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Abstract

This work focuses on flame structure analysis and composition space modeling of a multidimen-
sional premixed hydrogen flame transitioning from a laminar stable condition to a thermodiffusively
unstable state. Specifically, budget and a priori analyses are conducted based on a detailed chem-
istry simulation of a 2D expanding, thermodiffusively unstable hydrogen flame, and the recurring
issues for modeling differential diffusion, the strain rate and curvature in the thermodiffusively
unstable flame are addressed in a single newly proposed flamelet tabulation method. The model is
based on recently developed self-contained strained-curved premixed flamelet equations in compo-
sition space (Scholtissek et al., 2019, CNF), which inherently incorporate the interactions among
differential diffusion, the strain rate and curvature. The validity of the newly proposed flamelet
tabulation method is evaluated based on the representative strongly strained-curved flamelets ex-
tracted from the reference simulation, featuring wide ranges of strain rates and curvatures. The
advance realized in the proposed flamelet model is confirmed by comparing it with a conventional
flamelet tabulation method. Through the budget analysis, the effects of curvature on the diffusion
along the flame front (i.e., tangential diffusion) are quantified. Through the a priori analysis,
the suitability of the proposed flamelet tabulation method in predicting differential diffusion is
confirmed. For the prediction of the strain rate and curvature, it is found that introducing the
strain rate and curvature themselves as the trajectory variables does not necessarily improve the

prediction accuracy in the reaction zone, compared to the flamelet model based on the 1D freely-
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propagating premixed flame with differential diffusion. To remedy this, the trajectory variables
that can characterize the flame structure’s internal response to the strain rate and curvature are
identified. The results show that the thermo-chemical variables in the thermodiffusively unstable
flame at atmospheric pressure can be accurately predicted by the newly introduced trajectory
variables based on the 1D strained-curved flamelet equations.

Keywords: Thermodiffusively unstable hydrogen flame, Differential diffusion, Strain, Curvature,

Flamelet tabulation

1. Introduction

Hydrogen (Hg) is drawing renewed and rapidly growing attention in Europe and around the
world. One of the most important advantages of hydrogen usage is that its thermochemical con-
version does not lead to emissions of the greenhouse gas CO,. For hydrogen combustion, the
most challenging issues are the augmented effects of differential diffusion and the induced intrin-
sic instability, which can substantially change flame dynamics and heat release rates, and lead
to safety problems. The intrinsic instability of hydrogen combustion comprises two mechanisms
[1, 2]: (i) the hydrodynamic instability due to the density jump across the flame front, and (ii)
the thermodiffusive instability due to the disparity between the heat flux leaving the reaction zone
and the mass flux entering the reaction zone, which is related to the effective Lewis number of
the unburnt mixture. In a thermodiffusively unstable flame, the flame front is strongly corrugated
over different length scales. The distributions of the thermo-chemical variables in such flames are
closely related to the strain rate and curvature of the flame front, including both positive and
negative strain rates and curvatures [3-8]. The fact that positive and negative strain rates and
curvatures span wide ranges challenges the state-of-the-art numerical methods.

This work mainly focuses on the flamelet tabulation methods [9, 10] used to reproduce the
differential diffusion, strain rate and curvature effects in the thermodiffusively unstable hydrogen
flame. In the flamelet model, one-dimensional (1D) flames are calculated a priori, and the obtained
thermo-chemical quantities are tabulated as a flamelet table, which will be accessed by the flow
solver. Characteristics of the flame structure can be represented by a 1D canonical flamelet config-
uration in physical space, such as the counterflow flame, the tubular flame, etc. The tubular flame
has been adopted in previous flamelet tabulation methods to characterize the curvature effects

[11, 12]. However, the full range of the physical parameters in a combustion system may not be



covered by the canonical flamelet configurations in physical space. For example, the negative strain
rate is difficult to capture by the 1D counterflow flame due to the instability problem [13], and
only a limited range of curvatures can be captured by the 1D tubular flame due to the restricted
nozzle radius. In the thermodiffusively unstable hydrogen flame, both the negative and positive
strain rate and the curvature span wide ranges at the flame cusps. To remedy the limitations
of the flamelet configurations in physical space, Scholtissek et al. [14, 15] developed strained-
curved flamelet (SCF) equations in a self-contained composition space, in which the strain rate
and curvature can be prescribed as external parameters by solving an additional equation for the
progress variable gradient. The capability of the developed flamelet in representing wide ranges
of strain rates and curvatures has been demonstrated in our previous work [16], compared to the
flamelet model based on the canonical configuration in physical space. However, the developed
premixed flamelet equations in composition space have not been implemented in a flamelet tabu-
lation method to evaluate whether the strong strain rate and curvature can be reproduced, which
is the main purpose of this work.

Differential diffusion is still a recurring issue for flamelet modeling due to its physical com-
plexity, although many works have addressed this topic for either turbulent flames or laminar
flames. Representative works on flamelet modeling of differential diffusion are reviewed next.
Pitsch and Peters [17] proposed a consistent flamelet formulation to consider differential diffusion
in non-premixed flames. The differential diffusion was described by the mixture fraction transport
equation with an arbitrary diffusion coefficient and appropriate boundary conditions. The suit-
ability of the flamelet formulation was evaluated, but it has not actually been used for flamelet
tabulation. Swart et al. [18] proposed that differential diffusion could be included in the tabulation
method of flamelet-generated manifolds [19] for laminar premixed flames. The flamelet solutions
were obtained from the 1D laminar stretched premixed flames, while differential diffusion was con-
sidered by a second controlling variable related to the elemental mass fraction of C and H. Donini
et al. [20] further modified the tabulation method of Swart et al. [18]. The source terms intro-
duced due to differential diffusion were incorporated in the governing equations of the trajectory
variables, and the Bilger mixture fraction [21] was introduced to characterize the redistribution of
the species due to differential diffusion. For laminar non-premixed flames, Verhoeven et al. [22, 23]
considered differential diffusion in the transport equation of the reaction progress variable, while

the Lewis number for the other trajectory variable, mixture fraction, was assumed to be unity.



Regele et al. [24] proposed a two-equation model (for the mixture fraction and reaction progress
variable) to consider differential diffusion in the laminar premixed flame. In contrast to the work
of Verhoeven et al. [22, 23], differential diffusion was only considered in the transport equation of
the mixture fraction with an additional source term, while it was neglected in the reaction progress
variable transport equation. The mixture fraction equation was derived based on the unity Lewis
number assumption for all species except for the fuel. In the context of large-eddy simulation,
Mercier et al. [25] proposed a flamelet tabulation method in which differential diffusion in the
reaction progress variable equation was consistently considered, while the mixture fraction was
assumed to be only a function of the progress variable and equivalence ratio of the fresh gas.

In the case of flamelet modeling of strained flames, progress has been made in recent years.
Kolla and Swaminathan [26] proposed a strained flamelet model for turbulent premixed flames, in
which the scalar dissipation rate of the reaction progress variable was used to represent the strain
rate. The 1D reactants-to-products (R2P) flamelet configuration was selected to represent strain
rate effects. Knudsen et al. [27] also proposed a strained flamelet model for turbulent premixed
flames in which the mass fraction of H radical was chosen to capture strain effects. The back-
to-back (B2B) flamelet configuration was selected to characterize the flame structure’s internal
response to the strain rate. Trisjono et al. [28] further modified the model developed by Knudsen
et al. [27] by selecting the mass fraction of Hy to characterize the strain rate’s effects on the flame
structure for the particular flame studied. Again, the flamelet solutions were obtained based on
the 1D B2B flamelet configuration in physical space. With the Hy mass fraction as the flamelet
coordinate and the 1D R2P as the flamelet configuration, we also evaluated the performance of
the strained flamelet model through prior analyses using instantaneous Raman/Rayleigh datasets
[29]. In contrast to previous works where the strain rate is represented by the canonical flamelet
configuration, van Oijen et al. [30] obtained the flamelet solutions from the flamelet equations with
the flame stretch (strain rate or curvature) as an additional parameter. To access the flamelet table,
the flame stretch was mapped to the flamelet coordinate of the OH mass fraction.

With regard to flamelet modeling of curved flames, different approaches have been proposed in
previous works. Xu et al. [31] proposed a consistent flamelet formulation to consider the curvature
effects in a reacting char particle. The curvature effects are demonstrated to be significant, espe-
cially in the wake region downstream of the particle, by comparing the flamelet equations with or

without the curvature terms. However, the consistent flamelet formulation has not been used for



flamelet tabulation by introducing proper trajectory variables. Xuan et al. [11] investigated the
effects of curvature on the species transport in diffusion flames. A consistent flamelet formulation
was derived which considered differential diffusion and curvature effects, and the flamelet tabula-
tion was conducted by introducing curvature as an additional trajectory variable in the flamelet
table apart from the mixture fraction and the scalar dissipation rate. The authors argued that
significant improvements can be obtained if the curvature effects are considered, even though non-
negligible tangential diffusion exists. Schlup and Blanquart [32] extended the flamelet equations
proposed by Regele et al. [24] by further considering differential diffusion and the thermal diffusion
of multiple species. These were used to predict the curvature effects due to differential diffusion
using the flamelet tabulation method. The flamelet solutions were tabulated as a function of the
reaction progress variable and mixture fraction. Recently, Goktolga et al. [12] adopted a so-called
multistage flamelet tabulation method to reproduce the curvature-differential diffusion interactions
in a turbulent auto-igniting non-premixed flame. The flamelet solutions were obtained from an
opposed tubular flow configuration for various curvatures at a constant strain rate. Unlike the
work by Xuan et al. [11] where the curvature itself is used to parameterize the flamelet table,
Goktolga et al. [12] proposed using a normalized mixture fraction as the trajectory variable, with
its diffusion coefficient equal to that of Hs.

Although significant progress has been made in flamelet modeling of differential diffusion, the
strain rate and curvature, the coupled effects have not been comprehensively considered together.
The purpose of this work is to develop a consistent flamelet model that can accurately reproduce
all the effects of differential diffusion, the strain rate and curvature. Considering the limitations
of the flamelet configuration in physical space in representing the strain rate and curvature, a
recently developed self-contained composition space method for solving an arbitrary combination
of the strain rate and curvature [14, 15] is used to generate flamelet solutions, taking into account
differential diffusion. Among other things, this method has two significant advantages over the
flamelet equations in physical space. On the one hand, differential diffusion, the strain rate and
curvature can be considered with a single set of flamelet equations, independently of the flamelet
configuration in physical space. On the other hand, a significantly extended range of strain rates
and curvatures can be obtained with the formulated flamelet equations in composition space [16],
which addresses the limitations of the flamelet configuration in physical space related to the burner

geometry, restrainment of the stagnation flame, etc. The latter advantage is particularly important



for predicting the thermodiffusively unstable flame, in which both the negative and positive strain
rates and curvatures span wide ranges. The suitability of the new flamelet tabulation method is
systematically evaluated through a prior: analyses. Moreover, the first flamelet analysis of the
thermo-chemical state and the reaction zone structure of the thermodiffusively unstable premixed
hydrogen flame is conducted, together with a budget analysis of the generalized premixed flamelet
equations in composition space.

In the a priori analysis, the trajectory variables are calculated from the reference results, e.g.,
1D detailed chemistry solutions, DNS results, etc. Then, the tabulated values are compared to the
corresponding reference results. In the budget analysis, the budget terms in the generalized flamelet
equations, including the transient, convection, normal diffusion, tangential diffusion, reaction rate,
etc., are calculated from the reference results. Then, the budget terms are compared with each
other to identify the importance of different physical processes.

The remainder of the paper is organized as follows: The numerical implementations for the
thermodiffusively unstable flame are described in Section 2. Section 3 presents the modeling
methods. Section 4 outlines the results and discussions of the reference simulation, and Section 5
presents the verfication of the flamelet models. The last section summarizes the findings of this

work.

2. Numerical implementations

In this work, a reference simulation for the thermodiffusively unstable premixed hydrogen flame
is conducted to evaluate the performance of the different flamelet tabulation methods, described in
the next section. As shown in Fig. 1, the adopted computational domain is 2D as in the previous
works [3, 5, 7, 8, 33|. Specifically, it is a rotationally symmetrical wedge with a radius of 0.08 m and
an angle of 5° in the Cartesian coordinates, see Fig. la. The center of the domain, with a radius
of 0.01 m, is initialized with the burnt products of Hs/air at the equivalence ratio of 0.4, while the
other parts of the domain are initialized with an unburnt mixture of Hy /air at the same equivalence
ratio and a temperature of 300 K. With such a lean H,/air mixture, thermodiffusive instabilities
are significant, as already demonstrated by Berger et al. [8] for the same equivalence ratio. Berger
et al. [8] reported that as the equivalence ratio of the unburnt Hy/air mixture increases from 0.4
to 0.65, the presence of finger structures in the thermodiffusively unstable flame becomes rather

weak, and a rather flat flame can be observed. Thus, the extremely lean premixed hydrogen flame
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Fig. 1. (a) Computational domain with grid setup superimposed (only 3240 cells are shown for clarity), and
the instantaneous distributions of the temperature for the expanding premixed hydrogen flame at (b) the early
state (¢t = 0.02755s), and (c) the thermodiffusively unstable state (¢ = 0.0425s). The initial region in the center is

indicated. The zoomed region in (c) will be investigated in detail in Section 4.

with significant thermodiffusive instabilities is simulated in this work to challenge the proposed
flamelet tabulation method. Instantaneous distributions of the temperature at the early laminar
state and the latter thermodiffusively unstable state are shown in Figs. 1b and 1c, respectively, to
illustrate the expansion of the premixed flame. In the x and z directions, 4500 and 7200 grid points
are set with local refinement, see Fig. 1a for the mesh setup. For the studied operating conditions,

the thermal flame thickness calculated according to the temperature gradient is 0.641 mm, while



the largest mesh size is 0.032 mm, resulting in at least 20 grid points to resolve the laminar flame
thickness. For the same operating conditions, Berger et al. [8] adopted 10 grid points to resolve
the laminar flame thickness, and confirmed that the adopted mesh resolution is sufficient.

The boundaries in the flame propagation direction are superimposed with the zero-gradient
boundary condition for both velocity and scalars, while the two rotational symmetry boundaries
in the y direction are superimposed with the wedge boundary condition [34] for both velocity
and scalars. Note that some perturbations can be found near the x = 0 boundary with the
employed boundary conditions. However, such perturbations cannot be totally removed by using
the other boundary conditions. As the selected region for model evaluation is in the middle of the
computational domain, we believe the adopted boundary conditions will not change the findings
reported in this work.

In the reference simulation, the governing equations for the species mass fractions and sensible
enthalpy in their fully compressible formulation are solved using a solver [35-39] developed based
on the open-source code OpenFOAM [40]. In order to calculate the detailed molecular diffusion
coefficients and the finite reaction rates from the detailed chemistry mechanism, the flow solver
is coupled with the open-source library Cantera [41]. The details of the governing equations are
described in our previous works [38; 39], and are not repeated here for simplicity. The diffusion flux
is calculated with the mixture-averaged approach (detailed molecular diffusion with Hirschfelder-
Curtiss approximation [42]), and the chemical reaction mechanism developed by Varga et al. [43]
(12 species and 29 elementary reactions) is utilized in the reference simulation. A second-order
backward scheme is used for the time discretization, while a cubic scheme is employed for the
spatial discretization. The time-step is calculated according to the Courant number, which is set

to be 0.15 to ensure the stability of the simulation.

3. Modeling approach

In this section, the premixed flamelet equations in composition space are presented, together

with the different tabulation methods for the differential diffusion, strain rate and curvature.

3.1. Premized flamelet equations in composition space
The premixed flamelet equations with the strain rate and curvature in composition space are
derived through a coordinate transformation of governing equations in physical space. The deriva-

tion process for the species mass fraction Y; and temperature T without tangential diffusion is



reported in Scholtissek et al. [14]. In this work, the generalized premixed flamelet equations are
derived, in which the tangential diffusion terms are included for budget analysis. The detailed
derivation process is provided in the Supplementary Material. The resulting generalized premixed

flamelet equations for species mass fraction and temperature are written as,
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Here, p is the density, 7 the Lagrangian-like time, Ypy the reaction progress variable, g. the
magnitude of Ypy gradient, ie., g. = |VYpy|, V; the diffusion velocity of species ¢ in progress
variable space, k. the flame curvature, i.e., k., = —V - W =-V- (VYpy/|IVYpy|), w; and w. the
reaction rate of species ¢ and the source term of reaction progress variable, respectively, T' the
temperature, ¢, the specific heat capacity, A the heat conductivity, and wr the heat release rate.
The physical meaning of each term is indicated, including the transient term Ay..,, the normal
diffusion term Agg, the convection term Acony, the curvature term A..., and the reaction source
term Age.

Note that Egs. (1) and (2) also include the tangential diffusion term Arp, which describes the
diffusion along the isosurface of reaction progress variable. In 1D flamelet solutions, described in
the next subsection, the tangential diffusion terms Atp are not included. The tangential diffusion

term Arp is included in the above equations just to ensure the balance for the budget analysis,



where Arp is calculated from the reference solutions,
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where 7 represents the diffusion velocity or the gradient of temperature in physical space 7, and

® stands for pY or A/, for the species mass fraction and temperature equations, respectively.
To quantify the importance of differential diffusion, the governing equation of the Bilger mixture

fraction Zpjger [21] in the reaction progress variable space is newly formulated in this work and

analyzed as follows,
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where [y and f; are the sum of the elemental mass fractions in the pure fuel and pure oxidizer
streams, respectively. The mass fraction of element [ in species i is Z;; = a;;W;/W;, where a;; is
the number of atoms of element [ in species i, W; the molecular weight of element [, and W; the
molecular weight of species i. The variable 7; is the weighting factor of element [/ in the definition
of the Bilger mixture fraction [44]. The parameters N, and Ny are the numbers of the elements
and the species in the chemical reaction mechanism, respectively.

In this work, budget analyses are conducted for the governing equations of the species mass frac-
tion, temperature, and Bilger mixture fraction, i.e., Egs. (1), (2) and (4). budget analysis is used
to identify the importance of different physical processes, including the transient phenomenon, the
normal diffusion (i.e., the diffusion along the gradient of the reaction progress variable), the tangen-
tial diffusion (i.e., the diffusion along the isosurface of reaction progress variable), the convection,
the curvature, and the reaction rate.

When the tangential diffusion term is not included, Egs. (1), (2) and (4) are still unclosed and

the governing equation for the gradient of reaction progress variable g. must be additionally solved

10
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where K is the strain rate, i.e., K, = V- uj — (7 . ﬁ) k.. The tangential component of U can be

0=—
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calculated as, w = — (7 _>) . In the above equations, the strain rate K and curvature s,
serve as the independent external parameters, and it has been shown that the flamelet solutions
obtained from the canonical flame configurations in physical space can be reproduced by changing

the parameters of K and k. [14-16].

3.2. Flamelet tabulation of differential diffusion, strain rate and curvature

In this subsection, the different lamelet tabulation methods for the differential diffusion, strain

rate and curvature are described.
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Fig. 2. Flamelet data of local equivalence ratio ¢ py in the reaction progress variable Ypy (= Yi,0 — Yo, — Ya,)
space for different strain rates K and curvatures .. The fuel mixture is Hy /air at an equivalence ratio of ¢9 = 0.4 in

the unburnt state and a temperature of 300 K. The diffusion flux is calculated with the mixture-averaged approach.

To incorporate the differential diffusion, strain rate and curvature, the strained-curved flamelet
(SCF) equations, Eqgs. (1), (2) and (5), are solved, without the transient and the tangential dif-
fusion terms, for various values of the strain rate K, and curvature k.. The diffusion flux in the
strained-curved flamelet equations is calculated with the mixture-averaged approach, which is con-
sistent with the reference simulation. The ranges of K, and k. are determined from the investigated
reference solutions. Differential diffusion leads to stratification within premixed flames, which can
be quantified by the local mixture fraction/equivalence ratio. In Fig. 2, the local equivalence
ratio ¢py calculated for the fuel mixture of Hy/air at ¢9 = 0.4 in the unburnt state and different

values of K and k. is shown in the reaction progress variable Ypy space. It is seen that the local

11



equivalence ratio changes within the reaction zone for flamelets with or without strain rate and
curvature. For the Hy/air flame studied in this work, Ypy is defined as, Ypy = Yi,0 — Yo, — Yi,,
ensuring its bijective relationship with the thermo-chemical variables [14-16]. Note that although
this definition leads to negative values of Ypy, the change in Ypy describes the progress of reac-
tions. In fact, defining an optimum reaction progress variable is not straightforward, particularly
for the hydrogen flame with limited number of species [45-47].

Fuel mixture stratification is observed in the reference simulation and it is caused by differential
diffusion, which must be considered in the flamelet table accordingly. To this end, the premixed
flamelet equations are calculated for various equivalence ratios of the unburnt Hs/air mixture
ranging from 0.35 to 0.5, which fully covers the whole range of equivalence ratios in the reference
simulation. The obtained flamelet solutions, referred to as W, in the original flamelet look-up table

can be first parameterized as a function of the boundary conditions and the solution space, i.e.,
vV =y (¢bc>YPV7K87HC) (6)

where ¢, is the boundary value of the equivalence ratio for the unburnt fuel mixture. At first,
®pe is mapped to the Bilger mixture fraction Zgiger space following the standard procedure of the
flamelet-generated manifold model [19]. Same as the transport equation for Zg;jger, see Eq. (4),

Zgilger 1 the flamelet table is defined as,
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where Ny, and N,, are the number of species in the fuel stream and oxidizer stream, respectively.
For the Hy/air premixed flame studied in this work, Zpij is calculated by setting pure Hy as the
fuel stream and pure air as the oxidizer stream. With this, the flamelet solutions are tabulated as
a function of the Bilger mixture fraction Zpiger, the reaction progress variable Ypy , the strain rate
K, and the curvature x.,

U = U5 (Zgiger, Ypv, K, Ke) (8)

The above tabulation method is valid under the condition that the differential diffusion can be
identified by the Bilger mixture fraction. For all the trajectory variables used to tabulate the
flamelet manifold, Zgjjger is the only trajectory variable that characterizes the fuel stratification

induced by differential diffusion. Thus, it is expected that the effects of differential diffusion can be
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properly considered only if Zgjge is a suitable trajectory variable. This will be evaluated through
an a priori analysis using the 1D flamelet solutions, in which only differential diffusion effects
exist.

The strain rate K, and curvature k. themselves are not the ideal trajectory variables for
tabulating the thermo-chemical variables. There are two main reasons for this. On the one hand,
K, and k. are the instantaneous, fine-scale quantities, and the history effects of the strain rate and
curvature due to convection, diffusion, reaction, etc., cannot be characterized by these two variables
directly [48]. On the other hand, K, and k. are a function of Ypy, and a joint probability density
function is required to consider the subgrid scale distributions of these trajectory variables in a
large-eddy simulation; this is difficult to implement. Inspired by the previous works for tabulating
the strain rate [27, 28] and curvature [12], K, and k. are represented by suitable species, which
characterize the flame structure’s internal response to the strain rate and curvature, respectively.

To this end, it is important to identify the variables that are sensitive to the strain rate and

curvature.
(a) 0.12 0.27
— 0.09 -
i 0.18
T 0.06
*
S 0.09
0.03 -
0 0
(c) 0.12 0.27
— 0.09 |-
L 0.18
zF 0.06 +
o) 0.09
— 0.03 |
0 0
-0.3 -0.3

Ypy

Fig. 3. Flamelet data for Hy and H mass fractions shown in the reaction progress variable Ypy space (a, b)
for different strain rates K, at a curvature of k. = 0m~!, and (c, d) for different curvatures . at a strain rate
of K, = 0s~!. The unburnt fuel mixture is Hy/air at an equivalence ratio of 0.4, a temperature of 300 K, and a

pressure of 1 atm. The diffusion flux is calculated with the mixture-averaged approach.

In Fig. 3, the flamelet data on the Hy and H mass fractions obtained from the stationary form
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of Egs. (1), (2) and (5) are shown in the reaction progress variable Ypy space for different strain
rates K, at a curvature of k. = Om™! (Figs. 3a and 3b), and for different curvatures r. at the
strain rate of K, = 0s™' (Figs. 3c and 3d). The unburnt fuel mixture is Hy/air at an equivalence
ratio of 0.4, a temperature of 300 K, and a pressure of 1 atm. The premixed flamelet equations of
Egs. (1), (2) and (5), without the transient and the tangential diffusion terms, are solved with the
in-house code ULF [49].

As shown in Figs. 3a and 3b, the profiles of Yy, are seen to be very close to each other for a wide
range of strain rates, although non-negligible differences can be seen when the strain rate becomes
negative. This indicates that Yy, is not sensitive to the strain rate, particularly for positive values.
Thus, Yy, is not an ideal variable to characterize the strain rate effect. By contrast, it is seen
that Yy is very sensitive to the strain rate, and the profiles of Yy are distributed in a wide region
when the strain rate is varied. The other major species are less sensitive to the strain rate (not
shown for simplicity). In Figs. 3c and 3d, similar observations can be obtained as the curvature
changes for a fixed value of strain rate, i.e., the profiles of Yy vary significantly, while Yy, is rather
insensitive. The behaviors of the flame structure’s response to nonzero values of strain rate and
curvature are provided in the Supplementary Material. It is found that with large nonzero values
of strain rate and curvature, the behaviors of Yy, and Yy are the same as those shown in Fig. 3
for K, = 0 and k. = 0. From these observations, it can be concluded that the flame structure’s
response to the strain rate and curvature can be properly represented by the profile of Yy, since it
is sensitive to both strain rate and curvature. From the flamelet modeling perspective, this finding
suggests that Yy is a good candidate as trajectory variable to describe not only the sensitivity to
strain rate but also the sensitivity to curvature. Finally, Fig. 3 shows that the variation range of
ke (or K) is asymmetrical with a fixed value of K (or k). This is because the flame extinguishes
for significant negative values of K, and k.. On the contrary, stable flames can be obtained with
significant positive values of K, and k..

Based on the above findings, the flamelet solutions for the strained-curved hydrogen flame
are finally tabulated as a function of the independent variables of the Bilger mixture fraction,
the reaction progress variable, and the reacting variable of Yy to represent the strain rate and

curvature,

V= \IIMAP (ZBilgem YPV7 Ylitr7 Ylgurv) (9)

Here, the superscripts () and (-)*™" are introduced to differentiate the (unique) Yy that char-
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acterizes the strain rate and curvature, respectively. We note that the values for Y and Y§™
are equal, but the corresponding pair of values for strain rate and curvature can be different. This
is consistent with the fact that with different combinations of the strain rate and curvature, a
unique value of Yy can be obtained at specific values of Zgjjger and Ypy. We note that this is only
related to the flamelet table tabulation and flamelet table look-up. Although the values of Y
and Y{"" are equal, both of them should remain in the flamelet table since they are mapped from
independent trajectory variables of strain rate K, and curvature k., respectively. The suitability of
this new tabulation method will be evaluated through a priori analyses of the reference solutions.
In summary, the mapping procedure from the original flamelet solutions as a function of the
equivalence ratio of the unburnt mixture ¢y, the progress variable Ypy/, the strain rate K, and the
curvature ke, i.e., ¥ (¢pe, Yrv, Ky, Kc), to the final flamelet look-up table WMAP (Zpg,er, Yoy, YT, YiSUY)

can be divided into three steps:

(i) The parameter ¢y is first replaced with the Bilger mixture fraction Zgjge while the other
trajectory variables of Ypy, K, and k. remain the same, leading to the flamelet tabulation
as, U5 (Zpiger, Yrv, Ky, Ke), as shown in Eq. (8).
(ii) The parameter K is then replaced with the reacting variable Y35 while the other trajectory
variables of Zgjiger, Ypy and k. remain the same, leading to the flamelet tabulation as,
VU (Zgilger, Yrv, Y, Ke).
(iii) Finally, k. is replaced with the reacting variable Y;§*"V while the other already transformed
trajectory variables of Zpjger, Ypy and Y™ remain the same, leading to the final flamelet

look-up table as, WMAP (Zpy o Yoy, VAU, YSU), as shown in Eq. (9).

A similar mapping technique was also described in our previous work for partially premixed flames
(see the texts before Eq. (7) in ref. [50]).

While the values of the trajectory variables of K and k. in the SCF flamelet table correspond
to their boundary values for the flamelet equations, the trajectory variables of Zgjger, Ypv, Y,
and Y{"V are discretized with 502, 251, 101 and 101 equidistant points, respectively. We find
that the strongly nonlinear states induced by differential diffusion can only be identified with a
sufficiently fine grid resolution for Zpjge,. The prediction accuracy cannot be improved by further
increasing the grid resolution.

For comparison, an additional flamelet table is generated based on the 1D freely propagating

premixed (FPP) flame, without the strain rate and curvature. To take into account differential
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diffusion and stratification, the flamelet solutions are obtained by solving the 1D flamelet equations
for a freely propagating premixed flame in physical space for various equivalence ratios ranging
from 0.35 to 3, which fully covers the whole range in the reference simulation. The diffusion flux
is calculated with the mixture-averaged approach, and the temperature of the unburnt Hy/air
mixture is set to 300 K, being consistent with the reference simulation. The flamelet look-up
table is obtained by mapping the equivalence ratio and the physical coordinate into the Bilger
mixture fraction and the reaction progress variable spaces, respectively. Finally, the obtained

thermo-chemical variables are parameterized as,
v = \PFPP (ZBilgera YPV) (10)

The above tabulation method is valid if the thermo-chemical variables in a premixed flame with
differential diffusion can be uniquely identified by the Bilger mixture fraction and the reaction
progress variable. The suitability of the above tabulation method in predicting differential diffusion
has not been evaluated through an a priori analysis, although a posteriori simulations [20] and
prior analyses [29] have been conducted. Excluding the effects of the strain rate and curvature,
the suitability of using the Bilger mixture fraction to tabulate differential diffusion is evaluated on

a 1D freely propagating premixed (FPP) flame through an a priori analysis.

4. Results and discussions

In Section 4.1, the structure of the thermodiffusively unstable flame is analyzed. Then, budget
analyses (Section 4.2) of the premixed flamelet equations in composition space are conducted to

identify the importance of the different processes in the thermodiffusively unstable flame.

4.1. Structure of the thermodiffusively unstable flame

The combustion characteristics of the thermodiffusively unstable premixed hydrogen flame have
been described in detail in previous works [2, 4-8]. While the structure of the thermodiffusively
unstable flame at different pressure conditions will be analyzed in Part II [51] with the linear
stability theory proposed by Matalon and co-workers [3, 52|, the instantaneous distributions of the
OH mass fraction Yop, the Bilger mixture fraction Zgiger, the strain rate K, and the curvature
ke in the thermodiffusively unstable flame at atmospheric condition are shown in Fig. 4. The

strain rate and curvature are calculated by conditioning on the reaction zone. This is explained
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Fig. 4. Instantaneous distributions of (a) the OH mass fraction, (b) the Bilger mixture fraction, (c) the strain
rate, and (d) the flame front curvature in the selected region indicated in Fig. 1. The representative flamelets are
superimposed on the contour plot of the OH mass fraction, featuring negative curvature (F1 and F2), negligible
curvature (F3) and positive curvature (F4). The strain rate and curvature are calculated by conditioning on the

reaction zone.

The curvature and strain rate are defined based on the unit vector in the normal

V- ==V (VY /|VYpy|) and K, =V, -4 — (U - 1) ke,

as follows.

direction of the flame front, k.

respectively. From the mathematical point of view, the two variables are not well-defined outside
the reaction zone since the value of |VYpy | is close to zero. From the physical point of view, it
is the most meaningful to discuss strain rate and curvature for the reaction zone. To highlight
the cellular structure of the thermodiffusively unstable flame, only a certain region at around the
flame front is shown, as indicated in Fig. 1. The OH mass fraction is shown in Fig. 4a. It can be
seen that the flame front is corrugated, with a similar length scale of the cells (l..). Note that for
the outwardly propagating thermodiffusively unstable premixed hydrogen flame at atmospheric
condition, wide cell length scales with finger-like flame structure, similar to that in the planar
flame studied by Berger et al. [8], can be observed at later time instants with larger flame radii.
As indicated by the curvature distribution, see Fig. 4d, the OH mass fraction is significant in the
region with positive curvature, while it becomes small when the curvature is negative. This is due

to the fact that the highly diffusive species of hydrogen tends to accumulate in the region with
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Fig. 5. (a-d) Thermo-chemical variables, and (e, f) the strain rate K and curvature k. for the four representative
flamelets in the reaction progress variable space. The strain rate and curvature are calculated by conditioning on
the reaction zone. The vertical dashed line in (a-d) indicates the location with the maximum heat release rate. The

horizontal black dashed line in (e) and (f) indicates the position of zero value.

positive curvature. The distribution of the Bilger mixture fraction shown in Fig. 4b indicates that
the local equivalence ratio changes significantly along the normal direction of the flame front. A
richer condition is obtained in the segments with positive curvature, while the mixture is leaner in
the wake region with negative curvature, see the instantaneous curvature distribution in Fig. 4d.
Regarding the instantaneous distribution of the strain rate, see Fig. 4c, the strain rate value is seen
to be either positive or negative at the location with positive curvature. This is associated with
the fact that the strain rate depends on the balance of the velocity along the flame front and the

velocity normal to the flame front, see its definition in Eq. (5), and this changes due to the local
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Fig. 6. (a) Instantaneous distribution of the progress variable in the selected region indicated in Fig. 1. The
position of the iso-surface of T;s, = 1000 K used as the starting points to extract the flamelets is indicated as the
red line. (b) The instantaneous distributions of the trajectory variables used in SCF and MAP flamelet models and
the thermo-chemical quantities along the vertical dashed line shown in (a). The background color in (b) indicates

the post-flame zone, where the values of the trajectory variables show little change.

heat release rate. Note that there is thresholding observed in the contour plots of strain rate and
curvature, which is considered due to the fact that the ranges of the color bars for these variables
are much smaller than their actual limits in the reference simulation, so that the negative and
positive regions can be better visualized. To challenge the capability of the proposed tabulation
methods, four representative flamelets are extracted from the reference simulation, referred to as
F1-F4, featuring negative curvature (F1 and F2), negligible curvature (F3), and positive curvature
(F4), as indicated in Fig. 4a. The spatial location of the flamelet structure is determined according
to, d7 = (VYpy/|VYpy|?) dYpy. The positions at the isoline of Ty, = 1000 K are selected as
the starting points, and the gradients are calculated for both directions with lower and higher
temperatures. The instantaneous distribution of progress variable and the position of the isoline
of T;s, = 1000 K are shown in Fig. 6a. Note that the flamelets extracted from the reference
simulation tend to turn through sharp corners on the burnt side of the flame front (see Fig. 4a),

which is due to the negligible gradient of the progress variable. Actually, with a slight change
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of the starting point on the flame front, the flamelets on the burnt side may turn to different
directions. However, such a change of the flamelet direction on the burnt side does not have an
effect on the evaluation of the flamelet tabulation methods, see Section 5, since the trajectory
variables and the thermo-chemical states in this region do not change significantly, as shown in
Fig. 6b, corresponding to the sample line in Fig. 6a. Note that the variables shown in Fig. 6b are
normalized using the maximum and minimum values in the sample line.

The quantitative values of the interesting thermo-chemical variables for the four representative
flamelets are shown in the reaction progress variable space, see Figs. 5a-5d. Regarding the profiles
of the temperature and Hy mass fraction, there is no obvious difference among the four represen-
tative flamelets, while the OH mass fraction shows different variation trends near the burnt sides.
The quantitative values of the strain rate and curvature conditioned on the reaction zone are cal-
culated for the representative flamelets, as shown in Figs. 5e and 5f. It is seen that F1 features
strong positive and minor negative strain rates in a certain region of Ypy. In the same range
of Ypy, a negative curvature is found in F1. In the case of F2, while it still features a negative
curvature, its magnitude becomes much smaller. Unlike F1, there is only a negative strain rate in
F2. For F3 extracted at the waist region of the cell, both strain rate and curvature are negligible.
For F4, significant positive curvature can be seen near the burnt side, while both positive and
negative strain rates exist throughout the reaction zone. The features of the four representative

flamelets extracted from the reference simulation are summarized in Table 1.

Table 1. Features of the four representative flamelets extracted from the reference simulation.

Flamelets F1 F2 F3 F4
Strain rate + - — (small) +
Curvature — — ~0 +

4.2. Budget analysis of the strained-curved flamelet equations

To understand the underlying physics of the four representative flamelets, budget analyses are
conducted for the governing equations of the Hy species mass fraction, temperature and Bilger
mixture fraction, see Egs. (1), (2) and (4). In Fig. 7, the budget terms of the Hy mass fraction
Yy, flamelet equation are compared in the reaction progress variable space. The balance term

is calculated by subtracting the other terms from the transient term. It is clearly seen that for
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Fig. 7. Comparing the budget terms of Hy mass fraction Yy, flamelet equation in the reaction progress variable
space, see Eq. (1). The balance term is calculated by subtracting the other terms from the transient term. The

horizontal black dashed line indicates the position of zero value.

F1 and F2, the curvature term Az?fﬁv is significant, and balances with the tangential term A}T/}ff.

This indicates that at the location with negative curvature, the diffusion along the curved flame
front (i.e., the tangential diffusion) is dominant, which will be explained in the following context.
Note that the tangential diffusion term Arp is not included in the 1D flamelet equations when
generating the strained-curved flamelet table, which challenges the suitability of the proposed
flamelet tabulation method, particularly for F1 and F2. The performance of the flamelet tabulation
method in predicting the flamelets with negative curvature will be evaluated in the next subsection.

For F3, it is seen that both the curvature term A?jfr% and the tangential diffusion term A?g
are negligible, compared to the other budget terms. The diffusion normal to the flame front AdlﬁF
is significant, and balances with the convection term Acgfv and the reaction source term Asm2.
This indicates that the flamelet solutions obtained from the 1D flamelet equations without the
tangential term are expected to be valid for F3. For F4, it is seen that the curvature term ACurv

2

is negligible compared to the normal diffusion term Adi};f and the reaction source term Asr}?. It is

important to point out that unlike the flamelets with negative curvature, the tangential diffusion
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Fig. 8. (a, b) Contour plots of Yy and Yy, in a selected region to show the representative cell structure. A
representative position in the reaction zone is indicated by the red dashed line, i.e., Ypy = —0.08. Point A is
located in the positive curvature region, while point B is in the negative region. (c-e) k., Yy and Yy, along the
flame front. The location of the flame front is defined as the arc length, lfﬁjl) = l((ﬁz; (dx)2 + (dz)27 with n
being the point index along the Ypy-isoline. The starting point, i.e., n = 0, is at the minimum values of = and z.
The background color in (c-e) indicates the different cells in the selected region shown in (a) and (b). The positions
of point A and point B in cell-IIT are indicated in (c¢)-(e). Point B indicates the local peak between A and B. The

horizontal black dashed line in (c¢) indicates the position of zero value.

To explain the reason for the different tangential diffusion behaviors in the flame front with
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of Ypy = —0.08 for the whole flame front. The vertical dashed line indicates the location of k., = 0. Point A and
point B indicate the peaks in the negative and positive regions, respectively. Point B’ indicates the local peaks

between A and B.

negative and positive curvatures, a representative cellular flame front is selected, as shown in Fig.
8. The contour plots of the mass fractions of H and H, in the investigated region are shown in
Figs. 8a and 8b. A representative position in the reaction zone is indicated by the red dashed
line, which corresponds to the isoline of the progress variable of Yp,, = —0.08. This value of
Ypy is selected since its isoline crosses the location of peak Yy in the selected region. Point A is
selected at the location with positive curvature, while point B corresponds to the location with
negative curvature in the same cell. The number of cells in the selected region are indicated as
I ~ IV in Fig. 8a. The distributions of k., Yy and Yy, along the isoline of Ypy = —0.08 are
shown Figs. 8c-8e. The location of the flame front is characterized with the arc length, which
is defined as Iord ) = 10 + 1/ (dz)? + (dz)?, with n being the point index along the Ypy-isoline.
The starting point to calculate the arc length, i.e., n = 1, is at the minimum values of z and z.
The background color in Figs. 8c-8e indicates the different cells in the selected region shown in
Figs. 8a and 8b, while the positions of point A and point B in cell-III are also indicated. It can
be seen that, compared to point B, which has negative curvature, Yy and Yy, are larger at point
A, which has positive curvature, since the highly diffusive species of H and Hy tend to accumulate
in the positively curved region with small flame surface, while in the negatively curved region,

these species have to “fill in” the larger pit, which leads to a fuel-leaner mixture. Thus, tangential
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diffusion is generated between point A and point B. We note that a local peak exists between
point A and point B for both Yy and Yjy,, as indicated by point B, which corresponds to a local
peak of positive k.. This phenomenon can also be found at the other cells. The existence of the
second stage of Yy and Yy, makes the gradient between point B}, and point B be more significant
than that between point A and point B, which explains the larger tangential diffusion term in F1
and F2 than in F4, see Fig. 7. In fact, at the positively curved flame front the concentrations of H
and Hs remain almost unchanged. In contrast, at negatively curved location, local extinction can
be observed. Note that tangential diffusion will not be generated at point B with zero gradients of
Yy and Yy, but between point B and the neighboring peak at BY. Without tangential diffusion,
the 1D flamelet solutions already show that negative curvature has more significant effects on Yy
and Yy, than positive curvature, as shown in Fig. 3.

To demonstrate the generality of the above finding, the instantaneous scatter data and condi-
tional data of Yy and Yy, extracted from the isoline of Ypy are plotted in the curvature space, as
shown in Fig. 9. It is found that the amounts of Yy and Yy, in the positively curved flame front
are much larger than those in the negatively curved flame front, which suggests the existence of
tangential diffusion. From the conditioned data of Yy and Yj,, a second stage can be observed
between the negative curvature and the peak of the positive curvature, as indicated by point B,
which is similar to the observations from the instantaneous data at cells shown in Fig. 8.

From the above observations, it can be concluded that the tangential diffusion is important for
flamelets with negative curvature, while it is negligible for flamelets with positive curvature. Thus,
it is important to investigate the extent to which the flamelets with negative curvatures (F1 and
F2) can be reproduced using the proposed flamelet tabulation methods, in which the tangential
diffusion is not included in the flamelet tables. This will be presented in the next subsection.

Figure 10 shows the budget terms of the gas temperature flamelet equation in the reaction

T

curv

progress variable space, see Eq. (2). For F1 and F2, it can be seen that the curvature term A
and the tangential diffusion term AL, are not significant compared to the other budget terms,
which is different from the results obtained for the Yy, flamelet equation, shown in Fig. 7. This
indicates that the negative curvature does not generate any significant diffusion of temperature
along the flame front. For F3, it is seen that only the normal diffusion term AZg, the convection
term AL and the reaction source term Al are significant, and balance each other. The curvature

term AL and the tangential diffusion term ALy are negligible, as expected. For F4, the curvature
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Fig. 10. Comparing the budget terms of the gas temperature T' flamelet equation in the reaction progress variable
space, see Eq. (2). The balance term is calculated by subtracting the other terms from the transient term. The

horizontal black dashed line indicates the position of zero value.

term Al . and the tangential diffusion term AL, are seen to be negligible compared to the other
budget terms, which indicates that the positive curvature also does not generate any significant
tangential diffusion. From these observations, the curvature is not expected to have any obvious
effects on the performance of the flamelet model in predicting the temperature.

Finally, the budget terms of the Bilger mixture fraction flamelet equation, see Eq. (4), are
compared in Fig. 11. For F1 and F2, the curvature term AZ__ is seen to be of the same order
of magnitude as the normal diffusion term AZg, which indicates that the negative curvature has
significant effects on the local distribution of the species mass fractions. Interestingly, the tangential

diffusion term AZp is seen to be one order of magnitude lower than the curvature term AZ | which

indicates that the overall tangential diffusion effect is not significant for the hydrogen flame studied.
This is explained by the fact that the tangential diffusion is in opposite directions for the lower
Lewis number species such as H and Hy and the larger Lewis number species such as Oy and
H,0, which compensates for the overall tangential diffusion for the scalar Zgjge,. For F3, only

the normal diffusion term AZg; and the convection term AZ  are significant, and balance each

conv
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Fig. 11. Comparison between the budget terms of Bilger mixture fraction Zgiiger flamelet equation in the reaction

(4)-

transient term. The horizontal black dashed line indicates the position of zero value.

progress variable space, see Eq. The balance term is calculated by subtracting the other terms from the

other. The curvature term A%

curv

and the tangential diffusion term A%, are negligible, as expected.
For F4, the normal diffusion term AZg and the convection term AZ  are still dominant, and are
one order of magnitude larger than the other budget terms. From these observations, it can be
concluded that the negative curvature affects the overall species distribution and may influence
the performance of the flamelet models, while the positive curvature does not affect the overall

species distribution significantly.

5. Verification of flamelet tabulation methods

In this section, the suitability of the flamelet tabulation methods, i.e., ¥5¢F (Zgiiger; Ypv, Ks, ke)
and UMAP (7o o, Yoy, YT, Yi§Y), in predicting differential diffusion, the strain rate and curva-
ture is verified through an a priori analysis. For the a priori analysis, the representative flamelets
described in the last section, i.e., F1-F4, are taken as the reference results. Specifically, the trajec-
tory variables in the SCF and MAP flamelet tables are calculated from the reference representative
flamelets. Then, the values extracted from the different flamelet tables are compared to the corre-

sponding results in the representative flamelets.
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Before verification of the trajectory variables in characterizing the strain rate and curvature
in Section 5.2, i.e., K, and k. in the SCF flamelet tabulation method, and Y3* and Y™ in the
MAP flamelet tabulation method, the suitability of the remaining trajectory variables of Zgiiger

and Ypy is evaluated in Section 5.1.

5.1. Flamelet model for differential diffusion
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Fig. 12. Profiles of various thermo-chemical variables for the 1D freely propagating premixed flame at ¢y = 0.4,
To = 300K and p = latm, comparing the detailed chemistry (DC) solutions (scatter points) and the a priori
flamelet predictions (solid lines). The evaluated flamelet look-up table (FLT) is, WFPP (Zilger, YPv ), calculated
based on the 1D freely propagating premixed flame in physical space for various equivalence ratios using the

mixture-averaged approach.

At first, the suitability of the trajectory variable Zgjje, in characterizing the differential diffusion
is evaluated. To exclude transient and tangential diffusion effects, the flamelet model is first
evaluated on a 1D freely propagating premixed (FPP) flame at ¢y = 0.4, Ty = 300K and p =
Latm. The detailed chemistry (DC) solutions are obtained by solving the 1D flamelet equations in
physical space for all the species mass fractions and temperature based on the mixture-averaged
(MA) approach. The flamelet lookup table (FLT) is calculated with the same mass diffusion
model based on the 1D freely propagating premixed flame. The thermo-chemical variables are
tabulated as, U*F'" (Zpiiger, Ypy). The flamelet predictions, referred to as “FLT-MA”, are compared
to the corresponding DC solutions, referred to as “DC-1D”, in Fig. 12. It can be seen that the

thermo-chemical quantities extracted from the FLT agree very well with the reference DC solutions,
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Fig. 13. Profiles of (a-d) temperature and Hy mass fraction, and (e-h) HoO and H mass fractions, comparing

the reference flamelets F1-F4 extracted from the reference simulation results and the a priori flamelet predictions.
The evaluated flamelet look-up table (FLT) is, yFPP (Zsilgers Ypv ), calculated based on the 1D freely propagating

premixed flame in physical space using the mixture-averaged approach.

including both the major species and the species of H and Hs. We find that the tabulated values

obtained from the FLT calculated with the unity Lewis number show large discrepancies compared
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with the reference results (not shown for clarity), especially for the minor species of H, OH, etc.
This finding confirms that the pure differential diffusion effects can be accurately considered by
the tabulation method of U*™ (Zgjeer, Yy ), if differential diffusion is incorporated in the flamelet
table.

After the suitability of the FLT is confirmed in predicting differential diffusion in the 1D config-
uration, the same flamelet table and the tabulation method of WFFP (Zgiiger, Ypv) are evaluated in
the four representative flamelets extracted from the reference simulation. In Fig. 13, the flamelet
predictions are compared to the reference reference solutions, referred to as “REF”. For the gas
temperature and Hy mass fractions, as shown in Figs. 13a-13d, good agreement is obtained when
differential diffusion is considered in the flamelet table. For the H,O and H mass fractions, as
shown in Figs. 13e-13h, significant discrepancies can be seen for Yy, particularly for F1 and F2
with negative curvature, although Yy, 0 is well predicted. The remaining discrepancies are partially

due to the strain rate and curvature effects, as explained in the next subsection.

0.018 ‘
A  F1-REF s FLT-MA-¢ = 0.32
¢ F2-REF FLT-MA-¢ =04
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v F4-REF
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0.005 ‘
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Fig. 14. Four representative flamelets (scatter points) and the 1D freely propagating premixed flamelet solutions
(solid lines) obtained with the mixture-averaged approach for different equivalence ratios shown in the elemental
hydrogen mixture fraction Zy and the normalized total enthalpy Henorm space. The green filled circles indicate
the unburnt states for each flamelet, which corresponds to the flamelets calculated with the unity Lewis number

assumption at the same equivalence ratio.

We note that unlike the 1D configuration where only pure differential diffusion exists, F1-
F4 extracted from the reference simulation have additional effects of strain rate, curvature and
tangential diffusion. However, these additional phenomena are strongly coupled with differential

diffusion. For example, in the thermodiffusively unstable flame studied, the strain rate, curvature
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and tangential diffusion are mainly induced by the highly diffusive species of Hy. Thus, if differential
diffusion is predicted, the effects induced by the strain rate and curvature were also (partially)
reproduced. In other words, the agreements shown in Fig. 13 could also be due to the fact
that the strain rate and curvature are partially considered by the flamelet model with differential
diffusion. To validate this, we investigate whether the trajectories of the strained-curved flame in
the reference simulation can be followed by the 1D freely propagating premixed flame with only
differential diffusion. As shown in Fig. 14, the four representative strained-curved flamelets are
shown in the elemental hydrogen mixture fraction Zy and the normalized total enthalpy He,omm
space. Here, Zy represents the mass diffusivity, while He,,, describes the thermal diffusivity,

which is defined as

o He—He "
= el — e

where HeBEE and HeREF are the maximum and minimum values of He in the reference simu-
lation, respectively. For comparison, the 1D freely propagating premixed flames obtained with
the mixture-averaged approach and the unity Lewis number assumption for different equivalence
ratios are presented. It is clearly seen that the trajectories of the strained-curved flame in the Zy
and H e,y space can be roughly followed by the 1D freely propagating premixed (FPP) flames
with differential diffusion, but without strain rate and curvature being included. In contrast, for
flamelets calculated with the unity Lewis number assumption, as indicated by the green filled
points in Fig. 14, they do not have trajectories in the Zy and He, -, space. This indicates that
the trajectories of the strained-curved flame cannot be followed by the 1D FPP flames with the
unity Lewis number assumption. From the above observations, it can be concluded that differential
diffusion is important in the thermodiffusively unstable flame, and the trajectories of the strained-
curved flame in the reference simulation can be roughly followed by the 1D freely propagating
premixed flame with only differential diffusion being considered.

After confirming the suitability of Zpie, to characterize differential diffusion, we study whether
the flamelet model can predict the post-flame zone. Note that the post-flame zone, which is closely
related to the NO, emissions, is not fully covered in the representing flamelets due to the negligible
gradient of Ypy, see Fig. 6b. In fact, in the post-flame zone, the values of strain rate, curvature
and Yy are essentially zero (see Fig. 6b), so the thermo-chemical states are only determined by the
trajectory variables of Zpjeer and Ypy. To evaluate the performance of the flamelet model in this

region, further comparisons are conducted between the FLT and the reference simulation crossing
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Fig. 15. Comparisons of the (a) temperature and Hy mass fraction, and (b) H,O and Og mass fractions between
the reference simulation (scatter points) and the a priori flamelet predictions (solid lines). The flamelet look-up
table WFPP (Zpioer, Y1) is evaluated, which is generated based on the 1D freely propagating premixed flame in
physical space using the mixture-averaged approach. The instantaneous data is extracted along the vertical line

indicated in Fig. 6a. The background color indicates the post-flame zone as in Fig. 6b.

the post-flame zone in the physical space, as shown in Fig. 15. The evaluation is performed
along the sample line indicated as the vertical dashed line in Fig. 6a. It can be observed that in
the post-flame zone, the temperature, the reactants of Hy and O,, and HyO as a major reaction
product can be accurately predicted.

In summary, strong differential diffusion in the thermodiffusively unstable flame can be accu-
rately predicted using the trajectory variables of the Bilger mixture fraction and reaction progress
variable, with differential diffusion being considered in the flamelet table. However, in the case of
flamelets with a significant strain rate and curvature, large discrepancies remain. In the next sub-
section, the strain rate and curvature will be further considered in the flamelet model to investigate

whether the remaining discrepancies can be reproduced.

5.2. Strained-curved flamelet model

The strained-curved flamelet model proposed in this work is first evaluated in the 1D con-
figuration to exclude the effects of tangential diffusion in the reference simulation. The detailed
chemistry (DC) solutions are obtained from the 1D strained-curved flamelet equations, see Eqs.

(1), (2) and (5) under specific strain rate and curvature conditions, with the transient and tangen-
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Fig. 16. Profiles of the species mass fractions for the 1D strained-curved flame, comparing the detailed chemistry
(DC) solutions (scatter points) and the a priori flamelet predictions (dashed and solid lines). Two different flamelet
look-up tables (FLT), WSCF (ZBilger, YPv, K, k) and PYMAP (Zgiger, Ypv, Y55, Y§™Y), are evaluated, which are
calculated based on the 1D strained-curved flamelet equations in composition space using the mixture-averaged
approach. The DC solutions are obtained for a 1D strained-curved flame at K, = 4005~ !, k. = —100m™!, ¢g = 0.4
and p = 1 atm.

tial diffusion terms being excluded. Based on the same flamelet solutions obtained from the 1D

strained-curved flamelet equations, two different tabulation methods are evaluated:

(i) The flamelet solutions are tabulated as, W5°F (Zgyger, Yrv, K, fie), using K, and k. directly
as the trajectory variables. This tabulation method is referred to as “SCF”.
(ii) The flamelet solutions are tabulated as, UMAY (Zgioer, Yoy, YU, Vi$V), with K, and k. being

mapped to the reacting variable space. This tabulation strategy is referred to as “MAP”.

The flamelet predictions based on the above two tabulation methods are compared to the reference
detailed chemistry solutions in Fig. 16. Both flamelet tabulation methods are seen to give good
predictions for both major and minor species with high diffusivity, which confirms that the flame
structure’s internal response to the strain rate and curvature can be described well by Yy. It is
noted that the profiles of You and Yi,0, are not smooth around the peak due to the numerical
interpolation error in the MAP tabulation approach. We note that for a specific 1D configuration
case, only single constant values of K, and k. exist, which are the input values for the SCF

flamelet tabulation method. However, this is not the case for Yy as a trajectory variable in the
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Fig. 17. Profiles of (a-d) temperature and Hy mass fraction, and (e-h) HoO and H mass fractions, comparing the
four representative flamelets F1-F4 extracted from the reference simulation and the a priori flamelet predictions.
Two different flamelet look-up tables (FLT), WSCF (Zsirger, YPv, Ky, k) and PYMAP (Ziger, Ypv, Y™, YEUY), are
evaluated, which are calculated based on the 1D strained-curved flamelet equations in composition space using the

mixture-averaged approach.

After the suitability of the flamelet tabulation methods of SCF and MAP is confirmed, they
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are applied to the representative flamelets extracted from the reference simulation. The flamelet
predictions are compared to the reference reference simulation results, as shown in Fig. 17. For
the temperature and Hy mass fraction, both the SCF and MAP flamelet models perform well
in the whole Ypy region. The budget analysis shown in Section 4.2 indicates that the processes
dominating the temperature evolution are not sensitive to the strain rate and curvature, while the
Hs mass fraction evolution is affected by the strain rate and curvature. The good prediction of the
Hy mass fraction with the FLT-MA model shown in Fig. 13 is considered to be due to the fact
that the flamelet solutions with differential diffusion can partially consider the effects of the strain
rate and curvature, as explained in Fig. 14. For the H mass fraction, as shown in Fig. 17e-17h, the
MAP flamelet model is seen to perform much better than the SCF flamelet model, although only
a slight improvement is observed for the HoO mass fraction. In certain regions, the SCF model
performs even worse than the FLT-MA flamelet model (see Fig. 13), especially near the burnt
sides. This is explained as follows. The strain rate and curvature are related to the normalized
gradient of the reaction progress variable (i.e., @ = VYpy /|VYpy|). This is not suitable because
the gradient of the reaction progress variable approaches zero in regions with a negligible change in
Ypy, e.g., the burnt sides. Note that Yji*™ and Y;§*V as input values (i.e., the trajectory variables)
for the new flamelet tabulation method, i.e., ¥ = WMAP (Zpy o Vpy, YT, V™), do not necessarily
agree well with the output value extracted from the flamelet table (i.e., the tabulated value) if
the flamelet table is not properly generated or the trajectory variable is not properly selected, see
Section 3 in the Supplementary Material. In fact, the accurate prediction of the input variable
proves that both the flamelet table and the selected trajectory variable are valid.

The performance of the FPP, SCF and MAP tabulation methods in predicting the other in-
termediate species, such as OH and O, is also evaluated, as shown in Fig. 18. It is seen that
the MAP model again performs much better than the FPP and SCF models, especially in the
regions with significant strain rates and curvatures, which confirms the superiority of the MAP
model. Compared to the SCF model, the better performance of the MAP model benefits from the
following aspects. (i) The limitation in the definitions of K and k. in the SCF model is avoided by
introducing Yy as the trajectory variable. (ii) The history effects of the strain rate and curvature
due to convection, diffusion, reaction, etc., can be considered by solving the transport equation for
Yh.

The above finding confirms that the inner curved flame structure imposed by the strain rate
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Fig. 18. Profiles of (a,c,e,g) OH mass fraction, and (b,d,f,h) O mass fraction, comparing the four representative
flamelets F1-F4 extracted from the reference simulation and the flamelet predictions. Three different flamelet look-
up tables (FLT), wFPP (ZBilger, YPV ), PSCF (ZBiiger, YPv, K, k) and PYMAP (Zgigers Ypv, YE™, YY), are evalu-
ated, which are calculated based on the 1D freely-propagating premixed flame, and the 1D strained-curved flamelet

equations in composition space, respectively, using the mixture-averaged approach.

can be accurately predicted by the newly proposed MAP tabulation method based on the curved-
strained flamelet equations. We note that tangential diffusion exists in the reference simulation,
especially for highly diffusive species in F1 and F2, as evidenced by the budget analysis. However,
the tangential diffusion term Arp is not included when solving the strain-curved flamelet equa-
tions. Nevertheless, good agreements are achieved between the MAP flamelet predictions and the
reference simulation results. The reason for this is that in the a priori analysis, the trajectory
variables of Zgjger, Ypy, Y5 and Y§"" are calculated from the reference simulation, in which the
diffusion in all directions (including the tangential direction) is included. This is consistent with
our previous findings for non-premixed flames [53].

In a posterori simulation, the progress variable source term w., and the reaction rate of the
newly introduced trajectory variable wy, are extracted from the flamelet look-up table. To demon-

strate the capability of the proposed flamelet tabulation method in the a posteror: simulation, w,
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Fig. 19. Profiles of (a,b) the progress variable source term, w., and (c,d) the reaction rate of H, wy, com-
paring the flamelets extracted from the reference simulation and the a priori flamelet predictions tabulated as,
UMAP (Zpiiger, YR, YET, Yi$UV). The progress variable source term . in F2 predicted with FLT-MA is also shown

for comparison, which is tabulated based on the 1D freely propagating premixed flame as WFFP (Zilger, YPV ).

and wy extracted from the flamelet table tabulated with WMAP (Zpy . Yoy, YA, YSUY) are com-
pared to the reference results extracted from the reference simulation, as shown in Fig. 19. It can
be observed that for w. in F1 and F2 with negative curvatures shown in Fig. 19a, the FLT-MAP
tabulation method gives good predictions. In comparison, large discrepancies can be observed for
w, in F2 when the FLT-MA tabulation method is used, particularly near the burnt side. For F3
and F4 with negligible and positive curvatures, w, is seen to be much larger than that in F1 and
F2, and again good agreements are obtained. For wy in F1 and F2, see Fig. 19c, its value is close
to zero, which is predicted by the FLT-MAP tabulation method. For F3 and F4, the value of
wy becomes significant, which is again accurately predicted by FLT-MAP. The good prediction of
the source terms for the trajectory variables suggests the capability of the FLT-MAP tabulation
method in the a posteriori simulations.

In summary, the proposed mapped strained-curved flamelet model performs well in predict-
ing the thermo-chemical variables in the thermodiffusively unstable flame. The strain rate and

curvature themselves are not feasible trajectory variables.

36



6. Summary and conclusions

In this work, a multidimensional expanding, thermodiffusively unstable premixed hydrogen
flame is investigated through budget and a priori analyses. The recurring issues for modeling
differential diffusion, strain rate and curvature are revisited using the flamelet tabulation method.
Particularly, a new flamelet tabulation method is proposed to characterize the effects of the strain
rate and curvature based on the recently developed strained-curved premixed flamelet equations

in composition space. The main findings obtained in this work are summarized as follows:

(i) Tangential diffusion is significant only for the highly diffusive species in the thermodiffusively
unstable flame, especially for the flame front with negative curvature. The positive curvature
has negligible effects on the tangential diffusion for the flame studied;

(ii) Differential diffusion can be accurately predicted by the flamelet model, with differential dif-
fusion being considered in the flamelet table and the Bilger mixture fraction being introduced
as one of the trajectory variables;

(iii) The trajectories of the strained-curved flame can be roughly followed by the 1D freely prop-
agating premixed flames calculated at various equivalence ratios with differential diffusion
being considered;

(iv) Introducing the strain rate and curvature themselves as the trajectory variables does not
necessarily improve the prediction accuracy compared to the flamelet model which does not
take into account the strain rate and curvature;

(v) Introducing the hydrogen mass fraction as the trajectory variable to characterize the flame
structure’s internal response to the strain rate and curvature can improve the prediction

accuracy significantly, especially for the intermediate species mass fractions.
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