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Abstract. In this report, we consider the Poisson problem on a domain with regular boundary and
discretize it with isoparametric finite elements of order & > 1. We study a (generalized) Ritz map and
show stability and convergence of optimal order k in W1,
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1. Introduction
In the present paper we study the spatial discretization of the elliptic problem

~Au(z) = f(2), req,
u(z) =0, rxel =00,

on a smooth domain {2 with isoparametric finite elements. Since this is a nonconforming
method, we define a (generalized) Ritz map and prove stability and convergence esti-
mates in the W1 *-norm. For conforming discretizations, such estimates are well known
for many years now. In fact, the first quasi-optimal error bounds in the maximum norm
in the conforming case were already given in the seventies by Natterer [13] and Scott
[22]. Many extension and refinements have been achieved in the following years, see,
e.g., [2,7,10,14-17,19-21,23].

However, none of these papers provides stability and convergence estimates of the
Ritz map in the nonconforming case. More recently in the context of nonconforming
space discretization, maximum norm error bounds for linear finite elements applied to
an inhomogeneous Neumann problem were derived in [9]. For evolving surface finite
element methods, similar estimates are considered in [11].
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For the stability result, we closely follow the approach in [3, Ch. 8]. First, a regularized
d-function is introduced in order to move from the pointwise property to a variational
setting and the stability is reduced to an estimate in Wh!. Inserting appropriate weight
functions, this is estimated by weighted H!'-norms. In order to cover the nonconformity
of the finite element space, the additional terms stemming from the boundary perturba-
tion have to be bounded carefully.

This strategy is adapted for the convergence result. Bounding certain additional
geometric errors, the estimate is again reduced to the same W'!l-estimates which are
already established in the stability analysis.

The paper is organized as follows: In Section 2, we present the analytical framework
and the space discretization by isoparametric Lagrange finite elements. After providing
some properties of the discretized objects, we state our main results on the stability and
convergence of the Ritz map. The proof of the stability is presented in Section 3 and
the convergence rate is shown in Section 4. Some results on the elliptic regularity are
postponed to Appendix A.

Notation
In the rest of the paper we use the notation

a<b

if there is a constant C' > 0 independent of the spatial parameter A such that a < Cb.
Further, for ¢ € W7P(Q) we denote by V;¢ the tensor of j-th order derivatives of ¢. If
it is clear from the context, we write LP instead of LP(Q2) or LP(Qp).

2. General Setting

For a convex domain Q ¢ RY, N € {2,3}, with boundary 90 € C*!, s € N, we study
for f € L?(Q) the variational problem

(wl V) gae) = (F | ¥)r2a) - vy € Hy(9), (2.1)

and denote in the following H = L?(Q) and V = H{ (). Due to the unique solvability
of (2.1), we define the corresponding solution operator S: H — V by S: f + u. For the
analysis, we heavily rely on the following elliptic regularity result [6, Thm. 2.4.2.5].

Theorem 2.1 (Elliptic regularity). Let 9Q € Cb, then for all 1 < p < oo there is a
constant C, > 0 such that for all p € LP(QY) it holds

1Sellwzr < Cpllellpy -



Space discretization

We study the nonconforming space discretization of (2.1) based on isoparametric finite
elements. For further details on this approach, we refer to [5]. In particular, we intro-
duce a shape-regular and quasi-uniform mesh 7y, consisting of isoparametric elements of
degree k € N. We assume that the boundary 99 is of class C*T11. The computational
domain {2 is given by
o= J K=Q
KeTy,

where the subscript h denotes the maximal diameter of all elements K € Th. Based on
the transformations Fx mapping the reference element K to K € 7Ty, we introduce the
isoparametric finite element space of degree k

Wy, ={p € Co(Q) | p|xk = Po (Fx) " with § € P¥(K) for all K € T,} C V.

Here, P* (I? ) consists of all polynomials on K of degree at most k. The discrete approx-
imation spaces are given by

Hy= (Wh, (- | )120,)) Vo= (Wi 1 ) an)» Xp = Vi X Hp.

Following the detailed construction in [5, Sec. 5], we introduce the lift operator
Lp: Hy, — H. In particular, for p € [1,00] there are constants c,, C, > 0 with

& lenll Loy < 1Lnenllr) < Cpllenll Loy - on € LP(C), (2.2a)
Cp ||‘Ph||w1,p(9h) < ||'Ch90h||W17P(Q) <Gy ||90h||W17P(Qh) ) on € WHP (), (2.2b)

cf. [5, Prop. 5.8]. Further, we denote the nodal interpolation operator by Ij,: Co(€2) —
Vp,. As shown in [5, Thm. 5.9], we have for m € {0,1}, 1 < p < oo, and 1 < ¢ < k the
estimates

[(Id — ‘ChIh)‘pHWmvP(Q) S pertom H‘:OHW“LP(Q) ) e W”“’(Q). (2.3)

Further, £ = 0 is allowed for N < p < oo.
We define the adjoint lift operator EX*: V =V, by

(Lo | Un)y, = (¢ | Latn)y eV, Yy €V (2.4)
From [8, Thm. 5.3] and [5, Lem. 8.24], we obtain for 0 < ¢ < k
10d = £y el S Bl e ey » p e HY(Q).
We will also employ the inverse estimate, cf. [3, Thm. 4.5.11] or [12, Lem. 5.6],

lenllree < CR™NP lop] 1o

for 1 <p < oo and C' > 0 independent of h.



Definition 2.2. Consider the adjoint lift £} * given by (2.4). We define the generalized
Ritz map by
LhLY* V=V, (2.5)

We note that in the conforming case, this is simply the Ritz projection. However, the
generalized Ritz map does not satisfy an orthogonality condition, but only an estimate
of the form

(u—Laly w| Lupn)y S B Hﬁi‘f*uHVh lenlly, » u € V,pop € V.

This fact induces several additional error terms in the maximum norm error analysis
which require a detailed inspection. We are now in the position to state our main
results.

Theorem 2.3. Let 90 € CFL1. Then the generalized Ritz map defined in (2.5) is
stable in WH™(Q), i.e.,

H»Chﬁi‘z/*SOHWLOOm) S HSOHWLOO(Q) ) (Z8S WI’OO(Q)
The proof is given in Section 3. We note that by (2.2) it is sufficient to show
HEX*SOHWLOO(Q,L) N HSOHWLOO(Q) ) p e WLOO(Q)-

Our second main result is concerned with the approximation properties.

Theorem 2.4. Let k > 1 and 0Q € C*11. Then, it holds for all ¢ € WrHL2(Q)
H(Id - Ehﬁl‘:*)‘puwlm(g) < Ch* ”SOHWkJrl,oo(Q) ,

where C is independent of h.

2.1. Properties of weighted norms

The main technical tool are weighted norms. To this end, we introduce the family
{0:}.cq of weight functions with
1
o.: >R, o.(z) = (|z — 2° +4%h?) 2. (2.6)
The parameter v > 0 is fixed below. We first establish certain properties of the weight

functions.

Lemma 2.5. Consider the weights defined in (2.6).
(a) For X\ € R, there are constants C > 0 independent of x,z € Q2 and h such that the
following bounds hold:

A . A
£ ) <C
Kem (;‘g};% (@)/ inf o2(x)) < C,

‘Dfa?(ac)‘ <0 Vlzy, zeq,.

A

0

L. < Cmax{1, (vh)*},



(b) If « > N, then o;% € LY(Q) and
/ o, %(z)dx < C'max{1, Q_#N}(’yh)*aﬂv. (2.8)
Q
Further, we use slight extensions of the estimates in [5, Lem. 8.24] in order to treat

the errors stemming from nonconformity.

Lemma 2.6. Let pp, 9 € Vp,.
(a) The errors in the bilinear forms are estimated for any o € R

1/2 Y 1/2
Can | Cutn)ie = (o Lo, | < OW ([ o2 1wl a) ([ oz 2wl az) ™

1/2 1/2
‘(ﬁhwh | Lobn)y — (on | ¥n)y, | < ChF </Q oy ’Vﬁh¢h|2d$> (/Q o, \Vﬁhthdx) ,

/2

1/2 1
|(Chon | Lxn)g = (on | n) g, | < CREF72( /Q 0% |Lapnl*dz) /Q o2 VLl dz)

with C' > 0 independent of h and «.
(b) For any p € [1,00] the bilinear forms are estimated by

‘(»Ch@h | Lotbn) g — (on | Y0,

’(ﬁh% | Lnn)y — (en | ¥n)y,

< Ch* |1 Lhenll ooy 1£ntonll 1o (g -

< Ch* ILa NV enll Loy 1LV nl 1o gy -

with C' > 0 independent of h.

As the final property, we state a weighted inverse inequality, which is a straightforward
generalization of [3, Thm. 4.5.11].

Lemma 2.7. Let pp € Vi,. Then, for j > 1 it holds
[Avsent de s [ X da,
Qh Qh

where the derivatives are considered elements-wise.

3. Stability of the adjoint lift operator, Theorem 2.3

In this section, we prove Theorem 2.3, i.e., the stability of the adjoint lift operator
EX* in W1, To this end, we extend the results of [3, Ch. 8] for conforming space
discretizations to domain approximations with isoparametric finite elements, cf. [5].
We emphasize that we follow the lines of [3] and add certain modifications due to the
nonconformity, but give a rather complete proof for the sake of readability.



3.1. Reduction to weighted norm estimates

Let z € K# with K*# € Tj,. There exists 0* € Cj°(K?), see [18] for a construction, with
zero extension to a function on €2, such that

(0* [ on) g, = en(2), ¢n € Hy,
and
0967 || oo S ANl ae NV, (3.1)

Here, we use the notation 9% = 97" ... 93" and |a| = SN ;. We further introduce
the solutions g; € V}, and g € V' of the elliptic variational problems
(9n [ on)y, = (=0i0% | on)g, s #n € Vh,
(° | @)y = (=0iLpd* | @)y, @€V

Using integration by parts as well as the definition (2.4) of the adjoint lift operator,
this implies for 1 <7 < N

(3.2)

(L") (2) = ((chu) | 57,
= (L} u | =0,0%)
(ﬁv*u | gh)
= (u| Lng})y (3:3)
= (u|g%)y + (u| Lngy — )y
(u | — (£h5z))H + (u | Lhgi — 9°)v
= (Oiu | Ln6%) g + (u | Lngs, — 97y -

Hence, Holder’s inequality yields

10:(L3*w) (2)] S (1£06% | 2+ 1L0g5 = 9% Nypan) Nl -
Due to the stability (2.2) of Ly, we have

116711 < / 6°]dz < BV < C. (3.4)

Since we provide a bound on |[£ngf — 7|11 in Lemma 3.1, the stability estimate
in Theorem 2.3 follows with the Poincaré inequality. Hence, it remains to prove the
following estimate.

Lemma 3.1. Let g; € V), and g*> € V be defined by (3.2). Then, there is a constant
C > 0 such that

L9 — 97 llwra < C.
with C independent of h and z.



In order to move from L' to L?, we introduce a weight function and obtain the
following upper bound by a weighted L?-norms.

Lemma 3.2. Let

1/2
My, = SUP(/ oA V(g - Chgi)\Qdﬂﬂ) :
zeQ NQ

Then, for A € (0,1) it holds
1£n97 = 9% lwra < CMpATY2(3h) ™2,
with a constant C' > 0 independent of v, \, h.

Proof. By the Holder inequality we have
1/2
|9 (£ngi = 7)1 < Ma( [ 0¥ o) < Cax 12 m) 2
Q

where we used (2.8) with @« = N + X for the last inequality. The application of the
Poincaré inequality yields the assertion. O

From this, we see that it is sufficient to prove the following proposition from which
Lemma 3.1 directly follows.

Proposition 3.3. There is a A > 0 and v > 1 such that for all 0 < h < hq it holds

ME = sup [ o2 V(" - Lugi) e < OB, (3.5)
2€Q JQ

with a constant C' > 0 independent of h.

Before we proof Proposition 3.3, we state the following estimate on weighted norms
of §,. Later, they give the desired convergence rate h*.

Lemma 3.4. For all p > 0, the following bounds holds
/ o N |V LL6%)? da < ChPT2, / o N £,6%* dx < ChH,
Q Q

with a constant C' > 0 independent of h.

Proof. By the shape-regularity and the definition of the weight in (2.6), we obtain
N+ N+
o2 #HLOO(KZ) ShE,
and use 0% € C°(K*) together with (3.1) to bound
/ oV L7 [P dx S RN RN THRT2ANTL < 2,
Q

/ o N £,6% P da S RV RN TRRTEN < g O
Q



3.2. Proof of Proposition 3.3

In the following, we present an extension of [3, Prop. 8.3.1]. In this step, the weighted H!-
norm in (3.5) is replaced a weighted L?-norm and some additional error terms. We point
out that in the conforming case the differences in the scalar product simply vanishes.

Proposition 3.5. Let g* € V and gi € V}, be the solutions of (3.2) and define the errors
e=g°—Lng; and €= (Id — LyI1)g*. Then

/ NN Vel? da < / N A2 o] g +/ N2 152 4 4 / NN Vel da
Q Q Q Q
+ [(BiLnd® | Lalnh) g — (067 | Int) g, |
+ | (g5 | Tn)y, — (Lngiy | Lalnth)y |
with ¢ = oN ALy (Ing® — g7).
Proof. Let € = I,g° — g7, then we have ¢ = oY TAL;,¢. We note that it holds
Lhe=e—¢ (3.6)

and compute

/ o NN Vet de = (e | O'iV—H\G) - / Ve - (Vol¥ e dz
Q Vv

:(6]0N+)‘ ) +(e|vY)y /Ve oVt e da.

Along the lines of the proof of [3, Prop. 8.3.1], we show
/ o NN Verdr < / o N2 |e)? dx
Q Q

+/ oN A2 82 da + / oM Vel da + (e | ¥)y | -
Q Q
Hence, we turn to the term

(e|V)y = (e| ¥ — Lplph)y + (97 — Lngp, | Lulnd)y, (3.7)

and note that in the conforming case the last term vanishes by orthogonality. However,
for the first term Lemma 3.6 below shows that for any a > 0 it holds

(e| ¥ — LuInt)y §a/ 05+A|Ve\2dx+a_l/ o NNV — LIy de.
Q Q
ga/aiv+’\]Ve\2dx+a1/ J;V+”\e|2dx+a1/a;v+” 62 dz
Q Q Q

and absorption leaves the right terms. For the second term in (3.7) it remains to expand

(97 = Lngp, | Ladnb)y = (97 | Lalntb)y — (Lngh | Ladnd)y + (95 | Ind)y, — (9 | Ind)y,
= (=0iLn0" | Lndny)) g + (007 | InY) y,
+ (i | In¥)y, — (Lrgp | Ladnd)y

where we used (3.2) in the second inequality, and the claim follows. O



We state the next lemma which was already used above, since we need it several more
times in the following computations. It can be found as an auxiliary result in the proof
of [3, Prop. 8.3.1].

Lemma 3.6. Let ¢ = oY TALye. Then, it holds the estimate
[ o190 = LB P+ 1 = ulisf) da

5/af+*-2|e|2dx+/agw—2 o2 dz.
Q Q

The following two lemmas are devoted to control the defects stemming from the non-
conformity. For the sake of presentation, we bound the two errors in two separate
lemmas. We begin with the difference in the energy scalar product.

Lemma 3.7. For any a > 0, there is a constant Cy > 0 such that
(67 | Ty, = (Cngi | Culntdy] S (a+ a'02) [ o [9ef o+ a'n?
Q
+ a/ o N2 e da
Q
+ a/ o NN Vet da + a/ oN 282 da .
Q Q
Proof. From Lemma 2.6 we have with « = N + A and Young
(97 | i)y, — (Lagi | £rTnt)y |
1/2 1/2
C'h(/ o NNV LLGE dx) (/ o NAVLLL Y dx)
Q Q

- h2 / NN VLG 2 de + a / TN VL de
Q Q

IN

IN

= A1+ A,

We recall Ly,g7 = g* — e, and estimate
Ay < ath/ o NN | Ve|? dz + a1h2/ o NNV gF P de .
Q Q

Using Lemma 2.5 and the estimate [3, eq. (8.4.3)] with the subsequent calculations with
right hand side 9;£0%, we obtain

a1h2/aiv+)‘|VgZ|2d$§a1h2/05+)‘2]V9Z\2dx
Q Q
ga—liﬂ/agV“yvzhazdex+a—1h2<7h)—2/ o NN £,6%| da
Q Q

< b,



where we used Lemma 3.4 in the last line. For the second term we expand
BaSa [ oM uPdeta [ oV - Lut) s
Q Q
S a/ oN TN VLLe)? dz + a/ o N2 L8 da
Q Q
+a [ a0 - LT do (38)
Q
S a/ o NN | Ve|? dz + a/ oMt ve? dz + a/ o N2 e da
Q Q Q
- a/ oN A28 dx,
Q

where we used the definition of ) = 0N+ L;€, the representation (3.6), and Lemma 3.6.

O
By similar techniques, we derive the second bound.
Lemma 3.8. For any a > 0, there is a constant Cy > 0 such that
(iLnb, | LrInt)y — (956, | Ihw)Hh] Sa / o N | Ve|? dz 4+ C 0
Q
+ a/ o N2 e? du
Q
4 a/ NN VeP da + a/ N2 52 dg.
Q Q
Proof. We employ Lemmas 2.6 and 3.4 to conclude
|(0£n0- | LaTt) = (D30 | Inth) g,
< C’ahQ/ o NG L6 da + a/ o7 NANVLLI Y da
0 Q
S ol a [ o N VL Ll d,
Q
and the claim follows as in (3.8). O

If we combinde the bounds from Proposition 3.5, Lemma 3.7 and Lemma 3.8, we have
shown, for a, h sufficiently small, that it holds

/ o NN Verdr < / oN A2 )P dz + B
Q Q
+/ I / NN Vel da.
Q Q
Hence, it remains two absorb the weighted L?-norm of e and to obtain a factor h* for

the € terms. This is done in the following two propositions. The first one estimates the
interpolation error, which we state from [3] for completeness.

10



Proposition 3.9. For e = (Id — L;I1)g?, there is some constant C > 0 independent of
h and \ s.t.

/a;”” \@\2dx+/ NN Ve da < O
Q Q
Proof. Using the interpolation estimate, one obtains with the Hessian Vo
/ N2 |52 4y 4 / NN Ve d < h?/ NN Vg7 da
Q Q Q

The application of [3, Lem. 8.3.11] and Lemma 3.4 then yields the result. O

The proof is closed once we have shown the following bound which extends the result
of [3, Prop. 8.3.5] again due to the lack of orthogonality.

Proposition 3.10. For any € > 0, there is yo > 1 such that
/ oN A2 e da < E/ o NN | Ve)? dz + C
Q Q

for all v > o.
Proof. We define v € V' as the solution of

_ N+A—2
@l o)y = (2 2elg)  Voev,
and obtain
/QoiVH‘Q |e[2dx = (e|v)y = (e|v—Lplpv)y + (e | Lrlpv)y -

Note again, that in the conforming case the second term vanishes. The first term is
estimated as in the proof of [3, Prop. 8.3.5] by

(e |v— Lplpv)y < e/ N (|Ve? + |ef?) da
Q

+ / O'é,V—H\ |Ve|2 + 05“‘_2 |e|2 dz.
0

Aey?

Turning to the second term, using (3.2) we obtain

(e | Lulpv)y = (9° — Lngp | Lnlpv)y

(97 | Lolnv)y — (Lrgp | Lrlnv)y,

(=0iLn6” | Lndnv)y — (gi | Inv)y, + (g5 | Inv)y, — (Lrgi, | Lalnv)y
= (=0iLn6” | LpIpv) g + (8:0° | Inv) g, + (97, | Inv)y, — (Lngpy | Ladnv)y

:AH—I—Av.

The two terms are estimated separately in the following.

11



(1) We apply Lemma 2.6 with k£ = 1 to obtain
1/2 1/2
A < Ch? ( / NNV L6 dx) ( / TNV L Lol da:)
Q Q
< h? / o NNV L, 0%P dz + b / o7 NNV L] da
Q Q
<h+ h/ o7 NNV (v — LpTpw) P da + h/ o7 N Vol de,
Q Q

where we used Lemma 3.4 in the last step. For the second term, we derive analogous to
(3.9)

_N— C _
/O—ZN MV (v = LpIyv)|* de < A2/ NN Ve2 4+ o N2 |eP due (3.10)

Q 7 Ja

Finally, we employ Lemma A.1
2
h/ oV VP dz < h(fyh)_l/ =N ‘V(a;\f“—?e) da
Q Q
St [ o Tel 4 o2 el s,
and collect this to derive
A ShM+ (M) +97h) / oMM Ve + o N A2 e da (3.11)
Q
(2) We employ Lemma 2.6 and obtain with k = 1
1/2 1/2
Ay < Ch ( / N L7 da:) ( / o N1 |V£hIhv\2d:c>
Q Q
< ah/Qa;V“—l \VLngi|? da + a_lh/QUZ_N_)‘H IV Ly Iy da .
For the first term we obtain as in Lemma 3.7 using h < 0,(x)
ah/ o NNV L gE P da < ah/ o N Ve do + ah/ o N v gE P da
Q Q Q
< a/ o NN Vet dx + ah/ o NV P da
Q Q

With Lemma A.3, « =1 and f = L;6% we obtain

ah/ o NV gE P da gah/ ai\]*’\“\Vﬁhéz\de+ah(7h)_l/ o NN £,0%) dz
Q Q Q

S,

12



where we used Lemma 3.4 in the last step. Further, we expand
leh/ o7 NN YL L da < ih/ o7 VMUY (0 — Ly L)) da
Q Q
+ ;h/ o7 N V)P de,
Q
and the first is treated by an interpolation estimate as in (3.10)

1 “N=A+1 2
ah/QaZ V(o Cuwo)fde S =

/ o N Ve)? + oA P da .
Q
So it remains to bound by Lemma A.2

}lh/ o7 N Vo da SCh(aA)_l(fyh)_l/ o NNV de
Q Q
< Clady)™t / o NN Vet 4+ o N2 e e,
Q

and collecting the above estimates gives

Ay <hM + a/ o NN Ve2 da (3.12)
Q

h 1

+ (a)\’yQ + a\y

) / aé\”r)‘ ]Velz + UﬁVJ“\_Z \6\2 dz.
Q

We close the proof using (3.9), (3.11), and (3.12) and absorb the right-hand side for
€ and A fixed by first choosing some a > 0 sufficiently small and then some sufficiently
large v = (e, A\, a). O

4. Convergence of the adjoint lift operator, Theorem 2.4

In the following section, we give the proof of Theorem 2.4. We follow the approach of
the stability analysis and reduce the estimate to functions on the finite element space,
in order to employ the properties of 6*. We first estimate by (2.3)

[u = Lrly | 1.y S lu = Lrdntllyyroe(q) + [[Inw = L3 ul| 100 g,
S WP ullyrst,oo ) + || Tne — Ex*“HWI,oo(Qh)
We employ (3.3) and derive
0i (Inu — L} u) (2) = (Oipu | 8%)y, — (9L} | 6%)

= (Oilpu | 5Z)Hh — (O | Ln6%)yr — (u | Lngh — 9%)y
= (&(ﬁhlhu — u) ’ Ehéz)Hh + (EhIhu —Uu ‘ ﬁhgle - gz)v + &1 — EQ s

13



with defects

Ay = OiIyu | 0%)y, — (BiLnlnu | La67)y,

Ao = (Lplpu | Lngr, — 9°)y -

We note that both terms vanish in the conforming case. Again, we apply the interpola-
tion estimate (2.3) and the Holder inequality to derive

10 (Thu = £570) || ey < 1 (Cnite = 1) |1 ) 12067 11
+ H (Lndhu — u) le,oo(g) 1Lngs — gZHlel(Q)
+ AL+ | Ay
S hP [ullwhs1.00 ) + |As| + |4y,

where we used (3.4) and Lemma 3.1 in the last step. Thus, Theorem 2.4 follows once
we have employed the Poincaré inequality and shown that

As] + [A2| S B* [l -
This inequality is proved in the following series of lemmas.
Lemma 4.1. There is a constant C > 0 such that
K1) < CRF flullypr gy
with C' independent of h.
Proof. We obtain by Lemma 2.6 and (3.4)
Ar] < B0 LTnull o L1670 S BF ullpr.oe

where we used the stability of the lift (2.2) and the interpolation (2.3) in the last step. O

In the next lemma, we decompose the remaining defect even further into two differ-
ences of bilinear forms.

Lemma 4.2. The defect Ay can be represented by
Ay = Ay + ﬁv
where AH and AV are given by

AH = (ﬁhIhu ‘ 8Z£h5Z)H — (Ihu | 81(52)Hh s
Ay = (Lplpu | Logr)y — (Tnu | g7y, -

14



Proof. Using the definitions of g* and gj in (3.2), we derive

Ao = (Lplnu | Logi — 9°)y
= (Lalnu | Lngh)y — (Lalpu | 97)y
= (Iyu | g7)y, + Av + (Lplyu | 9:L107)
— (Iyu | 9:0%)y, + Av + (Lnlyu | 0iLnd%)
= Ay +Ay. O

The final bounds are derived in the next lemma.

Lemma 4.3. There is a constant C > 0 such that
Bl + 1Bv] < OB ey
with C independent of h.

Proof. We consider the two terms separately.
(a) Using integration by parts, Lemma 2.6, and (3.4) we obtain
|An| = @:LnInu | Ln07)y — (Bilpu | 67)y, |
S PRIl ysoe 1£207] 1
<t [y,
where we used the stability of the lift (2.2) and the interpolation (2.3) in the last step.
(b) For the second term, we introduce the following band around I' defined by Us =
{z € Q| dist(z,T') < §} C Q. For h sufficiently small, there is a constant cp > 0

such that all boundary elements are contained in the band U,.,. As in the proof of
[5, Lem. 8.24] we obtain

|Av| = (Lalnu | Lugi)y — (Tnu | g7)y, |
< PN Lndnullyr oo, 1080w o,
S ullyroeqgy (12097 = 0l + 197 hwa )
<A [elloo (@) s

where we used Lemmas 3.1 and A.4 in the last inequality. O
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A. Appendix

In this section, we collect the regularity results used in the above analysis. These are
taken from [3, Chap. 8] and stated here in a slightly more general version.

The first result is an extension of [3, Lem. 8.3.7], where the Hessian is replaced by the
gradient which allows to obtain a factor h~! instead of h=2.

Lemma A.1. Let v € V be the solution of

Wiy =1y, YoeV.

Then, we have
/ o7 N A VP dz < CATL(yh) T / o NNV fP da.
Q Q
Proof. In the proof of [3, Lem. 8.3.7], one first estimates by Holder’s inequality
[ oA s £ 002N Vol
Q

Once, we have shown that for any p,s > 1

VUl e STVl S IV s (A1)

i — 2N ._ 2
we conclude with s = Fh = 2 € (1,2)

IV 7l = /Q V9 da
_4-N-) 4-N-)
:/o—z b g, 1 |Vf|2/qu
Q

< </Q 0_;(47N7)\)%/ dx)l/q’ (/Q U§7N7A|Vf|2dl’)l/q

and hence

AN
a-N-n%

//
IV £I2. =/9|Vf|2/qu§ (/Qa dz)"" /Qa;l—N—MVdex.

With % = q — 1 we have

(/Q U;(‘PN*)\)%/ dx)qm, _ (



since
N+ 3p
p

N
—(4—-N—-XN+N(@g—1)=—4+ N+ X+ N( —1):—1+)\+E<0

for p > % and hence the claim follows.
It remains to prove (A.1). We employ Theorem 2.1 and [1, Thm. 4.12] to obtain

IVUllgze S N0l S W fllpsrz S Wl < IV AL

where we use Case B (mp = N) for the first inequality, Case C (m = p = 1) for the
third, and the Poincaré inequality for the last. O

The next lemma is a straight forward extension of [3, Lem 8.3.7], where the case o = 2
is derived.

Lemma A.2. Let v € V be the solution of
W)y =1y, YoeV.

Then for 0 < o < 2, we have
/ a;N*“?*a(Wv\? + |V2v|2) de < C)\l(yh)a/ NN v £ da.
Q Q

Proof. In order to adapt the proof, it is sufficient to guarantee the existence of a p €
(1, 00) such that the conditions

>l
P=57X

and

N
(-N=A+2—a)p + N<0 < —>2-a-2A
p

are both satisfied. For 2 < a4+ A, the latter condition is empty. In the other cases, it is
equivalent to

2—-A—a’

and since o > 0, such a p can be found. O

The following lemma builds upon the estimates in [3, Lem. 8.3.11]. In the proof the
result is shown for o = 0.

Lemma A.3. Let v € V be the solution of
(@lv)y =W -Vf|d)y, VopeV.

Then for 0 < o < 2 — X\, we have

/ o N A2 gy P dr < C’/ o Nt g7 de + (’yh)2+a/ oM f1R da.
Q Q Q
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Proof. We compute
/O.éV-H\—Q-‘ra Vol? = (U | Uév+x—2+av) _/ VoV (oN A2ty dy
Q v Q
< ‘(V‘Vf | 05+A*2+av> )_’_a/o.i\/+)\2+a|vv|2+(11/0£V+A4+a ]2
H Q Q
g/Uiv+)‘+a‘Vf’2+a/Uiv+)‘_2+a’V’U’2+tll/U£V+/\_4+a1)’2
Q Q Q
and by absorption, it only remains to bound the last term. We claim
[ oot < comy e [ o p s

which can be adapted from the proof of [3, Lem. 8.3.11], if one can find r > 1 with

< 2N
’
2N — 24+ A+ a’

which is possible since a + A < 2. O

The last lemma exploits the fact, that the solution g of the regularized d-function
only has to be bounded on a narrow strip around the boundary of 2.

Lemma A.4. There is a constant C' > 0 such that
||gz||W1’1(Uth) <c

with C' independent of h.

Proof. The key tool is the generalized version of the narrow band inequality shown in
[4, Lem. 4.10]. We recall Us = {z € Q| dist(z,I") < 6}. Then for any 1 < p < oo, there
is a constant C), > 0 such that for any ¢ € WHP(Q) it holds

||90HLP(U5) <G 5'v ”SDHWLP(Q) . (A.2)
We apply (A.2) with p =1 and 6 = ¢ph and obtain
19" Wiz S PIV297 M L1 (o) -

Finally, we deduce by (2.8) and the elliptic regularity shown in [3, eq. (8.3.10)] the bound

Vol S0 [ ¥ Va7 e S B2 S 1
Q

and, taking the square roots, the assertion follows. ]
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