-16(-23 4+ 9z) + 16(9 + 4z)H, — 16(2z — 1)Hg]¢3} + C%TF{—z(lol +72)
+ LyLy[(2z = 1)(—18 — 4H§ — 32H7} + 328,) + [-8(z — 1) = 32(2z — 1)H,|H,, + 48H ]
4

+ [-2(-31+58z) = 96(z — 1)H; — 32(2z — 1)H}|H + [4(5 + 32) — 16(2z — 1)H,]H}
—2(=103 +58z)H, — 12(=7 + 82)H? + 8(3 + 132)Hy; + [-8(15 + 2)

+ (22— 1)(24H, + 64H1)]C2] +1L, {2(23 +132) + L3,[(2z — 1)(18 + 4H2 + 32H? — 324,)

16
+ [S(Z - 1) + 32(2Z - I)HI]HO —48H1] + (2Z - 1) (?H‘I‘ + 16H%1 + 16H0,0‘0,1 - 80H0‘0y1.1

184
+ SOHO,I,I,I + ?C%) + LM[—2(—305 + 284Z) + (2Z - 1)(641‘1? - 112H0_0,1 - 64H0’1’1)
+ (1 +2z)(64H? | Hy+ 64H o + 128H,_y _1) + [56(5 + 14z) + (2z — 1)(160H3 + 64H, ;)
8
+32(=13 + 102)H, |Hy + [8(6 + 7z) + 64(2z — 1)H | |H3 + 3 (1+ 62)H}

+4(=119 +942)H,| +320(z — 1)H? + [(1 + 2z)(=32H3 — 128H _;) — 192(1 + z)Ho|H _,
+16(3 +2)Hyy + 192(1 4+ 2)Ho_y + [-16(=11 + 21z) — 16(=5 + 182)H, — 256(2z — 1)H,

16
+ 64(1 +22)H_;]¢> — 16(1 + 142)Z5] + |2(28 4 372) + (22— 1) <3 H3 — 48H,,,

+ 32HO,1,1> + [4(=53 + 462) + 32(27 — 1)Hy |H, — 8(=5 + 42) H? + 8[—49 + 147

+ 422 Hy |Hy + [15 + 14z + (22 — 1)(—=8H? + 24H, ) — 4(=25 + 16z + 47>)H | |H}
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4 16 1
+ —g(—2 + 574 47%) - £ (2z - 1)H1} H} +3 (1 =22)H} + [12(~10 + 3z2)
—64(2z = 1)Ho1JH| + 16(—17 + 16z)H + 4(—13 + 8z + 4z°)H3 + 4(55 + 462)H, |
- 32(—15 + 4Z + Zz)HO’()’] + 8(—87 + 28Z + IZZZ)HO’LI + [—8(1 + 46Z)
+ (22— 1)(8H — 16H7 —96H, ) + (8(13 +4z) + 32(2z — 1)H)H + 16(=5 + 42)H,|{,
1
+ [=16(=21 + 10z + 62%) + 32(2z — 1)H0]C3} + Ly {5 (2757 + 2786z)
+ (1 + Z)<—192H0,],_1 - 192H0‘_1.1 — 192H0’_]._]) + (ZZ —_ 1)(—24H‘1‘ — 16H(2)1

128
—288H 001 — 192H 11 +224H, 1 — 192H, 1 o) + (1 + 22) (THilHo +80H

—64H 0,1 —64Hy 1 —64H o1 —128Ho 1 —128H _y ;1 — 128H _; _;;

256
- 256H0’_1,_]’_]> + |:—6(149 + 196Z) + (2Z - 1) <—TH? + 224H0‘],1 - 192H0‘1,_|

- 192H0__1_1> + [=4(=307 + 230z) + (2z — 1)(=160H,  + 192H,_;)]H,
— 8(—67 + 822)H? + 8(25 + 182)Hy — 224(1 + 22)Hy_; — 16(3 + 102)Hy

—32(5+22)Hyo_1 — 256zH0,_1,_1} Hy + (4(—64 — 125z + 1222) — 4(=67 + 762)H,
) , |4 64 3
—56(2z —1)H{ + 8(3 +2z2)Hy; + 16(1 +62)H _{)Hj + 5(_27 +z)— §(2z - 1)H, | H;

1
+ g (—5 - 14Z)H8 + [—2(—353 + 332Z) + (2Z - 1)(224H0’0.1 - 384H0’0’_1 - 96H0,1‘1)

+48(=3 +42)Ho, |H, + [-2(=365 + 322z) + 32(2z — 1)H, ]H? — 16(—13 + 162)H;

+ [(1+2)(192H3 + 192Hy; + 192H, _;) + (1 4+ 22)(16H} + 64H o1 + 64H

+ 128H, _y + 128H, 1 +256H _; _;) + [-32(=12 — 11z + 32?)

4+ 128(1 + 22)Hy 1 |Ho|H_; + [(1 + 22)(=80H2 — 64H, ; — 128H _;) — 96(1 + z)Ho|H?,
—12(49 + 62)Hyy + [32(=12 = 11z + 32%) + 192(2z — 1)Hy,|Ho_, — 64H3 _,

+ 8(=71 4 182)Hp g + 64(1 +82)Hyo i + 16(=3 +222)H 0,1 + [-32(8 = 31z + 37%)
+[16(=13 4 11z) 4+ 320(2z — 1)H,|Hy + 8(—5 + 182)H} + 64(—13 + 162)H,

+160(2z — 1)H? + [-288(1 + z) — 64(1 +22)Ho|H_; + 128(1 + 22)H?,
—64(=1+4z)Hy, —32(1 + 62)Hy_1]¢5 + ? (13 +22)&% + [16(—6 + 31z2)

1 8
+ 16(=3 + 262)H, + 256(2z — 1)H, — 224(1 + 22)H_j)¢3] + (22— 1) <E Hy =S Hj

+ 104H 00,01 = 0656H 00,11 = 192Ho 0101 + 32Ho0,1.1.1 —64Ho1011 — 128Ho 1111 — 7255)

16
+ —2(159 + 625Z) + (2Z - 1) <—?H‘1‘ - 24H(2)1 - SOHO,O,O,I + 192H0‘0’1’1 — 144H0’1‘1’1>
+ (=4(=11 =43z + 182%) + 8(=13 + 4z + 42°)Hy, +32(22 — 1)Ho11)H,
4
+[=10(=19 + 182) — 16(2z — 1) Hy, | H} — 3 (=23 420z + 82%)H3

—16(—14 + 39z + 3z%)H,, + 16(—30 4+ 43z + 4z°)Hy 0
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- 16(—61 + 312 + 8Z2)HO.1’1]H0 + [—103 + 287Z - 36Z2 + (22 - 1)(32H0’0’1 - 40H0’1_1>
+2(=51 422z 4+ 122%)H; + 2(-19 4+ 20z)H? — 8(z — 1)(25 + 22)H, | |H}

1 8 4
|:3( 53 6Z+24Z Z—l ( H%—SH()J) g( 31+28Z+4Z )Hl HO

+ B(—é+z+4z )+ = (22 = V)H, | H + [-2(=593 + 575z) — 16(2z — 1)H

—16(=13 + 4z + 47 )HO0 JH | + [4(172 = 166z + 92%) + 32(2z — 1)H 0, |H}

— g (=181 + 148z + 182%)H3 — 4(=9 + 8z + 2z2)HY + [2(226 — 4237 + 727?)

+ (22 =1)(96H 1 + 32H, 1)|Ho1 + 4(=13 + 4z + 42> )Hj | +2(149 + 562z + 24z%)H
— 4(—187 4 104z 4+ 362%)Hy 1 — 8(=74 + 141z + 162%)H 0.1

+ 8(=155 + 100z + 162%)Hy o1 | — 8(—129 + 447 + 1622)Hy , 1 |

4 64
+ |—2(248 — 337z + 36z%) + (2z - 1) <—§H3 +3 H3 —96H, + 80H0,1,1>

+ [2(=271 + 18z) = 8(—=19 4+ 20z)H + 80(2z — 1)H ]H + [—4(13 + 7z)
—16(2z — 1)H | JH3 + [20(—=19 + 182) + 32(2z — 1)Hy]H, + 4(=23 + 20z + 82%)H?

16
+16(-48 + 27z 4+ 42%)H |6, + [? (25 + 74z + 14z%) — 16(2z — I)HO] &
+ [2(—815 = 130z + 722%) + (2z — 1)(—4H2 + 32H? — 32H,,)

+ [8(=39 + 33z + 162%) + 32(2z — 1)H,|Hy + 32(=17 + 12z + 4z2)H1]C3}

3 3
+ (1 +2)(=176H s — 176H _y 1 —64H, 1,1 — 64H 1 11 — 64Ho 111 + 512H00,10.1)

44 88
+ CACFTF{4(—1921 +1903z) + Ly L}, {22 +(2z-1) (——HO - —H1>]

2
+ (22— 1)( H} — 128Hg 1011 + 32Hp 11 1) + (1 +2z) <—8H61Ho - EH(S) + 64H( 0001

—80H00.1-1 =80H 011+ 144H00-1-1 =48H10-1 = 32H011-1 =32Ho01.-11
+32H0,1,-1-1 = 32H 101 +48Ho 0 -10-1 = 32Ho 0111 +32Hpo 111 +32Hpo -1 -1
—352H0 -y —1-1 = 64H 1 121 = 64H 111 —64H 111 = 128H 1 -1 -
- 32H0,_1y0.1$1 ‘I‘ 32H0,_1y0.1’_1 + 32H0‘_1,0‘_1.1 - 128H0y_1’0,_1’_1 - 64H0,_1.1y1._1
—064H, 1111 — 128Hy 11 11 +64Ho 1 —101 —04Ho 1 —11.1 — 128H _; 11—
—128Hy_y 111 — 19217{0.—1,—1,—1,—1) + L3[992(z = 1) + [32(=16 + 2)
+24(=11+ 122)H, +32(2z — 1)H? — 48(1 + 22)H 1 |Hy + [8(—13 + 122)

16
+16(2z — 1)H | |H} — 3 (14 z)Hy + 8(=73 + 642)H,| +24(—7 + 8z)H? + 16(2z — 1)H;
- 320ZH0'1 + 16(5 + SZ)HO.()J - 32(1 + 4Z)H0’1'1 + [8(33 + 4Z) + 48H0 - 64<2Z - I)HI]CZ

1

18
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32

+ (1 + 2Z) |:—?H3_1H0 + (—24H0 + 24H% + 32H0._])H%1 - 48H0,|‘_1

—48Hy 11 —48H_y 1 +96H( 1 1 +96Hy 11 —32H 01 -1 —64H( 11
2

- 64H071’_1.1 - 64H0’_1’1’1 + 64H0~_1’_1,_1:| + [_ﬁ(_7111 + 49822)

112 4
+ (2Z - 1) <TH’1§ - SOHOJJ) + |:_§(211 + 52Z) + (2Z - 1)(64]‘[0’1 - 96H0._1):| Hl

8 80
+3 (=73 +71z)H3 + ) (=5 +2)Hy —48(=3+2z2)Hy_; + 16(5+ 142)H
+16(7 + 62)Ho -1 + 32(=5 +22)Ho 1 -1 + 32(=5 + 22)Ho 1 +32(1 + 6Z)Ho,—1,—1] H
2 20 2
| =2(=146 = 91z + 122%) = (=5 + 162)H, = 16H, = 8(3 + 102)Ho s | H}
10

2 2
+ {—3 (=59 4 70z) — 8(2z — 1)H1] H} + 3 (5+42)H} + [ﬁ (—10201 + 6722z)

16
+ (2Z - 1)(—96H0‘0’1 + 192H0‘0y_1 + 96H0’1’1) - ? (—29 + 40Z)H0y1:| Hl
2 , 16 \ 8
+ 48H0’_1 — 96H0’0‘1 + 32H0,0,—1 + 64H0!1’1 — 64H0q_1‘_1> + [16(7 -7+ 3Z2)
8
+ (14 22)(64H,, —64H, _;)|H, — 24H%} H_, — 5 (=124 +712)Hy; + [-16(7 — z + 32%)

8 8
- 96(2Z - 1)H0,]]H0._1 + g (133 + 40Z)H0.0,] + 48(—5 + 4Z)H0.0$_1 - g (85 + 76Z)H0y1.|
—128(1 +4z)Ho 0,1 + 16(=13 + 102)Ho 0.1 + 64(=1 +62)Ho 11 + 64(=1 +42)Hy_1 0,
4
¥ {g (637 + 2982 + 10822) + (1 + 22)(—=8H_, (9 + 8H,) — 16HZ — 16H2,)
16 8 ,
16 . [ 16
+ 16(—3 + IOZ)HOJ + 64(1 + 3Z)H0._1 Cz +? (15 + 22Z)C2 + —? (—71 + 942) + SOHO
— 112(2z — DH, + 16(1 + 2z)H_1] (;3] + Ly [—4(—281 +2752) + (1 + 2)(80H, _,
16, 5 64 .
+ 64H0’1‘_1 + 64H0‘_1’1) + (2Z - 1) _?Hl + 16H0’1 —48H0‘1’1‘1 + (1 + 2Z> __H;IHO

3

2
+ ng‘) + 16H} _| —16H 0.1 + 192H 1 + 32H 1 +32Hgo 11 +32Hg0—1 -1

+64H, 1 +32Hy_1 01 +64Ho ;1 +64H, ;) + 128Ho,—1,—1,—1)

+ L3, [-144(z — 1) + [-16(=5 + 82) —32(2z — 1)H,]H, + 16(1 + 2)H}
—24(=9+48z)H,; —32(2z — 1)H? +48(1 + 2z)H; — 16(5 + 22){)]
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2
+ Ly [g (=425 + 174z) + (2z — 1)(=32H3 +32H, 1 1) + (1 + 22)[(48H, — 16H}
—64H, )H_; +56H, —48H, _; —32H_; +64H, | + 64H, _, ;]
4 32
+ [—5 (623 + 5662) + (22 = 1)(=32H} = 32Hy 1) + 5 (1 + 102)H, +32(1 + 22)Ho_y | Ho

8 32 4
+ [g (—23 4 58z) + 16(2z — 1)H1} Hy == (1+ 2)Hj - o (=515 +762)H,

16 8
-5 (=23 + 13z2)H? = 32(3 + 22)Hgo1 + {‘5 (7+82z) + (1 +2z)(64Hy + 64H_,)

+64(22 — 1)H1] ot 1921(3] + {—8(—49 +24z) + [16(=15 + 162) +32(2z — 1)Hy, JH,
16
4(=43 + 402)H3 + = (22 = 1)H] = 8(=29 + 262 + 222) Hoyy + S6Ho 1 + 192(1 + 2)Ho,

8
+ 8(1 + ZZ)HO’_I}H(Z) + 3(1 + Zz)HS + [—44(—20 + 21Z> - 64(2Z - 1>H0,0’1]H1
16
- 8<—5 + 3Z)H% - 4(—11 + 8Z + ZZZ)H? + |:<1 + ZZ) <_?H3 - 32H0’0‘1 - 32H0’0’_1
— 64H0.17_1 — 64H0,_1.] - 128H0’_1’_1> + [_80(1 + Z) - 32(] + ZZ)HO.—I]HO

= 11+ 8] — 641+ 2oy = 16(7 + 42) o | Hy + (1 +20) (2483 + 32

+64H_y) + 8(7 + 4z)Ho|H?, + 8(59 + 43z)Hy, + 16(=1 + z + z%)Ho o,

+8(=3 +82)Hy_; — 16(=24 + 31z + 3z%)Hy 1, + 16(7 + 42)Hy _; _,
—32(5+42)Hyo0, + [-24(13 +25z) + (1 +22)(=16H} — 64H? | — 48H,, _;)
+16(=5+z)Hy —288(z — 1)H, + 16(2z — 1)H? + [24(5 + 4z) + 64(1 + 2z2)H|H_,

144
+ 128(1 + Z)HO,I]C2 —?

+48(27 — 1)H, + 112(1 + 22)H_|¢5] + [~20(143 4 100z) + (1 + 7)(—64H,, _,
—64H, _11) + (1 +22)(=8H _; = 32H00,-1 = 32Ho0.1,-1 = 32Ho0-1.1 — 64Ho 01 1
—64H, 1 —32Hy 101 — 64H 111 —64Hy_y 11— 96Ho 1 _11)

+ [4(231 = 2352+ 922) + (22 — 1)(32H 1 + 64Hg 1 1) — 8(—59 + 60z + 2z2)H ,|H,

(3 422)22 + [16(—28 + 287 + 322) — 48(3 + 42)H,

+ [~4(=101 + 962) — 32(2z — 1)Hy  |H? + g (29 — 36z + 42%)H3 + g (2z - 1)H}

+ 8(—6 + 47z + 3z%)Hy; +24(3 +22)H3 , —40(3 + 22)H,, _; — 8(—7 + 96z + 4z*)Hy 9,
+8(=9 +282)Ho o1 +32(=29 + 49z + 22%)Hy 1 | + 8(=9 + 282)H_; _

+32(7 + 62)Ho 00,1 — 16(25 + 342)Ho 1.1 + 16(7 + 102)Ho 11.1]Ho

+ 2(—223 = 174z 4+ 92%) + (1 + 22)(8Hp o1 + 24H_1 1) + [—4(—105 + 104z + 3z?)

8
= 16(22 = 1)Ho . JHy = 2(=49 + 522)H} — 3 (22 = DH] +4(=5 + 502 + 2%)Ho
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- 8(1 + IOZ)HO’_] - 96(1 + Z)H0,0‘] + 24(1 + 6Z>H0.].]:|H(2) + |:—2(17 + 56Z + 222)

8 64 8
(Z - 1)(25 + Z)Hl —5(22 - I)H% +?(1 + Z)HO.I —3(1 +2Z)H0’_1:| Hg

Wl W oo

(5 —4z+ 22)H{ + [4(—697 + 712z) — 32(2z — 1)H | + 16(—59 + 60z + 22*)Hy 91 ]H,
4
+[~2(337 — 348z + 92%) 4+ 64(2z — 1)H o, |H? + 3 (—88 + 64z + 972)H;
4
+4(-8 +8z+22)H{ + | (14 2)(176H | + 64H ;1) + (1 +2z2) (—Hé —64H 0,

3
+32Hy 011 —32Ho0,1,-1 —32Hy o131 +96Hq o1 -1 +64H 1 +64H;

+128Ho 1 11 —32Ho 101 +64Ho 111 + 128Ho 11 +128H 11 + 192Ho,—1,—1,—1>
+[64(1 +2)(8 + Ho 1) + (1 +22)(32H 0,1 + 32H -1 + 64Ho 1 1 + 64H
+32H,_y_y) +24(3 +4z)Ho_1|Hy + 4(41 4+ 322)H} + g (17 +202)H}

+48(10 + 7z)Ho _; + 8(1 +42)Hop1 + 8(17 +20z)Ho oy + 16(13 + 162)Hy

+16(13 + 162)Hg_y 1 + 32(11 + 14z)H0,_1,_1] H_; + [(1+2z)(-8H} + 16H

—48H o —32H,, — 64H 1 —64H_; —96H, ;1) + [-24(10 + 72)
+ (1 + 22)(—32H0.] - 16H0y_])]H0 - 2(35 + 44Z)H% - 8(13 + 16Z)H0y1

40 64 16
- 16(]1 + 14Z)H0’_1]H%l + |:(1 +2Z) <?H% +?H0,1 + 32H0’_1> +?(11 + ]4Z)HO H:il

+ [—4(437 — 86z + 182%) —256(1 + 2)Ho o1 + 64(2z — 1)Hg 1 1|Ho

—4(=59 + 60z + 222)HZ | + [-512(1 + z) + (1 + 22)(48H 0, — 16Hp o,
+64Hy_y _1)|Hy_y — 160zH} _| —4(235 + 166z + 622 )H o — 8(11 + 122)H
+8(—157 + 5224+ 92%)H 1, —48(10 + 72)Hy_y _1 + 64(—8 4+ 22z + z%)H .1
—32(=4 4+ 11z)Hg0_1 — 16(=27 + 105z +4z*)Hy 11 — 8(1 +4z)Ho .1
—8(1+4z)Hgg_1, —8(17 +202)Hy 1 + 8(=55 + 70z + 8z%)Hg 1 1.1

—16(13 +162)Ho _y 1 — 8(5 +42)Ho 101 — 16(13 + 162)Hy _y 1 _

—16(13 +162)Ho_y 11 — 32(11 + 142)Ho_y _y _; — 16(17 + 102)Hy 0,001

+64(26 + 272)Ho 0,11 — 16(=7 + 622)Ho 1,11 + [4(334 + 149z 4-92°)

8 112
+ (1 + 2Z) <§H8 —TH:il - 16H0’0,_1 - 32H0,—l,—l> + [4(101 + 186Z) + 288(Z - I)Hl
—16(2z — 1)H? = 128(1 + 2)Hy; + 32(1 + 22)Ho_1|Hy + 8(6 + 52)H3 + [8(=71 + 752)
64
+64(2z = 1)Hy |H| —4(7 — 8z + 422)H? — 3 (2z — 1)H3 + [-8(52 + 437)
+ (1 +2z)(=32H3 — 32H,,_;) — 48(5 + 62)Ho|H_| + [48(4 + 5z) + 80(1 + 2z)H|H?,
—16(1 + 28z +2z2)Hy; + 8(13 +32z)Hy_y + 192(1 + z)Hg o, — 16(1 +222)Hy

4 32
—32(7+ 3z)c:3] L+ [‘g (=587 + 3022 +282%) =57 (=7 + 42)Hy = 48(2c = DH,
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64
+3 (1+ 2z)H_1} o+ {—4(—597 — 112z 4 18z%) + (1 4+ 22)(104H? | + 24H, _,)

+ [=32(=27 + 19z + 27%) — 48(2z — 1)H | |H,, + 48(1 + 2)H},
— 4(=267 + 260z + 16z2)H, —88(2z — 1)H? + [~12(29 + 362) — 80(1 + 22)H|H_,

+8(29 +382)Hy )¢5 — 4(=73 + 46z)§5} + T%{%L@Lg(zz —1)+12 [—69—4 (=3 +4z)
+(2z—1)<—%4H0—%4H1>}}+A()—i—C()(NF—i—l)}. (B4)

APPENDIX C: THE TRANSFORMATION BETWEEN MS AND THE LARIN SCHEME IN THE
NONSINGLET CASE

In Refs. [22,25] the massive OME AE;,,),ES has been given in the MS scheme. This also applies to the three-loop heavy
flavor massive nonsinglet Wilson coefficient in [28], related to the associated three-loop massless Wilson coefficient [79].
As we present here all OME:s in the Larin scheme, we also provide A(qf}”gs in this scheme. We first decompose A,(:q)g % into its

single and double mass pieces

(3)N (3).NSs ()N
Aqu *Aq 0 +AtMQ : (C1)
The renormalized single mass OME [22] is given by
@NSL _ (NsM , 1 ()NsL .(1)NsM (2)NSL  (2)NSM
Ao =Ago T 2 744 = Yaq L+ ago ™ —ago (€2)

3).NS,L, NS.M, 1),NS.L 1),NSM ~(1),NS,L A~(1),NSM
A1(14>’Q = AEm)Q T+ D) [(V(qq) - 751‘1) oo = (V(qq) - Ygzq) )(Bo + Po.o)]L?
1 2).NS.L 2),NS.M 2).NS.L 2),NS.M NS L 2),.NS.\M
5 7™ = 70 = 4(ago™ = a5 (B + BooIL + Hago™t —alp™™)
ﬂO €2 NS.L 1).NSM 1),NS,.L 1),NSM 2),NS,.L 2),NS.M
POLE2 [ NS — M) V5N =N 4 26m (ag — alg)
3).NS,.L 3),.NSM
o =g (c3)

where the formula applies structurally in N and z space. In z space products have to be understood as convolutions. The
(3).NS.L  (3).NS,L

constant part of the unrenormalized OME A", a,,

, is related to the corresponding expression in the M scheme by

SONSL a(B)’NS’M—I—C { 5 [_ 128W, 3 ( 128W; n 64 ¢ ) B 128 {::|
94:0 94.0 FUTL 8IN (1 +N) TFBIN(1+N)* "ON(1+N)™?) ON(1+N)>?
+CATF[ 32w, _dew, 64 _128(=3+4N + 10N?)

ON3(1+N)*"' BIN*(1+N)* 3N(1+N)™ 27N2(1 + N)? -
Lo 18 oo 256 1760, 1284 H
9N(1+N)" 7 "9N(1+N) 21% ON(1+N) 3N(1+N)
128(12 + 17N — 14N? + 3N*%) 32Ws 256(—3 — N + 5N?)
27N3(1 + N)? 1+27N4(1+N)4 2IN*(1+N)? 72
256(—3 + 4N + 10N?) 512 256 512 128
27TN*(1 4+ N)? 2 9ON(1+N) 53 TON(I4+N)" T ON(1+N) Soan 3N(1+ N)

+ CaTp [—

&3], (C4)

with the polynomials
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W, =3N*+ 6N> + 5N? + 2N + 2,
W, = 29N* + 38N?3 4 17N? + 8N + 6,
W3 = 30N* + 50N + 24N? + 4N + 3,
W, = 13N® — 113N° — 107N* — 255N3 — 136N? — 294N — 144,
Ws = 115N® + 198N> + 199N* + 28N + 72N? + 16N — 12.

Here the expansion coefficients of the QCD-f$ function [41,80] are

11 4
Bo :?CA _gTFNF

P —3;)—4C2 (gCA+CF>TFNF
and the expansion parameters of the unrenormalized heavy quark mass [41,81] are
sm\™ =6Cy
sm\” = —4cy.

Furthermore, the transformation relation of the asymptotic massive Wilson coefficient is

(2).NS.L @2 )NS M (2).NS.L (2)NSM | A(2)NSL  A(2)NSM
qu] 9] L +A qq,0 Aqq,Q + Cfi - Cq
(3).NS.L (3).NSM (3).NS.L (3).NSM (2).NS.L ~(1).NS,.L (2)NSM ~(1),NS.M 3).
qu,Q qu o T Aqq [ Aqq,Q + Aqq 0 Cq - Aqq,Q Cq +Cy

which structurally again applies for Mellin N and z space. Here, the following functions contribute

(1).NS.L (1).NS.M 8
C =C - Cp—
q q FN(N+ 1)
~(2)NSL _ ~(2).NSM 16(3 + N — 5N?)
C =C -C
q q FlF 9N2(1 —|—N)2
yEIIq),NS,L _ 7/Ellq),Ns,M _ 2[}015114)
(2)NSL _ (2)NSM 5SN?-N-3
~()NSL _ _(2)NSM _ C.T 8(9+ 12N + 10N? + 26N3 + 28N4) 8¢5
qq.0 q9.Q FLF 27N3(N + 1)3 3N(N + 1)

S, S, 2).NS 1
vod ™ =y M 4 280 1(200)7 - 225 — 28,24
The functions zl(-;‘) are given in Refs. [64,67,68].

Z(l) _ 8Cr
“ N(N+1)’
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(2).NS 16(—3 — N 4 5N?) 4Ws 16
. = C¢TpN CoCpi — - S_
Zaq PN o N AP TN (TN NN
8(2+5N + 8N? + N* +2N*) 16(1+2N) 16 32
C? S S,p,  (C23
+ F{ N3(1+N)? N2 (1+N)?2"" T N1 +N) 2NN (€23)
with
= 103N* + 140N3 + 58N?* + 21N + 36. (C24)

The corresponding expressions in z space read

1280 640 64 64(1 -z
o0 = o™ - cr{ 1 e (10 (S Gy ) -5

3712 1280 128 128
+( ‘Z><‘8—1‘8—1H0‘7H3> - ( —z>¢z}

3664 352 32 64
+CATF |:<1 —Z) <_W+TH + — 3 H%Hl —?HOH0‘1>
1280 64 , 1280 128 256
+(1+72) 7 H-1Ho+ g HolHy ———=Ho oy === Hoo—1 + =5~ Ho1 -1
256 128 32 16
+THO’_1’1 _THOI(_I +2H_1)> _ﬁ(200+7Z)H0 _ﬁ(47 + 53Z)H%
128 256 16 64
— H}+~—H —— (-89 +57z) ——(-1+32)H
- B 2t + (=55 (-89-4.572) = (-1 4 300
256 128 4480
+——(+2)H_ | +—(24+2)&| ¢ + CiTp|(1 = 2) | —
9 3 27
896 1280 256 _, 256 2560
—7H1 —7H0H1 —THoHl +7H0H0,1 +(1+2) — 57 H-1to
128 2560 256 512 512
-5 H- 1Hj + 7 Hoot + =5~ Hoot =5~ Houmt =5~ Ho-11
128 32 256
g Hoa (=3 +4H_1)) — 55 (P12 4 32)Hy + 27 (44 72)Hy

64 512 256 128 512 256
+ﬁ(1 + 32)H}) _THO,O.I + <7H0 +(1+72) <—7—7H—1))52 —T(—‘H‘Z)@

and

CPNE = PN 81—,

, . 16
CPNSL = GINSM L 220 (1= 2)(5 + 3H,),

9
1).NS.L NS.M
yINSL _  (ONSM 4 16 (1 = 2),
2)NSL _ (2NsM 16
Agg0 T 90 ECFTF(I —-2)(5+ 3H,),

224 8 40 4
o =y - (B S P ).
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. (2).NS. 19904 256 256 128 256 256
yﬁ,?*NS*L—yS‘Z}NSM+CAcFTF[ - (—(10— )= (1+2)H_ )HO—TH%—TU +2)Ho 1+ 50
1472 128 512 1 256 512
CZTF|: 3 +( 3 (5 6Z)-T(I+Z)H >H0+T(1+Z)H%—T(1—Z)HOH1+T(1+Z)H0_1
256 1280 256
For the double mass contributions [25] we obtain
~(3).NS.L NSM )JNSL  (1)NSM NS.L 2).NS.M
qu),Q AE]q)Q + ﬂ Q(qu }’(S) (LT + L3) +4(a E]q),Q - af,q)_Q )Ly + L)
)NS L _(2)NSM ~(3)NSL ~(3).NSM
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