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TRAVELLING WAVES FOR MAXWELL’S EQUATIONS IN NONLINEAR
AND NONSYMMETRIC MEDIA

JAROSEAW MEDERSKI AND WOLFGANG REICHEL

ABSTRACT. We look for travelling wave fields
(2,9, ,t) = U(z,y) cos(kz + wt) + U(w, y)sin(kz + wt), (2,9,2) € R?, t € R

satisfying Maxwell’s equations in a nonlinear medium which is not necessarily cylindrically
symmetric. The nonlinearity of the medium enters Maxwell’s equations by postulating a
nonlinear material law D = e E+x(z,y, (| E|?)) E between the electric field E, its time averaged
intensity (|E|?) and the electric displacement field D. We derive a new semilinear elliptic
problem for the profiles U, U : R? — R3

Lu—V(z,y)u = f(z,y,u) withu= <g> , for (z,y) € R?,

where f(z,y,u) = w?x(z,y, |u|*)u. Solving this equation we can obtain exact travelling wave
solutions of the underlying nonlinear Maxwell equations. We are able to deal with super
quadratic and subcritical focusing effects, e.g. in the Kerr-like materials with the nonlinear
susceptibility of the form y(z,y, (|E*)E) = x® (z,y)(|E|?>)E. A variational approach is
presented for the semilinear problem. The energy functional associated with the equation is
strongly indefinite, since L contains an infinite dimensional kernel. The methods developed in
this paper may be applicable to other strongly indefinite elliptic problems and other nonlinear
phenomena.

INTRODUCTION

We are looking for travelling wave fields
(1.1) E(z,y,z,t) = Uz, y) cos(kz 4+ wt) + Uz, y) sin(kz + wt)

solving in the absence of charges and currents the Maxwell system V x £+ 0, B = 0 (Faraday’s
law), V x B = 0;D (Ampére’s law) together with div D = 0 and div B = 0. We require
the linear magnetic material law B = p(z,y)H and the nonlinear electric material law D =
e(x,y)E+x(z,y, (|E|?)E where (|E(z,y,2)]*) = 7 fOT |E(x,y, 2,t)|? dt is the average intensity
of a time-harmonic electric field over one period T' = 27 /w. Taking the curl of Faraday’s law
and inserting the material laws for B and D together with Ampére’s law we find that E has
to satisfy the nonlinear electromagnetic wave equation

1
w(z,y)

(1.2) V x < V x E) + O (e(z,y)E + x(z,y, (|E[*))E) = 0 for (z,y,2,t) € R® x R.
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Here U, U : R? — R3 are the profiles of the travelling waves, w > 0 is the temporal frequency
and k£ € R\ {0} the spatial wave number in the direction of propagation, ¢ = e(x,y) is the
permittivity of the medium, p = p(z,y) is the magnetic permeability, and x is the scalar
nonlinear susceptibility which depends on (z,y) and on the time averaged intensity of F only.

Note that having solved the nonlinear electromagnetic wave equation, one obtains the
electric displacement field D directly from the constitutive relation

(1.3) D = e(z,y)E + x(x,y, (| E]"))E.

Moreover the magnetic induction B may be obtained by time integrating Faraday’s law with
divergence free initial conditions, and finally the magnetic field H is given by H = u~'B.
Altogether, we find exact propagation of the electromagnetic field in the nonlinear medium
according to the Maxwell equations with the time-averaged material law (1.3), see also [22-24].

In physics and mathematical literature there are several simplifications relying on approx-
imations of the nonlinear electromagnetic wave equation. The most prominent one is the
scalar or vector nonlinear Schrodinger equation. For instance, one assumes that the term
V(div E) in V x (V x E) = V(div E) — AE is negligible and can be dropped, or one can use
the so-called slowly varying envelope approximation. However, this approach may produce
non-physical solutions; see e.g. [1,11]| and references therein. Therefore, in this paper, we are
interested in exact travelling wave solutions of the Maxwell equations.

We would like to mention that exact propagation of travelling waves of the nonlinear
electromagnetic wave problem (1.2) have been studied analytically so far only in cylindrically
symmetric media. Namely, if E is an axisymmetric T E-mode of the form

E(x,y,z,t) = U(x,y) cos(kz + wt)
with

(1.4) U(z,y) :=u(r)(—y/r,z/r0), where r = \/x? + y?

and the scalar function u only depends on r, then solutions of (1.2) have been considered in
a series of papers by Stuart and Zhou [23,25-30] for asymptotically constant susceptibilities
and by McLeod, Stuart and Troy [14] for a cubic nonlinear polarization. Clearly, E has the
form of (1.1) with U = 0. The search for these solutions reduces to a one-dimensional varia-
tional problem or an ODE for u(r), which simplifies the problem considerably. However, if the
medium is not necessarily cylindrically symmetric, then it is not clear how to find travelling
waves (1.1) with U = 0 analytically and whether any variational approach can be provided
with this constraint.

The aim of this work is to provide an analysis of the travelling waves of the general form
(1.1) propagating in media, which are not necessarily cylindrically symmetric. To the best
of our knowledge it is the first analytical study of travelling waves of (1.2), i.e., the Maxwell
system with material law (1.3), where the medium is not supposed to be cylindrically symmet-
ric. We present a variational approach which allows to treat (1.2) and to find ground states
solutions of the problem with the least possible energy as well as infinitely many geometrically
distinct bound states.

Let us briefly comment on the problem of finding time-harmonic standing wave solutions
of (1.2) of the form

E(Ia Y, =, t) = U(Ia Y, Z) COS(Wt)'
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This leads to the so-called nonlinear curl-curl problem and has been recently studied e.g.
in [4,5] on a bounded domain and in [3,15,18] on R3, see also the survey [6] and references
therein. In the curl-curl problem, however, U is required to be localized in all space directions,
i.e., it is supposed to lie in some Lebesgue space over R3. Since travelling waves of the form
(1.1) are not localized, they have not been taken into account in these works. We would like
to also mention that the study of time-harmonic standing waves in R? in the nonsymmetric
case has been presented only in [15,18]. The methods used there required assumptions about
the vanishing properties of the permittivity ¢, or even € = 0, and the double power behaviour
of the nonlinear effect, e.g. x(z,y, 2, E) = T'(x) min{|(E)|P72, |(E)]97?} with 2 < p < 6 < q.
Note that p = 4 corresponds to the Kerr-type effect, but only for sufficiently strong fields
|(E)| > 1. In this work, however, we are able to treat the probably most common type of
nonlinearity in the physics and engineering literature, the Kerr nonlinearity

X(@y (| B2 ) B = X (z,9)(| B E

and we no longer require that the permittivity vanishes at infinity.
The search for travelling waves of the form (1.1) leads to a new nonlinear elliptic problem.
Namely, in order to solve the nonlinear electromagnetic wave equation, we observe that the

profiles U, U of the travelling wave satisfy the elliptic problem

(15) L () -t () =wx (s gwr +109) (3.

where
—Oyy + k? Oy 0 0 0 kO,
Oy — Oy + K2 0 0 0 k0,
I — 0 0 —0Opz — Oyy kO, ko, 0
o 0 0 —k0, —0Oyy + k2 Oy 0
0 0 —ko, Oy — O + k? 0
—kO, —ko, 0 0 0 —Opz — Oyy

For simplicity we have assumed that the magnetic permeability is a constant given by pu = 1.

Let us define
dom(L) = {(g) e LARY)S: L (g) € L2(]R2)6}

where L((U,U)T) is defined in the sense of distributions. One verifies that the second-order
differential operator L : dom(L) C L*(R?)® — L?*(R?)" is elliptic and self-adjoint, see Section 2
for details.

Our aim is to find solutions u : R? — R to the following slight generalization of (1.5)
given by

(1.6) Lu—V(z)u = f(z,u) forz € R?

involving the operator L, where we assume f(x,u) = 0,F(x,u). From now on the space
variable in R? will be denoted by z instead of (x,y).
Observe that, if

(1.7) Viz)=wele), Flr,u)=wx(r, %|u|2), T € R%uc RS
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then (1.6) leads to (1.5) and we obtain the ezact propagation of the travelling electromagnetic
waves (E, B), where F is given by (1.1) and B is provided by Faraday’s law and a subsequent
time integration. On the other hand, (1.6) is more general, since the nonlinear potential F

may depend on the direction of u and not necessarily on |u| = V/U? + U? as in anisotropic
media.

Before we describe our results in more detail, let us comment on the main difference of the
current work and previous works [23-28] in cylindrically symmetric media. In these previous
works the reduction of the curl-curl-operator to the Laplacian when acting on E(z,y, z,t) =
U(z,y) cos(kz + wt) was possible by building-in the constraint div (U) = 0 into the ansatz as
in (1.4). In our work we admit two profiles U, U in the ansatz (1.1) and thus reduce the curl-
curl-operator to the operator L given above. If we would obtain a one-profile solution (U, 0) of
(1.5) with k& # 0 then automatically div (U) = 0 follows. However, finding such a one-profile
solution might be restricted to cylindrically symmetric media. Two-profile solutions like in
our ansatz (1.1) allow us to treat more general non-cylindrically symmetric media and a large
class of nonlinearities.

The model nonlinearity which we have in mind is
(18) Fla,u) = %F(m)\u\p
with T' € L°°(R?) positive, bounded away from 0 and p > 2. In particular if p = 4 we deal
with the Kerr nonlinearity.

We want to find weak solutions of (1.6) which correspond to critical points of the following
functional

1 1
(1.9) J(u) == =br(u,u) — —/ V(z)|ul|? dz — / F(z,u)dz
2 2 R2 R2
defined on a Banach space X C L?(R?)5N LP(R?)° given later. Here by (-, ) is the bilinear form
associated with L such that bz (u, p) = [p.(Lu, @) dz for all u € dom(L) and all ¢ € C3°(R?)°.

Now let us enlist several difficulties underlying the problem. For o, & € Cg° (R?) and for
B, € C°(R?)3 let us denote

89304 0%53 - kg2
8y04 kﬁl — 89053
o fa\ | ka | | o 6 - é ._ 89653 — 0ybh . 2 6
V(&)._ Q@ R — R®, Vx(ﬁ)_ 0y53+k63 R —= R
8ya _kgl - 832’@3
—ha 0.2 — 0,5

o o o

and observe that L = V x Vx, VxV =0 and thus w := v <g> € ker(L). Moreover J

may be unbounded from above and from below and its critical points may have infinite Morse
index. This is due to the infinite-dimensional kernel of L. In addition to these problems related
to the strongly indefinite geometry of J', we also have to deal with the lack of compactness
issues. Namely, the functional J is not (sequentially) weak-to-weak®* continuous, i.e. the
weak convergence u,, — w in X does not imply that J'(u,) — J'(u) in X*. In particular, if
J'(u,) — 0, we do not know whether u is a critical point of J and solves (1.6).
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In Theorem 2.3 we show that the spectrum o (L) = {0} U[k?, 00), where 0 is an eigenvalue
of infinite multiplicity and [k? 0o) consists of absolutely continuous spectrum. This allows us
to consider the following general assumptions.

(V) V e L=(R?) and 0 < essinf V < esssup V < k. Moreover there is V € R such that

V-We Lﬁ(]l@) for some p > 2.

(F1) F : R* x R? — [0,00) is differentiable with respect to the second variable u € R?
and f = 0,F : R? x R? — R? is measurable in z € R?, continuous in v € R? for a.e.
x € R2. Moreover f is Z*-periodic in z i.e. f(x,u) = f(x+y,u) for x,u € R?, y € Z°.

(F2) |f(z,u)| = o(1) as u — 0 uniformly in x € R2.

(F3) There are p > 2 and ¢; > 0 such that

|f(z,u)] < eci(14 |u[P™!) for all u € R?* and a.e. x € R?
(F4) There is ¢5 > 0 such that

liminf F(z,u)/|ul? > c; for a.e. x € R%.

|u|—o00

Assumptions (V), (F1)-(F3) are sufficient to show that J is of class C'. (F4) provides a
lower bound estimate for large |u|, however we will need also its stronger variant

(F4’) There is ¢y > 0 such that
F(z,u) > cpulP for all u € R* and a.e. x € R%

In order to deal with ground states one has to assume the following assumption
<f(Ia U), u>2 B <f(xa U), U>2
2(f (x,u), u)

(F5) If (f(z,u),v) = (f(x,v),u) > 0, then F(x,u)—F(z,v) <

Moreover (f(x,u),u) > 2F(x,u) for every x € R? and u € R?.

Condition (F5) was introduced in [4, 16]. Conditions (F4) and (F5) imply in particular the
convexity of F' in u, cf. Remark 6.2. Observe that if F' is isotropic in u, i.e. F(z,u) =
x(z, 3|ul?), x(z,s) > 0, dyx(z, s) is nondecreasing and x(z,0) = 0, then (F5) is satisfied. In
general, (F5) does not imply the Ambrosetti-Rabinowitz condition (F6) given below, cf. |2].
For instance, if we take 0 < a < b then we may find a function x of class C' such that
dsx(s) = s for 0 < s < a, 0sx(s) is constant for s € [a,b], and Jsx(s) = cs"z for s > b
and a suitable ¢ > 0. Then (F1)—(F5) are satisfied, but the Ambrosetti-Rabinowitz condition
(F6) does not hold. Note also that if f and f satisfy (F1)—(F4), then also of + 8f satisfies
(F1)-(F4) for o, 5 > 0. It is not clear if (F5) considered alone has this positive additivity
property, however similarly as in [16, Remark 3.3 (b)] we check that if f and f satisfy (F1)—(F5)
simultaneously, then o f + ﬁf satisfies the same assumptions.

The first main result reads as follows.

Theorem 1.1. Suppose that (V) and (F1)-(F5) hold. If V. = Vi, or V(z) > Vy for a.e.
x € R? and (F4’) holds, then there is a nontrivial solution to (1.6) of the form uy = v+w with
v e HY(R*)?\ {0} and w € L*(R?)* N LP(R?)? such that Lw = 0. Moreover ug is a ground
state solution, i.e. J(ug) = infyJ > 0, where

N = {u e X\ {0} : J'(u)(u) = 0 and J'(u) (% (g) ) = 0 for any a,d € ch(R2)}.
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If, in addition, f is odd in u and V = Vp, then there is an infinite sequence (u,) of Z*-distinct
solutions, i.e. (Z* % u,) N (Z* * u,,) = O for n # m, where Z* x u := {u(- + 2) : z € Z*} for
ue X.

Note that N contains all nontrivial critical points and N is contained in the classical
Nehari manifold {u € X \ {0} : J'(u)(u) = 0}, see [20] and Section 3 for further properties.
Condition (F5) is important to obtain a bounded Palais-Smale sequence for J at level inf . J.
However it is not clear how to obtain a bounded Palais-Smale sequence for J under (F1)—(F4)
and the classical Ambrosetti-Rabinowitz condition

(F6) There is v > 2 such that for every v € R? and a.e. x € R?

(f(z,u),u) = YF(x, u).
Instead, we need to consider (F4’) together with (F6) in order to prove the boundedness of
Palais-Smale sequences, see Lemmas 6.3 and 6.4.

Theorem 1.2. Suppose that F is conver in u € R?, (F1)-(F3), (F4’), (F6) and that (V)
holds for a constant function V, i.e., V(x) = Vo with 0 < Vo < k*. Then there is a nontrivial
solution to (1.6) of the form uy = v+ w with v € H'(R?)*\ {0} and w € L*(R?*)? N LP(R?)?
such that Lw = 0. Moreover ug is a least energy solution, i.e. J(ug) = co, where

co :=inf {J(u): J'(u) =0 and u € X \ {0}} > 0.
If, in addition, f is odd in u, then there is an infinite sequence (u,) of Z?-distinct solutions.

We show that if u € X solves (1.6), then the total electromagnetic energy per unit interval
in x3-direction given by

(1.10) L(t) = %/R / (E, D)+ (B, H) das d(z1, 2)

is finite; see Corollary 2.4. We do not know, however, whether the fields £, D, B and H are
localized, i.e. decay to zero as |(x1, T3)] — 00, however X lies in L*(R?)%N L?(R?)S. Therefore
E has a weaker decay property and cannot travel in the (x,xs)-plane. The finiteness of the
total electromagnetic energy and the localization problem attract a strong attention in the
study of self-guided beams of light in nonlinear media; see e.g. [23,24].

The first crucial step in our approach is to build the functional and variational setting for
the new operator L and the problem (1.6), which will be demonstrated in the next Section 2.
Next we recognize the strongly indefinite nature of (1.9) and show that it is of the form of
the critical point theory presented in [4,5, 18| and built for curl-curl problems. However, we
work in a different functional setting and under a different set of assumptions, so that we have
to slightly refine the results, in particular we do not always assume condition (I8) given in
Section 3. In Section 4 we deal with the lack of compactness issue, in particular with the lack of
weak-to-weak®™ continuity of J'. By means of a profile decomposition result (Theorem 5.1), we
are able to prove this regularity in some weakly closed topological constraint M C X, so that
a weak limit point of a bounded Palais-Smale sequence of M is a critical point of J. In the last
Section 6 we show that a variant of Cerami’s condition holds. In particular we show that any
Cerami sequence is bounded, and we emphasize that the proof the boundedness is considerably
nonstandard and not straightforward, even if (F6) holds. Some technical inequalities have to
be worked out, see details in Lemma 6.3 and Lemma 6.4. Finally we complete the proof of
Theorems 1.1 and 1.2.
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2. VARIATIONAL SETTING

U
(-,-) denotes the Euclidean inner product in RY, N > 1. In the sequel (-, ), denotes the inner
product in L?(R?*)% and | - |, denotes the usual L%-norm for ¢ € [1,+o0]. Furthermore we
denote by C a generic positive constant which may vary from one inequality to the next. We
always assume that k # 0.
Let us introduce the following space

Vo= {u= (g) € H'(R?)" : <u,% (g) >2 — 0 for any o, € C*(R?) |

U ~ _ _
= {u = ([7) € H'(R*)Y : 0,,u; + Opyun + kiiz = 0, 0y, Uy + Oyl — kusz = 0 a.e. in Rz}

We introduce the following notation. If u = (q) € R, then |u| := (|U]* + |U\2)1/2 and

and note that it is a closed subspace of H'(R?)%. Let us consider the following norm in V
. 2 121, |2 ~—12 g2~ 2\
el i= (32 IVuilg + k2 Juilg + 193 + £%[ 3

i=1

which is equivalent to the standard H'-norm. Let W be the completion of vector fields

o

o -
w=V (&D)’ ®, d € C5°(R?)3 with respect to the following norm

1/2
lwll = (lwl5 + |w})

so that W C L*(R?*)%N LP(R?)5. Note that VNW = {0} and we may define a norm on V& W
as follows
[o+wl| = [[o]l +[lw], veV,weWw.

Theorem 2.1. The spaces V and W are closed subspaces of L*(R*)® and orthogonal with
respect to (-,-)y and X :=V ®&W is the completion of C5°(R?)® with respect to the norm || - ||.

Proof. Tt is clear that V and W are closed subspaces of L*(R?)® and orthogonal with respect

P
to (+,)a. Let p = (Ef)) € C°(R?)5 and let a, & € H'(R?) NC*>(R?) be the unique solutions to

—Aa+ kPa = (0,1 + 0, ®5 + kdy)

and
—AG + k*a = — (05, 1 + 0y, P2 — kD3)

respectively. Since « is the Bessel potential of the Cg°-function —(0,, 1+ 0y, P2 +k€>3) we find
that o € WH*(R?) for any [ € N and 1 < s < 0o, cf. [32, Chapter V §3]. Arguing similarly we
see that the same also holds for a. Taking standard mollifiers and applying a cutoff argument,
we find a,, &, € C°(R?) such that a,, — «a and &, — a in W5 (R?) for any [ € N and
1 < s < 00. In particular this implies

Ow —V (g) = le v (g”) ew
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and ¢y € WH(R?) for all [ € N and 1 < s < co. Moreover, W is clearly contained in the

completion of C5°(R?)® with respect to the norm || - ||. Since in particular oy, € H'(R?)® we
obtain by integration by parts
Ay (g) ) = - /R2(8x1<1>1 0,y @y + kD) B + (0, Dy + D,y By — hy) B

_ / (—Aa + K2a)f + (—A& + k2&)F do
RQ

- (o (3)

for every 3,3 € Cs°(R?). Therefore ¢y := ¢ —py € V and we obtain the following Helmholtz-
type decomposition
¢ =pyv+tow withpycVand pyy €W
and moreover we have shown that ¢ € X. It remains to show that also V is the completion
of C§°(R?)® with respect to || - ||. To see this, let v € V and take (¢,) C C5°(R?)® such that
¢, — v in H'(R?)®. Let us decompose ¢, = ¢ + ¢, € V& W and let cl ;21 denote
the closure of V in L*(R?)5 N LP(R?)S. Observe that (clz2nr0V) N W = {0}, so that there
is a continuous L*(R?)® N LP(R?)%-projection of (cl z2nr»V) & W onto W. Since ¢, — v in
L*(R*)% N LP(R?)%, we infer that ¢}, — 0 in W. Similarly, arguing with the closure of W in
H'(R?)S we get ¢ — v in V. Therefore
[ = @nll = o =Bl + el = 0

as n — oo and we conclude that V & W is the completion of C5°(R?)S with respect to the
norm || - ||. O

Now we investigate the differential operator L and its spectrum in the following two result.

Proposition 2.2. The second-order differential operator L : dom(L) C L*(R?*)® — L?*(R3)S
is elliptic and self-adjoint on the domain dom(L) = {u € L*(R?)% s.t. Lu € L*(R*)%}. Its
associated bilinear form by, : dom(by) x dom(by) — R is given by

br(u,v) = V xu-V xvde
R?
with dom(by) = {u € LR s.t. V x u € L2(R2)6}.
Proof. Let us show that dom(by) is closed in L*(R?)S. First note the symmetry property
<%u,v> = (u, %U> for all u,v € dom(by). If (un)neny € dom(by) is a sequence such u, — u
in L*(R?)% and vV x u, — ¥ in L*(R?)% for some ¢ € L*(R?)% then the symmetry property
implies <% X Up, @) = (Up, %¢> — (u, %gb) for all ¢ € dom(by). Thus ¢ = Vu and therefore

by, is a closed symmetric bilinear form. It is therefore the associated bilinear form of a unique
selfadjoint operator, cf. [33, Theorem VIII.15]. For all u,v € C5°(R?)® we see that

o o

<Lu,g0>:/RQ(V><Vxu)-gpdzz:/W(%xu)-(%xw)dx:bL(u,ap).

Hence by, is the bilinear form of the operator L : dom(L) — L*(R?)® with dom(L) = {u €
L2(R?)S s.t. Lu € L2(R%)S}. 0
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Theorem 2.3. The operator L : dom(L) C L*(R*)% — L*(R?)S has spectrum o(L) = 0 U
(k% 00), where 0 is an eigenvalue of infinite multiplicity and [k*, 00) consists of absolutely
continuous spectrum.

Proof. Let us consider the symbol ﬁ(f ) which is a complex hermitian 6 x 6 matrix for £ € R2,
Let us denote by o(L(€)) the matrix eigenvalues of L(£). We will verify o(L) = Ueere a(L(€))
by two steps:

(i) X is a matrix eigenvalue of L(€) for some & € R? = \ € o(L)

~

(il) dist(A, Ugere 0(L(£))) > 0 = A lies in the resolvent set of L

Since the spectrum of L is closed, (i) and (ii) imply the claim.
Proof of (i): Let a € R% be a unit vector with L(&)a = Aa. If p € C5°(R?) is a function with
|pllL2m2) = 1 then let 4, () = kp(k(€ — &o))a. One finds that ||t 2r2)s = 1 and

I = )i gy = /R (L(8) = L(&0))al*k*0? (k(€ — &) d€

- /Rz |(i(€0 + k) - E(fo))a|2p2(n) dn — 0as k — o0

by continuity of the symbol and dominated convergence. By Plancherel’s theorem we have
that (L — XNuy — 0 as k — oo in L*(R?)® with ||ug|/2@e2)s = 1 so that A € o(L) by Weyl’s
criterion. It turns out that the characteristic polynomial of L(€) is given by A2(|¢]? + k2 — )
and hence (L) = {0} U [k?, 00). Indeed, taking the Fourier-transform we find the symbol of
L, whose characteristic polynomial is given by

det(L(£) — A1d) =

& +k =X —&1&2 0 0 0 k&
—&1& 24 k2 -\ 0 0 0 ikés
det 0 0 €12 — X ikéy k& 0
0 0 —ik& 2+ K-\ —&1&o 0
0 0 —1k&s —&1&2 &+ k= A 0
—ik&; —iké&; 0 0 0 €12 — A

Interchanging column 3 and 6 as well as line 3 and 6 we get a block structure which leads to

det(L(£) — A1d)

&+ k=) -6 1k&q €12 — A 1k& 1k&s
= det —&1&2 E+Ek—XN k& | det | —ik& & 4K— A =816
—1k&; —1k&s ‘5‘2 - A —1kés —&1& 5% + k2=

= (4R - !

since both matrices have the same determinant —\(|€|?+k*—\)2. Thus the matrix eigenvalues
are given by o(L(£)) = {0, |¢]* + k*}. The zero eigenvalue of infinite multiplicity if generated

o

by all vector fields V (g) with a, & € C®(R?). O

Let py : X — V, pypy : X — W denote the projections of X onto V, W, respectively.
Usually we just write u = v+w € VAW, where v = py(u) € V and w = u—v = pyy(u) € W.
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Observe that V and W are both subspaces of dom(by,) and that for v +w € X =V & W we
have

br(v+w,v+w) = bg(v,v) = ||v|*

For u € dom(by) using the duality pairing between dom(by) and dom(by,) we can define Lu by
setting (L, @) dom(by ) xdom(br) := br(u, @) for all ¢ € dom(bz). In this way L : X — dom(by)’
is well-defined and has the kernel WW. Note that L restricted to V coincides with the vector
Schrédinger operator —A + k? acting diagonally on elements of V.

We say that u € (g) € X is a weak solution to (1.6) provided that

2.) bulue) = [ V@ uphdo— [ (.o do=o

for any ¢ € Cg°(R?)%. From now on we assume that (F1)-(F4) and (V) are satisfied. Observe
that foru=v+w € V& W we get

1

() = %||v||2 - /R V() uf? dz — /R Fla,u) da.

Corollary 2.4. J : X — R is of class C' and u € X is a critical point of J if and only if u
is a weak solution to (1.6). Moreover, if (1.7) holds and E of the form (1.1) is a travelling

wave field with the profiles U and U, where u = (g) € X is a critical point of J, then the

total electromagnetic energy per unit interval on the x3-axis is finite, i.e.

1 a+1
R2 Ja
Proof. The first statement is a consequence of Theorem 2.1. According to the material laws
(B,D) = —e(wy,22)w’|E]* + x(w1, 22, (| E)) | EJ?
1 -
= (= V(a1 22) + x(a1, 22, §|u|2)) (|UJ? cos*(kas + wt) + |U|* sin®(kzs + wt))
and by the Faraday’s law
1 ) -
(B,H) = |B|*= E‘V X (U(zy,z2) sin(kzs + wt) — Uz, 22) cos(kxz + wt)) ‘2
1 o
< —2|V X U/‘2.
w

Therefore

L(t) LbL(u,u) + % /R2 (= Vw1, 22) + x(21, 22, %‘“‘2))

<
—2w?
a+1 .
: / (|U)? cos®(kas + wt) + |U[* sin®(kas + wt)) dosd(zy, 22)

1 1
§§(1 + E)bL(u,u) < 00.
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3. ABSTRACT VARIATIONAL APPROACH

Our approach is based on the critical point theory from [4,5, 18], however sometimes we
do not assume the monotonicity assumption (I8) given below and we present results with
emphasis on where this condition is crucial.

Let J: X — R be a functional of the form

1
(3.1) J(u) ::§||u+||2—l(u) foru=ut+u e XT® X",

such that X is a reflexive Banach space with the norm || - || and a topological direct sum
decomposition X = X+ @ X~ where X is a Hilbert space with a scalar product (-,-). For
u € X we denote by ut € X and v~ € X~ the corresponding summands so that © = u™+u".
We may assume (u,u) = ||u® for any v € X T and |[u||* = [Ju*||* + |[u"||*. We define the
topology 7 on X as the product of the norm topology in X and the weak topology in X .
Hence u, — u if and only if uf — ut and w,, — u~. Let us define the set

(3.2) M:={ueX: J(ux-=0}={ue X: I'(u)|x- =0}

Clearly M contains all critical points of J and we assume the following conditions introduced
in [4,5]:

(I1) I € CYX,R) and I(u) > I(0) =0 for any u € X.

12) Iis ’T—sequentlally lower semicontinuous: u, ——u = lminf ] (un) > I(u).

(12)

(I3) If u, T, wand I(u,) — I(u) then u, — u.

(I4) ||u™|] + I(u) = oo as ||u]| = oo.

(I5) If u € M then I(u) < I(u+ v) for every v € X~ \ {0}.
(16)

There exists 7 > 0 such that a : inf  J(u) > 0.
u€X+,||u||:r

(I7) I(t,un)/t2 — oo if t, — oo and u, — u™ # 0 as n — oo.

Observe that if [ is strictly convex, continuous and satisfies (14), then (I12) and (I5) are clearly
satisfied. Moreover, for any v € X we find m(u) € M which is the unique global maximizer
of J|uix-. From now on we assume (I1)—(I7). Note that m needs not be C', and M needs not
be a differentiable manifold since I’ is only continuous, however from [5, Proof of Theorem 4.4]
we observe m : Xt — M is a homeomorphism and J:=Jom: X" — Ris of class C'.

We introduce the following min-max level

(3.3) flylglf“til[ﬁ% J(v(1)),
where
(3.4) I':={yecC(0,1,M) : 4(0)=0, [[y(1)*]| >r, and J(y(1)") < 0}.

If we look for ground state solutions with the least possible energy, we consider a Nehari-type
constraint A" and the following condition

(I8) tzT_l]’(u)[u] +I(u) — I(tu+v) = %]’(u)[u] +tI'(u)[v] + I(u) — I(tu+v) <0
for every u € N, t > 0, v € X, where

N ={ue X\ X :J(u)|pupx- =0} ={ue M\ X : J(u)u] =0} C M.
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The constraint A is a generalized Nehari-type manifold inspired by a constrained considered
in [21] for the Schrédinger problem. We state the following result obtained in |18, Theorem
3.3| under assumptions (I1)—(I8).

Theorem 3.1. Suppose J of the form (3.1) satisfies (11)-(17). Then J has a sequence (u,) C
M such that J(u,) — ¢ > a >0 and J'(u,)(1+ ||ut]]) = 0 as n — oo. If, in addition, (I8)
holds, then ¢ = inf, J.

Proof. For the reader’s convenience, we shortly sketch the proof. Recall that by (I5) and (I6),

J(u) > J(u) > afor u € XT and ||ju = r, and J(tu)/t? — —o0 as t — co. Thus J has the
mountain pass geometry and similarly as in [5, Theorem 4.4| we may define the mountain pass
level

(3.5) cpm = inf sup J(o(t)) = inf sup J(v(t)) > a,
o€l te[o0,1] 7€l 10,1
where

{0 eC(0,1,X7) : a(0)=0, [o(1)] >r, and J(o(1)) < 0}.

By the mountain pass theorem there exists a Cerami sequence (v,) for J at the level CM-
see [7,10]. Since J'(v,) = J'(m(vy,)) (see [5,18]), then setting u,, := m(v,) we obtain

T (un) (L4 [l ) = T (0n) (14 [Jonl)) = 0.
If (I8) holds, then by [18, Theorem 3.3 (b)], ¢ = inf,, J. O

Now we present a multiplicity result. Recall that for a topological group acting on X, the
orbit of u € X is often denoted by G * u, i.e.,

Gxu:={gu : g€ G}.
Aset A C X is called G-invariant if gA C A forall g € G. A functional J : X — Ris called G-
invariant and a map T : X — X* is called G-equivariant if J(gu) = J(u) and T'(gu) = g7'(u)
for all g € G, u € X. In our application we use the action given by Z?-translations.
Assume that G is a topological group such that
(G) G acts on X by isometries and discretely in the sense that for each u # 0, (G'xu) \ {u}
is bounded away from u. Moreover, J is G-invariant and X, X~ are G-invariant.

Observe that M is G-invariant and m : X+ — M is G-equivariant.
We shall use the notation

JP={ue Xt Ju) <}, Jo={ueX*t : Ju) >al}
fﬁ::famfﬁ, /C::{UEX+:J/ —0}
and call G x u a critical orbit whenever u € K. Moreover the following variant of the Ceram:
condition between the levels «, f € R has been introduced in [18]:

(M)5 (a) Let a < 8. There exists M? such that limsup,,_,. ||u.|| < M? for every (u,) C
Xt satisfying o < liminf,_ o J(u,) < limsup, .. J(u,) < S and

(14 |Jun))J' (w,) — 0. N
(b) Suppose in addition that the number of critical orbits in J? is finite. Then there

exists m? > 0 such that if (u,), (v,) are two sequences as above and ||u,, —v,|| < m?
for all n large, then liminf, . ||u, — v,|| = 0.
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Note that if J is even, then m is odd and M is symmetric, i.e. M = —M. Note also that
(M)? is a condition on J. We slightly generalize [18, Theorem 3.5 (b)].

Theorem 3.2. Suppose J of the form (3.1) satisfies (11)-(17), J is even, dim (X 1) = 0o and
(3.6) %;Jzo.

If (M)g holds for every B > 0, then J has infinitely many distinct critical orbits.

In fact, in [18, Theorem 3.5 (b)| condition (I8) has been assumed instead of (3.6). Note
that if (I8) holds, then for every v € K\ {0} one has m(v) € N, and J(u) > J(ru™/||u*]]) > a
for any u € N. Hence

inf J>infJ>a
K\{0} N

so that all nontrivial critical points of J have energy at least a > 0, in particular (3.6) holds.
However, by the inspection of the proof of [18, Theorem 3.5 (b)], the following min-max values

= inf 7 k=1,2,...
P AT )2k nen T, Y

are well-defined and finite, where ¥ := {A € Xt : A = —A and A is compact}, and for
A € 3, we define a variant of Benci’s pseudoindex |7, 18].

i"(A) == :gg;lfy(h(A) NS(0,r))
where r is as in (I6), S(0,7) := {u € Xt : |lul]| = r}, v is Krasnoselskii’s genus and
H:={h: X" — X7 is a homeomorphism, h(—u) = —h(u) and J (h(u)) < J(u) for all u}.

We observe also that (5, > a. Hence, if we assume for contradiction that there is a finite
number of distinct orbits {G' *x u : u € K}, then using (3.6) and arguing as in the proof
of [18, Theorem 3.5 (b)], Bk are critical values and a < ; < 5 < ..., which is impossible by
the assumption. Therefore Theorem 3.2 holds true.

Observe that if
(3.7) I'(u)[u] > 2I(u) for any u € X

then J(u) = J(u) — %j’(u)[u] > 0 for any u € K, so that (3.6) holds. On the other hand,
in applications where .J satisfies an Ambrosetti-Rabinowitz-type assumption e.g. (F6), then
(3.7) is clearly satisfied.

4. APPLICATION OF THE ABSTRACT VARIATIONAL APPROACH

Recall that we assume (F1)-(F4) and (V). We assume, in addition, that F' is convex in
u€R? Let XT:=Vand X~ :=W. Let us define I : X — R such that

1@%:%AJ4@M%M+AQM%UML

hence J(v +w) = 3||v[|* = I(v +w) for v € V and w € W so that J is of the form (3.1). In
this section we check that (I11)—(I7) are satisfied.
Let us define the following map

HYR*® > u s Ip(u) = / F(z,u)dx,

R2
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which is continuous and convex.
Lemma 4.1. Conditions (11)-(14) are satisfied.

Proof. In view of (F1), (F2), (F3) and (V) we easily get (I1) and by the convexity assumption

on F also (I2). To see that (I3) holds let us suppose that w, T w and I(u,) — I(u). Then
by the fact that F' > 0 and weak lower semicontinuity

(4.1) / )2 dx—>/ (@)ul2de,  Ir(u) = In(u)

and passing to a subsequence (V(z)"?u,) = (V(z)"/?u) in L*(R?)5. Thus u, — u in L*(R?)°
and u,(z) — u(z) for a.e. z € R?. Then, by Vitali’s convergence theorem

Ir(up) — I(uy — 1) /RN/ ——Fx Un — su) ds dz

/ / f(x,u, — su)udsdr
RN

— / fz,u— su)udzrds
RN

/ / ——Fx ,u— su)dsdz
RN

_ /RNF(:E w) dz = Ip(u)

as n — oo. From (4.1) we infer that Ip(u, —u) — 0. Observe that, by (F4) and F' > 0, for
any € > 0 we find a constant ¢. > 0 such that

(4.2) F(z,u) +elul® > é|ulP  for z,u € R
Therefore
/ F(z, un — u) dx + |uy — ul3 > é|u, — ul?
R2

and we get u,, — u in LP(R?)S, which completes proof of (I3). Now note that if I(v, + w,,) is
bounded with (v,) C V and w,, C W such that v, is bounded, then w,, is bounded in L?*(R?)"
and by (4.2), w, is bounded in LP(R?)5. Thus (14) holds. O

Let v € V. Since W 5 w — I(v+w) € R is strictly convex and coercive, I(u) > I(0) =0,
then I(v + -) attains a unique global minimum at some w(v) € W. Hence the set

M={ueX: J(Ww=0t={ueX: I'(uw=0}={ueX: u=py(u)+w(pv)},
obviously contains all critical points of J and there holds

(I5) If u € M then I(u) < I(u+ w) for every w € W\ {0}.

Since I(v 4+ w(v)) < I(v) for v € V, we see that w maps bounded sets into bounded sets and
in view of (12) and (I3) one can easily show the continuity of w.

Now we show the following properties which imply the linking geometry in the spirit of
Benci and Rabinowitz [8].
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Lemma 4.2. The following conditions are satisfied.
(16) There exists r > 0 such that a := inf  J(v) > 0.

veV,||v||l=r
(I7) 1(t,u,)/t2 — oo if t, — 0o and py(u,) — v # 0 as n — oo.
Proof. Observe that (F2) and (F3) imply that for any € > 0 there is ¢. > 0 such that
(4.3) |f(z, )| < elu| + co|ulP~! and F(x,u) < elul* + c|ulP for z,u € R?.

Then, taking 0 < ¢ < k* —esssup V, by (V) we get

- 2
for v € V, and we obtain (I6) by the Sobolev embedding of H'(R?)% into LP(R?)® and by
choosing 7 > 0 sufficiently small. Now suppose that I(t,u,)/t? is bounded, ¢, — oo and

py(u,) — v # 0 as n — oo. Note that if u, = v, + w, with v, = py(u,) € V and w,, € W,
then by (4.2)

1
J(v) > —/ [Vo|* + (k* —esssup V — ) |v]* dz — Cc|v[?
R2

1
I(tyu,)/t2 > 3 / (essinf V — &)|v, + w,|* do + 2 2cc|v, + wy 2.
R2

Since I(t,u,)/t2 is bounded and taking 0 < € < essinf V' we obtain that v, + w, — 0 in
LP(R?)%. Since v, + w, is also bounded in L*(R?)° it has a weakly convergent subsequence
and the weak L2-limit of this subsequence has to coincide with the the strong LP-limit. Thus,
dropping subsequence indices, we get in total that w, — —v # 0 in W and obtain a contra-
diction. O

In view of Theorem 3.1, there is a sequence u, = v, + w, € M such that J'(u,) — ¢ >
a>0and J'(u,)(1+ ||va]]) — 0 as n — co. We will show that (u,) is bounded if, in addition,
(F5) or (F6) holds, see Lemma 6.4 in Section 6. The next section however is devoted to profile
decompositions of bounded sequences in M, which will be important to show that there is a
nontrivial weak limit point of the sequence (u,) up to translations, which is a critical point.

5. PROFILE DECOMPOSITIONS IN M

In addition to (F1)-(F4) and (V) we assume also that V' = V{ or V(z) > 1} for a.c.
x € R3. Let us define I : X — R such that

1
In(u) = —/ Volul? dx +/ F(x,u)dz.
2 R2 R2
Clearly I, satisfies analogous conditions (I1)—(I4) and for v € V, Iy(v + -) attains a unique
global minimum at some wy(v) € W. Thus, similarly as in (3.2), we define

Mo :={ue X : Ij(u)|w = 0}.

Recall that profile decompositions of bounded sequences in H'(RY) have been obtained for
instance by Nawa [19], Hmidi and Keraani [13], and by Gérard [12] in H*(RV). A similar
result cannot be obtained in X = V & W, since W is not locally compactly embedded into
LP(R?) for p > 1. However we prove the following decomposition result in the topological
constraints M, My C X.
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Theorem 5.1. If (u,,) is bounded in M, then, passing to a subsequence, there is K € NU{oco}
and there are Uy € M and sequences (U;)i>1 C Mo, (y)n>i C Z* such that y° =0, |y’ —yl| —
o0 as n — oo for i # j, and the following conditions hold:

(a) If K < 0o, then u; # 0 for 1 <i < K andu; =0 fori > K, if K = oo, then u; # 0 for
all 1> 1.

(b) wn(- +yl) = u; in X for any 0 <i< K +1 (Y.

(c) u,(- + i) = w; in L7 (R*)S and a.e. in R? for any 0 <i < K + 1.

(d) There holds

6.1 i )l > 3 Il

6:2) i ) 2 1)+ 3 (),
53 Jim Trto) = 310G,

(5.4) lim lim Ir(u Zul —yl)) =0.

Proof. For a measurable set A C R? we use the notation x4 to denote the characteristic
function of A. Let u, = v, + w(v,) € M, where v,, = py(u,) € V. Passing to a subsequence
limy, o0 ||Un|l, limy, oo I(uy,) and lim, o Ip(u,) exist and are finite.

Part 1. Profile decomposition for (v,). Take r > /2. Since (v,) C H'(R?) is bounded,
we claim that, passing to a subsequence, there is K € N U {oco} and there is a sequence
'17@)[ o C H'(R?), for 0 < i < K + 1 there are a sequence (y’) C Z? and positive numbers
¥, such that y° = 0 and for any 0 <7 < K + 1 one has

)i

5.5) vu(- +yh) — 0; in H'(R?) and v,(- + 45 XBon) — U in L*(R?*)° N LP(R?)®,

5.6) T £ 0if i > 1,

5.7) [yl —yl| >n —2r for j #i,0 <i,j < K + 1 and sufficiently large n,

5.8) / lo- 2 dr > ¢; > = sup / |p- > dwr > 0 for i > 1, and sufficiently large n,
Blyir) 2 B(yr)

yeRN

P = vn—ZHj(-—yg) fori >0,n> 1.

Indeed, passing to a subsequence we may assume that

v, — T in H'(R?*)?"
Un X B(0,n) — fT\)/(] in Lz(R2)6mLp(R2)6.

Hf K = 00, then K + 1 = 0o as well.
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The latter convergence follows from the fact that for any n, H*(B(0,n)) is compactly embedded
into LP(B(0,n)) and we find sufficiently large k,, such that
~ ~ 1
|(vk, = o)X B2 + [(Vk, = To)XBOM]H < -

The subsequence (ug, ) is then relabelled by (u,,).
Take ¢ := v, — Uy and if

lim sup / |60 2 dx = 0,
B(yr)

n—roo yE]RN

then we finish the proof of our claim with K = 0. Otherwise, passing to a subsequence, we
find (y}) C Z? and a constant ¢; > 0 such that

1
(5.9) / 1012 dx > ¢; > = sup / |62 |2 dz > 0.
Blyh.r) 2 yer™ JB(y.r)

Note that (y!) is unbounded and we may assume that |yl| > n —r. Since (v,(- +yl)) is
bounded in H'(R?), we find v; € H'(R?) such that up to a subsequence v,(- + yl) — ;.
In view of (5.9), we get 77 # 0, and again we may assume that v, (- + y;)XBon — 01 in
L*(R?)S N LP(R?)®. We set ¢! := @2 — (- —y}) = v, — 0y — 01(- — y!) and observe that if

lim sup/ |t 12 dx = 0,
B(y,r)

n—oo y€R2

then we finish the proof of our claim with K = 1. Otherwise, passing to a subsequence, we
find (y2) C Z* and a constant ¢y > 0 such that

1

(5.10) / |t 12 dx > ¢y > = sup / |12 dx >0
B(y2.r) 2 yer2 Sy
and |y2| > n —r. Moreover |y? —yl| > n — 2r. Otherwise B(y2,r) C B(yl,n) and the
convergence UoX g2, — 0 and v, (- + Y1) XBon) — 01 in L*(R?)® contradict (5.10). Then we
find vy # 0 such that passing to a subsequence
On(- +90)s va(- +yp) = Tz in H'(R?) and va(- + ;) X5 — B2 in L*(R?)" N LP(R?)".

Again, if

lim sup/ |p2 |2 dx = 0,
B(y,r)

n—oo y€R2

where v2 := ¢! —0,(- —y?2), then we finish proof with K = 2. Continuing the above procedure
we finally find K € NU {oo} such that for 0 < i < K + 1, (5.5)=(5.8) hold. In view of the
Brezis-Lieb Lemma [9],

lim sup |v,|, = [vo|,+limsup \(ﬁg\p = |vo|p+ |01, +1im sup \(ﬁ,ll\p = |vo|p+ ...+ |Us]p+1lim sup |¢i|p
n—oo n—00 n—0o0 n—00

for ¢+ > 0. If there is 7 > 0 such that

lim sup/ |pL |2 dx = 0,
B(y,r)

n—o0 y€R2
then K =i and setting v, = 0 for k > ¢ we get by Lion’s Lemma [31, Lemma 1.21|

Tim |¢y,[, = 0.
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Since ¢F = ¢! for k >4, we find in particular

(5.11) hm lim sup |¢F |, =

—0  n—oo

In the case K = oo we want to show that (5.11) is still satisfied. We argue as in |17, Proof of
Theorem 1.4]. Suppose, for a contradiction, that limsup,_, . limsup,, ., [¢%], > 0. Then we
find 0 > 0 and increasing sequences (i), (ny) C N such that

/ |2k [P da > &

and
- 1
(5.12) sup / |92 |* dz < lim sup ( sup / \qbffﬁdx) + —.
yeR? J B(y,r) n—o0 yeR? J B(y,r) 23
Note that by (5.8) we have
o < / 64 da
B(yst'.r)
K 2
< 2/ |¢il|2dx+2/ 0;,(-— )| dx
Bysthr) B(yatr) j§1 ’

< e+ 2(k — ) Z/ - 0| da
B —

J
Jj=i+1 Ynr)

for any 0 < ¢ < k. Taking into account (5.7) and letting n — oo we get cxyq < 4c;yq. Take
k> 1 and n > 4r. Again by (5.8) and (5.7) we obtain

1 k12 / i |12
Sl de < = < = E ’ E i12d
16 ySELI;QI?V /B(yr) |¢ |* dx Ck+1 o Cit1 < o B )|¢n| x

NS

Observe that by (5.7) and since n > 4r we have
By — i r) C R\ B(0,n—3r) for 0< j <i <k

and
k—1 i k—1 i k—1 i
5o . .
’ UJ( yn)XB (it ) < E E :‘UyXB(yzH_yg“,«)b < E ‘UJXRQ\B(O,n—?;r) 9
=0 5=0 =0 j i=0 j=0
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k—1
< k Z |95 X2\ B0.n—31) ‘2 —0
j=0

as n — oo. Hence

2
(5.13) lim sup ( sup / |0k | d:c) < 52 lim sup |v,,|3.
B(y,r) k

n—oo y€R2 n—oo

Therefore we obtain from (5.12)

lim ( sup / |¢§fk 2da:) =0,
k—o0 yeRN J B(y,r)

and in view of [31, Lemma 1.21] we obtain that ¢ — 0 in LP(R*)® as k — oo, which is a
contradiction. Therefore passing to a subsequence (5.11) holds.

Part 2. Profile decomposition for (u,). Note that (w(v,))nen and (wo(vy,))nen are bounded
and we may assume

(5.14) w(vy)(- +y.) = w; in L*(R*)° N LP(R?)® for i > 0

for some w; € W, i > 0. Let us define uy := vy + w(vp) and u; := v; + wo(v;) if i > 1.
Part 2. Clarm 1. There holds

Indeed, observe that for ¢ > 1
(v +w(vy)) (- + y;)XB(Q"*T?T') — v; + w; weakly in X

so that the weak lower semicontinuity of Iy implies

k k k
i=1 i=1 i=1
k
< li1£r_1>i£f Z; Io((vn + w(vn))XB(y%’n%w)) < ligglf In(v, +w(v,)) = li1£r_1>i£f Io(uy)

for any k& > 0. Since (u,,) and hence (Iy(uy,)) is bounded, (5.15) holds.
Part 2. Claim 2. Up to a subsequence, there holds

(5.16) sup lim sup IF<Z7ji(' — y,@)) < Z Ir(u;).

k>0 mn—oo i—0

Observe that for given k > 0
k k

A OILIS) ET A O SLAGTI Ny——

(5.17) = =

+ [F<Z az( — y;)XRZ\U;;:O B(yf{,"%”)) .
1=0
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Concerning the first sum on the right hand side of (5.17) note that, for given 0 < j < k

(5.18) ‘ > (= (= )Xo, | < > ‘ﬂixB(y%_y“;%)
0<i<k,i#j 0<i<k,i#j
— 0

p

as n — 00, since

 a—9 —9
B(‘y;_yg“n 2 T) CRQ\B@’n 2 T)

for ¢ # j. The convergence in (5.18) also holds for p = 2. Taking into account the uniform
continuity of Ir on bounded sets we obtain

k
I ( Z ;- — y;)XUﬁzo B(y%,"}%))
1=0
k
oy

Mw

UZ yn XB(yJ n— 27‘))

=0 7=0
k

— ]F< ul _yn XB(yl n—2r 27“ + Z ul y )XB(y] n— 2r)>
1=0 0<i#j<k

— pr(ui)

i=0
as n — oo. Finally, concerning the second sum on the right hand side of (5.17) observe that
for any ¢ > 0

— 0

}ﬁz( — y;)XRQ\U;?:O B(y%,%) P < "171( Un )XRQ\B(yz n—2r 27‘ = }aiXRz\B(()’nfTZr) P

as n — 0o. The same convergence also holds for p = 2. Taking the lim sup,,_,., and the sup,q
in (5.17) we conclude the proof of (5.16).
Part 2. Claim 3. For any k > 0

n—o0

k
(5.19)  liminf [ |, +w(v,))?dz =Y | 5+ @ do
R? i=0 /R?

k k
> liminf | |u, +w(vy) + Zwo(@)(' —y)|? da — Z/ ;] dx
im1 i=0 /2

n—oo R2

as n — 0o. Indeed, observe that
k

oy + w(v,)|*dz =) |v,+wz|2dx—/|vn+wvo Zwovz = y)|Pda

R? =0 i=1
k
+ ﬂlzdl’
; Rz\ |
k k
n2d_ /~i2d_/ ~N Ni'_i2d
ot =32 [ 1@iP = [ o) -3 ) - )P de
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|w Vo) |2dx+z |w0 ;) |* dx

k

k
> / ()2 dar — / @ do
2 oo 2 ).

1=0

+22/H{<w(vo) wo (V) (- — y2)) do — 2 Z / wo(T) (- — 1), wo (D) (- — v da.

1<i<j<k

Note that for any ¢ > 1 and R > 0

g [{w(@o), wo(@) (- — yp)) | d

< |w(Wo)l2|wo (Vi) X B(—yi |2 + [w(V0) Xr2\ B(0,R) |2| W0 (V5) |2

(
< / [ (w (o), wo(0:) (- — yp,))| do + |w(To) xr2\B(o,R) |2|wo (Ts) |2
B(O,R)
|w
[ (Vo) Xr2\B(0,R) |2|wo (Vi) |2 + o(1)

as n — oo. Letting R — oo we obtain [g, [(w(Ty), wo(7;)(- — ys,))| dz = o(1) and we conclude
the claim, since w(v,)(- + ¥;,)X (o, 252r) — Wi in L?(R%)S.
Part 2. Claim /4. For any k >0

(5.20) lim [ V() Vo >l - ) Cdr = /Rz(V(x) V)| d.

i=

Note that if ¢ > j and ¢ > 1, then for any R > 0 we have
[ Iv@ = Vall Gt = i), Tt = )] o

s/ V) — Vol T — (@ — i) de
B(—yi,R)

+ (V) = Vo)xe\so,m |z, Uil
= [(V(z) = Vo)xex\so,m |2, Uil ujl, + o(1)

as n — 00. Letting R — oo we conclude the claim.
Part 2. Claim 5. Up to a subsequence we have

(5.21) w(va) X p(o,nzzey = w(To) in LA(R?)® N LP(R)",
(5.22) w(v,) (- + yg)xB(Ovnszr) — wy(7;) in L*(R*) N LP(R?),
as n — oQ.

Let us denote v* == v, + w (o) + S25_, wo(T;)(- — ¢%). Since the map

DR 3 o [ (V)= Vol o+ Tr(w)

R2
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is uniformly continuous on bounded sets, then in view of (5.11) for every € > 0 there is kg > 0
such that for any k& > ko there is ng = ng(k) such that for n > ng one obtains

k
dr + IF<Z’1L-(- — y;)) + % /R VolvE|? d
1

1
> 5 [ V@) - Vol e+ 108 + 5 [ Vil = 10
2 R2 2 R2

2

623) =g [ V@ -V -4)

1 1
> I(uy,) = 5 /RQ(V(:E) - V0)|un|2d:£ + Ip(uy,) + 5 /R2 V0|un|2dx.

Moreover
lim inf/ (V(z) = Vo)|un|*dz > / (V(z) — Vo)[To + wol? du,
n—o0 Rz ]R2
and
k
(5.24)  liminfZp(w,) > liminf Z; L (0 + w(v0)) X iy n2e)
k k
> Z liér_l)iozgf I ((vy + w(vn))XB(y%’nszr)) > Z Ir(v; + w;)
i=0 i=0
for any k£ > 0. Then
k
. 1 ~ o~ 9 -~
liminf I(u,) > ~ / (V(2) = Vo)l + Gof>do+ 3 In(@: + @)
1
+ lim inf — / Volvn 4+ w(vy,)|? dz
n— o0 2 R2

k k
S S 1 SO
= I(vo + wp) + E Io(v; + w;) — E §/R2Vo|v,-+w,-|2dx
i=1 =0

n— o0

1
—l—liminf—/ Volvn +w(v,)|? dx
2 R2

k k

i=1 i=0 R?

v

n—o0

1
—l—liminf—/ Volvn +w(v,)|? dz
2 R2

k
1 1
where the last inequality follows from (5.19).
On the other hand, taking into account (5.23) and then (5.20), (5.16) we get

1 . o~ 1
liminf I'(u,) < 5+—/ (V(:z:)—V())|u0|2dx+ZIF(ui)—I—supliminf§/ VolvF|? da,
R? P R?

n—oo 2 k>0 n—oo
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hence

1 1
(5.25)  liminf I(u,) = 5/ (V(z) — Vo) |tio|?* dz + Z[F (w;) + sup lim inf = / VolvF|? da.
R2 2

n—oo k>0 n— oo

Therefore we get equalities in the above considerations, in particular u; = v; + w; for i > 0
and in (5.19) equality holds for & = oo, so that |w(v,)(- + yi)XB(()’nszr)b — |w;|y passing to
a subsequence, and then w(v,)(- + yp)Xp(o,252:) — @; in L*(R?)® for @ > 0. Moreover from
equality in (5.24) we get

lim inf [F(unXB((] - 27)) = Ir(vy + w(uy)),

n— oo

hgr_l)lolgf I (un(- + yn)XB(()’nszr)) = Ip(v; + wo(u;))

for ¢ > 1. Taking into account (5.5) and arguing as in the proof of (I3) from Lemma 4.1,
passing to a subsequence, we obtain

UnX p(o,2520) — Vo + w(Tp) in LP(R?)°,
un( + y;)XB(()’nszr) — 'D; + 'LUQ(E) in Lp(]R2)6.
Therefore (5.21) and (5.22) are satisfied.

Part 3. Proof of (d). Now we complete the proof. Note that we have already proved
(a)—(c). Since v, (- + y;)XB(o,”;i) — v; and arguing similarly as in (5.24) we obtain (5.1).
Taking into account (5.25) we find (5.2) and using the fact that the equality holds in (5.24)
for k = oo we conclude (5.3).

In order to show (5.4), note that u, (- +y’) — @; for a.e. in R? and for every 0 <i < K +1.
Starting with ¢ = 0 and arguing similarly as in proof of Lemma 4.1 we get

nh—>nolo (Ip(un) — IF(un — 170)) = [F(Qjo)

Since we know from the beginning of the proof that lim, .. Ir(u,) exists and is finite, we
therefore can rearrange and find

n—o0 n—o0

Next we define for 0 < j < K

Zux v

and observe that rJ (- + y/*) — ;1 and 7 (- + v ™) — 72 + y2 ) = @;4,. Starting with
j = 0 we obtain again, similarly as in proof of Lemma 4.1, that

Tim (1 y) — Te(rh(- + 9))) = L (i)
and since 0 = u,, — @ and by the shift-invariance of I this implies
(5.27) lim Ip(u, — ) = lim Ip(r°) = Ip(d;) + lim Ip(rl).

n—o0 n— o0 n—oo
Now, for any 0 < j < K
lim (Ip(r),(- +43*) = Ie(rd ™+ 45™)) = Lp(tj4)

n—oo



24 JAROSEAW MEDERSKI AND WOLFGANG REICHEL

and hence
(5.28) lim Ip(r)) = Ip(U;4) + lim Ip(rith).
n—00 n—oo
Collecting (5.26), (5.27) and (5.28) for 0 < j < K we obtain
j+1
lim Ip(u,) = Z Ir(u;) + lim [F(T£+l)-
n—00 0 n—o0

Then by (5.3)

lim lim Ip(r¥) =0
k—o00 n—00

and we finally obtain (5.4). O

Corollary 5.2. The map J' is weak-to-weak* continuous on M, i.e. if (u,) C M and u, — u
for some u € X, then J'(u,)(¢) — J'(u)(p) for any ¢ € X. Similarly, Jj is weak-to-weak*
1

continuous on Mgy where Jo(u) = 3||py(u)]|* — Io(u) .

Proof. Since (u,,) is bounded, in view of Theorem 5.1(c) for i = 0, up to a subsequence u, () —
u(z) for a.e. z € R% By Vitaly’s convergence theorem we infer that J'(u,)(¢) — J'(u)(y)
and J(u,) (@) = Jj(u)(p) for any ¢ € X. O

6. PROOF OF THEOREM 1.1 AND THEOREM 1.2
Lemma 6.1. Suppose that (F5) holds. If u € X, ¢ € W and t > 0, then
1—t2

J(w) > J(t(u + ) + J'(u>( w— t%p).

Proof. We define a map ¢ : [0, +00) x R? — R such that

(6.1) o(t,z) = <f(:):,u), ol o)+ t2¢(x)> + F(z,u(z)) — Flz, tu(z) + (z)).

If u(z) # 0, then (F5) implies that ¢(0,2) < 0 and if u(z) = 0 then also ¢(0,z) = 0. Next,
(F4) implies that ¢(t,z) — —oc as t — oco. Then, for every fixed z € R?, there is a global
maximum point ¢, = to(x) > 0 of ¢(x,-). Thus ¢'(tp,z) = 0 and by (F5) we obtain that
©(to, ) < 0; see similar arguments in proof of [15||Proposition 4.1]. Therefore

1—¢2 12

Tt ) + ') (15 S = ) — ) = /R V(@) dz + /R ot 2) de < 0

and we conclude. O

Remark 6.2. Observe that the inequality (1, 2) < 0 implies the convezity of F' in w. There-
fore this assumption is not explicitly stated in Theorem 1.1.

Lemma 6.3. Suppose that (F6) holds. For any € > 0 there is a constant c. > 0 such that if
u=v+weVaeW, then
42

1
J(u) > J(tv) + J'(u)( u+ t2w> — et?ulylwly — eclul? wl,

forany 0 <t < 1—%.
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Proof. Observe that by (F6)

p(t,x) = <f(:)3,u), u> — t2(f(z,u),w) + F(x,u) — F(x,tv),
< —t2<f(:)s,u),w) - F(l’,tv) < —t2<f(:)s,u),w)

2 —1

Then we obtain

J(tv) + J'(u)(

2

t2

2 e

[ {fGu)w) da

< et?|ulp|w]s + t205|u|£_1|w|p,

u+t2w)—J(u) = V(a:)|w|2dx+/ o(t,z)dx

RQ

IN

where the last inequality follows from (4.3) and we conclude. O
Lemma 6.4. If (F5), or (F4’) and (F6) hold, then (M)] is satisfied for every > 0.

Proof. (a) Take 8 > 0 and suppose that u, = v, +w, € M is such that
0 < liminf J(u,) < limsup J(u,) < 8 and J'(u,)(1 + [[v,||) — 0

n—0o0 n—00

as n — 00. Observe that by (4.2)

1 1 1

§an]|2 — (5 essinf V' — 5) o3 > J(u,) + (5 essinf V — 5) w3 + Celunl?
and if we take ¢ = Lessinf V then

4

1 1 1 1
(6.2) |lva|)* — 5 ess inf Vv, |3 > J(un) + §anH2 — 7688 inf V|v,|3 + 7 658 inf V|w,|3 + é|u, [P.

1/2
Let s, := <%||vn||2 — fessinf Vv, |3 + T essinf V|w,[3 + é€|un\§) and suppose by a contra-

diction that (u,) is unbounded, that is, passing to a subsequence s, — oco. Let v, := v, /s,
and we may assume that v, — v in X for some v € V, and ¥, (z) — v(x) a.e. in R?.

Let us show that inf,cn [0,,|, > 0 by a contradiction argument both in the case where (F5)
and (F4"), (F6) holds. Therefore assume (passing to a subsequence) that v, — 0 in LP(R?)S.
By (4.3) we obtain

(6.3) / F(x,sv,)dx — 0 for any s > 0.
R2
First assume that (F5) is satisfied. Take v € (0, 1) such that
1
(6.4) esssup V' < 57 ess inf V + (1 — v)k?

and s = 24///v. In view of Lemma 6.1, the fact that J'(u,)(1+ ||v,|| = 0 and (6.3) we obtain

the following estimate

(1 — (s/5n)°

S > liminf J(u,) > liminf J(sv,) + liminf J'(u,) 5

Up + (8/sn)2wn)
n—o0 n—o00 n—oo
2

N ~ ST . . ~ 112 ~ 12
= llrILI_l>loIolf J(sv,) > Ehrrlggjlf ([[0n]]* — esssup V[0,,3).
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Using ||0,|| — & essinf V0,2 > 1 by (6.2) and (6.4) we obtain the contradiction
B > i lim inf (||~ & ! essinf Vv, \2> > ¢ 2p3
—ylimi Upll” — = 1 Un = 5= 4P
= Hyamu 5 2 57
Next, assume that (F4’) and (F6) are satisfied. Then

1 —2
T(un) = = (u)(wn) = == [ Fla,u,) do

2 2 R2
and (u,) is bounded in LP(R®)S. Hence (w,) is bounded in LP(R3)®. Note that s, > d|uy,|
for some constant § > 0. Hence also s,, > d|w, |, and taking v € (0,1) as in (6.4), s = 2,/5/y
and € = £767, in view of Lemma 6.3, the fact that J'(u,)(1 + ||v,| — 0 and (6.3) we obtain
the following estimate
(1 — (8/50)?

2

+UHminf (= e(s/sn)*unl2lwal> — (5/50)¢c|unlp ™ fwnly)

S > liminf J(u,) > liminf J(sv,) + liminf J'(u,)

n—oo n— oo n— o0

Up + (8/sn)2wn)

2

~ ST . ~ ~ _
> liminf J(s0,) — es*6 > = = liminf (||7,[|* — esssup V|7, [3) — es*6 2.
n—oo 2 n—o0

Using as before |0, — 3 essinf V|5,]» > 1, the definition (6.4) of v and the definition of € we

obtain the contradiction
2

~ 1 ~ 3
g > %yliﬁgf (anﬂz — 5 ess ian|vn|§> —es?9? > 52<% — 55_2> = 55.

In both cases we have led the assumption that v, — 0 in LP(R?)® to a contradiction.
Hence, we continue by having inf, ey [0, > 0. Let ¢l 1») denotes the closure of V in LP(R?)S.
Observe that cl ,V N W = {0}. Using the continuity of the projection cl YV & W — cl »V
there is a constant ¢ > 0 such that

(6.5) [unl? > ¢ |vn|b.
Then by (4.2) we get

/ F(z,uy) de > —e|up|3 + lua|? > —e|un|3 + é-c'v,|b.
R2

Therefore taking € = %ess inf V' we see that

Ly = - F(z,u,
)/t £ Il = g essint Ve [ D
1 1

< inﬁnHZ - 560,351_2@”& < §||6n||2 - éec’sg_z rlzrellgl Wn‘g

— —O0Q.
Thus we get a contradiction, and therefore (u,) must be bounded so that part (a) of (M)
holds.

Now let us show part (b) of (M)5. This part only applies in the case where V(z) = V4.
So let us take another sequence u], = v/, + w!, € M is such that

0 < liminf J(u) < limsup J(u,) < B and J'(u))(1 + ||v)||) = 0

n—0o0 n—o0
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as n — 0o. Suppose in addition that the number of critical orbits in JOB is finite. Let
m = inf {|lv — V|| : J'(m(v)) = J'(m(v')) = 0,v # v'}

and since G = Z? is discrete (i.e., condition (G) holds), m > 0. Now we split the proof into
two cases.

Case 1: |v, — v} |, — 0. Then

o — W47 — esssup View — o3 < (J(wn) = () (1 — )
+/ <f($aun) - f(x>ugz)avn - ,U1,’L> dx.
R2
/

Since (uy), (u),) are bounded Palais-Smale sequences the first term on the right hand side
converges to 0 and by (4.3) the last integral on the right hand side tends to 0. Hence, using
esssup V < k? we see that ||v, — v/||> = 0 as n — oo and the proof is finished.

Case 2: limsup |v, — v}, > 0. Then by Lion’s Lemma [31, Lemma 1.21], up to a Z?
translation, v, — v and v, — v’ for some v,v" € V such that v # v’. We may assume that
w, — w and w], — w’ for some w,w’ € W. In view of Corollary 5.2, J'(v+w) = J'(v'+w') =0
and thus ||[v — ¢'|| > m. In other words: if ||[v — ¢'|| < m then we are in the previous Case 1
and the proof is completed. O

Proof of Theorem 1.1. Suppose that (u,) C M sequence obtained in Theorem 3.1. By
Lemma 6.4 it is a bounded Palais-Smale sequence for the functional J. Passing to a subse-
quence, we find @y € M and sequences (1;);>0 C Mo, (Y’ )n>i C Z* such that the statements
of Theorem 5.1 hold. Observe that by Corollary 5.2, g is a critical point of J. Similarly we
show that w; is a critical point of Jy for 7 > 1. Indeed, take any ¢ € X and since |y’ | — oo

and V — Vy € L72(R2) we obtain |V (- 4+ y) — Vo| 2, — 0 asn — oo and

p—

Jo(un( +y))(9) = Jo(un) (- = yn)) = J'(wa) (0(- = y)) + / (V= Vo) (un, (- — yp)) do

R2
= J'(u) (- =) + /Q(V(- +yn) = Vo)(un(- + ), ) dw = o(1).
R
Since u,(z + y') — u;(z) for a.e. € R?* by Vitaly’s convergence theorem we infer that
Ji(w;)(¢) = 0. We may assume that lim,, ., Ir(u,) exists and is positive, since otherwise (for
a subsequence) u,, — 0 in LP(R?)® and

J(un) = J(un) — %J’(un)(un) +0o(1) = /R %(f(x,un),un) — F(z,uy,)dz = o(1)

we get a contradiction. Therefore, having lim,, o, Ir(u,) > 0, we know that uy # 0 or u; # 0.

We first treat the case where V' = V{, hence J = Jy. Due to shift-invariance in this case,
we may assume w.l.o.g. that uy # 0. Clearly, by Fatou’s lemma

inf Jo = lim Jo(un) = lim (o(u) — %Jé(un)(un)) > Jo(@y) — %J(’)(ﬂo)(ﬂo) — Jo(@0),

n—oo n—oo

thus Jo(up) = infp;, Jo and uy € N is a ground state solution. If; in addition, f is odd in
u, then in view of Lemma 6.4 and Theorem 3.2 there is an infinite sequence of Z2-distinct
solutions.
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Next we consider the case that V(z) > Vj for a.e. # € R? and (F4) is satisfied. Again we
apply Theorem 5.1. Let v, := py(u,) and v; := py(w;) forn > 1 and 0 <i < K + 1. In view
of (5.1) from Theorem 5.1, for any 0 < k < K + 1 we get

k k
. 2 ~ 112 ~ ~ .
T o2 3 P 2 270 + 3 2h(7) = 2kinf

=0 i=1

hence K < oo. Observe that

2—[’un[ iv, —yn}—l—o(l)

=0 1=0

since vy, (- +42) — v;, and for i # 7, b, (v;,0;(- — (v, —42))) — 0 as n — oo. Since (F4’) holds,
then by (5.4) we get u, — S0 Wi(- — y) — 0 in LP(R?)S, hence v, — S0 Ti(- — %) — 0 in
LP(R?)%. Then

+§:/v<—fj~< — () )
+ [ V@ =V (oo i* ~ 1)
+ T () [vn—;:m( )]

_ vovn—fjm(-—y;) +o(1)
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and we get

T (1) [vn = S - Al S = )| = Vol - fm - 43)

=0 = =

k2 =V, K .
2 TO ve = T — k)
=0

z+ o(1)

i +o(1)

and since (u,,) is a bounded Palais-Smale sequence we obtain

K
Vo= Y Ti(-—yh) =0 in H'(R?)".

=0

Arguing similarly as above we get

I'(u,) [un—im—ym] - o un—im«—yz) +o(1)

and
K
up — Y Wi(-—y) =0 in L*(R?)".
=0

Hence, using the divergence property |y8 — y/| — oo as n — oo for i # j, we get

K

lim ul? = SR,
K

Jim funlp = 3,
1=

and in view of (5.3) we finally get

K
c=infJ = lim J(uy) = J(io) + > Jo(@i) = J(To) + Kinf Jy

n—00 :
=1

Let us denote by ¢ the ground state solutions of .Jy obtained above. Observe that J(t£ +
w(tf)) — —oo as t — 00, J(0+ w(0)) = 0, hence we find ¢ > 0 such that

J(E +w(t)) = ¢,
where ¢ is given by (3.3). Then, in view of Lemma 6.1 and Theorem 3.1

i/{l/f Jo=Jo(&) = Jo(t& + w(tf)) > J(t§ + w(tf)) > c = i/r\l[f J.

Therefore K = 0 and g # 0 is a critical point of J. Observe that uy € N and (using once
more Fatou’s Lemma)

¢ = lim J(uy) = lim (J(uy) — %J’(un)(un)) > lim J (@) — %J’(ﬂo)(ﬁo) (i)

n—oo n—o0 n—o0



30 JAROSEAW MEDERSKI AND WOLFGANG REICHEL

so that J(ug) = infyr J and 7y is a ground state solution. O

Proof of Theorem 1.2. Here V = V[, and we argue as in proof of Theorem 1.1 and we use the
notation introduced therein. Suppose that (u,) C M, is the bounded Palais-Smale sequence
obtained in Section 4. Passing to a subsequence, we find sequences (U;);>0 C Mo, (y!)n>i C Z2
such that all the statements of Theorem 5.1 hold. Observe that by Corollary 5.2, ug is a critical
point of J and w; is a critical point of Jy. Since lim,, o Ir(u,) > 0, ug # 0 or u; # 0. Note
that
Ko :={ue X\ {0}: J)(u)=0} C Mg

and we already know that Ky # ) since g # 0 or 4y # 0. It is easy to show that ¢y :=
infi, Jo > 0 and, since K is nonempty, we may take any minimizing sequence (§,) C Ky such
that Jo(&,) — co. Similarly as above applying the profile decomposition from Theorem 5.1
to (&,), passing to a subsequence we find (z,) C Z* such that &,(- + z,) — £ € Ko and
&+ 2,) — € ace. on R% Due to Fatou’s Lemma we have

fim (€)= T (Jo(:) — 5 J5(E)(ER) = Jo(E) — 5 (E)(E) = ofe),

n—oo

Jo(§) = ¢o and we conclude. If) in addition, f is odd in wu, then in view of Lemma 6.4 and
Theorem 3.2 there is an infinite sequence of Z2-distinct solutions. O
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