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ABSTRACT

As quantum-chemical calculations of molecules in static external magnetic fields are becoming increasingly popular, the description of
molecular symmetry under such conditions is also becoming more and more relevant. Using group theory, a general scheme of identifying
the molecular point group in an external magnetic field is constructed. For both point groups that are non-existent in the absence of a field
(Coo and Ceo,) and their double groups, the character tables are presented. General properties of all possible point groups are discussed, and

it is mathematically proven that they are all Abelian.
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The concept of molecular symmetry can be adequately
described using the mathematical framework of group theory.
For quantum-chemical calculations, in particular, this approach is
advantageous as the non-relativistic molecular Hamiltonian is of the
same symmetry as the molecule itself and thus its eigenfunctions
can be classified as belonging to the irreducible representations of
the molecular point group. In general, the molecular point group
of a system can be identified by examining the symmetry opera-
tions (rotations, reflections, and combinations thereof), which map
the molecule onto itself. All such operations form a group, and by
extension, their matrix representations form a group homomorphic
to it.’

In recent years, the investigation of molecular properties in
external magnetic fields has become increasingly popular.”” Early
works in this field were mostly concerned with the quantum-
mechanical description of atoms and linear molecules in strong
magnetic fields, whereas more recent applications include calcula-
tions on larger molecules as well."”"* While the symmetry of linear
molecules in external magnetic fields has been thoroughly examined
by Schmelcher and Cederbaum,'® a more general group-theoretical
description of molecules in external magnetic fields is presented by
Ceulemans.'® In this work, we aim at presenting an easily acces-
sible scheme for the identification of molecular point groups in
external magnetic fields in the form of the usually widespread flow

charts for point group identification. Furthermore, we further inves-
tigate the properties of point groups in magnetic fields presented by
Ceulemans,'© thereby proposing thorough mathematical proofs for
the existence of all relevant properties.

If atoms are considered to be points, they belong to the three-
dimensional rotation group (Kjy).'” Since molecules can be inter-
preted as a set of arbitrarily placed atoms in three-dimensional
space, it must follow that all possible molecular point groups can
be identified as K}, and its subgroups. The symmetry operations
from which the molecular point group is formed are rotations about
an n-fold axis (C,), reflections (o), rotation and reflections about
an n-fold axis (S, = C,0.), the inversion (I = S,), and the identity
(E=C1)."" Let M be an arbitrary symmetry operation and M be its
matrix representation in R®. Any valid symmetry operation of the
system will act on the position vector of an atom (x) in such a way
that

Mx=x', (1)

where x’ is the position vector belonging to an atom of the same
type. This is true because any position vector is a polar vector. A
static homogeneous magnetic field, however, is represented by an
axial vector (B = V x A), and as such, the following relation holds
true:
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det(M)MB = B. 2)

This implies that any improper rotation (o, I, or S,) maps the
magnetic field onto its inverse, while proper rotations (Cy,E)
map the magnetic field onto itself. This has a number of far-
reaching implications for molecular symmetry in external magnetic
fields, as only those symmetry operations that map B onto itself
according to Eq. (2) can belong to the point group. Upon further
investigation, only the following symmetry operations fulfill this
requirement:

o the identity (E),

e the inversion (1),

e therotation about an axis parallel to the field (C, || B := cl ),

o the reflection at a mirror plane perpendicular to the field
(01B:=¢"),and

o the rotation and reflection about an axis parallel to the field
(Su || B:=Sh).

The point group consisting of all possible combinations of these
elements is Coop, Which is thus the point group of an atom in an
external magnetic field. Since a molecule in an external magnetic
field is simply composed of individual atoms in the field, it must
follow that all possible molecular point groups in external magnetic
fields can be identified as Coo, and its subgroups. This fact is later
proven in this work (Lemma 2).

Having classified all possible molecular point groups in external
magnetic fields, the next step is establishing a standardized proce-
dure of identifying the point group for an arbitrary molecular sys-
tem. For this, we first prove that the point group of a molecule in an
external magnetic field is a subgroup of the molecular point group
in the absence of a field. This theorem was previously stated by
Ceulemans'® as it can be used in order to identify point groups in
an external magnetic field. Ceulemans’s theorem can be proven as
follows.

Definition 1. Given a set G and an operation *: Gx G — G,
the tuple (G, *) is called a group if for all elements g, 8> & € G, the

following properties hold:'*

e Closure: g; x g, € G.

* Associativity: g, * (g; * g) = (8 * &) * &

o Identity: There exists an element E € G such that g, +E
=Exg =g,Vg €G.

e Inverse element: There exists an element g;' € G for all
g€ Gsuchthatg,-*g,-_1 =gi_l*gi =E.

We often denote a group (G,x) simply by G. The operation
sign + is often omitted (g;*g; = g;¢;) and only explicitly stated if
needed for the sake of clarity. If the set G is finite, we denote its order
by ng = |G| and the number by the group elements {g1,,...,gn,}.
The set of matrices G:={Gi|li=1,2,...,n,} contains the
matrix representations of G in R’, which form an isomorphic
group.

Theorem 1. If G is the molecular point group of a system in
the absence of an external field and H is the point group of the same
system in an external magnetic field, then H is a subgroup of G.

COMMUNICATION scitation.org/journalljcp

Proof. Let G be the molecular point group of a system in the
absence of a field; then, G is the complete set of matrix represen-
tations in R® corresponding to symmetry operations, which satisfy
Eq. (1). Furthermore, let H be the set of all symmetry operations of
the same system with an external magnetic field, where H := {H;i
=1,2,...,n,} with n, = |H| being the complete set of symmetry
operation matrices in R, which fulfill both Egs. (1) and (2). In order
to prove Theorem 1, it must be shown that H is a subset of G and
that H is a group.

First, we show that H ¢ G. Any matrix representation of a sym-
metry element in R? is an element of G if Eq. (1) is fulfilled. Since all
matrix representations in H fulfill both Eqgs. (1) and (2), they auto-
matically fulfill the requirement to be contained in G. Therefore,
H c G, and since these are isomorphic representations of H and G,
this implies that H ¢ G.

Second, we have to show that H is a group, that is, all postu-
lates of group theory are fulfilled by H. Associativity automatically
transfers to a subset of elements since H € G. The identity element
automatically fulfills both Eqgs. (1) and (2) and thus lies in H. Fur-
thermore, we need to show that h;xh; lies in H for all h;, hj. Let
H; and H; be the matrix representations of any two elements of H,
which implies that they satisfy the condition in Eq. (2). Then, their
combination Hy = H;H; fulfills this condition as well,

det(Hk)HkB = det(HiHj)HiH]‘B
= det(H;) det(H;)H; det (Hj)ilB
= det(H,—)H,-B =B. 3)

Here, we used that the determinant is multiplicative, that is,
det(MN) = det(M) det(N), and we reinserted Eq. (2) twice into
itself. Hence, the group operation on G restricts to an operation
*: H x H - H. Finally, we have to show the existence of inverse
elements for all elements in H,

det(H; " )H; 'B = det(H; ' )H; ' det(H;)H,B
= det(H; ') det(H;)H; 'H;B = B. (4)

For this, we have inserted Eq. (2) as B = det(H;)H;B since we
know that H; must satisfy this condition. ]

Consequently, the molecular point group in an external mag-
netic field can easily be identified if the point group of the system
in the absence of a field is already known by simply verifying for
which symmetry operations Eq. (2) is fulfilled. From this informa-
tion, a procedure equivalent to the one presented in the commonly
used flow charts' can be constructed for molecules in external mag-
netic fields (see Fig. 1). In this flow chart, two molecular point groups
are present, which do not appear in the absence of a magnetic field:
Coopy and Coo. For these two point groups, the character tables are
presented here in the same fashion as presented by Altmann and
Herzig.'"® We have provided these character tables for the dou-
ble groups of Ceop, and Coo as spin-noncollinear approaches such
as the generalized Hartree-Fock (GHF) method'? are not uncom-
mon for quantum-chemical calculations in strong external mag-
netic fields.'”'* By ignoring the characters with non-integer sub-
scripts, the character tables for Cooy, and Coo are obtained (Tables I
and II).

Having established all possible molecular point groups in static
external magnetic fields and how to identify them, the last part of this

J. Chem. Phys. 155, 201101 (2021); doi: 10.1063/5.0069859
© Author(s) 2021

155, 201101-2


https://scitation.org/journal/jcp

The Journal
COMMUNICATION scitation.org/journalljcp

of Chemical Physics
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FIG. 1. Flow chart to identify the Schoenflies symbols of molecular point groups in static external magnetic fields.

work is concerned with the general properties of these point groups. Lemma 1. Cooy, is Abelian.
More specifically, it can be proven that all molecular point groups
in external magnetic fields are Abelian. This theorem was stated
by Ceulemans'® and is further examined and formally proven
here.

Proof. Let G= Cop be the point group of an atom in
a static external magnetic field, that is, the axial point group
containing all symmetry operations fulfilling Eqgs. (1) and
(2). G is a countably infinite set, ie., ng:=|G|=o00 and

Definition 2. A group is Abelian if for all 88 € G, we have G={E]I, UL’CQ»C! >e -’CL’S!’SQ": : ’S!.lo}" )
8= 88 For the identity element, this directly follows from its
definition: g,E = Eg, = g,.'" For the sake of simplicity, we use I = SIZ‘.
TABLE I. Character table of the double group Co. The reflection is self-inverse: * 6" = E. The combination of proper
rotations oriented along the same rotational axis is also com-

Coo E Coo(9) mutative since Ct”C“ = C:;Tj” = C;ﬂ\l C”C” The same is true for
A=Z +1 +1* improper rotations: S,“S]H = Cf;]” = Cj“” S“S” The combination
E =TI :1 :51 of the reflection with any other symmetry operatlon is commuta-
+1 +§i tive: o* Cl” = SJ.| = C;” o and alSl” = C,” = SZ“ o*. Finally, proper and
Er=A 11 +£Z improper rotations about the same axis commute: CIHS}| = S;JJ'] I
E = +1 +&; = S;:in = S]“ Ct”. We have thus shown that for all 88 € G, we have
+1 e 88 = 88 "
E +1 +&,
" +1 +&n Lemma 2. Each molecular point group in a static external
Evs +1 +e12 magnetic field is a subgroup of Ceo ;.
+1 +€] ),
+1 +83{2 Proof. Coop is defined to be the point group containing
Esp +1 +£;/2 all valid symmetry operations in a static external magnetic field
(see Lemma 1). Any symmetry reduction such as the inclu-
+1 +€5/2 y sy ry
Es) +1 et sion of other atoms will induce additional constraints in the
+1 +£Z§ form of Eq. (1). H is therefore the group consisting of all {h|i

Ezp * =1,2,...,n,} with ny, = |H| for which their matrix representations

+1 +
+1 +;7/2 {Hi|i=1,2,...,n,} in R® fulfill Eq. (1). This cannot introduce any
Eui12 +1 +£"+1/2 element H;, which does not satisty Eq. (2), since H is defined
ntl/2 to be a molecular point group in a static external magnetic field
& = exp(ik), 0<¢<2m, n=4.56. ... .(seg Theorem 1). Therefore, each element of H is also contained
In Coop. ]
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TABLE II. Character table of the double group Coop-

Coo E Coo(9) 1 on See(9)
Ag =2, +1 +1 +1 +1 +1
+1 +ef +1 -1 —&f
Eig =11 +1 +£11 +1 -1 —811
+1 +& +1 +1 +&
Eag = &g +1 +&) +1 +1 +&)
+1 +&; +1 -1 -&
Esg = g +1 +e§. +1 -1 —ez
E +1 +e, +1 (-1)" (-1,
"8 +1 +&n +1 (-1)" (-1)",
Ay =2y +1 +1 -1 -1 -1
+1 +ef -1 +1 +ef
Eu =1 +1 +& -1 +1 +e&
+1 +&5 -1 -1 -&
Eou = Au +1 +£22 -1 -1 —822
+1 +&} -1 +1 +&5
Esu = Oy +1 +£§ -1 +1 +ez
E,. +1 ‘e -1 (-n)™! (-1)"™' e
1 Y&, -1 (71)n+1 (71)n+1€n
E1/2g +1 +£>1+/2 +1 +% —.isi/z
> +1 ‘e +1 —1i +ep),
E3pg *1 +es2 +1 ﬂ 7'i£3*/2
" +1 +e3/ +1 —-i tieg),
Esing +1 +£3/2 +1 +% —.iss*/z
> +1 +es), +1 -1 Heg),
E7/2g +1 +£z/2 +1 +% —.181/2
’ +1 +&), +1 -1 +igg),
E +1 +En+1/2 +1 +i —i€nt1/2
g +1 +eri1 +1 —i +ier, )
Eijpu +1 +£l/2 -1 —% +.i8£r/2
’ +1 ‘e -1 +i —iey),
Espa +1 +Si/2 -1 —% +.i€i/2
’ +1 +&3), -1 +1 —ies),
Espou *1 +esn -1 —% +.i£i/2
’ +1 +e5)) -1 +i —igg),
Ez2.u *1 +ern -1 —i +Hegr
’ +1 ‘&7 -1 +i —ig),
Epito +1 Fen+12 -1 i +.181+1/2
’ +1 1172 -1 +i —ig, 1

& = exp(ik¢), 0<¢<2m, n=4,56,...

Theorem 2. All molecular point groups in static external mag-
netic fields are Abelian.

Proof. This follows directly from Theorem 1 and Lemmas 1
and 2 if we additionally consider that if a group is Abelian, all its
subgroups are also Abelian.”’ ]

This property has some implications about the implementation
of molecular point groups in finite magnetic fields into quantum
chemistry software as Abelian point groups are typically easier
to implement than their non-Abelian counterparts. For Abelian
groups, the order of the group is equal to the number of conjugation

classes and to the number of irreducible representations. It should
be noted that separable degenerate irreducible representations with
complex characters are still possible, such as those contained in the
point group Cs. However, since complex algebra is typically used for
calculations of molecular properties in finite external magnetic fields
in any case, the resulting complex algebra is much less of a prob-
lem than it is for quantum-chemical calculations in the absence of a
field.

Using the results of this work, an implementation of a group-
theoretical description for arbitrary molecules in external mag-
netic fields into existing quantum chemistry software appears to be
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feasible. Since all point groups for molecules in magnetic fields are
subgroups of their zero-field counterparts, such an implementation
should be straightforward if carried out in a program already capa-
ble of handling group theory without external fields. The fact that all
point groups in external magnetic fields are Abelian further simpli-
fies such an implementation as conjugation classes and degenerate
irreducible representations can be disregarded. However, programs
using spin-noncollinear approaches such as the GHF method must
employ double groups in their implementation to account for the
rotational symmetry of the spinors.
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