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Abstract
The stress ratio effect on the fatigue life of materials is a topic which have been

studied by two different approaches. On the one hand, several experiments,
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performed under different stress ratios are necessary to estimate the
corresponding Wohler curves. Afterwards, these curves are considered to esti-
mate the fatigue life under a particular stress range. On the other hand, fatigue

failure criteria for fluctuating stress like the Goodman-Haigh relationship, are
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the Stiissi function, this paper presents a low cost model to estimate Wohler
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curves and constant fatigue Goodman-Haigh diagrams. This procedure
requires a set of tests performed under a particular stress ratio from LCF to
HCF, and data from minimum two additional stress ranges for each subse-
quent stress ratio. An application on data from Ti-6Al-4V samples man-
ufactured by selective laser melting (SLM) is presented.
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1 | INTRODUCTION Two different approaches are mainly applied in order
to study how the stress ratio affects the fatigue lifetime of
structures. On the one hand, based on experimental data,

Wohler or S — N curves are defined for different stress

The influence of stress ratio R on the fatigue life of mate-
rials is a relevant but also complex research topic.

Among the studies on the influence of the mean
stress on the fatigue strength, the role of the maximum
stress was first proposed in the work of Smith et al'
together with the work of Walker.? Subsequently, many
studies have been undertaken to propose relevant models
but unfortunately, a deep study of this situation implies
high costs and long time of experimentation.

ranges and stress ratios. Several deterministic and proba-
bilistic models have been proposed in other studies**” to
model and depict the Wohler curves, which afterwards
can be used to perform estimations of the fatigue life, see
Table 1.

Particularly, the linear model of Basquin, because its
simple implementation, is the most used in the official
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TABLE 1 Some models to represent the Wohler curves

Model Wohler curves equation

Basquin (1910) logN =A—BlogAoc; Ac > Ao,

Stromeyer (1914) logN =A —Blog(Ac — Av,)
Palmgreen (1924) Ac=b(N+B) ™+ Acs
Bastenaire (1972) N=x2Aexp|-C(Ac—E)|—B
Ling and Pan (1997 " —u(S)1

8 (1997) F=3 {mo(sy + ety

iz
Kohout and Vé&chet B
1 Ac ) 1 N+N,
(2001) 0g <Aaw> 0g (N+Nz>

Castillo et al. (2009) p=1—exp {7 {(logN—B)(long-—C)—a} "}
= b

standards and guidelines such as Eurocode 3,'® Interna-
tional Institute of welding (IIW),'** 15012107,
German railways,”® Swiss standard,”® and guidelines
for design of wind turbines.”* However, it has strong limi-
tations, and it is based in several arbitrary assumptions,
so that its reliability has been questioned, see Castillo
and Fernandez-Canteli*® and Toasa Caiza.*®

However, this methodology implies performing sev-
eral experiments under different stress ranges and differ-
ent stress ratios, which demands high costs of samples
manufacturing and testing, and a long experimentation
time. On the other hand, there are some failure criteria
which have been proposed to estimate the fatigue
strength for a particular fatigue life. These criteria, how-
ever, are empirical and require the knowledge of the
fatigue limit at a stress ratio R = —1. Moreover, they have
some limitations such as the assumption of linearity as in
case of Goodman-Haigh or Soderberg criteria and the
high costs of experimentation as well.

Besides these main approaches, some authors have
studied the effect of stress ratio by considering other prin-
ciples such the continuum mechanics,”” the fatigue
damage,28 the eigenvalue optimization,29 or the strain-
energy-density approach.*

In order to overcome the limitations and constraints
mentioned above, a method, which reduces the necessary
costs to model both, the Wohler curves, and the fatigue
diagrams type Goodman-Haigh for different stress ratios,
is proposed. To reach this goal, it is necessary to have a set
of data corresponding to experiments performed under
certain stress ratio and several stress ranges from low-cycle
fatigue (LCF) to high-cycle fatigue (HCF) regimes. These
data will be used to estimate the first Wohler curve which
will serve as reference for the subsequent estimations.
Additionally, for every subsequent stress ratio, as a mini-
mum two experimental data or their estimators are neces-
sary. One data should come from a stress range in LCF
regime and other from a stress range in HCF regime.

An application by considering experimental data of
porous titanium (Ti-6Al-4V) samples made by selective
laser melting (SLM), from Krijger et al*' is presented in
order to validate the proposed model. The obtained
results are quite similar to those obtained by the common
methods mentioned above.

2 | THE STRESS-BASED
APPROACHES

In order to study the effect of stress ratio on the fatigue
life, two stress-based approaches are usually applied. The
first alternative is modeling the Wohler curves from
experimental data performed under different stress
ranges and different stress ratios. The second one is based
on the fatigue strength for a particular fatigue life, which
is known as Goodman-Haigh or Soderberg criterion.

In this paper, the Stiissi function is applied to model
the Wdhler curves and Goodman-Haigh diagrams.

2.1 | The Stiissi function

The modified Stiissi function proposed by Toasa Caiza
and Ummenhofer in ** will be considered in order to
model the Wohler curves. This function is given by

Rn(1—R)+aNPAcy,
Ao — m( )+a o} :S(N,R),
1—&—0¢N/j

Rl<1 (1)

where

Ao stress range during the fatigue test

N: number of load cycles up to failure or up to end of
the test

R,,: ultimate tensile strength

Ao, fatigue or endurance limit corresponding to the

stress ratio R.

a, f: geometrical parameters

R: stress ratio

S: Stiissi function.

The model given by Equation (1) depends on two geo-
metrical parameters a and f which can be estimated by
applying a linear regression and on two material parame-
ters R,, and Ao, which are supposed to be known. For
more details about the estimation of the geometrical
parameters see Toasa Caiza and Ummenhofer.** Consid-
ering that the upper bound of the curve depends on the
ultimate tensile strength, R, is an assumption to simplify
the model. In fact, this phenomenon is described by the
Bauschinger effect that results in a change in tensile or
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compression yield strength when the direction of loading
is reversed after prior plastic deformation. However, since
the fatigue strength estimation based on the stress is rele-
vant in HCF and VHCF regimes, this assumption does
not harm the goal of this work. If the goal is estimating in
ULCF or LCF regimes, where the plastic behavior pre-
vails, a better accuracy in the estimation can be achieved
by considering the strain.** Assuming that the fatigue
endurance Acs,, is known, may be controversial, but it
can be estimated by applying the Weibull model proposed
by Castillo and Fernandez-Canteli.”> Nevertheless, the
existence of the fatigue limit is still an open debate.**3¢

The Stiissi function offers a good geometrical
approach to depict the theoretical fatigue behavior of a
material. Moreover, it describes clearly the asymptotic
behavior regarding the ultimate tensile strength R,, and
the fatigue limit Ao, since

limAc=R
N0 o mos

lim Ao = Ac.

—00

A typical Wohler curve based on the Stiissi function
given by Equation (1) is depicted in Figure 1.

The Stiissi function can be also applied to consider
the strain as the variable of interest. In this case, together
with the Ramberg-Osgood relationship allow to model
curves of the type Ae — N, see. 2

2.2 | The Goodman-Haigh relationship

In order to estimate the fatigue resistance of structures
when subjected to a variation of both the mean stress o,
and the stress amplitude o,, some criteria have been pro-
posed, see Table 2. Among these criteria, the modified

SRR — Rm(1-R)
25- tofali-RraVbo 3
3 aNP+1

20+ B

15- 1
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o

g
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FIGURE 1 Wohler curve based on the Stiissi function [Colour

figure can be viewed at wileyonlinelibrary.com]
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Goodman-Haigh is the most used one, since its linearity
allows to perform calculations and plots easily, see
Budynas and Nisbett.?’

These criteria are depicted as fatigue diagrams with
the mean stress o, plotted along the abscissa and the
stress amplitude o, on the ordinate. The yield stress R
and the ultimate tensile strength R, have to be plotted. If
the fatigue strength S, for a particular number of load
cycles N and stress ratio R= —1 is known, it can be plot-
ted as well, see Figure 2.

3 PROCEDURE TO MODEL THE
WOHLER CURVES AND GOODMAN-
HAIGH DIAGRAMS BASED ON THE
STUSSI FUNCTION FOR DIFFERENT
STRESS RATIOS

In order to estimate the Wohler curves and Goodman-
Haigh diagrams based on the Stiissi function, fatigue
experiments performed from LCF to HCF at the same
stress ratio are necessary. Moreover, additional experi-
ments only from one stress range at LCF and one stress

TABLE 2
or factor of safety, R, is the ultimate tensile strength, R, is the yield

Failure criteria models, where n is the design factor

stress and S, is the fatigue strength at R=—1

Model Equation
; W O 1
Goodman (1899) Haigh (1917) g—e =
Soderberg (1930) Ziax }% =1
Gerber LAY
et (i) =1
ASME 2 2
@)+ ) -
Oa
Modified Goodman-Haigh
Rel Soderberg
Gerber
Se —— ASME
Yield line

Oy

FIGURE 2
for a design factor n = 1. For each criterion, points on or above the

Fatigue diagram showing various failure criteria

respective curve indicate failure [Colour figure can be viewed at
wileyonlinelibrary.com]
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range at HCF for each subsequent stress ratio have to be
available.

3.1 | Wohler curves Ac — N and 6,,,4x
— N based on the Stiissi function

In order to model the Wohler curves for any stress ratio
R, the linearization of the Stiissi function has to be
considered.

By manipulating the Stiissi equation (1), this can be
written as follows:

Rn(1—R)—Ac

NP = Y T 2
“ Ao — Ao (2)
Then, by applying logarithms in Equation (2), the
Stiissi equation can be written in a linear form as follows:

log(N) :%log (%2:—%) —%log(a). (3)

The Equation (3) is no more than an elementary lin-
ear equation of the type

Y=aX+b, 4)
where

Y =log(N),

. Ru(1-R)—Ac
X_llog( Ac—Acy )’

a :B,
b= —jlog(a).

A graphical representation of Equation (4) is shown
in Figure 3.

)
Tle 2 X=xt
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<|®
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FIGURE 3 Linearization of the Stiissi function [Colour figure

can be viewed at wileyonlinelibrary.com]

The parameters a and b of Equation (4) can be
estimated by applying an elementary regression analysis
on experimental data of fatigue failures. Afterwards,
the geometrical parameters a and f# of Equation (3) are
given by

ﬂ:a’ (5)

a=exp(—b-f). (6)

Once the geometrical parameters « and f have been
estimated, it is possible to depict the Wohler curve
Ac — N based on the Stiissi function, which was intro-
duced by Equation (1).

Afterwards, according to the definition Ac=
omax - (1—R) and considering Equation (1), the Wd&hler
curve 6,4, — N based on the Stiissi function for a particu-
lar stress ratio R can be obtained by

S(N,R)
1-R

(7)

Omax =

3.2 | Modeling the Wohler curves
Ao — N for a particular stress ratio R

In order to model the Wohler curves for a particular
stress ratio R, the linearization of the Stiissi function
given by Equation (3) has to be considered.

From elementary geometry, it is known that a straight
line can be uniquely defined by two points. In other
words, it is possible to consider two given points (Acy, N;)
and (Ao,, N,) to define a straight line like Equation (3),
which depends on the geometrical parameters a and }.
These two points will correspond to two experiments per-
formed under a particular stress ratio R.

It is important to keep in mind that in a deterministic
model two points are enough to define a straight
line. However, the fatigue of materials is far away of
being a deterministic phenomenon. In fact its random
nature demands additional considerations. For this
reason, it is suggested to consider two series of experi-
ments, each one performed under given stress ranges Aoy
and Aoc,.

Both series can be denoted as

(Adl,Ni), i:1,2,...,l’l (8)

and
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(Aﬁz,Nj), j:1,2,...,m. (9)

Afterwards, a suitable statistic method should be
applied in order to estimate the fatigue lives N; and N; for
each stress range. Since it has been proved, that an
extreme value distribution describes properly the random
variable corresponding to fatigue life, an analysis based
on the Weibull distribution can be applied to perform the
mentioned estimations, see Castillo and Fernandez-
Canteli*® and Toasa Caiza.*®

Also the physical characteristics of the fatigue should
be taken into account. For this reason, in order to depict
properly the transition from the plastic into the elastic
behavior, it is suggested that the first stress range Ao;
belongs to LCF regime, and for the transition into the
fatigue limit region, the second stress range Ao, has to be
obtained from HCF regime.

Denoting by N1 and N, the estimations of the fatigue
life corresponding to the stress ranges Ac; and Aoc,, the
experimental points to be considered to define the
straight line are the following.

Yi=log(Ny) k=1,2 (10)

and

Xk—log(W) k=12 (11)

Then, according to the standard equation of a straight
line, the parameters a and b from Equation (4) can be
calculated as follows.

a= ;Z :; (12)

and
b=Y,—a-X;=Y,—a-X,. (13)
Consequently, the parameters « and f from

Equation (3) can be defined by

1 XXy

==Y, v, (14)

and
a=exp(X;—p-Y:)=exp(X,—f-Y>). (15)
Finally, by replacing the results given by

Equations (14) and (15) in Equations (1) and (7), the

[ I et nn —WILEY-L

Wohler curves Ac — N and o,,,, — N based on the Stiissi
function for a particular stress ratio R can be obtained.

3.3 | Constant fatigue life diagrams type
Goodman-Haigh

Once the Wohler curves Ac — N have been defined, it is
possible to estimate and depict fatigue diagrams such as
the Goodman-Haigh failure criteria for a constant fatigue
life. These diagrams describe the fatigue strength for a
constant fatigue life while the stress ratio is varying.

The first step is choosing a constant fatigue life given
by a particular number of loading cycles N; and a particu-
lar stress ratio R;. Afterwards, by applying the
Equation (1) for N;, the corresponding mean stress ¢, ;
and stress amplitude o, ; ; can be defined by

S(N;,R; 1+R;
Opij = ( 21 j)'<1_Rj_> (16)
and
S(N;,R;
O'Q,i‘]‘ =¥ (17)

Then, by varying the stress ratio R; and keeping con-
stant the load cycles N;, a set of points corresponding to a
constant fatigue life are obtained. Moreover, in order to
better visualize the values corresponding to the consid-
ered stress ratios R;, the straight lines given by

1-R;
6a=0y" (1 —I—R;) . (18)
have to be plotted.

An example of a constant fatigue life diagram is
shown in Figure 4.

4 | APPLICATION ON SAMPLES
MADE OF POROUS TITANIUM TI-
6AL-4V

In order to apply the theoretical results from the previous
section, experimental data corresponding to compression
fatigue data performed on samples made of porous tita-
nium Ti-6Al-4 are considered. The samples were built on
top of a solid titanium build plate from which they were
subsequently removed using wire electrical discharge
machining (EDM). For more details, see the article from
de Krijger et al.>' It is worth mentioning that in their
work, the authors changed the notation of the variables
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FIGURE 4 Constant fatigue life diagram based on the Stiissi
function. Points on or above the respective curve indicate failure
[Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 3 Mechanical properties of the porous structures made
of Titanium Ti-6Al-4V used to manufacture the samples

Material properties of Titanium Ti-6Al-4V

Ultimate Tensile strength R, 55.6 [MPa]
Yield strength Ry 43.0 [MPa]
Fatigue limit Aoy, 4.14 [MPa]

TABLE 4 Geometrical parameters of the Stiissi function

Estimated geometrical parameters

Common method Proposed method

i R; @i bi @ [}i

1 0.1 0.013 0.518 0.011 0.533
2 0.3 0.009 0.532 0.009 0.530
3 0.5 0.003 0.586 — —

4 0.7 0.000 0.650 0.001 0.672
5 0.8 0.000 0.709 0.000 0.706

Note: Estimation based on all the experimental data and on the proposed
method.

as follows. The o6, is given by the absolute value of the
maximum compression stress, while in the traditional
notation the maximum compression will be considered
as o,,- This change of notation also affects the stress
ratio. Thus, the stress ratio is given by R = (minimum
compression / maximum  compression) = Gmax/Gmin,
which in the traditional notation will be denoted as 1/R.
In this study, the changed of notation is kept as well.

The compression fatigue experiments were performed
at five stress ratios R=0.1,0.3,0.5,0.7,0.8.

Rm(1-R) - A
U-R-8d)

X=Log(

1 N . ol ; i
5000 1x10* 5x10*  1x10° 5x10°  1x10°
N[-]

FIGURE 5 Linear regression of the Stiissi curves obtained by
considering all of the experimental data [Colour figure can be
viewed at wileyonlinelibrary.com]

25

20

Ao [MPa]

1000 10* 10° 10° 107
N -]

FIGURE 6 Wohler curves by considering all of the
experimental data (continuous lines) and by considering only the
experimental data at R=0.5 and only two experimental points (one
with the lowest loading cycles and other with the highest loading
cycles) at different stress ratios R (dashed black lines) [Colour
figure can be viewed at wileyonlinelibrary.com]

The mechanical properties of the material are shown
in Table 3.

The experimental values corresponding to the maxi-
mum stress o,,, and loading cycles N were obtained by
applying the web plot digitizer*® on the Fig. 5a of the arti-
cle from Krijger et al.*!

The estimation of the fatigue limit Ao, for every
stress ratio was performed by applying the method pro-
posed by Castillo and Fernandez-Canteli.>> Theoretically,
there is a different fatigue limit in the Ao — N field for
every stress range R. However, from a conservative engi-
neering point of view and for safety reasons, it is safe to
choose the lowest estimation of the fatigue limit. More-
over, in case of compression, the Goodman-Haigh dia-
grams assume a constant fatigue limit as well.
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41 | Wohler curves Ac — Nand 6,0 — N

In order to validate the proposed model, the first step is
considering all of the experimental results to find the
equation of the Stiissi function for every stress ratio. As it
was explained in Section 2.1, the Stiissi function depends
on two geometrical parameters a and  which can be esti-
mated based on the experimental data. Afterwards, the
proposed estimation of these geometrical parameters is
applied by using the Equations (14) and (15) which
depend on data only from two stress ranges.

The results of the estimation of the geometrical
parameters a« and f obtained by evaluating all the
experimental data for each stress ratio and obtained by
applying the proposed method are shown in Table 4.

The linear regressions corresponding to the experi-
mental data and to the geometrical parameters o; and f;
of Table 4 are depicted in Figure 5.

50

N
=]
T

-
o
=
3
S
10| Stress ratios |
® R=0.1 @
R=0.3
® R=0.5
® R=0.7 4
5-| ®R=08 .
;
1 100 10° 10°
N[-]
FIGURE 7 Wohler curves 6,5, — N obtained by considering

only the experimental data at R=0.5 (in orange) [Colour figure can
be viewed at wileyonlinelibrary.com]

Stress ratios
R=0.1
R=0.3
R=0.5

® R=0.7
® R=0.8

50

Omax [MPa]

0 200000 400000 600000 800000 1.0x10° 1.2x10°

N[-]

(A) Considering only the experimental data at R=0.5.

FIGURE 8

[ T et e —WILEY-L

The Wohler curves obtained by applying the Stiissi
function on each set of experimental data are shown in
Figure 6.

Afterwards, only the experimental values
corresponding to the stress ratio R=0.5 and two experi-
mental points of each stress range were considered in
order to apply the proposed method to obtain the Wohler
curves for other stress ratios. The Wéhler curves obtained
by applying the proposed method are shown in Figure 6
as well.

As it can been seen in Figure 6, the dashed black cur-
ves obtained by applying the proposed method are very
similar to those obtained by considering all the experi-
mental data for a particular stress ratio. This fact implies
that it is possible to estimate the Wohler curves for other
stress ratios by considering minimum two experiments,
ideally one from LCF and other from HCF. In other
words, by applying the proposed method, the time and
costs of the fatigue experiments can be markedly
reduced.

As it was explained in Section 3.1, Wohler curves
O0max — N for a particular stress ratio can be defined by
applying Equation (7) as well. The Wohler curves
obtained by applying the mentioned equation are shown
in Figures 7 and 8A.

Particularly, the curves depicted in Figure 8A are
quite similar to those obtained by Krijger et al. who
applied an exponential fit. The curves obtained by Krijger
et al. are depicted in Figure 8B which has been taken
from de Krijger et al.*

4.2 | Constant fatigue life diagrams type
Goodman-Haigh

In this section, the constant fatigue life diagrams
type Goodman-Haigh will be estimated by applying
the methodology presented in Section 3.3. In this

R=0.1 | 5
i Reos 7
13 . &
2 10 = <
@ * R=0.7 lw S
-} It B » R=0.8 i 2
2 Bhed > Diamond 2
Z e , [Yavarietal.2015] | ;
% i =}
4 i & . £
@ 05l . . &
§ B v 3420 E
E Sk - 2
x e w =
2 - 8
10
= ———
00 ; . 0
o 500000 1000000

Cycles (N)

(B) See Figure 5.a in Krijger et al.’!

(A,B) Cartesian Wohler curves 6,,,, — N. Both are very similar [Colour figure can be viewed at wileyonlinelibrary.com]
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application, four constant fatigue lives were selected to
depict their corresponding diagrams type Goodman-
Haigh by applying the Equations (16) and (17). The
estimations of the mean stress o, and stress amplitude
o, corresponding to the selected fatigue lives are shown

in Table 5.

The diagrams corresponding to the obtained results

Fatigue & Fracture of TOASA CAIZA Er AL.
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mean stress and stress amplitude were divided by the
yield strength R, in order to compare the obtained plot
with that obtained by Krijger et al. shown in Figure 9B
which has been taken from de Krijger et al.>' In this case,
the plots obtained by applying the proposed method are
quite similar to those obtained by Krijger et al. as well.
This fact show how suitable and reliable the proposed

are shown in Figure 9A. In this case, the values of the method is.
Mean stress and stress amplitude TABLE 5 EstlmaFlon of the. mean
. stress and stress amplitude obtained by
i . —5. —10° —c.105 — 106 .
1 R; N1=5-10 N»=10 N3;=5-10 N4=10 applying the proposed method
Ou,i, 1 Oqa,i, 1 Ou,i,2 Oq,i, 2 Ou,i,3 0q,i,3 Ou,i, 4 Oa,i, 4
1 0.1 8.89 7.27 7.26 5.94 4.75 3.89 4.10 3.36
2 0.3 12.60 6.78 10.46 5.63 7.04 3.79 6.13 3.30
3 0.5 19.04 6.35 15.93 5.31 10.76 3.59 9.37 3.12
4 0.7 31.01 5.47 26.839 4.75 18.90 3.33 16.59 2.93
5 0.8 40.70 4.52 37.21 4.13 28.59 3.18 25.59 2.84
Mean stress / Ultimate stress
0.0 0.2 0.4 0.6 0.8 1.0
0.25 T T T T T
R=0.1 —e— 5:10°
R=03 b B —a— 1:10°
020 R0 R=07 2 02 & —=— 510°
g A ¥ ,,“b" - - = Modified Goodman
{ ~ R=0.8 ] . ey % ~--=- Gerber Parabola
0.15 2 ’
T ' z
Sl | \ S
010 o—o Loading cycles 2 0.1
A\\Q‘_ﬂ —— N=510* %
©
N=10° »
0051 N=510° ﬁ
A= N=108 @
0.09 b SN
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 T 7 T T T L)
a, 0.0 0.2 0.4 0.6 0.8 1.0 1.2
r Mean stress / Yield stress
(A) Considering only the experimental data at R=0.5. (B) See Figure 11 in Kriejger et al.3!
FIGURE 9 Curves type Goodman-Haigh [Colour figure can be viewed at wileyonlinelibrary.com]
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Finally, the master fatigue diagram corresponding to
the obtained results is shown in Figure 10. This diagram
displays four of the stress components as well as the
stress ratios.

5 | CONCLUSIONS

As it has been in Section 4, the proposed method based
on the modified Stiissi function allows to model Wohler
curves and diagrams type Goodman-Haigh with less
costs than the traditional methods. To do this, it is neces-
sary to have fatigue data performed under several stress
ranges and a particular stress ratio like in a common
experimental campaign. Additionally, minimum two
additional data, ideally one from LCF and other from
HCF for every subsequent stress ratio are required. Even
though because of the random nature of fatigue, it is
suggested considering statistical estimators of the fatigue
life of one stress range in LCF and other stress range in
HCF. Thus, the reliability of the method and the accuracy
of the results will improve.

This fact, represents the main advantage of the pro-
posed method, since the time and costs of the required
experiments is markedly reduced.

The proposed method was applied on experimental
data of samples made of porous titanium Ti-6Al-4V and
provided similar results to those obtained by analyzing
the data coming from extensive experimental campaigns.

Despite the encouraging results obtained during this
investigation, it is necessary to perform additional experi-
ments to evaluate the proposed method. These experi-
ments, have to consider more different values of stress
ratio and different materials or structures. In other
words, the subsequent research about the suitability and
reliability of the proposed model has just began.
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