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Directional Coupling of Emitters into Waveguides: A
Symmetry Perspective

Aristeidis G. Lamprianidis,* Xavier Zambrana-Puyalto, Carsten Rockstuhl,
and Ivan Fernandez-Corbaton*

Recent experiments demonstrate strongly directional coupling of light into
waveguide modes. Here, the symmetry mechanisms behind this effect are
studied, and it is shown that the analysis of the symmetries and
symmetry-breakings of the emitter-waveguide system allows to qualitatively
understand directional coupling in several situations. The authors consider
emitters either centered in a median plane of the waveguide, or displaced
from it, and whose emissions have a well-defined angular momentum in
either one of the two different axis typically chosen experimentally, which are
called transverse and vertical. These insights are matched by simulations, and
previous experimental measurements. It is shown that handedness plays a
secondary role in directional coupling. The spin-momentum locking concept
is generalized to an exponentially strong locking between the transverse
angular momentum and the preferential coupling direction. A new selection
rule is obtained that controls the coupling of electric(magnetic) multipolar
emissions into waveguide modes. An experiment is proposed featuring a
transverse magnetic bias that aggregates the directional emissions from
many quantum dots on top of waveguides, in contrast to the typically used
vertical bias, which effectively restricts experiments to using a single quantum
dot. Finally, the Huygens’ dipole is analyzed and the symmetries that enable
its directional behavior revealed.
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1. Introduction and Summary

Several recent experiments have demon-
strated directional coupling of light into
waveguide modes. For example, pro-
nounced directionality has been shown
in the collection of atomic emissions by
optical fibers[1] and quantum dot emis-
sions by waveguides.[2–5] Similarly, exper-
iments have shown pronounced direc-
tional coupling of focused light beams
into waveguides, either directly,[6] or me-
diated by a scatterer.[7,8] The directionality
effect has the potential to route light and
classify emissions according to the elec-
tromagnetic properties that determine
the preferential coupling direction.
Different theoretical approaches

have been developed to understand the
effect.[9–22] In particular, the concepts
of transverse spin and spin-momentum
locking in evanescent waves have been
put forward as the origin of the di-
rectionality. Yet, there are some open
questions. The use of the photonic spin
introduces an ambiguity: In the context
of the common separation of the optical

angular momentum into orbital and spin parts,[23,24] the spin
of the photon is often simultaneously connected to both angu-
lar momentum and circular-polarization handedness (e.g., refs.
[13,25–27]). This raises the question of which property dictates
the directional coupling. Each of the two options implies fun-
damentally different characteristics and applications of the di-
rectional coupling effect. Also, a static magnetic field or the in-
cident excitation is used in experiments to choose the axis of
well-defined angular momentum for the emissions. One of two
different options, which we call transverse axis,[1,7,8] and vertical
axis,[2–5,12] is typically selected. The concept of spin-momentum
locking only applies naturally to the transverse case. More gen-
erally, the dipolar approximation is routinely made to character-
ize the emitter. This precludes the theoretical study and predic-
tion of possible directional coupling effects for the light emitted
from higher-order multipolar transitions of atoms, molecules,
and quantum dots.[28–33] Finally, while the numerical evaluation
of the directionality in particular systems is, at least for dipolar
emitters, relatively straightforward,[1–5,7,8,12,34] it is often unclear
as to how to use the results for extracting general insights that
would apply to more general situations.
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In this work, we use a symmetry-based approach to study the
directional coupling effect. One advantage of symmetry argu-
ments is their general applicability. As long as the insights about
an effect in a particular system are obtained only by symmetry
arguments, they will apply generally to other systems with the
same symmetries. In particular, the trends and qualitative results
that we present are independent of the waveguide materials and
of whether the waveguide is single-mode or multi-mode, as long
as the emitter-plus-wave-guiding systemmeets the symmetry re-
quirements that we identify.
In our approach, we will not separate the generator of ro-

tations, that is, the angular momentum into orbital and spin
parts.[14,35] This avoids the possible confusion between the spin
part and the helicity(handedness) of light, and allows us to
separately study the roles that the helicity and the angular mo-
mentum of the emissions play in the directional coupling. This
approach has already been proven successful in predicting some
different effects that the two properties can have in light–matter
interactions.[36–38]

The outline of the article is as follows. Section 2 contains nu-
merical simulations of the coupling of single multipolar emis-
sions near a rectangular waveguide. The emissions are single
multipoles with well-defined transverse angular momentum and
helicity, and are centered in amedian plane of the waveguide. The
simulations show that the magnitude of the directionality grows
roughly exponentially with the absolute value of the transverse
angular momentum. We analytically show in Section V, Support-
ing Information, that the exponential growth is due to an intrin-
sic characteristic of the evanescent components of the emissions,
whose power flux in the relevant directions depends exponen-
tially on the transverse angular momentum. A similar exponen-
tial growth is observed, for most cases, in the coupling efficiency,
which is defined here as the power coupled into the waveguide di-
vided by the power that the emitter would radiate to the far field
in the absence of the waveguide. The results in Section 2 also
contain several regularities that hint toward the existence of gen-
eral rules, which we obtain by symmetry analysis in Section 3.1:
The directionality is due to the breaking of a particular mirror
symmetry due to the axial character of the angular momentum
vector; the sign of the transverse angular momentum vector de-
termines the preferred coupling direction; for emitters centered
in the median plane, the helicity of the emission has no effect
in the directionality. We then hypothesize and confirm with extra
simulations that the correlation between the preferred coupling
direction and the sign of the angular momentum does not de-
pend on the displacement of the emitter from the median plane,
and that the helicity of a displaced emitter can have some effect on
the directionality, which, in the simulations, is seen to be rather
small with respect to the dominant angular momentum contri-
bution.
Several of the results for helical emissions apply to the

more common electric and magnetic multipolar emissions as
well. There is, however, one important difference: An elec-
tric(magnetic) multipolar emission will feature a directionality
identical to that of the corresponding helical emissions, imply-
ing the exponential scaling of the directionality with the mag-
nitude of the transverse angular momentum, provided that the
electric(magnetic) emission couples to the waveguidemode. This
is a difference with respect to the helical emissions: We deduce

Figure 1. Sketch of the geometry of the system representing the coupling
of the multipolar emission |k j mz 𝜆⟩ to a nearby silicon waveguide of re-
fractive index equal to 3.478. The emitter is located in vacuum at the cen-
ter of the coordinate system. The waveguide is placed symmetrically with
respect to the xOy plane with its optical axis parallel to the x-axis. The radi-
ated power that couples to the first guided mode of the waveguide toward
either the +x̂ or the −x̂ directions is collected by waveguide ports.

a new selection rule for a centered electric(magnetic) multipolar
emission, which must be met for it to couple to a given waveg-
uide mode. We have confirmed the selection rule by simulations
(not included here). Such selection rule does not apply to heli-
cal emissions.
Section 3.2 is devoted to the symmetry analysis of the direction-

ality of emissions with well-defined vertical angular momentum,
independently of their helical or electric/magnetic character. We
find, in agreement with published experimental results like, for
example, ref. [5], that the preferred coupling direction for a given
sign of the angular momentum depends on the sign of the dis-
placement of the emitter, and that it is zero for emitters centered
in a waveguide that is invariant under reflections across this me-
dian plane. In Section 3.3, we then propose an experiment where
the emissions from many quantum dots on top of waveguides
would aggregate in a directionality preserving way. This is a yet
unobserved effect that overcomes the current effective restriction
to collecting the signal from a single quantum dot.
In Section 3.4, we analyze theHuygens’ dipole, which contains

different angular momentum components. We reveal the origin
of its directionality by showing that the Huygens’ dipole breaks
and maintains the same relevant symmetries as a single elec-
tric(magnetic) multipolar emission with well-defined transverse
angular momentum. The same symmetry situation is achieved
by means of two different properties: the axial character of the
transverse angular momentum on the one hand, and a particu-
lar combination of electric and magnetic dipoles in the Huygens
dipole on the other.
Section 4 contains the final remarks, where, in particular, we

highlight the advantages of higher order emissions in terms of
both directionality and coupling efficiency, and the fact that the
directional coupling effect, being mostly independent of the he-
licity of the emissions, cannot be used for the efficient sensing of
chiral molecules.
Before starting, the definition of the transverse and vertical axis

is in order. The vertical axis is perpendicular to the waveguide
axis, and lies on a median plane of the waveguide which contains
the waveguide axis. In Figure 1, the ‚y axis is the vertical axis. The
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transverse axis is also perpendicular to the waveguide axis, does
not intersect with the waveguide, and the plane perpendicular
to it is a median plane of the waveguide. In Figure 1, the ‚z axis
is the transverse axis. Experimentally, a static magnetic bias or
the optical axis of the illumination is used to choose one of the
two axis.

2. Numerical Simulations

We start analyzing the transverse case by means of numerical
simulations of the directionality of single multipolar emissions
with well-defined transverse angular momentum. This axis has
been selected in several directional coupling experiments like,
for example, ref. [1, 7, 8]. In the simulations that we present in
this section, each emission contains a single helical multipole.
The salient characteristic of the helical multipoles is that all the
plane-waves in their decomposition, including the evanescent
ones, have the same polarization handedness. The choice of heli-
cal emissions allows to us to study the separate effect that angular
momentum and handedness(helicity),[39–42] that is, the rotational
or chiral properties of the emissions, may have on the directional
coupling effect. We denote the helical multipoles by |k j mz 𝜆⟩,
where k is the wavenumber, j is themultipolar order (dipole j = 1,
quadrupole j = 2, etc ...), mz ∈ [−j,−j + 1,… , j − 1, j] is the pro-
jection of angular momentum along the z axis, and 𝜆 ∈ {−1,+1}
is the helicity(handedness). The helical multipoles, or multipoles
of well-defined helicity are linear combinations of the electric and
magnetic multipoles (see ref. [43], Eq. (11.4–25), and ref. [44],
Eq. (2.18)). The multipoles of well-defined helicity |k j mz 𝜆⟩ can
be written as the following linear combinations of the electric and
magnetic multipoles |k j mz 𝜏⟩:
|k j mz 𝜆⟩ = |k j mz 𝜏 = −1⟩ + 𝜆|k j mz 𝜏 = +1⟩√

2
(1)

where 𝜏 = 1(𝜏 = −1) corresponds to the electric(magnetic) mul-
tipoles. Section I, Supporting Information, contains the conven-
tions that we use in this article and explicit expressions and rel-
evant symmetry properties of helical multipoles. Any emission
can be decomposed into helicalmultipoles. They form a complete
basis for the fields radiated by an arbitrary emitter. For example,
the fields emitted by an arbitrarily-oriented electric dipole p of
frequency 𝜔 = kc0 can be written as (see Section II, Supporting
Information):

mz=1∑
mz=−1

pmz

(|k 1 mz +⟩ − |k 1 mz −⟩) (2)

where the weights pmz
are proportional to the projection of

the spherical basis vectors {ê−1 = ( ‚x − i ‚y)∕
√
2, ê0 = ‚z, ê1 = −( ‚x +

i ‚y)∕
√
2} onto p. We note that angular momentum and helicity

can be most easily confused in the dipolar approximation. The
field radiated by what is commonly referred to as [2, 3, 5, 12,
18] circular-dipole or circularly polarized electric dipole moment
p = − ‚x − i ‚y(p = ‚x − i ‚y), has a single non-zero coefficient p1(p−1)
in Equation (2). The radiation of a circularly polarized electric
dipole has hence a well-defined angular momentum mz = 1 or

mz = −1, but is a perfect mix of the two helicities. When our re-
sults are particularized to the dipolar approximation, it is seen
that the preferred coupling direction is determined by the ± sign
in p = ± ‚x − i ‚y because such sign determines the transverse an-
gular momentum mz = ∓1 of the radiated fields, not because it
reflects the helicity of the emitted light. Crucially, while such ±
sign is reminiscent of a binary property like chirality or handed-
ness, it should not be identifiedwith it. For one thing, such identi-
fication leaves themz = 0 dipolar emission out of the framework.
Moreover, such incorrect identification consequently implies that
the directional effect is always binary, while, as we show later, it
rather features an mz-dependent non-binary gradation.
Figure 1 shows the considered geometry. An emitter is placed

at the origin of the coordinate system close to a nearby rect-
angular silicon waveguide. The refractive index of silicon is
assumed to be equal to 3.478. The waveguide is invariant under
reflections across the xOy and yOz planes, and is parallel to
the x-axis. The distance between the emitter and the axis of the
waveguide is 590 nm. The width of the waveguide is 500 nm
and its height is 200 nm. We perform numerical simulations
over a frequency window of 40 THz centered at f0 ≈ 193.4 THz.
The central frequency corresponds to a vacuum wavelength of
1550 nm, and the frequency span to a wavelength range between
1404 and 1729 nm. For practical purposes, the waveguide can be
considered single-mode across the entire frequency band. The
simulations are performed in the time domain using CSTMWS.
Section III, Supporting Information, contains detailed explana-
tions. We consider emissions up to the octupolar order (j = 3)
for both helicities and all possible values of mz, for a total of
30=(3+5+7)×2 cases. The directionality is computed as follows.
After the emission, a portion of the radiated power couples into
the waveguide. The power coupled to the first waveguide mode
travelling toward either the +x̂ or the −x̂ direction is recorded by
two dedicated ports. We refer to the power coupled toward the ±x̂
direction as C±x̂. Figure 2 shows the logarithmic directionality of
the in-coupled power D = log10[C+x̂∕C−x̂] for varying transverse
angular momentum mz, multipolar order j, and helicity 𝜆. A
positive(negative) D indicates preferential coupling toward the
+x̂(−x̂) direction, and |D| measures the degree of directionality
in a logarithmic scale. For each (mz, j), the data in blue(red)
corresponds to the positive(negative) helicity. The color intensity
encodes the histogram of D as indicated by the insets. Each
histogram is the distribution of the directionality obtained from
a wideband numerical simulation. A more(less) intense color
corresponds to a more(less) frequent occurrence of a particular
directionality value in the simulation results. On the one hand,
Figure 2 clearly shows that the helicity does not influence the
value of D: Emissions with the same multipolar content (mz, j)
but opposite helicity produce the same values of D.[45] We will
later show that this follows from the symmetries of the system.
On the other hand, Figure 2 shows a clear dependence of D on
the transverse angular momentum mz, which approximately
follows[46] the green dashed line corresponding to 2mz. The sign
of mz fixes the preferential coupling direction and in a linear
scale, the degree of directionality grows approximately as 102|mz|.
We also observe that two emissions a and b, with (mz, j)a and
(−mz, j)b result in Da = −Db, and that for mz = 0, D ≈ 0. These
regularities will be also shown to follow from the symmetries of
the system.
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Figure 2. For each (j, mz, 𝜆), the graph shows the histogram of the logarithmic directionality of the coupling of the emitter into the waveguide. Each
histogram is the distribution of the directionality obtained from a wideband numerical simulation (see inset). A more(less) intense color corresponds to
a more(less) frequent occurrence of a particular directionality value in the frequency-dependent simulation results. Blue(red) corresponds to multipolar
emissions with positive(negative) helicity. The green dashed line corresponds to 2mz: It joins the green crosses whose discrete horizontal coordinates
mz are placed at the mid-point of the (j, mz) groups. Positive(negative) values of D indicate preferential coupling toward the +x̂(−x̂) direction, and|D| measures the degree of directionality in orders of magnitude. The graph shows how D is mostly determined by the eigenvalue of the transverse
component of the angular momentum, mz. The independence of D on the helicity 𝜆 is clearly observed.

Figure 3 shows D as a function of frequency for some ex-
emplary cases. All the regularities are clearly visible across the
whole spectrum. In particular, we observe in Figure 3a that there
is essentially no preferential coupling direction when mz = 0
(note the vertical scale). Half the in-coupled power travels to-
ward each direction. The small fluctuations around D = 0 can
be attributed to numerical errors. Figure 3b shows that the di-
rectionality of all multipolar emissions with mz = +1(mz = −1)
is positive(negative). In Figure 3b, we clearly observe that the
directionality of a particular (mz, j) emission is opposite to the
directionality of the (−mz, j) emission, and that there is a per-
fect spectral overlap of the directionality of multipolar emissions
with equal (mz, j) but opposite helicities. The features at ≈ 205.3
THz, also seen in Figure 6, are due to a pronounced dip in the
frequency-dependent coupling into the guided mode toward the
non-preferred direction.
The exponential dependence of the directionality on the trans-

verse angular momentum is remarkable. Its origin can be traced
back to an intrinsic property of the evanescent angular spectrum
of the multipolar emissions. Section V, Supporting Information,
shows that: i) Only the evanescent plane-waves in the angular
spectrum of |k j mz 𝜆⟩ can couple power into the waveguide, and
ii) the power flux (real part of the Poynting vector) carried by
those evanescent plane-wave components toward the ±x̂ direc-
tions is proportional to a term that has a ±mz exponential de-
pendence. The origin of the exponential directionality is hence
an intrinsic property of the emissions, independent of the de-
tails of the waveguide. This generality is consistent with the wide
variety of experimental setups where the directional coupling
due to transverse angular momentum has been observed.[1,7,8]

The exponential directionality is also in particular consistent
with ref. [14], where the transverse angular momentum content
of evanescent plane-waves was shown to also depend exponen-
tially on the eigenvalue of transverse angular momentum.[47]

Besides the directionality, the angular momentum of the emis-
sions also affects the coupling efficiency. Figure S2, Support-
ing Information, shows a rough trend where multipolar transi-

tions with higher multipolar order j and absolute value of the
transverse angular momentum |mz| couple more efficiently to
the waveguide, sometimes with a difference of orders of magni-
tude. This is an important feature, since it can potentially make
such multipolar transitions, that are typically relatively weak in
comparison to the usual dipolar transitions of the emitters, rel-
evant when it comes to their detection by a waveguiding sys-
tem. Very similar theoretical predictions regarding the coupling
efficiency of higher order transitions have been also reported
in ref. [22].

3. Symmetry Analysis

3.1. Transverse Angular Momentum

We now use the invariance of the waveguide upon reflection
across the planes yOz (Mx) and xOy (Mz) to infer several fun-
damental characteristics of the directional coupling effect from
the transformation properties of the joint emission-waveguide
system. The mirror reflection properties of the helicity (Λ = J ⋅
P∕|P|) and angular momentum (J = m ‚z) of the emissions, and
of the power flux toward the ± ‚x directions inside the waveguide
(F = F ‚x) are hence of relevance. Such transformation properties
are readily derived[48] by noting that the properties of the power
fluxmust be akin to those of linearmomentum (P) and the Poynt-
ing vector, and that angular momentum and linear momentum
transform differently under parity (r → −r) and mirror symme-
tries due to their axial and polar vector character, respectively:

Mx(J) = Mx(m ‚z) = Rx(𝜋)[Π(m ‚z)] = Rx(𝜋)(m ‚z) → −m ‚z

Mz(J) = Mz(m ‚z) = Rz(𝜋)[Π(m ‚z)] = Rz(𝜋)(m ‚z) → m ‚z

Mx(F) = Mx(F ‚x) = Rx(𝜋)[Π(F ‚x)] = Rx(𝜋)(−F ‚x) → −F ‚x

Mz(F) = Mz(F ‚x) = Rz(𝜋)[Π(F ‚x)] = Rz(𝜋)(−F ‚x) → F ‚x

Mx(Λ) → −Λ, Mz(Λ) → −Λ (3)
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Figure 3. Directionality D with respect to frequency for the coupling of
multipolar emissions |k j mz 𝜆⟩ with j = 1, 2, 3 and mz = 0 (a), or |mz| =
1 (b). The emitter is located in the xOy plane. Please note the different
vertical scales in (a) and (b).

Figure 4 shows the transformations of the initial situa-
tions (panels a and e), upon the following symmetries of the
waveguide: Mx (panels b and f), Mz (panels c and g), and the
composition MzMx (panels d and h). Angular momentum is rep-
resented by green arrows, positive(negative) helicity by blue(red)
circles, and power flux by yellow arrows of different size, reflect-
ing a preferred coupling direction. The angular momentum and
helicity of the emission are separately considered in panels (a) to
(d), and (e) to (h), respectively. In the initial, yet untransformed,
situation of panels (a) and (e), we hypothesize some degree of di-
rectional coupling depending solely on angular momentum and
solely on helicity, respectively. Such hypothesis is falsified when
a transformed system shows a physical contradiction with the
original one. For example, the emission in panel (g) occurs from
the same location as the emission in panel (e), and, even though
the emissions have opposite helicity, they result in the same di-
rectionality. Similarly, the emission of panel (h) is from the same
location and of the same helicity as in panel (e), but results in the
opposite directionality. Such contradictions can only be avoided
if the two yellow arrows have identical sizes, that is, if there is
no directionality. No such contradictions can be found regarding
angular momentum dependent directionality when |mz| > 0.
The comparison of panel (a) with panels (b)–(d) only shows that
the directionality changes sign with the sign of the transverse

Figure 4. Transformations of transverse angular momentum (green ar-
rows), helicity (red/blue circles), and in-coupled power flux (yellow arrows)
upon different reflection symmetries (dashed lines) of the waveguide (gray
strips). The initial situations (panels (a) and (e)) are transformed by Mx
(panels (b) and (f)), Mz (panels (c) and (g)), and the composition MzMx
(panels (d) and (h)), respectively. In each panel, the origin of coordinates
is at the position of the emitter, and the coordinate axes are oriented as
shown in the figure.

angular momentum. The case mz = 0 is special because it is
invariant under the action of Mx: mz → −mz (Equation (3)). This
leads to a contradiction between panels (a) and (b), where the
same value of mz = 0 would result in opposite directionality.
Algebraic derivations can be found in Section IV, Supporting
Information, where we show that the Mz symmetry implies that
two helical emissions |k j mz 𝜆⟩ and |k j mz − 𝜆⟩ will have the
same directionality, and that the MzMx symmetry implies that|k j mz 𝜆⟩ and |k j −mz 𝜆⟩ will have opposite directionality. The
latter implies D = 0 for mz = 0. The simulation results obey
all these symmetry-based predictions. The same regularities
will occur in any other geometry with the same symmetries.
For example: i) the same system as in Figure 1 but with the
waveguide turned 90 degrees along its axis; ii) the same system
as in Figure 1 or (i) but with a substrate parallel to the xOz plane
supporting the waveguide; and iii) a cylindrical waveguide or a
tapered fiber.
Let us now analyze the directionality for centered electric and

magnetic multipolar emissions with fixed (k, j, mz). The facts
that the waveguide is symmetric under the Mz mirror sym-
metry, and that, contrary to the helical emissions, the elec-
tric(magnetic) emissions with well-defined transverse angular
momentum are eigenstates of Mz, imply the following selection
rule (derived in Section IV-A, Supporting Information): A cen-
tered electric or magnetic multipolar emission can only couple
to a waveguide mode when 𝜏q(−1)j+mz = 1, where 𝜏 = +1(−1)
for electric(magnetic) multipoles and q is the Mz eigenvalue of
the waveguide mode. We note that two counter-propagating but
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otherwise identical waveguide modes have the same value of q.
Therefore, when the selection rule is not met, the emitter cannot
couple to any of the two counter-propagating modes, and when
the selection rule is met, the emitter can couple to both modes.
Numerical simulations (not included) confirm the selection rule.
We show in Section IV-A, Supporting Information, that when the
coupling is allowed, the directionality for the electric(magnetic)
multipoles will be the same as the directionality for the helic-
ity multipoles. In fact, the directionality will be the same for any
linear combination of the two helical multipoles |k j mz 𝜆 = ±⟩.
In particular, this implies that the directionality of centered elec-
tric(magnetic) multipolar emissions will grow exponentially with
mz. Let us illustrate the selection rule using a centered electric
dipole emission |k j = 1mz 𝜏 = 1⟩ of fixedmz equal to+1, ‒1, or 0.
The selection rule formula 𝜏q(−1)j+mz = 1 particularized to 𝜏 = 1
and j = 1 reads q(−1)mz = −1, which implies that when q = 1, the
emission will couple into the waveguide if mz = +1 or mz = −1,
but not when mz = 0. On the other hand, if q = −1, only the
mz = 0 case will couple into the waveguide. When the electric
dipolar emission couples into the waveguide, its directionality
will be exactly equal to the directionality of a dipolar emission
with well-defined helicity |k j = 1 mz 𝜆 = ±⟩.
Figure 4 helps elucidating other characteristics of the direc-

tional coupling effect. The directionality changes sign upon Mx
(panels b and f). This implies the intuitive fact that the emission
must break the Mx symmetry to couple directionally. Otherwise,
invariance of the emission combined with the change of sign of
the directionality would implyD = 0. This necessary condition is
met by both transverse angular momentum and helicity, which
change uponMx. In light of this, a helicity-dependent directional-
ity may be possible for an emitter displaced out of the xOy plane.
The reason is that the displacement breaks theMz reflection sym-
metry that forbids helicity-dependent directionality for centered
emitters otherwise. This is illustrated in Figure 5: The contradic-
tions between Figure 4e and Figure 4g,h do not occur between
Figure 5e and Figure 5g,h because the emitter is not at the origi-
nal position. Comparison of the top panels of Figures 4 and 5 in-
dicates that the correlation of the sign of the angular momentum
with the preferred coupling direction is independent of the dis-
placement. In contrast, the bottom panel of Figure 5 shows that
the possible helicity dependent directionality behaves differently:
The same helicity can produce opposite directionality depending
on the position of the emitter. We confirm the existence of posi-
tion and helicity dependent directionality for displaced emitters
by numerical simulations. Figure 6 shows the directionality of
dipolar emissions for an emitter that has been displaced out of
the xOy plane by 100 nm along the positive z direction, right to
the vertical of the edge of the waveguide, as shown in Figure 5a.
Helicity has now some influence on directionality. For example,
some directionality can be observed in Figure 6 for mz = 0, in
contrast to the centered case in Figure 3a. Also, when |mz| = 1
the curves for |j = 1 mz 𝜆⟩ and |j = 1 mz − 𝜆⟩ are not on top of
each other, as is the case for the centered emitter in Figure 3b.
Nevertheless, the sign of mz = ±1 still determines the sign of
D because the influence of helicity in the directionality of a dis-
placed emitter is rather small when compared to the influence of
angular-momentum when |mz| > 0. Figure 6 also shows that the
coupling direction favored by a given value of helicity changes

Figure 5. Transformations of transverse angular momentum (green ar-
rows), helicity (red/blue circles), and in-coupled power flux (yellow arrows)
upon different reflection symmetries (dashed lines) of the waveguide (gray
strips) for an emitter displaced by dz = 100 nm from the xOy plane. In each
panel, the origin of coordinates is at the position were the emitter was be-
fore the displacement (see Figures 1 and 4) and the coordinate axes are
oriented as shown in the figure.

Figure 6. Directionality D with respect to frequency for the coupling
of multipolar emissions |k j mz 𝜆⟩ with j = 1, mz ∈ {−1, 0, 1}, and 𝜆 ∈
{−1, 1}. The emitter is displaced by dz = 100 nm from the xOy plane, as
shown in Figure 5a.

with frequency. The foreseen position independence of the cor-
relation of the preferred coupling direction and the sign of the
transverse angular momentum is clear in Figure 6. Finally, we
observe that Figure 6 clearly shows the regularity due to the Mx
symmetry of the waveguide: Independently of the position of the
emitter, two helical emissions |k j mz 𝜆⟩ and |k j −mz − 𝜆⟩ will
have the opposite directionality (Section IV, Supporting Informa-
tion). From now on, we focus on the dominant directionality ef-
fect, where the emissions break theMx symmetry due to the axial
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character of the transverse angular momentum (compare panels
a and b). The dominant directionality is hence due to an axial
vector (transverse angular momentum), not to a pseudo-scalar
(helicity). Interestingly, the symmetry breaking by axial vectors
has been studied in the context of enantio-selective chemical re-
actions, where Barron refers to it as “false chirality” (see ref. [49]
and the references therein). The correct identification of the ori-
gin of the directionality is crucial for understanding that it is not
a binary effect: While a pseudo-scalar offers only two possibilities
which can explain the sign of D, an axial vector can explain the
sign and magnitude gradation of D through the sign and magni-
tude of the vector, respectively. Since the Mx symmetry is broken
by them ‚z → −m ‚z change, the degree of Mx breaking must be re-
lated to the magnitude of the change (|2m|), which vanishes for
m = 0, suggesting that D should grow with |2m|. As previously
discussed, we show in Section V, Supporting Information, that
the growth is exponential.
Finally, Figure 4 also allows us to determine whether the di-

rectional coupling effect is chiral. Panels (c) and (g) show that
the directionality is invariant upon a mirror reflection (Mz) of the
emission. The effect has hence a mirror symmetry, which makes
it achiral.[50,51]

3.2. Vertical Angular Momentum

The vertical angular momentum axis, coinciding with our ‚y axis,
has been selected in directional coupling experiments like, for
example, refs. [2–5, 12]. When a magnetic bias is used for such
selection, the signals originating from my = ±1 transitions are
distinguished at the detectors because they are produced at dif-
ferent frequencies due to Zeeman splitting.
Importantly, the behavior of the directionality D with respect

to the vertical and transverse axis is different. In Figure 7, we use
the transformation properties Mx(my ‚y) → −my ‚y, and Mz(my ‚y) →
−my ‚y to analyze the cases of both centered and displaced emit-
ters. In the top part of the figure, a contradiction between panel
(a) and panels (c) and (d) is seen for a centered emitter. Such
contradiction does not occur for the displaced emitter in the bot-
tom part of the figure because the emitter is not in the origi-
nal position. Section IV-B, Supporting Information, contains a
proof that, in particular, shows that on a waveguide with both
Mz and Mx symmetries the directionality for a centered emitter
with well-defined ‚y component of angular momentum will be
identically zero. This matches the lack(existence) of directional-
ity for centered(displaced) emitters measured in refs. [3, 5, 12].
Moreover, it also explains the directional coupling of centered
emitters when the waveguide itself lacks the Mz reflection sym-
metry, as in ref. [2]. In such case, the waveguide in panel (a)
would be different from those in panels (c) and (d), avoiding the
contradiction.
We also deduce from the bottom part of Figure 7 that, in sharp

contrast to the mz case, the sign of the angular momentum de-
pendent directionality is not locked to the sign of my. For exam-
ple, panels (e) and (h) show the same sign of my but opposite
directionality. This dependence of the preferred coupling direc-
tion on the lateral (z) position for fixed my has been experimen-
tally observed ([12], Fig. 3b)]. In practice, the z positions of the

Figure 7. Transformations of the vertical myŷ angular momentum (green
symbols) and in-coupled power flux (yellow arrows) upon different re-
flection symmetries (dashed lines) of the waveguide (gray strips). The
top(bottom) part shows a centered(displaced) emitter.

quantum dots are often random. Then, the illumination is fo-
cused onto a single quantum dot found to be at a particularly
favorable position regarding directionality, and such quantum
dot is the only contributor to the signals detected at each end of
the waveguide. Recently, the controlled positioning of an emitter
relative to the waveguide has been achieved using in situ elec-
tron beam lithography.[5] Such technique allows to place a single
quantum dot in a favorable location with an uncertainty of some
tens of nanometers.
Selecting the vertical axis (y) leads to approximately zero di-

rectionality when the positions of the emitters are random and
a larger area containing many quantum dots across the whole
z-extend of the waveguide is illuminated. The reason is that the
sign of the directionality changes when the emitter is on opposite
sides of the waveguide (Figure 7). In sharp contrast, if the angu-
lar momentum axis is chosen along the transverse direction (z),
the preferred coupling direction will be locked to the sign of the
angular momentum of the emissions independently of the lat-
eral position of the emitter.[52] This suggests that changing the
magnetic bias direction will potentially have a significant and yet
unobserved effect. Let us analyze this possibility, independently
of the fact that addressing a single quantum dot may actually be
required for some applications.

3.3. Experiment Proposal

We propose an experiment where the quantum dots are embed-
ded inside a host material outside the waveguide, the static mag-
netic field is applied along the z direction, and instead of ad-
dressing a single quantum dot, the pump illuminates a much
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Figure 8. Directionality for helical and electric/magnetic emissions with well-defined angular momentum along the ẑ axis for the geometry in the inset,
where w = 200 nm and h = 500 nm. The position of the emitter is marked by the yellow star, placed at the middle of the y extent of the glass slab and at
a quarter of its z extent. Figure S3, Supporting Information, shows the coupling efficiencies.

larger area, potentially including many more quantum dots. Pre-
vious results in this article indicate that all the mz > 0 emitters
will preferentially couple toward one direction and all themz < 0
emitters will preferentially couple to the opposite one. Therefore,
besides showing directionality, the signals at the detectors should
be significantly larger than the signals from an individual quan-
tum dot. Assuming incoherent emissions, the total detected av-
erage power (photon count) will be larger by a factor equal to the
number of quantumdots excited by the pump.Moreover, a super-
radiant scaling cannot be ruled out.[53]

For the proposed experiment, it is important that the quantum
dots are not inside the waveguide. Numerical simulations (not
included) show that, while the locking of mz and the sign of the
directionality is maintained for dipolar emitters located inside
the waveguide and near its top, the directionality decreases
significantly with respect to the values in Figure 2. Additionally,
the locking is lost in some of the quadrupolar and octupo-
lar emissions. The placement of the emitters near the top of
the waveguide is appropriate because symmetry shows that
z-biased quantum dots that are embedded exactly in the middle
y-coordinate of the waveguide will show zero directionality.
We attribute the somewhat different behavior of the emitters
inside and outside the waveguide to the fact that the coupling
of emitters inside the waveguide is not directly mediated by
evanescent fields, which, as we show in Section V-B, Supporting
Information, is responsible for such prominent directionality
features dependent on the transverse angular momentum of the
emission. Therefore, the quantum dots should be embedded in
a host material outside the waveguide (see the inset in Figure 8).
The refractive index of the host material should be smaller than
the effective refractive index of the propagating mode of the
waveguide system, to ensure that coupling to the waveguide
mode happens predominantly through the evanescent parts of
the fields. Accordingly, embedding materials with low refrac-
tive index such as glasses and polymers[54,55] are potentially

more suitable for an experimental realization than embedding
materials with high refractive index.[2–5,56,57]

We now present results from dedicated simulations.
We have used glass, just as an example, as the host material

for the numerical simulations presented in Figure 8. The figure
shows the directionality of helical and electric/magnetic emitters.
The inset shows a cross-section of the considered 3D geometry.
The behavior is quite similar for helical and electric/magnetic
emitters. For |mz| ≤ 2, the directionality exhibits, roughly, a
linear dependence on mz with a slope similar to the slope in
Figure 2. The directionality of the |mz| = 3 emissions breaks
such linear dependence. We attribute this deviation to the initial
multipolar emission reflecting off the air–glass interfaces that
gives rise to othermultipolar components. Figure S3, Supporting
Information, shows the corresponding coupling efficiencies,
which, for most cases, grow significantly as |mz| and j increase.
It is worth mentioning that the results in Figures 8 and Fig-
ure S3, Supporting Information, correspond to the coupling into
a mode that meets the aforementioned condition: Its effective
refractive index is larger than the refractive index of glass. The
system supports another mode which does not meet such con-
dition, resulting in much reduced directionalities and coupling
efficiencies.
We conclude that, excluding the |mz| = 3 emissions, the dis-

placed emitters embedded in glass behave very similarly to the
centered emitters in free-space, and should show the aforemen-
tioned directionality preserving aggregation of signals from sev-
eral emitters. We highlight that the aggregation prediction is not
limited to the dipolar order. The same proposed experimental
setup can be used to test other quantitative and qualitative predic-
tions contained in this article if emitters with |mz| > 1 are avail-
able.
For applications that require single quantum dot emission,

the combination of the transverse bias direction with the place-
ment of the quantum dot outside the waveguide would relax the
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positioning requirements. For example, if the changes that we
propose are compatible with controlled positioning techniques,
the effects of the remaining position uncertainty would be mini-
mized.
Finally, we note that the angular momentum of the emissions

of quantum dots depends on many factors such as the geometry
of the dots, their material, the embeddingmedium, and themag-
netic bias direction [[58], Chap. 24.1.4]. In particular, the strength
of the static magnetic bias needed for achieving a sufficient Zee-
man splitting may be different in the transverse and vertical con-
figurations. A detailed study of these points is outside the scope
of this article.

3.4. The Huygens’ Dipole

In general, the directionality of emissions which contain compo-
nents with different angular momentum eigenvalues cannot be
understood by combining the directionalities of each individual
component. In particular, the directionality of an emission is not
determined by the average value of angular momentum (unless a
single component is present). The interference of the in-coupled
fields due to each individual components cannot be ignored.
One such example is a Huygens’ dipole (see e.g. [[19], Fig. 1]),
which is a particular combination of an electric and a magnetic
dipole. Using our axis, a Huygens’ dipole showing directional
radiation along +x is obtained by the sum of an electric dipole
‚y plus a magnetic dipole c0 ‚z, where c0 is the speed of light.
With the conventions in Section I, Supporting Information,
such Huygens’ dipole can be written as the following linear
combination of helicity dipoles with well-defined transverse
angular momentum |k j = 1 mz 𝜆⟩:
−
√
6𝜋𝜖0
k3

|Huygens⟩
= i
2
(|k 1 1 +⟩ − |k 1 1 −⟩ − |k 1 − 1 +⟩ + |k 1 − 1 −⟩)

+ 1√
2
(|k 1 0 +⟩ + |k 1 0 −⟩) (4)

where 𝜖0 is the permittivity of vacuum. The second line of
Equation (4) comes from the electric dipole, and the third
line from the magnetic dipole. The average transverse angular
momentum of the Huygens’ dipole is zero. The directionality
exhibited by a Huygens’ dipole[19] cannot be deduced from the
directionalities of its different mz components in Equation (4),
which one could naively combine into an overall directionality
equal to zero. Another example is provided by particular linear
combinations of two electric dipoles, one with mz = +1 and the
other with mz = −1 which, under some conditions, can achieve
infinite directionality [[8], p. S6, Supp. Inf.].
Importantly, though, the symmetry analysis can still be ap-

plied to superpositions of different angular momentum compo-
nents. For example, it is straightforward to use Equation (S6),
Supporting Information, for showing that the Huygens’ dipole
in Equation (4) is not an eigenstate of Mx because its electric and
magnetic parts transform differently (note the sign change in the

third line):

−
√
6𝜋𝜖0
k3

Mx|Huygens⟩
= i
2
(|k 1 1 +⟩ − |k 1 1 −⟩ − |k 1 − 1 +⟩ + |k 1 − 1 −⟩)

− 1√
2
(|k 1 0 +⟩ + |k 1 0 −⟩) ≠ 𝛼

[
−
√
6𝜋𝜖0
k3

|Huygens⟩]

(5)

Additionally, Equation (S8), Supporting Information, can be
used to show that, if centered, it is an eigenstate of Mz with
eigenvalue 1. That is, a Huygens’ dipole breaks Mx and, when
centered, maintains Mz. Regarding these two symmetries, the
situation is the same as in the case of an electric(magnetic)
multipolar emission with well-defined mz. The same situation
is achieved by means of two different properties: The axial
character of the transverse angular momentum on the one
hand, and a particular combination of dipoles on the other. One
difference between these two ways is that the breaking of Mx can
be increased by increasing |mz|, while the Huygens’ dipole does
not have a similar quantitative handle.

4. Final Remarks

In this article, we have shown that the analysis of the symme-
tries and symmetry-breakings of the emitter-waveguide system
allows for the unified qualitative understanding of directional
coupling in several different situations. We have considered sin-
gle multipolar emissions with well-defined angular momentum,
either centered or displaced from the median plane of the waveg-
uide, and emissions containing different angular momentum
components, like the Huygens’ dipole. We have shown that, for
single multipolar emissions, the directionality is mostly due to
the axial character of angular momentum, and that the helic-
ity(handedness) of the emissions plays a much lesser role. We
have generalized the spin-momentum locking concept to an ex-
ponentially strong locking between the transverse angular mo-
mentum and the preferential coupling direction. We have shown
that the directionality of the Huygens’ dipole arises from the
same symmetry and symmetry-breakings as for a single multi-
polar emission of well-defined transverse angular momentum.
We have made several predictions for yet unobserved effects, in-
cluding a selection rule for the coupling of electric(magnetic)
multipolar emissions, and an experiment featuring a transverse
magnetic bias for the aggregation of the directional emissions of
quantum dots located nearby waveguides.
Regarding other plausible applications of the directional

coupling effect: On the one hand, the exponential dependence
on transverse angular momentum, and the selection rule for
electric and magnetic multipolar emissions, may be exploited
for routing, detecting, and classifying the transitions of discrete
nano-emitters. On the other hand, contrary to what is some-
times claimed,[6,8] our results indicate that D does not allow to
distinguish the helicity, chirality, or handedness of the emission,
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and hence the consequently suggested applications for chiral
molecule sensing[59] are not possible. Our framework is partic-
ularly suited for understanding and predicting the directional
coupling of higher-order multipolar transitions,[60] which are
the object of an increasing number of experimental,[28–33] and
theoretical studies.[60–64]

Finally, both directionality and coupling efficiency increase sig-
nificantly with increasing transverse angular momentum. This
provides motivation for pursuing the design and fabrication of
quantum dots supporting quadrupolar transitions with |mz| = 2,
and for selecting the transverse axis instead of the vertical one.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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